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Abstract

We study the existence of bounded oscillatory solutions for a higher order differential
equation, considered as a perturbation of an associated linear equation. Jointly with
this, we study the nonexistence of solutions vanishing at infinity and, as an
application, we obtain in the linear case an asymptotic equivalency criterion.

1 Introduction
Consider the higher order nonlinear differential equation with a middle term

() + g(Ox" 2 () + rt)f (x(8)) = 0, 1)

where n > 3 and ¢ > 0. Throughout the paper, we assume that f € C(R) such that f(u)u > 0
for u #0, g € C'[0,00), r € C[0, 00), and

a(0) > g0 >0, /0 1q(6) dt < oo, (H)

Hence, g is bounded from above and lim;_, » g(f) = g < 00. Note that the function r may
change sign.

By a solution of (1) we mean a function x differentiable up to order n which satisfies (1)
on [Ty,00), Ty > 0. A solution of (1) is said to be proper if sup{|x(¢)| : £ > T} > 0 for any

T > T,. As usual, a solution x of (1) is said to be oscillatory if x changes sign for large .
The aim of this paper is to study (1) as a perturbation of the linear differential equation

(@) +q(t)y" (8 = 0. 2)

An important role in our approach is played by the relationship between solutions of (2)
and those of the second order linear equation

H'(t) + q(t)h(t) = 0. 3)

This approach is mainly motivated by previous results, obtained by Kiguradze in [1] for
the special case g(t) =1, i.e., for the equation

x () + x"2(8) + r(e)f (x(2)) = 0. (4)

©2014 Bartusek et al; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons
Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction
in any medium, provided the original work is properly cited.
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It was shown in [1] that, if r is positive and sufficient large in some sense, then for # even
every proper solution of (4) is oscillatory. Moreover, for n odd every proper solution of
(4) is oscillatory, or is vanishing at infinity together with its derivatives, or admits the
asymptotic representation

x(t) = c(l +sin(t — <p)) +&(t),

where ¢, ¢ are suitable constants and ¢ is a continuous function for ¢ > 0 which vanishes
at infinity. According to [1], in this case (4) is said to have property A'.

The existence of solutions vanishing at infinity, and the closely related problem on exis-
tence of bounded oscillatory solutions, has attracted the attention in many papers, see, e.g.
the monograph [2] and references therein. In particular, nonlinear equations with middle
term have been investigated in many directions, as a perturbation of an associated linear
equation. For third and fourth order equations, we refer especially to [3—5], in which the
property A, or its generalizations, has been studied and to [6—10] for oscillation problems.
In particular, in [5] a good and detailed discussion of known oscillation criteria is given as
well.

The higher order equations of type (1) have been studied in [11-13]. More precisely, in
[11, 12] the general equation

n-1

2 (2) + qu(t)x(j)(t) + r(t)\x(t)|A sgnx(£) =0, A>1,
=0

has been considered. In [11] sufficient conditions are obtained for the existence of solu-
tions, which are equivalent to a polynomial. In [12] a criterion is given for existence of
nonoscillatory solutions with non-zero limit at infinity. Moreover, for n even, an oscilla-
tion result is obtained too. In [13], (1) is studied as a perturbation of (2), under the assump-
tion (H). Finally, the case of higher order equations with forcing term has been considered
in the recent papers [14—16], see also the last section.

Observe that if g is a positive constant, then (2) has oscillatory and bounded solutions
not vanishing at infinity. If g is not constant and (H) is satisfied, then these properties re-
main to hold for the second order equation (3), see, e.g. [17, Chapter 6], or [18, Theorem 2].
Thus, it is natural to ask under which assumptions these properties are valid also for (2)
(when ¢ is not constant) and for the more general case (1).

In this paper, we answer both these questions. In particular, our main result yields the
existence of oscillatory solutions of (1), which are bounded and not vanishing at infinity.
Our results complete recent ones in [13, Corollary 1, Corollary 3], extend similar ones in
[1, Theorem 1.3, Theorem 1.4], which are proved for (4), and generalize ones in [3, 10],
which are stated for the particular cases n = 3, 4.

