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DEFORMATIONS OF COISOTROPIC SUBMANIFOLDS
IN ABSTRACT JACOBI MANIFOLDS

HONG VAN LE, YONG-GEUN OH, ALFONSO G. TORTORELLA, AND LUCA VITAGLIANO

ABSTRACT. In this paper, using the Atiyah algebroid and first order multi-differential calculus on
non-trivial line bundles, we attach an Leo-algebra to any coisotropic submanifold S in an abstract (or
Kirillov’s) Jacobi manifold. Our construction generalizes and unifies analogous constructions in [32]
(symplectic case), [4] (Poisson case), (locally conformal symplectic case). As a new special case,
we attach an Loo-algebra to any coisotropic submanifold in a contact manifold, including Legendrian
submanifolds. The Loo-algebra of a coisotropic submanifold S governs the (formal) deformation
problem of S.
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1. INTRODUCTION

Jacobi structures were independently introduced by Lichnerowicz [27] and Kirillov [22], and they
are a combined generalization of symplectic or Poisson structures and contact structures. Note that
Kirillov local Lie algebras with one dimensional fiber [22] are slightly more general than Lichnerowicz
Jacobi manifolds. In particular, the former encompass non-coorientable contact manifolds, while the
latter does not. In this note we adopt Kirillov’s approach. To make it clear the distinction with the
more popular Lichnerowicz’s approach we speak about abstract Jacobi manifolds (see also [7]). On
the other hand we sometimes call “standard” Jacobi manifolds in the sense of Lichenowicz. Many
constructions in standard Jacobi geometry have an “abstract version” and (generically, non-trivial)
line-bundles play a distinguished role in the “abstract setting”.

Coisotropic submanifolds in (standard) Jacobi manifolds have been first studied by Ibanez-de Ledn-
Marrero-Martin de Diego [16]. They showed that these submanifolds play a similar role as coisotropic
submanifolds in Poisson manifolds. For instance, the graph of a conformal Jacobi morphism f :
M; — M, between Jacobi manifolds is a coisotropic submanifold in M; x My x R equipped with
an appropriate Jacobi structure (note that this remark has an “abstract version”). Other important
examples of coisotropic submanifolds in a Jacobi manifold M are closed leaves of the characteristic
distribution of M, which have been intensively studied by many authors. Since the property of being
coisotropic does not change in the same conformal class of a standard Jacobi manifold (see Remark
and Lemma [BT]), it seems to us that we should not restrict the study of coisotropic submanifolds
to those inside Poisson manifolds, and, even more, we should in fact consider the general case of
coisotropic submanifolds in abstract Jacobi manifolds.

One purpose of the present article is to extend the construction of an L..-algebra attached to a
coisotropic submanifold S in a Jacobi manifold, generalizing analogous constructions in [32] (symplectic
case), 4] (Poisson case), [25] (locally conformal symplectic case). Our construction encompasses all
the known cases as special cases and reveals the prominent role of the Atiyah algebroid der L of a line
bundle L. In all previous cases L is a trivial line bundle while it is not necessarily so for general Jacobi
manifolds. As a new special case, our construction canonically applies to coisotropic submanifolds in
any (not necessarily co-orientable) contact manifold. We also provide a global tensorial description of
our Loo-algebra, in the spirit of [4], originally given in the language of (formal) @-manifolds [I] for the
symplectic case (see [32, Appendix]).

The Loo-algebra of a coisotropic submanifold S governs the formal deformation problem of S. In this
respect, another purpose of the present article is to present necessary and sufficient conditions under
which the L..-algebra of S governs the non-formal deformation problem as well. Our Proposition
extends - even in the Poisson setting - the sufficient condition given by Schétz and Zambon
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in [36] to a necessary and sufficient condition. We also discuss the relation between Hamiltonian
equivalence of coisotropic sections and gauge equivalence of Maurer-Cartan elements. We obtain a
satisfactory description of this relations (Proposition [L2T]) and discuss its consequences (Theorem [£23]
and Corollary [1:22))

Note that Jacobi manifolds can be understood as Poisson manifolds (of a special kind) via the “Pois-
sonization trick” (see Appendix [0). However, not all coisotropic submanifolds in the Poissonization
come from coisotropic submanifolds in the original Jacobi manifold. On the other hand, if we regard
a Poisson manifold as a Jacobi manifold, all its coisotropic submanifolds are coisotropic in the Jacobi
sense as well. In particular, the deformation problem of a coisotropic submanifold in a Jacobi manifold
is genuinely more general than its analogue in the Poisson setting.

Our paper is organised as follows. In Section 2l we attach important algebraic and geometric struc-
tures to an abstract Jacobi manifold (see therein for a definition of abstract Jacobi manifold). Our
approach, via Atiyah algebroids and first order multi-differential calculus on non-trivial line bundles,
unifies and simplifies previous, analogous constructions for Poisson manifolds and locally conformal
symplectic manifolds. In Section Bl using results in Section 2] we attach an L..-algebra to any closed
coisotropic submanifold in an abstract Jacobi manifold. In Section [l we study the deformation prob-
lem of coisotropic submanifolds. In particular we discuss the relation between smooth coisotropic
deformations and formal coisotropic deformations as well as the moduli problem under Hamiltonian
equivalence. In Sections [ and [0l we apply the theory to the contact case, which is, in a sense, analo-
gous to the symplectic case analysed by Oh-Park [32], and interpret the results obtained (Remark [6.3]
Corollary [6.3)).

Finally, the paper contains four appendices. The first two collect some facts about Atiyah algebroids
and abstract Gersternhaber-Jacobi algebras that are needed in the main body of the paper. The
third one discusses the “Poissonization” of the L..-algebra of a coisotropic submanifold in an abstract
Jacobi manifold. The fourth one provides a complete proof of the expected result that Catteneo-Felder
Loo-algebra [4] reduces to Oh-Park one [32] in the symplectic case.

2. ABSTRACT JACOBI MANIFOLDS AND ASSOCIATED ALGEBRAIC AND GEOMETRIC STRUCTURES

In this section we recall the definition of Jacobi manifolds and present important examples (Definition
21 Examples23]) of them. Our primary sources are [22], [27], [30], [13], and the recent paper by Crainic
and Salazar [7] whose philosophy/approach d la Kirillov we adopt. Accordingly, we will speak about
abstract Jacobi manifolds, retaining the term (standard) Jacobi manifolds for Jacobi manifolds in the
sense of Lichnerowicz. Generically non-trivial line bundles and first order multi-differential calculus on
them (see Appendix [B)) play a prominent role in abstract Jacobi geometry. We also associate important
algebraic and geometric structures with abstract Jacobi manifolds. Namely, we recall the notion of
Jacobi algebroid (see [13] and [I7] for the equivalent notion of Lie algebroid with a 1-cocycle), but we
adopt a slightly more general approach in the same spirit as that of abstract Jacobi manifolds and
abstract Gerstenhaber-Jacobi algebras (see Appendix [B]). Accordingly, we will speak about abstract
Jacobi algebroids. In particular, we discuss the existence of an abstract Jacobi algebroid structure on
the first jet bundle J'L of the Jacobi bundle of an abstract Jacobi manifold (M, L, {—, —}) (Example
2.10), first discovered by Kerbat and Souci-Behammadi in the special case L = M x R [20] (see [7]
for the general case). We also present an abstract version of the Iglesias-Marrero [I7] construction
of a fiber-wise linear Jacobi structure on the dual bundle E* of a Jacobi algebroid E (Proposition
215). This construction provides a natural lifting of an abstract Jacobi structure (L,{—,—}) on
M to an abstract Jacobi structure on the total space of the Atiyah algebroid der L of L (Example
2T7, see Appendix [Al for a definition of the Atiyah algebroid of a vector bundle and its relation with
differential operators). Finally, we discuss the notion of morphisms of Jacobi manifolds. We explain the
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relation between certain geometric properties of an abstract Jacobi manifold (M, L, {—, —}) involving
morphisms and cohomological invariants of the associated Jacobi algebroid (Proposition 2:27]).

2.1. Abstract Jacobi manifolds and their canonical bi-linear forms. Let M be a smooth
manifold.

Definition 2.1. An abstract Jacobi structure on M is a pair (L, {—, —}) where L — M is a (generically
non-trivial) line bundle, and {—,—} : T'(L) x I'(L) — I'(L) is a Lie bracket which, moreover, is a first
order differential operator on both entries. An abstract Jacobi manifold is a manifold equipped with
an abstract Jacobi structure. The bundle L and the bracket {—, —} will be referred to as the Jacobi
bundle and the Jacobi bracket respectively.

Remark 2.2. One can recover the standard definition [27] by letting L be the trivial line bundle
Ryas := M x R. Indeed, in this case a Jacobi bracket {—, —} on I'(L) = C°°(M) is the same as a pair
(A, T), where A is a bi-vector field and T is a vector field satisfying the following equations [I3] (see

Remark 212):
AN =LrA =0 and [A AN = 2T A A, (2.1)

where [—, —]°" is the Schouten-Nijenhuis bracket on multi-vector fields. Accordingly, a standard Jacobi

manifold is a smooth manifold M equipped with a pair (A,T") as above. The corresponding Jacobi
bracket {—, —} identifies with the bi-differential operator A + I" A id, where id denotes the identity
map. Namely, for f,g € C*°(M)

{f,9} = (A =T Aid)(f,9) = Adf,dg) + f-T(9) —g-T(f). (2.2)

On the other hand, since every line bundle is locally trivial, abstract Jacobi manifolds look locally
like standard Jacobi manifolds.

Let {—, —} be a Jacobi bracket. When we want to stress that {—, —} is a bi-differential operator,
we also denote it by J. We collect basic facts, including our notations and conventions, about (multi-
)differential operators in Appendix [A] and Appendix [Bl In the following, we will often refer to them
for details.

Example 2.3.

(1) Any (possibly non-coorientable) contact manifold (M, C') is naturally equipped with an ab-
stract Jacobi structure, with Jacobi bundle given by the (possibly non-trivial) line bundle
TM/C (see Section [Hl).

(2) Recall that a locally conformal symplectic (l.c.s.) manifold is naturally equipped with a stan-
dard Jacobi structure sometimes called the associated locally conformal Poisson structure.
There is a slight generalization of a l.c.s. manifold in the same spirit as abstract Jacobi manifolds
(see Appendix A of [38]). Call it an abstract l.c.s. manifold. Then, any abstract 1.c.s. manifold
is naturally equipped with an abstract Jacobi structure [38].

(3) Let {wt}iter be a smooth le.s. deformation of a l.c.s. form wp on a manifold M, where T
is an open interval in R containing 0. Denote by J; the standard Jacobi structure on M
associated with wy, and let J : C®°(M x I) x C®(M x I) — C(M x I) be defined by
J(G, )z, t) = J(f(=,1),G(—t))(z). Then it is not hard to verify that (M x I,J) is a
standard Jacobi manifold.

