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STABLE DETERMINATION OF POLYHEDRAL INTERFACES FROM
BOUNDARY DATA FOR THE HELMHOLTZ EQUATION

ELENA BERETTA *, MAARTEN V. DE HOOP f, ELISA FRANCINI ¥, AND SERGIO VESSELLA §

Abstract. We study an inverse boundary value problem for the Helmholtz equation using the Dirichlet-to-
Neumann map. We consider piecewise constant wave speeds on an unknown tetrahedral partition and prove a
Lipschitz stability estimate in terms of the Hausdorff distance between partitions.
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1. Introduction. We consider an inverse boundary value problem for the Helmholtz equa-
tion

Au+w?q(z)u=0 in Q CR?
where ¢ = ¢2 and c is the wavespeed. The data are the Dirichlet-to-Neumann map and the
objective is to recover the wavespeed. The uniqueness of this inverse problem was established by
Sylvester and Uhlmann [20] for ¢ € L®(£2). Concerning stability, conditional logarithmic continuous
dependence of the wavespeed on the Dirichlet-to-Neumann map has been proven in 2] in the case of
wavespeeds in H*(2) with s > 2. We refer to Novikov [13| for a refinement of this stability estimate.
The logarithmic rate of stability is optimal [12]. For the inverse conductivity problem the authors
of [3] proposed restricting the class of unknown coefficients to a finite dimensional set to obtain
Lipschitz stability estimates. The result was extended to complex-valued conductivities in [6]. In
this finite dimensional setting, in [4,/5], a Lipschitz stability estimate for the recovery of piecewise
constant wavespeeds for a given domain partition from boundary data for the Helmholtz equation,
and an estimate for the stability constant in terms of the number of domains in the partition, were
obtained.

Here, we study the problem of determining the finite partition from boundary data given a (possibly
large) finite set of attainable values for the wavespeed. Due to the severe nonlinearity of the
problem the derivation of Lipschitz stability estimates is more subtle. For this reason, we consider a
partitoning of the domain with a (regular) unstructured tetrahedral mesh. In fact, an unstructured
tetrahedral mesh admits a local refinement and, with piecewise constant wavespeeds, can accurately
approximate realistic models in applications. In geophysics, we mention as an example the work
of Riiger and Hale [16]. Here, knowledge of a set of attainable values for the wavespeed can be
motivated by the general knowledge of relevant rock types. The deformation allows one to adjust
the mesh and recover structures in the models. In geodynamics, these structures can be an imprint
of the local geology and tectonics [18]. Moreover, one can parametrize major discontinuities at
(polyhedral) surfaces by connecting boundaries of subdomains in the partition via a segmentation
for example.

In this paper, we establish a Lipschitz stability estimate expressed in terms of the Hausdorff distance
between partitions using tetrahedra from the Dirichlet-to-Neumann map. Lipschitz stability esti-
mates provide a framework for optimization, specifically, iterative reconstruction of the wavespeed
with a convergence radius determined by the stability constant [7,|8]. The recovery of polyhedral
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interfaces then becomes a shape optimization. The analysis in 7] makes explicit use of a Landwe-
ber iteration. Via successive approximations, and making use of estimates for the corresponding
growth of the stability constant, the reconstruction can be cast into a multi-level scheme [8] ef-
fectively enlarging the radius of convergence. As an important application, we mention so-called
time-harmonic full waveform inversion (FWI) developed in reflection seismology [14}/15L[19,21] with
the goal to image wavespeed variations in Earth’s interior. The data, here, are essentially the single-
layer potential operator. However, stability estimates for the Dirichlet-to-Neumann map directly
carry over to stability estimates for this operator.

We give an outline of the paper. We first state the main result and the main assumptions (Section.
Then we establish a rough stability estimate for the potentials using complex geometrical optics
(CGO) solutions following the outline of an estimate in Beretta et al. [5] (Section [3). The CGO
solutions were introduced by Sylvester and Uhlmann [20] in their proof of uniqueness of this inverse
boundary value problem. The CGO solutions in our analysis differ slightly from theirs to obtain
better constants in the stability estimates as proposed in [17]. We proceed with establishing the
recovery of the number of tetrahedra in the mesh from the potential, and with expressing the
Hausdorff distance between meshes in terms of the difference of piecewise constant potentials defined
on these meshes. Naturally, the information on the Hausdorff distance between meshes can be
transformed to information on the vertices of the tetrahedra forming the meshes (Section [d}). The
main part of the proof of our result pertains to obtaining a lower bound for the Gateaux derivative
of the Dirichlet-to-Neumann map under mesh deformation (Section [5)).

Notation. We use the Fourier transform convention,
f&)= | fl)e™de.
R3

If the function f is defined on a subset of R3, it is extended to R? attaining the value zero. We
denote by f the inverse Fourier transform of f,

3 _ 1 e*ixf
(11) @) = s [, S e

We introduce coordinates, © = (2’,x3), in R?, where 2/ € R? and 23 € R. We denote the open
ball in R? centered at x of radius r by B,(), and the open ball in R? centered at 2’ of radius r by
Bl(z).