In Section 3 we study the problem of the nonexistence of solutions vanishing at infinity of
(1). This result will be employed in Section 4 and Section 5, namely to prove the existence
of oscillatory solutions of (2) (Section 4) and the uniqueness of solutions of (1), which have
the same asymptotics as solutions of (2) (Section 5).

We close the paper with an application that concerns the influence of the perturbing
term r on the change of the oscillatory character, passing from (2) to the linear equation

2(8) + g)x" 2 (t) + r()x(t) =0, n>3. (5)
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More precisely, we will give conditions under which (2) and (5) are asymptotically equiv-

alent. Some suggestions for further researches complete the paper.

2 Preliminaries
We start with some basic properties of solutions of (3), which will be useful in the sequel.

Obviously, assumption g(t) > qo > 0 implies that (3) is oscillatory. Moreover, the following
holds.

Lemma 1 Let (H) hold and let u be a nontrivial solution of (3). Then u is oscillatory and

0< limsup|u(t)| < 00, 0 <lim sup|u'(t)| < 00.
t—00 t—00

Proof Since q is of bounded variation for ¢ > 0, all solutions of (3) are bounded together

with their derivatives, see e.g. [18, Theorem 2]. Moreover, the function g can be repre-

sented as ¢(t) = a(t)/b(t), where a, b are positive nonincreasing and differentiable func-

tions such that lim;_, o a(¢) > 0 and lim;_, o, b(¢) > 0, for details see [19, Lemma 5.4.1].

Hence, taking ¢, such that #/(¢)) = 0 and applying [13, Lemma 2], we get the assertion. [J

Let u, v be two linearly independent solutions of (3) with Wronskian equal to 1. Set

0
w(s, t) = u(s)v(t) — u(t)v(s), L(s,t) = Ew(s, t). (6)

Then w and ¢ are bounded in [0, c0) x [0, 00).
Equations (2) and (3) are strictly related. When g(t) = 1, a basis of the space of solutions
of (2) is given by

Y, j=0,1,...,n-3, sint, Cost. 7)

In the general case, that is, when ¢ is not constant, it is easy to see that a basis of the space
of solutions of (2) is given by

tjy j:O,l,...,Vl—B, Fur Fw (8)
where
t t
r,= / (t — )" 3u(s) ds, r,= / (£ — )" 3v(s) ds 9)
0 0

and u, v are two independent solutions of (3). The question whenever the sets (7) and (8)
are, roughly speaking, close as ¢ — 0o is considered in Section 5.

We close this section by recalling the main result from [13], which plays a crucial role in
our further consideration. Let

f) =max{|f(v)|: ~u <v <ul}.

The symbol g1 = O(g>) as t — oo means, as usual, that there exists a constant M such that
in a neighborhood of infinity

@1(8)| < M|ga(2)].

The following holds.
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Theorem A ([13, Theorem 1]) Assume n > 3. Let for any positive constant y and for some
jef{0,...,n-3}

/oc t"3f (ut)|r(2)| dt < co. (10)

0

Then, for any solution y of (2) such that y(t) = O(Y) as t — oo, there exists a solution x of
(1) such that for large t

2@ =y9t) +&:(6), i=0,...,n-1, (11)
where g; are functions of bounded variation for large t and lim,_,» €;(t) =0,i=0,...,n—1.

Remark 1 If f satisfies in a neighborhood I of zero
|f ()] = Klul (12)

for some K > 0, then every nontrivial solution of (1) is proper. This follows from [1, The-
orem 11.5] with A(£) = gmax + K|r(¢)| and w(u) = u for u € I.

3 Solutions vanishing at infinity
Our main result in this section is concerned with the nonexistence of solutions vanishing

at infinity.

Theorem 1 Let n >3, f € CH(R) and

/ £ |r(8)| dt < oo. (13)
0
Then (1) does not have nontrivial solutions x (oscillatory or nonoscillatory) satisfying
lim x(¢) = 0. (14)
t—00

To prove Theorem 1, some lemmas will be needed. The first result concerns the linear
nonhomogeneous equation

27 + q)2" 2 (t) = F (), (15)
where F € C[0, 00).

