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Stationary isothermic surfaces in Euclidean 3-space
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Abstract Let Q be a domain in R? with 3Q = d(R>\Q), where 92 is unbounded
and connected, and let u be the solution of the Cauchy problem for the heat equation
o;u = Au over R3, where the initial data is the characteristic function of the set
Q¢ = R3\Q. We show that, if there exists a stationary isothermic surface I' of u with
I' N 92 = &, then both 92 and I must be either parallel planes or co-axial circular
cylinders . This theorem completes the classification of stationary isothermic surfaces
in the case that I' N 92 = @ and 92 is unbounded. To prove this result, we establish
a similar theorem for uniformly dense domains in R?, a notion that was introduced
by Magnanini et al. (Trans Am Math Soc 358:4821-4841, 2006). In the proof, we use
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methods from the theory of surfaces with constant mean curvature, combined with a
careful analysis of certain asymptotic expansions and a surprising connection with the
theory of transnormal functions.

Mathematics Subject Classification Primary 35K05 - 35K15; Secondary 53A10 -
58170

1 Introduction

Let © be a domain in RY with N > 2. Consider the unique bounded solution u =
u(x, t) of the Cauchy problem:

du=Au in RV x (0, +00) and u = Xoc on RY x {0}, (1.1

where Xqe denotes the characteristic function of the set Q¢ = R¥\ Q. A hypersurface
" in RY is called a stationary isothermic surface of u if at each time ¢ the solution u
remains constant on I" (a constant depending on ). The following problem was raised
in [16]:

Classify all the domains 2 having a stationary isothermic surface.

For N = 2 the answer is easy: 02 is either a circle, a straight line, a couple of
concentric circles or a couple of parallel straight lines (see [16]). One can also easily
show that, if 02 is a sphere, a hyperplane or, up to rescalings, any spherical cylinder
Sk x RN=k 2 < k < N — 1, then every level surface of u is a stationary isothermic
surface. Another interesting example is a helicoid 7 in R>. If € is a domain in R3
with 02 = H, then H is a stationary isothermic surface of u (see [16, p. 4824]).

In order to study this problem, the notion of uniformly dense domains was intro-
duced in [16]. Let B(x, r) be the open ball of positive radius r and center x € R" and

define the density
1210 B(x, r)l

P(X,")ZW, (1.2)

where |2 N B(x,r)| and |B(x, r)| denote the N-dimensional Lebesgue measure of
the sets 2 N B(x,r) and B(x, r), respectively. As defined in [16], 2 is uniformly
dense in the hypersurface I' if and only if there exists ro € (dist(I", 9€2), +00] such
that, for every fixed r € (0, r¢), the function x — p(x, r) is constant on [.! Thus, if
9Q = d(RM\Q) and Q is uniformly dense in T, it is clear that any point x € T" must
have the same distance, say R, from 9€2, i.e. I" and 02 are parallel hypersurfaces.

! This assumption can be relaxed: it would be enough to assume that there exist two functions r(x) €
(dist(I", 9K2), +00) for x € I" and po(r) = 0 for r > 0 such that p(x, r) = po(r) provided that x € I" and
0<r<rx).
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Stationary isothermic surfaces... 99

In fact, stationary isothermic surfaces and uniformly dense domains are connected
by the formula

o0
1 —u(x,t)=2 (471;)—1"/2/ 12N B(x, 2/1s)| se=S ds, (1.3)
0

that can be easily derived by applying the integration by parts formula and a change
of variables to the representation formula (2.4) in [16, page 4825]. Hence by the
arguments used in [16, Theorem 1.1], we see that I is a stationary isothermic surface
of u if and only if €2 is uniformly dense in I with 9 = oco. Heuristically, this means
that a stationary isothermic surface collects local and global information about the
set €2, since that formula also informs us that the short and large time behavior of u
are respectively linked to the behavior of p(x, r) for small and large values of r. The
results presented in this paper only use the local information about €2, since they rely
on the behavior of p(x, r) for small values of r, that is when ry < co. (Nevertheless,
we believe that the assumption ry = 00, besides simplifying some arguments as in
[16], is necessary to attempt a classification in general dimension of uniformly dense
domains and, of course, stationary isothermic surfaces.)

The case, where I' C 92 and 2 is uniformly dense in I', is considered in [16,
Theorems 1.2, 1.3, and 1.4]. In particular it is shown that, if N = 3 and 92 is
connected, then 92 must be a sphere, a circular cylinder, or a minimal surface. Also,
if 92 is a complete embedded minimal surface of finite total curvature in R3, then it
must be a plane.

The case, where I' N 02 = &, 92 is bounded, and €2 is uniformly dense in I, is
studied in [16, Theorem 3.6] and [21, Theorem 1.2], where in particular it is shown
that €2 must be a sphere, if it is connected. Here the boundedness of 92 enables
us to use Alexandrov’s sphere theorem to reach the conclusion. The case, where
N3 = @, 9K is an entire graph over RV !, and T is a stationary isothermic
surface of u, is analyzed in [20, Theorem 2.3] and in [29, Theorem 2], and it is shown
that 92 must be a hyperplane under some additional conditions on d€2. In both of these
cases the global conditions on 92 play a key role to reach the conclusions. Therefore,
in order to classify all the cases in which I' N 02 = &, 92 is unbounded, and 2
is uniformly dense in I with no global assumptions on 0S2, a new approach must be
developed. In the present paper we show that such a classification is actually possible
in R3.

To complete the picture, we mention that an interesting generalization of uniformly
dense domains—the so called K -dense sets—is considered in [2], [17] and [18]: they
correspond to the case in which the balls B(x, r) = x +r B(0, 1) in (1.2) are replaced
by the family of sets x +r K, where K is any fixed reference convex body. It is proved
that, if Qisa K-dense setforI' = 02,0 < |Q2| < oo and r9 = oo, then both K and 2
must be ellipses (homothetic to one another) if N = 2 [2,17] and ellipsoids if N > 3
[18].

In the present paper, we work in R? and complete the classification of unbounded
stationary isothermic surfaces initiated in [16], by the following theorem and corollary.
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100 R. Magnanini et al.

Theorem 1.1 Let Q C_]R3 be a domain with unbounded and connected boundary 952
such that 3Q = d(R3\Q) and let D be a domain with D C Q. Consider a connected
component I" of d D satisfying

dist(T, Q) = dist(dD, IS) (1.4)

and suppose that D satisfies the interior cone condition on T'.>
If Q2 is uniformly dense in ', then 02 and I" must be either parallel planes or
co-axial circular cylinders.

Corollary 1.2 Let 2, D and T" be as in Theorem 1.1. Assume that I is a stationary
isothermic surface of the solution u of the Cauchy problem (1.1).
Then 02 and T must be either parallel planes or co-axial circular cylinders.

