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Abstract

I discuss the design and implementation of a SSNIP test in order to identify the relevant market in a
media market. [ argue that in such a two-sided market the traditional SSNIP test cannot be applied
as it is usually conceived but rather should be modified in order to take into account indirect
network externalities. I discuss the issues of which price the hypothetical monopolist should be
thought of as raising, of whether we should look at profits changes on only one side or on both sides
of the market and of which feedback among the two sides of the market we should take into
account.

I then derive the relevant formulas for Critical Loss Analysis. These look much uglier than in a
single-sided market but in fact they are easy to calculate as they are still expressed in terms of
elasticities and of current observed markups, prices and quantities. Data requirements are however
higher as one needs to estimate the matrixes of the own and cross price elasticities of demand on the
two-sides of the market and the matrixes of the network effects.

The paper fills a gap in the economic literature, so much more as market definition in media

markets is at the centre of many recent competition policy and regulation cases around the world.
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1 — Introduction

In most economic models the relevant market is simply assumed. In practice however it is of great
importance for any antitrust case. A wrong definition of the relevant market might for instance lead
the antitrust authority or the courts to blocking a welfare enhancing merger or to allowing a welfare
detrimental one. Also, in case of appeal, the recognition of a wrong market definition is sufficient
for the courts to reject the whole analysis and rule in favour of the parties irrespective of any other
argument brought up by the antitrust authority. Market definition is therefore the founding stone on

which an antitrust case is built.

The “small significant non-transitory increase in price test” (SSNIP test), also known as
“hypothetical monopolist test” (HM test), is a conceptual tool used to define the relevant market. In
a standard market, starting from a set of candidate products for the relevant market, the SSNIP test
is implemented by first simulating a price increase by a hypothetical monopolist who owns just one
product and, as long as that leads to estimated losses in profits, progressively increasing the number
of products owned by the monopolist. When profits are not estimated to decline following a small
but significant increase in price by the hypothetical monopolist, the set of products owned by the

monopolist in the last simulation constitutes the relevant market.

Many recent competition policy cases, such as the merger between Google and DoucleClick, call
for both theoretical and empirical guidance on the design and implementation of a SSNIP test in
such two-sided markets® as the media ones. A correct product market definition is also crucial in
designing regulation in the media market, in light of the progress in information and communication

technologies.

I discuss the design and implementation of a SSNIP test in order to identify the relevant market in a
media market. In such a two-sided market the traditional SSNIP test cannot be applied as it is
usually conceived. That is because a firm in a two-sided market sells two products or services to
two distinct group of consumers and recognises that the demand from one type of consumers
depends on the demand from the other type of consumers and vice versa, but consumers on the two-
sides of the market do not internalise these indirect network effects. Since there is a link between
demands on the two sides of the market, the profit function of a hypothetical monopolist who raises
the price in a significant non-transitory way on one-side of the market is linked to the profit in the

other market and the question arises of which feedbacks between the profits on the two-sides of the

% See also Argentesi & Ivaldi (2005).



market should be considered. Moreover, since in a two-sided market the profits of the hypothetical
monopolist are determined by both the price level (roughly, the sum of the prices paid by the two
sides) and the price structure (roughly, the ratio of the prices paid by the two-sides), it is not a priori
clear whether the hypothetical monopolist should be thought of as raising a) the price level while
optimally adjusting the price structure b) both prices together keeping fixed the price structure c)
each of the two prices separately allowing the other price to be adjusted optimally d) each of the

two prices while keeping the other price fixed.

In the present paper I therefore address these questions. I claim that profits on both sides of the
market and all feedbacks should be taken into account and I suggest that in such two-sided markets
as the media ones the test is run by raising each of the two prices separately allowing each time the

other price to be adjusted.

The paper proceeds as follows. Section 2 presents the relevant economic literature. Section 3
discusses the rationale behind the SSNIP test in a single-sided market. Section 4 first proposes a
SSNIP test for two-sided markets of the “media type” and derives the formulas necessary for the

analysis. Section 5 concludes.

2 — The literature

Following the seminal works by Parker and Van Alstyne (2002), Rochet & Tirole (2002,
2003,2006) and Armstrong (2006), a growing number of papers have dealt with theoretical aspects
of two-sided markets, e.g. Caillaud & Jullien(2003), Anderson & Gabszewicz (2005) and Guthrie &
Wright(2007). Some of them, such as Evans(2003), Wright(2004) and Evans & Schmalensee
(2005), have focused on competition policy in two-sided markets. They have pointed out for
instance that, unlike the price level, due to the presence of indirect network externalities, the
efficient price structure does not reflect the ratio of marginal costs on the two sides of the market
and, more generally, that increased competition does not necessarily lead to a more balanced price
structure nor to a more efficient one. Most policy contributions so far, except Emch & Thomson
(2006), Evans & Noel (2005a, 2007), Argentesi & Filistrucchi (2007), Rochet & Tirole (2008) and
Evans (2008), have mainly criticized the application of standard competition policy results to two-
sided markets rather then suggesting alternative ones and, from the practical point of view, they

argued against existing practice rather than providing new methods to practitioners.



More specifically, despite the rich literature on two-sided markets, only a few papers have dealt
with market definition in two-sided markets, and in no way conclusively. Carlton(2007) simply
claims that market definition in two-sided markets is more difficult than in the usual single-sided
markets because of the uncertainty on the choice of the price the hypothetical monopolist should
raise. Argentesi & Ivaldi (2005) discuss the issue in the context of the media market. Their paper
however mainly argues for the need to take into account indirect network externalities in order to
get unbiased estimates of the own and cross price elasticities of demand. They then present
supporting results from a simple econometric exercise on a dataset of French newspapers in order to
support their claim. Evans & Noel (2005a) argue for the need to take into account feedbacks
between the two sides of the markets due to demand externalities and point to the difficulties arising
in market definition when two-sided platforms compete with standard firms on one side of the
market. Evans & Noel (2007) propose a way to extend the Critical Loss Analysis, an alternative to
the SSNIP test, to two-sided platforms and derive formulas for its implementation. They propose to
perform CLA by raising each price separately while keeping the other fixed and to take into account
all feedbacks. They then illustrate the bias due to not taking into account feedbacks between the
two-sides of the market. Evans (2008) discusses again market definition in two-sided markets, in a
non technical way. Emch & Thomson (2006) discuss the design of a SSNIP test in the payment
cards market and propose to apply the SSNIP test to the total price charged by the hypothetical
monopolist while letting relative prices on the two sides of the market adjust optimally. Their paper
however does not discuss the case of other markets and the proposed test is not directly applicable

to most media markets, as I will argue below.

3 —Market Definition in a Two-Sided Market

3.1 - The SSNIP test for one-sided markets

In a potential market with many possible products, assuming an ideal situation where all relevant
own and cross price elasticities of demand among these products have been estimated, the question
arises of identifying a threshold on elasticities in order for substitution to be relevant enough to

include two products in the same market.

The issue is solved applying the “small significant non-transitory increase in price” test (SSNIP

test), also called the “hypothetical monopolist” test (HM test).



The SSNIP test or the HM test as a method for defining markets was first introduced in 1982 in the
U.S. Department of Justice Merger Guidelines. In the EU it was used for the first time in the
Nestlé/Perrier case in 1992 and has been officially recognised by the European Commission in its
Commission's Notice for the Definition of the Relevant Market in 1997. There are however some
differences in the way it is carried out by practitioners in the US and in the EU and more generally

under different jurisdictions around the world”.

In a standard market, the SSNIP test is, according to the EU merger guidelines, implemented by
first simulating a given price increase above the current competitive level by an hypothetical
monopolist which owns just one product and, as long as that leads to estimated losses in profits,
progressively increasing the number of products owned by the monopolist. When profits are not
estimated to decline following a small but significant increase in price by the hypothetical
monopolist, the set of products owned by the monopolist in the last simulation constitutes the
relevant market. According to the US guidelines, it is instead implemented by first simulating the
optimal price increase above the current competitive level by a profit maximizing hypothetical
monopolist and, as long as that is at least a small but significant non transitory increase,
progressively raising the number of products owned by the monopolist. When the profit
maximizing hypothetical monopolist will not raise prices by at least a small but significant non
transitory increase, the set of products owned by the monopolist in the last simulation constitutes

the relevant market.

Note that, although at first sight it might not seem so, there is indeed a difference between the test in

the US and the test in the EU.

Both in the US and in the EU, there is also not unanimous consensus as to whether on all but the
first step, one should raise just the price of the first product taken into consideration or should raise

the prices of all products owned by the hypothetical monopolist at that step in the procedure.

In any case the basic idea behind the SSNIP test is that substitution among two products is enough
to include them in the same market if an hypothetical monopolist would find it unprofitable to raise
the price of one product in a small significant non-transitory way (EU merger guidelines) or if an

hypothetical monopolist would find it profit maximizing to raise current competitive prices in a

? See Werden 2003 for a history of the Hypothetical Monopolist test and an explanation of the differences in the way it
is implemented.



small significant non transitory way (US merger guidelines)®. In either case, in practice, the small
significant change in price is usually 5% in the EU or 5-10% in the US and non-transitory is usually

- 5
considered to mean 1 year.

