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GEODESICS IN THE SPACE OF KAHLER CONE METRICS

SIMONE CALAMAI AND KAI ZHENG

ABSTRACT. In this paper, we study the Dirichlet problem of the geodesic equa-
tion in the space of Kéhler cone metrics Hg; that is equivalent to a homo-
geneous complex Monge-Ampere equation whose boundary values consist of
Ké&hler metrics with cone singularities. Our approach concerns the general-
ization of the space defined in Donaldson [29] to the case of Kahler manifolds
with boundary; moreover we introduce a subspace Hc of Hg which we define
by prescribing appropriate geometric conditions. Our main result is the exis-
tence, uniqueness and regularity of Cé'l geodesics whose boundary values lie
in Hco. Moreover, we prove that such geodesic is the limit of a sequence of
C’Z’a approximate geodesics under the C’[‘;’l—norm. As a geometric application,
we prove the metric space structure of He.
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1. INTRODUCTION

We shall always denote by X a smooth compact Kéhler manifold without bound-
ary of complex dimension n > 1, by [wy] a Kéhler class of X, and by H the space
of Kéhler metrics in [wp]. In their pioneering works, Mabuchi [47], Donaldson [27]
and Semmes [56], independently defined the famous Weil-Peterson type metric in
H , under which H becomes a non-positive curved infinite-dimensional symmetric
space. Semmes [56] pointed out that the geodesic equation in H is a homogeneous
complex Monge-Ampere (HCMA) equation,

a1 { (Qo + LL9aw)n ! = 0 in X xR,

Siciien Qo+ YF00W);dz' Ad2 >0 in X x {21}

here R is a cylinder with boundary, and €2 is the pull-back metric of wp under the
natural projection.

Geodesics are basic geometric objects in the infinity dimensional manifold .
The intensive relation between the geodesics of H and the existence and the unique-
ness of the cscK metrics was pointed out by Donaldson in [27]. He also conjectured
that H endowed with the Weil-Peterson type metric is geodesically convex and
is a metric space. Chen [16] established the existence of C1'! geodesic segments
(of bounded mixed derivatives) under smooth Dirichlet conditions and thus veri-
fied that the space of Kéhler metrics is a metric space. Later, Blocki [9] proved
the C1'1 geodesic segment has bounded Hessian when (X x R, ) has nonnega-
tive bisectional curvature. Phong-Sturm [52], Song-Zeltdich [60][59)[61] approxi-
mated the C! geodesic by the Bergman geodesics in finite-dimensional symmetric
spaces. Later Chen and Tian in [I3] improved the partial regularity of the C'':!
geodesic, then proved the uniqueness of the extremal metrics. Donaldson [2§],
Darvas-Lempert [25] and Lempert-Vivas [45] showed that a C! geodesic does not
need to be smooth in general. On the other hand, the geodesic ray induced by the
test configuration is constructed in Arezzo-Tian [I], Chen-Tang [21], Phong-Sturm
[54][53] and Phong-Sturm [54][53]. The C'! geodesic ray parallel to a given one
is constructed in Chen [I7] under the geometric condition “tamed by a bounded
ambient geometry”. We would like to remark that the existence of C''! geodesic
has been proved by Chen-He [20] in the space of volume forms on a Riemannian
manifold, by P.-F. Guan-X. Zhang [3§] in Sasakian manifolds and by B. Guan-Q.
Li [35] in Hermitian manifolds.

In this paper, our aim is to construct the natural geodesic in the moduli space
of all Kahler metrics singular along the divisor D for future study. Let us isolate
now the concept, central to our aim, of Kéhler cone metric.

Definition 1.1. Let X and [wo] as at the beginning of the paper, and let D =
>t (1= B;)V; be a normal crossing, effective smooth divisor of X with 0 < 3; <1
for 1 <4 < m, where V; C X are irreducible hypersurfaces. Set 8 := (51,...,8m)
and call the 3;’s the cone angles. Given a point p in D, label a local chart (U,, z°%)
centered at p as local cone chart when z',...z* are the local defining functions
of the hypersurfaces where p locates. A Kdhler cone metric w of cone angle 27 3;
along V;, for 1 < i < m, is a closed positive (1,1) current and a smooth Kéhler
metric on the regular part M := X \ D. In a local cone chart U, its Kéhler form is
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quasi-isometric to the cone flat metric, which is

k
V=1 _ _ . . -
(1.2) Weone 1= 5 E B2 2BV dzt A d2t + E dz? Ndz? .
i=1 k+1<j<n

Let Hjg be the space of Kahler cone metrics of cone angle 273; along V; in
[wo]. It is clear that when for all 4 there holds 5; = 1, then Hg consists of all
cohomologous smooth Kéhler metrics on a compact Kahler manifold. Let s be a
global meromorphic section of [D]. Let h be an Hermitian metric on [D]. Tt is
shown in Donaldson [29] that, for sufficiently small § > 0,

m
(1.3) w=w+0Y gamsiﬁﬁi

i=1
is a Kahler cone metric. Moreover, w is independent of the choices of wg, ha, 6 up
to quasi-isometry. We call it model metric in this paper.

A special Kahler cone metric is the Kéhler-Einstein cone metric which is studied
in many recent papers. They have been studied in McOwen [49], Troyanov [64] [65]
for Riemannian surfaces. The study of Kéhler-Einstein cone metrics was initiated
in Tian [62] and Tsuji [66] concerning various inequalities involving the Chern
numbers. Recently, Donaldson [29] defined a new function space and developed a
program to look for the smooth Kéahler-Einstein metric by deforming the cone angle.
Existence theorems are proved by Brendle [10] for Ricci flat Kéhler cone metrics
, by Jeffres, Mazzeo and Rubinstein [42] for the Fano case under the properness
of the twisted K-energy , by Campana, Guenancia and Paun [12] for the normal
crossing divisors and by Berman, Boucksom, Eyssidieux, Guedj, Zeriahi [5] on log
Fano varieties. With the log-« invariants, Berman [4] solved the existence problem
for small cone angles. After finishing our paper, more extensive developments of
Donaldson’s program on the application of the K&hler-Einstein cone metrics to the
the Kéahler-Einstein problem have appeared; we mention some of the most recent
beautiful papers [14] [15][18] [19] [63].

In this paper, we study the geometry of the space of Kéhler cone metrics, in
particular, the geodesic in Hg. Now we clarify the concept of geodesic in Hg. A
cone geodesic is a curve segment ¢ € Hg for 0 < ¢ < 1 which satisfies the natural
generalization of the problem (LI]); i.e. we are requiring that w, is a Kéhler cone
metric for any 0 < ¢ < 1. In this article, we find the geometric boundary conditions
which assure the existence and the uniqueness of the cone geodesic. Those lead
to an appropriate choice of a subspace of H. As we will show in Section 2 the
geodesic equation leads to the Dirichlet problem of the HCMA equation with the
boundary potentials of cone singularities. The Dirichlet problem of HCMA was
studied intensively by many authors under various analytic boundary conditions
(see B22)[37[BINIT]...). In our particular environment, the underlying manifold
is a product manifold and the curvature conditions on the background metrics play
an important role as in the geometric-analysis problems (see the useful tricks we
explain at the beginning of Section Bl and Remark BT]).

The slight difference between our equation and the standard HCMA is that in our
case the boundary values allow cone singularities. So the problem is how to choose
the appropriate function spaces where the solutions live in. A possible function
space could be the edge space. The corresponding elliptic theory is investigated by
many authors (see Mazzeo [48], Melrose [50], Schulze [55] and references therein). In
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this edge space, Jeffres, Mazzeo and Rubinstein [42] improved the higher regularity
of the Kéahler-Einstein cone metrics. In our environment, the problem is that the
edge space is defined for manifolds without boundary; which is not our case. So,
we do not use edge space in this paper. We overcome this problem by generalizing
Donaldson’s space to the boundary case (see Definition (23))), that is more natural
for our geometric problem. However, it would be interesting to understand whether
the edge space (or with some modification) could be defined near the boundary
and how to improve the regularity in such space. Finally, it is interesting to see
that the cone geodesic are translated as solution of the HCMA, then the cone
singularities on the boundary travel naturally to the interior of the domain. We
hope this phenomenon will be helpful to understand the solution of the complex
Monge-Ampere equation.

Now we specify the geometric conditions on the boundary metrics. (The space
Cg is introduced in Definition 22])

Definition 1.2. Assume D is disjoint smooth hyper surface and the cone an-
gles 8 belong to the interval (0, %) Then, we denote as f]-(% the space of Cg wo-
plurisubharmonic potentials. Moreover, we label as H¢o C 9{?3 one of the following
spaces;

J,={pe€ f]-(% such that sup Ric(w,,) is bounded};
J. = {¢ € H} such that inf Ric(w,) is bounded}.

In general the Kéahler cone metrics do not have bounded geometry. The Rie-
mannian curvature of w is bounded from below when when the cone angle is less
than % We will compute that the Levi-Civita connection of the model cone metric
defined in (3] under the cone coordinate (see (2I)) is bounded when the cone
angle is less than % So we need the curvature conditions of the boundary metrics
to improve the regularities. The space Ho at least contains all Kahler-Einstein
cone metrics with the cone angle between 0 and % (see Proposition 6.7 in Brendle
[10]). The further discussion on the properties of the subspace H¢ will be in the
forthcoming paper. In the present work, our main aim is to prove the following

result (cf. Theorem [L.1).

Theorem 1.1. Any two Kdhler cone metrics in He are connected by a unique Cé’l
cone geodesic. More precisely, it is the limit under the Cé’l-norm by a sequence of

Cg’a approximate geodesics.

The notion of approximate geodesic is given in Lemma As an application,
we prove the following result.

Theorem 1.2. H¢ is a metric space.

Concerning geodesics with weak regularity, we should compare the construction
in Berndtsson’s remarkable paper [6] with our result. It is easy to compute that
the volume of the Kéhler cone metric belongs to L? with p(8; — 1) + 1 > 0 for any
1 <4 < k. According to Kolodziej’s theorem in [43], there exists a unique Holder
continuous wo-plurisubharmonic potential. Berndtsson [6] proved that given two
bounded wq-plurisubharmonic potentials, there is a bounded geodesic connecting
them. Then since the advantage of using the Ding functional (cf. Ding [26]) is that it
requires less regularity of the potentials, as observed by Berndtsson, the convexity of
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the Ding functional along the bounded geodesic is applied to prove the uniqueness of
Kiéhler-Einstein cone metrics (generalizing the Bando-Mabuchi uniqueness theorem
[2]). However the cone geodesic we construct here has more regularity across the
divisor in a subspace H which still contains the critical metrics. The regularity
of the cone geodesic across the divisor are not only important to prove the metric
structure as we show in this paper, but also to our further application on existence
and uniqueness of cscK cone metrics.

Now we state an application of our main theorem to the smooth Kéhler metrics
with slightly less geometric conditions than the C' geodesic in Chen’s theorem

[16].

Corollary 1.3. If the C3 norm and Ricci curvature upper (or lower) bound of two
Kidhler potentials are uniformly bounded, then the geodesic connecting them has
uniform CH' bound.

Now we describe the structure of our paper. In Section 2], we recall the notations
and the function spaces introduced by Donaldson. In particular, we define the
boundary case. Then, we generalize the Riemannian structure to the space of
Kahler cone metrics. The delicate part here is the growth rate near the divisor.
In the Donaldson space, we derive that the geodesic equation is a HCMA with
cone singularities by integration by part and explain the construction of the initial
metric for the continuity method.

In Section[3l we obtain the a priori estimates of the approximate Monge-Ampere
equation. It is divided into several steps. The L°° estimate is derived from cone
version of the maximum principle and the super-solution of the linear equation
obtained in Section 4 In order to find out the proper geometric global conditions,
the interior Laplacian estimate is obtained using the techniques of Yau’s second
order estimate [68] and the Chern-Lu formula (see [23][46][67]). In order to prove
the boundary Hessian estimate estimate near the divisor, we can not use the the
distance function as the barrier function which is introduced in Guan-Spruck [36],
since we need a uniform estimate independent of the distance to the divisor. So
we choose the auxiliary function by solving the linear equation provided by Section
M We hope this method could have potentially further application to Monge-
Ampere equation on manifold with boundary arises in other geometric problems.
In order to obtain the interior gradient estimate near the divisor, we carefully
choose an appropriate test function near the divisor. The appropriate growth rate
is important to us.

In Section M we solve the linearized equation and prove the Cg’a regularity of
the approximate geodesic equation. Both the interior and the boundary Schauder
estimates are of the general form. Note that the right hand side of the approxima-
tion equation () contains log Q"*!. When applying the Evans-Krylov estimate,
we need to bound the first derivative of log Q"*1. We will show that it is bounded
when the cone angle is less than % Thus with these estimates, the existence and
the uniqueness of the C’é’l cone geodesic are proved. Moreover, the approximate
geodesic is in Cé’a.