Lemma 2 Assume n > 3. Let F € C[0, 00) satisfy

/m t"3|F(t)| dt < oo. (16)
0

Then

z(t) = (—1)”/;oo /To_o ---'/;oow(s, 1)F(s)dsdt, - -+ dt,_a,
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where w is defined by (6), is a solution of (15). Moreover, there exists M > 0 such that for
t>0
oo
{z(t)| §M/ s”’3|F(s)|ds. 17)
t

Proof If F(t) = 0 for large ¢, then the assertion holds. Thus, assume that F = 0 for large ¢.
First, we prove that z is well defined. Choose f large so that

1 o0
q_ / |q/(s)| ds=10;<1. (18)
0 Jz

Let m be a constant such that [w(s, T)| < m, |£(s,7)| < m for s > 7 > £. From (16) we have

[ / / w(s, 1) E(s)dsdr, - -+ dt,,3
t -3 7

Sm‘[ / |F(S)|deT1'“dTn_3Smf s"|F(s)| ds < o0.
t T i

Hence, for fixed T > £ the function

T 00 00
alt) = (—1)”/ / / w(s, 11)F(s)dsdt, - - - dt,_o (19)
t Tp—2 T
is well defined for ¢ > . In particular, we have

g | I [T EOwls ) dsdr ifn>3,
’ - ST [ Es)ws, ) dsdr ifn=3

and for n > 3
a(n_z)(t) _ / F(s)w(s, t)ds,
t

Q" (g) = / ~ F(s)¢ (s, t) ds, o

a" () = =F(t) - q(t)a "2 (2.
Consider the function

y (@) =a" V@) + q)a" @), <t (21)
Then

y'(£) =" () + g()a " P(2) + 4 ()" (e) = =F(£) + ¢ ()" (2).

Integrating this equality on (¢, T'), we get

T T
) (8) = / F(s)ds— / 4" (s)ds + v (T).
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From this, (20), and (21), we obtain
T T 9]
a0 [ Fods- [ qeaI9ds- [ Fec0dsey(n)
or, from (18),
T 00
’a(n—3)(t)| < %(ft {F(s)| ds + m/t |F(S)| ds + fy(T)|> + 0 glsgg(T{a(nfs)(s)L (22)

In view of (16), we have |¢"3(T)| = 0 or |«"3)(T)| < mf;o s|F(s)| ds according to n = 3
or n > 3, respectively. Moreover,

|ot("_1)(T)i < m/w|F(s)|ds for any n > 3.
T

Hence, from (21) we obtain

lim |y(T)|=0, n>3. (23)

T—o00

For n = 3 we have |a(T)| = 0 and

(1) = ‘/T F(5)¢(s,)ds

< m/oo|F(s)|ds. (24)

From (22), in case # > 3 using (23) and letting T — o0, and in case 7 = 3 using (24) we get

[o¢]
|O{(”_3)(t)| < Zz/‘ |F(5)i ds+4; SUP|a(”—3)(S) , n>3,
. s>t

where £, = (1 + 2m)/qo. Thus

’a(”_s)(t)’ < sup‘a(”_s)(r)‘

™=t

o0
< sup <£2 / |F(s)| ds + €1 sup| a2 (s) |)
= T s>T

>t

562/ ‘F(s)}ds+£1sup|a(”_3)(t)’
t >t

or
o0
1-1¢) sup|a("’3)(s)| < 52/ |F(s)| ds,
s>t t
that is
2 o
" ()| < / |F(s)| ds. (25)
1-4, J;

When 7 > 3, since lim,_, o [€?(£)| = 0 for i = 1,...,n — 3, using (25) we get

; oo i V4 00( _t)n—?)—i
|oz()(t)|§/t |t (s)| ds < 1—2z1/t (;_3_i)!|F(s)|ds.
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From this, taking into account «(7) = 0, we obtain

/tTo/(s) ds

where M = €5/(1 — £1)(n — 3)!. If n = 3, then (26) holds by (25).
Now, for the sake of clarity, denote by «(t, T') the function « given in (19). Fix >t 1In
virtue of (¢, T) = «(t, To) + a(To, T) we have