Let (M,L,J = {—,—}) be an abstract Jacobi manifold and A € I'(L). Then Ay := {\,—} is a first
order differential operator, hence a derivation of L. The (scalar) symbol of Ay (see Appendix [A]) will
be denoted by X.
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Remark 2.4. By definition, a Jacobi bracket {—, —} on sections of a line bundle L — M satisfies the
following generalized Leibniz rule

A peT(L), feC>®(M). In the standard case, I'(L) = C°°(M) is what is called a Jacobi algebra [12].
Denote by J'L the bundle of 1-jets of section of L and let j! : I'(L) — T'(J'L) be the first jet

prolongation (see Appendix [Al for more details). The bi-differential operator J can be also interpreted

as an L-valued, skew-symmetric, bi-linear form A 7 : A2J'L — L. Namely, KJ is uniquely determined
by

A 5 ) = b,
for all A\, u € I'(L). Denote by der L = Hom(J'L, L) the Atiyah algebroid of the line bundle L (see
Appendix [A] for details). Then, the bi-linear form A 7 determines an obvious morphism of vector
bundles A% : J'L — der L, defined by A#(a)\ := A (e, j'A), where a € I(J'L) and A € T'(L). The
bi-symbol Ay of KJ will be also useful. It is defined as follows: Ay : A2(T*M ® L) — L is the bi-linear

form obtained by restriction of A, to the module QOY(M, L) of L-valued one forms on M, regarded as
a submodule in I'(J!L) via the co-symbol v : Q*(M, L) — I'(J*L) (see Appendix [A]). Namely,

As(n,60) = Ky (y(),7(0)),
for all n,0 € QY(M, L). It immediately follows from the definition that
Aj(df @ A dg @ p) = {f A gut = Fo{X n} = FXN(G)n + 9Xu(H)A = (Xpa(9) = fXA(9) s (2:4)
where f,g € C°(M), and A\, u € T'(L).

Remark 2.5. When L = Ry, then J is the same as a standard Jacobi structure, i.e. a pair (A,T) as
in Remark 222, and A is just a bi-vector fields. Actually, we have Ay = A.

The skew-symmetric form A ; determines an obvious morphism of vector bundles A? T"M® L —
T M, implicitly defined by <A7j-&(77 @A), :=As(n®@ N0 pu), where n,0 € Q1 (M), A\, u € T'(L), and
(—, =) is the duality pairing. In other words,

AF(df @ N) = Xga — X2, (2.5)

f e C>®(M), A € T(L). Morphism Af can be alternatively defined as follows. Recall that der L
projects onto T'M via the symbol o. It is easy to see that diagram

A#
T*M® L —1>TM

’Y\L TU
A%
JIL —2 s derL

commutes, i.e. A# =o0o K# o 7y, which can be used as an alternative definition of A#. Finally, note
that

(A 0m)(df @ X) = Aga = fAs.
2.2. Abstract Jacobi algebroid associated with an abstract Jacobi manifold.

Definition 2.6. An abstract Jacobi algebroid is a pair (A, L) where A — M is a Lie algebroid, and
L — M is a line bundle equipped with a representation of A.
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Let A be a Lie algebroid with anchor p and Lie bracket [—, —]4. Recall that a representation of A
in a vector bundle £ — M is a flat A-connection in E, i.e. a Lie algebroid morphism V : A — der F,
written a — V,, with values in the Atiyah algebroid der E of L. In other words V is an R-linear map
I'(A) — Diffy (E, E), where Diff; (E, E) is the module of first order differential operators I'(E) — I'(E),
such that

vfae = fvaeu
Va(fe) = pla)(fle + fVae,
[Va, V5]€ = V[a”@]Ae,
where o, 8 € I'(A), f € C*(M), and e € T'(E).

Let (I'(A®A*),da) be the de Rham complex of the Lie algebroid A. A representation V of A in F
defines a degree one differential on sections of A°*A* ® E, denoted by da, g, and uniquely determined
by

da,gA =V,
dap(wAQ) =dawAQ+ (—)“wAds 59,
where A € I'(L), w € T(A*A*), Q € I'(A*A* @ E) and we used the obvious I'(A®* A*)-module structure
on I'(A*A* ® E). Complex (I'(A®*A* @ E),da g) is called de Rham complex of A with values in E. Its
cohomology is denoted by H(A, E) and called de Rham cohomology of A with values in E.

(2.6)

Remark 2.7. In the case L = Ry, a representation of A in L is the same as a 1-cocycle in the de
Rham complex (I'(A®*A*),d4) of A. Namely, in this case T'(A*A* @ L) = T'(A®*A*) and, in view of
(Z0) V is completely determined by wy := da 1 € T'(A*). It is easy to see that wy is a da-cocycle,
i.e. dawy = 0. Conversely, a da-cocycle w € T'(A*) determines a unique representation V in L = Ry,
such that d4 11 = w. This shows that, in the case L = Rj;, Definition recovers the definition of
Lie algebroid with a 1-cocycle proposed in [I7], which is in turn equivalent to the definition of Jacobi
algebroid proposed in [13].

Let A — M be a vector bundle, and let L — M be a line bundle. Consider vector bundle
Ap = A® L*. The parallel between Lie algebroid structures on A and Gerstenhaber brackets on
the associated Grassmann algebra I'(A®A) is well-known (see e.g. [23], [I3] Theorem 3]). There is an
analogous parallel between abstract Jacobi algebroid structures on (A, L) and abstract Gerstenhaber-
Jacobi algebra structures on (I'(A®AL), T'(A® AL ® L)[1]) (see Appendix [Blabout Gerstenhaber-Jacobi
algebras, moreover, see Example[2.10] about the relevance of Gerstenhaber-Jacobi structures for Jacobi
geometry). Proposition [Z8 below clarifies this parallel.

Proposition 2.8. (see also [I3l Theorem 5]) There is a one-to-one correspondence between ab-
stract Jacobi algebroid structures on (A,L) and abstract Gerstenhaber-Jacobi algebra structures on
(D(A®Ap), T(A* Ay @ L)[1]).
Proof. Note preliminarily that an abstract Gerstenhaber-Jacobi structure on (I'(A®AL), T (A*AL ®
L)[1]) is completely determined by

(1) the action of degree zero elements of T'(A* Az ® L)[1] on degree zero elements of I'(A®Ap),

(2) the Lie bracket between degree zero elements of T'(A® A, ® L)[1], and

(3) the Lie bracket between degree zero elements and degree —1 elements of T'(A* A ® L)[1].

Now, let (I'(A®AL),T(A® AL ® L)[1]) possess the structure of an abstract Gerstenhaber-Jacobi struc-

ture, with graded Lie bracket [—, —] and action of T'(A®* Ay, ® L)[1] on T'(A®* AL) written o — X. Define
an anchor, a Lie bracket, and a flat connection by putting

pla)(f) = Xa(f),
[avﬂ]A = [aaﬂ]v (27)
Vo = [, A
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where o, 8 € T'(A) = T(A'AL ® L), f € C®(M) = T'(A\YAL), and A € T'(L) = T(A\AL, ® L). Tt
is easy to see that the above operations form a well-defined abstract Jacobi algebroid structure on

(A, L). Conversely, let (A4, L) be an abstract Jacobi algebroid with anchor p, Lie bracket [—, —] 4, and
representation V. Read Equations ([27) from the right to the left to define an abstract Gerstenhaber-
Jacobi structure on (T'(A®*AL), T(A*AL @ L)[1]). O

Now, let M be a manifold and let L — M be a line bundle. Denote by J;L the dual bundle of
JYL. Sections of J; L are first order differential operators I'(L) — C>°(M), i.e. J;1 L := diff; (L, Ryy).
Moreover, denote by Der® L = T'(A®J; L& L) the space of multi-differential operators I'(L) x - - -xT'(L) —
I'(L) (see Appendix [Bl for more details).

Example 2.9. (cf. [I3] (26)]) The Atiyah algebroid der L of L is equipped with the tautological rep-
resentation idger 1, in L. Accordingly, (der L, L) is an abstract Jacobi algebroid. It follows from Propo-
sition that there is an abstract Gerstenhaber-Jacobi algebra structure on (I'(A®J1L), (Der®L)[1]).
The Lie bracket on (Der®L)[1] will be also called the Schouten-Jacobi bracket and denoted by [—, —]%7.
See Appendix [Bl for explicit formulas.

Example 2.10. (cf. [20, Theorem 1], [I8 (2.7)], [I3, Theorem 13]) Let (M,L,J = {—,—}) be an
abstract Jacobi manifold. It is not hard to see (see, e.g., [7]) that there is a unique Jacobi algebroid

structure on (J'L, L) with anchor p;, Lie bracket [—, —] s, and representation V* such that
pr(7tA) = Xa,
[jl/\vjlu]J:jl{/\7M}u (28)

V;']l)\:u’ = {Anu}a
for all A\, u € T'(L). Using the fact that every section o of J'L can be uniquely written as
a=j A+v(n), Nel(L), nel(T*M ® L) (2.9)

where, we recall, v is the co-symbol (see Appendix [A]), explicit formulas for the structure maps py,
[—,—]s and V7 can be found. Namely, use decomposition T'(J'L) = T'(L) ® Q'(M, L) to identify
a,B € T(JIL) with pairs (\,n),(u,0) € T'(L) ® QY (M, L), and let v € T(L). A straightforward
computation shows that

pa(e) = Xy + A% (), (2.10)
[, B = 5 ({)\, e+ iA#(n)o) oy (ﬁmmﬂme - ,cAﬁK#(e)n) , (2.11)
VI = A+ A ().

In Formula (ZTT]) it appears the Lie derivative of an L-valued form on M along a derivation of L. See
Appendix [A] for details about the main definitions and formulas in vector valued Cartan calculus.

Lemma 2.11. Let J € Der®L be an alternating, first order bi-differential operator J : T'(L) x T(L) —
['(L). Then

(1) for all \,pp € T(L),

T\ m) = =[[J N7, 1] (2.12)

(2) (cf. [13l Theorem 1.b, (28), (29)]) J is a Jacobi bracket, i.e. it defines a Lie algebra structure
on T'(L) iff

[J,J]°7 =0, (2.13)

Proof. The first assertion is a consequence of the explicit form of the Schouten-Jacobi bracket (see
Appendix [B]). The second assertion is a particular case of Theorem 3.3 in [26]. O
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Remark 2.12. Denote by X*(M) = @, X¥(M) the space of (skew-symmetric) multi-vector fields on
M. When L = Ry, the space Der* 1L of alternating first order multi-differential operators on I'(L)
with k + 1 entries, identifies with X*+1(M) @ X*(M) (see Appendix [B)). In particular, an alternating,
first order bi-differential operator J identifies with a pair (A,T') where A is a bi-vector field and T" is a
vector field on M. In this case, Equation (2.13) is equivalent to 2.