We also include an application of the interior Schauder estimate to the regularity
of the Kéhler-Einstein cone metrics (see Proposition L8)). There is also a term f
on the right hand side of the corresponding equation (£8)). When apply the Evans-
Krylov estimate, it is necessary to bound the first derivative of f. We show that
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the gradient of this term is bounded when the cone angle is less than % When
the cone angle is less than %, Brendle [10] derived Calabi’s three order estimate to
prove the existence of Ricci flat cone metrics.

Section [B] contains the maximum principle and the Holder continuity of the lin-
earized equation. In particular, the weak Hanack inequality is used to prove the
Cé’a regularity of the approximation geodesic equation.

In Section [6, we apply our cone geodesic to prove the metric structure of He.

Once we establish the Cé’l regularity of cone geodesic, the proof of the metric
structure is immediate.
Acknowledgments: Both authors would like to thank Xiuxiong Chen who brought
this problem to their attention. The second author also thanks Claudio Arezzo for
helpful discussions and ICTP for their hospitality. He is also grateful to Gérard
Besson for his warm encouragement during his visit in Institut Fourier.

2. THE SPACE OF KAHLER CONE METRICS

In this section, we first introduce some notations and knowledge of Donaldson’s
program [29], which we will stick to in the remainder of the paper. Let U, a local
cone chart as in Definition [Tl  Let W : U, \ D — U, \ D be the change of
coordinates given by

(21) W(Zl,--- , Zn) — (wl _ |21|61_121, - wk _ |Zk|'8k_1zk, Zk-i-l, - Zn) )
Now, for any 1 < i < klet 0 < 6; < 2m, 2% := p;eV 1 and r; = |2'F = |w'];

meanwhile, for any k +1 < j < n let 27 := 27 + /—1y/. Then, let the polar
coordinate transformation of (w!,---, w* z**1 ... 2") be

. 1 k k+1 n k+1 k+1 n n
P-(U),"',U),Z ,"',Z)—>(T1,91,"',Tk,9k,$ Y a"'v'rvy)'

Thus we obtain that the expression of the push-forward cone flat metric is

(22)  (PoW) h.g= Y [drf+piridf]+ > [(da?)’+ (dy')’].
1<i<k k+1<j<n

This flat metric is uniformly equivalent to the standard Euclidean metric. However,

letting p1; := B; ' — 1, we have w' = r;eV 1% = |w!|~#i2%; moreover, we define

g;i=dr; +—108;r;d0; = Bi|’wi|l_m (wi)_ldzi
= Kl + %) lw!|(w') "t dw' + %|wi|_lwidwg ,

and we notice that it is not a holomorphic 1-form, since 9,7¢; # 0. Consequently,
e; and dz7 merely form a local orthonormal basis of the (1, 0)-forms.

Now we present the function spaces which are introduced by Donaldson in [29].
The Holder space Cg‘ consists in those functions f which are Holder continuous
with respect to a Kéhler cone metric. Also, C§ o denotes the subspace of those
functions in Cg‘ for which their limit is zero along V; for any 1 < i < m. The
Hoélder continuous (1,0)-forms, in local coordinates Up, can be expressed as

&= figi + fid2?

where the Einstein notation is adopted, f; € C§ and f; € C*. Meanwhile, a Holder
(1,1)-form 7 in local coordinates U, is of the shape

N = fi,€i 60 T flgsidzj + fgjsgdzj + fjlj;dzjl dz"?
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here the coefficients satisfy f;3, f;; € C¢ and f; 4, f;,;, € C . Note that according
to this Definition, for any Kahler cone metric w € Cf, around the point p € D, we
have a local normal coordinate such that g;;(p) = ;.

Definition 2.1. The Hélder space Cé’a is defined by
CE* =1{/f|1.0f,00f € C§} .

Note that the Cg’a space, since it concerns only the mixed derivatives, is different
from the usual C>® space. The definition of higher order space Clg’o‘ depends on the
background metrics. In this paper, we use the flat cone metric weone (L) to define
Clg’o‘. It is not hard to see that, by the quasi-isometric mapping W, 09f € Cj is

62

equivalent to 5—=— € C® for any 1 < 7,5 < n under the coordinate {w'}. So we

say the third derivative of a function belongs to C'§ if
93
Owkdw dwl
for any 1 < 1,7, k < n. In particular,
Definition 2.2. The Hélder space C? is defined by
C’g ={flf € C’;’O‘ and the third derivative of f w.r.t weone is bounded} .

fec®

Thus the higher order spaces are defined by induction on the index k. Now we
postpone the discussion of the function space for a while, we will continue after we
introduce the product manifold where the geodesic equation is defined.

We then approach some considerations on the Riemannian geometry of the space
of Kahler cone metrics. Recall that ﬂ{;’o‘ is the space of Cé’a wo psh-functions. Tt

is a convex, open set in C’;"O‘. The tangent space of ﬂ{;’o‘ at a point ¢ is Cé’a.
We generalize the Donaldson [27], Mabuchi [A7], Semmes [56] metric to ﬂ{;’o‘ by
associating to ¢ € ﬂ{;’o‘ and tangent vectors 1)1, € T@J{Z’a, the real number

(23) /M 2/11 . ’Q/JQwZ .

The definition makes sense for Kahler cone metrics, since the volume of the Kéhler
cone metrics is finite. Furthermore, we choose an arbitrary differentiable path
o € CY([o, 1],5—(2’0‘) and along it, differentiable vector field ¢ € C*([0, 1],02’0‘).
We thus define the following derivation of the vector field on M = X\ D
oy ¢

E - (5¢13E)g¢ :

We claim that ([24]) is the Levi-Civita connection of (Z3]). The fact that 24 is
torsion free comes from a point-wise computation on M. Thus, the claim will be

accomplished after verifying the metric compatibility, which is done in Proposition
We first prove an integration by parts formula.

(2.4) Dy =

Lemma 2.1. Assume that 1, [0¢1]a, [0p2|a, |Apa|riq) are bounded. Then the
following formula holds

/ V1Apaw™ = —/ (01, Op2)qw™ .
M M
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Proof. Choose a cut-off function x. which vanishes in a neighborhood of D. Then,

/ Xep1Apaw™ = — / Xe(Op1, 0p2)aw™ — / ©1(Oxe, Op2)quw”
M M M

The convergence of the first two terms follows from the Lebesgue dominated con-
vergence theorem. So, it suffices to find a y. such that fM [Oxelow™ — 0 as € — 0.
Choose xe := x(Z [1;[si[*), where s; are the defining functions of D; and x is a
smooth non-decreasing function such that

x=0 in [0,1]
0<x<1 in]l,2]
x=1 in [2, +00)
Now,
! 1 1-5; 2—8;
[Oxelo < X' - 5 sil[si| ~7 = 2|5 |~
€

So, as € = 0 we get in the cone chart

2 2e
27
/Iaxelszw </ / / >
\ =

< — |r|1+ﬂldr<0661 —0.
€?

€

2BV rdrdfdz? A -

This completes the proof of the lemma. 1

As an application of the above formula, we have
Proposition 2.2. The connection (24) is compatible with the metric ([23]).

Proof. We compute

1d 1
ami ), V% =g /M@W/ + A

Since ¥?%, [0(¢?)|q,, |0¢’ |g¥,, Ay’ are all bounded with respect to g,, we are
allowed to apply Lemma 2] and we get

1d 9o . 1 "
57 | vt =5 [ ov —2000.0),,
This completes the proof of the proposition. 1

Next, we derive the geodesic equation.

Proposition 2.3. The geodesic equation satisfies the following equation on M
point-wise

(2.5) " — (8¢, 0¢")g, =0.

Proof. Assume that o(t)[} is a path from g to @1, and that (s, t) € C*(]0,1] x
[0, 1], Cg’o‘) is a 1-parameter variation of ()|} with fixed endpoints. We minimize

the length function
0 t
(s,t)) / \/ / SD > w:; dt .
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We are going to compute the variation of %L(w( t)); denote ¢' = 5% and

Ez/ oWl
M

Then, using (24) and the compatibility property we get

1
S re) = [ 3 [ Dt pua - / 5 [ Do
:/0 L{%/ 8590 gow /Dt gogow}dt
_ = . . /. n
/0 E/M 8590 Dyp'wgdt .

The first term in the second line vanishes since the endpoints are fixed. So the
geodesic condition reads

78 /on
O—a—L / / 257 Dyp'widt

which implies that the geodesic equation is
Dy =00on M .
O

Consider the cylinder R = [0,1] x S! and introduce the coordinate 2"*! =
2"+ /=1y"*! on R. Define
1 n n+1)

(p(,z/’zn+l):(p(27...727$ :(P(Zl,"-,zn,t)
on the product manifold X x R and let m be the natural projection form X x R to

X. We also denote
/ n+1) _ (Zl,-~-

)

P ,Zn,zn-i-l)

(
Qo = (771 wo + dz" T Adz" T
Q=rm"Ywt+d"T Adzm T
U = © — |Zn+1|2 .
It is a matter of algebra to show that (23] could be reduced to a degenerate Monge-
Ampere equation. A path (t) with endpoints ¢g, ¢1 satisfies the geodesic equation
@3) on X if and only if U satisfies the following Dirichlet problem involving a
degenerate complex Monge-Ampere equation
(2.6) U(z) =T, ) on X X OR |
Dor<ijen (5 +Vi5)d2"dz? >0 in X x {z"71}.

Here the following Dirichlet boundary conditions ¥y are satisfied
(2.7)

Wo(2,0) = (2, V=Ty" ") = po(2) — (y"*)* on X x {0} x S,

Uo(2,1) = U2/, 1+ /—1y" ) = 1(2) = 1 — (y"™)?  on X x {1} x SL.

Now we are given a n+ 1-dimensional K&hler manifold X = X x R with boundary;

the given data of the Dirichlet problem are put on two disjoint copies of X. We

also have a divisor ® = D x R, with D as in Definition (), which intersects
transversely the boundary Let f; be the local defining function of each irreducible

3
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analytic component V; of ®. Then the transition funct1ons 4t give a line bundle

[©] in X. Let s be a global meromorphic section of [D]. Let hA be the Hermitian
metric on [D]. There is a small positive § such that, on X,

(2.8) Q=0+ 52 aa|sz|2ﬁi

is a K&hler cone metric (cf. (IL3)). Moreover, it is also independent of the choices
Qo, ha, § up to quasi-isometry.
We could define the Holder space Cg in the interior of (X,®) as that one defined
n (X, D). On the boundary, near a point p we choose a local holomorphic coordi-
nate {U,7; 2" = 2" +iy'}, 1 <4 < 2n+ 2 centered at p. From the discussion above,
we see that the boundary of X is z"*! = 0. When U;‘ does not intersect the divisor
©, the Holder space is defined in the usual way. So it is sufficient to defined a new
Holder space in the coordinates which contain the points of the divisor. We first
note that the solution of geodesic equation is independent of the variable 4™ *!, so
the partial derivative on the variable z"*! is the same to the one on the variable
2", Next, the quasi-isometric mapping W is still well defined in U, as follows,

Wiz, o, 2" = (wl = |21 Pt Wb = 2R PRk R ety
So we could define the Holder space Cg(U,") to be the set of functions which
n+1

are Holder continuous under {z}*" with respect to a Kéhler cone metric. Also,
C§ o(U,") denotes the subspace of those functions in Cg(U,") for which their limit
is zero along V; for any 1 < ¢ < m. The Holder continuous (1,0)-forms, in local
coordinates U; , can be expressed as

E=figi+ Y fde,
i J

where f; € C§(U,") and f; € C*(U,"). Meanwhile, a Hélder (1,1)-form 7 in local
coordinates U; is of the shape

N = fii€iCn T fijsidzj + fi;ed2? + J“]-U»;cl,zjlcl,zf2 ;
here the coefficients satisfy fi5, f;; € Co(U,f) and f; 5, f;, € C*(U,F) . The
Holder space C’é’a‘(UIjr ) is parallelly defined by

C5(U)) = {f | £,01,00f € C3(U)} .

Then we use the flat cone metric weone ([2) to define the higher order space
CE’Q(U;). The boundary C? space is defined in the same manner.
Definition 2.3. The Hélder space C?(U,}) is defined by
CHU) ={[|f € CZ’O‘(U;L) and the 3nd derivative of f w.r.t weone is bounded} .

Thus the higher order spaces are also defined by induction on the index k in the
same way.

In order to apply the maximum principle, we require that the maximum point
does not live on the divisor. The following lemma by Jeffres [41] is used to overcome
this trouble. With the discussion above, we prove this technical auxiliary lemma in
our product manifold X with boundary.
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Lemma 2.4. There is a positive constant k such that S = ||s||*® satisfies the
following properties
(1) Y1008 > k¥ 10dlog||s]|> > —CQ,
(2) for anya >0, S grows faster than the collapsing of ® € C§ near® provided
2k < af.

