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Closed—Loop Input Impedance of PWM
Buck—Derived DC-DC Converters

Marian K. Kazimierczuk, Robert C. Cravens, 11

Wright State University
Department of Electrical Engineering
Dayton, OH 45435, U. S. A.

Abstract— The small-signal closed-loop input impedance is
derived for the PWM buck dc—dc converter operated in con-
tinuous conduction mode (CCM), taking into account all
parasitic resistances. The plots of the closed-loop input
impedance are shown versus frquency for four values of the
equivalent series resistance of the capacitor. *

I. INTRODUCTION

A small-signal linear circuit model of the PWM buck
converter has been developed, taking into account all par-
asitic resistances [1]-[3]. This derivation used an evergy
conservation method. The current ripple in the inductor is
neglected in [1], [2] and is taken into account in [3]. Open-
loop small-signal characteristics were illustrated using this
model. The purpose of this paper is to present the deriva-
tion of the closed—loop input impedance of the voltage-
mode—controlled PWM buck dc-dc power converter with a
proportional controller for CCM.

II. SMALL-SIGNAL CIRCUIT MODEL
OF THE PWM BUCK CONVERTER

A circuit of the PWM buck converter is shown in Fig. 1(a).

It consists of a power MOSFET as a switch S, a diode D1,
an inductor L, and a filter capacitor C. The converter is
fed by a dc input voltage source V; and is loaded by a
dc load resistance R. The switch is turned on and off at
the switching frequency f; = 1/T and the on-duty ratio
is D = t,n /T, where t,, is the time interval during which
the switch is on. Parasitic components associated with
each circuit component, where rpg is the MOSFET’s on-
resistance, Rp is the diode forward resistance, Vg is the
diode threshold voltage, rp is the equivalent series resis-
tance of inductor L, and r¢ is the ESR of the filter capac-
itor C.

Fig. 1(b) depicts a small-signal model of this converter
[1], where d is the ac component of the switch duty ratio,
v; is the ac component of the input voltage, v, is the ac
component of the output voltage, I is the dc component
of the inductor current, and ¢; is the ac component of the
inductor current. Resistance r is an equivalent averaged
resistance (EAR) and is given by [1]

T‘=D7‘Ds+(l—D)Rp+7‘L. (1)

Fig. 1(c) shows a block diagram of a closed-loop buck

converter. T, represents a small-signal model of the buck
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Fig. 1: PWM buck converter. (a) Circuit. (b) Small-signal
model (¢) Block diagram of the closed—loop voltage-mode-
controlled converter.

converter, T,, represents a PWM modulator, T, repre-
sents a controller, M, represents an input—-to—output volt-
age transfer function, Ty, is the the open-loop control-to-
output transfer function, v, is the output véltage of the
controller, v, is the error signal applied to the input of the
controller, and v, is the ac component of the reference volt-
age. This is a two-input and a single-output system. It
is driven by two independent sources, v, and v;. The ac
component of the output voltage is

Toz M,, (8)
1+ Tol 1+ Tol

ve(8) +

vo(s) = vi(s). (2)
The PWM buck—derived converters such as the forward,
push-pull, half-bridge, and full-bridge converters (which
contain transformers) have the same small-signal model
and characteristics as the PWM buck converter [2]. There-
fore, the transformer turns ratio n is included in the sub-
sequent equations. The equivalent averaged resistance r is
the only difference between these converters [2].

III. OPEN-LOOP TRANSFER FUNCTIONS

The small-signal model of Fig. 1(b) can be used to de-
scribe the converter performance for frequencies f up to



about one-half the switching frequency f,. Using this
model, one can derive the control-to-output (or duty ratio-
to-output) transfer function in the s—domain

Vo(8)
d(s)

Tp(s) = lv;(:):o

1
s+ Tro

C(Rrc+Rr4rcr)+L
LC(R¥rc)

_ V]ch
T nL(R+rc) s24s

R4r
(R+rc)

+ 1z
_ ViR s +w,
T nw,(R+7) 82 4+ 26pwes + w?
where the frequency of the zero is

1
_Cr(;

@)

(4)

Wz

the corner frequency is

o = R+r
T LC(R+rc)

and the damping ratio is

¢ = C(Rrc + Rr+rcr)+ L
" 2 /IC(R+rc)R+71)

Fig. 2(a) and (b) shows plots of the magnitude and the
phase of 7,. The characteristics of T, are plotted for four
values of r¢c because they strongly depend on r¢.
The voltage transfer function of the PWM modulator is
1

ds) _ 1
ve(s) Vrm

where Vpp, is the peak value of the ramp voltage of the
PWM modulator. It is assumed that Vr, =5 V, resulting
inT, =02=-14 dB.

The control-to—output transfer function of the converter
and the modulator is given by

(6)

Trn (7)

= ST (8)
T nw, Vem(R+ 1) 82 + 26 w5+ w?

Fig. 2(c) depicts a Bode plot of | 71 |. The phase shift ¢
of T is the same as the phase shift ¢7, and is depicted in
Fig. 2(b).

To obtain a wide bandwidth of the open-loop transfer
function, a proportional controller is used. The controller
which employs an inverting op-amp is shown in Fig. 3.
Since the operation at high frequencies is of interest, the
frequency response of the op—amp should be taken into
account. For this reason, a pure proportional controller
is difficult to realize. The voltage transfer function of the
controller for the ac component is

vc(s) Auo Auo
T = = =
(%) ve(s) 1+ 1+ Au ®
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Fig. 2: Control-to-output transfer function T, = |7} |

&* and | Ty |for Vi =30V, n =1, L =5 puH, C =
1mF,R=0.25Q,r =0.15, D = 0.3, and various values
of rc = 0.01 (solid line), 0.03, 0.05, and 0.1 Q. (a) | Tp |
against f. (b) ¢, = ¢, against f. (c) | T} | against f.