Remark 2.13. Let (M,A) be a Poisson manifold, with Poisson bi-vector A, and Poisson bracket
{—,—}a. Differential d. := [A,—]*N : X*(M) — X*(M), where [—, —]°" is the Schouten-Nijenhuis
bracket on multi-vectors, has been introduced by Lichnerowicz to define what is known as the
Lichnerowicz-Poisson cohomology of (M, A). Note that complex (X°(M),d.) can be seen as a sub-
complex of the Chevalley-Eilenberg complex associated with the Lie algebra (C*°(M),{—, —}a) and
its adjoint representation. For more general abstract Jacobi manifolds (M, L, J = {—, —}) it is natural
to replace multi-vector fields, with a suitable subcomplex of the Chevalley-Eilenberg complex associ-
ated with the Lie algebra (T'(L), {—, —}) and its adjoint representation, specifically, the subcomplex of
first order, multi-differential operators, i.e. elements of Der® L. In particular, the Lichnerowicz-Poisson
differential is replaced with the differential d/ := [J, —]®/. The resultant cohomology is called the
Chevalley-Filenberg cohomology of (M, L,{—, —}), and we denote it by Hog(M, L, J) [14,27]. Further-
more, for a general abstract Jacobi manifold (M, L, J = {—, —}), the action of (Der®*L)[1] on T'(A®J;1 L)
gives rise to another cohomology, namely cohomology of the complex (I'(A®J1 L), X ;) (see Appendix
for a definition of X ), also called the Lichnerowicz-Jacobi (L.J-)cohomology of (M, L,{—,—}) (see,
e.g., [8]). It is easy to see that the complex (I'(A®JiL), X ) is nothing but the de Rham complex
of the Lie algebroid (J'L,pys,[—,—]s). Similarly, complex (Der®L,d/) is the de Rham complex of
(JYL,py,[—,—]s) with values in L.

Remark 2.14. Many properties of Poisson manifolds have analogues for Jacobi manifolds, and ab-
stract Jacobi manifolds. Sometimes these analogues can be found using the “Poissonization trick”
which consists in the remark that Jacobi brackets on a line bundle L — M are in one-to-one corre-
spondence with homogeneous Poisson brackets on the principal R*-bundle L*~\. 0, where 0 is the (image
of the) zero section of L* (see Appendix [C)). For instance, using the Poissonization trick, Iglesias and
Marrero established a one-to-one correspondence between Jacobi structures and Jacobi bialgebroids
[18, Theorem 3.9]. In our paper we prefer to adopt an intrinsic approach to abstract Jacobi structures
in the spirit of [7] (see Remarks 213 2225 and Proposition Bl in this paper). We only use the Pois-
sonization trick in one case (Theorem [£.27) as a technical tool to avoid lengthy computations and get
a quick proof.

2.3. The fiber-wise linear abstract Jacobi structure on the adjoint bundle of an abstract
Jacobi algebroid. Let M be a smooth manifold. It is well known that, if A is a Lie algebroid over M,
then the total space of the dual bundle A* is equipped with a fiber-wise linear Poisson structure A 4,
see e.g. [3, §16.5] or [9, §8.2]. Namely, fiber-wise constant functions on A* are the same as functions
on M. Moreover, fiber-wise linear functions on A* are the same as sections of A. Then A 4 is uniquely

determined b
etermined by Aa(de, df) = p(a)(f),

AA(da, dﬁ) = [a, B]A,
where «, 8 € T'(A) are also interpreted as fiber-wise linear functions and f € C°°(M) is also interpreted
as a fiber-wise constant function on A*.

A similar result holds for Jacobi algebroids [I7, Theorems 1,2]. Here, we provide its abstract version.
Thus, let A — M be a vector bundle, and let L. — M be a line bundle. Vector bundle A* @ L. = Ap*
will be called the L-adjoint bundle of A (or simply the adjoint bundle). Now, assume (A, L) is a Jacobi
algebroid, with anchor p, Lie bracket [—, —]4 and representation V in L as usual. Let m: Ap* — M
be the projection and consider the line bundle 7*L — Ap*.



DEFORMATIONS OF COISOTROPIC SUBMANIFOLDS 9

Proposition 2.15. ([I7, Theorems 1,2]) The adjoint bundle Ap* is equipped with a fiber-wise linear
abstract Jacobi structure {—, —}(a,r)-

Before sketching the proof of Proposition2.15] let us specify better what we mean by fiber-wise linear
abstract Jacobi structure on a vector bundle. Thus, let 7 : E — M be a vector bundle, L. — M a line
bundle and 7*L — E the induced line bundle. There is a natural isomorphism I'(7*L) ~ C*°(E)®T'(L)
(where the tensor product is over C°°(M)). Accordingly,

(1) Sections A of L — M identify with pull-back sections 7*\ of 7* L, and we call them fiber-wise
constant.
(2) sections of the L-adjoint bundle E* = E* ® L identify with certain sections of 7*L and we
call them fiber-wise linear.
Now, an abstract Jacobi structure (7*L,{—, —}) is fiber-wise linear if it preserves fiber-wise linear
sections, i.e. the Jacobi bracket between two fiber-wise linear sections of 7*L is fiber-wise linear as
well.

Proof of Proposition[Z13: a sketch. Let m : Ap* — M be the projection and let 7*L — Ap* be the
induced line bundle. Fiber-wise constant sections of 7* L are the same as sections of L. Moreover, fiber-
wise linear sections of 7* are the same as sections of (Az*).* = A. It is easy to see that {—, —}(a 1)
is uniquely determined by

{a, A} a,n) == Va,
{aaﬁ}(A,L) = [auﬁ]Au

where «, f € T'(A) are also interpreted as fiber-wise linear sections, and A € I'(L) is also interpreted
as a fiber-wise constant section of 7*L — Ap*. O

Example 2.16. Let L — M be a line bundle and let der L be its Atiyah algebroid. Since (der L, L)
is a Jacobi algebroid, Proposition provides a fiber-wise linear abstract Jacobi structure on the
L-adjoint bundle of der L, which is J!L. This is nothing but the abstract Jacobi structure determined
by the canonical contact structure on J'L (see Example [£.3).

Example 2.17. (cf. [I7, Theorem 1, §3 Example 5]) Let (M, L, {—, —}) be an abstract Jacobi manifold.
Since (J'L, L) is a Jacobi algebroid, there is a fiber-wise linear abstract Jacobi structure on the L-
adjoint bundle of J'L which is der L.

2.4. Morphisms of abstract Jacobi manifolds.

Definition 2.18. A morphism of Jacobi manifolds, or a Jacobi map,

(M7 L7 {_7 _}) - (M/v le {_7 _}/)
is a vector bundle morphism ¢ : L — L', covering a smooth map ¢ M — M’, such that ¢ is an
isomorphism on fibers, and ¢*{\, u}’ = {¢p* A, ¢*p} for all A\, u € T(L').

Definition 2.19. An infinitesimal automorphism of a Jacobi manifold (M,L,{—,—}), or a Jacobi
derivation, is a derivation A of the line bundle L, equivalently, a section of the Atiyah algebroid der L
of L, such that A generates a flow of automorphisms of (M, L,{—, —}) (see Appendix [A]). A Jacobi
vector field is the (scalar-type) symbol of a Jacobi derivation.

Remark 2.20. Let A be a derivation of L, {¢;} be its flow, and let O be a first order multi-differential
operator on L with k entries, i.e. O € Der®L. Since L is a line bundle, a derivation A of L is the same
as a first order differential operator on I'(L), i.e. an element of Der L = Der' L. It is easy to see that

(similarly as for vector fields)

o _)o=par (2.14)
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where we denoted by .0 the push forward of O along a line bundle isomorphism ¢ : L — L', defined
by (@«0)(\], .., ML) = (o) (O(¢* A1, .., 0" M), for all A, ..., A} € T(L) (see also Appendix [A]
about pushing forward derivations along vector bundle morphisms). In particular, A is an infinitesimal
automorphism of (M, L, {—, —}) iff [J, A]®/ = 0. Since

(1 AT (A, ) = {AXN 1} + {0, Ap} — A{A p}, (2.15)
we conclude that A is an infinitesimal automorphism of (M, L, {—, —}) iff
A{N p} = {AN p} + {X Ap} (2.16)

for all A, p € T'(L). In other words A is a derivation of the Jacobi bracket.

Remark 2.21. More generally, let {A;} be a one parameter family of derivations of L, generating the
one parameter family of automorphisms {y;}, and let [0 € Der® L. Then

%(%)*D = [(00)«0, A% (2.17)

Remark 2.22. Definitions 2. I8 and [2.19 encompass the notions of conformal morphisms and infinites-
imal conformal automorphisms of standard Jacobi manifolds, respectively. In particular two standard
Jacobi structures are conformally equivalent iff they are isomorphic as abstract Jacobi structures.

Example 2.23. Let (M, L,{—,—}) be an abstract Jacobi manifold. The values of all Hamiltonian
vector fields generate a distribution K C T'M which is, generically, non-constant-dimensional. Distri-
bution K is called the characteristic distribution of (M, L, {—,—}). The Jacobi manifold (M, L,{—,—1})
is said to be transitive if its characteristic distribution X is the whole tangent bundle T'M. Identity
(ZTI9) implies that K is involutive. Moreover, it is easy to see that K is constant-dimensional along
the flow lines of a Hamiltonian vector field. Hence, it is completely integrable in the sense of Stefan
and Sussmann. In particular, it defines a (singular) foliation K on M. Each leaf C of K, is called a
characteristic leaf and possesses a unique transitive abstract Jacobi structure defined by the restriction
of the Jacobi bracket to L|c, see Corollary B:312 for a precise expression. In other words, the inclusion
L|c < L is a Jacobi map. Moreover, a transitive Jacobi manifold (M, L, {—, —}) is either an abstract
l.c.s. manifold (if dim M is even) or a contact manifold (if dim M is odd) [22].

Let (M, L,J = {—,—}) be an abstract Jacobi manifold and A € I'(L). Note that
Ay ={\ =} =[] N (2.18)

The Jacobi identity for the Jacobi bracket immediately implies that not only Ay is a derivation of L,
but even more, it is an infinitesimal automorphism of (M, L, {—, —}), called the Hamiltonian derivation
associated with the section A. Similarly, the scalar symbol X, of Ay will be called the Hamiltonian
vector field associated with X\. Clearly we have

[A)\,A“] = A{>\7M}7 and [X)\,X#] = X{)\)H}, (219)

for all A, u € T(L). Jacobi automorphisms L — L generated by Hamiltonian derivations will be called
Hamiltonian automorphisms. Similarly, diffeomorphisms M — M generated by Hamiltonian vector
fields will be called Hamiltonian diffeomorphisms.

Recall that an infinitesimal automorphism of (M, L, {—, —}) is, in particular, an element of Der L =
Der' L. Hamiltonian derivations are interpreted as inner infinitesimal automorphisms. The follow-
ing proposition provides a geometric interpretation of the first and the second Chevalley-Einlenberg
cohomologies of (M, L,{—, —}).

Proposition 2.24.
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(1) A derivation A : T(L) — T(L) of L is an infinitesimal automorphism of (M,L,{—,—})
iff dJA = 0, hence the set of outer infinitesimal automorphisms of (M,L,{—,—}) is
HLp(M,L,J).