Proof. Since

—_1655 = %S(ﬁaglogHSHQ + 0log S A dlog S)

2
> iYL 50010g 5|1

and since —@(’9510g||5||2 is the curvature form of the line bundle under the

Hermitian metric h, there is a constant C' such that @85 log S > —CQ. So we
have

v—1 -

Tsaalogs > —CrSQ > —Ck.
In order to derive the second conclusion, we compute the first derivative of S along
the singular direction. Choosing the basis e, we have [|s||?* = |z]?*||e[|?", then

the main term of |[V@S|3 is |2![*~20+2e(1=F) Qo it is sufficient to choose # such

that this main term becomes unbounded as it approaches ©. Meanwhile, ¥ € C§
implies that |[V*U|q is bounded, so the second conclusion follows. O

In order to apply the continuity method we first construct the starting metric of
the solution path such that it satisfies the boundary conditions. Since ¥y may not
be convex along the direction %, we have to extend ¥y to whole X as follows.

Let ¥g be the line segment between the boundary Kéahler cone potentials ¢y and

¢1; namely, (cf. 21))
Ug = tWo(2',1) + (1 = )Wo(2',0) + t + (y" ) = tor + (1 = t)po -
Then we choose a function ® which depends only on 2"*! such that

P(z"+) =0 on 0%,
Dontiznir >0 in X

We denote the new potential by
Uy = \ifo + m®.
Next we verify that Wy is a Kdhler cone potential on X.

Proposition 2.5. Suppose that pg, 1 € Hpg. Then there exists a large number m
such that

v-=1
(2.9) Q=0+ > 0,00

1<i,j<n+1

is a Kdhler cone metric on (X,9).
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Proof. The local expression of Qy, is
V-1
G X
1<i,j<n+1

0;0;(To + m®)

=1

= twy, + (1 — Hwy, + T(1 + MOy 11077 ®)dz" T A dz" !

+ %(3&1 — dipo)dz'dz"T + %(&'% — Ospo)dz"d2"T
We call w; 1= twy,, + (1 — t)w,, the line segment and ¢ := 1 — ¢y the difference
of the boundary Kéhler cone potentials.

In order to show that 2y, is a Kéhler cone metric on X, it suffices to verify
two conditions; that it is positive on the regular part M and that Qy, is locally
quasi-isometric to

V-1 ‘ 21,i12(8i—1) 7.4 i K, i i
Qeone = T;(ﬁi Ed dz /\dz)—l—i;rl(dz Adz')

Since the determinant of Qy, is det(g;)[1 +m®,, ;57 — gijwiwj], the former con-
dition is true once we choose m large enough. The latter condition is verified as
%o, 1 € Hp. U

3. A PRIORI ESTIMATES

In this section, we derive uniform a priori estimates for the degenerate equation.
With the same background as (2.6), 9t = M x R and ¥; a Kéahler potential in 901,
that is Q1 := Q + @aéqfl > 0, we consider the family of Dirichlet problems for
0<7<1,

(3.1) { det(Qy; + ¥;5) = 71 det(Q5 + Uyy5)  in M,

U(z) =T on 0% ,

in the space C’;’O‘. We will specify the conditions on ¥ in each estimate.

Since the curvature conditions of the background metrics are required when we
derive the a priori estimates, we explain an observation on how to choose appro-
priate background metrics. If we take ; as the background metric, we obtain an
equivalent equation

(3.2) det (5 + U;5) = 7fe¥ det(5) = 7e¥ det(Qy;5)  in M,
' U(z) =0 on 0%,
where ¥ := ¥ — ¥, and f= % In general, given a Kahler cone potential
ij

@ we could take Q4 1= Q+ YL9I®, U4 .= U — &, U = W) — &, Uy := Uy — .
The new family of Dirichlet problems becomes

{ det(Q% + \If;%) = re? -V det(Q% + \If‘f‘ij) in 9,

(3:3) U(z) =0y on 0X .

The above observation will be particularly useful when we will derive the a priori
estimates later. Note that the right hand side of the equation is positive as long as
7 is positive. When 7 = 1, ¥y solves the equation. When 7 is zero, (B.1)) as well as
B2) provide a solution of the degenerate equation (2.6)).
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3.1. L*° estimate. We will see in the following that the L>° estimate follows from
the cone maximum principle (Lemma [B.1]) and the global bounded weak solution
(Proposition [£9) provided in Section Bl Applying the logarithm on both sides of

B2) we have

det(Qy7 + U
(3.4) log —e( 11 + Vi)

=1 U,
det(Qllﬁ) Og T +

Proposition 3.1. (Lower bound of ¥) For any point x € X, the following estimate
holds

U(x) > Uy(x) .

Proof. According to the second conclusion of Lemma [Z4] U = ¥ — €S achieves its
minimum point p on M. There are two cases, one when p is on M x JR and the
other one when p is in the interior of 1. In the first case, since p is on the regular
part of the boundary, then the minimal value is just the boundary value. Thus
the inequality holds automatically. Now we explain the second case. The equation
B3) is rewritten as

(4 + YL90(U + €8))"
QnJrl
1

At the point p the Hessian of U is non-negative U;; > 0; so, after diagonalizing 2y

and Oy + @85(U + €5) simultaneously, (3] implies

(3.5) log =logT+ V.

Te\i,(p)H?:JHlQlﬁ > H?:Jrf (Qlﬁ +€S5) > (1 - EC)"+1H?i1lQliz )

where, at the second inequality, we use the first conclusion of Lemma 2.4l Then we
have

W(p) > log(1 — eC)"FL .
Then for any x € X, (1) in Lemma 24 implies

U(z) =U(z) +eS(z) = U(p)
= U(p) — eS(p) > log(1 — eC)"*' — ¢,

which gives the lower bound of U as e goes to zero. 0

Proposition 3.2. (Upper bound of V) For any point x € X, the following estimate
holds

U(z) < h(zx) .

Proof. From (B.1)) the solution is non-negative 2+ @aéqf > 0, after taking trace
it implies
—AV <n+1.
In order to obtain the lower bound, we then consider the linear equation
Ah=-n—1 inM,
h=Y, on 0X .

It is solvable by Proposition and Then the lemma follows form the weak
maximum principle of cone metrics (Lemma [5.3)). O
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Remark 3.1. We could consider the family of equations with parameter a € R as
(3.6) det(Q ;5 + i5) = 7e™ det () in M,

U(z)=0 on 0X .
The approximate equation (3.2]) is the former with a = 1. That is slightly different
from the family considered by Chen [16] with a = 0. We would like to indicate that
using the estimate in Section [, the lower bound of the solution of Chen’s approx-

imate equation can be proved by applying the maximum principle with respect to
the Kahler cone metric Lemma [5.3] to

qet(Qlij + \i]ﬁ) S det(Ql) in 93? 5
U =0 on 0X .
The upper and the lower bound of ¥ imply the boundary gradient estimate

(3.7) sup |V¥|q <sup|V¥i|q +sup|Vhlg .
MxdR x x

3.2. Interior Laplacian estimate. The content of the present subsection is the
statement and proof of three different interior Laplacian estimates (Proposition

B3).
We remark that in Lemma [B4] below, we could choose different background
metrics. As a result, constants would have different dependence on geometric

quantities.

Proposition 3.3. There are three constants C;, for i =1,2,3 such that
(3.8) sup(n + 14+ A¥) < Cysup(n + 14+ AP) .
X 0x

The constants respectively depend on
Cy = C1(inf Riem(R2), sup Ric(Q), sup trgQy, Osc ¥, Osc ¥) ;
Cy = Co(|Riem ()|, sup troQy, sup trg, 2, Osc V) ;
C3 = C3(sup Riem(Q), inf Ric(€), sup tra€y, Osc ¥, Osc ¥y) .
Remark 3.2. The estimates work for any given Kéahler cone metric €.

We first consider the equation ([Bl). We denote
det(€2;; +V;5)
det(Qﬁ)
We calculate A’(n + 1+ AW) of our equation and explain later how to change the
background metric.

(3.9) F:=logT +log f+ V¥ — ¥, =log

Lemma 3.4. The following formula holds

ii 1kl pq .
A'(n + 1+ A\I/) =g ng g’pq(?[g'ﬁakg’iq — tro RIC(Ql)
/k[Riﬁ /

+ AV — AV, + g w9 i

Proof. Since ¢';7 = g;; + V,5, when we take —0;.0 on both sides we get

i
(3.10) k0195 = Rii — Vi -
Since the Riemannian curvature is defined by

R 1= —0k0rd'i5 + 97019’ 15069 i
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. . . . . kl i3
inserting the latter in ([B.I0) and taking the trace with respect to ¢'*" and ¢g* we
have

Iki /k[

= = 5 k}[ =
(3.11) 9R 5 =9"9" 9" 09 ;069" ig + 9" Rur — 979" Wi -
Since
Wi M i
Aln+1+A0) =g g" W57+ RY 05,
inserting the latter in [B11]) we get
Al(n 41+ A‘I’) _ gijg'klg'pqﬁzg’pjakg’iq N gin/ij + g/klef+ g/klRijk[\I/ij '
Since (33) implies R';; = R;; — F;; we therefore have
A(n+1+A0) = gig™ g0y’ s0ug' s — S(Q) + AF + ¢ R 1g/ 5 .

Then the lemma follows from the formula
AF = A(logf + U — ‘Ifl) = —trg RlC(Ql) + S(Q) + AU — AU, .
This completes the proof of the lemma. 1

The following formula follows from the Schwarz inequality. See Yau [68], and
Siu [58] page 73.
|0(n + 1+ AD)|?

n+1+ AU

Lemma 3.5. There is a constant C' depending on sup Ric(Q1), sup troQy, infizie Ry
such that

g g
(3.12) 979" g0 ;069 iq >

A/(IOg(n + 1+ A\I/)) > —O(l + tI‘Q/Q).
Proof. We compute

An+1+AT) [0(n+1+AD)?
/ i i
A'log(n + 1+ AW)) = n+1+AU n+1+AU

Thus, by combining Lemma B4 with (312]), we have

—trq Ric(Q1) + AT — AW, + ¢RI g/
n+1+A¥

1
. Lt trgQ).
T 1rag et

1 1
TTIrAT S Tre; < trofd 0

A'(log(n+ 14 A¥)) >

>-C(1+
Thus the lemma follows from

Proof. (proof of constant C) Denote
Z :=log(n+1+AV) - KV + €S,

with K to be chosen. According to Lemma [2.4] with appropriate x, the maximum
point p of Z stays in the interior of 9. Since A’U = n + 1 — trvQ2, and A'S >
—Ctro/Q (Lemma 24), then at p there holds

0> NZ > —C(l + tI‘Q/Q) — K(n +1-— tI‘Q/Q) — eCtrg/Q2 .
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Now we choose K such that —C' + K — eC' > 0 to obtain the upper bound of
trg:Q(p). From the arithmetic-geometric-mean inequality we have

+1 l

n 1 n
(n+1+AT)7 . e 7 = -

Z i 1+ W)

i=1 Llke=1k:

1
o P ————o
_;1+\I/k,; ¢

Since F' = log 7+log f+V¥—V4, so, n+1+AW is bounded from above at p depending
on sup Ric(Q1), sup troQ, inf;zx Rz, sup ¥, and inf ;. For any = € X, there
holds Z(z) < supgy Z + Z(p). Hence,
n+1+ AU = ZTEV—eS
< SUWPox Z+Z(p)+K sup ¥
(3'13) S Sup(’n + 1 + qu)efKinfx ‘110+1+Z(p)+K sup ¥ .
%
This formula gives precisely the claimed inequality ([B.8]) for the first constant C.
O

Proof. (proof of constant Cy) Now the same argument as in Lemma [3:4] applied to
equation ([B:2), gives the following formula

A/(n—i— 1 +A1\if) _ glijg/klg/pt?@zg/pjakg/iq — S() +A1‘i’+g'klR1ﬁk[g/

i -
Then, still following an argument similar to that used in the first part of this

subsection, we get a constant C' which depends on sup S(1), inf; 2, R5(Q1),
Osc W, such that

n+14+M0<Csup(n+1+A2A,0).
[k

Since ) and 2, are L™ equivalent, we have
(3.14) n+1+ AU < C(sup trg, Q) (sup trof2y) - sup(n + 1 + AD) .
o0x
This formula gives precisely the second constant Cy for claimed inequality (B.8]).

Here the conditions inf Riem(§21) and sup S(€2;) are bounded are equivalent to the
L*° bound of the Riemannian curvature of €. O

Proof. (proof of constant C5) Now we use the Chern-Lu formula (see [23] [46][67])
to derive the second order estimate. We get the formula of

trooQ=n+1-— A,

This following identity is interpreted as the energy identity of the harmonic map
id between (M, g") to (M, g).

5ok 7 K pg
(315) Al(trQ/Q) _ R/IJgiJT _ g/Ug/ Ri_]TkT _ gug/ glpqé}]g/pj@kgli(l .

The Schwarz inequality implies
(3.16) 9™ 0kg" 915019 gpa < — (9™ 9" 9,5019,309" ) (9" 9:7) -

Now we use the equation (B4)).
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Lemma 3.6. The following formula holds
A’(log t’I”Q/Q) > —(n + 1) — O(tI‘Q/Q),
with C' that depends on inf Ric(Q1), sup; 4, R5(2), sup troQ;.