Using such a hypothetical monopolist as a benchmark reminds of issues concerning market power.
This can however be misleading. The assessment of market power or the prediction of merger

effects should be conducted after the relevant market has been defined.

Yet one of the rationales behind using a hypothetical monopolist as a benchmark that, by defining a
market as the minimum set of products for which a small but significant increase in price by the
hypothetical monopolist above the current (competitive) level is not unprofitable (EU version), or
on which an hypothetical monopolist would maximise profits by increasing price in at least a small
but significant way above the current (competitive) level (US version), one makes sure that the
market is the smallest one that it is worth monopolising®. That monopolising the market must be
worthwhile is clearly a requirement of economic theory, although the 5% and 10% values for the

. . . 7
price increase are of course arbitrary .

Another rationale for having an hypothetical monopolist is to make sure strategic effects among
competitors are ruled out when testing for substitution among products. For the same reason the
prices of all products not owned by the hypothetical monopolist at a given stage of the procedure

are kept constant.®

* See Werden 2002b for a rationalization of the different ways the SSNIP test is implemented according to different
measures of substitutability between products.

> There is a well-known problem in the application of the SSNIP test, even to a single-sided market, when it comes to
choosing the starting price level for the price increase, in that in the presence of perfect collusion or of monopoly any
price increase above the current level is likely to be unprofitable, leading to a wider market definition and therefore to a
finding of no (joint) dominance. It is the so-called “cellophane fallacy” from the Du Pont case in the US in the 1950s, ,
see Motta (2001) and Bishop & Walker (1999). I abstract here from this problem and assume the starting price level is a
competitive one, though not necessarily the one obtained under the assumptions of the model of perfect competition.

® At the same time however, even absent strategic reactions from rivals, any firm owning a subset of the products in the
market will not be able to profitably raise prices by 5% or 10%.

7 One should note that in general choosing a 10% increase in prices implies a larger market definition than a 5%
increase and therefore both a lower chance to find market power and abuses and a lower chance to identify concerns of
unilateral effects in mergers.

¥ A debated issue is however whether one should take into account capacity constraints in the production of goods not

owned by the hypothetical monopolist. I do not address this concern here.
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In practice in order to implement the test assumptions are needed on the demand functions and the
cost function. The most common assumptions are those of linear or constant elasticity demands and

linear costs.

This is true also of Critical Loss Analysis (CLA) and Critical Elasticity Analysis (CEA), the usual

ways a SSNIP test are implemented by practitioners.

Critical Loss Analysis in its EU version proceeds as follows: first, the critical loss in sales of an
hypothetical monopolist owning just one product is calculated; this is the maximum loss in sales
due to a price increase of 5% or 10% which would not make the price increase unprofitable; second,
the actual loss in sales following a 5% or 10% increase in price is estimated; third, the actual loss in
sales is compared to the critical loss in sales; if the actual loss in sales is smaller than then critical
loss in sales, then a small significant price increase would be profitable and the market is defined;

otherwise, the market is assumed to contain also another product and the analysis is repeated.

Critical Loss Analysis in its US version proceeds as follows: first, the critical loss in sales of an
hypothetical profit-maximizing monopolist owning just one product is calculated; this is the
maximum loss in sales the hypothetical monopolist would tolerate and still raise its price by 5% or
10% ; second, the actual loss in sales following a 5% or 10% increase in price is estimated; third,
the actual loss in sales is compared to the critical loss in sales; if the actual loss in sales is smaller
than then critical loss in sales, then a small significant price increase would be profit maximizing
and the market is defined; otherwise, the market is assumed to contain also another product and the

analysis is repeated.

Table 1 below reports the formulae that are commonly used to determine the critical loss in Critical
Loss Analysis: m is the current (competitive) markup, t is the significance threshold for price

increases t (i.e. usually 0.05 or 0.10).

Table 1: Critical Loss Formulae (constant marginal cost)

Demand Curve US EU
Linear t o
m+ 2t m+t
Isoelasti ot t
soelastic 1— (1 + t) m+t m—+t
Table 12: Critical Loss Formula (Werden, 2002)
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The actual loss formula is instead

Aq_ &[ﬂ BJ

q p\Apq
and if demand is linear or for small changes in p
Aq_Ap .

g p°

Critical Elasticity Analysis in its EU version proceeds as follows: first, the critical elasticity faced
by an hypothetical monopolist owning just one product is calculated; this is the maximum elasticity
an hypothetical monopolist could face without a given price increase of 5% or 10% becoming
unprofitable; second, the actual elasticity faced by an hypothetical monopolist is estimated; third,
the actual elasticity is compared to the critical elasticity; if the elasticity is smaller than the critical
elasticity, then a small significant price increase would be profitable and the market is defined;

otherwise, the market is assumed to contain also another product and the analysis is repeated.

Critical Elasticity Analysis in its US version proceeds instead as follows: first, the critical elasticity
faced by a hypothetical profit-maximizing monopolist owning just one product is calculated; this is
the elasticity that would lead a profit maximizing hypothetical monopolist to increase prices of 5%
or 10% ; second, the actual elasticity faced by the hypothetical monopolist is estimated; third, the
actual elasticity is compared to the critical elasticity: if the actual elasticity is lower than then
critical one, then a profit-maximising hypothetical monopolist would increase prices more than the
given threshold and the market is defined; otherwise, the market is assumed to contain also another

product and the analysis is repeated.

Table 2 below reports the formulae that are commonly used to determine the critical loss in Critical

Elasticity Analysis.

Table 2: Critical Elasticities Formulae (constant marginal cost)

Demand US EU
) 1 1
Linear —_—
m+ 2t m+t
. 1+t log(m+t)—log(m)

Isoelastic

m+t log(1+1)
Source: (Werden., 2002)




Therefore, under the simplifying assumptions mentioned above, to check what happens to profits as
prices rise, one should estimate the elasticities of demands with respect to prices and have a measure
of the marginal cost (or of the mark-ups), in addition to observing current (competitive) quantities

sold and prices (or revenues).

The same is not true of a two-sided market where estimation of indirect network effects between

demands on the two-sides of the market is also necessary, as we will show in Section 4.

4 - Market Definition in a Two-Sided Markets

When discussing the extension of the SSNIP test to a two-sided market, some additional issues arise
which make the analysis more complex than in the standard case discussed above:

- given that in a two-sided market there are indirect network externalities, should we take into
account also (all?) feedbacks from one side of the market to the other? should we look at what
happens to profits on only one side or on both sides of the market? how do we deal with products
which are competing on one-side of the market but not on the other-side?

- given that in a two sided market the hypothetical monopolist sets (at least) two prices, which price

should he be thought of as raising?

4.1 - Which price?

In a two-sided market one can distinguish:
a) the price level (roughly, the sum of the two prices)

b) the price structure (roughly, the ratio of the two prices)

Should then the hypothetical monopolist be thought of as raising:

1) the price level keeping fixed the price structure?

i1) the price level adjusting optimally the price structure?

ii1) first one of the two prices keeping the other fixed and then the other price keeping the first
fixed?

1v) first one of the two prices and then the other price, each time adjusting optimally the price

structure?



Answering questions as the ones above requires first a distinction between two types of media
market: those where the interaction between the two consumer groups is observable (e.g. an internet
surfer clicks on an ad) and those where the interaction is not observable (e.g. a reader reads an ad or
a reader is influenced by an ad). The presence of the interaction allows the two-sided media
platform to charge one of the two sides (i.e. the advertisers) a per-interaction fee, possibly in
addition to a subscription fee (i.e. in fact a two-part tariff) such as in the model of Rochet & Tirole
(2006), while its absence only allows the platform to charge a subscription fee as in the model of
Armstrong (2006). Clearly the presence of such an interaction is crucial for the practical
implementation of the test in as much as such an interaction and the prices charged for it to the two-

sides are observed.

Note however that in all media markets there is no real transaction between end-users, in the sense
as there is for instance in a payment card market, as readers/viewers/listeners are not interested in
seeing an ad, or their interest is only secondary with respect to that for content (news, films, music)

provided by the platform.

Moreover, in most media markets the interaction is not observable. I will therefore mainly

concentrate on this latter situation.

Figure 1
A Two-Sided Market: Media

Newspapers, TV, Radio, Internet...

Media Firm
price for content media ad fees

content a& )
Note: no Note: no
per- . per-
transaction reader/ «----ooooeeeee advertiser transaction
fees viewer/ advertising fees

message

listener

Note also that in a media market in the presence of multi-homing a platform can be in the relevant
market on one-side but not on the other, e.g. TV might be a substitute for newspapers for an
advertiser (as he just cares to reach his potential consumers) but not for a reader/viewer (as for
instance a person can/likes to read his newspaper on the metro on his way to work and can/likes to

watch TV at home in the evening). Moreover, as discussed in Evans & Noel (2005a), who bring the

10



example of bill-board advertising, in a market of the media type it might well be that a platform is
competing with a one—sided firm on one of the two sides of the market. The same is not true in a

payment card market, i.e. a card is either in the relevant market on both sides or not.