2. Assumptions and main result. We let Q be a bounded domain in R? such that R3 \ Q
is connected,

(2.1) Q C Br(0) for some R > 0,
and
(2.2) Q has a Lipschitz boundary with constants 7y and Kj,

that is, for any point P € 02, there exists a rigid transformation of coordinates under which P = 0
and

Qn{(2',23) € R® : |2'| < 1o, |3 < Koro} = {(2/,23) : 2| < ro, x3 > (')},
where 1 is a Lipschitz continuous (level set) function in B, such that

¥(0) = 0 and HVi,bHLoo(B;O) < Ko.
2



We consider the boundary value problem for the Helmholtz equation,

2 _ .
(2.3) {Au+w qu = 0in Q,

u = ¢ on 0f)
for ¢ € H'/?(99), and introduce the Dirichlet-to-Neumann map
(2.4) Ay HY2(8Q) — HY2(090)
according to

ou

(25) 0 8y(0) = o

oN

The normal derivative is defined in the weak sense as
ou
(Govlon) = [ (u- 96— Pauvpaa
Q

for every 1 € H'(2). In the above, ¢ € L>°(95) is identified with ¢ =2 where ¢ denotes the wavespeed.
The solution of (2.3)) exists in H! (2) and is unique if w is not in the Dirichlet spectrum of ¢~ *A
on .

We introduce wy, wy such that 0 < wg < w; and

(2.6) w < A;(gf) :

where \1(Bg) is the first eigenvalue of —A on Br. We recall that A\1(Bgr) = A\ (B1)R™2. (If we
detect the spectrum, we substitute the true first eigenfrequency for w;.) We then assume that

(27) wo S w S w1.

Unstructured tetrahedral mesh. We let {T} };VZI be a regular partition of €2 into tetrahedra,
namely a collection of closed tetrahedra such that

(2.8) Q=UL,Ty;

(2.9) for j # k either T; NI}, = () or it consists of a common vertex,

a common edge or a common facet;

(2.10) the radius of the insphere of each tetrahedron is larger than r; > 0.

We say that two different tetrahedra of such regular partition are adjacent if they share a common
facet.

REMARK 1. Assumption (2.10)), together with (2.1) implies that the tetrahedra of the partition are
not degenerate. In particular, there are two positive numbers di and oy (depending on R and rq
only) such that

(2.11) for each T; the distance between vertices is greater than d;

and internal angles of triangular facets are greater than «;.



Figure 1: Left: Quantities associated with the assumptions, and deformation of the mesh (cf. (4.4)) Right:
An example model, containing polyhedral interfaces, in the ‘stable’ class.

Indeed, we point out that assumptions (2.10) and (2.1]) are equivalent to the following
ASSUMPTION 1. There exists a positive constant C1 such that
(2.12) |B,(P)NT;| > Cyr?,

for every j=1,...,N, every P € T}, and r < 7rq.

We show an illustration of a typical model and the assumptions pertaining to the mesh in Fig-

ure [I1

We introduce a finite set of numbers,

Q={q,---,qr}
representing the possible values which the wavespeed can attain in the domain §2,
(2.13) Qo =max{|q;| : j=1,...,L},
and
(2.14) co=min{|G; —qGx| : j,k=1,...,L, j #k}.

ASSUMPTION 2. The potentials are piecewise constant and of the form
N
(2.15) q(z) = gixr, (x)
j=1

such that {T} }j\'zl is a regular partition of ) with

(2.16) N < N
4



for some Ny,

(2.17) q; € Q for every j=1,...,N,
and
(2.18) q; # aqi if T; is adjacent to T,

We denote by || - ||, the norm in £ (HY2(09Q), H=Y/2(9Q)) defined by

Il = sup{(Td, %) : ¢, € H'2(09), [¥llrr1/2(00) = I19llr172(00) = 1}-

We refer to the values of R, g, Ko, 1, Qo, o, wo, w1 and Ny as to the a priori data. In the sequel
we will introduce a number of constants that we will always denote by C and, unless otherwise
stated, will depend on a priori data only. The values of these constants might differ from one line
to the other.

We state the main result

THEOREM 2.1. Given a domain Q satisfying (2.1) and (2.2), a set of values Q, and w € [wo,w1],
there exist two positive constants €y and Cy depending on the a priori data and on Ny only such
that, for every pair of potentials

(2.19) ¢ = i Q§O)XT]g0) and ¢V = i Q;(Cl)XT}iw
j=1 k=1
satisfying Assumptions[1 and[3, if
(2.20) [Agor — Ago I+ < €0,
then
(2.21) N=M
and the order of the tetrahedra can be rearranged so that for every j =1,..., N we have
(2.22) ¢\ =4\,
and
(2.23) dy (T, TV) < ColAgor — g |l

where dy denotes the Hausdorff distance.

3. A rough stability estimate. We begin with developing a rough stability estimate for the
recovery of the potential or wavespeed.

THEOREM 3.1. Given Q, ¢\, ¢V and w as in Theorem there exist two positive constants
e1 < 1 and Cy depending on R, o, Ko, Qo, wo, w1 such that, for [[Ay0 — A« <1,

—1/7
(3.1) 149 — ¢l 12(0) < Cav/No |log (|0 — Ay |I+)| .



Proof. We proceed as in |5]. Alessandrini’s identity states that

(3.2) w? / (@9 — (DNugurdr = (Ao — Ar)(uolon), ui1laq)
Q

for every pair of functions ug and u; such that
Auy, + w?q¢®u, =01in Q for k=0, 1,

where we use the shorthand notation, Ay = A .