Proof. We apply (B15) and (BI6) to obtain

N(trgQ)  g™09'"7 9,019 gpq
tTQIQ (tTQI Q)2

R'g;5 —g" g™ Ry

- traQ) '

N logtrg:Q) =

From ([B.4) we have

Ric’ = Ric(Q) — —V;laéF

= Ric(Q) + Ric(1) — Ric(Q) — Q" +Qq ,
then Ric’ > (inf Ric(Q1) + 1)Q; — Q' and

. Tk T kD
R gz > (infRic() + 1) 9" 9101915 — 9" 9" 9 11945

> —C(tro:Q)? - (trof)? — (0 + tro ,
where C'is a positive constant depending on inf Ric(€21). Then we have
A'(logtrg/Q) > —(n+1) — CtresQ) ,
where C' depends on inf Ric(€21), sup, z1, R;ixg, sup tro€21. This completes the proof

of the lemma. O

Consider Z; := log tro/ 2 — C'U + €S, such it has a maximum point p which stays
away from ©, and with C’ to be chosen. Then

A’Zl > —(TL + 1) — Ctrg/Q) — CI((D + 1) — tI‘Q/Q) — Cetrg/Q2 .

Now we choose C” such that ¢/ — C' — Ce > 0 and we have at p, trg:Q < C. In the
same vein as the first part of the subsection we compute that for any x € X there
holds

logtraQ(x) = Z1(z) + C'V — €S + suplog try
0%

< Z1(p) + C'sup ¥ + sup log tro/
o0x

Using the arithmetic-geometric-mean inequality we have

(3.17) (troQ)" < tro/Qex < Csup tro/Q

0%
where C' depends on inf Ric(Q1), sup,z; Ri5(2), sup traQy, Osc ¥, inf ¥;y. This
formula gives precisely the third constant of formula ([B38]). O

We could choose Q7 as the background metric and repeat the estimate, but
it will not provide more information. The three constants C; are determined by
the formulas BI3), BI4) and BI7), respectively. This concludes the proof of
Proposition
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3.3. Boundary Hessian estimate. The boundary hessian estimate for real and
complex Monge-Ampere equation is developed in [I1], [40], [36],[34] and [16]. The
difficulty that arises in our problem is the estimate near the singular varieties V;.
The distance function can not be used in our problem, since we need the uniform
estimate which is independent of the distance to the divisor ©. We overcome this
difficulty by multiplying singular terms with proper weight and using the linear
theory developed in Section Bl to construct an appropriate barrier function which is
independent of the distance function.

Proposition 3.7. The following boundary estimate holds

sup [V —1900¥|q < C(sup [0¥|q + 1) .
XXxOR X

The constant C' depends on |0g,,5], [V], [0%1]a, [0%ola, [00¥],

Proof. Fix a point p € M x OR, and consider U, C M x R an open neighborhood
of p. Recall that we denote by ¥ an a prior: solution of the equation

det(Q; + W,5) = 7fe¥ V1 det(Q;5) ,
whose boundary values are given by the datum ¥,. The tangent-tangent term of
the boundary Hessian estimate follows from the boundary value directly. Since

the boundary is flat, the normal-normal term follows from the construction of the
approximate geodesic equation

[ = (0¢',0¢)g, ] detw, = QT = 7e¥ 71 det(Qy7) ,
i.e.
0 0

9ol gonit +C.

(3.18)

o 0
< =V
QX xOR ZZ: 0zt 927
The constant C' depends on |U1], |Wo|, [00%o|q and det(€;5). The quantity
det(2;;57) depends on the boundary value and the chosen function ® in Proposition
Then the aim of the present subsection is to derive the mixed tangent-normal
estimate on the boundary.

Q;XXOR

We put
+1 _
A= nZ P
opm 022028

The elliptic operator A’ allows the use of the maximum principle in Section B.11

Our idea is to construct a barrier function and apply the maximum principle
locally in a small neighborhood of the point p € M x OR. Since the second order
derivatives of ¥ blow up near the singular points where © intersects X x 0R, we
need to prove that the estimates do not depend on the choice of the diameter of
the small neighborhood U),.

Let us suppose that the open neighborhood U, C X x R is a coordinate chart
near p (cf. Definition [T]) for the first n variables; moreover, the coordinate 2"t :=
z 4+ v/—1y in U, locally parametrizes the Riemann surface R. Next, let us define
the function v : U, — R as

(3.19) vi= (¥ —WUy)+ sz — Na?,

where N, s are constants which depend only on M x R, the background metric g and
the datum Wy, and they will be determined later in [B21]) and ([B:22]) respectively.
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Also, let us fix the small neighborhood of the origin Qs := (M x R) N Bs(0)C U,
with small radius § < 1. We require that Q5 does not intersect ®. We will show
that the estimate does not depend on the choice of §.

We first prove the following lemma.

Lemma 3.8. The following inequalities hold

n+1 .
(3.20) & < =5 (14 D051 0 g05) 0 0
v >0 on 09 ,

where € > 0 is a constant depending on the lower bound of Oy, .

Proof. By means of the equation (3.I9) and the linearity of A\’, let us first consider
the term A’(W — Wy). Here the remark to do is that, as the metric g,5 + ¥y,5 is
L equivalent to g,5 in X x R, then we can find a uniform constant e such that
9op + V145 > €9,5 holds point-wise in 5 (could be in the whole X). Notice that
the lower bound of 2y, depends on the lower bound of {2y,. We conclude, using
the remark, that just by definition there holds

n+1 _
N —T,) = Z g'aﬂ [(gaB +¥,5) = (9as + ‘I’laﬁ)]
a,B=1
n4+1 B n+1 _
_n—i—l—zg 9¢1a5<"+1—629
aﬁ 1 aVﬁ_]‘

It is clear that A’z = 0 and A/2? = 2g’(n+1)m. Thus, we have

No=NU—Uy)+sANw - 2Ng'("+1)n——|r1

n+1 _ .
<n+l-—ce Z g/aﬁgaB _ 2Ng/(n+1)n+1
o,f=1
c n+1 3 ( n+1
_ 22 B r(n+1)nFT
—n+1+(—5) Y. 6" 9.5 —2Ng Zg
a,B=1 a,B=1

Without loss of generality we can prove the inequality in the local normal coordinate
such that, at the origin, there holds g,5 = d,5. We have, at the origin,

n+1
n+1)n+1 € af
Ngl(+)++zzglﬂga6
o,B=1
€ 1 € w— 1

>(n+1)

n A1
(v+9) () Mo

Since, still at the origin, there holds

n+1 n
H Qi _ 1 V1=V > inf(¥i-9) _ - 1
1+ \IJ Q@“ fc sup f
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then we choose the constant N large enough so that

€ e\ 1 ntl €
321 —n+1 (N —) (—) (v -w) 1 1<-%.
(3.21) (n+1) [ +31) 1) ¢ — tnt+l<—o

Here N depends on inf(¥; — ¥), sup f = sup % and e.

To fully achieve the claim ([B:20), we have to verify the condition on 99s. On
005 NO(M x R), there holds v = 0. On 99Qs N Int (M x R), there holds, since
U>Ty, 0> (s— Nax)x > (s— Ndax. So we choose s = 2N such that

(3.22) (s = Nd)x > 0.
This completes the proof of the lemma. O

Now, we come to construct the auxiliary function u. We construct a nonnegative
boundary value ¢ such that ¢ only vanishes on the point p. For example, ¢ =
Ty — Wg(p) + elPo=Yo@)l — 1. Then we solve the equation Aguy = —n — 1 with
the boundary value ¢. According to the maximum principle for the cone metrics
(cf. Proposition i3 we have u > 0. Meanwhile, we choose a smooth nonnegative
function w, of z"*! monotonic along % such that it vanishes on the boundary
and strictly larger than uj + 1 in the interior of X, since v is bounded. Now, we
define the function u by adding up w) and u, .

We need to change the variables via the map W defined at ([21]), extended as the
identity on the variable z"*!; we mark functions and operators transformed under
W with " on the top. Finally, under W coordinate functions become, for 1 < i < n,
w' =z + /=1y%; then, we define D; := %, for 1 < i < 2n. With the above
notations, we define the function h : U, — R as

h = )\15—1—)\2&-1-/\3'171'(@ —\ifl) ,

for one fixed 1 < i < n and three constants A\, Ay and A3 determined below.

We emphasize that till the end of the subsection, the index 1 < i < n is fixed;
we recall that the cone angle (; is equal to one for the directions corresponding to
k+1<i<n.

We notice that at the origin (or point p), the value of h is zero. We define p;
as the distance from p to the divisor only along the coordinate w?. We shrink Qs
to be the set containing such points whose distance to p less than half the distance
from p to D. So, on 9925 NA(M x R) there holds & < |w?| < 2p; and @ > 1; then,
letting A3 be the smallest eigenvalue of the inverse matrix of W,2, there holds for
g€ 0QsNInt (M x R)

h(q) > Xaii(q) — As|Di (¥ — T1)(q)|
> X2 = ClO(¥ — ¥1)(g)]o
Z 07

where the last inequality is true provided Ao = 1+ C|O(¥ — ¥1)(q)|q with C' that
depends on background metric Q. Let us come to analyze A’h.

Lemma 3.9. There exist A1 depending on Ay, Ay = |D; log Q?+1|+|8\II|Q+ |0V g,
As = |Digraple, such that

A'h <0.
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Proof. By our preliminary work, we read off ([320) an estimate for A'v = A'p.
About A’@, we compute

R n+1 N n+1 _
(3.23) i=Nu= g ugs<C 9" 9ap
a,f=1 a,f=1

where C' is a constant depending on ¥y and w,. Finally, as ¥ is a solution to
Q’\f,ﬂ = Ot with F = log7 +log f + U — Wy, we differentiate this equation
under coordinate w?, and we get

AN'Di(¥ — )
n+1 ntl =

= Z D;log Q’f“ + DV — D;W; — Z @)/aﬁDigmﬁ .
a,B=1 a,B=1

We end up with the estimate for A'D;(¥ — ¥g),
n+1 _
(324) AIDZ(@ — \ifl) <M+ A5 Z glaﬁgaB .
a,B=1
There, Ay := |01log QT 4 10T|q + [0W1]q , A5 = 10310510 We conclude the
following estimate for A’h by means of [B:23) and (B:24));

A'h = A+ NN+ NN Dy (U — Ty)

n+1 n+1 n+1
€ B B B
S_)\lz 1+ Zg 9op +)\2-CZg 9ot Mt A5 Z 9 Yap
a,f=1 a,p=1 a,pf=1
c n+1 B
et B
S[—Z)\1+)\2'C+)\4+)\5}' 1+ZQ 9o | <0,
a,B=1
after choosing A\; properly. O

(Completion of the proof of Proposition B77}) To summarize, we get h > 0 on
0Qs and A'h < 0 in Qg in the weak sense. So, by the weak maximum principle, we
get that h > 0 in Q5. Since h(0) = 0, then we have (recall 2" =z + /—1y)

oh oh
—(0)>0, —(0)>0.
SOz0 0>

In particular, we compute

oh (¥ —Ty) ou I
% —)\17+S—2N(E+A2%+)\3%DZ(\IJ—\I/1) 5
which leads to
o - - (T —Ty) ol
D _ > s N\ —
A3 aTDZ(\I! T)(0) > =5 — N\ o (0) = A2 o (0) .

Combining the above inequality with B%Dl-(\i/ —¥,) =0, and adding the inequali-
ties, we get that for any 1 <i <n ‘

o 0 - -
- - _ >
azn+1awi(\p U1)(0) > —C,
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where C' depends on A1, A2, |0¥|q, [0¥|q and |Ou|qg. We repeat the same argument

for D; = —% and for D; = —a,7 and we conclude that the tangent-normal
derivative is bounded, for 1 <i < n, by

g 0 0 0 0 0
3.25 _— =|l— — 0)+C,
(3:25) ‘82”*1 02" g ) ‘32"“ ow' ‘ 02 ‘32"“ owi 0+

where again C' depends on A\, A2, |0¥|q, |0¥1|q and |0ulqg. Note from the con-
struction of Wy that the derivatives of Wi are controlled by the corresponding
derivatives of ¥y. As ([B28) clearly coincides with (BI]]), this completes the proof
of the proposition. O

3.4. Interior gradient estimate. We directly calculate the norm of the gradient
to obtain the differential inequality in Proposition B.14l Gradient estimates were
obtained by Cherrier and Hanani [24][39] for Hermitian manifolds and later by
Blocki [§] for the Kéhler case. Since ([B:2)) has singularity along the divisor, in order
to apply the maximum principle, we need to choose an appropriate test function
near the divisor.

We define the following functions, where ¢ > 0 and v : R — R are not yet
specified

B = |a\Ij|2 = 913\111\1137 D := |6\I]|§/ = g/k[\l/kllfl’,
Z:=logB—~(¥), K:=Z-supZ+e€S.
)

Consider x and S = ||s||** as in Lemma 24 Recall that 0 < o < p= 371 — 1.