R,

R,

T ™

Fig. 3: Circuit diagram of the proportional controller.

where the low frequency gain is

R
Ao = Té' (10)
The open-loop control-to-output transfer function is
Tor(s) = Te(s)T1(s) = Te(8)TmTp(s). (11)

Plots of T,; are shown in Fig. 4. The crossover frequency f.
of the open—loop transfer function | Ty | is 27 to 100 kHz
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Fig. 4: Open-loop transfer function T = | Toi | e/ #Tar for
L=5puH, C=1mF,R=025Q,r=0.159Q, D =103,
Ayo = 14, and various values of r¢ = 0.01 (solid line), 0.03,
0.05, and 0.1 Q. (a) | To | against f. (b) ¢, against f.

for rc ranging from 0.01 to 0.1 . The phase margin is
greater than 45°. Since the phase ¢7,, never crosses —180°,
the gain margin cannot be determined.

The input-to-output (or line-to-output) voltage transfer
function (which describes the input-output noise transmis-
sion), is

Vo(8)
M, = -
() () lags)=0
1
_ DRrc s+ ero
nL(R+rc) s2 4+ SC(erg(I;{:rrs)th + chxrc)
DRw? s+ w,

= . 12
nw(R+71) s2 + 26,wrs + w? (12)
It follows from (12) that | M, | increases with increasing
D. Therefore, M, should be considered for the maximum
value of D. Plots of | M, | are shown in Fig. 5.
The open-loop input impedance is
i(s)

vi(s
Zi(s) = W) la¢s)=0

2 C(Rrc+Rrtrcri+l Rir
n?L $°+s LCER+_TL1-C + Ioliie)

- D s+ o)
_ ﬁ_L_ s2+2{,w,s+wf (13)
D? S+ wer
where
Wer v (14)

S C[R+ro)

| M, | (dB)
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Fig. 5: Magnitude of the open-loop input-to—output trans-
fer function | M, | against f for V; =30V, n=1,L =
5uH,C=1mF,R=025Q,r=0.159Q, D = 0.3, and
various values of r¢ = 0.01 (solid line), 0.03, 0.05, and
0.1 Q.
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Fig. 6: Open-loop input impedance Z; = | Z; | el®zi for D
=03,n=1,L=5uH,C=1mF,R=025Q,r=0.15
Q, D = 0.3, and various values of rc = 0.01 (solid line),
0.03, 0.05, and 0.1 Q. (a) | Z; | against f. (b) ¢z; against
f.

For s = 0,
n2(R+r)
Dz
Fig. 6 shows plots of Z; as a function of frequency.

IV. CLOSED-LOOP INPUT IMPEDANCE

Z(0) = (15)

The closed—loop input impedance can be derived as fol-
lows. Referring to the block diagram shown in Fig. 1(c)
and assuming v, = 0,

Vo = Tpd + M, v; (16)

d=-v,T. T = —(Tpd + Myv;)T: T, (17)
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Fig. 7: Closed-loop input impedance Z;¢ = | Zic | el¢ziat
for Ayo = 14, f; = 1 MHz, Vp,, = 5V, D =03,n =1,
L=5uH,C=1mF,R=025Q,7r=0.159, D =03,
and various values of rc = 0.01 (solid line), 0.03, 0.05, and
0.1 Q. (a) | Zia | against f. (b) ¢zi against f.

Dividing (12) by (3) gives

D
M, = —T,.

7T (18)

Substitution of (11) and (18) into (17) yields

3 anuv_%(yg( Tl
T4 TTNT, T '\ T, S \14 Ty

DToI
= —_— ;.

TVId + 1)
Neglecting Vr in a dc model of the buck converter [1],

(19)

DVi

L=Swmey

(20)

Finally, the closed-loop input admittance is given by
1 _ z_, _ Diy + Ipd
Zicl - -
_1 1 DI T,
_Zi1+ToI V! 1+Tol
2

To

-1t D ! (21)
Zil+Tqy n2(R+7)1+Ty

where 4 = n(Dv; + Vid)/(D*Z;). If s = 0 and | T, |>> 1
then

Yia =

<

i nv;

Zii(0) =~ _n_z(_l_{_+_r) = —Z;(0).

e (22)
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Fig. 8: Closed-loop input impedance Z;o; = Ria + j Xia
for Ayo = 14, fi = 1 MHz, Vprp, =5V, D =03, n =1,
L=5uH,C=1mF,R=025Q,r=015Q, D = 0.3,
and various values of 7¢ = 0.01 (solid line), 0.03, 0.05, and
0.1 Q. (a) Riq against f. (b) X;. against f.

For f >> fc and I Tot |<< 1, Zia =~ Z,'(1+To{) ~ Z;. Figs.
7 and 8 show plots of the closed-loop input impedance.
It can be seen from Fig. 8(a) that the closed-loop input
resistance R;. is negative at low frequencies.

V. CONCLUSIONS

The small-signal closed-loop input impedance of the PWM
buck—derived de—dc power converters has been derived and
illustrated for four values of the ESR of the filter capacitor.
A proportional controller was used. Plots of the closed-
loop input—impedance have been shown. The closed-loop
input resistance is negative at low frequencies. The results
agree with those obtained from the state-space averaging
method [4].
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