We fix £ € R? and let 7; and 72 be unit vectors in R?® such that {£, 72,72} is an orthogonal set of
vectors. We let > 0 be a parameter to be chosen later, and set, for £ =0, 1,

2 —1)* . .
s ) (—1)M L ( L— b m+ 55 §+m2> it <
. k=
e+l [ (=DF e T3
( ]‘) \/Q < \/§N 5 ? 22 1 m 772) 1f lJf\/§ Z 1

As can be easily checked,
o+ G =§,

Ck~Ck:Ofork:O,1

and

(3.4 (G| = max {u, \'%} .

We use here complex geometrical optics (CGO) solutions of the Helmholtz equation and, in partic-
ular, the estimates in |17, Theorem 3.8] which are due to |9]. For |(x| > max{w12Qo, 1} =: ¢1, there
is a solution u of

Ay, + w?q®uy, =01in Q
of the form
(3.5) ug(x) = e (1 + g (),

with

2 2
lonllzea < Cwi1*Qo < Cwy Qo7
|Cxl jz

(3.6)
IVerllrzio) < Cwi®Qo,

where C' = C(R).
Inserting (3.5) into (3.2)), we get
w?| @ = 7)) = (Ao = Ar)(uolon), urlon)

I /Q(q(o) (2) = 4 (@)e™* (o(@) + p1(x) + po()p1())dz

< |1 Ao — Axllellwoll oy lluall @) + 203Qo

6

/ (o + @1 + pop1)dz
Q



Hence,

2

A

2
< wT‘*HAO - AIHEHUOH%P(Q)”ulH%{l(Q) +8Q7 /Q(SDO + 1+ pop1)dz

IN

2
704\\/\0 — M [0l F g lu 13 0y + Q512 (IollL2) + el ()

+8B3 llvoll L2 el L2 (o)-

With (3.5) and (3.6) we find that there exists a constant ¢y depending only on R such that, for
Q> co,

(3.7) g || 1 (@) < Ce2RWHIED,
k =0,1, where C = C(R,w1, Qo). Hence,
2
(33 @@ - g0 < ¢ (Srea - a2+ 1),

where C'= C(R,wp, w1, Qo). But then, for p > max(c, ca),

2
16—V ey = [ @ -0 ac+ |

[&]<p [€]>p

1
(3.9) <op (eSRWHAo Wi u)

2
o f @ -] e

@ —a)e)| de

To estimate the integral in (3.9) we show that for every s € (0,1/2)

(3.10) 19 = ¢W 13y < CVNo,
where C'= C(R, 19, Qo). Indeed, by [11] we have

16 = a D131y <2 (19 ey + eV Wre e )

N M
0 0)11—2s 0),2s 1 1)11-2s 1),2s
<2 Z|qj(')|2|Tj()|1 2 ‘aTj()|2 +Z|q’(€)|2|T’§)|1 2 \3T;§)|2
j=1 k=1
SONOa

where C' = C(R, 9, Qo).

Using (3-10),
2 1 2
[ol@-a)@f d< o [ avien?](@@-a) o) a
l&l>p P Jigl>p
1 CN
(3.11) < alld® = a Wl < =50

Finally, by inserting (3.11)) into (3.9)), we get that

1 1
169 — g®2, 0, < ONy {p3 (eSRWnAo W H) + p} ,

7



where C' = C(R, ro,wq, w1, Qo). We then choose

2

p=peE,

and observe that there is a constant c3 depending only on R such that, for u > cs3,

p3eSR(M+p) < 6ISRM

so that
1
49 = 4320 < ONo (éSR“nAo — Al + 45> 7
N3+2s
where C' = C(R, ro,wo, w1, Qo)-
‘We now take

1

Ty llog || Ao — Aq|l]

I
and assume that

||A0 — A1H* S 6_18R03 =&

so that p > max{cy, ca,c3}. Then

14 = q W13z () < CNo (IIAo = MF + [log|Ao — Ad].

3

Next, we establish an estimate for the Haussdorff distance between two domain partitions in terms
of the difference of potentials defined on these partitions.

2s
3+2s°

The claim follows upon choosing s = %. a

where o =

PROPOSITION 3.2. Given Q, ¢ and ¢V as in Theorem there exists a positive constant o
depending on R, r1, Qo and cqg such that, if

(3.12) 19 = ¢V 120y < 01

then

(3.13) N=M

and the order of the tetrahedra can be rearranged so that for every j=1,..., N
(3.14) ¢\ = q"

and

2/3
1@ — gD 7%,

(c2ey)'?

)

(3.15) dy (1, 1Y) <

where cq is given by (2.14) and Cy by (2.12)).
Proof. We write

(3-16) 0= ||q(0) - q(1)||L2(Q)~
8



For every [ € {1,...,L} we let

(3.17) B = {j €fl....N}: ¢ = ql}
and
(3.18) B ={ke{t,...M}: ¢’ =a}.