Lemma 3.10. Suppose that ¥ € C;*O‘ with a > 0 and B; < %, V1 <i<k. Then for
any K satisfies f; < 2k < (14 a)B;, V1 < i <k, the function K = Z — supg Z + €S
achieves its maximum away from D and |0S|q < C.

Proof. The second claim follows directly from the formula (cf. Lemma 24))

; 0 0
I 2 g 2 g— 0zt 2(1-B)+4r—2
9o 921 821 (| | )

and the fact that the exponent is non-negative.

Now we verify the first statement. We only concern one direction % perpendic-
ular to one component of the divisor defined by 2! = 0, other directions are verified
similarly. We have

hZ =B g (ViV, U W5 + ;- 9,0;0) — 4T

In order to prove Z € C’é’o‘, it suffices to prove that V1V, ¥ € Cj which follows
from Remark Bl On the other hand, |9;7*S| = O(|z'[?#~(1+2)8) with negative
power. Thus we see that S grows extremely faster than Z —supg Z near the divisor.
Since Z — supg Z is non-positive on ® while S vanishes along ©, we obtain that
the maximum point of Z — supg Z + €S must be achieved on 9. O

With the lemmas above, we could assume that p in the interior of 90 is the
maximum point of K and choose the normal coordinate around p. We get at p,
391‘5 _ 39¢j _
dzk 927

915 = 517‘ and
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SO
U5 = W0, and g = 00
ij = Wii0ij and g R
We have
1
NK = B_l m[lek;;\I]J\I}{ + \I}]quj{ + \I]iqlkl}{ + \I]ik\IjZE + \IjiE\IIEk]
ki

— ANV — "D — B 2" BB+ NS .
We deal with these terms by means of the next lemmas.

Lemma 3.11. The following inequality holds

_ 1 1 .
B! Z WRQ%‘I&W; — AT > Z m(mf Riep +7') — (n+1)7".
ki, j k1,5

Proof. From

U, 1
A/\I/ — kk — 1 _ -
zk:ur\lfk— n zk:HxI/k—’
we have the lemma. O

Lemma 3.12. The following formula holds

1 1
By — 9,0 -=B'Y —— 00, <1+101] OU|q .
;1_’_@% kki ;14_\1,% Viri < 1+ 0log flo + [0%1]a

Proof. Differentiating the equation ([B.3]), we have
9" (Ok9i5 + Vize) — 97 Ogi5 = O F
or

U -
(326) Z 1_*_”\11;7, :Fk :8k\11+8k(10gf—\111) .

Then ([B26]) implies

1 1
By ——— Wl =By ——— U0y,
ki1+\I/kE kkt k11+\Ijkfc i kki

=B 'V, F;

=1+ B ', F;

<1+|0Fq .
Here I = log f — 0. O
Lemma 3.13. The following formula holds

~B2gMB.B + BTy m[\pik\yﬁc + 0,05 > — (7 4+ €) —eB7HS]q .
k,i,7
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Proof. At p we have
0= (Zy+eSk)(p) = B !B, — 7/ Uy + €Sy’

i.e.
B_lBk = ’}//\I/k - ESk .
Also,
0= (Z +eSp(p) = B~ By =~V + S,
ie.

BilBlf = "y/\I/[ —€eST.
Since at p we have
B = Wiy Vs + W0y, ,

and
By = W;V; + W, W57,
we obtain
Ui U; = B(Y'Uy, — eSk) — U, 05,
and
Uy = B(y' W7 — eSp) — ;705
So

= g/kl{B(”y/\I/k — eSk)\I/j[\I/5 — \I/i[\llg\llj\lljk + \Ifik\llg\lfj\llﬁ} !
using the normal coordinate at p and assuming 7’ > 0 we have

. 1
9" BBy =Y ———{B(YU), — eS) U Uy, — (V3 U5)° + Wi U0, 05}
k

k,ml—i_\l}k
1
<B Z 0. {(' W) — €Sk) (Vs + D)W — (T4)° + V3,
foig TR
1
< (Y +6)B*+eB|0S|a+BY ———{—(V,;)? + 72
< (v ) 0S| ;1_’_\1}%{ (Wyr) ke

So

_ i _ 1
- B 2g/lekB[—|— B 1 Z m[\llmlll% + \I]kE\IIEk]
k,i,j

_ _ (W)’
> —(y +e€) —eB HoS|q+2B7 Y ~EEL
zk:l—i-\llk,;

Proposition 3.14. We have the gradient estimate
sup |0V|3 < C; fori=1,2.
X

The constants C; depend on, respectively,

G = Ol(zfl;li R (Q),sup |0log fla, sup [0V ]q, Oscx ¥, Oscox V1),

CQ = O2(12£ Rﬁkfc (Ql), sup |8\111 |Q, sup tI‘ngl, sup tI‘QlQ, OSC:{ \I/, OSC:{ \Ifl) .



GEODESICS IN THE SPACE OF KAHLER CONE METRICS 25

Proof. We assume B(p) > 1, otherwise we are done. We compute

AN(Z —sup Z +€S) >
(Z = sup ) ;C

— |0log flo — [0%1|a — |Y + €| — eB71DS|q — CetroyQ

inf Rz +7 | —(n+ 1)y —+"D -1
1+\I/k]} (i;ék iikk 7) ( )7 Y

= (11% Rﬁkl} + ’7/ - CE) troQ — ’yllD —1- |610gf|Q — |6\111|Q
—(n+1)y —(n+2) —e—€ldSq .
We choose an appropriate v, for example

Y(t) = —C"eS"PY Tt where O = 1;{ R —Ce+1.

We notice that |VS| is bounded by means of Lemma BI0l Then,

D +tro/Q(p) < C = C(inf Ry, sup [9log o, sup [0¥1]a)

Since
(troQ)™ = (n+ 1+ AD)* < trgQ-eF |
so B < trofY’ - D < C. Moreover, for any = € Int (X), there holds
log B(z) = K(z) + v(¥)(x) — eS(z) + s%pZ
< K(p)+ S{;lpr +9(P)(x) — eS(z) + s%pZ
=log B(p) —v(¥)(p) — Sup Z+eS(p) + sup K +~(¥)(z) —eS(z) + Sup z

<log B(p) = v(V)(p) + v(¥)(z) + sg;(logB ~sup log B —~(¥))+C.

Here we use the assumption that B > 1, so log B > 0. Similarly to former argu-
ments, we change the background metric and we consider

det (4 ;5 + \ilij)

=F =1 U .
det (4 ;5) LooeT

log

We arrive at

sup|8\i/|?l1 <C.
x

As a result, the proof of the proposition follows from

sup |0¥|q < sup trof; - (sup |8\i/|g1 + sup |0¥4]q, )
x x x x

4. SOLVING THE GEODESIC EQUATION

In this section, we assume that the components of D are smooth and disjoint.
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4.1. Existence of the Cé’l cone geodesic. In the present subsection we are
dealing with the Dirichlet problem for the family of approximate geodesic equation
B2). In order to apply the a priori estimates in Section ] we require that the

pair (Q,Q;) satisfies are |@1log Q7+, [9log 3:{%| bounded and one of the following
conditions
|Riem(€21)] is bounded;
inf Riem(€;) and sup Riem(2) are bounded;
sup Ric(€2) and inf Riem(§2) are bounded;
inf Ric(€21) and |Riem(§2)| are bounded.
Then we reduce these conditions to geometric conditions on the boundary potentials
o and ¢ as follows.

The boundedness of the connection of the background cone metric w in (3]
is computed in the following lemma for 0 < 31 < 2. It was also computed for

3
0 < B1 < 3 in Brendle [10].

Lemma 4.1. The connection of w is bounded for 0 < f1 < % under the coordinate
chart {w'}.
Proof. Since there exists a smooth function p such that § |s|,2f\ !

rewrite (L3) as

) _

w=uwy+ T|zl|261pk[dzlC Adz!

v—1
2

) i
+ 5 B%p|zl|2(ﬁ171)dzl Adzt

= p|2!'|?P, we can

+ Bu |2 PP (21 pd® A dzt + 2 ppdzt A d2b)

for k, 1 from 2 to n. By means of the change of coordinates @), as w® = |2*|F1 =127,
we have, fori € {1,--- ,n}

ow’ 1 ow’ =1, o
wi = B—+|Zl|ﬁi_l§ i; = ﬁ—|zl|ﬁi_32’zl.
0z 2 0z 2
Meanwhile,
07" 1+ﬁi| i|1g?i, 92" _ 1—5i| i|17;3,5i i
ow 2 U Tow 25 M
The components of the model cone metrics under the variables w’ rbecome
- 1+ 5 2 9 1-5 2 9 _
it = (gt 17+ (Pt g o W
1+62 2 _9 _
= 2621|w1|ﬂ1 [go11 o W + Jw' [py1
1
2 g a1 g _2
+ Bafw! [P 2 (w71 ! oy [ [T ! pr) + BEplw! [P
1+ 32 _ 2 2 T
= =z o1 oW 4wl P + i (w!r + wlor + Bp),
1
_ 1+ 5 S _ El _ _
gu = 2531 [|w1|ﬁ1 19011’OVV 1+|w1|ﬂl+1p1l’°W 1+51w1PZOW 1]7

G =goro W+ [w' oo W
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Now, the connection of w is the first derivative with respect to w’. We check one
by one. Note that p is smooth on wk for 1 < k < n.
oot = Ot 5" 4t 5,
%gli = 0(1);
%fhi =0(1);
%gkf: %gkf: o(1).

Now let us check % gq7- It contains three terms. The first term is
0 1 _q _

W(WIVI gorro W)

0

ow!

([ e ([ g o W)

Since gg; 0 W1 is also smooth and converges to zero as w! goes to zero, so this

first term is O(|w1|ﬁ_l). The second and third term are both O(1). Thus we
conclude that when 0 < 8 < %, the connection is bounded. (I

As a corollary, we arrive at the boundedness of the connection of ;.

Corollary 4.2. When 0 < 1 < % and g, p1 € C’g, the connection of Uy is
bounded.

Proof. From Lemma ] and the expression of 2 in (Z8]), we know the connection
of  is bounded for 0 < 81 < 2. Recall the formula ([Z3J) of Q1; we have

v—1
Ql = tw¢ —|— (1 — t)w@ —|— T(l —|— m8n+18m<1>)dz”+1 A dgnJrl

+ %81((;5 — gp)dzidzniJrl + %&(qﬁ — ga)dzzdznﬂ.
We have the the component of 1 to be for 2 <i,j5 <mn,

91)11 = t(go )11 + (1 = ) (i 115

17+ (1= 1)(ge )13

®0 — ¢1);

G+ (L =1)(94, )55

i1 = 0i(wo — v1);

91) py1iT = L+ MmOn 110779,

,_.
1
R
Il
(o))
o
~— ~

Thus the corollary follows from ¢g, p1 € Cg. (]

Lemma 4.3. Suppose that @g, p1 € Cg have curvature lower (upper) bound. Then
Q1 has also curvature lower (resp. upper) bound.
Proof. Since the formula of the bisectional curvature is
2 .
B d gij7+ pqagpj 9giq
02F02! 0zl 02k’

Rijk[ =
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we have for 1 <4,5,k,l <n and ¢ =tp1 + (1 — t)po,
Riji(g1) = tRij0(g(e1)) + (1 — ) Rizri(g(w0))
—tg(p1)"019(¢1) ;96 9(¢1)iq
- (1-1)g (sﬁo)pqaig(sﬁo)pjakg(%)iq
+ > P09i9(6),50k9(0)ia

1<p,q<n

+ Z gfn_ﬂﬁig( )p] \/—aka[ <P0]
1<p<n

+ 3 098005101 — ol
1<q<n v2

+ 30T a o1 — polardslon — ol
Also,
Riziagi(g1) = —0k(p1 — ¢0)i5
+ Y (@1 — #0),0k9(D)ia

1<p,g<n
+ g7 (1 — @0)yg \/—aka[ — ol;
le(nJrl nt+1 (91) Z mg Spo)pj((Pl - SDO)iq;
1<p q<n

Rzn+1(n+1)n+1 gl nglJr anJrlanJrlanJrl\IJ(@l </70)an
qg=1

Rn+1m(n+1)m(91) = —m8n+15n+18n+15n+1\11
+ ng?+ln+1(§n+1(§n+1an+1 \I/8n+13n+18n+1\11.
The connection and the lower bound of the curvature of ¢y and 1 are bounded. So

the curvature of 2; is also bounded below. The upper bound follows in the same
way. 0

Corollary 4.4. Suppose that 0 < 81 < %, Yo, p1 € C'g and their Ricci curvature
have lower (upper) bound. Then the Ricci curvature of Q0 also has lower (resp.
upper) bound.

