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Locally Monge–Ampère parabolic foliations
Abstract: It is shown that codimensiononeparabolic foliations of complexmanifolds are holomorphic. This is
proved using the facts that codimension one foliations of complex manifolds are necessarily locally Monge–
Ampère foliations and that parabolic leaves cannot have hyperbolic behavior. The result holds true also for
locally Monge–Ampère foliations with parabolic leaves of arbitrary codimension.
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Introduction
Let M be a complex manifold of complex dimension n > 1 and F a complex foliation of M, i.e. a smooth
foliation ofM by complex submanifolds. Wemake the further assumption throughout thatF is parabolic, i.e.
the leaves of F are parabolic complex manifolds and of codimension p with 1 ≤ p < n. By parabolic wemean
that for any leaf L of F there is a holomorphic cover

F : ℂn−p → L.

By de�nition a complex foliation F of M is holomorphic if the distribution T tangent to F is a holomorphic
sub-bundle of T(0,1)M. The geometry of parabolic foliations has been studied extensively in case the leaves
are 1 dimensional and the foliation arises as the annihilator foliation of a plurisubharmonic solution of the
complex homogeneous Monge–Ampère equation

(ddcu)n = 0,

under the nondegeneracy condition (ddcu)n−1 ̸= 0 (see for instance [1], [3], [6], [7], [8], [9]). We call such foli-
ations Monge–Ampère foliations. In this situation one can use the parabolicity to prove uniformization type
results for the manifoldM. Central to these results is the question of whether the foliation F is holomorphic.
This question turns out to depend heavily on the global properties of the leaves, i.e. on parabolicity.

In the codimension 1 situation, it is an easy result of Bedford–Kalka [2] that any foliation by complex
hypersurfaces is locally Monge–Ampère, i.e. in a neighborhood of every point it is the annhilator foliation of
a plurisubharmonic solution of the complex homogeneous Monge–Ampère equation

(ddcu)2 = 0,

under the nondegeneracy condition ddcu ̸= 0. We �nd here that, using this fact, we can employ techniques
inspired by [1] and already used by Burns [3] to prove that any foliation by complex hypersurfaces whose
leaves are uniformized by ℂn−1 is a holomorphic foliation.

The technique for showing the holomorphicity of the foliation consists in proving the vanishing of a
certain tensor. IfT denotes the complex tangent bundle to the leaves ofF andN is the complex normal bundle
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to F, then the Bedford–Burns twist tensor L : T ⊗N → N of the foliation is de�ned by

L(V,W) = [V,W] mod (T ⊕ T(0,1)M), (1)

where the Lie bracket is computed using vector �elds on M which extend the vector �elds V and W de�ned
along the leaves. It is known (see [1] and [3] for example) that L vanishes on an open set U if and only if the
restriction of the foliation to U is holomorphic. Indeed, the twist tensor de�ned by (1), commonly used as
“measure” for (non-)holomorphicity in the theory of Monge–Ampère foliations, can be interpreted in terms
of di�erential geometry of foliations. In particular it is known that L is equal to the antiholomorphic torsion
of the complex Bott partial connection of the foliation. This is shown in [5] where these tools are used also to
give necessary and su�cient conditions for a foliation in complex leaves to be locally Monge–Ampère.

For foliations of codimension p > 1 there are examples ([5], [4]) of non-holomorphic foliations whose
leaves are all parabolic. These foliations, however, are shown not to be locally Monge–Ampère foliations. In
fact we show that, in any codimension, locally Monge–Ampère foliations with parabolic leaves are holomor-
phic. The idea of the proof is, again, an adaptation of arguments of Burns [3]. In fact the hypersurface case
(i.e. codimension 1 foliation) is a special case of the general one. We choose here to provide a separate proof
for the codimension 1 case for which the geometrical condition on the parabolicity of leaves is enough to
prove the holomorphicity of the foliation and the curvature computations are much more transparent. The
result for locally Monge–Ampère foliations of arbitrary codimension is presented in the �nal section.

Acknowledgements: Much of this work was done while M. Kalka was visiting the University in Florence and
G. Patrizio was visiting Tulane University. The authors thank these instutions for their support. G. Patrizio
acknowledges the support of MIUR PRIN 2010-11 “Varietà reali e complesse: geometria, topologia e analisi
armonica” and the collaboration with GNSAGA of INdAM.

1 Twist tensors and normal bundles for locally Monge–Ampère
foliations of codimension 1

We consider a codimension 1 locally Monge–Ampère complex foliation F on a complex n-dimensional mani-
foldM. We assume thatF is locally de�ned in a neighborhood U of q ∈ M by the annihilator of the form ddcu,
where u is a plurisubharmonic function on U solving the complex homogeneous Monge–Ampère equation

(ddcu)2 = 0,

under the nondegeneracy condition ddcu ̸= 0.
Wewill employ a local coordinate systemon an open set U with respect towhich the Bedford–Burns twist

tensor takes a particularly convenient form and local computations for the normal bundle become easier. We
refer to this coordinate system as leaf coordinates and we de�ne them as follows. If L is a leaf of the foliation
through q, we choose local coordinates z1, . . . , zn on an open set U ∋ p such that L ∩ U = {zn = 0}, the
functions z1, . . . , zn−1 give holomorphic coordinates along the intersection L ∩ U, and, with the appropriate
identi�cation, ∂

∂zn is a section on the restriction to L ∩ U of the normal bundle to the foliation.