Given these different features, although one would ideally want an extension of the SSNIP test to
two-sided markets which is the same for all types of two-sided markets, I believe the extension

should be done differently according to the type of two-sided market.

In a market as the media one the hypothetical monopolist should be thought of as raising first one of
the two prices and then the other price. Only in this way one could still interpret the test in terms of

the original idea of a benchmark on the degree of substitution between products.

In addition I believe the hypothetical monopolist should be allowed to optimally adjust the price
structure. First, the benchmark to decide when “substitution is enough” in a single-sided market is
“what would happen to profits of an hypothetical monopolist” there is no reason why the latter
should not be the benchmark also in a two-sided market. Second, more importantly, one still makes
sure that the market is defined as the smallest one that it is worth monopolising (in the sense of
where it is worth or optimal for a monopolist raising the price by 5% or 10% above the current
competitive price). Finally, from a practical point of view, allowing the hypothetical monopolist to
optimally adjust the price structure would have the positive side-effect to mitigate the otherwise
unjustified worries of antitrust authorities that in a two-sided market with two positive indirect
demand externalities considering all feedbacks would lead to a very wide market, since allowing the
hypothetical monopolist to adjust optimally the price structure would, by definition, tend to increase

the profitability of the price rise.

I therefore agree with Emch & Thomson (2006) in that in a two-sided market as the payment cards
one the hypothetical monopolist should be thought of as raising the price level, adjusting optimally
the price structure. I claim however that their extension of the traditional SSNIP test is not valid in
a two-sided market of the media one. In such a market, as in Evans & Noel (2005b,2007), the
hypothetical monopolist should be thought of as raising first the price on one side then that on the
other side, but differently from Evans & Noel (2005b,2007) he should be allowed to adjust

optimally the price structure.
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4.2 - Which profits and which feedbacks ?

The issues of which feedbacks between the two-sides of the market should be taken into account
and of whether we should look at what happens to profits on only one side or on both sides of the

market are crucial.

For a two-sided market of the “media type”, keeping in mind that the SSNIP test should aim at
establishing whether there is “enough substitution”, similarly, to Evans & Noel (2005b, 2007), 1
believe we should look at what happens to profits changes on all sides of the market and take into
account all feedbacks (see figures 2 and 3). Many antitrust authorities seem to worry that in a two-
sided market with two positive indirect demand externalities, considering all feedbacks would lead
to a much wider market definition than single-sided market. This fear is unjustified as the point is
exactly that the market is two-sided and should be treated as such. One should stress that there
would be no feedback effect if there were no initial substitution effects in the market where the
price has been increased (see figures 2 and 3). Moreover, if one allows the hypothetical monopolist
to optimally adjust the price structure as claimed above, the feared enlargement of the market would

be smaller, as the optimal adjustment of the price will lower the profit loss from the rise in price.

To this regard, assuming the relevant elasticities have been correctly estimated, in market where
positive indirect network effects prevail (i.e. where accounting for feedbacks decreases the
profitability of the rise in prices), it is true that if one applies the formula proposed by Evans&Noel
(2005a,2007) the market is defined too widely (as it does not allow the hypothetical monopolist to
optimally adjust the price on the other side), whereas if one applies the usual single-sided formulas,
the market is defined too narrowly (as feedbacks are not accounted for). This relationship can

sometimes provide sufficient indications in a competition policy cases’.

With regard to the issue of how to deal with products which are competing on one-side of the
market but not on the other-side, I believe one should take into account feedbacks from this

products too in the analysis (see q’p in figures 2 and 3).

’ For example, in a market where positive indirect network externalities prevail, if a given merger does not raise
competitive concerns in a market defined according to the single-sided formula, a fortiori it wouldn’t raise competitive
concerns in the larger market defined according to the correct two-sided formula.

12



Figure 2
Media Market:
Feedback & Profits - 1
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Media Market:
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Finally, note that Evans & Noel (2007) distinguish between a short-run effect of the price increase,

when the feedbacks have not taken place yet, and a long-run effect, when the feedback have all

taken place. In fact, I believe such a distinction is in general useful from a theoretical point of view,

as for sure there is a time dimension in the feedback story. However, the distinction is probably

useless from the practical point of view in the case of the SSNIP test, as the price change is by

definition “non transitory” and, as mentioned above, in a single-sided market “non transitory” is
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usually taken to be a year. One could then claim that for most media markets one year is probably

enough for all, or at least most, of the feedbacks to take place.

4.3 — The SSNIP test in a two-sided market

Taking into account the arguments above, I now proceed to develop the analytical formulas for the

implementation of the test in a media market.

In a two-sided market with n candidate products j=1,2,...,n for the relevant market on each side
m=A,B of the market, if the hypothetical firm is a monopolist over production of good 1, its profits

in an adoption model are:
M= p*d*(p",d®)+p°d®(p®,d*)-C(d*,d*) M

Then if it is possible to solve explicitly the system'

q" =d*(p",q%)

qB:dB(qA pB) (2)
then

9" =q*(p”, p°)

q°=q°(p”, p°) ©)
and

I=p"q*(p", p®)+p°a°(p”*, p®)-C(a*(p”, p®),q5(p", p%)) (4)

If, in performing the SSNIP test, the hypothetical monopolist is allowed to adjust optimally the

price of the good on the other side of the market, it will set

M 5, s 500°(P%P%)  ,89"(p" p%) aC(g*,q°) ag*(p”, p°) oC(a*,q%) aa®(p*, p°®)
= a (Pt +p s+ P T x TR z =0
p ap op &9 op aq op

(5)
which identifies a relationship
f(p*, p?)=0 (6)

so that, if the equation can be solved explicitly for'', it exists a function

"% In fact, even if the system cannot be solved explicitly, one might be able to find the first derivatives (through the
implicit function) and therefore to derive the first-order condition.
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*

p® =g (p*) (7)

which gives the optimal price on side B, “p® . for any price charged on side A, p*.

EU version
Therefore, in the EU version of the SSNIP test, in the first step, to check what happens to II as

p”increases, one should check the sign of

Ap” Ap”
ATT =T1(p* (1 + ppA 508 (pA(L+ =

pA

N -TI(p*, p*) (8)

Note that, as for the SSNIP test in a single-sided market, assumptions are needed on the demand
function and the cost function in order to calculate the first term on the right-hand side, which
represents the counterfactual profits of the hypothetical monopolist and is therefore not observable
by definition. One of the most common sets of assumptions are those of linear demand and linear

cost.'? Under these assumptions',

AIT :tA(mARAgZ: + mBRBgSi + RA)+ (tA)ZRAgS: +

A q® q# A q? A
+tA _tAng R__ A gpA — Al ng R__ Al ng R__l 2+ 1 _mB
B B B B B B B B
qu R qu 2 gSB R 2 g’q)B R 2 &
A
(RquB + RngA)+
q? q® q? q*
A e R* .4 Epr al]épe R" Al &pe R* 1 1 B
+ _t qB _B_ qB qB _B_m - B _B__ 2 B _m
&l R &l 21 &% |R 2| ¢ R 2 gl
A
(mARquB +mBRBeY, + RB)+
a® A q® g? A q? A ?
A R Aot Al épe R allépe R 1 1 B B _.a°
+| —t 5~ = sl M | % | =g < 2 —|—m R%¢’,
qu R qu 2 qu R 2 g’ R 2 qu P
P

)

"'In fact, even if one cannot write the explicit function, one might be able to find the first derivatives (through the

A A
implicit function theorem) and therefore to derive 99°(P")
op”
12 Alternative assumptions are those of constant elasticity demand functions and/or constant elasticity cost functions.
These assumptions, as the linear ones, allow to derive the counterfactual from the observed data.
1 See Appendix la

15



US version

Instead, in the US version of the SSNIP test, in the first step, one should check whether an

hypothetical monopolist, choosing p*, p® in order to maximize

T=p*g*(p*, p*)+p°a°(p", p*)-C(a*(p", p*).ds(P", p*) (10)
would raise the price p;*by more than the given threshold, that is whether

Ap®  “p?_pA

pA = P A P >5% or 10% (11)

where " p”is the profit-maximizing price set by the hypothetical monopolist on side A.

From the first order conditions

A WA B B/ nA B A B A A B A B B, A B
ariqu(pA’pB)erAaq (pA,p )+p36q (pA,p ) oC(q ;q ) &g (pB,p ) oC(q B,q )Oql(plB,pl):
op op op oq op oq op| (12)
ol s a s s00°(pAp®) ,a9"(php®) oC(g*,q®) aq*(ph, p®) oC(a”,q®) 6q®(p”t, p®)
8B:q (P7. P+ p B +P B - A B - B B =0
P op op oq op oq op

Again assumptions are needed on the demand function and the cost function. Under the usual

. . . 14
assumptions of linear demand and linear costs

a® .q° a* .q° a® .q*

Ap”* 3 s R® 4e o€ s 1 de s& s 1 4e’, ey
——>m P°“p _impA p*“p LY, P p

A 4 RA a* .a° a®at ) 2 a* .a° a®.a*) 4 a* .a® a® .a"
p (48pA€pB —gpAepB) (46‘pA8pB —gpAng) (4€pA€pB —gpAepB)

q® q®
1 4 o 1 RB 4¢ s

A

2 (48226‘22 —~ ggiggB )_Z R (46‘326‘3: — ggigg: )

(13)
All in all, it is therefore clear that in order to perform the SSNIP test, in both the US and the EU
version, one should not only estimate the own and cross elasticities of demand with respect to price

and observe prices, sales and per unit costs on both sides of the market but also estimate the cross

market network externalities.