(2) An infinitesimal deformation J of J is a Jacobi deformation, if and only if d/J = 0, hence
the set of infinitesimal Jacobi deformations of J modulo infinitesimal automorphisms of the
bundle L is HZ (M, L, J).

Proof.

(1) The first part of the assertion follows from Remark Using this and taking into account
@I8)), which interprets inner infinitesimal automorphisms as degree one co-boundaries, we
immediately obtain the second part.

(2) The first part of the assertion follows from Lemma 211](2). To prove the second part it
suffices to show that the trivial infinitesimal deformation of J induced by an infinitesimal
automorphism Y € Der L is of the form [J, Y]°N. Clearly (ZI4) proves what we need and this
completes the proof.

O

Remark 2.25. Proposition generalizes a known interpretation of Lichnerowicz-Poisson coho-
mology, see e.g. [9, §2.1.2], and fits into deformation theory of Lie algebras, since any infinitesimal
Jacobi deformation J of a Jacobi bracket J is also an infinitesimal deformation of the Lie algebra
(T(L),{—,—}) and, therefore, .J is closed in the Chevalley-Eilenberg complex (see also [31]).

3. COISOTROPIC SUBMANIFOLDS IN ABSTRACT JACOBI MANIFOLDS AND THEIR INVARIANTS

In this section we propose some equivalent characterizations of coisotropic submanifolds S in an
abstract Jacobi manifold (M, L,{—, —}) (Lemma Bl Corollary B:31(3)). Then we establish a one-to-
one correspondence between coisotropic submanifolds and certain Jacobi subalgebroids of the Jacobi
algebroid (J'L, L) (Proposition B.6). In particular, this yields a natural L..-isomorphism class of
L.-algebras associated with each coisotropic submanifold (Proposition and Proposition BIg]).

3.1. Differential geometry of a coisotropic submanifold. Let (M, L, J = {—, —}) be an abstract
Jacobi manifold, and let € M. A subspace T' C T,,M is said to be coisotropic (wrt the abstract
Jacobi structure (L, J = {—, —}), if Af(TO ® L) C T, where T° C T M denotes the annihilator of T
(cf. [16], Definition 4.1]). Equivalently, T7° @ L is isotropic wrt the L-valued bi-linear form A ;.

A submanifold S C M is called coisotropic (wrt the abstract Jacobi structure (L, J = {—, —}), if its
tangent space T,.S is coisotropic for all x € S.

Lemma 3.1. Let S C M be a submanifold, and let I's denote the set of sections \ of the Jacobi bundle
such that Mg = 0. The following three conditions are equivalent:

(1) S is a coisotropic submanifold,

(2) T's is a Lie subalgebra in T'(L),

(3) X is tangent to S, for all A € T'g.
Proof. Let S C M be a submanifold. We may assume, without loss of generality, that L is trivial.
Then I's = I(S) - T'(L), where I(S) denotes the ideal in C*°(M) consisting of functions that vanish
on S. In particular, if A is a generator of I'(L), then every section in I's is of the form f\ for some
f € I(S). Now, let f,g € I(S). Putting u = X in ([24) restricting to S, we find

{X 92} s = (AT (df © ), dg)Als.

This shows that (1) <= (2). The equivalence (2) <= (3) follows from the identity X»(f)uls =
{\, fu}ls, forall A € T'g, p € T'(L), and f € I(95). O
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A version of Lemma [31] for Poisson manifold is well known [4] §2]. (See also [32, Lemma 13.3] for
the symplectic case.)

Now, let S C M be a coisotropic submanifold and let T°S C T*M]|s be the annihilator of T'S.
The (generically non constant-dimensional) distribution Kg := A#(TOS’ ® L) C TS on S is called the
characteristic distribution of S.

Remark 3.2. In view of (21, Kg is generated by the (restrictions to S of) the Hamiltonian vector
fields of the kind X,, with A € I's. In particular, if S = M, then Kg = K is the characteristic
distribution of (M, L,{—, —}) as defined in Section 211

From Lemma 3.1l we derive the following

Corollary 3.3.

(1) (cf M 8§2]) The characteristic distribution Kg of any coisotropic submanifold S is integrable
(hence, it determines a foliation on S, called the characteristic foliation of S).

(2) (¢f. [22]) Every characteristic leaf C, i.e. any leaf of the characteristic distribution K = Ky
has an induced Jacobi structure (L|c,{—,—}c) well-determined by {\|c, plc}te = {\ pu}|c, for
all \,p € T(L). The induced Jacobi structure is transitive.

(3) A submanifold S C M s coisotropic, iff TS NTC is coisotropic in the tangent bundle TC, for
all characteristic leaves C intersecting S, where C is equipped with the induced Jacobi structure.

Proof.
1) Recall that, for \,u € I's, X, X,, are in g and their commutator
I

[Xx, Xu] = X (3.1)

i}

is in Kg as well in view of Lemma[3.112. Since the X’s are the symbols of infinitesimal automorphisms
{\,—} of J, the Stefan-Sussmann theorem applies and we obtain the required assertion.

(2) To prove the first assertion it suffices to show that if A|c =0, then {\, u}|c = 0 for all u € T'(L),
i.e. the subspace T'¢c of sections of L vanishing on C is also an ideal of the Lie algebra (I'(L), {—, —}).
Similarly as in the proof of Lemma [3.1] we may assume, without loss of generality, that L is trivial.
Thus, let A be a generator of I'(L) and f € I(C), the ideal of functions vanishing on C. Then, putting
A = p in ([24), and restricting to C, one gets

{fA g e = (Xgalg) — gXa(f)) Me-

The claim follows taking into account skew-symmetry in f, g, and noting that X, is tangent to C for all
g. Now, let Je = {—, —}¢ be the induced Jacobi bracket on I'(L|¢). The transitivity of (C, L|c, {—, —}c¢)
is equivalent to the surjectivity of the map Ai, which follows from the identities

(A7 (d fle ® ple).dgle)vle = Ase(d fle @ ple.dgle ® vie) = Ay(df & p,dg @ v)|e,

for f,g € C°°(M), and p,v € T'(L).

(3) For V. C TC let V% denote the annihilator of V in T*C. Noting that C is coisotropic, the
transitivity of (C, L|¢, {—, —}¢) and (B imply that the restriction to C of an Hamiltonian vector field
on M is an Hamiltonian vector field. Denote by ¢ : C < M the inclusion. Then for any £ € T*M,
A € L and for any submanifold S in M we have

M (FE@N) =AT (@A) and (TSNTC)™ ® Ll =i*(T°S) ® Lle. (3.2)
Hence, if S' is coisotropic, we have

A% (TSNTC)% @ Lle) € TSNTC,
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i.e. TSNTC is coisotropic in T'C. Conversely, assume that T'SNTC is coisotropic in T'C, i.e. A?&c (TsSn
TC)’¢ @ L|c) ¢ TSNTC. Using ([B.2) we obtain immediately

A (TS @ L) = A% (i*(T°S) ® Lle) = A%, (T'SNTC)* @ Lie) € TSN TC.
0
Example 3.4.

(1) Any coisotropic submanifold (in particular a Legendrian submanifold) in a contact manifold
is a coisotropic submanifold wrt the associated abstract Jacobi structure (see Section [B1] for
details).

(2) Let S be a coisotropic submanifold of the abstract Jacobi manifold (M, L,{—,—}), and let
X € X(M) be a Jacobi vector field such that X, ¢ 7,5, for all x € S. Then T, the flowout of
S along X, is a coisotropic submanifold as well. Indeed, let {¢;} be the flow of X. Clearly,
whenever defined, ¢,(5) is a coisotropic submanifold, and the claim immediately follows from
Lemma 311

3.2. Jacobi subalgebroid associated with a closed coisotropic submanifold. We are interested
in deformations of a closed coisotropic submanifold, so, from now on, we assume that S is a closed
submanifold in a smooth manifold M. Let A — M be a Lie algebroid. Recall that a subalgebroid of
A over S is a vector subbundle B — S, with embeddings j : B < A and j : S < M, such that the
anchor p : A — T'M descends to a (necessarily unique) vector bundle morph?sm pp: B — TS, making
diagram

B—' 4
PB\L lp
dj
TS ——=TM

commutative and, moreover, for all 3, 8’ € T'(B) there exists a (necessarily unique) section [3, 8'|p €
I'(B) such that whenever «, o’ € T'(A) are j-related to 38,8’ (i.e. jo 8 = aoj, in other words a|s = 3,
and similarly for 8, a’) then [a, /|4 is j-related to [5, 5']p. In this case B, equipped with pp and
[—, —]B, is a Lie algebroid itself. One can also give a notion of Jacobi subalgebroid as follows.

Let (A, L) be a Jacobi algebroid with representation V.

Definition 3.5. A Jacobi subalgebroid of (A,L) over S is a pair (B,{), where B — S is a Lie
subalgebroid of A over S C M, and ¢ := L|s — S is the pull-back line subbundle of L, such that V
descends to a (necessarily unique) vector bundle morphism V|, making diagram

B—L -4

Ve v

der ¢ 2% der L

commutative (see Appendix [Al for the definition of morphism der j,).

If (B, ¥) is a Jacobi subalgebroid, then the restriction V|, is a representation so that (B, ¢), equipped
with V|, is a Jacobi algebroid itself.

Now, let (M, L,J = {—,—}) be a Jacobi manifold, and let S be a submanifold. In what follows, we
denote by

e /:= L|g the restricted line bundle,
e NS :=TM]|s/TS the normal bundle of S in M,
e N*S:=(NS)* ~T°S C T*M the conormal bundle of S in M,
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e NyS:= NS ®/*, and by

e Ny*S :=(NypS)* = N*S ® { the (-adjoint bundle of NS.
Vector bundle N,*S will be also regarded as a vector subbundle of (J'L)|s via the vector bundle
embedding

NS — (T"M @ L)|s % J'L]s,
where 7 is the co-symbol. If A € T'(L), we have that (j'\)|s € T'(N,*S) if and only if Mg = 0,
ie. Aels.
The following Proposition establishes a one-to-one correspondence between coisotropic submanifolds

and certain Lie subalgebroids of J'L.

Proposition 3.6. (¢f. [I9, Proposition 5.2]) The submanifold S C M s coisotropic iff (Ng*S,£) is a
Jacobi subalgebroid of (J'L,L).

Proof. Let S C M be a coisotropic submanifold. We want to show that N,*S is a Jacobi subalgebroid
of J'L. We propose a proof which is shorter than the one in [19]. Since S is coisotropic, we have

ps(N¢*S) C TS, (3.3)
and similarly
V7 (Ng*S) C der. (3.4)
Next we shall show that for any «, 8 € I'(JL) such that a|g, 8|s € T'(N;*S) we have
[, Bls]s € T(Ne*9). (3.5)

First we note that if a|s € T'(N,*S) then a = > fj'\ for some A € I's. Using the Leibniz properties
of the Jacobi bracket we can restrict to the case a, 3 € j'I's. The latter case can be handled taking
into account (28] and Lemma Bl Moreover, using (2.11]), we easily check that

[a,ﬂ]ﬂs =0if Oz|5 =0 and ﬂ|5 S F(N[*S)

This completes the “only if part” of the proof.