Proposition 1.1. Along L ∩ U the Levi matrix of u has the form

(ujk̄)|L∩U = (

0 . . . . . . 0
... . . . . . .

...
... . . . 0 0
0 . . . 0 unn̄

) . (2)

Proof. The Monge–Ampère equation implies that u is pluriharmonic along the leaf so that ujk = 0 for 1 ≤
j, k ≤ n − 1. Suppose W = ∑ ai∂i is a vector �eld tangent to a leaf. Then W is in the annihilator of ddcu so
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that 0 = ∑ aiuj ̄i, i.e. W(uj) = 0 for all j = 1, . . . , n. Thus un is holomorphic along the leaf, i.e. un ̄i = 0 for all
i = 1, . . . , n − 1 in the leaf coordinates. 2

We readily see that the Bedford–Burns twist tensor de�ned in (1) takes a particularly nice form in leaf co-
ordinates. We consider a frame tangent to the leaves of the formB = {Z1, . . . , Zn−1}with Z j = ∂

∂zj +bj
∂
∂zn . The

coe�cients bj are determined by solving the system of equations (0, . . . , 1 . . . , bj)(ulk̄) = 0, i.e. by solving
the equation

(0, . . . , 1, 0, . . . , 0, bj)
(((

(

u1n
...
ujn
...
unn̄

)))

)

= 0.

for every j. One immediately concludes that

B = {Z1 =
∂
∂z1

− (
u1n̄
unn̄

)
∂
∂zn

, . . . , Zn−1 =
∂

∂zn−1
− (

un−1n̄
unn̄

)
∂
∂zn

} (3)

de�nes a frame at every point of U for the annihilator distributionA.

Proposition 1.2. The components of the Bedford–Burns twist in leaf coordinates are given by

Lj = [(unn̄)−1un̄j]n̄
∂
∂zn

(4)

for j = 1, . . . , n − 1, so that along the leaf L ∩ U

Lj = (unn̄)−1un̄jn̄
∂
∂zn

. (5)

Proof. Equality (4) follows immediately computing Lie brackets using the frame B de�ned by (3), while (4)
is a direct consequence of (2). 2

To make local computations regarding the normal bundle to the foliation, it is necessary to compute
higher order derivatives of u. Under our assumptions we have the following

Lemma 1.3. Let L be a leaf of the Monge–Ampère foliation and let z1, . . . , zn be leaf coordinates on U. For
j, k ∈ {1, . . . , n − 1}, if A, B denote any pair of indices in the set {1, . . . , n, 1̄, . . . , n̄}, one has:

ujk̄AB |L∩U = (unn̄)−1[unk̄Aujn̄B + unk̄Bujn̄A]|L∩U . (6)

Moreover, unless A, B ∈ {n, n̄}, one has ujk̄AB |L∩U = 0.

Proof. Withour choice of coordinates, along the intersection L∩U = {zn = 0}of the leaf andU, thematrix (ujk̄)
is given by (2). Furthermore, thematrix (ujk̄) has rank 1 on U because of our assumptions on the codimension
of the foliation; hence 2 × 2 minors of the matrix (ujk̄) containing the term unn̄ have determinant 0. Thus, for
any j, k ∈ {1, . . . , n−1} and any pair of indices A, B in the set {1, . . . , n, 1̄, . . . , n̄}, in order to compute ujk̄AB,
we di�erentiate the equality

0 = det(ujk̄ ujn̄
unk̄ unn̄

) = ujk̄unn̄ − ujn̄unk̄ (7)

and then use the particular form (2) that the matrix (ujk̄) has on the leaf L. Thus from (7) we obtain

0 = [ujk̄unn̄ − ujn̄unk̄]AB
= [ujk̄Aunn̄ + ujk̄unn̄A − ujn̄Aunk̄ − ujn̄unk̄A]B
= ujk̄ABunn̄ + ujk̄Aunn̄B + ujk̄Bunn̄A + ujk̄unn̄AB − ujn̄ABunk̄ − ujn̄Aunk̄B − ujn̄Bunk̄A − ujn̄unk̄AB .
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Along the leaf L all terms (ujk̄)with at least one index di�erent from n vanish and therefore so do their deriva-
tives with respect to vectors tangent to the leaf L. Hence the previous equality reduces on L to

0 = unn̄ujk̄AB − unk̄Aujn̄B − unk̄Bujn̄A (8)

which is (6). Moreover, by the same argument, we get that

ujk̄AB = (unn̄)−1[unk̄Aujn̄B + unk̄Bujn̄A] = 0

if at least one of the indices A, B is not in {n, n̄}. 2

For a codimension 1 locally Monge–Ampère complex foliation F on a complex n-dimensional manifold
M de�ned on an open set U by the annihilator of the form ddcu where u is a plurisubharmonic function on
U such that (ddcu)2 = 0 and (ddcu) ̸= 0, the form ddcu de�nes, in the obvious way, a metric on the normal
bundle to the restriction FU to U of the foliation. Using Lemma 1.3, one may compute the Ricci curvature
φ of this metric on the normal bundle to the foliation de�ned by ddcu. Along a leaf L, with respect to leaf
coordinates z1, . . . , zn on U, so that z1, . . . , zn−1 are holomorphic coordinates along the intersection L ∩ U =
{zn = 0} of the leaf and U, one has