(0] -

< M/oos”_3|F(s)‘ ds, (26)

|(t, T1) - a(t, To)| = |a(To, T1) — a(To, T2)

’

where T; > £, i = 0,1,2. Thus for T large so that

o e
M s"’3{F(s)| ds < —
To 2

and from (26) we obtain
|a(To, Th) = a(To, To)| < |a(To, Th)| + |(To, To)| <

forany T7 > Ty, T, > To. Using the Cauchy criterion, in virtue of (26), there exists the finite
limit

lim a(f,T) = 0oy |ttoo| < 00.
T—o0

Hence, z is well defined. A direct computation shows that z is a solution of (15).
It remains to prove that z satisfies the estimation (17). Using (26) we have

e0)] = im Jo(6)] < f " o3 E(s) | ds,

which yields (17). a

Remark 2 Under the stronger assumption fooc t"2|F(t)| dt < 0o, Lemma 2 follows with a

standard calculation.

Lemma3 Letn>3andye CU V[T, 00), T > 0, be such that

lim y(¢) =0 and y("_l) is bounded on [T, 00). (27)

t—>00

Then
lim y9(t) =0 fori=0,1,...,n-2.
t— 00

Proof Let b € (T,00). Since y and ¥~ are bounded, we can apply [2, Lemma 5.2] with
m =n -1 and we obtain

n-l1-i

max @]+ C (tg[l%]U(t)!)M (trer[l%]\y(”’”(t)D -,

. C
() )l < 1
ts[T,)z]‘y ( )’ —Bb-T)¢

Page 7 of 18
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where i =1,2,...,n -2 and C;, C, are suitable positive constants. Passing b to oo, there
exists a positive constant Cs such that

sleWﬂsQ{swlﬂﬂDm,
) te[T,00)

te[T,00
which gives the assertion, because lim,_, », y(£) = 0. O

The next auxiliary result is a Gronwall type lemma, which proof is elementary and so it
is omitted.

Lemma4 Let g and ¥ be nonnegative continuous functions for t > ty > 0 such that ¥ and
Wg belong to L'[ty, 00). If

qO) <A+ [ T e ds (¢ to)

for some nonnegative constant A, then

g(t) < Aexp (/OO ¥ (s) ds) (t>tp).

In particular, if A = 0, then g(t) = 0 for each t € [y, 00).
Proof of Theorem 1 Assume that there exists a nontrivial solution x of (1) defined on

[T, o0) and satisfying (14).
Let u, v be linearly independent solutions of (3) with Wronskian 1. By Lemma 1,
!

u, u, v, v are bounded. (28)

Hence, w(s, t), defined by (6), is bounded. Put 4(t) = "2 (t). Then 4 is a solution of the
second order equation

W' (t) + q(©)h(t) = F(2), (29)

where F(t) = —r(t)f (x(¢)). Since r € L'[0, 00), from (14) and (28), we obtain

‘/Oo|u(s)F(s)| ds < 00, /OO|V(S)F(S)| ds < o00.
Ty

x

Taking into account (28), (29) and using the variation constant formula, we have
h@:ﬁ*%ﬂ:qﬂﬂ+QWﬂ—/ w(s, t)E(s) ds, (30)
t

where Cj, C, are suitable constants.
Thus

A0 () = Cuud (8) + Cav/(8) - / "6 0F6) ds. )
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From this and (28), we see that x”"~V is bounded on [T}, 00). By Lemma 3 we obtain
lim x7(£) =0, i=0,1,...,n—2. (32)
t—00
Hence, from (30)
lim [Cyu(t) + Cov()] = 0.
t—00
We claim that C; = C, = 0. Indeed, if Cl2 + C? > 0, then Cyu + C,v is nontrivial solution of

(3) and applying Lemma 1 we get a contradiction.
Therefore, (30) implies

22(f) = — / ” w(s, £)F(s) ds.