We note that
L 2
0 1 0 1
(319) 149 =Vl = | X X |o” - o[ |1 nT] .
=1\ jeB k¢BM
1f j € B and k ¢ B then, by (2.14),
07 = | = co;

hence, by (3.19) and (3.16)), we have

L

(3.20) o? >cl Z Z Z ‘Tj(o) N T,gl)‘

=1 jeB rgBM

so that
2
(3.21) Tj(o) N T,gl)‘ < Z—g for every j, k such that qj(»o) #* q,(cl).

By assumption ([2.11f), estimate (3.21f) implies that TONTY s close to AT, To make this precise,
J k J
we introduce

00 = {eer” : dwor”) > 5}

and prove that

(3.22) VN1 =0
with

o2 1/3
3.23 R (R
(3:23) <C(2)Cl)

Indeed, assume that j € Bl(o) for some I € {1,...,N}, k ¢ Bl(l) and that there is a point P €
Tj(o) N T,El) such that

)
(3.24) d(P,oT\”) > 4,

that is, Bs(P) C Tj(o). Using assumption (2.11)) and (2.12) in Remark it then follows that

(3.25) 7 01| 2 [Bs(P) 1| 2 €16
9



if § < ri. By (3.21)

2
g
(3.26) C16° < a

Thus (3.22) holds provided that

5 o2 1/3 B

= — T 5
7 C%Cl ="
that is,

(327) g S g1 = \/T?C%Cl.

Now we consider Tj(%)a for 0 <oy and j € Bl(o) for some [. Since {T,il)}k is a partition of €2, we can

write
M
©) _ (0) (1)
T, =155, 0 <U T, >
k=1
o )
0 1
- Uz n1).
k=1
Using (822).

0 1 1
Tj(,é)(, ﬂT,E ) =0 for k ¢ Bl( ),
and we then obtain

329 10 = U (tfhnr?).

keBM

If k1 and ko € Bl(l), then T,Ei) and T,gzl) cannot be adjacent by assumption (2.18)). This means that

there is a unique k € Bl(l) such that
(3.29) 79 N1 #0
and, with (3.28)),

0)

79 =19 nr{V c 1V,

Thus we proved that for every j € {1,...,N} there is a unique index k(j) € {1,
that

0 _ (1)
(3.30) 4" =4
and

(0) (1)
(3.31) T;s., C TE(J_).

In particular, this implies that M > N.

..., M} such



By interchanging the roles of ¢(® and ¢V it follows that M = N, k is a permutation on {1,...,N}
and

1), and T(l)

©) o
Tis0 < Trgs) %(7).0,

(0)
7,0 C TJ

that, by (3.23)), gives (3.15). O

Combining Theorem and Proposition [3.2] we obtain the following logarithmic stability esti-
mate

COROLLARY 3.3. Under the assumptions of Theorem[31], there is a constant eo < 1 depending only
on the a priori data such that, if

[Ago — Ay |l < e2
then
N=M

and the order of tetrahedra can be rearranged so that

q;o) _ q§1)

and
2N\ /® —2/21
(3.32) dy (T, 1Y) < (éd’) log ([[Ag0) — Ao [1+) | /2

4. Geometric estimates, construction of an intermediate partition and augmenting
the domain. Here, we map the information on the Haussdorff distance of tetrahedra in information
on the distance between vertices of these tetrahedra. It is straightforward to see that if 7*) k = 0,1,
are tetrahedra generated by vertices Pi(k), 1 =1,2,3,4, that then

b

(0) (1) : © _ p)
(4.1) dy (T, T )Smpmlrgaél‘}’i P

where @ denotes a permutation on the set {1,2,3,4}. Moreover, if T®*) C Bgr(0) and satisfies
assumption (2.10) for & = 0,1, then there exists a positive constant A;, depending on R and r;
only, such that

(4.2) min max
p 1<i<4

PO~ P < Avdyy (1), 70),

(3

Using Corollary [3.3] we then obtain

PROPOSITION 4.1. Under the assumptions of Theorem[3.1], there is a positive constant e3 < 1 such
that if

Ay — Ay |l« < es3

then for every vertex Pj(fz) of Tj(o) (with i = 1,2,3,4) there is a unique vertex Pj(}i) of Tj(l) such
that

(4.3) d(P©, pWy < %

Jyt 07 gy
11



for dy as in|2.11]

Proof. Tt is sufficient to consider €3 < 1, such that

C3Ny 13 —2/21 _ di
A, =2 1 2 CL
1(036&) [log (¢5)| <

and the statement follows. O

We introduce a deformation of the tetrahedra forming the partition of 2. To this end, for each
je{l,..., N}, we define tetrahedra T;t) by its vertices,

(4.4) PY) = PO 1 tv;, for t € [0,1],
where

1 0
(4.5) v = Pj{i) ]( P9,

The resultmg partition {T( )}j is a regular partition of Q) satisfying condition . We point out
that, by (4.1) and . there is a positive constant As > 1 such that

4 1/2 4 1/2
(46) Agl (Z |Uj,i|2> < dq.[ (TJ(O)7TJ(1)) < AQ (Z |'Uj,i|2> .
i=1 i=1
We define

q(t) = Z Q,]XT(t)7

j=1

where we denoted by ¢; = qj(o) = q]( ) A suggestion of Alessandrini ( [1]) allows us to avoid the

assumption thet ¢ is known on 9€2. To this aim we extend our domain and introduce a regular
domain € containing Q; we extend each potential ¢, for ¢ € [0,1], to Q with the same constant
value, gg. The particular choice of value gy for this extension does not matter, as long as we are
able to ensure well-posedness of the corresponding Dirichlet problem. For this reason we choose a
special value. We take R = %R, so that

(4.7) M (Bg) = ZAI(BR)7
and choose
(4.8) Q = Bx(0).