φ = −
i
2

n−1
∑
j,k=1

[log unn̄]j,k̄dzj ∧ dzk̄ . (9)

If the foliation is only locally Monge–Ampère, it is not possible to de�ne globally a metric on the normal
bundle using the information that it is locally de�ned by the annhilator of the form ddcu for a plurisubhar-
monic function u. In fact we only know that the manifold M is covered by open sets U on which F is de�ned
by the annihilator of the form ddcu where u is a plurisubharmonic function on U such that (ddcu)2 = 0 and
(ddcu) ̸= 0. On the other hand it is well known and easy to see (compare [2]) that if the foliation is de�ned
on the same open set by the annihilators of ddcu and ddcv for two di�erent plurisubharmonic functions u
and v, then ddcu = λddcv for some positive function λ which is constant along the leaves of the foliation.
Since λ is constant along the leaves of the foliation, the Ricci form (9) determined by u equals the Ricci form
determined by v. Therefore Formula (9) in fact globally de�nes a Ricci curvature on the normal bundle. We
can summarize the conclusions of this discussion as follows:

Proposition 1.4. Let F be a codimension 1 locally Monge–Ampère complex foliation on a complex n-dimen-
sional manifold M. The Ricci curvature locally de�ned by (9) de�nes globally the Ricci curvature of the normal
bundle to the foliation F.

We have the following easy but important remark that relates the twist tensor to the Ricci curvature of
the normal bundle to the foliation:

Proposition 1.5. With respect to leaf coordinates z1, . . . , zn on U, the Ricci curvature form de�ned in (9) is
given by

φ = −
i
2

n−1
∑
j,k=1

Sjk̄dzj ∧ dzk̄ = −
i
2

n−1
∑
j,k=1

(unn̄)−2un̄jn̄unk̄ndzj ∧ dzk̄ .

In particular for all j = 1, . . . , n − 1 one has

0 ≤ Sj ̄j = ‖Lj‖2 (10)

where the norm is taken with respect to the metrics induced by (unn̄) and (unn̄)−1 on the normal bundle to the
foliation and its dual, respectively. Thus the foliation is holomorphic if and only if these terms vanish.

Proof. The proof reduces to a computation which uses the formulas for the fourth derivatives obtained in
Lemma 1.3. In fact, with respect to leaf coordinates for L we have for j, k ∈ {1, . . . , n − 1}:

Sjk̄ = [log unn̄]jk̄ = (unn̄)−1 − (unn̄)−2unn̄junn̄k̄
= (unn̄)−2[unk̄nujn̄n̄ + unk̄n̄ujn̄n − unn̄junn̄k̄]
= (unn̄)−2un̄jn̄unk̄n . 2
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2 Codimension 1 foliations with parabolic leaves are holomorphic
The main result on foliations whose leaves are complex parabolic hypersurfaces is the following:

Theorem 2.1. A complex foliation of rank n − 1with parabolic leaves on an n-dimensional complex manifold is
holomorphic.

Proof. Suppose that F is a foliation of complex codimension 1 on the complex n-dimensional manifold M.
As already remarked, it is well known (see [2]) that the foliation F is locally de�ned in a neighborhood U of
any q ∈ M by the annihilator of the form ddcu where u is a plurisubharmonic function on U. Therefore we
can fully take advantage of the computations performed in Section 1. Let L be a leaf of the Monge–Ampére
foliation. We need to show that the twist tensor L vanishes at all points q ∈ L. Since by hypothesis L is
parabolic, there is a holomorphic covering map F : ℂn−1 → L. For any q ∈ L, up to reparametrization, one
may assume that q = F(0). Let Ij : ℂ → ℂn−1 be the j-th canonical injection: Ij(z) = (0, . . . , z, . . . , 0) and let
fj = F ∘ Ij : ℂ → L. Then Lj = fj(ℂ) is a parabolic curve inM for all j = 1, . . . , n − 1 with q = f j(0) ∈ Lj. For all
j let ιj : Lj → L be the injection and denote with φj = ι∗j φ the pull-back of the Ricci form φ of the metric on
the normal bundle to L de�ned by the form ddcu. Then the form

ψj = −φj = i
2
Sj ̄jdzj ∧ dz ̄j

is non-negative on Lj and hence it de�nes a (pseudo-)metric on it. According to (10), we need to show that
the function S = Sj ̄j vanishes identically along Lj. We have the following:

Lemma 2.2. With the notation as above, if ψj(q) > 0, then at q, for each j

Ric(ψj) = −2ψj . (11)

We postpone the proof of the lemma until the end of the paragraph and we complete our argument. The
equality shown in Lemma 2.2 implies that one can de�ne a metric of negative constant curvature on the part
of the curve Lj where ψj ̸= 0. By an Ahlfors’ Lemma argument, we now show that this cannot happen on a
parabolic Riemann surface. For R > 0, letD(R) = {z ∈ ℂ | |z| < R}. Then if we consider fj : D(R) → Lj, i.e.
the restriction of the map fj to the diskD(R), then ω = f∗j (ψ

j) satis�es Ric(ω) = −2ω because of (11), that is
to say that the metric de�ned by ω on the part ofD(R) where ω ̸= 0 is of constant curvature −1. Because of
Ahlfors’ Lemma, ω is dominated by the hyperbolic metric ofD(R) de�ned by