Integrating # — 2 times and using (32), we get

o0 [ee] [ee]
x(t) = (—1)”’1/ / / w(s, 1)F(s)dsdt,--- dt,_o (33)
t Tn-2 T
for t > T,.Since f € C!, in view of the mean value theorem, there exists a function & = £(s)
such that
f(x(s) =f'(6(5))x(s) (34)

and 0 < |&(s)| < |x(s)|. We have for x(s) #0

fx(s)

(&) = )

thus, because f € C!, the function f'(£(s)) is continuous and there exists N > 0 such that

If (€(s))| <N. (35)

Thus, from (33), we obtain

lx(t)| <

/[OO /T:OZ e /:O w(s, T1)r(s)f (x(s)) dsdr - - d,s

/ / / w(s, T)r(s)f (£ (s))x(s) dsdry - - ds

Hence, according to Lemma 2 with F(¢) = r(£)f” (& (£))x(t) we get for large ¢
[o¢]
Ix(t)| < MN f 3|(5)|[x(6)| s
t

By Lemma 4, we find that x is identically zero for large ¢. Since f € C?, (34) and (35) imply
(12), by Remark 1 every nontrivial solution x of (1) is proper and so x is identically zero for
t > T,. The proof is complete. d
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Remark 3 If f(u) = |u|* sgnu, A > 1, then the assumption f € C}(R) in Theorem 1 is satis-
fied. If A < 1, then f ¢ C}(R) and Theorem 1 is not valid. The following example illustrates
that assumptions of Theorem 1 are optimal.

Example 1 Consider the third order equation
K@) + 2 (8) + r()|x(0)|* sgnx() =0, >0, (36)

where r(t) = a(a + 1)( + 2)(t + )3 + a(t + 1)***Land o > 0.

If A <1, then fooo r(t) dt < 0o, i.e. condition (13) is satisfied, however, we have f ¢ C'(R).
If A > 1, condition (13) is not satisfied.

One can check that in both cases x(£) = (£ + 1)™ is a solution vanishing at infinity of (36).
This shows the strictness of both assumptions of Theorem 1, that is, f € C}(R) and (13).

4 Oscillation in the linear case
In this section we prove the existence of oscillatory solutions of (2), which are bounded
and not vanishing at infinity.

Theorem 2 Let n > 3, u be a nontrivial solution of (3) and

f s”’ﬂq’(s)‘ ds < 00. (37)
0
Then (2) has an oscillatory solution ¢ such that

u'(t) +e(t) fornodd,

u(t) +e(t) for neven,

P(t) =

where ¢ is a continuous function on [0,00) and lim;_, » £(t) = 0. In particular,

0< limsup’d)(t)’ < 0.
t—00

To prove this theorem, we give asymptotic expressions of the integrals in (8).

Lemma 5 Let n > 3 and (37) hold. If u is a nontrivial (oscillatory) solution of (3), then
there exist constants ¢;,i=0,1,...,n -2, ¢, #0, and a function ¢ such that

S et 4y () +£(t)  for nodd,

I,(t) = n-3 i
Yoo Cit' + cuau(t) + £(t)  for neven,

where ¢ is a continuous function on [0,00) and lim;_, » €(t) = 0.

Proof In view of (H), we have lim;_, o g(£) = oo, 0 < goo < 00. Let  be an integer, u > 1.

Using (3) we get
Eou(s) Lu(s) u'(t)  u(0) Lq'(s)u/(s)
ds=— ds = — u | LRy
/0 7~ /04“(5) T " 0 “/o 76 °

= — (goo) Mt/ (t) + £0(2), (38)
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where
_u(0) _M/” q'(s)u'(s)
70 ")y g9
eo(t) = 1 / ;L((Ss)) ds + ((g0) ™ = (q(6) ")l (2)

and lim;_, o, &9(£) = 0.