We then define
(4.9) i = Go+ (¢ — Go)xa for t € [0,1],

with go = Qo (cf. (2.13))). For w < w; and ¢ € [0, 1], we have
- 1 2 ~
2] < wi%Qo < 5 Au(BR) = £ M(®),
cf. (4.7) and (2.6]), whence the Dirichlet problem

(4.10)

Au+w?d®u = 0inQ,
U ¢ on 0f,
12



has a unique solution u € Hl(f)) for every ¢ € H1/2(a(2). Thus the one-parameter family of
Dirichlet-to-Neumann maps,

(4.11) Ay = Agw, fort €[0,1]
is well defined in £(H'/2(9Q), H=1/2(8Q)). We denote the norm in this space by || Tz
To proceed, we take ¢, € H1/2(8Q) and let @y and @y be the solutions to

Aty +w?§d@idy = 0in Q, q Aty +w?§d®a; = 0in Q,
ug = ¢ on 0L, 41 = 1 on I

We then use Alessandrini’s identity and write

(A1~ Ao)(9), %) = / (@ = ¢ M)aoude = / (¢ — ¢ aouide
Q Q

= ((A1 — Ao)(Tolon), t1lon) < |A1 — AollkllToll 12 a0y @1 717200 -

Moreover, by trace and regularity estimates, we have
k|l zr1r200) < Clltrll gy < Cllarll grzpg) for k=0,1,
where C' depends on the a priori data. We have then shown that
(4.12) A1 — Aollz < Cs]|A1 — Aol
5. Proof of Lipschitz stability. In this section, we give the proof of Lipschitz stability

starting from the logarithmic estimate obtained in Corollary We split the proof into three
steps:

First step. We show that for any pair of functions ¢ and ¢ in H'/2(9%), the function
]:(tv ¢7 '(/J) = <At(¢)7 1/)>

is differentiable.

Second step. We show that there is a positive constant L; and a number a € (0, 1) depending on
the a-priori data such that for any ¢ and ) in H'/2(9Q),

< le;’_aHQSHHl/?(@Q)||¢||H1/2(6§~2)'

d d
(51) ‘Cﬁf(t’ d)a d}) - %‘F(L ¢, w)\t=o

Third step. Finally, we prove that there is a positive constant my such that, for special choices of
non-zero functions ¢y and g, we have

d
7‘/—:(t7 d)Oa 1/}0)|t=0

52 E

2 mldTH¢0HH1/2(aQ)H‘/’0||H1/2(a(z)~

Here, dp = Y1, dy (T]@), j(”).

Once these three steps have been proven we conclude that

(s = Bo)6o).vob| = (1,60, 10) — 700,50 = | [ 57 0m. 1)

1
-
> \lgoll sz 1ol grrs2dr (my — Lidg) ,
13

d d d
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that is,
(5.3) Ay — Ao, > dp (my — L1d$).
By Corollary there exists a positive constant €y < e3 such that, if

A1 — Aollx < eo

then
m
(m1 — L1d7) > 71
and, hence, by (4.12)
mi, ~ ~ mqC'
dr < A = Aofls < =52 IAr = Aol

which implies (2.23).

5.1. First step: Differentiability of F(t,¢,1). Let ¢, € H'/2(9Q) and let t, € [0,1]. For
h # 0 such that ¢o + h € [0, 1] we introduce the finite difference

(54) R(D) = 3 (Flto+ h,6,0) ~ Flto,6,1))

For t € [0,1] fixed, we let u(z;t) and v(z;t) be the (unique) solutions in H'(2) to the boundary
value problems,

Au(z;t) + 2§D (z)u(z;t) = 0 for z € Q, )
u(z;t) = o(x) for x € 90
and
Av(z;t) + w2q® (z)v(z;t) = 0forz e Q, )
v(z;t) = () for x € ON.

Applying Alessandrini’s identity and the definition of ¢*), we find that

UJ2
R(h) = = /Q (q(t°+h)(:£) — q(to)(x)) w(ws to + h)o(x; to)da

2 N
w
= ; 4 {/TW“) u(x;to + h)v(x;to)de — /T(to) u(x;to + h)v(x; to)dx} .

For any index j € {1,...,N} we define ®;,, : R3 — R3 as the affine map with the property
that

(5.5) ©; 40 (P + tovyi) = vj,; for i = 1,2,3,4,
where Pj(g) is defined in and v;,; in (4.5). We let

(5.6) F;OT () =2+ 7Pj ()

so that F;"T(T;t‘))) = Tj(to'w). We note that with assumption

(57) |q)j,t0| + |le (I)j,t0| S C(R, 7"1).
14



By using Ft"h as a change of variable, we get

N
w
?Z /(to) 117 to)d

(5.8)

where
(5.9) 15 (x, to) = u(FLS (x); to + h)v(FLS (x); to)| det DFLS, (x)] — u(w; to + h)v(x; to)-

We proceed with the analysis on each tetrahedron Tj(tO) in the same way and for simplicity of
notation drop the index j.