Recall that any point x € I has the same distance R from 9 if 9Q = 9(R3\Q)
and 2 is uniformly dense in I". By observing that

[N B(x,r)|
1—pkx,r) = —— foreveryr > 0,
[B(x,r)l

d .
and o Q°N B(x,r)| =|Q° NdB(x,r)| foralmost every r > 0,
r

where |2° N d B(x, r)| denotes the 2-dimensional Hausdorff measure of the set ¢ N
dB(x, r), we introduce another ratio:

oGer) = Q€N IB(x, r)| (L5)
T 19B(x, )| ’

Then, the proof of Theorem 1.1 relies on the observation that, being 2 uniformly
dense in I', o (x, ) and all the coefficients of its asymptotic expansion for r — R+ 0
are independent of x if x € I'. The regularity in r of o (x, r) descends from that of the
uniformly dense domain €2, that we derive in Sect. 2 in general dimension and under
the assumption that 3 = 8(RY\Q). The computation of the first coefficient of the
asymptotic expansion of o (x, r) for r — R + 0 was already carried out in [16] for
any N, while that of the second one is performed for N = 3 in Proposition 3.1, which
is the most technical part of the paper (in the Appendix, we collect the calculations of
some definite integrals needed in its proof).

A key role is played by Propositions 2.3 and 3.3 that give useful geometrical insight
about the first and second coefficients of the aforementioned asymptotic expansion.
In summary, if Q2 is uniformly dense in I', those propositions imply the existence of
an intermediate surface I', between 92 and I', parallel to both €2 and I', that has
constant mean curvature H* (Proposition 2.3) and of a polynomial ¥ = W(¢) of
degree 4 at most such that

IVK*||?> = W(K*) on T, (1.6)

2 This assumption can be replaced by requiring that I satisfies the following center of mass condition: for
any x € T, there is a number r € (0, r) such that x is not the center of mass of Q¢ N B(x, r).
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Stationary isothermic surfaces... 101

(see Proposition 3.3 and the arguments yielding (4.2) in Sect. 4). Here, ||V K™|| is the
length of the gradient (with respect to the induced metric of I',) of the Gauss curvature
K* of T'y. In particular, (1.6) tells us that K* is a transnormal function if K* is not
constant (see [5,25,30]).

The proof of our classification of uniformly dense sets and stationary isothermic
surfaces—Theorem 1.1 and Corollary 1.2—is in Sect. 4. We obtain it in two ways:
by combining ideas from the theories of minimal surfaces and surfaces with constant
mean curvature properly embedded in R, and the theory of transnormal functions; by
directly checking that the Gauss curvature of catenoids, helicoids and unduloids (that,
together with planes and circular cylinders, are the only surfaces of constant mean
curvature that we need to consider, as we will show) does not satisfy Eq. (1.6) with a
polynomial function W.

Finally, in Sect. 5 we present a generalization of [16, Theorem 1.4, p. 4824] by
using the theory of properly embedded minimal surfaces of finite topology in R3.

2 Regularity of uniformly dense sets

For later use, we introduce some notations and recall some well-known facts. We
define the parallel surface

Ip={xeQ: dist (x,0Q) =p} for 0 <p<R.

Also, v and k1, ..., kny—1 will denote the inward unit normal vector to 02 and the
principal curvatures of 02 withrespectto v atapointé € 9€2. For notational simplicity,
the explicit dependence of these quantities on the point & will be indicated only when
it is needed to avoid ambiguities. However, be aware that ¥ and &1, ..., Ky—1 will
denote the outward unit normal vector to D on I' and the principal curvatures of I'
with respect to ¥ at the pointx =& + Rv € T'.

In the spirit of [21, Lemma 3.1] and by the arguments used in [ 16, the proofs of The-
orems 2.4 and 2.5], we obtain the following lemma that is partially motivated by
Remark 2.2 below.

Lemma 2.1 Let Q be a domain in RN with N > 2 and 9Q = d(RN\RQ), and let D
be a domain in RN with D C Q. Consider a connected component T' of 3 D satisfying
(1.4) and suppose that D satisfies the interior cone condition on T.

If Q is uniformly dense in T', then the following properties hold:

(1) There exists a number R > 0 such that dist(x, 02) = R for every x € I';

(2) T is a real analytic hypersurface embedded in RV ;

(3) there exists a connected component y of 02, which is also a real analytic hyper-
surface embedded in RN, such that the mappingy > € +— x(§) = E+Rv(§) € I
is a diffeomorphism; in particular, y and I" are parallel hypersurfaces at distance
R;

(4) it holds that

1
Kj<E ony, forevery j=1,...,N—1, 2.1
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102 R. Magnanini et al.

(5) there exists a number ¢ > 0 such that

N—1
(1 — RKj) =c on y. 2.2)
=1

~

Proof Since Q is uniformly dense in I, there exists ro € (dist(I", 3€2), +oc] such that
for every fixed r € (0, rg) the function x — |Q¢ N B(x, r)| is also constant on I.
Therefore, property (1) holds for some R > 0,since Q2 = J(RV\Q) andTNIQ = @.
Moreover Eq. (1.4) yields that R = dist(I", 92) = dist(d D, 0€2).

First, let us show that I is a C* hypersurface. Take an arbitrary function n €
C§°(0, o) and set ¥ (x) = n(|x|) for x € RN, Then ¥ € C{°RY), supp () C
B(0, ro) and the convolution y» x Xqc belongs to C%°(RY). Moreover we have that

Y * Xoe (x) =/

ro
n(lx —yh dy =/ nr)|QL NIB(x,r)|dr,
QCNB(x,rg) 0

where |2 N0 B(x, r)| denotes the (N — 1)-dimensional Hausdorff measure of the set
QENIB(x, r).

The function ¥ x Xqc is constant on I'. In fact, if we fix two points p,q € T’
arbitrarily, being €2 uniformly dense in I', we have that

Q°N B(p,r)| =|2°N B(q,r)| forevery r € (0, rp)
and hence, by differentiating with respect to » both sides, that
[Q°NAIB(p,r)| =|R°NA3B(q, r)| foralmostevery r € (0, rp). 2.3)
Thus, if we show that for every x € I" there exists a function n € Cgo (0, ro) such
that V(¢ x Xqc)(x) # 0, then we can conclude that " is a C* hypersurface, by the
implicit function theorem. Suppose that there exists a point xg € I such that

V (¢ x Xqe) (x9) = 0 forevery n € C3°(0, ro);

it follows that

uu 77/(7) 00
(xo — ) dSy dr =0 forevery n € C5°(0, ro),
0 Q€N B(xg,r)

r

where d Sy denotes the area element of the sphere 0 B(xg, r). This, together with the
fact that Q“ N 9B(xp,r) = @ for 0 < r < R, gives that the surface integral in the
brackets is zero for almost every r € (0, ro), and hence that

/ (xo —y) dy =0 forevery r € (0, rg)
QCNB(x0,r)
—that is, xo must be the center of mass of Q¢ N B(xo, r) for every r € (0, rp).
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Stationary isothermic surfaces... 103

By the same argument as in [16, the proof of Theorem 2.5], the interior cone
condition for I' gives a contradiction. Thus, ' is a C* hypersurface embedded in
RN 3

Now, since T is a connected component of d D, we notice that, in view of (1.4),
property (1) and the smoothness of I" imply that

for each x € T there exists a unique £ € 9S2 satisfying x € dB(&, R), 2.4

since & — x must be parallel to D(x). Note that ¢ = x + RV (x), and in view of property
(1) and (2.4), comparing the principal curvatures at x of I" with those of the sphere
dB(&, R) yields that

1
IZjSE onI, forevery j=1,...,N—1. 2.5)

Since I' is a connected component of d D, then I is oriented and divides RY into
two domains. Let E be the one of them which does not intersect D. By property (1)
and (1.4), EN RN \5) contains a point, say, z. Set Ry = dist(z, ['). Then Ry > R
and there exists a point pg € I" such that Ry = |z — po|. Comparing the principal
curvatures at po of I' with those of the sphere d B(z, Ro), yields that & ; (po) < RLO < %
forevery j = 1,..., N — 1. By continuity, there exists a small 6y > 0 such that

1 -
kj(x) < 7 forevery x € ' N B(pg, §p) andevery j=1,....,N—1, (2.6)

and the mapping I' N B(po, §0)  x = &(x) = x + R D(x) € dQ is a diffeomorphism
onto its image yp given by

vo =& (' N B(po, 8o)) (C 9€2) .