ω0 =
i
2

R2

(R2 − |z|2)2

i.e. ω ≤ ω0. If we write ψj as ψj = i
2 Sdzj ∧ dz ̄j, this implies that the function S is such that

S(fj(0))|fj�(0)|2 ≤
1
R2

. (12)

As fj is a covering map, we have (fj)�(0) ̸= 0. Since (12) holds for all R > 0, there is a contradiction if S(fj(0)) =
Sj ̄j(p) ̸= 0. In all these considerations j = 1, . . . , n − 1 was arbitrary and q was any point in the leaf L. By
Lemma 2.2, the twist tensor L vanishes at any q ∈ L. Since L is any leaf, the foliation is holomorphic. 2

Finally, here is the proof we still need to provide:

Proof of Lemma 2.2. Since F is a holomorphic covering map, we have dF(0) ̸= 0. Hence F provides local
coordinates z1, . . . , zn−1 along the leaf L in a neighborhood (on L) of q. We extend these coordinates to holo-
morphic coordinates z1, . . . , zn−1, zn for M in a neighborhood of q so that, locally, L is given by zn = 0, i.e.
leaf coordinates. With respect to these coordinates, the point q is the origin. Furthermore, the computations
of Proposition 1.5 show that

ψj = i
2
Sj ̄jdzj ∧ dz ̄j =

i
2
(unn̄)−2|un̄jn̄|2dzj ∧ dz ̄j .
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For simplicity, we denote
S = Sj ̄j = (unn̄)−2|un̄jn̄|2.

Proving our claim is equivalent to showing that

[log S]j ̄j(0) = 2S(0).

Here and thereafter, we remind that lower indices for functions denote derivatives in the usual manner. Us-
ing (6) with k = j and A = B = n, we have:

Sj = [(unn̄)−2|un̄jn̄|2]j
= −2(unn̄)−3unn̄j|un̄jn̄|2 + (unn̄)−2un̄jn̄ju n ̄jn + (unn̄)−2un̄jn̄un ̄jnj

= −2(unn̄)−3unn̄j|un̄jn̄|2 + (unn̄)−2un̄jn̄jun ̄jn + (unn̄)−3un̄jn̄(un ̄jnujn̄n + un ̄jnujn̄n)

= (unn̄)−2un̄jn̄jun ̄jn .

Di�erentiating again, we have

Sj ̄j = [(unn̄)−2un̄jn̄jun ̄jn] ̄j = −2(unn̄)−3unn̄ ̄jun̄jn̄jun ̄jn + (unn̄)−2un̄jn̄j ̄jun ̄jn(unn̄)
−2un̄jn̄jun ̄jn ̄j . (13)

To proceed, we like to eliminate the �fth derivative term using Formula (6) of Lemma 1.3 in the case k = j and
A = B = n̄:

un̄jn̄j ̄j = [uj ̄jn̄n̄]j = [2(unn̄)−1un ̄jn̄ujn̄n̄]j
= 2[−(unn̄)−2unn̄jun ̄jn̄ujn̄n̄ + (unn̄)−1un ̄jn̄jujn̄n̄ + (unn̄)−1un ̄jn̄ujn̄n̄j]

= −2(unn̄)−2unn̄jun ̄jn̄ujn̄n̄ + 2(unn̄)−1un ̄jn̄ujn̄n̄j + 2(unn̄)−2ujn̄n̄[un ̄jnujn̄n̄ + un ̄jn̄ujn̄n]

= 2(unn̄)−1un ̄jn̄ujn̄n̄j + 2(unn̄)−2ujn̄n̄un ̄jnujn̄n̄ .

We now plug this expression for the �fth derivatives in (13):

Sj ̄j = −2(unn̄)−3unn̄ ̄jun̄jn̄jun ̄jn + (unn̄)−2un̄jn̄j ̄jun ̄jn + (unn̄)−2un̄jn̄jun ̄jn ̄j

= −2(unn̄)−3unn̄ ̄jun̄jn̄jun ̄jn + 2(unn̄)−3un ̄jn̄ujn̄n̄j + 2(unn̄)−4ujn̄n̄un ̄jnujn̄n̄un ̄jn + (unn̄)−2un̄jn̄jun ̄jn ̄j

= (unn̄)−2un̄jn̄jun ̄jn ̄j + 2(unn̄)−4(ujn̄n̄)2(u ̄jnn)
2

= (unn̄)−2|un̄jn̄j|2 + 2(unn̄)−4|ujn̄n̄|4.