4.3 - Critical Loss Analysis in a two-sided market

EU version

Critical Loss Analysis in its EU version in a two-sided market should proceed as follows: first, the
critical loss(es) in sales on side A (and side B) of an hypothetical monopolist owning just one
product is calculated; this is the maximum loss in sales due to a price increase of 5% or 10% on side

A which would not make the price increase unprofitable; second, the actual loss(es) in sales on side

'* See Appendix 1b
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A (and side B) following a 5% or 10% increase in price on side A is (are) estimated; third, the
actual loss(es) in sales is (are) compared to the critical loss in sales; if the actual loss(es) in sales is
(are) smaller than then critical losses in sales, then a small significant price increase on side A
would be profitable and the market is defined; otherwise, the market is assumed to contain also

another product and the analysis is repeated.

Mathematically, assuming there n candidate products for the relevant market on side A of the

market, in the first step, if the hypothetical firm is a monopolist over production of good 1, by

B

increasing the price of its product 1 on side A by Ap” and adjusting the price ratio - optimally,
. . . Al A A . . Ap® A s B .
the gains on side A will be Ap”(q” +AQ") and those on side B will be Ap” Ap”(q~ +Aq”), while
AC AC
the losses will equal —(p”* — Ag” and —(p°® - AQ® .
q (p AqA) q (p AqB) q
Equating the gains to the losses gives:
Ap® AC AC

APA(Q* +Ag™) +——Ap"(q® +AQ®) = —(p" ——)AQ” — (p® ——)AQ® 14

p"(q Q)ApAp(q q°)=—(p AqA)q (p AqB)q (14)

This is the break-even condition. Clearly if the gains are higher than the losses (i.e. the left-hand
side is higher than the right-hand side) then the price increase is profitable; vice versa the price
increase is unprofitable.

As in a single-sided market I now proceed to manipulate the break-even condition in order to

A

oo . . A
express it in terms of the given percentage price increase pA , other observables (such as
A B A B . AqA AqB .
P",p",q",q") and of the percentage losses in sales, —— and —;- the latter then being the
q

critical losses, i.e. those that would guarantee a break-even following a given price increase.

17



After this manipulation'> and assuming both linear demands and linear costs, the formula that

and AqB on the two-sides of a two-sided market
q

defines implicitly the Critical Losses

according to the EU version of the SSNIP test:

A B gq: gqi B B
tARA+RA(tA+mA{AqA )+mB(AqB jRB —~ ZB + ZB ]% tARA(HACl j+
q q Es Ee q

& B B\? B
—m*RA 22 £1+AqB ]— L RB[HALBJ —mBRB(HAq J:o (15)
q

q
& &
p8 q p8

e}

]

Ap

where R* are revenues from side A, t* =—4—1s the percentage price increase on side A deemed

n_ &’
(p 5qA)

A

p

relevant (5% or 10% usually) and m* = is the observed mark-up on side A . And

similarly for side B.

Note that the part

A B
t"R” + RA(tA + mA{AqA j+ mB(AqB JRB
q

q

is the same as in Evans and Noel (2005a, 2007), while the rest is due to the hypothetical

monopolist optimally adjusting the price structure.

The Actual Losses are instead:

Aq® _ Ap” p* Ag® Ap® p° Ag”

q® p" Ap* g*  p® Ap® "

A B A A A A B A B B A B

a° _Ap" p" Ad"  Ap® p° Aq (16)
a®  p" Ap" g p® Ap® g

If demands are linear, one obtains

' See Appendix 2a
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AqA _ApA qA ApB qA

qA - pA pA pB Epo
AqB A B |
R R (7

B

Note however once again that—-1is not exogenous as in Evans&Noel (2005a, 2007) but is

Ap*

N

endogenously set by the hypothetical monopolist as a best reply to the exogenous change

Manipulating again the first order condition for profit maximization by the hypothetical monopolist,

16 Ap® A

one can obtain S-asa function of

Ap® 1 e |RA el [RY 1 1
LB:—tA— e e L e e P L (18)
p 2 qu R 2 qu R 2 qu
L P p p
So that substituting the latter into (17), the actual losses become'’:
AL B qA_ qA
AQ®  Ap*| o 1| R 1| € |[RY 2 1 1 A A
qA = pA gSA — pB _ngB _mA_ DB _ngs |2+ _ 523 _mnga
q P 216 (R 2{ &% R 21 e
AL B qA_ qA
AQ®  Ap*| e 1| & |RM e 1| €¢ |RY o 1 1 8 8
qB = pA g ——| L5 | =gl |-Mi 2| L5 | gk ——| 2+ —5 [gf. —mPel, (19)
a p 2| g9, R P 2 ggB R® P 2 gSB P p

If, once the actual losses in (19) are substituted inside the break-even formula (15), the left-hand

side is positive, then the price increase is profitable; vice versa the price increase is unprofitable.

Aq

Alternatively, one can solve the break-even condition (15) for the Critical Loss —and

AL, B

substitute on the right-hand side the expression for . One then obtains'®

'* See Appendix 2b.
'7 For the critical loss on side A

AQh_Apt o | Apt 1) g R 1 ° R“

qA pA pA pA 2 qE B P

AQh _Ap* o Ap 1{5“ } o £ ] o { 1 ] P
A A gp" B Eps ~ B Epe TS Eps —M " Epe
at p* 2|5 |R R &l

A A a* 5 o8 A A A A
AqA = APA En = 1 RB £ -m* l i o L 2+ 15 £l —mPel,
q p R 2 RE %P T g | P P

and similarly for the critical 1oss on side B.
'® See Appendix 2¢

o o
]—m }SB
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CLAqA_ tA . g;: . g;i R78 tA N mA gg: . 1 R® mER® N
)| e [T (R |t em)| o T R ) RAR e
p p p p
meR® gEBA ggi B tA mA gg: 2 R® meR®
T pA(rA a7t e |1 8 | pA |[tA A A A B T % DA(rA A Al A A
RA[EA +m*) &, quR(t+m)(t+m)qu quR(t+m)R(t+m)
L\7p p i P P
‘ 1% |r* 1 | .
thel, +|-m* —| = | ——| 24— |-m® [¢7, p+
P 2| ¢ |R® 2|7 o p
p
A 2
q
1 RE (A mAl e iA_l 1 B 8qu
@ RA(t" +m* P 2 ng RE 2| @ P
(20)
AL . A
Then, as in the usual single-sided case, one only needs to check the actual loss defined in
g Yy A
cLA A
(19) against the critical loss CIA defined above in (20).

Note that both the Actual Loss formula (19) and the Critical Loss formula (20) look much more
complex than in a single-sided market but in fact they are still expressed in terms of current
elasticities and of current observed mark-ups, prices and quantities and rely on the same

assumptions on demand and costs used to derive the formulas in a single-sided market .

US version

Critical Loss Analysis in its US version in a two-sided market should proceed as follows: first, the
critical loss in sales on side A of an hypothetical monopolist owning just one product is calculated;
this the maximum percentages of sales that a profit maximizing hypothetical monopolist would be
willing to loose in order to increase price on side A of 5% or 10%; second, the actual loss in sales
on side A following a 5% or 10% increase in price is estimated; third, the actual loss in sales is
compared to the critical loss in sales; if the actual losses in sales is smaller than then critical loss in
sales, then a small significant price increase would be profit maximizing and the market is defined;

otherwise, the market is assumed to contain also another product and the analysis is repeated.
From the first order conditions for the hypothetical monopolist’s profit maximization already

reported in (12), one can obtain the equation for the optimal change in prices on one side A as a

function of the optimal change in price on side B and of the optimal losses in sales on side A
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ALA (pA_aAja
p*a” | q

-5
B A gq: q: A A B B
AIDB __ApA pB BB A pB quB _LB 1+AqB - Baq (1)
p P™ e [P p g |PAT &l q p
o . Ap® . . .
then, substituting inside (21) the expression for —- in (18), one obtains the expression for the
p
Critical Loss on side A
cL qA qB
AQ* 1] €pe Epn || 40 1 R®
qA :—(tA—mA 1——| 25— led +| 1+ —+2m® | —&f, -1 22)
q 2 gqs qu P 2€q5 R P
pP° Tp p
AL Ag
Then, as in the usual single-sided case, one only needs to check the actual loss qA obtained in
q
CL ., a
(19) against the critical loss -—defined above in (22).