To prove the “if part” it suffices to note that condition ([B3]), regarded as a condition on the image
of the anchor map of the Lie subalgebroid N;*S, implies, in view of ([2I0), that S is a coisotropic
submanifold. g

Remark 3.7. Different versions of Proposition [3.6] were proved for the Poisson case [40, Proposition
3.1.3], [, Proposition 5.1], [29] Theorem 10.4.2].

3.3. L-algebra associated with a coisotropic submanifold. Let M be as above, and let S C M
be a closed submanifold. Let

Py : T(JiL) — T(N,S)
be the projection adjoint to the embedding v : N;*S < J'L, i.e. (Py(A)z, az) = (Ay,y(ay)), where
A eT(J1L), a € T(Ng*S), and © € M. Tensorizing by I'(L) we also get a projection

P:DerL — T'(NS).
It is not hard to see that P coincides with the
Der L - X(M) — I'(TM|s) — T(NS), (3.6)

where the second arrow is the restriction, and the last arrow is the canonical projection. Projection
Py extends uniquely to a (degree zero) morphism of graded algebras I'(A®J1L) — I'(A®*NyS) which we
denote again by Py. Similarly, P extends uniquely to a (degree zero) morphism of graded modules
(Der®L)[1] — T'(A®NpS ® ¢)[1] which we denote again by P. As in the Poisson case (see, e.g., [6]), pro-
jection P : (Der®L)[1] — T(A® NS ® ¢)[1] allows to formulate a further characterization of coisotropic
submanifolds.
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Proposition 3.8. Submanifold S is coisotropic iff P(J) =0

Remark 3.9. Let S C M be any submanifold, then P(J) does only depend on the bi-symbol A; of
J. To see this, note, first of all, that the symbol ¢ : Der L — X(M) induces an obvious projection
(Der®*L) — I'(A*(TM ® L*)® L). Moreover, in view of its very definition, P : (Der®L)[1] — T'(A*N/S®
£)[1] descends to an obvious projection

DA (TM @ L*) @ L)[1] — T(A° NS @ £)[1],

which, abusing the notation, we denote again by P. Now, recall that A; € T'(A2(TM ® L*) ® L). It
immediately follows from the definition of P that, actually,

P(J) = P(Ay).
In particular S is coisotropic iff P(A;) = 0.

From now on we assume that S is coisotropic. In this case, the Jacobi algebroid structure on (Ny*S, £)
(Proposition 3.6 turns the graded space I'(A® NS ® ¢) into the de Rham complex of N,;*S, with values
in ¢. To express the differential dy,-s ¢ in terms of the differential d/ = [J, =]/ on Der® P it suffices to
find a right inverse I : T(A*NyS®¢)[1] = (Der®L)[1] of P. However, there is no natural way to do this
unless further structure is available. In what follows we use a fat tubular neighborhood as an additional
structure. Before giving a definition, recall that a tubular neighborhood of S is an embedding of the
normal bundle NS into M which identifies the zero section 0 of NS — S with the inclusion i : S — M.
Denote by m: NS — S the projection and consider the pull-back line bundle Lyg := ¢ = NS xg ¢
over NS. Moreover, let iy, : £ < L be the inclusion.

Definition 3.10. A fat tubular neighborhood of £ — S in L — M over a tubular neighborhood
7: NS — M is an embedding 7 : Lyg < L of vector bundles over 7 : NS < M such that diagram

Lys =1 —T"— > L

S

commutes.

In particular, it follows from the above definition that 7 is an isomorphism when restricted to fibers.
A fat tubular neighborhood can be understood as a “tubular neighborhood in the category of line
bundles”. In the following we regard S as a submanifold of NS identifying it with the image of the
zero section 0 : S — NS.

Lemma 3.11. There exist fat tubular neighborhoods of £ in L.

Proof. Since fibers of NS — S are contractible, for every vector bundle V' — NS over NS there is
a, generically non-canonical, isomorphism of line bundle NS xg V|g ~ V over the identity of NS.
Now, let 7: NS < M be a tubular neighborhood of S. According to the above remark, the pull-back
bundle 7L — NS is (non-canonically) isomorphic to Lyg. Pick any isomorphism ¢ : Lyg — 7*L.
Then the composition

Lys -2 1L — L,
where the second arrow is the canonical map, is a fat tubular neighborhood of ¢ over 7. 0
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Choose once for all a fat tubular neighborhood 7 : Lyg < L of £ over a tubular neighborhood
7 : NS < M of S. We identify NS with the open neighborhood 7(NS) of S in M. Similarly, we
identify Lys with L|;(yg). In particular NS inherits from 7(NS) a Jacobi structure with Jacobi
bundle given by Lyg. Abusing the notation we denote by J again the Jacobi bracket on T'(Lyg).
Moreover, in view of Proposition [3.8] there is a projection P : (Der®Lyg)[1] — T(A®*NgS & £)[1] such
that P(J) = 0.

Now, regard the vertical bundle V(N S) := kerdr as a Lie algebroid and note preliminarily that

(1) There is a natural splitting T(NS)|s = T'S & NS: projection T(NS)|s — TS is dr, while
projection T(NS)|s — NS is the natural one. In particular, sections of NS can be understood
as vector fields on NS along the submanifold S and vertical wrt 7.

(2) Since m: NS — S is a vector bundle, the vertical bundle V' (NN.S) identifies canonically with
the induced bundle 7* NS — NS. In particular, there is an embedding 7* : I'(NS) — X(NJS)
that takes a section v of NS to the unique vertical vector field 7*v on N.S, which is constant
along the fibers of 7, and agrees with v on S.

(3) Since Lyg = "€ = NS x g ¢, there is a natural flat connection D in L, along the Lie algebroid
V(NS), uniquely determined by Dx7*\ = 0, for all vertical vector fields X on NS, and all
fiber-wise constant sections 7\ of Lyg, A € I'(¢).

With these preliminary remarks we are finally ready to define a right inverse I : T(A*NyS ® £)[1] —
(Der®*Lyg)[1] of P: (Der®*Lyg)[1] = T(A®NeS ® £)[1]. First of all, let
I:T(NS) < DerLnsg
be the embedding given by I(v) := D+,. Tensorizing it by I'(L%, ) we also get an embedding
I : T(N.S) < T(J1 Lys).

Inclusion I extends uniquely to a (degree zero) morphism of graded algebras T'(A®*NyS) — T'(A®*J1Lns)
which we denote again by Iy. Similarly, I extends uniquely to a (degree zero) morphism of graded
modules T'(A*NyS & £)[1] — (Der®Lyg)[1] which we denote again by I. It is straightforward to check
that
FPyolpy=id and Pol =id.
Using I and the explicit expression for the Schouten-Jacobi bracket, one can check that
dn,+s0 = (Pod] oI)(e) = P[J, I(c)]’ (3.7)

for all v € T(A* NS ® 0)[1].

The rightmost hand side of ([B1) reminds us of the Voronov construction of L..-algebras via derived
brackets. We refer the reader to [39] for details. Our conventions about L..-algebras are the same
as those in [39]. In particular, multi-brackets in L..-algebras in this paper will always be (graded)
symmetric. Now, using the derived bracket construction, we are going to define an L.-algebra structure
{my} on T'(A°N,;S ® ¢)[1] whose first (unary) bracket my coincides with the differential dy,«s¢. The
following Proposition is an analogue of Lemma 2.2 in [I0], see also [4] and [32] Appendix].

Proposition 3.12. Let I : T(A°*NS @ 0)[1] — (Der®Lyg)[1] be the embedding defined above. There is
an Loo-algebra structure on T(A*NyS @ £)[1] given by the following family of graded multi-linear maps
mg : D(A®NeS @ 0)[1]%%F — T(A*NeS @ £)[1]

mk(&u T v&f) = P[' o [[J7 I(gl)]SJv 1(52)]5(] T 71(&)]5(]' (3'8)
Proof. First, we observe that the image of I is an abelian subalgebra of the graded Lie algebra
((Der® Lys)[1],[—, —]°7), or equivalently, the Schouten-Jacobi bracket [I(«), I(3)]°/ vanishes for any

two sections «, 8 € T'(A*NgS ® ¢)[1]. The last assertion is a consequence of the (generalized) Leibniz
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property (B for the Schouten-Jacobi bracket, and the fact that if & and g are sections of NS then
derivations I(«) and I() commute.

Next, we will show that the kernel of the projection P is a graded Lie subalgebra of (Der®Lyg)[1].
Clearly, ker P is the I'(A®J1 Lyg)-submodule generated by those sections of der Lyg whose symbol is
tangent to S. Since such sections are preserved by the Schouten-Jacobi bracket, it is easy to check
that ker P is also preserved, using the generalized Leibniz property (B.) again.

Finally, recall that J € ker P. It follows that ((Der®Lyg)[1],im 1, P,J) are V-data [39, Theorem 1,
Corollary 1]. See also [10, §1.2, Lemma 2.2] and [6] where the terminology V-data has been introduced
for the first time. This completes the proof. 0

Remark 3.13.

(1) In view of [B.1), differential my coincides with the Jacobi algebroid differential dp,«g, ¢
(2) If (M,w) is a l.c.s. manifold and S is a coisotropic submanifold in M, then m; can be identified,
via A7, with a deformation of the foliation differential of the characteristic foliation of S [25].

3.4. Coordinate formulas for the multi-brackets. In this subsection we propose some more effi-
cient formulas for the multi-brackets in the L..-algebra of a coisotropic submanifold. Let (M, L,J =
{—=, —}) be a Jacobi manifold and let S C M be a coisotropic submanifold. Moreover, as in the previous
subsection, we equip S with a fat tubular neighborhood 7 : Lyg < L.

Remark 3.14. By their very definition, the my’s satisfy the following properties:

(a) my is a graded R-linear map of degree one,
(b) my is a first order differential operator with scalar-type symbol in each entry separately.

Because of (b) the my’s are completely determined by their action on all A € T'(¢) = T'(A°N,S ® ¢),
and on all s € T(NS) =T'(A'NyS ® ). Moreover (a) implies that, if &1,...,& € T(A®* NS @ £)[1] have
non-positive degrees, then my (&1, ...,&;) = 0 whenever more than two arguments have degree —1.

From now on, in this section, we identify

e a section A € I'(¢), with its pull-back 7*X € I'(Lys),

e asection s € I'(NS), with the corresponding vertical vector field 7*s € I'(7*N.S) ~ I'(V(NS)),

e a section ¢ € T'(N;*S) of the f-adjoint bundle N,*S = N*S ® ¢ with the corresponding fiber-
wise linear section of Lg.

Moreover, we denote by (—,—) : NS ® N;*S — ¢ the obvious ({-twisted) duality pairing.