It is not restrictive to assume that unn̄(0) = 1. Thus

S(0) = |un̄jn̄(0)|2,
|Sj(0)|2 = |un̄jn̄(0)|2|un̄jn̄j(0)|2

Sj ̄j(0) = |un̄jn̄j(0)|2 + 2|ujn̄n̄(0)|4

so that
S(0)[log S]j ̄j(0) = Sj ̄j(0) −

|Sj(0)|2

S(0)
= 2|ujn̄n̄(0)|4 = 2(S(0))2,

which is equivalent to the equality we were seeking. 2

3 Higher codimensional parabolic foliations
In this section we extend the previous results to complex foliations of general codimension. Namely, we con-
sider the following situation. Let M be a complex manifold of complex dimension n > 1 and F a complex
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foliation ofM. We assume throughout that F is parabolic and of codimension p, with 1 ≤ p < n. By parabolic
we mean that if L is a leaf of F there is a holomorphic cover

F : ℂn−p → L.

Furthemore we assume that F is a locally Monge–Ampère foliation, i.e. for any given point q ∈ M there exist
an open set U ∋ q and a plurisubharmonic function u : U → ℝ satisfying

(ddcu)p+1 = 0 with (ddcu)p ̸= 0 (14)

and such that F|U = Ann(ddcu).
It is easy to see (see Lemma 3.1 of [2] and its proof) that if v is another plurisubharmonic function de-

�ned on U such that F|U = Ann(ddcv), then there exists a positive function λ which is constant along the
intersections of the leaves of F with U and such that

(ddcu)p = λ(ddcv)p . (15)

Also in this setting it is crucial for computations to consider appropriate systems of coordinates which we
call again leaf coordinates. They are de�ned as follows. If L is a leaf of the foliation through q, one may
choose local coordinates z1, . . . , zn on an open set U ∋ p such that L ∩ U = {zn−p+1 = . . . , zn = 0}, the
functions z1, . . . , zn−p give holomorphic coordinates along the intersection L ∩ U, and ∂

∂zn−p+1 , . . . , ∂
∂zn , with

the appropriate identi�cation, is a section on the restriction to L ∩ U of the normal bundle to the foliation.

Proposition 3.1. Suppose that on U the foliation F is de�ned as the annihilator of a plurisubharmonic function
u: F|U = Ann(ddcu). Then, along L ∩ U, the Levi matrix of u is as follows:

(ujk̄)|L∩U =

((((((

(

0 . . . 0 0 . . . 0
...

...
... . . . . . .

...
...

... 0 0 . . . 0
0 . . . 0 un−p+1n−p+1 . . . un−p+1n̄
...

...
...

...
...

...
0 . . . 0 unn−p+1 . . . unn̄

))))))

)

. (16)

Proof. The Monge–Ampère Equation (14) implies that u is pluriharmonic along the leaf so that ujk = 0 for
1 ≤ j, k ≤ n − p. Now suppose W = ∑ ai∂i is a vector �eld tangent to a leaf. Then W is in the annihilator of
ddcu so that 0 = ∑ aiuj ̄i, i.e. W(uj) = 0 for all j. Thus uk, for k = n − p + 1, . . . , n, is holomorphic along the
leaf, i.e. uk ̄i = 0 for all k = n − p + 1, . . . , n and i = 1, . . . , n − p in the leaf coordinates. 2

For locallyMonge–Ampère foliations, the Bedford–Burns twist tensor de�ned in (1) has a nice expression
in leaf coordinates also in the higher codimension case. Suppose that on U the foliation F is de�ned as the
annihilator of a plurisubharmonic function u:F|U = Ann(ddcu). If L is a leaf of the foliation through q, choose
leaf coordinates z1, . . . , zn on U ∋ q; here, if necessary we shrink U such that L ∩ U = {zn−p+1 = . . . , zn = 0},
the functions z1, . . . , zn−p give holomorphic coordinates along the intersection L ∩ U, and ∂

∂zn−p+1 , . . . , ∂
∂zn ,

with the appropriate identi�cation, is a section of the restriction to L∩ U of the normal bundle to the foliation.
In these coordinates, a frame tangent to the foliation has the form:

B = (Z1 =
∂
∂z1

+
n
∑

l=n−p+1
bjl

∂
∂zl

, . . . , Zn−p =
∂

∂zn−p
+

n
∑

l=n−p+1
bn−p l

∂
∂zl

).

Denote B = (bjl) and

Λ = (

u1n−p+1 . . . u1n̄
...

...
un−pn−p+1 . . . un−pn̄

) , H = (

un−p+1n−p+1 . . . u1n̄
...

...
unn−p+1 . . . unn̄

) . (17)
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Notice that H is an invertible matrix because of the non-degeneracy condition prescribed in (14). Since each
Z j must be in the annihilator of ddcu, from the system of equations

(0, . . . , 1 . . . , 0, bj n−p+1,... , bjn)
(((((

(

u1n−p+1 . . . u1n̄
...

...
...

un−pn−p+1 . . . un−pn̄
un−p+1n−p+1 . . . u1n̄

...
...