Note again that both the Actual Loss and the Critical Loss formulas look much more complex than
in a single-sided market. This is due to the necessity to take into account the two-sidedness of the
market. But in fact the formulas are still expressed in terms of current elasticities and of current
observed mark-ups, prices and quantities and rely on the same assumptions on demand and costs

used to derive the formulas in a single-sided market .

Yet, looking at the formulas, it is evident that data requirements for the implementation of the
SSNIP test in two-sided markets, in both its US and EU versions, are higher than in a single —sided
market as one needs to estimate not only the matrixes of the price elasticities of demand on each

side of the market but also the matrixes of the price elasticities across sides of the market.

5 — Conclusions

I discussed the design and implementation of a SSNIP test for market definition in two-sided
markets. | argued that in such a market the traditional SSNIP test cannot be applied as it is usually

conceived. I proposed a SSNIP test for two-sided markets of the “media type”.

The rationale behind the SSNIP test in a single-sided market is the following: it allows to set an
(implicit) benchmark for the elasticities to be high enough for two candidate products to belong to
the same relevant market; the benchmark is set in such a way that the market is defined as the

smallest set of products on which a monopoly would find it profitable (or profit maximizing) to

21



exercise market power by raising non temporarily the price above the current (competitive) level (at

least) by a small but significant percentage

In order to ensure the same rationale, the SSNIP test in a two-sided market should take into account
changes in profits on both sides of the market and all feedbacks between profits on the two sides of
the market following the hypothetical monopolist raise in prices. In addition it should be
implemented by raising first the price on one side of the market then the price on the other side of

the market, each time allowing the hypothetical monopolist to optimally adjust the price structure.

The antitrust authorities’ worry that in a two-sided market with two positive indirect demand
externalities, such a test would lead to a much wider market definition than single-sided market, is
unjustified as the point is exactly that the market is two-sided market and should be treated as such.
Yet, assuming a correct estimation of the relevant elasticities, in market where positive indirect
network effects prevail, it is true that if one applies the formula proposed by Evans&Noel
(2005a,2007) the market is defined too widely, whereas if one applies the usual single-sided
formulas, the market is defined too narrowly. This relationship can sometimes provide sufficient

indications in practice on the relevant market'’.

Finally I developed the corresponding formulas for critical loss analysis both for the EU and the US
version of the test. These look much uglier than in a single-sided market but in fact they are easy to
calculate as they are still expressed in terms of elasticities and of current observed markups, prices

and quantities.

Data requirements for the implementation of the SSNIP test in two-sided markets are however
higher than in a single —sided market as one needs to estimate not only the matrixes of the own and
cross price elasticities of demand on the two-sides of the market but also the matrixes of the

network effects.
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Appendix 1 — The SSNIP test formula
1a) In the EU

From

A ApA B A ApA A B
AIT=TI(p~(1+ o ).9°(p~(1+ o N —II(p~, p~))

one gets

Ap” Agt Ap® Aq®
ATT= p*(1+ ppA )gh (1 + qqA )+ pE(l+ ppB ) (1+ qu )~ pAq" — p°q® —AC

or
Agq®t Apt  Ap? Agh Aq®  Ap®  Ap® AqQ®
AH:pAqA(H qqA N ppA . ppA qqA }quB[H qu N ppB . ppB qu j_pAqA_quB_AC
that is
AH:pAqA qA + pA + pA qA +quB qB + pB + pB qB —-AC
q p pP” q q p pP° q
where
Ap*
ry 1S €xX0genous
C_ApA AQ® p* AC | Ap*(Ag® p* AC
AC = A A A A + A B A Bql
p g~ Ap” Aq p q- Ap” Ag
+ApB An® p® AC . +APB Ag* p° AC A
pB nB ApB AnB pB qA ApB AqA 1

Agq®  Ap" Aq® p*  Ap® Ag® p®
= +
q® p" q® Ap*  p® q° Ap°

Agh  Ap* Aqh p*  Ap® Agh p®
= +
g p" g Ap*  p® q" Ap°

and
Ap® Ap® “p’-p® Ap"Ap® pt "p°-p°
p> P’ p° p* ap* p* p°
Under the assumptions of linear demand and linear cost,
Ap" g Ap* Ap® Ap®
AC =—r " +— - £0,0°0° + —- 5% ° +—- £ 5 ¢""*
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A A B
Aq _Ap g Ap q*
=— & t—F &,
qA pA p B p

B A B
AQ”  ApT o AP g
———8 A+—g B
qB pA p B p

and, since the best reply function is linear because demands are linear , its slope is (see 2a below)

Ap® _ap® _ [ag* /oq®] [ag® /ag®
ApA apA apB apB apA apB

while (see 2a below)

% AB _ B A gq: A gq: A
Y _ p :_ApA 1 X R_B_mAl P’ R_B_l 24 lB —m®
p p* 2 SSB R 2 838 R® 2 gSB

so that

AP ApPTogh Jaq® 1Pt ApPTaq® /ag® et aphilel [RA L 1] €% [RA 1 1 .
5= oA | AnB 8|78 A | A/ B B A5 e e M S e mE ST T
p p™[op”/ op”Jp"  pT o7/ p ] pT P 2|el R 216 |RT 2] &

which is

Ap® Ap*[og® p® /ag® p®]p*a* Ap*[aq® p* /ag® P Ap* 1 gg: R 1 gg: RA 1 1 )
B A B oA B 1B | BB A | AnA a8/ B B | wA 5| e e M 5| e |RE S 2+ & |~m
p p*Lop" g%/ dp" q” Jp'a” P [op" Q" / dpTa | P 2|ek |R 2l |[RT 21 &

Ap® _ Ap" e RM APM & Aph 1| |RM 1S [RY L 1|,
p® p” SEZ R®  p* 532 p* 2 632 R® 2 832 R® 2 832

A B

So that, substituting for ——, and AC,
q

B

Agq® Ap® Ap? AQ Aq®  Ap®  Ap® AgQ®
AIT = pig? qA N IOA N IOA qA +p8g® qB N IOB N IOB qB _AC
q p p” q q p pP° q

Ap® . Ap® . AP® ApA APt 4 APt APE s
AIT = pAqA(Leq‘AJr pB el + pA + pA pA g%, pA pB %)
p °F P p p” p~ ° pt p- P
s 5. AP" ¢ Ap® o Ap® Ap® Aph o Ap® AP® e
+p g ( A Epp T B Epe B T B A Sp B B “p°
p p p- P p- p
AD? A Ap* N ApE
_ pA quCAqA_ . quCBqB_ pB quCBqB_ pB €ZBCAqA
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which is equivalent to

Ap* » Ap® » Ap? Ap”* Ap? » Ap™ Ap® A
All = pA pAqugA"'FpAquZB*— pA pAqA+ pA pA pAquSA+ pA pB pAqugB"'
ApA BB 0° ApB BB 0a° ApB BB ApBApA BB 0° ApBApB BB a°
+ pA pquA‘i'qung"' pB pq + pB pA pquA"' pB pB pq5p8+
A A A A A g A B, A B
_LAgZACAqA_LAngCBqB_LngBchB_ pB £ ehgh
that is
Ap* .~ Ap” . Ap” Aph Ap* g
AT = ppA pAquZA+% quBgZA+% pAg” — ppA gEAchA—%gSACBqB+
2
Ap* A
[ P’ J ey
Ap”* Ap® ~  Ap® Ap? B
+LA pB pAquqB+ pB pA qungA
P p P p- p P
ApB Ay A G ApB BB a° ApB BB ApB q® B B ApB q* ALA
+poq8pB+qu8pB+poq_pngBCq_ Bchq
2
Ap® B
+(&]p%%;
or

A

A A A B A B
All = p (pAqugA n quBgSA + pAqA—SEACAqA—agACBqBj+

p
Ap*Y .
+[ pAJ pAqAEZA"‘
p
ApAApB( A A " BB qB)
+ pAqu‘gps"‘pquA*‘
ApB A A Q" B.B q° BB 9® B .B a* A A
+pB( quB+pquB+pq—gpscq—gpscqj+
Ap® Y .
+[;j&&$

B
and substituting also for

B
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2
ApA A B A B ApA A
AIT = v (pAquSA +p°q%e + pAqA—gZAchA—gZAchB)+{ " phg’sl. +