Proposition 3.15. The multi-bracket my41 is completely determined by
My y1(51,. 5861, \,v) = (=)D, --- Dy, {\v}s (3.9)

<mk+1(517 <oy Sk /\)7</7> = _(_)k (Dsl ’ "]D)Sk{)‘a 90} - ZDSl ’ ﬁ; "]D)Sk{)‘a <Sia (,0>}>

S
(3.10)

<mk+1 (81, ey Sk-i-l)u 2 ® d]> = _(_)k (DSI T ]D)Sk+1{907w}

+ 3 Dy Dy, Dy, Dy ({509, (5,900 + {(55,0), (56, 9)})

i<j

_ZDSI"'TD—;"'DSMA ({<Si7¢>a¢}+{</)a <5171/)>})> ) (311)

S
where \,v € T(0), s1,...,5p41 € T(NS), ¢, 1) € T(N*S), and a hat “=” denotes omission.
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Proof. Equation (3.9) immediately follows from ([3.8), (ZI2)), and the easy remark that [A, |97 = A())
for all A € Der Lys = Der'Lyg, and A € T'(Lys) = Der’Lys. Equation BI0) follows from (B.3),
(ZI3), and the obvious remark that (s,¢) = Dy, hence Dy, Dy, = 0, for all s, s1,52 € T'(IVS), and
€ I'(Ng*S). Equation ([BII]) can be proved in a similar way. O

Let z® be local coordinates on M, and let 1 be a local generator of T'(L). Define local sections p*
and V, of J1 L by putting

/J‘*(fp‘):fv va(fﬂ)zaafa
where f € C®°(M), and 0, = 9/92z%. Then I'(A®J1 L) is locally generated, as a C*°(M)-module, by

Var Ao AVars  Vay A iAVap, A, k>0,
with ag < ... < ay. In particular, any A € T'(A®*J; L) is locally expressed as
A= XYy AL AV 4 g IV A AV, A,

where X1 ga--1 ¢ C°(M). Here and in what follows, we adopt the Einstein summation
convention over pair of upper-lower repeated indexes. Hence, (Der®L)[1] is locally generated, as a
C*°(M)-module, by

Var Ao AV, @ty Vs Ao AV, Aid, k>0,
with a1 < ... < ag, and any O € (Der® L)[1] is locally expressed as
O=X"""%V4 A..AVq, @u+g* " 1Ve A...AVq,_, Nid.
Remark 3.16. Let J € Der’L. Locally,
J=JV W AVs@pu+ IV, Aid, (3.12)
for some local functions J#, J<.

Now, identify Lyg with its image in L under 7 and assume that

e Coordinates 2 are fibered, i.e. 2% = (2%, y%), with 2° coordinates on S, and y° linear coordi-
nates along the fibers of 7: NS — 5,

e local generator p is fiber-wise constant so that, locally, I'(¢) C T'(Lng) consists exactly of
sections A which are vertical, i.e. V,A = 0.

In particular, local expression (B12]) for J expands as
J = (JVa AV, +2JVo AV + JIV; AV;) @ p+ (J*Va + J'V;) Add. (3.13)
We have the following
Corollary 3.17. Locally, the multi-bracket my1 is uniquely determined by
M1 (Oays - - Oayys F1n gi) = (=) 0ay -+ Oy, (2770, f0ig + T (f0ig — 90 f)]| 4 1t

Mpi1 (80.17 R 8(%5 f:u) = (_)kaal e 8¢lk (2‘](“81.](‘ =+ Jaf) ‘S 8¢17
mg41 (aalv e 8ak+1) - _(_)k aal e 8ak+1‘]ab|s 50. A 6b & s

where f,g € C*°(S), and §, := 0y @ p*.
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3.5. Independence of the tubular embedding. Now we show that, as already in the symplectic
[32, Appendix], the Poisson [6], and the l.c.s. [25] Theorem 9.5] cases, the L.-algebra in Proposition
does not really depend on the choice of a fat tubular neighborhood, in the sense clarified by
Proposition B.I8 below. As a consequence, its Lo.-isomorphism class is an invariant of the coisotropic
submanifold.

Proposition 3.18. Let S be a coisotropic submanifold of the Jacobi manifold (M,L,J = {—,—1}).
Then the Loo-algebra structures on T'(A*NyS ® £) associated to different choices of the fat tubular
neighborhood Lys < L of £ in L are Ly, -isomorphic.

The proof is just an adaptation of the one given by Cattaneo and Schétz in the Poisson setting (see
Subsections 4.1 and 4.2 of [6]) and it is based on Theorem 3.2 of [6] and the fact that any two fat
tubular neighborhoods are isotopic (in the sense of Lemma below). Before proving Proposition
B.I8 let us recall Cattaneo-Schiatz Theorem. We will present a “minimal version” of it, adapted to our
purposes. The main ingredients are the following.

We work in a category of real topological vector spaces. Let (b, a, P,Ag) and (b, a, P, A1) be V-data
[10]. We identify a with the target space of P. Note that (h,a, P,Ag) and (h,a, P, A;) differ for the
last entry only. Voronov construction associates Loo-algebras to (h,a, P,Ag) and (h,a, P, A1). Denote
them ag and a; respectively. Cattaneo and Schitz main idea is proving that when

e Ay and A; are gauge equivalent elements of the graded Lie algebra b, and
e they are intertwined by a gauge transformation preserving ker P,

then ag and a; are Loo-isomorphic. Specifically, Ag and A; are gauge equivalent if they are interpolated
by a smooth family {A¢};c(0,1] of elements A; € b, and there exists a smooth family {£;}+c(o,1) of degree
zero elements & € b such that the following evolutionary differential equation is satisfied:

d
A =16, A (3.14)

One usually assumes that the family {£;}ic(0,1) integrates to a family {¢;}se(0,1] of automorphisms
¢t : b — b of the Lie algebra b, i.e. {¢¢}¢cjo,1) is a solution of the Cauchy problem

d
E@(—) = [¢t(—)=§t] )
¢o = id

Finally we say that Ay and A; are intertwined by a gauge transformation preserving ker P if family
{&t}eejo,1) above satisfies the following conditions:

(3.15)

(1) the only solution {a;}¢c[0,1], where a; € a, of the Cauchy problem

d
Eat = P[Gtaft]

CL():O

(3.16)

is the trivial one: a; = 0 for all ¢ € [0,1],
(2) [&,ker P] C ker P for all ¢ € [0, 1].

Theorem 3.19 (Cattaneo & Schitz, cf. [6, Theorem 3.2]). Let (h,a,P,Ag) and (h,a,P,Ay) be V-
data, and let ag and ay be the associated Lo -algebras. If Ay and A1 are gauge equivalent and they are
intertwined by a gauge transformation preserving ker P, then ag and a1 are Lo,-isomorphic.

The last ingredient needed to prove Proposition B.18 is provided by the following

Lemma 3.20. Any two fat tubular neighborhoods To and 71 of S are isotopic, i.e. there is a smooth
one parameter family of fat tubular neighborhoods T of € in L, and an automorphism ¢ : Lys — Lns
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of Lns covering an automorphism 1 : NS — NS of NS over the identity, such that To = 70, and
Ti=mi0.

Proof. In view of the tubular neighborhood Theorem [15, Theorem 5.3], there is a smooth one param-
eter family of tubular neighborhoods 7; : NS < M of S in M, and an automorphism ¢ : NS — NS
over the identity such that Ty = 79, and 71 = 71 0¢. Denote by 7 : NS x[0,1] — M the map defined
by T(v,t) = T;(v) and consider the line bundle

p: L?\/S OnNsT'L— NS x [0, 1]
Note that

(1) fibers of NS x [0,1] over S x [0, 1] are contractible,

(2) Lyg®ns T L reduces to End/ x [0,1] = Rgy[,1] over S x [0,1].
It follows from (1) and (2) that L} ¢ ® vs 7L is isomorphic to the pull-back over N.S x [0, 1] of the
trivial line bundle Rgy 9,1 over S x [0,1]. In particular, p is a trivial bundle. Moreover, p admits a
nowhere zero section v defined on (S x [0,1]) U (NS x {0,1}) and given by id; on S x [0, 1], by 7o on
NS x {0} and by 71 on NS x {1}. By triviality, v can be extended to a nowhere zero section Y on
the whole NS x [0,1]. Section Y is the same as a one parameter family of vector bundle isomorphisms
Y:: Lys — T;L over the identity of N'S. Denote by 7; : Lys — L the composition

Lys ~% T:L— L,

where the second arrow is the natural inclusion. By construction, the 7;’s are line bundle embedding
covering the 7;’s. Finally, there exists a unique automorphism ¢ : Lys — Lyg over y such that
T = 11 0. We conclude that the 7T;’s and ¢ possess all the required properties. O

Proof of Proposition[318 Let 19,7 : Lys < L be fat tubular neighborhoods over tubular neigh-
borhoods 7,71 : NS < M. Denote by Jy and J; the Jacobi brackets induced on T'(Lyg) by 7o
and 7, respectively, i.e. Jo = (15 ')«J, and J; = (17 ')«J (see Remark 2220 about pushing forward a
multi-differential operator along a line bundle isomorphism). In view of Lemma it is enough to
consider the following two cases:

Case I: 71 = 19 0¥ for some automorphism v : Lys — Lng covering an automorphism ) :
NS — NS of NS over the identity. Obviously, ¢ identify the V-data ((Der®Lys)[1],Im I, P, .Jy) and
((Der®*Lys)[1],Im I, P, J1). As an immediate consequence, the Lo-algebra structures on I'(A®*NyS ®
£)[1] determined by 7y and 7y are (strictly) Loo-isomorphic.

Case II: 79 and 7 are interpolated by a smooth one parameter family of fat tubular neighborhoods
7¢. Consider ¢ := Tt_l o7y. It is a local automorphism of Lyg covering a local automorphism
Yy = It_l o 1o over id, well defined in a suitable neighborhood of S in NS, and such that ¢y = id.
Let & be infinitesimal generators of the family {¢+}. They are derivations of Lyg well defined around
S. Our strategy is using & and ¢ to prove that Jy and J; are gauge equivalent Maurer-Cartan
elements of (Der®Lyg)[1] intertwined by a gauge transformation preserving ker P, and then applying
Theorem However, the ¢;’s are well-defined only around S in NS. In order to remedy this
minor drawback, we slightly change the graded space Der®L yg underlying our V-data, passing to the
graded space Dery, . Lyg of alternating, first order, multi-differential operators on Lys in a formal
neighborhood of S in NS. The space Derg Lys is defined as the inverse limit

lim DeI‘.LNs/I(S)nDeI‘.LNs,
—

where I(S) C C*(S) is the ideal of functions vanishing on S, and consists of “Taylor series nor-
mal to S” of multi-differential operators. V-data ((Der®Lyg)[1],Im I, P,J) induce obvious V-data
((Derg,,.Lns)[1], Im Itor, Pior, Jtor). In particular, I, : T(A®*NpS @ £)[1] < (Derg,, Lyg)[1] is the nat-
ural embedding, and Jg,, is the class of J in (Derg,,.Lys)[1]. Moreover, in view of Corollary BIT]
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the Loo-algebra determined by ((Der®Lyg)[1],Im I, P,.J) does only depend on Jz,,.. Therefore, V-data
((Derg,, Ly s)[1], Im Itor, Pror, Jtor) determine the same Lo-algebra as ((Der® Lyg)[1],Im I, P, J).