Proof. We use the formulas of the Riemannian curvature in Lemma 3] and we
take the trace to obtain the Ricci curvature. Then the lemma follows directly. [

Since inf Riem(€) is bounded for 0 < 8y < 3 and sup Riem(f) is bounded
for 0 < 1 <1 (c.f. [10][42]), we introduce the followmg subspaces of Kéhler cone
metrics. When 0 < 8 < %, we define

3, := {¢ € H}|sup Ric(w,) is bounded};
3. := {¢ € H}|inf Ric(w,) is bounded};

Theorem 4.5. Assume that two Kdhler cone potentials pg,p1 are both in J; i =
1,2. Then they are connected by a C’é’l cone geodesic.
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Proof. Note that the right hand side of the equation is positive as long as 7 is
positive. When 7 is zero, (B]) provides a solution of the geodesic equation (2.6]).
We denote the set of solvable times of (B by

I = {7 € (0,1]|@I), is solvable in Cé’o‘} .

Automatically, ¥ = WU, satisfies the equation at 7 =1 , so the set I is not empty.
For any 0 < 7 < 1, assuming that w(7g) solves the equation ([BI), Proposition
provides a unique solution in Cé’o‘ to the following linearized equation

{ATov—v—f in M,

v =1 on 0% ,

for any f € Cf and u € Cé’o‘. So the linearized operator at 7y is invertible, and
thus I is open. So the solvable time can be extended beyond 9.

The a priori estimates in Section [3] with one of the geometry conditions in J; or
J, assures the uniform Cé’l bound of ¢(t) which is independent of 7. Two estimates

in the next subsections improve Cé’a regularity of the solution of ([B.1l) before 7 = 0.

Thus, we could solve th approximation equation till 7 = 0. With the uniform Cé’l
bound, after taking a subsequence ¢; we have a weak limit ¢ = limy, ¢ ©(¢;) under
a Cé’o‘ norm. In Section A, we prove the uniqueness of a weak solution. Hence
the theorem is proved completely. 0

4.2. Interior Schauder estimate: 7 > 0. We first prove the CZ’O‘ estimate for a
general equation.

(4.1) log Ut = log Q"™ + F.

Proposition 4.6. Assume that we have the second order estimate of . Then the
following estimate holds for the solution of @Il on any small ball B C X

(4.2) |\/—165\If|cg(3) <C,

where C' depends on |01og Q" |Lq, |logQ"+1|cg, |0W| oo, | AV oo, [OF |4, [Fleg,
where ¢ > 2n + 2.

Proof. Choose a small ball By(p) around p in the interior of X. When Bgy(p) does
not intersect ®, this proposition follows directly from the standard Evans-Krylov
estimate. So it’s sufficient to fix a point p € ©. We consider {I)) in B4(p).
We consider it in a local holomorphic coordinate chart and we differentiate it in
By(p) \ ©. We fix the following piece of notation

h:=log Q"' + F.
So, we fix a 1 <k <n+1 and, by taking % on both sides of [l we get
g" (9ijre + Yiz) = hi -
Taking % on both sides of the above equation, we have

1J 1iq

— 9" 9" N (Gpgi + Voq) i + Yiin) + 9" (Gijai + Yijui) = Py -
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We introduce the notation V' := g+ W. Here g is the local potential of g;; in Ba(p),
then

9" Vizi; = 9" 9" WVoanVigr + hug -
Since this equation is not well-defined along ®, we choose inverse of the flat metric
g™ ([ as the weighted function o*', and we consider g'*/ (c"V};),;. We have

A/(QMVM’) = Qlij(Rk[ng[ + QkZVkl’ij) .
Now given any direction € C"™!, with |n| = 1, we denote 9, := >, nk%. Also,
92— kpl_0 D — kol K1Y/
wWees}iz;VZnﬁ =0V = 220 1" gor 5 V. We then define w, := Y7, 0" n'o™ Vi
NS DS
k,l

where we use that the flat cone metric has flat curvature under the coordinate w'.
We denote h; := g*'hj, on the coordinate chat {w’}. Let us now introduce the
following symbols. We denote
Mgy, = sup uy,, mMmey:= inf wu,.
Ba(p) Bsa(p)
Applying Proposition .11l (weak Hanack inequality) to Ms, — u,, we have that
there exists a ¢ > 2n + 2 such that

(4.3) {d2”2/ (Ma, — u,,)PQ”“} < C{My,— M, +K} .
Ba(p)

Here
2n+2

K = ' |oh]),

and
10R]lq = [[01og "' + OF||,.

In order to obtain the inverse inequality for u, — mq, we use the concavity of
the Monge-Ampere operator. Fix any two points Q2 € Bag(p) and Q1 € Ba(p),
without loss of generality, we assume the distance from )2 to © is longer than ¢
to ®. From the formula of the flat metric (LZ), we see that ¢¥(Q2) > ¢%(Q1).
From the equation (@I we have, writing ¢'(t) = (1 — t)g'(Q2) + tg'(Q1), and
a¥ = fol g"" (t)dt, the expression

h(Q1) — h(Q2) = logdet(g';5(Q1)) — logdet(g';5(Q2))
(44) = / J OTdV(@Q1) — V(Q2))3 = a¥ (V(Q1) — V(Q2))s -

Now, for 1 <i,7 < n+ 1 we define

a%
99(Q2)
We have (since g'(t) is L*>°-equivalent to g, for 1 < 4,7 < n + 1) that the matrix

@' is positive definite and its eigenvalues range between the positive constants \
and A. Thus, we can apply Lemma 17.13 in [33] (see also Section (4.3) in [57));

5iJ .
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we get that there exists a finite set of unit vectors y1,--- ,yn € C"** and positive
numbers \*, A* depending only on n, A\, A such that the matrix @7 can be written
as

N
av = ZbV’YVi’YVj .
v=1

Here \* < b, < A* for any 1 < v < N. As a result, we can express the matrix aid
in terms of b, and the vectors 7,. Thus, we continue from @3] and we write

h(Q1) — h(Q2) = g7(Q2)a" (V(Q1) — V(Q2))5
N _ N
= bg”(Q2)1in;(V(Q1) = V(Q2)i5 = C D by (1, (Q1) — 1y, (Q2))

v=1 v=1

where we used that the matrix V; is positive-definite and g (Q2) > el (Q1). We
conclude that for a fixed 1 <[ < N

(4.5) Cbi(1q,(Q1) — sy (Q2)) < M(Q1) — h(Q2) + C D by (ur, (Q2) — s, (Q1)) -
v#£l
We now fix 1 <v < N, s =1,2 and we denote

N
w(sd) := Z Oscp, 4 (p) U, -
v=1

From (0], since Q1 € Bq4(p) and Q2 € Bay(p) we get

Uy (Q1) = mar < C{d*[hleg + D (May, — uy, (@)}
v#£l

Applying the inequality ([3]), we have

B

. / (Z My, — u’yu)anH
Ba(p) L4

Z {d2n2/ (May, — uy,
vl Ba(p)

<CSY (Myy, — M)+ K
v#£l
(4.6) < CH{w(2d) —w(d) + K}

which entails, by integrating of Q1 on B4(p) with respect to © and using (£0)

2 [, (Qu) - mayer
Ba(p)

(4.7) < C{do‘|h|cg +w(2d) — w(d) +K} .
Now, we combine ([0 and ([@1) to obtain
w(2d) < C {da|h|cg +w(2d) — w(d) + K} ,

Tl=

<N

~—
=
2
3
+
=
—
T
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where at the last inequality we used {.3) and ([@.Z). Let us compute that |h|cg =
|F + log Q"+1|cg.
Then, using the Iteration Lemma 8.23 in [33], we have u,, € C§, for alln € C™*1.

So AV € Cf and V € Cé’a follows from Proposition (I8 This gives (42) and
completes the proof of the proposition. O

In conclusion, we obtain the conical Evans-Krylov estimate of the geodesic equa-
tion (BI)).
Proposition 4.7. Assume 0 < 1 < % and that vo, 1 are in Ji, i =1,2,3. Then

the Cé’l solution U of the approzimate geodesic equation [BIl) belongs to Cg’a mn
the interior of X.

n+41

Proof. Considering the geodesic equation (B]), then F' = log 7 +log % + U —U,.
Since Q € C§, we have log Q"*! € Cg. Moreover, o, 1 € Cg’a, so log QT € Cyg.
Thus we have~F € C§. When 0 < 1 < %, Lemma4J]l Lemmal2 and ¢g, p1 € Cg
imply that OF' is bounded. O

Our argument presented above follows Evans-Krylov’s estimate [31][32][44]. We
also used Blocki’s observation in [7] that F belongs to W is sufficient to the
estimate. In our problem, since V;; is singular along the direction which is perpen-
dicular to ®, we multiply with the weight. In the next Section, we will develope

the linear theory including the weak Hanack inequality for the linear equation and
with cone coefficient which is used in the proof above.

4.3. An application to the Kahler-Einstein cone metrics. Now we state
an application of our estimate to the K&hler-Einstein metric on (X,w) with cone
singularities. We first assume the divisor has only one component. le. D =
(1—31)V. As usual, we assume that z! is the defining function of the hyper surface
V. The Kéahler-Einstein cone metric satisfies for a real number A,

Ric(w,) = Awy, + 27 D).
This equation implies the cohomology relation
Cl(M) =0 + Cl(LD).

Here Lp is the corresponding line bundle of [D]. Since wy is a smooth Kahler metric
in €, there exists a smooth function fy such that

Ric(wo) — Awo + i0d1og |s[*3=P) = i9d f,.
Thus we have
Ric(w) — A\w = Ric(w) — Ric(wg) — Mw — wo) + Ric(wg) — Awg
= i00f.
In which
=~ log(Z[sf7070) - X3[sf* + fo
Thus the Kéahler-Einstein cone mgtric satisfies

(4.8) logw;, =logw" —Ap + f = F.
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When ) is nonpositive, the continuity path is

(4.9) logwg = logw™ — Ap +tf.

While when the A is positive, i.e. the Fano case, the Aubin path is
(4.10) logwg = logw™ — Aty + f.

When we solve this equation by the continuity method, we need to derive the a
priori Cé’a estimate as following.

Proposition 4.8. Assume that the solutions of [@3) and @IQ) have up to the
second order estimate and 0 < (1 < % Then the following estimate holds on any
small ball B C X

(4.11) p€Cy(B).
Proof. Applying the proposition above with dimension n, it suffices to check |0log ™| 4,

[ logw™|cg, |0F | La, |F|cg. Since w € C’;’O‘, so we have logw™ € C§. The proof of

Lemma (1] implies that when (% —3)g+ 201 > 0, |[0logw™|La is bounded. Thus

the result follows from the next lemma. O
Lemma 4.9. [0f]. is bounded when 0 < 1 < 2.

Proof. Tn local coordinate, we have f = — log[w™|s|?(1=5)] +logwy — A3|s|>% + fo.
Note that wg and fy are both smooth. Moreover, |s|?%t = p|2!|?% = poW 1. |w?|?,
so its first derivative is bounded. It remains to verify that the first derivative of
log(w™|s|>(=A1)) with respect to w is bounded. Since w™|s|>(!=#1) is positive and
bounded, it suffices to prove that |9(w”|s[?(=F1))|, is bounded. Put the weight
into the matrix w, we have a new metric wy,

2 - ~
Zwp = |52 (go)q1dzt A dzt + (g0)d2" A d2
i
+ 15|38 (go) ppdz® A dz' + 5| =P (go)y7dz A dzt
+ |21 P pppdzF A dzt
+ |S|(1*ﬁ1)61|zl|2(5171)(lekdzk A dat —i—zip[dzl A dzi)
+ [sP050 g2p|21 Dzt p dt
for k,l from 2 to n. The components of w; under the variables w’ become

. 14+ 5% -5 2 _g _ 2, 2 =
i1 = w;PBIW”“ (9017 © W Hw' |57 + [t [ py1 + B1(w' p1 + w' pr + B7p)],
1

_ 1+ 15 1 a1 _ 1 _ _
9 = zﬁlﬂlpzml ! [ [Jw! [ gy o W [t [ oo W 4 Bt ppo WY,

Gri = gori oW+ [w' Pppro W

Now, we check one by one the first derivative with respect to w’. The first derivative
of g, follows from Lemma [l Note that p is smooth on w¥ for 1 < k < n.

0 4 _
Jut 1 = O(jw'#1 77 + w71 %),
0 0
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Now let us check % gq7- It contains three terms. The first term is
6 1 —2 —
For w17 g0 o W)

Since gg;0 W1 is also smooth and converges to zero as w' goes to zero, so the

growth rate of this term is O(|w? |5i1_1). The second and third term are both O(1).
Thus this lemmas follows. g

4.4. Boundary Schauder estimate: 7 > 0. We adapt Krylov’s method [44]
(also c.f. [33]) for the boundary estimate to our cone case. We notice that the
linear equation is of divergence form, so the Harnack inequality and maximum
principle proved in the next section can be applied here. The boundary of X
is X x OR, which is a manifold with 2n + 1 real dimension. Under the local
coordinate z* = "1 + iyt the boundary is defined by "' = 0. Denote 2’ =
{LL’l, y17 . 7wn7yn, yn-i-l}'

Proposition 4.10. Assume 0 < 1 < % and that ¢g, @1 are in Ji, 1 = 1,2,3. Then

the Cé’l solution W of the approzimate geodesic equation [BI)) belongs to Cé’a on
the boundary of X.