Ap* | ApM €pe RM ApM Epn APA 1| € [RA 1[0 |RA 1 1 .
AT e mE A e A s e mE M S e e 52t e M
p pl Sps R pl gps p 2 B R 2 B R 2 [
(pAqug:+qungi)+
Aph el RAAph el ApA 1| g |[RY L 1|€ R 1 1 .
H o e mE A @ A e mE M 5 e e 2t e M
PP e RO pT el P72 el |R 2le |RT 20 &
(pAquZ:+quBgZ: +quB_gSBCBqB_gZBCAqu+
B A A 2
Ap* €l R Ap” €l Aqlel |RA el |RA ’
+ —LAL%—LA%—ALAl il R—B—m“l p* is_l 24— |-m® | peqte™
p* e R©p" el P 2|k |R 2l e |RT 2 e P

qu A qu qu A qu A
A A% R afpr Al IR all%e R 1 1 B
+t7 -t ?_B_ ?—t — ? —5 — ? —5 = 2+ o —-Mm
P R P 2 ng R 2 ng R 2 ng
A
(RASZB +RB&Y, )+
a A q L a* | A
A R Ao all €y R all e R 1 1 B
+H -t 5 S e LU el e P e el
Pl R P 2| ¢ 5 R 2| ¢ 5 R 2 Pl
A _q* B ¢° B a® B B a* A A
(R ng+R 5pB+R —ngC q —ngC q )+
9 A q® q? A q” A 2
A% R Ao all 6 IR all e R 1 1 B
ng R ng 2 ng R 2 ng R 2 ng

or equivalently
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q q® gqh gq?
Al A€ R a€pn a1 € |RY 1| & |RA 12 1 5
+1 t qB_B t q° ~ q° B ~ q° B A q° —m
e’ R &l 219 |R 2 £ R 2 &
A
(RAgEB + RBgG'A )+
a® A q® q” A g? A
+| —tA gPBR__ AP Al Epe R__ Al Epe R__l 2+ ! -m®
B B B B B B B B
ggB R gEB 2 ggB R 2 8SB R 2 qu
A
GnARquB+¢nBRngB+-RB)+
qu A q® qu A qu A 2
I T R _4ATpP" allépe R _mAl p® _l ) 1 —m?® ngqB
. R° @ 2]g% |R® T 2]g% |R® 2 a P’
ng 8pB ng ng ng
©
1b) In the US

From the first order conditions for profit maximization by the hypothetical monopolist

oIl 200" (p" %) | 0° a9°(p", p*) aC(a",a®) aa"(p*,p*) aC(@".a%) aq®(p!, pP)

— A A’ B + :0
ap A q ( p p ) p ap A ap A aq A ap B aq B aplB
0 5 4 s, 509°(p"%p%) ,a9%p” p®) oC(@",9%) aq*(p”,p®) oC(a",q%) aq°(p”,p®)
F_q (p > P )+p P) B +p B - A B - B B =0
p p ap aq ap aq ap
(12)

one can obtain

. A . OC ‘an/an‘ . . /oqh] eC
=—(p - - — |t
p (p _apA 6pA_ i q apA_ an

cos__opa_0C 00" Jog® | [ s /00° |, oC
Lop®/ op® ] | 7/ op® ] oo

since *qA =qA+AqAand *qB =qB +AqB

. . oq® /ogh oC | 6g® /ogt oqh oqh oC

of = 'p? an/ 9’|, ¢ qA/ a’ _AqA/qA_qA/qA 4+
p"/ op oq- | op”/ op op op aq

"p® ——"p* oq* /oq® " oC | aq* /og® “lq® @ | Ag® @ +£
op®/ op® | o0q*| op®/ op® op® op® | oaq®

multiplying and dividing the third term on the right-hand side in the first equation by Ap” and in the

second equation by Ap®
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c A g an/an oc | oq® /og” Al AQ* /og” A/09" | oc
= + -A I L
p p {apA 6pA an 8pA apA p ApA apA q apA +8qA
. . A 09" /oq®| ocC |ogt /og® aq°® AQ® /og® | aocC
PB:_pA{ B/ B | T2 A | At qB -1 9° is - Ap° qB qB T %
ap~/ op oq”[op”/ dp op Ap~/ op aq
) A A A B B
and, since Ag &= 22 +and igB = ZSB , because demands are linear
s A an/an oc | 69® /og” A | a/09"| ocC
= _A p— - P
p p |:apA 6pA +an apA apA p q apA +6qA
« 5 «al09q” /og® | oC|ogh /oqg® s /09° g OC
= —_ - _A P
p p |:apB apB +an apB apB q apB p +an
since Ap”="p* — p*and Ap®="p°® - p°®
e A em an/an oclaq® /og*| ..a & [ a/09"] oC
=— =+ — — L -
p p |:apA apA an apA apA p + p _q apA +6qA
+ B __* A oq” /oq° oC [ oq* /oq® P @__* B g, OC
PP [8p5/8p5 IERERE BN A S
bringing to the left-hand side all terms with “p* in the first equation and
all terms with "p® in the second equation
: . sl 0q® /oq”| oC|oq® /ogh oq* | oC
2" A —_*pB A_|4Aa/0M | O
PP {6p’*/8p“ Tarlavt) ot TP T ot e
. . an/an aC an/an /an oC
2" —_"pA i gt/ g
p p |:apB apB an apB apB q pB p an
dividing both sides in both equations by 2
. .slloq® /ogh| oC 1|aq® /ogh| 1 1 aqh | 1.aC
ph —— BE an/ qA + & qA/ qA +opho— qA/qA TS
p”/ op oq” 2| op”/ op 2 2 op 209
. . A1l09” /og® | oC 1|eq” /og® | 1 aq® | 1 1 6C
pe —"p~= qB/ qB + & qB/ qB g LB FopP e
2| op°/ op oq- 2| op°/ op 2 op 2 209
since p* =Ap” + p*and "p® =Ap® + p°
1[oq® /og*] oc 1[aq® /og*| 1 1 oqh ] 16C
AL Ap® =—(p® + ApB )= n 1 R S Y WA B e
P P (p P )2_6pA/apA oq® 2| op” ap“_JrZIO 2|9 op” +28qA
1[69* /ogq®| oc 1[ag* /og®] 1 oq® ] 1 1 6C
B Ap® = _(p” 4+ Ap? = i 1 R - A% I N - B el
P P (p P )2_6p5’/8pB oq” 2| op®/ op® | 2 q op® P +2an

bringing p*and p°on the right-hand side
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1[6g® Jog"| oCc 1[aq® /og*] 1 . 1] ./ég*] 1 6C
AD? =—(p® + Ap® )= 1 LAt A1
P (p TP )2 ap“/apA +6q82_6p“ op” | 2p 2 q op* | 209"

1{og” /oq® ] oC 1]og” /og®] 1] s/09®] 1 5 16C
AD® = —(p” + Ap” )= 1 1 I
P (p Tap )2 apB/épB +6qA2_6pB op° | 2 a op® 2P 2 0q°

rearranging terms

oCc \1[eq® /oq™ | 1[o9® /og"] 1( . oC) 1 A/an
A A:_ B _ - A BAIYM /Y4 | _ Y 4
P (p anjz_apA/apA TS et ot | 2P et ) 2 ot

AN A B AN A B ] B
Ap® = | p* - aci 1 an an +ApAl 60178 60178 1 q° an 1 pB_a_CB
oq” )2{ op”/ op” | 2lop”/ op” | 2 op 2 aq

dividing both sides in the first equation by p*and both sides in the second by p”

o> aq® a_oC| gt
Ap? g oC)\1 1 ¢p* sloph 11 oq”) 1 p*
AT o 5 A A TA SRS A TS ANA
p aq” )2 p" oq 209" p* 2 p 209"
op” op* p*
oa* ' @ (e oC
Ap® A OC)\1 1 ¢p® A1 1 6p% 1 p% 1 oq®
5= P A5 e AP S A T A B
p a9~ )2 p° aq” 2p o9° 209" 2 p
op°® op® p°

then multiplying and dividing the first two terms on the right-hand side in the first equation by

p” q* ° and in the second equation by p® q” g°

oq® p* aq® p" ( A_%J q*

Ap’*z_( B_aCJl ¢ ' d®, el @ @ 9> 1" at) 1p*
pA 6qB 7 pAqA aiALA P pAqA %LA 7 pA 2aiA
ap”" q* op" q* aop”

oq” p° ot p® g ( B_6Cj

_ 19" ot a1l 9" ot 1p° 17 o

Ap® _[pr oC 0 B
pB an 2 quB an piB 2 quB an pB 2 6qB 2 pB
op° q° op

further multiplying and dividing the first two terms on the right-hand side in the first equation by
p® and in the second equation by p*
s 0C oq° p* o pt o [pa_C ) at
ApA o an l quB apA qB +ApBl quB apA i_l an l pA
pA - pB 2 pAqA aiApiA pB 2 pAqAaiApiA 2 pA 2 an
op* q* op* g p*
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a_0C a9* p° o* p®  g° S
Ap® o9")1p°q" op° q*  Ap"1p"g®p® ¢* 1 p° 1\ o

1
pB - pA 2 quB an p7!3 pA 2 quB an p7!3 EE 2 pB
op® q° op® q° p°®
and substituting for the elasticities
b B (o
apt " a9°)1pq® £ AP 1 pfgt & 1T gt 11
p* p® 2pfatel PP 2pten 20 pt 24T

p° p*  2p%a’sl Pt 2p%% Y 258 20 p°

a_0C . . s _ 0C
Ap® 09" )1p"g" & Apt1pighep 111 aq°
substituting for revenues

pB—ﬁ B B
Ap* 39° JIR® €n AP 1RE € 1
AT B SPA qf T B A g~ A5 A
p p 2R & p” 2R £on 2 p 2 g9,