Hence yy is a portion of a C* hypersurface, since I" is a C* hypersurface.

Notice that the principal curvatures k1, ..., ky—1 of yp satisfy
Kkj(x) .
—Kkj(§(x))=-——7—— foreveryx € ' N B(po, §p) and every j=1,...,N — 1.
1 — Ricj(x)

Therefore, since 1 — Rx;(§(x)) =1/(1 — Ri?j (x)), we see that (2.6) is equivalent to

1
Kj < m on yy forevery j=1,...,N — 1. 2.7

Here, notice that 9€2 may have a point of selfcontact, since we only assume that
Q2 = d(RN\ Q). For this reason set

vo = {& € yo : & is a point of selfcontact of 9$2}.

3 It is clear that the following assumption would suffice: I' is an immersed topological surface satisfying
the center of mass condition, as defined in the previous footnote.
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104 R. Magnanini et al.

Then y; does not contain any interior points in yp, since yp is a portion of a C*
hypersurface and Q2 = 3(RM\Q).

Let P, O € yo\yy be any two points and set £(p) = P, &(q) = Q for p,q €
I' N B(po, 80)- Then, it follows from (2.3) and the smoothness of y; that there exists
a small number ¢ > 0 satisfying

IQ°NAB(p,r) =|R°NA3B(q,r)| foreveryr € (R, R+ ¢).

Hence we can use [16, Theorem 5.5], with RV \ € in place of €, to get
1
2

N-1
=[] (0= Rejc@) | - (2.8)
j=1

N-—1
H (1 — Ri;(P))
j=1

1
2

Therefore, since ;" does not contain any interior points in yy, by continuity we con-

clude that

N-1

(l — RKj) =c on Y 2.9)

I
-

J
where, for instance, c is the (positive) value of the left-hand side of (2.9) at the point
Py =&(po) € yo. Since 1 — Rij(§(x)) = 1/(1 — Rkj(x)), we see that

N—1
[1 — R/c](x) —1 for every x € I' N B(po, do).
=1

.

Define aset J C I" by
N-1
J— . —_— — 1
J = peF.lirjnSa]i,( 1K](p)< andl_[1 1 RK](p)
]:

By the previous argument we notice that J is a relatively open subset of I" and J # &.
Moreover, J is a relatively closed subset of I'. Indeed, for any sequence of points
pr € J converging to some p € I as k — o0, in the limit we would get that

N-1
<—and [[[1-R ¢! 2.1
My &(p) < g an E fipl=c=0, (@10

and the second equality implies that the first inequality must be strict; thus, J is closed.
Since I' is connected, we conclude that J = I'. Also, the regularity theory for nonlinear
elliptic equations implies that I" is a real analytic hypersurface, since I' is locally a
graph of a function which satisfies a Monge—Ampere type equation coming from the
second equality of (2.10). Let us set

y={6x)eRY :x eT}. 2.11)
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Stationary isothermic surfaces... 105

Then y does not have any points of selfcontact, that is, the mapping & : ' — 9Q
is injective. Indeed, suppose that there exists a point of selfcontact P, € y, that is,
there exist two open portions Y, y— of the manifold y containing a common point
P,. Hence we have two points p4, p— € I" and two inward normal vectors vt and
Vv~ at P, € y(C 9€2) satisfying

vt4+v =0, pp =P, +Rv", and p_ =P, +Rv". (2.12)

Denote by Kli, R Kﬁ_l the principal curvatures of y4 at P, € y with respect to the
inward unit normal vectors v* to <, respectively. Then we observe that

1 1
—E<Kj.t<ﬁ forevery j=1,...,N —1. (2.13)
since J = I' and P, is the point of selfcontact of y. As before, take a point Q € y
which is not a point of selfcontact and set £(q) = Q for g € I'. Then it follows from
(2.3) and the smoothness of y that there exists a small number gy > 0 satisfying

IQ°NIB(p+,r)| =R NAdB(g,r)| foreveryr € (R, R + ).

Hence, in view of (2.12) and (2.13), we can use [16, Theorem 5.5] again to get

1

1 1
2 1 2

(1-rer)| - (1+re7)| =

1 j=1 j=l1

=
L
=

1

(1 - Rkj(Q)

J

(2.14)

This is a contradiction, since (2.9) in which yy is replaced by y holds true from the
fact that J =T.

Therefore, since /2.,- < 1/RonT foreveryj =1, ..., N—1,weseethatthe injective
mapping I' 2 x — &(x) = x+ R D(x) € y is areal analytic diffeomorphism because
of the analyticity of T, and y is a real analytic hypersurface embedded in R which
is a connected component of d€2. Since the mapping: y 3§ = x(§) =&+ Rv(§) €
I' is the inverse mapping of the previous diffeomorphism, property (3) holds. Both
properties (4) and (5) follow from the fact that / = I". The proof is complete. O

Remark 2.2 In [21, Lemma 3.1 and its proof, pp. 2026-2029], the first and third
authors of this paper did not take care of the case in which y has points of self-contact.
Thus, Lemma 2.1 completes the proof of [21, Lemma 3.1, p. 2026] for the case of the
Cauchy problem.

Still, the argument we used to obtain (2.14) does not work in the case of the initial-
boundary value problem for the heat equation with boundary value 1 and initial value
0—the matzoh ball soup setting considered initially in [19]. Hence, statement 3 of
[21, Lemma 3.1, p. 2026] should be corrected in such a way that y is an immersed
hypersurface in RY. Then y may have points of self-contact.

On the contrary, the reflection argument due to Alexandrov works for a bounded
domain €2, even if €2 contains points of self-contact (see [1]). So the statement of
Remark right after [21, Lemma 3.1, p. 2026] still holds true.
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106 R. Magnanini et al.

The following proposition follows directly from Lemma 2.1 and is one of the
key ingredients in the proof of Theorem 1.1. We preliminarily notice that, under the
assumptions of Theorem 1.1, there exists R > 0 such that

dist(x, 92) = R foreveryx € T, (2.15)

since 02 = 8(R3\§) and €2 is uniformly dense in I". Also, since 92 is connected,
Lemma 2.1 and (2.15) imply that

y = 02, and 0<2 and I" are parallel surfaces at distance R > 0.

Furthermore, both 02 and I" are embedded in R3.
Proposition 2.3 Under the assumptions of Theorem 1.1, set p, = R/(1+4/c), where
¢ > 0 is the number in (2.2) in Lemma 2.1, and

Iy ={x € Q: dist (x,02) = ps}.