Now, being well defined around S, the ¢;’s determine well-defined automorphisms ¢; := (@)« :
(Dert,, Lng)[1] such that ¢g = id. Similarly the &’s descend to zero degree elements of (Derg,,. Lyg)[1]
which we denote by & again. Clearly, family {¢:(Jo)sor } interpolates between (Jy)sor and (J1)sor and,
in view of Equation (ZIT), the ¢’s satisfy Cauchy problem (BIH). Finally,

(1) from uniqueness of the one parameter family of automorphisms ¢; generated by the one param-
eter family of derivation &, it follows that Cauchy problem (B.I6) possesses a unique solution,
(2) ¢i]e = id so that the &’s vanish on S, hence [&;, ker P] C ker P for all ¢.

The above considerations show that (Jy)gr and (J1 ), are gauge equivalent and they are intertwined
by a gauge transformation preserving ker P. Hence, from Theorem [3.19, the L,.-algebra structures on
T(A° NS ®0)[1] associated to the two choices 7o and 71 of the fat tubular neighborhood Lyg < L are
actually L..-isomorphic. |

Remark 3.21. In the contact case, as already in the l.c.s. one, there exists a tubular neighborhood
theorem for coisotropic submanifolds. As a consequence, the proof of Proposition B.1§] simplifies. In
particular, it does not require using any formal neighborhood technique.

4. DEFORMATIONS OF COISOTROPIC SUBMANIFOLDS IN JACOBI MANIFOLDS

In this section, using the Baker-Campbell-Hausdorff formula, we introduce the notion of formal
coisotropic deformation of a coisotropic submanifold (Definition [£.6]). We prove that formal coisotropic
deformations are in one-to-one correspondence with (degree 0) Maurer-Cartan elements of the associ-
ated Loo-algebra (Proposition[Ld). We also give a necessary and sufficient condition for the convergence
of the Maurer-Cartan series M C/(s) for any smooth section s (Proposition TH]), extending a previous
sufficient condition given by Schétz and Zambon in [36]. Analysing the notion of Hamiltonian equiv-
alence of coisotropic deformations (Proposition [£19]) leads to a definition of Hamiltonian equivalence
of formal deformations (Definition [£.20). We show that Hamiltonian equivalence of formal coisotropic
deformations coincides with gauge equivalence of the corresponding Maurer-Cartan elements (Propo-
sition 22T]) and derive consequences of this fact (Theorem 23] Corollary f22). Finally we compare
our results with related results obtained earlier (Remark 23]

4.1. Smooth coisotropic deformations. Let (M, L,J = {—,—}) be an abstract Jacobi manifold
and let S C M be a closed coisotropic submanifold. We equip S with a fat tubular neighborhood
T : Lys < L and use it to identify Lyg with its image. Accordingly, and similarly as above, from
now on in this section, we abuse the notation and denote by (L, J = {—, —}) (instead of (Lng, 7, 1J))
the Jacobi structure on NS (unless otherwise specified). It is well known that a C'-small deformation
of S in NS can be identified with a sections S — NS of NS. We say that a section s : S — NS is
coisotropic if its image s(.9) is a coisotropic submanifold in (NS, L, J).

Definition 4.1. A smooth one parameter family of smooth sections of NS — S starting from the
zero section is a smooth coisotropic deformation of S if each section in the family is coisotropic. A
section s of NS — S is an infinitesimal coisotropic deformation of S if es is a coisotropic section up
to infinitesimals O(g?), where ¢ is a formal parameter.

Remark 4.2. Let {s:} be a smooth coisotropic deformation of S. Then

d
dt

St
t=0

is an infinitesimal coisotropic deformation.
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Recall that a section s : N — NS is mapped, via I : T(A*NyS @ £)[1] — (Der®L)[1], to a derivation
I(s) := Dy»s of L, where m : NS — S is the projection. Let {®;} be the one parameter group of
automorphisms of L generated by I(s) and denote exp I(s) := ®;. Clearly exp I(s)(v,\) = (v+s(x), A),
for all (v,\) € L = NS xg ¢, v = w(v). Further, let pr : J'L — NS be the projection, denote by
jrexpI(s): J'L — J'L the first jet prolongation of exp I(s), and consider the following commutative
diagram

it expI(s)

Npr§ — J'L J'L
l 0 ‘/ exp I(s) l
S NS NS

T exp I(—s)

where 0 is the zero section. Note that s = exp I(s) o 0.

Proposition 4.3. Let s: S — NS be a section of m. The following three conditions are equivalent

(1) s is coisotropic,

(2) PlexpI(~s)et) =0 (cf. [5G]),
(3) wector bundle pro jlexpI(s) oy : Ny*S — s(N) is a Jacobi subalgebroid of J'L.

Proof.
(1) <= (2). Let P®: Der L — NS be composition

Der L = X(M) — (T M|ys)), — T'(NS),

where second arrow is the restriction, and last arrow is the canonical projection (cf. 38])). Surjection
P# extends to a surjection of graded modules (Der®L)[1] — T'(A*NyS @ £)[1] which we denote again
by P* (and is defined analogously as P : (Der®L)[1] — T'(A°NyS ® ¢)[1]). By Proposition B8 s is
coisotropic iff P*(.J) = 0. Since

der ¢ = exp I(—s).der L|ysy and explI(—s).NS = NS,
we obtain
P® = Poexpl(—s8).. (4.1)

In particular, P*(J) = P(exp I(—s)..J) = 0 iff s is coisotropic.
(1) <= (3). Note that projlexpI(s) o~y : Ny*S — s(N) is the f-adjoint bundle of the normal
bundle of s(S) in NS. Now the claim follows immediately from Proposition 3.6l O

Remark 4.4. Let s be a section of NS. In view of Remark B9 P*(J) = P*(A;), where, in the

rhs, P* denotes the extension T'(A*(T(NS) ® L*) ® L) — T'(A°*NyS ® £) of composition T(NS) —

T(NS)|ss)y — NS defined analogously as P : (Der®L)[1] — I'(A®*N;S®/)[1]. Moreover, it is clear that
Acxp](fs)*J = exp I(_S)*AJ7

where Acyp 7(—s), s is the bi-symbol of exp I(—s)..J, and, in the rhs, exp I(—s). : T(A*(T(NS)® L*) ®
L) —» T(A*(T(NS) ® L*) ® L) denotes the isomorphism induced by the line bundle automorphism
exp I(—s). It immediately follows that s is coisotropic iff P(exp I(—s).A ;) = 0.

4.2. Formal coisotropic deformations. Let ¢ be a formal parameter.

Definition 4.5. A formal series s(s) = > ;o e's; € T(NS)[[e]], s; € T(NS), such that so = 0, is
called a formal deformation of S.
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Formal series I(s(e)) := Y.~ e"I(s;) € (Der L)|[]] is a formal derivation of L. It is easy to see
that the space (Der L)[[¢]] of formal derivations of L is a Lie algebra, which has a linear representation
in the space (Der®L)[[¢]] of formal first order multi-differential operators on L via the following Lie
derivative:

LeoAle) = [£(2), A =) Y (46,4519, (4.2)
k=0  it+j=k
for £(e) = Yoo €'é, & € Der L, and A(e) = Y2 e'A;, A; € Der®L.
Using the Baker-Campbell-Hausdorff formula we define the exponential of the Lie derivative Le(.)
as the following formal power series

o0 1 N
n=0

Proposition 3] motivates the following
Definition 4.6. A formal deformation s(e) of S is said coisotropic, if P(exp Li(s(e))J) = 0.
Remark 4.7. Let £(¢) € (Der L)[[¢]]. Define a Lie derivative
Leey : TN(T(NS) @ L*) @ L)[[e]] = T(A*(T(NS) ® L*) @ L)[¢e]],
in the obvious way. It is easy to see that
P(exp Ly(sey)d) = Plexp Li(s(eyAr), (4.4)

for all formal deformations s(¢) of S (cf. Remarks and [L4). In particular, s(¢) is coisotropic iff
P(exp Ll(s(a))AJ) =0.

Remark 4.8 (Formal deformation problem). The formal deformation problem for a coisotropic sub-
manifold S consists in finding formal coisotropic deformations of S. Let s(e) = Y2 &’s; be a formal
coisotropic deformation of S. Then s; is an infinitesimal coisotropic deformation. On the other hand,
in general, not all infinitesimal coisotropic deformations can be “prolonged” to a formal coisotropic
deformation. If this is the case, one says that the formal deformation problem is unobstructed. Other-
wise, the formal deformation problem is obstructed. The formal deformation problem of S is governed
by the Loo-algebra (T(A*NyS ® £)[1], {my}) in the sense clarified by the following proposition.

Proposition 4.9. A formal deformation s(e) of S is coisotropic iff —s(e) is a solution of the (formal)
Maurer-Cartan equation

MCO(=s(2)) =} %mk(—s(a), e —s(e)) = 0. (4.5)
k=1

Proof. The expression MC(—s(g)) should be interpreted as an element of T'(A°N,S ® ¢)[[e]]. The
proposition is then a consequence of [@3]), P(J) = 0, and the following identities

P(Ellg(g)’]) :mk(_gu"' 7_5)7 kZ 17 (46)
for £ € T'(NS), which immediately follow from the definition of my. O
Let s be a section of NS. The Maurer-Cartan series of s is the series
— 1
MC(-s):= Emk(—s,...,—s).

k=1

In general, M C(—s) does not converge, not even for a coisotropic s. However, we have the obvious
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Corollary 4.10. Let s be a section of NS such that the Maurer-Cartan series MC(—s) converges.
Then s is a coisotropic deformation of S iff MC(—s) = 0.

Corollary 4.11. A section s of NS is an infinitesimal coisotropic deformation of S iff
my(s) = 0. (4.7)

By Remark BI3](1), m; coincides with the Jacobi algebroid de Rham differential dy,~s,¢. Hence, a
similar argument as in the proof of Theorem 11.2 in [32] yields

Corollary 4.12. Assume that the second cohomology group H?(Ny*S,{) of the Jacobi subalgebroid
N¢*S € JLL with values in £ is zero. Then every infinitesimal coisotropic deformation can be prolonged
to a formal coisotropic deformation, i.e. for any given class a« € HY(N;*S, () Equation {.3]) has a
solution s(g) = 2 €'s; such that mi(s1) = 0 and [s1] = a. In other words, the formal deformation
problem is unobstructed.

There is also a simple criterion for non-prolongability of an infinitesimal coisotropic deformation to
a formal coisotropic deformation based on the Kuranishi map:

Kr: HY(Ny*S,0) — H?*(N;*S,0), [s] — [ma(s, s)].

Since my is a derivation of the binary bracket ms, the Kuranishi map is well-defined. Moreover,
similarly as in [32] (Theorem 11.4) we have the following

Proposition 4.13. Let a = [s] € HY(N,*S,0), where s € T'(NS) is an infinitesimal coisotropic
deformation, i.e. dn,~s¢s = mys = 0. If Kr(a) # 0, then s cannot be prolonged to a formal coisotropic
deformation. In particular, the formal deformation problem is obstructed.