A

pA_ﬁ \ \ s C

Ap® 9" JIR € AP IR € 11 1 oq®
B A S5 @ T A ABE o 4 o A B
p p 2R &), P 2Rl 26l 2 p

and, since costs are linear, one can also substitute also for mark-ups

then substituting the second into the first one

Aph _ s IR®Ep 1o, 11 IR%E.| IR AphIR* e 11 1

p" 2RM 0 2 27 2RA g0 2RB 0 phr2REPgY 2.0 2
p p p p p p

so that

Ap* o IR®Ep 1o, 1 1 1R®fp 1R*%: 1R® %y Ap* 1R 4y

p” 2RA gj 2 2,9;“ 2RA g 2RB g 2RA .4 pt 2RE gz

2.9 2RA 2 2RM O
p p p

and simplifying
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ApP 1 G RPEN 1 L1 1, ehel 1aphel &l
p _Loe R pA 1 A_____mA pA pB L4 p pA pB
A A A A A B A A B
p 2 RUel 2 2e, 4 gL 4P glLek
B
1R® €n 1 g REEL
AR T 4" R
B A A
p p
. .. Ap? ,
bringing all terms with pA to the left-hand side
p
B A B B A
A a® g B o0 a® g
Ap 1 €pn & 3 gR € 1 o 1 1 1 & &
L N R D L
P En € € A € A En &
p p p ph “p
B
q
1 R® &p
p
4 R ququ
B A
p®“p
A B B A
o ‘ 452A823 —ggAgSB ‘
and dividing both sides by — one obtains
45‘;A828
q® a* .q° a* .q° q* .q°
Ap* __ 3. R® &pn 48pA8pB 1 mA 4gpA8pB 1l 4gpA8pB +
A 4 RA .d° 9 .q® ®.dh) 2 q* .q® ¢® .a*) 2 .o a* .q® a® .q*
p € o 48pAng — & 4€pA8pB —EE € 4gpAgpB — &€
q® .q* q* .q® q® q* .a°
_lmA €on & 45pA5pB 1 RE & 4$pA5pB
A B A B B A A B A A B B A
4 Elr £ (452A535 —ESASSB) 4R 60 (4€SAEEB —SSAE}EB)

finally, simplifying,

A qB qB qA qB qB qA
Ap 3 gR° 48pngA 1 A 48;)“‘913B 1 A 48p’*8p8
I A A B e Ay A M A B e Ay, M A B B A
p 4 R (46‘3A823 —ESA&‘SB) 2 (45}\838 _82“828) 4 (482A833 —EEAESB)
q® q®
1 45pB 1 RB 48pA

B B B A

2(4qu5q —8quqA) 4 RA (4qugq —gd,&" )
p" p® p"“p® p" "~ p® ph " p®

(13)
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Appendix 2 - Critical Loss Formula in the EU
a) Critical Losses

From the break-even condition

AC
AQ”t

AC
AG° )AQ® (14)

)AQ”h —(p°® -

B
Aph(g? +AqA)+i—;ApA(qB +Aq®)=—(p" -

rearranging and breaking the equation into three parts to simplify the calculations gives:

AC Ap® AC
{Ap"(q’*+AqA)+(pA—AqA)AqA}+ApAApA(qB+AqB)+(pB—AqA)AqB =0
\ / — ~ ) . ~ J

~
[1] [I] [111]

where [I] and [III] are the same as in Evans and Noel (2005a, 2007), while [II] is due to the
hypothetical monopolist optimally adjusting the price structure.

With simple manipulation [I] can be rewritten as™:

(p* AC

-——)
Ap? Ap”* Ag”” | AgP
( ppA JquA+ pAqA ppA N 5 q ( qqA J

while [III] can be rewritten as*'

AC

(pB_ B) A B A

AC AQE = AqQ”" Ap”(AQ” p B .B
B) q = B A B A ap

Aq p p q  Ap

(p® -

AC A ALA
AA LA (ApA+ pA——A)Aq pq
2OAIOA(QA+AQA)+(|OA—i—g;\)AqA =Ap"q” +(Ap* + pA—iAAC; YAQ = Ap qA P, Aq _

p p"g”
AC
(P'-—>
Ap* Ap? Agh” | Agh
_[ pA JquA+(pAqA pA + q [ qu

p p pA q
s AC . & 5.5 s AC s AC
— 2 H\A — -
2l(ps_£)AqB:(p AqB) 4P :(p Aq® AquBpB:(p AqB)ApA AqB pA quB:
Ag® p°q® p° q° p° p* L g® Ap?
s AC
P AqB)Ap“[AqB p* jqﬁpa
p® p* { g® ap?
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If costs are linear [I] becomes

A
tAR” + RA(tA + mA{—AqA J
q

A
where t* = ApA is the percentage price increase on side A deemed relevant (5% or 10% usually)
p

A A)

and m* = is the observed mark-up on side A .

A

p

If also demands are linear [III] is equal to

B
thA—AqB R®.

Then note that [II] can be decomposed® as

*

Ap® p p
————Ap"(a° +Aq®)
Ap* Ap” AIo
- ~ D . ~— _/
[[la] [1Ib]

where p®is the observed market price on side B while “p®is the optimal price the hypothetical
monopolist would have set in correspondence with the observed price p* and "Ap® is the change in

the hypothetical monopolist’s optimal price ~p°® following the change in p*.

In order to obtain [IIa] note that, as discussed above, from the first order condition for profit

maximization with respect to p®in (5), one can obtain the best reply function in (6). The slope of

the best reply function is given by differentiating the expression for "P® with respect to P*:

oP® _ 0'g(P")

oPA oPA
2 AP® A'PE+PE_pB AP® "pE_'pP® PB PB
+F = A/AB B
P ~APA(Q® +AQ® )_7“,A APA(QB +AQ%) = [APA o7 jAP (Q®+AQ®%) == APA(Q® +AQ®)
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If demands and costs are linear, the best reply function is also linear and equal

* oC | oq* /oq® . 5/09° | oC
ool /)

B

99

Since demands are linear, does not change with p” (or p°), so that

A

*

0q9°  oq°
op®  opt

Then the slope of the best reply function is

a*pB _ aq/-\ an ~ an an
op” op®/ op® | | op”/ op®

and

A'p®  op°

Ap* - op”

Then

Ap’ Ap*(9® +Ag®) = o Ap*(9® +Aq®)
Ap* op”

and substituting for

a*pB__ 6qA 8qB ~ an an
op” op®/ op® op”/ op®

one gets

and multiplying and dividing the terms in square brackets

aq” p° a® p*
A* B 6 B A A a A B B A A B+A B
pA APA(Q° +AQ®) = pB qB q_B+ pB qB p_A pA q®p* q q
Ap o9° p° |a° | oq° p° |pt|p
op° q° op® q°
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A* B a A a B a B a B A A B +A B
pA APA(Q® +AqP) = — qB qB n qA qB pA q°p* q q
Ap op~/ op op™/ op” )| p q

B

|



B

then multiplying and dividing by q—A , one finds
q

" p°) (aq® p*
A* B a B A a A B B B AA A B_I_A B
oA (@® + ag®) = || P e quA(q = J
P aQ p | |9 pP (PAQig P q
ap®q® ) \op® q°
and simplifying
aq” p°) (aq® p*
A*pB A/ B B GPB qA 8PA qB pB qB ApA A A qB+AqB
A AQ°) =— L B s a4 T
Ap® P (q” +Aq”) ain:+8in:pAqA pqu q°
op°q° ) (ap° q°

and substituting the elasticities

AP® \ ae . aB epe | [0 |R® | anal, . AQ°
A +AQ°) =— | 2 [+]| 25 | = t"RY 1+
Ap” p=(q a) [52 525 RA R

which is the expression for [Ila].

In order to obtain [IIb], note first that price "P®is the profit-maximizing one the hypothetical
monopolist would have set in correspondence to the observed price P* .