Then, Ty is a real analytic hypersurface parallel to 3, Ty is embedded in R3, and
I« has a constant mean curvature

_ 1—c¢

~ 2RJC

where the normal to T is chosen to point in the same direction as the inward normal
to 0S2. In particular, Ty is a properly embedded surface with constant mean curvature
(or a properly embedded minimal surface when ¢ = 1) in R3, and hence it is complete.

*

Proof Since both 32 and I" are embedded in R? and the mapping Q2 > £ — & +
pxv (&) € Iy is a diffeomorphism because 0 < p, < R, we see that ' is also a real
analytic hypersurface embedded in R3 and Ty, is parallel to both €2 and T".

For 0 < p < R, we denote by | and 3 the principal curvatures of I', at x =
& + pv(§) e I', with respect to the unit normal vector to I'y, with the same direction
as v(&). Then

] ()

kj(§) = m

(j =1,2) forevery & € 092. (2.16)

Substituting these in Eq. (2.2) yields
c(l +,0Kf) (1 +,OK2P) = [1 +(,0—R)Kf] [1 +(,O—R)K§].
Hence, by letting p = py, with p, = R/(1 + 4/c), and Ty = I'y,, we see that

Px Px
Ko+ Ky _ 1—c¢

2 2RJC

H* =
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Stationary isothermic surfaces... 107

Let us see that 'y is properly embedded in R3. Observe that Ty, = {x € Q
dist(x, 02) = p,} where 2 is replaced by Q. Since the distance function dist(x, 0€2)
is continuous on R3, we see that T is closed in R3. Let K be an arbitrary compact
subset of R3. Then I',, N K is also compact in R3. Let { p, } be an arbitrary sequence in
I'x N K. By the Bolzano—Weierstraitheorem, {p,} has a convergent subsequence in
R3. Let p € I'y N K be its limit point. Since p € Iy, the smoothness of T, yields that
there exists § > 0 such that B(p, §) N I', is represented by a real analytic graph over
the tangent plane of I, at p. This shows that the above subsequence also converges to
p with respect to the induced metric of I'y, which means that I is properly embedded
in R3. (Similarly, both 92 and I are properly embedded in R3.) O

3 Asymptotic expansions for o (x, r)

The second key ingredient in the proof of Theorem 1.1 is Proposition 3.1 below, in
which we prove an asymptotic formulafor4mw-o (x, R+s)(= |0 B(x, R+s)NQ°|/(R+
$)?) as s — +0, where R > 0 is given in (2.15) and o (x, r) is defined in (1.5). The
ensuing Proposition 3.3 will then clarify the geometric meaning of the function g in
(3.1). In Proposition 3.1, we choose a principal coordinate system z = (z1, 22, z3) with
the origin at £ € 92 and such that, in some neighborhood of &, 92 is represented by
the graph z3 = ¢(z1, z2), with the z3 coordinate axis lying in the direction —v(£) and

1 1 3
0@1.22) = 3162 — 702635 + 0 ((z% + z%)) as 2} +25 = 0.

Hereafter, we abbreviate the partial derivatives of ¢ with respect to z; and z; by
subscripts:

ap 82<p 83<p d
1= 75 P11 = >, Y112 = > and so on.
21 3z} 322022

Proposition 3.1 Let & € 0Q2 and set x = & + Rv(§) € I'. Under the assumptions of
Theorem 1.1, we have:

|BB(x,R+s)ﬂQC|_2_rri b4 s 2 s
TRy R A LGOR] (%) +0(s3) assyo.
3.1)

Here, K = k1(&)k2(§) is the Gauss curvature of the surface 02 at the point & and h
is a 2-degree polynomial:

h(t) = (R*t + ¢ — 1)> — 4c (c + 3). (3.2)

Moreover, g < 0 on a2 and g = 0 if and only if the third-order derivatives @111
and @322 of the function ¢ defined above vanish at the origin.

The starting point of the proof of this proposition is Lemma 3.2, for which we need
ad hoc notations and settings, in the spirit of those introduced in [16].
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In fact, we shall use the principal coordinate directions introduced before the state-
ment of Proposition 3.1 without further mention. Also, for sufficiently small s > 0,
each point w € dB(x, R + s) N Q€ can be parameterized by a spherical coordinate
system with the origin at x € I" as

w=x4+ (R +s)(sinncosh,sinnsinb,cosn), 0 <n <n(s,0), 0<60 <2m,

where n = n(s,0) (0 < 6 < 2m) represents the closed curve dB(x, R 4+ 5) N 92 in
that system. Notice that, for sufficiently small s > 0, n = n(s, 0) satisfies

G(n,s,0) =0 forevery 0 <6 < 2m, (3.3)
where the function G = G(, s, 0) is given by
G(n,s,0)=(R+s)cosn— R —@((R+s)sinncosh, (R+ s)sinnsinf). (3.4)

Thus, we obtain:

9B , R N Q¢ 2 n(s,0) 2
9B (x +s)2 | =/ d@/ sin 7 dn =/ (1—cos (s, 0))d6. (3.5)
(R +5) 0 0 0

Lemma 3.2 There exists a sequence {b; (9)}?‘;1 such that by > 0 and n = n(s, 0) is
expanded as the Puiseux series in s:

00 .
n(s,0) = ij(e)s% for small s > 0, 3.6)
j=1

andass | 0

dB(x, R Nl 1 (% m
9B, R+ ) N _ 5/ b%d9s+/ bibydf 52
0 0

(R +5)?
1 [ 1 5
+§/ (b§+2b1b3—Eb‘f)des%ro(s?).
0

3.7

Proof Since the function G given by (3.4) satisfies

G
G(0,0,0) =0 and 8_(0’ 0,0) =1 forevery 0 <0 <2m,
S

by the implicit function theorem there exists a sequence {a; (9)}?‘;1 such that s =

s(n, ) is written as

o0
s =Y aj®)n’ for smalln > 0. (3.8)
j=1
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By differentiating the identity G (n, s(n, 0), ) = 0 with respect to n, we get

0 =s,cosn+ (R+s)(—sinn)
—@1((R+s) sinncosf, (R+s) siny sin@) ((R+s) cos n cos 0 +s, sinn cos )
— 2 ((R+s)sinncos O, (R+s) sinn sinH) ((R+s) €os 1 sin @ +s, sin 1 sin 9) .