Similarly, let v be an integer, v > 1. Using (3) we have

(t S)u(s / (t=s)u"(s) s)u”

0

_ M/(O)t_ M(t) . u(0) _V/ (S)M(S) s
q'(0)  q'()  ¢"(0) o q"*(s)

(- 5)q () (5)
‘”/o P
= Bt +y — (o) ult) + 1(8), (39)
where
(0)  7/(s)(s)
= - ds,
P= 00 "/o 7

W0 [T [P Ous)
V‘qvm)“’/ PETS ”/0 ) ©

fale) = U/ q(v?lbzs) ot v./ = )q(”*_lis))u (S) s+ ((go)™ = (a(8) " )ul®)

and lim;_, o, £1(£) = 0

When n = 3, the assertion follows from (38) with p = 1. Similarly, when # = 4, the asser-
tion follows from (39) with v = 1.

Now, let n > 5. Let j be an integer and n — 3 > j > 2. Fixed k > 0 and integrating by parts,

we obtain
F(t-sy L(t—syu'(s)
o 6 “OE=) T #
u'(0) [ =y (s) —s)q (s)u'(s)
k+1(0)t 1/ k+1() ds—(k 1)/ "*2(s ds.
Similarly

Lt —sytu/(s) - —u(0) (t-sy- u(s)
0 qk+1(s) ds = qk+1(0)} (’ 1 / /<+1

Applying Lemma 1 and (37), we have
© (- g uls) <
—————Lds=) d,t",
[ =Y

) i s ’ j
[ o g
0

qk+2 (S)

Page 11 0of 18
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where
ma (J-1\ [ 46 .,

dm = (-1Y 1( " )/0 qk+2(s)s/ 'u(s) ds,

7 i—m ] *© q,(S) j—m_ J

d,, = (-1Y (m) /o 7720) ™ u'(s) ds.
Hence

t (¢ - sYu(s) (e - sY?uls)
e ds = ZD £ i stu{j(t), (40)

where D; are constants and

oe] _ V-1,
H() = (k+1) / “6;1172(3(5)(]'»1@) 4 (t—5)id(s)) ds

Since

IH(0)] < (k + 1)/ k'fﬁ(s)'(zlu(s)l+slu<s>l)ds,

in virtue of Lemma 1 and (37), we get lim,_, o H;(£) = 0.
Let n be odd, n > 5. By using recursively (40) with

j={2,4,6,...,n-3} and k=(n-3-))/2,

we obtain the following estimation for the function I, given by (9):

ZC,L‘ —(n-3) ft qnug(s/)z( ) ds + Ki(¢), (41)

where ¢; are suitable constants and Kj is a continuous function on [0,00) and
lim,_ oo K3 (£) = 0

Choosing p = (1 +1)/2 in (38), from (41) the assertion follows for #n odd, n > 5.

Finally, let n be even, n > 6. By using a similar argument to the one above given and
applying recursively (40) with

j=13,5,7,...n-3}) and k=(n-3-j)/2,
we obtain the following estimation for the function I7:

— (& - s)uls)
F(t)—cht—(n 3)! m—z()d + Ky(0), (42)

where ¢; are suitable constants and K, is a continuous function on [0,00) and
lim,_, oo K»(2) = 0.
Choosing v = (n — 2)/2 in (39), from (42) the assertion follows. a

Page 12 0f 18
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Proof of Theorem 2 By Lemma 5, (2) has a solution ' (¢) + £(¢) if n is odd, and u(t) + £(¢) if n
is even, where lim;_, o, £(t) = 0. According to Lemma 1 this solution is oscillatory, bounded,
and not vanishing at infinity. O

5 Oscillation in the nonlinear case

Our main results are given by the following.

Theorem 3 Let n > 3 and u be a nontrivial solution of (3).
Assume (37) and

/ "3 |r(t)| dt < cc. (43)
0
Then for any real numbers cy, ¢1, (1) has a solution x, defined on [Ty, 00), Ty > 0, such that

co + 1t (t) +&(t) for modd,
x(t) =

co +cu(t) + €(t) formeven,

where ¢ is a continuous function on [Ty, 00) and lim;_,» (t) = 0.
Consequently, (1) has oscillatory solutions x such that

0 < limsup|x(¢)| < oc.
t—00

Proof By Theorem 2, (2) has an oscillatory solution ¢, which is bounded and not vanishing
at infinity. Applying Theorem A with j = 0, (1) has a solution with the same asymptotic
properties as that one of (2). O