Proof. Recall the approximate geodesic equation is

(4.12) log det(Qy, ;7 + Wi7) = h =log7 + ¥ + logdet(Qy,;3)  in M,
U(z)=0 on 0% .

We first see that the tangent-tangent direction of the boundary estimate equals
to the same estimate of the boundary values. Then the normal-normal estimate
follows from the approximate geodesic equation

" — (0¢",0¢")g,] det wy, = Q’\I‘,‘Ll =7e¥ 0 det(Qy;5)

with the estimates of the tangent-normal direction and the tangent-tangent direc-
tion. We differentiate ([£I]) with respect to Ji for a fixed k € 1, -+ ,n, and we
get

A"y, = hy — 939(‘1’1)1-31@ :

We use the flat metric as the weighted metric to derive the differential equation of
u = +/gk* ;. Then we obtain that u satisfies

Nu =/ g (hy — g g(V1) 55) -

We denote the right hand side as f. According to Lemma [£2] f is bounded when
0<pr < % and g, p1 € C’g. Note that u vanishes on the boundary 0X. We fix a

point p on the boundary, and we take coordinates z' centered at p. We introduce
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the following domains for a small radius d.

@3, = [2' PP+ 121 + [y, Balp) = {z € M|z —pls, < d},
=2
Ba(p) x {10 < 2" | < 8d, 2™ > 0},
Bf = By(p) x {2""6d < |2" | < 38d, 2" > 0},
Ba(p) x {|a"*!| = 26d, 2™+ > 0},
By = Bag(p) x {z"T10 < |2 < 28d, 2™ > 0},
By = Byg(p) x {z" 710 < |2 < 48d, 2™ > 0}.

Here, § < 1 is a small positive constant such that v := % is strictly positive on
So. We assume that v is nonnegative on By; then u > 0.
We use the barrier function

| /|ﬁ mn+1
4 — L) inf 1 —2d
= (4= =5 igf v+ (1+dsup | /) 2L

We first prove that on the boundary of By, w < u. On [2"!| = 2§d, we have
w < 4z infg, v < w; on 2" = 0, we have w = 0 < w; on 2[5 = 2d,
w < 0 < w. Then, in By we compute A'w = —%#x"“—l—(l—i—dsuﬁﬂ)ﬁ > f.
According to the maximum principle Lemma [5.Il we have w < w on Bs. As a
result, we obtain in By,

]$n+1.

2|3 LA
> (4 — Linfo4+ (1+4d —2d
v > ( 2 )mv ( sup | f|) 75

(4.13) 221§1fv—dsup|f|.
2

Note that § only needs to be an arbitrarily small constant.

Now, notice that A’u is of the divergence form, we could apply the interior
Harnack inequality (Proposition 512) to A'u = f on B3; since now 350 S U< 3g
we obtain

supv < C(lnfv + sup | f).
B3

Here C' depends on w. Since infps v < infg, v, using (€I3), we have
(4.14) supv < C(mfv+dsup|f|)
BS

Replacing in the former arguments, v by v—inf g, v and then by sup 5, v—v, noticing
that they are both positive, and finally adding the resulting inequalities ([@I4), we
arrive at the following inequality,

-1
Oscp, v < OTOSCB4U+2dSup|f|.

Then by the iteration Lemma 8.23 in [33], we have the Holder estimate of v for any
d < dOa
dOt
Oscp, v < Cd—a(OschO v+ dosup | f]).
0
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For any ¢ in X, choose d = |p — ¢|g, and dy = diam(X), we obtain the Holder
continuity of v as
v(p) — v
WP} = VD] < (g sup o + do sup 7).
Ip —q| B1 Ba,
Since v vanishes on the boundary and depends trivially on the variable y™*!, we
have 0,n+1u is C§. Thus the proposition is proved. O

4.5. Uniqueness of the C’é’l cone geodesic. In Theorem [L5] we have obtained

the existence of a Cé’l cone geodesic. Our present goal is to prove its uniqueness.
Suppose that ®; for i = 1,2 are two cone geodesic segments, which correspond to
the solutions ¥, € C’;’O‘ of

det(Qg ) .
) pa( P, =)
{ Tt = Tie T in M,

\I/‘ri = \IIOi on 0X )

fori=1,2 and 7; € [0,1]. Since ¥, — ¥, in Cé’o‘ as 7; — 0, then for any ¢ > 0 we
can find two values 71, 7 such that

sup |U;, — U, | <e.
x
So, we compute

1 -
log det(Q\Prl) —log det(Q\Pr2) = / Q;Jdt(‘l’n - \IJTz)ij > a(\I/Tl - \IJTz) ’
0
where g; = tgy, + (1 —1t)gy,, and a > 0. Now, applying Lemma 5.5 we have,
sup(¥,, — U,,) <sup(Vo; — Po2) .
x ox

So we have

sup(¥; — Uy) < sup(¥,, — Uy) +sup(—V,, + U, ) +sup(¥,, — ¥s)
x x x x
< 2e¢ + SU.p(‘I’Ol — \1102) .
xS

Then, switching W, and W5 and letting € — 0, we end up with
sup |\I/1 — \I/2| S sup |\I’01 — \Ifogl .
x ox
The above inequality proves the uniqueness of a cone geodesic segment with pre-
scribed boundary values.
5. LINEARIZED EQUATION

In this section we consider the general linear elliptic equation

I S _ pi
(5.1) { Lv g7v;; +b'v +cv = f+ 0;ih

v =1

in the space (¥,9) defined in Section @l Here ¢/ is the inverse matrix of a Kéhler
cone metric €2 in Hé’o‘. Moreover, we are given the following datas.

(5.2) b',ht e Cy%ic, f € C§ and vy € C5° .

This type of equation has been studied via the general edge calculus theory (c.f.
Mazzeo [48] and references therein). However, We consider in this paper the Kéhler
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manifold with boundary. The edge space is not defined near the boundary. Re-
cently, Donaldson introduced a function space on a closed Kéhler manifold which
fits well with our geometric problem. In Section Bl Definition 23] we generalized
Donaldsons space to the boundary case and thus introduced a Holder space. Now
we studied (B]) this Holder space. We collect here the analytic results on the linear
equation (5I) which are not only used in previous arguments above but also for
our further applications.

5.1. The maximum principle and the weak solution. We say v is the solution
of (B) if it satisfies this equation on X \ © and belongs to Cg’a. From the theory
of the elliptic equation, we know that V' is smooth outside ®. The delicate part
here is always the estimate near the divisor. We first prove a maximum principle
for the Kahler cone metric.

Lemma 5.1. Assume that v satisfies Lv > 0 (resp. Lv < 0) with ¢ < 0, then the
mazimum (minimum) is achieved on the boundary i.e.

Supv = sup v (infv: inf v) )
x 0X\0D x 0X\0D

Proof. Set uw = v + €S and S = ||s]|** with (1 + )3 > 2k > 3. Then |95|, is
bounded. Suppose that p is the maximum point of u. According to Lemma 2.4 p
cannot be on ©. So either p stays on the boundary 0X \ 99 or in the interior of
X\ D. Then in the latter case, at the maximum point p we have
0< Lv=Lu—eLS < cu—e(AgS—i-biSi—l—cS) <cu+eC .
Here we use b'S; > —[b|2 — |9S[2 and the first conclusion in Lemma 24 AyS >
—(C' . Combining these inequalities we obtain
u(p) < eC'.
Then at any point z € X, we have the following relation

v(r) = u(r) —eS <wu(p) < sup v+eC,
9%\0D

since S is nonnegative. Similarly, Similarly, we shall be using u = v — €F’ instead
for Lv < 0. As a result, the proposition follows as € — 0. O

Now we use the maximum principle to deduce the uniqueness of solutions of the
elliptic equation (G.J).
Corollary 5.2. If vy, vy are two solutions of the linearized equation (GBIl with
c <0, then vi = vs.

The singular volume form w™ with respect to the cone metric gives a mea-
sure on the manifold X. As a consequence, the LP(X,g) space is defined in the
usual way. The W1P(X, g) space furthermore requires that the derivatives satisfy
S IVfl§w™ < o0.

Definition 5.1. The weak solution in W12 of (&) is defined, for any n € Wy,
in the sense of distributions;

(5.3) L(v,n) = / [g7 vy — blvn — conlw™ = / —nf — higw"
X X

Note that our weak solution is defined globally.
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The following lemmas follow directly from the local lifting P o W (cf. (Z2)).

Lemma 5.3. (Sobolev imbedding) Assume that f € W01’2. Then there is a constant
C depending on n, 3 such that

11l 2o < Cllfllwe

Lemma 5.4. (Kondrakov compact imbedding) The imbedding Wol’2 — LP for 1 <
2n

p < ;=5 1S compact.
Lemma 5.5. (Weak mazimum principle) Let v € W2 satisfy Lv > 0(< 0) in X
with ¢ < 0. Then

supv < sup vh (infv > sup v) .
x 0x x ax

Proof. From the definition of weak solution we have that Lv > 0 implies £(v,n) < 0.
Then for n > 0, we have

/ [ vim; — blomlw™ <0,
X+

where X* = {z € X[v(z) > 0}. Let vt = max{0,v}. If b = 0, letting n =
sup{0,v — supgy v}, we have

/ V2w <0,
X+

So |[Vn]2 = 0 on Xt \ D. Since n = 0 at the maximum point on the boundary of
X*, we obtain 7 = 0 on X1 \ D. Since the measure of @ is zero, we could modify
the value of 7 such that 7 = 0 on the whole X. Then the lemma follows for b* = 0.
When b # 0, using the Sobolev inequality (5.3)), the proof is the same as that of
Theorem 8.1 in [33]. O

Then this lemma and a standard argument by means of the Fredholm alternative
theorem implies the uniqueness and the existence of the weak solution.

Proposition 5.6. The linear equation ([B.1]) with ¢ <0 has a unique weak solution
in WH2,

5.2. Holder estimates. We remark that in this subsection, all results hold for
normal-crossing divisors D with more than one component. However, we just check
for one component. The general multiple case follows from the normal crossing
condition. The Holder estimates derived in this subsection are used iin the proof
of both the interior and boundary Schauder estimates of the approximate geodesic
equation. Before stating the proposition on the global and local boundedness, we
require some technical lemmas which will be useful later. Denote wo = dz' A dz' +
-+ 4 dz"t A dz"T. Then locally in a neighborhood U, near p € D, w6’+1 =
nl-dz" ANdzt A - Adz™T A dzZ"TE and then we have that there is a bounded
function h such that

wn+1 _ B2|le2(671)wg+leh )

Finally, let m = 2n + 2.
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Lemma 5.7. There is a constant C depending on |h|~ such that, for any s > %,
the following inequality holds

(Af%wﬁigc<éjwwﬂ>;'

Proof. Let z' = pe'® and compute

1 1
P [ 27 P
( fpwn-i-l) _ (/ / / fp62p2(,8—1)6hw61+1>
U, Up(z)Jo  Jo
1 1
re  p2m sp roy 27 tp
< / / / fspehwg.Jrl . / / / (p2672)t6hw61+1 )
~ \Ju,z)Jo Jo U,y Jo Jo

Here % + % = 1. Since t < ﬁ, the second term is bounded, we have s > %, which

concludes the proof. O

Lemma 5.8. There is a constant C depending on 5 and |h|s such that, for any
s > 1, the following formula holds

([ ) ze ([ rmm?
UL Ul

Proof. Again we compute in polar coordinates

1 1
P ro 27 P
n+1 - 206=1) 2821 1
/ fPuwg = / / fPom = p7 T wy
U, Up(z') JO 0
L 1
sp 9 27 5 tp
(B-1)t
< [P et / / / P gt
Up Up(z') J0O 0

Here s,t are two positive constants such that £ + 1 = 1. The second term is

s t
bounded as é > ﬁ which is trivially satisfied. 0

The proof of the following propositions are in the same vein as the proofs in
Chapter 8 in [33]. However, by the lemmas stated above, we need a careful analysis
in the charts which intersect the divisor.