By setting n = 0, we get
a1(0) = s,(0,0) =0. 3.9)

Differentiating the above identity with respect to 1 once more and putting n = 0 yield
that

0 = 5,,(0,0) — R 4+ R*k1(£) cos? 6 + R?ka (&) sin’ 6,

and hence

1 1 2 )
ax(6) = 35,,(0.6) = SR [(1 — Ri1(§))c0s2 6 + (1 — Rica(£)) sin 9]

v

1
ER [1 — Rmax{k1(£),«1(§)}] > 0. (3.10)

In view of (3.8), (3.9), and (3.10), we see that there exists a sequence {b; (0)}?021 such
that b1 > 0 and n = n(s, 0) is expanded as the Puiseux series (3.6) in s. With the aid
of (3.6), we calculate for n = n(s, 9)

1 1
1— :—2——4 0(6)
cosn 217 24n+ n
5

15 3 Ly 14\ 2 3
= bl +bibas? + 5 (3 +2b1bs — bt ) s +0(s3) ass 0,

and hence (3.5) implies (3.7), as we desired to prove. O

Proof of Proposition 3.1 Since 0X2 is a real analytic hypersurface by Lemma 2.1, we
can write

o0
©(z1,22) = Z Py (z1, z2) for sufficiently small ,/z% + Z%, (3.11)

k=2
where each P (z1, z2) is a homogeneous polynomial of degree k and in particular
1
Pa(z1,22) = =5 (€1 (E)7] + k2(6)23). (3.12)

Now we compute the integrands of the expansion (3.7). For P, givenin (3.11), we
write

P (v) = Pr(cos@, sinf) for v = (cos@, sinh).
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By substituting this and (3.11) into (3.3), since

1 1 . !
cosn:1—§n2+ﬁ7}4+0(ﬂ6) and smn=n—5n3+0(’75)’

we see that

2 24

00 k
- Z(R +s)k (n — én3 + 0 (ns)) Pr(v) =0.

k=2

(R+s)(l—ln2+in4+0(n6))—R

Then, with (3.6) (n = bls% + bys + b3s% + O(s?)) in hand, we equate to zero the
coefficients of s, s%, and s2. The coefficient of s gives

1
1 - ERb% — R?p2Py(v) = 0. (3.13)

The coefficient of s gives
— Rbiby — 2R?b1by P2 (v) — R*b3 P3(v) = 0. (3.14)

The coefficient of s> gives

! {b% + RD? + 2Rb1b3} + L R
2 24
—Py(v) [2Rb% + R?b3 4+ 2R?b1b3 — %sz‘l‘] (3.15)
—3R3b3by P3(v) — R*bT Py(v) = 0.
Now, set
oj=1—Rkj(E) >0 forj=1,2. (3.16)
Notice that

010y = ¢, (3.17)

where ¢ > 0 is the positive number given by (2.2).
In view of (3.7), with the aid of (3.13) and (3.12), we obtain:

1 1 1
2" 7 R(I+2RP,(v))  R(01cos26 + oy sin26)

(3.18)

The coefficient of s in (3.1) is thus easily computed from this formula, by using (3.17)
and (6.1):
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1/2nb2d9— Ll (3.19)
2o VT RV .
here c is the positive number given by (2.2).
By using (3.14) and (3.18), we have:
23R2 P3(v)
biby = — A (3.20)
(01 cos2 0 + o7 sin2 0) 2
and hence we get
2
/ b1brd 6 =0, (3.21)
0

since b1 b; is the sum of odd functions of either cos 6 or sin # because of (3.20). Thus,
by (3.7) the coefficient of s3/2 in (3.1) is zero.
Finally, it follows from (3.15), (3.18), and (3.20) that

1 1
— b3 +2b1b5 — —b}
2(2+ 103 12 1)

7 1
- 6R2 (01 cos? 6 + o, sin? 6)2 * 6R2 (01 cos2 6 + o, sin? 6)3
4P (v) 4P (v)
B R(01cos20 + 0psin260)2  3R(0] cos 0 + o, sin? )3
12R%(P3(v))? 4R P4(v)

— . 3.22
(010820 + orsin20)* (o7 cos2 6 + oy sin? 6)3 (3:22)

A long but important computation, that is carried out in the Appendix (Lemmas 6.3
and 6.4), then yields the coefficient of s2 in (3.1), that is

R2 2 5 1 4
= b2 + 2b1by — —b* ) do
2/0 (2+ 71 1)

T

8c/c
4
-3¢ R* [(1 — Ri1) 3 (@111)* + (1 = Rip) ™3 (</)222)2” ,

H(R2K+c— 1% —4c(c +3)

where the derivatives of ¢ are evaluated at (0, 0).
In the last formula, we set

4
g§=-3¢ R* [(1 — Ri)) 7 (p111)? + (1 — Rip) ™3 ((p222)2] , (3.23)

that is clearly non-positive and is null if and only if both third derivatives vanish. O

In the next proposition, «} and k5 denote the principal curvatures of I', at the point
x* = & + pyv(§) defined by (2.16) with p, = R/(1 + /c), K* = k] k5, and g is the
function appearing in (3.1), whose expression is given by (3.23).
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Proposition 3.3 It holds that

f — g = 2K VK (3.24)
Ky — K - . .
? 8 3\/E I+ P*Kik)3(1 + P*K;)S
or, in terms of the invariants H* and K*,
3Jc
IVEK*|* = R—{ gIK* — (HHM[1+2 p H* + p2K*P, (3.25)

where |V K*| is the length of the gradient of the Gauss curvature K* with respect to
the induced metric of the hypersurface T .

Proof Note that

5 12, =S and R
Kj=-—""1Tlorj= K K = —— an = .
T+ purc 7= P72 rye MmO

First notice that formula (3.24) holds true if k; = k3 or, which is equivalent, if
KT = K;. In fact, in this case, the Gauss curvature K * of I, attains its maximum value
(H*)? (at x*). This means that VK* vanishes (at x*) and hence both sides of (3.24)
equal zero.

We now suppose that k1 7# k». Thus, by using the Monge principal coordinate

system [4, p. 156], we have as , /z% + z% — 0 that

0(z1,22) = —EKIZ% - 5/621%
- 35— 35 ) ( : ) .
6[321 zZ] + ZIZ2+ 22+3Z2 + 71+ 23
Therefore, we have at (0, 0):
oK1 dK2
o1 =—-— and ¢y =——.
71 9022

Hence, we obtain from (3.23):

3 0 2 ok 2
;/,ff (14parl)” (140.03)" = (1+p*K;<)2(8’2> (1 +M;)z( Kl) '

By recalling that I'* is parameterized in z by

(_VZ(P(Z), 1)’

1
(2,9(2) = pr—F—m—m—=;
V1I+1Ve@)?
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we have at z = 0 (that is at x* € I'y) that

aK*\? aK*\?
||w<*||2=(1_pm)—2( ) +(1—,0*I<2)_2( )

071 022

IK*\? IK*\2
=(1+p*f<i“)2( ) +(1+p*x§‘>2( ) :

971 022

Notice now that

AK*\?  [0kF\?
—(ZL) (e —)? forj=1.2,
0z 0z

since K* = kx5 and k| + k5 = Ile;JCE'
Therefore, combining these with (3.26) gives the formula (3.24), which completes
the proof of Proposition 3.3. O

4 Classification of stationary isothermic surfaces in R3

We present two proofs of Theorem 1.1, each one with its own interest.

Proof of Theorem 1.1 Based on Propositions 2.3, 3.1 and 3.3, this proof relies on
the theories of properly embedded minimal surfaces and properly embedded constant
mean curvature surfaces in R? and the theory of transnormal functions and transnormal
systems.

First of all, we note that, being parallel to 92, both I and I',. are unbounded and
connected, which are properties they inherit from 9€2.