By standard regularity estimates for solutions of elliptic equations, we know that w(-,¢) and v(-,t)
belong to C*® () for some a € (0,1) and that

(5.10) lu(sD)llcre@) < Cllollgrrzpa),

(5.11) [v(- D)llcre) < C”?/’HHIM((«)Q),
where C' depends on the a priori data. Thus,
(5.12) u(F(z);to + h) — u(x;to + h) = hVu(w;to + h) - @4, () + 11(h).
For some ¢ between = and Fi°(z) = x + h®y, (z),
Im ()| = |WVu(&to + ) - By (2) — AV u(x;t0 + h) - By, ()]

< [hfl[u(-; to + h)llcre@)|€ — | [Py ()]

< Cllol g2 oy (A2 1, ()]
(5.13) < Cllll g1z o)A,

where we used (5.7) in the last estimate. A similar estimate holds for v(F}° (x);to+h) —v(z;to +h).
Moreover, by direct calculation,

(5.14) |det DF}° (z)| = 1+ h div (®4,) + o(h).
Using (5.9), (5.12)), (5.13) and (5.14), we get

(5.15) (o) = h div (u(z;to + h)v(z;t0) Py, () + n(h)
with

(5.16) In(h)| < C|h[**e,

where €' depends on the a priori data and on ||| ;1/2(50) and [l g1/2(50)- By inserting estimates

(5.15) and (5.16) into (5.8) we obtain

(5.17) =w? Z 4 /(to div (u(z; to + h)v(z;to)®j 4, (x)) do + O(h”).

Applying usual energy estimates, we find that

(5.18) [u(-,to + h) = ul-, to)ll 1 (@) < Cw?(lg™ ™™ — g% L2y 0]l g1/2061)
15



and, hence,

lim R(h) = w qu/ div (u(z; to)v(z; to) @ 4, (x)) dx.

h—0 T(to

This implies that F(t, ¢, 1)) is differentiable and that

(5.19) Z(At((b Vet = W Zq] /T(to div (u(zx; to)v(z; to) @) 4, (x)) d.

Using the divergence theorem, we obtain
d
(5.20) S 80(9), D)oty = qu o MO0 (B30 (0) ) o

. . t .
where v; is the exterior normal to OTj( °) and do, is the surface measure.

5.2. Second step: Behavior of %f(t,qﬁ,w) with respect to t. In this subsection, we
estimate, for any fixed ¢ € [0, 1], the quantity

d
J=—F(t,¢,9) = —F(t, ¢, ¢)|i=0.
By , we can write

N
(5.21) J=w?) q;J;
j=1
where
Jj = /( ) div (u(z; t)v(z; t)@; 4 (x)) doe — o div (u(z; 0)v(z;0)@; 0 (x)) dx.
T Ts°
We write
(5.22)

Since, here, we focus on each tetrahedron separately, we drop the index j from Jj, Tj(t), Tj(o), D¢,
®; 0, and Vj, again, for simplicity of notation. We use the change of variable Fy(x) = Fj; as defined

in , and get
J= /T . (divy (u(y; 0 (y; OPY))— o) ldet DF ()] div., (u(w; 0)v(w;0)@o(2)) ) da

We introduce the quantity
Gy, t) = divy (u(y; )o(y; 1) 2e(y)) ,

and estimate J,

J:

|, (G(Fi@).0) et DRa)| = G(a,0)) do

g/ \G(Ft(a:),t)—G(a:,O)||detDFt(x)|dx+/ IG(,0)| |det DF) (z) — 1] dz
T(0)

T(0)
= Jm _|_J(2)7
16



in which

JO < o {/
o T(0)

+ ),
T(0)

using that @;(Fi(x)) = Po(x). A straightforward calculation gives

Vy (u(y; t)v(y; 1)) V (u(z; 0)v(2;0))| [Po(x)| dx

ly=Fy(z)

u(Fi(x); t)o(Fy(x); 1) (div @ (y))

oy — (s 0)0(a3 0) (div @0(50))‘ d:z:} :
(div ®4(y)) |y— p (o) = div Bo () — t tr (DD (Fy(x)) Do () .
Hence, writing

w(y;t) = u(y; t)v(y;t)

we obtain the estimate
JW<c {/T«» IVw(Fy(2);t) — Vw(a;0)] | @ ()] da
+ [ uFla):t) = w(a )] v (o) do
+t /T o, [0 Ee@); )] [t (D24(Fi(2)) Do ()| dx} :

Using (5.5) and (5.22)), we find that
(5.23) |®:(z)| + |DPy(z)| < CV
and, hence,
g0 <ev{ [ 9ulEe)t) - Vul o) + lo(F@)it) - w(o) ds
T()

+CV2”¢”H1/2([~)Q) %0 172060 -

We analyze the term containing Vw. By combining ([5.10), (5.11)) and (5.18) and using the fact that
|F(z) — 2| = t|®¢(z)| < CV, we obtain

/ |[Vw(Fi(x);t) — Vw(z;0)| dx
T()

< / (|Vw(Fi(x);t) — Vw(z; t)| + |Vw(z; t) — Vw(x; 0)|) de
T(0)