Proposition 5.9. (Global boundedness) If v is a W2 sub-solution (respectively
super-solution) of (B in X satisfying v < 0 (resp.v > 0) on 0X; moreover, if
felL?andhi e L9, i=1,---,n+1 with ¢ > m then there is a constant C
depending on |b'|,, |c|oo, q, B such that

supv(—v) < Cllv ()l + 111z + 12°]4)-

Proof. Assume that v is a W2 sub-solution of (G.I)). We are going to use the De
Giorgi-Nash-Moser iteration as in Theorem 8.15 in [33]. Denote k = || f||s + 1R 4-
Choose w = vt +k and n = [, a?s*@~Vds for a > 1 in L(v,n). With the Sobolev
inequality Lemma [5.3] we have

1
]| 20a,, < (Ca+ 1)) 7 ||w]|2as -
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We use Lemma 5.7 and Lemma on the coordinates which intersect the divisor
® and the Holder inequality in the remainder coordinates. After patching them
together via a partition of the unity we have, for s > % >1,

1
o] zme oy < (Cla+ 1)) w20

Now we follow a standard iteration argument; using the interpolation inequality we
have with y = =5

HU}H xn]\?ls ‘w0 < C”wH%;wo :
Finally, letting N — oo and using Lemma [5.§] again, we get the proposition. O
Denote as d the distance measured via the Kahler cone metric w

Proposition 5.10. (Local boundedness) Suppose that v is a W12 sub-solution of
GI) and suppose that f € L, and h* € LY, i =1,--- ,n+1 with ¢ > m. Then for
any ball Baq(y) C X and any p > 1 there is a constant C depending on (|b*|,+|c|o0)d,
q, B, p such that

sup v(—=v) < C(d™ 7 [[0F (07) [ Lo(Bouiy) + | flg +d 5 ) -
Ba(y)
Proof. We will prove the local boundedness of the homogeneous equation. The
general case follows by means of using v + d2(1_%)||f||% +d'" 7 |h||, instead of
v. Then v would be a weak sub-solution of (G.1)) with f = 0 and h® = 0; namely
L(v,n) < 0. Assume d = 1 and take the test function to be n*v® for n € C}(By)

a+1

and « > 0. Then we have for w := v 2

[nwl 22 .0, < C - ([wonllgw + wnll2i) -

Using Lemma 5.7 and Lemma we obtain, on any open set U, which intersects

the divisor D for s > %

[nwl _za ., < Cllwdn|

s(n—1) wo —

2w+ [[wn]|2siw,] -

We claim for the first addendum on the right hand side it holds |[wdnll2. <
Cllwon||2syw, with s > % Again, by means of Lemma 5.7 and Lemma we
compute

n+1 2
_g 1 n
|[won||2w = [/ wQ(amnazTanllz(l ﬁ)@ + Zazina MW +11
=2

P
< /
U,

p

1
2s
SC</ WQSlaﬁliiwngl) ;
U,

P

1
2

n+1 s
w*(92,n0z2n)e"wy ™ + C (/ Z w?*(9.,10 ;n)sw”“)
U,

P =2

where to get the last step we used the Holder inequality on the first term. So
standard argument with Lemma [5.8 implies

||UHoo;Bl,wo < OH’U”PS;Bmwo < OHU||p52;Bg,w .
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The local boundedness follows from the next observation; B (0,w) C B1(0,wp)
which follows from the distance inequality,

n n
|Z1|2+Z|Zi|2§ |Zl|25+z|zi|2§1'
i=2

i=2
(]

Proposition 5.11. (Weak Harnack inequality) Suppose that v is a W2 super-
solution of (BI), non-negative in a ball Byy(y) C X and suppose that [ € L? and
hte L9, i=1,---,n+1 with g > m. Then, for any "T'H > p > 1 there is a
constant C' depending on (|b'|y + |c|oo)d, q, B, p such that

0 d ol < C{ jnf o O DYflg 4 E |

Proof. We assume d = a and argue as in the proof of the local boundedness with
different test function. Thus it suffices to prove, for the weak super-solution of (5.1))
with vanishing right hand side, there is a p > 0 and constant C such that

(5.5) / v_pw"+1/ WPt < O
BQ BQ

Choose a test function of the form n?v® and let w := logv and o = —1. Here
7 is the cut-off function defined in Lemma 21l We have by the CauchySchwarz’s
inequality for small ¢; and es,

2 b
/ |6w|2wn+1 < _/ |(977|2w"+1 +2 ('4 |0 + |C|0> / 772wn+1 )
€1 x €9 x

Since (X,w) has finite volume, the second term is bounded. Concerning the first
addendum, we compute,

27 T
/ |on2wmtt < C / / 422D grap < O,
Up 0 0

We conclude that [, [dw|w™*! is bounded.

Next we claim that [, |8w|0wg+l is also bounded. To prove the claim, let’s

compute

n+1
[ outowtt = [ (ol + 3 0wl PO
B, B, P
The second is bounded, since h and |2!| are bounded. For the first addendum, we
first consider the case when |0,1w|p < 1. The its boundedness follows from the
finiteness of the volume. The second case is when |0,1w|o > 1. In this second case
|0.1w|p < |0.1w|2 and so its integral is bounded by fBT |0w|?w™. The claim thus
holds. Now we apply the Moser-Trudinger inequality (see Theorem 7.21 in [33])
with respect to wg. Thus there exists a constant py such that

/ ePolw ol yn
B3

/U”Ow{}/ v Powg .
B3 B3

is bounded and so is
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From Lemma 5.7 we have, for some sq > 871,

1
PO n —Po n n — n °0
V0w v W' <C vPowyg v PO <C.
B3 B3 B3 Bs

The above inequality gives the wanted inequality (5.5) with p = 22. The proof of
the proposition is therefore achieved. 1

As a result we have the following estimates.

Proposition 5.12. (The Harnack inequality) For any Bsa(y) C X, suppose that v
is a non-negative W2 solution of ([B.1]) with homogeneous right hand side in a ball
Bua(y) C X. Then, there is a constant C' depending on (|b'|, + |c|oo)d, B such that
(5.6) supv < C'info.
Ba Ba

Proposition 5.13. (Interior Hélder estimate) Suppose that v is a W2 solution
of &) in X and suppose that f € LT and h' € LY with ¢ > m. Then, for any
Bay(y) C IntX and d < dy, there is a constant C(|b*]y, |¢|s, do,q) and a((|b'], +
leloo)do, q) such that

05Cp, (v < Cd®(dg® sup [v] +d*C D[ fllg +d" 5B ).
Bag (v)

5.2.1. Local estimates at the boundary. Consider a point y € 90X and using the local
holomorphic coordinate in the half space R = {x|2"*! > 0}, here 2"*! is the
real part of the variable 2”1, Then the coordinate chart near y becomes a domain
T in RY"™2. Recall that we assumed v in Cg(0%) in ([2.2). We let

M := supNBaygv, m := inf NBagv .
ax ox
Moreover we extend v from the half space to the whole space R?"+2.

4 ':{ sup{v(z),M}, zeT
’ M T .

- { inf{v(xz),m}, xe€T
‘ m T .

Just by following the proof of interior estimates, we obtain

Proposition 5.14. (Local boundedness at the boundary) Suppose that v is a W*?
sub-solution of (BJ) and suppose that f € L9, and h* € L9, i =1,--- ,n+ 1 with
q > m. Then for any ball Bog(y) and any p > 1 there is a constant C depending
on (6%, + |clso)d, q, B, p such that

sup vy < C(d™ 7 ofll o (Baan + 7 Nfllg + 75 1).

Ba(y)
Proposition 5.15. (Weak Harnack inequality at the boundary) Suppose that v is
a W2 super-solution of (G.1), non-negative in a ball Big(y) N'T and suppose that
fe L% and k' € L, i =1,--- ,n+ 1 with ¢ > m. Then, for any "T'H >p>1
there is a constant C' depending on (|b|, + |c|s)d, q, B, p such that

™% [Vl Lo (Baaty)) < C(Biﬁf) v+ 2T fll g+ d |B)-
Y
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Proposition 5.16. (Hider estimate at the boundary) Suppose that v is a W12
solution of (1) in X and f € L% and h' € LY, i = 1,--- ,n+ 1 with ¢ > m.
Suppose that y is on the boundary of X. Then, for any Ba,(y) and d < dy, there is
a constant C(|b'],, €|, do, q) and a((|bt], + |c|oo)do, q) such that

Oscp,(ynx v < C{d*(dy® sup o] +d* 75| |f[|g +d" "7 ||h]l,) + Oscp
Ba, (y)NT

\/do—d(y)ﬁ@x ’U}.

5.3. The Dirichlet problem of the linearized problem. Fix 0 < § < 1, and
write 1 := =1 — 1. Denote by G the Green function of the standard cone metric
dr? + $%r2d6? and by T one of the second order operators
0? 02 0?
05051 0005 Oros
It is shown in Donaldson [29] Proposition 4 that the polyhomogeneous expansion
of the Green function around the singular set D

(5.7) G = Z a;jr(s)r’ ™ cos k(6 —0') .
jk

Donaldson proved the following Schauder estimate.

Proposition 5.17. (Donaldson [29]) Suppose that o € (0, i), then there exists a
constant C which depends only on o, m, 8 such that for all functions p € C°(R™),
we have

[i00(Gp)]a < Clpla -

Remark 5.1. The Schauder estimates of the remainder pure second order derivatives
(i.e. 00 direction) of Gp are proved in Brendle [I0] (Proposition A.1) and Jeffres,
Mazzeo and Rubinstein [42] (Proposition 3.3).

In our problem, the interior Schauder estimate follows from Proposition B.17]
When we consider the Schauder estimate near the boundary, we notice that our
manifold is a product manifold, then the new Green function is constructed by
replacing s by (s,z"T1 y"*1) in (7). So when i or j is not equal to n + 1, then
the 0;0; estimate follows exactly the same line of Donaldson’s proof (and further
regularity by Jeffres, Mazzeo and Rubinstein [42]). The 9, 110,+1 estimate follows
from the equation (cf. Section 4.4 in [33]). Now we patch the local estimates to the
whole manifold by the partition of unity in the standard way.

Proposition 5.18. Fiz o with 0 < o < = 3~ — 1. Then there is a constant C
depending on 3, m, a such that for all the functions f € C§ we have the Schauder
estimate of the weak solution of the equation (G1))

i
[ploze < Clol= + [flog + D IWlepe) -
K3

Combining the existence and uniqueness of the weak solution Proposition [5.6],
we obtain
Proposition 5.19. There exists a unique solution of (&I with data as (B2) in
ce.

B

The linear theory in this section immediately implies the d0-lemma with cone
singularities.
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6. THE METRIC SPACE STRUCTURE

In this section we apply our geodesic to study the geometry of the space of
Kahler cone metrics. We equip the space of Kéhler cone metrics with the following
normalization condition; we ask any Kéahler cone potential ¢ with respect to the
background modes metric wto satisfies I(¢) = 0 vanishes, where

1 12411
I,(p) = = n_ — Ao Ndp Aw Awl L
() V/Mww VZ;nJrl/M o AP Nw' A

i=

In particular, the functional I(y) is well defined along the Cé’l geodesic. We show
that the space of cone metrics has a structure of metric space following the approach
in [I6]. We said that ¢(t) is an e-approximate geodesic if it solves

(6.1) (¢" = 04[5 ) det gp = ¢f det g,

where f = 4@ — Im®,, ;777 — 9(p(1) — ¢(0))|la. Recall the energy E :=
fol S ¢’ (t)wi 4 dt. Along the Cé’l geodesic, there holds

1]d
—|—=F
2 |dt
We show positivity of the length of any non-trivial geodesic segment and the geo-

desic approximation lemma. We omit the proof here, since along the Cé’l geodesic,
all the inequalities are well defined.

(6.2)

/ &(¢" — 89l Jwr| < esup|¢'| - sup| | - Vol .
M X X

Proposition 6.1. Let p(t) be a Cé’l geodesic from 0 to ¢, and I(p) = 0. Then
the following inequality holds

1 wn wn n
[ Loramrt ([ 5 [5)
0 M n: >0 M- p<0 T

In particular, the length of any non-constant Cé’l geodesic is positive.

Lemma 6.2. Let Ho C Hg be as in Definition[I.2 Also, let C; := ¢;(s) : [0,1] —
He, fori = 1,2, be two smooth curves. Then, for a small enough €y, there is a
two-parameter family of curves

C(s,€) : o(t,s,€) : [0,1] x [0,1] x (0,€9] = H
such that the following properties hold:
(1) Fized s,e, then C(s,€) € Cé’a is an e-approzimate geodesic from 1(s) to

va(s).
(2) There exists a uniform constant C such that
de| |9 0%p 0%p
- Tl<C; 0< =L <(C; —<C.
15| T as| <@ 0 <% G <

(3) Fized any s, the limit in Cé’l of C(s,€) as € = 0 is the unique geodesic arc
from @1(s) to pa(s).

(4) There exists an uniform constant C' such that, about the energy E(t,s,¢)
along the curve C(s,€), there holds

sup
t,s

a—E‘Se-CW/ol.
ot
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With the geodesic approximation lemma above, the triangular inequality and
the differentiability property of the distance function follow immediately.

Theorem 6.3. Suppose that ¢ = ¢(s) : [0,1] = Hpg is a smooth curve, and let p
be a base point of H. Then, the length of the geodesic arc between p and ¢ is less
than the sum of the length of the geodesic arc between from p to ¢(0) and the length
of the curve from ¢(0) to ¢(s).

Theorem 6.4. The distance function given by the length of the geodesic arc is a
differentiable function.
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