Theorem 4 Let n > 3 and u, v be two linearly independent solutions of (3). Assume (37)

and for any positive constant |
o0 -
/ t"3f (ut"?)|r(e)] dt < oo, (44)
0

where the function f is defined in the Preliminaries.
Then for any vector (co, 1, . . .,cq1) € R" there exists a solution x of (1), defined on [Ty, 00),
T, > 0, such that

Z:‘j Cit! + Cuatd () + c,1V (t) + £(t)  for n odd,

x(p)= {0 (45)
Yol it + Cuau(t) + ¢ v(t) +6(t)  for neven,
where ¢ is a continuous function on [Ty, 00) and lim;_,» (t) = 0.
If, in addition, f € C'(R) and there exists M > 0 such that
If )| < Mf(u) forlarge |ul, (46)

then the solution x given by (45) is unique.
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Proof Existence. As noticed above, the set (8) is a basis for the space of solutions of (2).
Applying Theorem A with j = n — 3 and Theorem 3, (1) has a solution x satisfying (45).

Uniqueness. For the sake of simplicity, let n be even. The case n odd follows in a simi-
lar way. Suppose, by contradiction, that for (co,cy,...,c,-1) € R” there exist two different
solutions x and x of (1) satisfying (45). Then for z(¢) = x(¢) — x(¢) we have

lim 2(2) = 0 (47)
and
2Z0() + )z 2 @) + r@) (f (x(0) - £ (%(2))) = 0.
In view of the mean value theorem, there exists a function & = £(s) such that
F(() -f(E®) =f'(E®) (x(0) - %(2)
and
min{x(¢),x(¢)} < &(¢) < max{x(¢),x(¢)}.
Then we have
|&(8)| < Myt
Therefore Z is a solution of
28 + q(0)2"2(t) + R(t)z(t) = 0, (48)
where R(t) = r(t)f’(£(¢)), for ¢ > 1 and a suitable constant M, > 0.

Let (46) hold for |u| > ug > 0. Then, in view of (44), the condition (13) for (4:8) is satis-
fied, because

f " 3| R(e) | de < / " 0| (v + M (1))t <o,
0 0

where M, = max|,|<,, |f’(v)|. Hence we can apply Theorem 1 to (48), which gives a contra-
diction with (47). O

Remark 4 Theorem 3 extends [1, Theorem 1.4] and Theorem 4 [1, Theorem 1.3] stated
for (1) with r(¢) > 0.

An application of Theorems 3 and 4 is the following. Consider the Emden-Fowler type
equation

X0+ 2772(8) + (1) |x(0)|* sgnx(e) = 0, (49)

where A > 0. Then (46) is satisfied for any A > 0 and (44) reads

/ (=30 (1) dt < oo. (50)
0
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Thus, according to Theorem 4, for a fixed vector (co, ¢y, ..., c,-1) there exists a unique so-
lution of (49) which has the asymptotic representation (45).

Now, consider (49), where # is even, 7(¢) > 0 for ¢ > 0 and A #1. By [1, Corollary 1.6], if
I *¢"-3r(t) dt = 0o, then every solution of (49) is oscillatory. Obviously, condition (37) is
satisfied. Therefore, the condition (43) in Theorem 3 is optimal.

From this and Theorem 3 we get the following.

Corollary 1 Let A > 1, neven, n > 4 and r(t) > 0 for t > 0. Then (49) has oscillatory solu-
tions.

6 Asymptotic equivalence of linear equations
In this section we present another consequence of our results.
Consider the linear equation

2(8) + g0)x" 2 (t) + r(E)x(t) =0, n>3, (5)

and denote by S, and S, the solution space of (5) and (2), respectively.
We say that (2) and (5) are asymptotically equivalent, if there exists amap T: S, — S,
such that for every y € S, there exists a unique x € S, such that T'(y) = x and

Jim (x(2) - y(£)) = 0.
Applying Theorem A and Theorem 1 we get the following.

Theorem 5 Assume n > 3 and
oo
/ 2775 |r(t)| dt < oo. (51)
0

Then (2) and (5) are asymptotically equivalent.