< Cllél sz oyl mraqomy (Vo +@?19® = @2y

Then, by , and ,

N
w?)|g® — q(O)HL2(Q) < CZVj

j=1

and, so,

N
/T(0> IVw(Fi(z);t) — Vw(z; 0)] do < Cldl g1/200) 1Y 172 (00) (Va + ZVJ> -

j=1
17



An analogous estimate holds for [, [w(Fy(z);t) — Vw(z;0)|dz. Finally, by recalling (5.22)), we
obtain

1+«
N
(5.24) TO < Cllgl gl Gl | DV

Jj=1

The integral, J®), can be estimated in a similar way by observing that, by (5.10), (5.11) and
(0-23)),

(5.25) |div (u(z, 0)v(z,0)®o(2))| < Clloll /200 19l 172 06)V
and, by and ,
(5.26) |det DFy(z) — 1| < CV.

By combining (5.21)), (5.24), (5.25) and (5.26)) and adding up the contributions from all the tetra-
hedra, we get

1+«

N
T < Lol sz omn 19 oy | D Vi

j=1

and, by (5.21), (2.13), (2.6) and (4.6]), we finally arrive at estimate (5.1) and conclude the proof of

second step.

5.3. Third step: Lower bound of %]-"(t,qﬁ, ¥)|t=0. With (5.20) the Gateaux derivative is
given by

d N
T sl =3 i W00 st 13 o

where u and w solve problems

Au+w?2¢@u = 0in Q,
u = ¢ on 0f.
and
Aw+w?2¢Ow = 0inQ,
w = 1 ondd ’
respectively. We introduce
(5.27) b= —t—forje{1,...,N}, i=1,234,
Zj:l ‘/j

where V; is defined as in (5.22)), and note that

N
(5.28) > vl =1
j=114=1
We also let
- Ny
(5.29) b;(z) = 7353(””) :
2= Vi



and consider the bilinear operator

(5.30) G(6.) = ﬁjlqj / i ) )

in L(H'?(0Q), H=/2(8Q)). Now, for every ¢ and v in H/?(9Q), we have
(5.31) 16(6.)] < mollél v [l

where

(532 mo = 6]

We choose boundary values corresponding to CGO solutions: Let & be any vector in R? and let p
be a positive parameter to be chosen later, and let {p and ¢; as in (3.3)). We form

(5.33) iy = (1 + po())
and
(5.34) Wy = €1+ 1 (2)),

which are both solutions of the equation Au + w?q(Du =0 in Q, such that

Cow1?Qo
el g2y < —

(5.35)
IVor ||L2(Q) < Cow12Q07

and {y + (1 = €. Substituting these functions into (5.31f), by (2.13) and (5.23), we get

N

(5.36) > g /

® e (D5(x)vs)| < molldll g2 ooy 11| 1/ o0
= j

N
+ CZ/aT(O) (Iol + 1] + |olle1l) -
j=1 j

We now estimate last term in (5.36]). We recall the interpolation estimate for 0 < 7 < 1

(5.37) lorlle- @ < Clloelliam, (Ionl @ + IVl a@y) for k=0,1,

and the trace estimate, for 1/2 < 7 < 1,

(538) ”SDkHL?(aTj(O)) < ”()DKHHT—l/z(aTj(O)) < C‘FHSDICHHT(Q)v for k=0,1.
The estimates (5.37) and (5.38) combined with (5.35) give, for k = 0,1,
(5'39> ||<'0k||L2(8Tj(O>) < CTNT_la
and, hence,
(5.40) I gl + 1]+ inlln]) < Crpi™D
T,
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for any fixed 7 € (1/2,1). By using (5.36)), (3.7) and (5.40) we have the estimate
N
‘ @€ (G ()| < Cllgl+n) 4 ,~2(1—7)
(5.41) j;qj /BT;O) e (P (x)v;)| < C (moe + ) .

We write the integral on the left-hand side of (5.41) in a slightly different form. We denote by
{Fk}g/[;l the collection of facets of tetrahedra. We note that the set Ufcw:ll Fj, contains special a
priori information which is implied by the a priori information on the mesh of tetrahedra.

Each facet Fj not contained on 0f) belongs to two tetrahedra and the outer normal directions with
respect to these two tetrahedra are opposite one to another. We denote by v one of these two
directions and denote by g, the coefficient defined in the tetrahedron where v}, is pointing towards
and ¢; the one defined in the other tetrahedron. By assumption and by we have
that

(5.42) 4~ = eo.

For any k € {1,..., My} we let

0 if I}, is contained in 002
(5.43) frlw) = { *

(g —a1,) (®r(z)-vx) otherwise.
We know that the fj;, are affine functions on each facet, F}, and that

My
(5.44) S W fkllgireey <

k=1

where E depends on a priori information. We denote by H the measure,

M, M,
H = th = kad0k7
k=1 k=1
where doy, is the surface element on Fy, for k € {1,...,M;}. More precisely, each hy is defined as

follows:

Co (R?) 2 ¢ — (hy, ) :/fkd)dak eR.

Estimate (5.41)) implies that

(5.45) [H ()] < Cy (g, pmo)
where
(5.46) 5 (t, 1y mo) = meeC T 4 1, 72077) for every ¢ > 0, > 0.