Since €2 is uniformly dense in I", by Proposition 3.1, there exists a constant d such
that

h(K)+g=d on 9L. 4.1

Moreover, since

K*
- 1 +2p H* + p2K*’

1—c¢ R d
=—, =———, an
2R T e

*

K

after a few straightforward computations, Propositions 3.1 and 3.3 give that
IVK*|]> = W(K*) onT, and ¥ ((H*)Z) —0, 4.2)
where W is a polynomial with coefficients depending only on ¢, R, and d, and the

degree of W is at most 4.
We distinguish two cases:

(A) K*is constant on I'y;  (B) K™ is not constant on I'.
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In case (A), since also H* is constant on I'y, then « and x5 are both constant on
I',. and hence I', must be either a plane or a circular cylinder, by a classical result.
Thus, the conclusion of Theorem 1.1 holds true, since both 92 and I" are parallel to
I

Incase (B), the firstequation in (4.2) shows that the Gauss curvature K * is a transnor-
mal function on the connected complete Riemannian manifold T'y and it induces a
transnormal system JF (see Wang [30], Miyaoka [25], and Bolton [5]). To be precise,
in our case, each component of the level sets of K* is called either “a foil” or “a sin-
gular foil” if its dimension is either 1 or O respectively, and all the components of the
level sets of K* generate F. All the foils are parallel to each other and any geodesic
normal to a foil is orthogonal to every foil. Here, every foil must be a regular curve
properly embedded in I'y, and every singular foil must be a point in I',, which is a
component of the focal varieties (possibly empty) V4 = {x € I, : K*(x) = max K*}
and V_ = {x € T’y : K*(x) = min K*}.

Since a regular curve properly embedded in Iy is either a closed curve or a curve
with infinite length and I' is unbounded, we have that

' is homeomorphic to either S! x R or R2. “4.3)

This result was proved by Miyaoka in [25, Theorem 1.1]. For instance, if there exists
a singular foil, then every foil in a neighborhood of it must be a closed curve and
eventually I', must be homeomorphic to R2, and if there is no singular foil and one
foil is a closed curve, then I'y, must be homeomorphic to S! x R.

Accordingly, it suffices to prove that (B) contradicts the fact that I", has constant
mean curvature, as guaranteed by Proposition 2.3. We arrive at this conclusion by
examining two possibilities.

(I) If '« has non-zero constant mean curvature (that is when the constant ¢ in (2.2)
is different from 1), Proposition 2.3, together with (4.3), shows that T, is properly
embedded and of finite topology in R3, it is homeomorphic to either S*\{\/, S} or
S\{N} (here, N and S denote the north and south poles of the sphere S?), and
each of its ends corresponds to each pole. Then, a theorem due to Meeks [22, Theo-
rem 1, p. 540] shows that I, is homeomorphic to S*\ {\V, S} and, moreover, a theorem
due to Korevaar—Kusner—Solomon [14, Theorem 2.11, p. 476] shows that I',, must be
either a circular cylinder or an unduloid. See also Kenmotsu [12, p. 46] for an undu-
loid and [13] for a survey of properly embedded surfaces in R with constant mean
curvature.

Since K* is not constant on ', by assumption (B), we have that T is an unduloid,
and hence 02 is parallel to an unduloid, by Proposition 2.3. Thus, we can choose two
points P, O € 9€2 such that

K(P)=K4y >0 and K(Q)=K_ <0; “4.4)

P and Q lie on 9€2 at the maximum (minimum) distance from the common axis of 92
and I'. The symmetry of 92 ensures that the function g in Proposition 3.1 vanishes
at P and Q, and hence we obtain that
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h(K(P)) + g =h(Ky) and h(K(Q)) +g =h(K-). 4.5

On the other hand, by the intermediate value theorem, there are points P*i in 092
with 0 < K(P}) < Ky and K_ < K(P;) < 0. Since h(K) = R*K? + 2(c —
1)R?K + h(0) and g < 0, we obtain that h(K(P) +g < h(K(P])) < h(Ky), if
c>1,and h(K(P;))+ g < h(K(P;)) < h(K-),if 0 < ¢ < 1. These contradict
(4.5) because of (4.1).

(II) If T'y has zero mean curvature (that is when ¢ = 1), again we can claim that I,
is a properly embedded and of finite topology in R and that it is homeomorphic to
either S”\{N, S} or S?\{N} with each of its ends corresponding to each pole.

Thus, if ', is homeomorphic to S?\ {\V, S}, either by combining results of Schoen
[28] and Collin [8, Theorem 2, p. 2] or by combining results of Lépez and Ros [15] and
Collin [8, Theorem 2, p. 2] we get that I',, must be a catenoid. Instead, if I',. is homeo-
morphic to Sz\{N }, a theorem of Meeks III and Rosenberg [24, Theorem 0.1, p. 728]
implies that I',, must be either a plane or a helicoid. See also [23] and [7] for a survey
on the minimal surface theory in R3. Thus, since K * is not constant, I, must be either
a catenoid or a helicoid.

Now, recall that for ¢ = 1 we have that

K*
K=—"-—. 4.6
1+ p2K* (4.6)
Assume that I', is a catenoid; then we know that K* < 0 and K;’.‘ — Oas |x|] = o0
for j = 1,2, and hence, by (4.6), we infer that

K <0 and k; -0 as |x] > o00(j=1,2).

Then, with the aid of the interior estimates for the minimal surface equation [9,
Corollary 16.7, p. 407] and Schauder’s interior estimates for higher order derivatives
[9, Problem 6.1 (a), p. 141], by proceeding as in [16, Proof of Theorem 4.1, pp. 4833—
4834], we see that, for any k € N, the kth order derivatives of the function ¢ in
Proposition 3.1 converge to zero as x| — oo; thus, it follows that

h(K)+g — h() as |x| — ooc. “4.7)

On the other hand, since 92 is parallel to the catenoid I',., we choose a point Py € 92,
which is one of the points nearest to the common axis of 9€2 and I, and which satisfies
K (Py) = infpeyo K(P) < 0. Again, the symmetry of 92 ensures that the function
g in Proposition 3.1 vanishes at Py and we conclude that

h(K (Po)) + g = h(K (Py)) = R*K (Pp)* + h(0) > h(0),
that contradicts (4.7) because of (4.1).
Assume now that ', is a helicoid. Note that K* attains its negative minimum on

the axis £ of 'y and K* together with the principal curvatures 7', k3 tend to zero as
the point goes away from ¢, as shown in [26, Example 3.46 (Helicoid), p. 91]. The
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same example and (4.6) imply that K attains its negative minimum on the helix {in
%2 corresponding to ¢, and K together with the principal curvatures «1, k2 tend to
zero as the point goes away from {. Therefore, by the same argument used in the case
of the catenoid, as the point on d$2 goes away from £, we obtain that

h(K)+g — h(0) +0 = h(0). (4.8)

On the other hand, if we choose a point &y € l corresponding to a point x5 € £,
since K* attains its negative minimum on ¢, at x(")‘ we have:

VK* =0 and «{ # «3;
this, together with (3.24), yields that g = 0 at &y € ‘. Therefore, it follows that
h(K (£&)) + g = R*(min K)? + h(0) + 0 > h(0),

that contradicts (4.8). The proof is complete.