Proof As we noticed above, functions ¢, I', and I, are linearly independent solutions
of (2).

By Theorem A, there exist functions 7;, j = 0,...,n — 1, which tend to zero as t — o0,
such that

x(t) = v+ ni®), j=0,...,n-3,
xn—2(t) = Fu(t) + r/n—Z(t)’

xn—l(t) = Fv(t) + nn—l(t)

are solutions of (5). Hence, applying again Theorem A, we get
lim %% =0, i=1,...,n—1. (52)
t—>o0

We show that #; are uniquely determined. Without loss of generality, assume by contra-
diction that there exist 1o and 779 such that ny # iy and

xo() =1+no(t),  Xo(£) =1+10(t)
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are solutions of (5). Then X — x is also a solution of (5) and tends to zero as t — oo. This
is a contradiction with Theorem 1. Forj € {1,...,n — 1} we proceed by the same way.

A standard argument shows that solutions x;, j = 0,...,n — 1, are linearly independent.
Set

z(t) = C/'x]‘(t) (53)

1
0

~

and let us prove that z(¢) = 0 implies that (cg,c1,...,c,1) is the zero vector in R”. From
(53) we obtain

n-2

d _ _
0=~ 52(0) = Cuatet) + Cua(t) + €257 () + a7 0)

From this, (52) with i = n — 2 and Lemma 1, we get ¢, 5 = ¢,,_1 = 0. Therefore,

n-3
2(t) = ) cae).
j=0
Since
n-3 (1-3)
0= zZ(t) =ch3 + 1,5 ()

dtn—3

and lim;_, o nfﬁ’(r) =0, we have c¢,_3 = 0. Proceeding in the same way we get c; = 0 for
i=0,...,n=2.
Denote

Se={x(t),j=0,...,n -1},

Sy: {tj,jz0,...,”‘3;Fu(t)rrv(t)}'

Since 7; are uniquely determined, there exists a 1-1 map between the sets S, and Sy and so
the assertion follows. O

Remark 5 The assumption (37) is not needed in Theorem 5.

7 Open problems

(1) Does Corollary 1 hold for n even and A <1?

(2) Let g be bounded, but not of bounded variation on [0,00). Then (3) can have un-
bounded oscillatory solutions, see, e.g, [17, Chapter VI-5, Theorem 3]. Similarly, if (3)
is oscillatory and lim,_, ~ g(¢) = 0, then (3) can have again unbounded oscillatory so-
lutions, as the Euler equation illustrates. In these cases, it should be interesting to find
conditions under which (1) has unbounded oscillatory solutions too.

(3) Let g be unbounded. Thus, as the Armellini-Tonelli-Sansone theorem shows, (3) can
have (oscillatory) solutions which tend to zero as ¢ — 00, see [20] for a detailed survey
on this topic. In particular, in [20, 21] the boundedness and the existence of vanishing
at infinity solutions are investigated for second order linear equations with advanced
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arguments. As before, also in this situation, it should be an interesting problem studying
asymptotic properties of possible oscillatory solutions of (1). Note that for (1) with n = 4,
conditions which ensure that all solutions are oscillatory, can be found in [6, 7] or in [8,
Theorem 4].

(4) Let g be a continuous function on R such that

u

I l‘im glo)do = co.
u|l— oo 0

Under assumptions (H), any solution of the nonlinear equation

¥ () + q(t)g(y®)) = 0

is bounded together with its first derivative, see, e.g, [18, Theorem 4]. Thus, motivated

by the results here obtained, we can ask under which conditions the nonlinear equation

() + g(O)g (x" 2 () + r()f (x(2)) = 0

has oscillatory bounded solutions.

(5) Recently, oscillation of equations with a forcing term have been studied. For example,
the boundedness of any solutions is studied in [15] and the periodic case in [14]. More-
over, in [16] a two-term equation with forcing term e has been considered and the oscil-
lation is studied under additional conditions on the function r. Thus, it seems interest-
ing to extend our study to the existence of oscillatory solutions and solutions vanishing

at infinity for the equation with the forcing term

() + gOx" 2 () + r@)f (x(2)) = e(t).
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