Then, from the first order condition with respect to P® for the hypothetical monopolist’s profit

maximization:

* B _ A_6C 6qA 6qB_*B@ £
pm==(p 8qA){6pB/8pB q op® +an

Since "q° =q°® + Aq°®,

- A OC |ogh /og® 8 5)/0q° | oC
=— — — A it B Bl
p (p 8qA)|:apB/apB (q + q ) apB +an

so that

. B A oC |og* /oqg® s /09° s /09 | oC
= — — — — = A _ _
p (p an)|:apB 6pB q 8pB q 6pB + an
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Then, multiplying and dividing by p°® all the terms on the right-hand side, by q* and q°the first

term and by q° third term only, one gets

. ac [ og* p aq° p® |q" q° /oq° Aq® q® /oq®
ST g o )5
oq"’| op® 9"/ op® q® |q° p°®/ op® q® p®/ op® | og®

and substituting for the elasticities

qu_ A i B
* B _ A pB q _ 1 N Aq 1 aC
p-= (p an) e® B p qB] p [ B q_B ]‘i‘—an

@

€ e q E's q € e

then grouping the second and third term

5q A

* B A q sl 1 AgQ® 1 oC
=—(p"- e e R e N s

p (p an) ng qB p gga qB SSB ] an

subtracting p® from both sides

; e [g” 1 Aq® oc
B_nB__(nA_ _pPt g | nB_ 9%
Pr-pr=—(p an)[ Z]q P egi{ " QB} (p 8qu

and dividing both sides by p°®

oC
"p® - p® A OC &% q* 1 AQ® (pB_anj
———=—(p _aq_A) LA P S _[1+ }_

B B BB P B B
p g |PA £l q p

then both multiplying and dividing the first term on the right-hand side by p”*

ph ) b 0C

*pB_pB__ an i pAqA_L 1+AqB ~ an
&%
P

B - A B B B

p p p°a® &5 g p

or equivalently

* B B gq: A B

Lo [”ALJ‘”‘B
P e R & q

Substituting this into

* B B * B B +A
pApAp ApA(qBMqB):( p po jquB[q qu J

one obtains the expression for [IIb]

g9 B B\ B

PP Apr(qP 4 Ag®) =-mARA| Z20 | 1 AT L el AT pepefy AT
gq qB gq qB qB
p® p°

Ap”
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Finally, summing up the four parts [1]+[Il1]+[l1a]+[11b] of the equation gives the formula that

Ag?

defines implicitly the Critical Loss —;

in a two-sided market according to the EU version of the

SSNIP test:
B &% g% |Re °
tARA + RA(tA +m {Aq ]+m (Aqg JRB— — |+ =5 R—A tARA[HA% j+
q q el &l q
p p
gq: B B2 B
mARA 222 1+AqB _ L ge 1+ALB —mBRB(1+AqB jzo (15)
£ q £ q q

Again the first three terms are the same as in Evans & Noel (2005b,2007).

2b) Optimal price change on side B following a given price change on side A
From the first-order condition for profit maximization by the hypothetical monopolist in (12) one
obtains,

; oC |og* /oq® | |«.s/09% | oC
B_ _(p"+Ap"— _ B/OY + =
and, since '9° =q® + Aq®,

3 aq” /oq aq oC
=—(p" +Ap" 5 A){ /ap } [(q +Aq )/apB}an

Then, multiplying and dividing by p°® the first and the second term on the right-hand side, by q*

and q° the first term and by Ap® the third term only, one gets

A B B B B
08 = (4 ApP )[aq p /aq p }q —DB[%/&}B}ADB[AQB/%}&;
og*’ ap® q*/ ap® o® |q p®/ ap Ap®/ ap® | aq

Ag® _og°
ApB 8pB 2

. aq° p® |q sl 4° /oq° g OC
B_ _(p”+Ap”— Y 4 Yt BN BN Rl
p”=-(p"+Ap A){ap 0" /ap e }qa p {ps o | P T

and substituting for the elasticities

then, given

. ocew ] 1] oc
B _(preaph— S e 9 e | pApE e S
p (p p an) qu qB p f,‘gB p an
then
. clen]gr 1], oC
p° =—(p*+Ap* - ) i P A
a | &, |9 | Epe aq
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so that

oc | €% gt 1 ac
— (p*+Aph - & 2 o B_B_ B_ -
(p™+Ap 6qA)LSJqB p qu ( anJ
and, dividing both sides by 2,
: oC 1 q* 1 1 1 oC
B_ _(p”+ Ap” 4 8l I -
p*=—(p"+Ap aA)ZLJQB P 2Lg§] z(p anj

subtracting p° from both sides

. oC 1_6“_qA 1] oC
B_ B:_ A AA— - p e B__ - B B
p°—p®=—(p" +Ap ) £ P2 a‘;i] 2(p o j p

grouping the second and fourth term on the right-hand side

, oc 1le% gt 1 1] oc
pB_pB:_(pA+ApA_ ) ZB q_B_pB_ 2+?]_(p5_]
epa q 2 &l

and dividing both sides by p®

. (p acj

* B B B A !

p—Bp:_(pA+ApA 8C)1 B _B_l 2+LB _—Bq
p 09" 21 &% 1P 2| & p

then both multiplying and dividing the first term on the right-hand side by p*

a_0C . s _ 0C
P°-p°__Ap l{g_ﬁp’*qA(p 8qAL{i}pAqA{2+L}[p 6q]

B

pP° ph2|en | PP S L T N p°
or equivalently
Ap® I L A - 1
pB =—th | 2 —-mt— i ———[2+—|-m°
p 21 e R 2l 20 &%

(18)
2¢) Critical Loss on side A
From the break-even condition (15)

A B el ng B B
RA(tAijA{AqA ]:—tARA—mB(AqB jRB+ P+ & R kR (1+AqB j+
q q g 9 q

qu B\’ B
+m*RA 2 Aq + IB R% 14297 | 4 meRe|1+29
£ a° ) &5 q° q°

p p

then
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Ag? t* m°R®  AQ® &% &% |R® t"RA Aq®
A [iA A BA[A Ay 8 T o |t s DA | DAA Al |
q (t +m) R(t +m)q ggB ggB R R(t +m) q

+ m°R> 1+AqB
RA{t" +m*) q°

which is

Ag? t &%) [eh|re| ¢ mt o |eh | R® meR®
rEa e e e e o e e e e v M RO

or
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Ag* tA e ) [l )Rre | mh g |1 R® meR®

q __ p A 2 I n n
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so that one obtains the Critical Loss
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from (19), one gets

—asa function of the Critical Loss
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Appendix 3 =The Critical Loss Formula in the US
a) Critical Loss on Side A

A hypothetical monopolist that wants to maximise profits will set prices to satisfy:

A A B B A B A B A A B A B B A B
6r£ — g (p%, p®)+ p aq, (plA, P, o oq, (plA, p’) oC(q ;ql ) Oq; (plB, p;) oC(q éql ) 0, (plB, P
op, op, op, aq, op, oq, op,

B A B A A B A B A A B A B B A B
aHB — G°(p*, p°)+ pP aq, (pIB, P, o oq, (plB, py) aC(q, ;ql ) g (plB, p’) oC(q, B,ql ) 0q, (pIB, PO
op, op, op, aq, op, aq, op,

(12)

From these first order condition for the hypothetical monopolist’s profit maximization, one obtains:

'an/an“ . a/og"] aC

= — —_ — +_
p (p an)_apA apA_ i q apA_ an
c s .a OC _an/an" s /o9 ] ecC
= — —_ — - +_
p (p an)_apB apB_ i q apB_ an

Since "'9° =q® +Aq®, ‘9" =q" +Aq"

. A .. OC|oq® /og” A A/an oC
=— — — +A — |+

. s «.a 0OC|og" /oq® 5 B/an aC
=— — — A i

so that from the second

. B . A OC |og" /og® s /0q° s /0q® | oC
P = 6q“){6p3/6p3 T/ o V)t o

then, multiplying and dividing by p°® all the terms on the right-hand side, by q* and q° the first

term and by q° third term only, one gets

‘0% = _(ph— oC )_anLB q® p° ﬁ_ps q° /oag° o Ag® g° [oq® | oC
09"’ op® "/ op® q® Ja® p®/ op° q® p°/ op° | o9’
and substituting for the elasticities
. o C | €% (gt 1 AG® 1 | &cC
sz_( A A) pB q_B_pB B | 8 qB B + B
aq 525 q gga q EEB aq
then grouping the second and third term
. . oC | &k [g* 1 Ag® 1| &cC
pBZ_( pA_ A) pB q_B_pB — t qB |t B
aq” | e |d gk O el | O

subtracting p® from both sides
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and dividing both sides by p®
A [ps _aCJ
PP-p® .. OC || g 1 Aq® 6q°
— 5 =P ) Sprumiral f Sl b B
p aq” et | PO &l q p
then both multiplying and dividing the first term on the right-hand side by p*

pr [ps_acJ
*pB—pB - an [gSB]pAqA 1 |:1+AqBj|_ 8qB
B

p O N A B B p°

q
p
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p

since "p* = p* +Ap?

oC oC
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pB
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Similarly

aph __ap®l gy (p°a® \ )| [p°g° 1 {HAqA}_ &*

: ; P (21)
p*  p® &% | P’ P> &% [Pt & q" *

And, substituting in the latter, the expression (18) for ApB derived in Appendix 2b, one obtains

qA qA
Ap* _ | At 118y (RY 1S IRT T 1],
A A2l g9 |R® 2| £ |R® 2 °
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A

and bringing all terms in on the right-hand side

A
P
A qB qA qB qB
Ap* 1] Epe & A 1] €0 &pn 1 £pr |R®
0=— 7| T +m 1—5 & o +| 1+ = 7 RA+
p € e € € e € 2650 || €0
Q° B A
+2m® S0 R L Aq
A A A A A
el |[R™ el e d
. . Agt .
then bringing the term in —— on the left-hand side
A B A B B
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P gh oA | 2| e o + o o N T | RA
€ q p €e & €e 25pB €
: Ag*
and solving for qA
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or equivalently
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