The proof of Theorem 1.1 presented above is divided in two steps. First, by using
the transnormal condition (4.2) and the theories of CMC and minimal surfaces, we
proved that either I'y has constant Gauss curvature or it is globally isometric to an
unduloid, a catenoid or a helicoid. Second, using the symmetries of the unduloid, the
catenoid and the helicoid, and appropriate Schauder estimates [see the proof between
Egs. (4.6) and (4.7)], we showed that Iy, cannot be isometric to any of these surfaces.
This second step of the proof makes use of general arguments that may be useful in
other contexts, but we would like to remark that there is an elementary proof using
the explicit expressions of the unduloid, catenoid and helicoid.

Alternative proof of Theorem 1.1 The proof proceeds by inspection, we just check
that the transnormal condition (4.2), which is coordinate independent, does not hold
on these surfaces.

(1) The unduloid The family of the unduloids can parametrized using coordinates
(u,v) € R/(2n7Z) x R, and two real parameters b > a > 0, see e.g. [10]. In
these coordinates the induced metric reads as

2v

1
g= z(a2+b2+(b2—a2) sin b) du’® + dv?,

a+
and the Gauss curvature is

1 4a’b?
T (a+b)?  (a+b)?

20\ 2

2, 32 22\

b b* — sin .

(a + b+ ( a”) si . b)

A straightforward computation using the metric g and the curvature K yields that

IVKI? = (K0 = [1 — @+ b7k

x {Al T A1 = (a+b)2K1? + A3[1 = (a +b)21<]} ,
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where A1, Ay, A3 are real constants that can be written explicitly in terms of a and
b, but whose expressions are not relevant for our purposes. It can be checked that
As # 0 for any values of @ and b, thus implying that ||V K ||? is not a polynomial
of K, and hence the surface ', cannot be an unduloid on account of Eq. (4.2).

(2) The catenoid The family of the catenoids can be parametrized using coordinates
(u,v) € R/(2nZ) xR and areal constanta > 0, cf.[23] and [7]. In this coordinate
system the induced metric and Gauss curvature are

—1

a? cosh*(v/a)

g= a? cosh? (E) du?® + cosh? (E) dv2, K =
a a

As before, after some computations the quantity ||V K | can be written in terms
of K as

K,)? 16
IVK ) = 2 = 2Oy g6k,
cosh”(v/a) a
which is not a polynomial of K. Therefore, I'y cannot be a catenoid.

(3) The helicoid The family of the helicoids can be parametrized with coordinates
(u,v) € R? and a real constant a > 0, see [26]. The induced metric and Gauss
curvature read in these coordinates as

—a?

2 2 2 2
=@+ vHdu® +dv?, K=——.
9= e (a® +v?)?

Algebraic calculations again yield that | VK |2 is not a polynomial of K, in fact,
2 2 16 5/2 3
VK" = (Kyv) =?(—K) +16K°.

Therefore, I'y cannot be a helicoid either.

Remark 4.1 We can also show that, in the proof of Theorem 1.1, if K* is not constant,
then it is an isoparametric function, namely it satisfies the system of equations

IVK*|?> = W(K*) and Ar,K* = ®(K*) on T,
for some continuous function ®; here, Ar, is the Laplace—Beltrami operator on I'..
In our case, ® and W are polynomials.

In fact, the umbilical points of the surface ', of constant mean curvature are isolated
(see [12, Proposition 1.4 and (1.40), p. 21] ), and by [12, (1.41), p. 22]

Ar, log v/ (H*)?2 — K* —2K* = 0 on I',\ {umbilical points}.

Therefore, it follows from the first equation of (4.2) that

Ar,K* = —4K* [(H*)? — K*] — W(K*).

K
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Thus, the second equality of (4.2) guarantees that the right-hand side of this equation
is written as ® (K™*) for some polynomial ® = ®(¢) int € R.

5 Uniformly dense domains in R3: the case I' = 99

With the aid of Nitsche’s result [27], the theory of embedded minimal surfaces
of finite topology in R3 [3,8,24] gives the following generalization of [16, Theo-
rem 1.4, p. 4824]:

Theorem 5.1 Let S be a complete embedded minimal surface of finite topology in R?,
and let Q be one connected component of R3\ .
If Q is uniformly dense in S(= 02), then S must be either a plane or a helicoid.

Proof First of all, we note that S must be properly embedded in R? by Colding and
Minicozzi I1 [6, Corollary 0.13, p. 214], and hence S separates R3 into two connected
components.

We shall use an argument similar to those used in [16, Proof of Theo-
rem 1.4, p. 4833-4834]. Since S is of finite topology, there exist a compact Riemann
surface M without boundary in R3 and a finite number of points p1, ..., p, € M such
that S is homeomorphic to M\{p1, ..., pn} and each end corresponds to each p;.
Then the structure theorem of Bernstein—Breiner [3] (see also Meeks III-Rosenberg
[24] and Collin [8]) shows the following:

(1) If m > 2, then S has finite total curvature and each end of S is asymptotic to either

a plane or a half catenoid. See [3, Corollary 1.4, p. 357] and [8, Theorem 2, p. 2];

(i) If m = 1, then either S is a plane or it has infinite total curvature and its

end is asymptotic to a helicoid. See [3, Corollary 1.4, p. 357] and [24, Theo-
rems 0.1 and 0.2, p. 728];

(iii) The Gauss curvature of S is bounded, and hence the principal curvatures of S

are also bounded. See [28, Proposition 1, p. 801] and [11, Theorem 1, p. 1336]
together with [3] and [24].

See also [23] and [7] for the minimal surface theory in R3.

Now, item (iii) above guarantees that there exists § > 0 such that, for every x € S,
the connected component of Bs(x) N S containing x is written as a graph of a function
over the tangent plane to S at x (see [7, Lemma 2.4, p. 74] for a proof). Hence
combining the above (iii) with the interior estimates for the minimal surface equation
(see [9, Corollary 16.7, p. 407]) yields that the convergence in (i) and (ii) is in the C k
local topology for any k € N.

Therefore, in view of the geometry of a hyperplane, a half catenoid, and a helicoid,
each of (i) and (ii) gives a sequence of points { P; } in S such that the principal curvatures
of the connected component of Bs(P;) N S containing P; tend to zero uniformly as
Jj — oo. Thus we can apply [16, Theorem 4.1, p. 4833], which uses Nitsche’s result
[27], to complete the proof of Theorem 5.1.

In terms of stationary isothermic surfaces, and using [16, Theorems 1.1 and 1.3],
Theorem 5.1 implies the following corollary:
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Corollary 5.2 Let Q2 be adomain in R whose boundary 92 is an unbounded complete
embedded surface. Assume that 92 has finite topology and is a stationary isothermic
surface of the solution u of the Cauchy problem (1.1). Then 92 must be a plane, a
circular cylinder or a helicoid.
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Appendix
The following list of definite integrals will be used in the calculations of Lem-

mas 6.1-6.4. They easily follow by means of successive differentiations and algebraic
manipulations of the formula:

1 [ do _1 1
RS R P ©.1)
27 Jo opcos26 + opsin® o
here, o1 and o, are two positive parameters. For0 < j <mandm = 0,1,... we
have:
1 [P (cos6) (sin)>" L @iam =2t —4=j ~i=tn—p,
21 Jo  (oq cos?6 + o sin? §)m+1 = o mljlm — j)! ! 2 ’
(6.2)
forO0<j<mandm=0,1,...;
o do i (21) (2(m J)) ~4=j_~d=n=).
27 Jo (o1 cos? 0407 sin® 9)m+1 m—j % 2 ’
(6.3)

1 2 cos26do
27 Jo (01 cos? 6 + o, sin? 9)m+2

2j+1 20m = j)\ _—3-j=1_—5-(m=))
22m+l Z m+1( )( m—j ) 9 ) (6.4)

and
1 [ sin? 6 do _
27 Jo (01 cos? 0 + oy sin? 9)n+2

2m —2j+1 20m = j)\ —3—j _—3—(m—j+D)
22m+1 Z m+1 (])( m—j ) g ) : (6.5)

In this paper we use (6.2) for 1 <m < 3, (6.3) for | <m < 2, (6.4) and (6.5) for
m = 1, respectively. In the sequel, we set k; = «;(§), for j =1, 2, and abbreviate the
partial derivatives of ¢ with respect to z and z, by subscripts; whenever it is needed,
we shall specify their arguments: the varying point z = (z1, z2) or the origin (0, 0).
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The following two lemmas are preparatory for Lemmas 6.3 and 6.4 below.