...
un−p+1n−p+1 . . . un−pn̄

)))))

)

= (

0
...
0

)

one concludes that B = −ΛH−1 so that we may write:

B = (Z1 =
∂
∂z1

+
n
∑

l=n−p+1
bjl

∂
∂zl

, . . . , Zn−p =
∂

∂zn−p
+

n
∑

l=n−p+1
bn−p l

∂
∂zl

)

= (
∂
∂z1

, . . . , ∂
∂zn−p

, ∂
∂zn−p+1

, . . . , ∂
∂zn

)(
In−p

−ΛH−1) . (18)

Finally we recall that, in leaf coordinates, the Bedford–Burns twist is given by

L = (L1 =
n
∑

m=n−p+1
L1
m , . . . ,Ln−p =

n
∑

m=n−p+1
L
p
m),

where, for j = 1, . . . , n − p and m = n − p + 1, . . . , n we have

L
j
m = (L(Z j , ∂

∂z̄m
)) = ([Z j , ∂

∂z̄m
] mod (T ⊕ T(0,1)M)). (19)

Using the notation introduced in (17), and denoting from now on by

H−1 = H = (Hr ̄l) (20)

the inversematrix ofH in (17), we are ready to provide the expression in leaf coordinates of the Bedford–Burns
twist:

Proposition 3.2. The components of the Bedford–Burns twist with respect to the leaf coordinates are given by

L
j
m =

n
∑

l=n−p+1
[∑
r
(−Λjr)Hr ̄l]

m̄

∂
∂zm

(21)

so that, along the leaf L, we have

L
j
m =

n
∑

l=n−p+1
∑
r
[(−Λjr)]m̄H

r ̄l ∂
∂zm

. (22)

Proof. Computing Lie brackets using the frameB de�ned by (18), the proposition follows immediately. 2

As for codimension 1 foliations, one may consider the Ricci curvature φ of the metric de�ned by ddcu
on the normal bundle to the foliation. Given a leaf L and with respect to leaf coordinates z1, . . . , zn on U, so
that z1, . . . , zn−p are holomorphic coordinates along L ∩ U = {zn−p+1 = ⋅ ⋅ ⋅ = zn = 0} of the leaf, φ is given by

φ = −
i
2

n−p
∑
j,k=1

[log(detH)]j,k̄dzj ∧ dzk̄ . (23)

Again, it is very important to remark that while the metric on the normal bundle to the foliation depends
on the choice of the function u, the Ricci curvature does not because of (15). Exactly as for codimension 1
foliations one concludes:

Brought to you by | Università degli Studi di Firenze
Authenticated

Download Date | 12/7/15 4:31 PM



Kalka and Patrizio, Locally Monge–Ampère parabolic foliations | 441

Proposition 3.3. LetF be a codimension p locally Monge–Ampère complex foliation on a complex n-dimensio-
nal manifold M. The Ricci curvature locally de�ned by (23) de�nes globally a Ricci curvature form of the normal
bundle to the foliation F along any leaf of the foliation.

The next step is to provide a suitable expression for the Ricci curvature of the normal bundle to the foli-
ation and to relate it to the twist tensor:

Proposition 3.4. If z1, . . . , zn are leaf coordinates on an open set U, so that z1, . . . , zn−p are holomorphic
coordinates along the intersection L ∩ U = {zn−p+1 = ⋅ ⋅ ⋅ = zn = 0} of the leaf, one has

φ = −
i
2

n−p
∑
j,k=1

Sjk̄dzj ∧ dzk̄ = −
i
2

n−p
∑
j,k=1

(
n
∑

l,m,r,s=n−p+1
Hlm̄Hr ̄sum̄j ̄sulk̄r)dzj ∧ dzk̄ .

In particular for all j = 1, . . . , n − 1 one has

0 ≤ Sj ̄j = ‖Lj‖2

where the norm is taken with respect to the metrics induced by H and H−1 = H on the normal bundle to the
foliation and its dual, respectively. Thus the foliation is holomorphic if and only if these terms vanish.

Proof. As in the codimension 1 case, the proof reduces to a computation which uses the formulas for the
fourth derivatives of the function u along a leaf in terms of lower derivatives. Namely, with respect to leaf
coordinates for a leaf L, for j, k ∈ {1, . . . , n−p} and indices A, B ∈ {1, . . . , n, 1, . . . , n}, we have the following
along L:

ujk̄AB =
n
∑

l,m=n−p+1
Hlm̄ulk̄Aujm̄B +

n
∑

r,s=n−p+1
Hr ̄surk̄Buj ̄sA . (24)

Moreover it is necessary that A, B ∈ {n − p + 1, . . . , n, n − p + 1, . . . , n} in order to have ujk̄AB ̸= 0. The proof
of (24) is a similar to the one of Lemma 1.3 using this time the fact that any (p+1)×(p+1)minor containing H
has vanishing determinant and di�erentiating the equality. The computation is more tedious but completely
elementary and it is very similar to the one carried out in [1]. The proof of the proposition is then a repetition
of the arguments given in Section 4 of [1] making use of (24). 2

Suppose thatF is a foliation of complex codimension p on the complex n-dimensionalmanifoldM locally
de�ned in a neighborhood U of q ∈ M by the annihilator of the form ddcu where u is a plurisubharmonic
function on U. Let L be a leaf of the Monge–Ampère foliation. We need to show that all components of the the
twist tensorL vanish at all points q ∈ L. Since, by hypothesis L is parabolic, there is a holomorphic covering
map F : ℂn−p → L. For any q ∈ L, up to reparametrization, one may assume that q = F(0). Let Ij : ℂ → ℂn−1

be the j-th canonical injection: Ij(z) = (0, . . . , z, . . . , 0) and let fj = F ∘ Ij : ℂ → L. Then Lj = fj(ℂ) is a
parabolic curve in M for all j = 1, . . . , n − 1 with q = f j(0) ∈ Lj. For all j let ιj : Lj → L be the injection and
denote with φj = ι∗j φ the pull-back of the Ricci form φ of the metric on the normal bundle to L de�ned by the
form ddcu. Then the form ψj = −φj is non-negative on Lj and hence it de�nes a (pseudo-)metric on it.