We estimate, for s > 1,

san ([ e ﬁ(g)ﬁds)l/z <y ([ v o)
k=1
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For each k we write

[ ey opac = [ (iR atora:

+Z/ (1 1e) ™" o) P

2i<[g|<2+!

2 = —js n 2
(5.48) < /lglglmk(fﬂ d5+;2 / k(O Pde.

j¢|<2i+1
Using |10, Theorem 7.1.26, p.173], estimate (5.48]) gives

s/2 (s=1)j 2
[y hera <o (142320 ) [ i

Jj=1

and, by and ,
1/2
(5:49) (/RJ”'“ Y ()d&) <CE.

We consider a single facet, for instance, the facet F;. To simplify the notation, we assume that
F; € R? x {0} and that 0 is a point of F} such that B}, (0) C F; where d depends on the a priori
information only. We let n € C5° (R?) such that 0 <7 <1 and n=1 on B} (0).

We choose a g, € H! (R3) such that

91(2',0) = (nf1) (2'), 2’ € R?,

(5.50) suppgys N F, =0, for k # 1
and
(5.51) 191112 as) < CF,

where C depends on the a priori information only. Taking into account (5.50)), we obtain

§)d¢ = /dfgl Z/F 't fr(x)doy,
ix-€ ~
Z 2)dor, /R g 6)de
2
Z >dak—/F1n|f1| don,

that is,

(5:52) [ alatan = [ f©mads

1

Moreover by (5.51) we have

(5.53) [Py e < cr
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We write

(554) L r@ne]e= [ |Aene]acr [ [aone)]e

[€l>p

By and we have
[ |a©a©|de < umo) [ lnn(e)ldg
1€1<p

[€1<p

1/2 1/2
< Cv (p, p, mo) </£<(1 + |§|2)1d£> </£<(1 +1€%) |§1(€)|2d€>

(5.55) < Cy(p, ,mo) /pE

Using the Cauchy-Schwarz inequality and (5.49) we have

/M €)1 dé = /lgbp (L+1¢P) " @] 1+ 162)"" 131 (€)] e

1/2 1/2
SR 2\5/2 |- 2
- (/5 (rief) ™ ) d€> ( RSO AG] df)

1/2
(5.56) <CE (/ (1+162) g1 (6) df) :
[€1>p

Then, using 7 we find that for 1 < s < 2,
(5.57) [ e e ae

[€1>p

= [ ) ) o) e

[€1>p

<+ [ AP ) ds < o

and with and ,

(5.58) / A3 (6)] de < CBp

[£1>p

By (5.52), (5.54)), (5.55) and (5.58) we have

(5:59) [ w1 dor < OBy (maerecr + 72070 1 0B
Fy

We choose p = p*/1=7) and get, for every p > 1,

2—s

(5.60) /F B doy < CE (moy e 7) 4 p7302 4 By
1

where C, depends on the a priori data only.
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We then choose

R S R A
P=\ac, | E+mo+1
so that
7255
mo
5.61 2doy < C (B4 mgo+1)* |log ——>—— ,
(5.61) /B&|f1| 71 < C(B+ma-+ 1? log oy

where C' depends on s and the a priori information only. Because f; is an affine function on F} with
a bounded gradient, and the size of B/, is bounded from below with a constant depending only on
a priori information, we have

2—s

Mo

(5.62) [fi@)] < C(E+mo+1) llog =

log

T4
’ for every = € F}.

By repeating the same procedure on each facet, and recalling (5.42)) and the fact that @k(w) ‘v =0
if Fj, C 0F), we have

(5.63) ’i)k(a:) . I/k’ < Csi(myg) for x € Fy,

where
_2-s

1 mo ’

g Mo

S FE +mo+1

Cl(mo) = (E + mo + 1)

We fix a tetrahedron Tj(o) and let Py, Py, P3, P, be its vertices. We label the facets so that Fj, for

k=1,2,3,4 is the facet of Tj(o) that does not contain P;. We let (*) be the unit outward normal
to Fy. Each point on x € F} can be written as

4
Tr = Z SiPi7
i=1
where 0 < s; <1, s =0, and Z?Zl s; = 1. With this notation,
4
Dp(x) - vy = Z siv; - v ¥
i=1
and using (5.63))

< Csi(my).

4
i=1

This implies that

’ﬁi : V(k)‘ < C1(my) for every i # k.

In particular, this means that for every vector v;,; we have

)173‘,1' . V(k)‘ < Csy(mo)
23



for every direction Vj(k) orthogonal to the facet of Tj(o) that contains P;. By the regularity of the
partition, this implies that

(5.64) 95,4 < C361(mo),

where C'5 depends on the a priori information.

By adding together inequalities ((5.64) and applying (5.28)), we get

N 4
1= il < 4Cs61(mq)

j=1i=1

that yields

(1
(5.65) mo > ¢t (403> .

From the definition of mg (see (5.32))), there exist a pair of boundary values ¢y and )y such
that

1G(60,%0)| = > lléoll 1ol

and, hence,

d
%‘F(ta ¢07 d)O)‘t:o

N
mo
>w?y Vi3 lIolllivoll
j=1

that, together with (4.6]), gives (5.2)) for

1 1 1
mq = 5(&]1142 1§1 L <46’3> .
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