Lemma 6.1 The following formulas hold:

2¢3 /2” Py (v) do N
_ = K1 O’ K2 01,
7 Jo (o]1cos?6 + o;sin?6)2 1or TR
5
8c2 [ P,(v)do
— / 2(v) — =K (3022 +0102) + Ky (0102 +3<712);
7 Jo (o1cos8 + oysin®6)3

25323 27 [P3(v)]2 d6
/0 (o1 cos2 6 + o sin? 6)4
= 5(p111)%05 + 9 (¢112)*0107 + 9 (p122)*0702 + 5 (9222) %0}
+6 (p111)(9122) 0105 + 6 (9112) (9222) 5L 02;

g

23 [ Py(v) d6 ) )
= (@1111) 05 + 2 (¢1122) 0102 + (92222) 07 .
0

b4 (01 cos2 6 + o7 sin? 6)3
Here, we mean that the derivatives of ¢ are evaluated at (0, 0).

Proof Since —2 P>(v) = k1 cos? O+, sin? 6, with the aid of (3.17), the first formula
follows from (6.2) for m = 1, and the second one follows from (6.4) and (6.5) for
m=1.

Observe that

2
36 [P;(0)]2 = {(cose 31 + sin 0 82)° (p} — (0111)? c0s% 6 + 9 (¢112)% cos” 6 sin® 6

+9 (<p122)2 cosZ @ sin* 0 + ((p222)2 sin® @
+6 (9111)(9122) cos* 6 sin® @ + 6 (¢112) (9222) cos? 6 sin* 6
+ [ the sum of odd functions of either cos 8 or sin 8],

and

24 P4(v) = (cosf 3 + sinf d)* ¢
= (@1111) cos* 0 + 6 (¢1122) cos® O sin O + (¢2222) sin*
+ [ the sum of odd functions of either cos 8 or sinf].

Then, with the aid of (3.17), the third and fourth formulas follow from (6.2) with
m = 3 and m = 2 respectively. O

Lemma 6.2 Let ¢ be the function representing 02 locally as in Proposition 3.1. If Q
is uniformly dense in T, then
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020111 + 0190122 =0, 0190222 + 0200112 =0, (6.6)

2R
c

1
oo [4(c — D2 + R (i1 + 3;@] o 67)

Uf1901111 +0{1<ﬂ1122 = — {¢111<p122 - (90112)2}

and

-1 -1 _ 2R _ 2
0y gum +Op YR = -~ (emein (¢122)

+Ric [4(c — D2 + R (ea + 3/(1)] . (68)
Here, o1 and o> are given by (3.16) and the derivatives of ¢ are evaluated at (0, 0).
Proof Since (2.2) gives
— R(k1 +K2) + R¥ciicr = ¢ — 1, (6.9)
the function ¢(z1, z2) satisfies the partial differential equation:
R\1+ i +¢3 {(1 + 0o — 20102012 + (1 + <pf)<0zz}
+R? {pnen — (0?} = € = D1+ ¢} + 02, (6.10)

for z in a neighborhood of (0, 0).
Recall that at (0, 0)

p1r=¢2=¢12=0 and ¢;; = —«; (&) for j =1,2. (6.11)
By differentiating (6.10) with respect to z;, we obtain

V1911 + Y2012

J1+ei+¢;
+R\/ 1+ ¢+ 93 {2<P2<.012q011 + (1 + D111 — 201102012 — 201 (912)*

— 201020112+ 2019011¢22 + (1 +(0%)(0122] + R (@11192+919122—2012¢112)
=4(c — D1+ ¢7 + 93) (@101 + ©2012) (6.12)

R {4 +eden — 20102012+ (1 + oDen2]

Letting z = (0, 0) in (6.12) yields, in view of (6.11), that

R (p111 +¢@122) — R* (k2 111 + k1 9122) = 0,

and hence the first formula in (6.6). By differentiating (6.10) with respect to z», a
similar calculation gives the second formula in (6.6).
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Again, by differentiating (6.12) with respect to zj, then letting z = (0, 0) in the
resulting equation, and using (6.11), we get

—Rif (k1 +K2) + R {<ﬂ1111 — 2ty + 901122}

+ R’ {—Kz @i+ 291119122 — K1 @122 — 2((,0112)2} = 4(c — il

Hence, with the aid of (3.16) and (3.17), we obtain (6.7). By differentiating (6.10)
twice with respect to z, and then letting z = (0, 0) in the resulting equation, similar
calculations yield (6.8). O

We now complete the computation of the coefficient of 5% in (3.1); we must integrate
over [0, 277 ] the function in (3.22).
In view of (3.16), (3.17), (6.9), we preliminarily note that

1_
o1 +02=1+4c—RK and K1+K2=TC+RK. (6.13)

In the following lemma, we use (6.3) for m = 1,2 and the first two formulas in
Lemma 6.1; by using also (6.13), (3.17) and some algebraic manipulations, we obtain
the integrals of the first four terms in (3.22).

Lemma 6.3 The following formulas hold:

/2” 7d6 T RK —1— g
_ _ _1—o),
0 6R2(0)cos?6 + orsin?0)2  6R2c3/2

2

do b4 4 12 2 2

: - [3R1< —6(1 + ¢)R*K + 3¢ +2c+3},
0 6R2(o]cos20 +oysin20)3  24R2c5/2

/2” 4P (v) db 2 (R2K +c—1)
_ _ c— 1.
0 R(o1cos?0 + oy sin? )2 R2c3/2
2 4Py (v) do ™ 42 ) 5
= 3R*K? —2(3 4 ¢)R’K — (¢* +2¢ - 3)|.
/0 3R (o] cos? 6 + o sin? 6)3 6R2c5/2 [ ( ) (e ¢ )}

We finally obtain the integrals of the last two terms in (3.22) by the last two formulas
in Lemma 6.1, Lemma 6.2 and similar algebraic manipulations.

Lemma 6.4 The following formula holds:

/2” 12R2[P3(v)]* db /2” 4R P4(v) do
0 (o]cos20 + oy sin? )4 o (07cos?0 + oy sin?6)3
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R2
= 57 [0 = R+ (= R ]
+ —SRZCSM {(c +3)[R*K? +2(c — HR?K] — 3(c — 1)3} .
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