The key fact to get the main result on codimension p foliations is the following:

Proposition 3.5. With the notation as above, if ψj(q) > 0, then at q, for each j

Ric(ψj) ≤ −
2
p
ψj . (25)

Proof. The proof is similar to the codimension 1 case and it follows closely the proof of Theorem 3.1 of [3].
Let L be a leaf of the foliation and q ∈ L a point where ψj(q) > 0. Let F : ℂn−p → L be a holomorphic
covering map; then dF(0) ̸= 0 and therefore F provides local coordinates z1, . . . , zn−p along the leaf L in a
neighborhood (on L) of q. We extend these coordinates to holomorphic coordinates z1, . . . , zn−p , . . . , zn for
M in a neighborhood of q so that, locally, L is given by {zn−p+1 = . . . , zn = 0}, i.e. leaf coordinates. With
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respect to these coordinates, the point q is the origin. Furthermore, the computations of Proposition 3.4 show
that

ψj = i
2
Sj ̄jdzj ∧ dz ̄j = (

n
∑

l,m,r,s=n−p+1
Hlm̄Hr ̄sum̄j ̄sul ̄jr)dzj ∧ dz ̄j

For simplicity, we denote
S = Sj ̄j = ∑

l,m,r,s
Hlm̄Hr ̄sum̄j ̄sul ̄jr

and, as done in the last equality, from now on we shall just indicate the indices in the sums with the under-
standing that all of them will range between n − p + 1 and n. Proving our claim is equivalent to showing the
following inequality:

[log S]j ̄j(0) ≥
2
p
S(0). (26)

Taking the j-th derivative of S, we have:

Sj = [ ∑
l,m,r,s

Hlm̄Hr ̄sum̄j ̄sul ̄jr]
j

= − ∑
l,h,k,m,r,s

Hlh̄ukh̄jH
km̄Hr ̄sum̄j ̄sul ̄jr − ∑

l,h,k,m,r,s
Hlm̄Hrh̄ukh̄jH

k ̄sum̄j ̄sul ̄jr

+ ∑
l,m,r,s

Hlm̄Hr ̄sum̄j ̄sjul ̄jr + ∑
l,m,r,s

Hlm̄Hr ̄sum̄j ̄sul ̄jrj

= ∑
l,m,r,s

Hlm̄Hr ̄sul ̄jrujjm̄ ̄s (27)

where, to get the last equality, we used (24) with k = j and A = l, B = r to substitute for ul ̄jrj and made the
appropriate cancellations. Di�erentiating again, we have

Sj ̄j = [ ∑
l,m,r,s

Hlm̄Hr ̄sul ̄jrujjm̄ ̄s]
̄j

= − ∑
l,h,k,m,r,s

Hlh̄ukh̄ ̄jH
km̄Hr ̄sul ̄jrujjm̄ ̄s − ∑

l,h,k,m,r,s
Hlm̄Hrh̄ukh̄ ̄jH

k ̄sul ̄jrujjm̄ ̄s

+ ∑
l,m,r,s

Hlm̄Hr ̄sul ̄jr ̄jujjm̄ ̄s + ∑
l,m,r,s

Hlm̄Hr ̄sul ̄jrujjm̄ ̄s ̄j . (28)

To proceed,wewould like to eliminate the �fth derivative term ujjm̄ ̄s ̄j = uj ̄jm̄ ̄sj. In order to do sowedi�erentiate
Formula (24) with respect to j in the case k = j, A = m̄ and B = ̄s, we substitute the forth order terms involving
j and ̄j derivatives using again (24), �nally getting:

ujjm̄ ̄s ̄j = − ∑
a,b,c,d

Hab̄ucb̄jH
cd̄ujd̄mu ̄ja ̄s + ∑

a,b
Hab̄ujjb̄m̄u ̄ja ̄s + ∑

a,b,c,d
Hab̄ujb̄m̄H

cd̄ujd̄au ̄jc ̄s

+ ∑
a,b,c,d

Hab̄ujb̄m̄H
cd̄ujd̄ ̄su ̄jca − ∑

a,b,c,d
Hab̄ucb̄jH

cd̄ujd̄ ̄su ̄jam̄ + ∑
a,b

Hab̄ujjb̄ ̄su ̄jam̄

+ ∑
a,b,c,d

Hab̄ujb̄ ̄sH
cd̄ujd̄au ̄jcm̄ + ∑

a,b,c,d
Hab̄ujb̄ ̄sH

cd̄ujd̄m̄u ̄jca . (29)

Using (29) in (28) and making the suitable cancellations, one �nally gets:

Sj ̄j = ∑
l,m,r,s

Hlm̄Hr ̄sujjm̄ ̄su ̄j ̄jlr ∑
l,m,r,s,a,b,c,d

Hlm̄Hr ̄sHab̄Hcd̄ujm̄ ̄sujb̄d̄u ̄jlau ̄jrc . (30)

To get (26), it is not restrictive to assume that at 0 one has the normalization ur ̄s = δr ̄s. Thus, again with the
understanding that all the sums below extend over all indicated indices running from n− p+1 to n, we have:

S(0) = ∑
m,s

|ujm̄ ̄s|2, (31)

|Sj(0)|2 =
!!!!!!!
∑
l,r
u ̄jlrujj ̄l ̄r

!!!!!!!

2
≤ ∑
l,r
|u ̄jlr|

2∑
l,r
|ujj ̄l ̄r|

2 = S(0)∑
l,r
|ujj ̄l ̄r|

2 (32)

Brought to you by | Università degli Studi di Firenze
Authenticated

Download Date | 12/7/15 4:31 PM



Kalka and Patrizio, Locally Monge–Ampère parabolic foliations | 443

and

Sj ̄j(0) = ∑
l,r
|ujj ̄l ̄r|

2 + 2 ∑
m,s,b,d

ujm̄ ̄su ̄jmbujb̄d̄u ̄jsd . (33)

Thus, if S(0) ̸= 0, we have

S(0)[log S]j ̄j(0) = Sj ̄j(0) −
|Sj(0)|2

S(0)
= 2 ∑

m,s,b,d
ujm̄ ̄su ̄jmbujb̄d̄u ̄jsd . (34)

If we denote by A the symmetric matrix of order p de�ned by A = (u ̄jsd) for s, d = n − p + 1, . . . , n and
by A∗ the conjugate transpose of A, then, using Schwarz’s inequality,

S(0)[log S]j ̄j(0) ≥ 2∑ ujm̄ ̄su ̄jmbujb̄d̄u ̄jsd = 2Trace(A∗AA∗A)

≥
2
p
[Trace(A∗A)]2 =

2
p[∑m,s

|ujm̄ ̄s|2]
2

=
2
p
[S(0)]2. (35)

If S(0) ̸= 0, (35) is equivalent to (26) and the proof is complete. 2

We can now wrap up our discussion:

Theorem 3.6. A locally Monge–Ampère foliation of rank n − p, where 1 ≤ p < n, with parabolic leaves on an
n-dimensional complex manifold is holomorphic.

Proof. We use the same notation as above. In the same vein of the argument given in [3] and similarly to the
proof of Theorem 2.1, we shall use Inequality (26) and anAhlfors’ Lemma argument to show that the Bedford–
Burns twist tensor vanishes along all leaves of the foliation. Let L be a leaf of the Monge–Ampére foliation.
We need to show that the twist tensorL vanishes at all points q ∈ L. Suppose q ∈ L is any point such that the
twist tensor L does not vanish at q.

Since by hypothesis L is parabolic, there is a holomorphic covering map F : ℂn−p → L. For any q ∈ L,
up to reparametrization, one may assume that q = F(0). Let Ij : ℂ → ℂn−1 be the j-th canonical injection:
Ij(z) = (0, . . . , z, . . . , 0) and let fj = F ∘ Ij : ℂ → L. Then Lj = fj(ℂ) is a parabolic curve in M for all j =
1, . . . , n− p with q = fj(0) ∈ Lj. For all j let ιj : Lj → L the injection and denote with φj = ι∗j φ the pull-back of
the Ricci form φ of the metric on the normal bundle to L de�ned by the form ddcu. Then the form ψj = −φj is
non-negative on Lj and hence it de�nes a (pseudo-)metric on it. For R > 0, letD(R) = {z ∈ ℂ | |z| < R}. Then
if we consider fj : D(R) → Lj, i.e. the restriction of the map fj to the disk D(R), then ω = fj∗( 2pψ

j) satis�es
Ric(ω) ≤ − 2

pω because of (26). By Ahlfors’ Lemma it follows that ω is dominated by the hyperbolic metric of
D(R) de�ned by the form

ω0 =
i
2

R2

(R2 − |z|2)2

i.e. ω ≤ ω0 which, computing at the origin implies

S(f(0))|fj�(0)|2 ≤
1
R2

. (36)

As fj is a covering map, we have fj�(0) ̸= 0. Since (36) holds for all R > 0, there is a contradiction if S(f j(0)) =
Sj ̄j(q) ̸= 0. In all these consideration j = 1, . . . , n − p was arbitrary and q was any point in the leaf L. By
Proposition 3.2 the twist tensor L vanishes at q, for any q ∈ L. Since L is any leaf, the foliation is holomor-
phic. 2

Remark. For foliations of codimension p > 1 the local Monge–Ampère assumption we made in Theorem 3.6
cannot be removed. In fact, [5] contains a discussion of the codimension 2 foliation of C3 in parabolic curves
given by the a�ne part of an example due E. Calabi [4] of a foliation of CP3 by CP1. This foliation is neither
holomorphic nor locally Monge–Ampère. Namely, in [5] the Bedford–Burns twist tensor is explicitly com-
puted, and is shown to be not vanishing and, furthermore, it is proved that the foliation does not satisfy a
symmetry condition which necessarily holds for locally Monge–Ampère foliations. See [5] for the details.
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