We also have

Corollary 4.14. Let a = [s] be as in the above proposition. If my = 0 for all k > 2, then s can be
prolonged to a formal coisotropic deformation iff Kr(a) = 0.

4.3. Formal deformations and smooth deformations. In this subsection we establish a con-
nection between formal coisotropic deformations and smooth coisotropic deformations. We do this
introducing the notion of fiber-wise entire bi-symbol, which is a slight generalization of the notion of
fiber-wise entire Poisson structure introduced by Schétz and Zambon in [36], and is motivated by the
Taylor expansion of the bi-linear form P(exp I(—s).A ;) (Proposition LTH]).

Let £ — S be a vector bundle. Recall that a smooth function on E is called fiber-wise entire if its
restriction to each fiber of E is entire, i.e. it is real analytic on the whole fiber. Now, let £ — S be a line
bundle, and L := E x g ¢. A section of L is called fiber-wise entire if it is a linear combination of fiber-
wise constant sections, with coefficients being fiber-wise entire functions. Let © € T(A*(TE® L*)®L).
We regard © as a multi-linear map

0:A\"T*E® L) — L.
The multi-linear map © is called fiber-wise entire if
O(dfi ® A1, ..., dfr ® \i)

is fiber-wise entire, whenever fi,..., fr € C®°(M) and A1, ..., \; are fiber-wise linear. Equivalently ©
is fiber-wise entire if its components in some (and therefore any) system of vector bundle coordinates
are fiber-wise entire functions (cf. [36] Lemmas 1.4, 1.7]).

Now, let S and (NS, L,J = {—,—}) be as in Subsection EIl The following proposition generalizes
the main result of [36] establishing a necessary and sufficient condition for the convergence of the
Maurer-Cartan series M C(—s) of a generic section s € I'(IV.S).
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Proposition 4.15. The bi-symbol Ay of the Jacobi bi-differential operator J is fiber-wise entire iff
the Maurer-Cartan series MC(—s) of any smooth section s € T'(NS) converges to P(expI(s).J) =
Pexp I(s)«Ay).

Proof. Let 2% = (2%, y®) be vector bundle coordinates on NS, with 2% coordinates on S, and y* linear
coordinates along the fibers of N.S. Moreover, let © be a fiber-wise constant local generator of T'(L).
The Jacobi bi-differential operator J is locally given by Equation ([BI2), or, equivalently, Equation

B.13)

J=JV AV @ pu+JV, Aid

= (JVo AV +2J%V o AV; + JIV; AV;) @ p+ (J*Va + J'V;) Add.
Accordingly, the bi-symbol A is locally given by
Ay =T, Nosg@
= (J®8 A Gy + 2% 6, A §; + JU5; A6j) @ p

where 6, 1= 04 @ p*. In particular, A is fiber-wise entire iff its components J, J% J% are fiber-wise
entire functions. Now, let s € T'(IV.S) and denote by {®;} the one parameter group of automorphisms

of L generated by I(s). Then, from P(J) = P(A;) =0, Equations ([@6), (Z4), and the very definition
of the Lie derivative, we get

PZ (I) tl—"'—tk) AJ

Oty

1 dF
PZ KL di |,
Let (x,y,\) € L,x € S,y € NS, A € L. Then ®_,(z,y,\) = (z,y — ts(x), \) and

((I)—t)*AJ
= [(J* 0 ®4)da A Gy + 2(J% 0 ;)84 A (8; — tsi6y) + (JY 0 @y)(6; — tsida) A (55 — ts%0y)] @

(@_,)u Ay,
=0

t1=--=tp=0

where s¢ denotes the partial derivative wrt % of the a-th local component of s in the local basis (9,)
of I'(NS). Hence

1 dF

MC(=s) =) — ——
— kb dt*|,_,

[J® o ts — 2tsY(J¥ ots) + tQS?SS’»(Jij o ts)] da A by @ pu. (4.8)

Assume that A is fiber-wise entire. Then the Taylor expansions in ¢, around ¢ = 0, of J% ots, J* ots,
and J¥ o ts converge for all t’s, in particular for ¢ = 1. It immediately follows that the series in the
rhs of ([L8)) converges as well. This proves the “only if” part of the proposition (cf. the proof of the
analogous proposition in [36]).

For the “if part” of the proposition assume that the series in the rhs of (@8] converges for all s.
First of all, locally, we can choose s to be “constant” wrt coordinates (x%,y%). Then s¢ = 0 and )
reduces to

1 dr
MC(-s) = (J*™ o ts) 8o A6y @ p. (4.9)

] dtk -0

k=0

Since s is arbitrary, ([£3) shows that the J%’s are entire on any straight line through the origin in
the fibers of NS. Since the Taylor series of the restriction to such a straight line is the same as the
restriction of the Taylor series, we conclude that the J%’s are fiber-wise entire. Now, fix values ig, ag
for the indexes i, a respectively, and choose s so that s{ = §;°0%, to see that the J*°’s are fiber-wise
entire for all a,ip. One can prove that the J%’s are fiber-wise entire in a similar way. This concludes

the proof. O
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Corollary 4.16. Let (M,L,J = {—,—}) be a Jacobi manifold, and let S C M be a coisotropic
submanifold equipped with a fat tubular neighborhood T : Lng < L. If T, 1A is fiber-wise entire, then
a section s 1 S — NS of NS is coisotropic iff the Maurer-Cartan series MC(—s) converges to zero.

4.4. Moduli of coisotropic sections. Jacobi diffeomorphisms, in particular Hamiltonian diffeomor-
phisms, preserve coisotropic submanifolds. Two coisotropic submanifolds are Hamiltonian equivalent
if there is an Hamiltonian isotopy (i.e. a one parameter family of Hamiltonian diffeomorphisms) inter-
polating them. With this definition at hand one can define a moduli space of coisotropic submanifolds
under Hamiltonian equivalence. Now, let S be a coisotropic submanifold. In this section we adapt the
definition of Hamiltonian equivalence to the case of coisotropic sections of NS — S [25, Definition
6.3]. In this way we define a local version of the moduli space under Hamiltonian equivalence.

Definition 4.17. (cf. |25 Definition 10.2]).

(1) Two coisotropic sections sg,s1 € I'(NS) are called Hamiltonian equivalent if they are inter-
polated by a smooth family of sections s, € I'(NS) and there exists a family of Hamiltonian
diffeomorphisms ¢, : NS — NS of (NS, L,J = {—,—}) (i.e. the family {¢;} is generated by a
family {X,,} of Hamiltonian vector fields, where the \;’s depend smoothly on ¢) and a family
of diffeomorphisms g; : S — S, t € [0,1], such that gy = idg, ¥ = idxs and s; = ¥y 0500 g; *.
A coisotropic deformation of S is trivial if it is Hamiltonian equivalent to the zero section.

(2) Two coisotropic sections sg,s1 € I'(N.S) are called infinitesimally Hamiltonian equivalent if
$1 — 8o is the vertical component along S of an Hamiltonian vector field. An infinitesimal
coisotropic deformation is trivial if it is infinitesimally Hamiltonian equivalent to the zero
section.

Note that both Hamiltonian equivalence and infinitesimal Hamiltonian equivalence are equivalence
relations. The notion of infinitesimal Hamiltonian equivalence is motivated by the following remark.

Remark 4.18. Let sy, s; be Hamiltonian equivalent coisotropic sections, and let s; be the family of
sections interpolating them as in Definition ET7(1). Then s; is obviously a coisotropic section for all
t. Moreover, sy and

So+ — S

O at],_, "
are infinitesimally Hamiltonian equivalent coisotropic sections.

Proposition 4.19. Two coisotropic sections sg,s1 € I'(N.S) are Hamiltonian equivalent iff they are
interpolated by a smooth family of sections sy € T(NS) and there exists a smooth family of sections A
of the Jacobi bundle L such that s; is a solution of the following evolutionary equation:

d
5t = Pexp I(—st)«Ax,)- (4.10)

Proof. Denote by m : NS — S the projection. First of all, let sg,s1 be Hamiltonian equivalent
coisotropic sections, and let s;, 1y, g; be as in Definition ET7(1). The ¢;’s are completely determined
by the ¥,’s via g, = 7o 14 0 s9. In their turn, the ¢;’s are generated by a smooth family {X},} of
Hamiltonian vector fields, \; € I'(L). Differentiating the identity s, = 1; 0 59 0 g; © with respect to t,

one finds p

5= Pt (Ay,), (4.11)
where, for a generic section s € I'(NS), the projection P* : (Der®L)[1] — T(A*NyS @ £)[1] is defined
as in the proof of Proposition 3l To see this, interpret the s;’s as smooth maps, and consider their
pull-backs s7 : C®°(NS) — C>(S). Then sf = (g, ')* o s 0 ; and a straightforward computation
shows that

d
Esf =s; 0 X, o (id —7" o s}).
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which is equivalent to 11l Equation (ZI0) now follows from (&T]).

Conversely, let s; be a solution of Equation (£I0) interpolating sy and s1, and let {¢;} be the one
parameter family of Hamiltonian diffeomorphisms NS — NS generated by {Xy,}. In view of @I
again, s; is the (unique) solution of ([@II]) starting at sg. In particular, v maps diffeomorphically
the image of sy to the image of s;. Hence, the map g; = 7 o ¢} o sg is a diffeomorphism and s; =
Prosgog; . U

Note that if {s;} is a solution of (£I0) interpolating coisotropic sections sg, s1, then s; is a coisotropic
section for all ¢. Proposition motivates the following

Definition 4.20. Two formal coisotropic deformations so(g),s1(e) € T'(INS)[[e]] are called Hamil-
tonian equivalent if they are interpolated by a smooth family of formal coisotropic deformations
si(e) € T(NS)[[e]] (ie. si(e) = X, st and the s;,’s depend smoothly on t) and there exists a
smooth family of formal sections A;(g) € I'(L)[[¢]] of the Jacobi bundle such that

d

Est(a) = P(exp Li(s, () A (c))-

We now show that formal coisotropic deformations sg(g),s1(e) are Hamiltonian equivalent iff
—so(e), —s1(e) are gauge equivalent solutions of the Maurer-Cartan equation MC({(¢)) = 0. Two
solutions &y(e),&1(e) of the Maurer-Cartan equation are gauge equivalent if, by definition, they are
interpolated by a smooth family of formal sections & (g) € I'(NS)[[e]] = T(A'NyS @ ¢)[[¢]] and there
exists a smooth family of formal sections A¢(g) € T'(¢)[[e]] = T(A°NeS @ £)[[e]] such that

— 1
—& kz_: e 1(6(6), - E(), Ae())- (4.12)
Gauge equivalence is an equivalence relation. Moreover, it follows from Equation [I2) that the & (¢)
is a solution of the Maurer-Cartan equation for any ¢.

Proposition 4.21. Two formal coisotropic deformations so(€),s1(e) € T'(NS)[e]] are Hamiltonian
equivalent iff they are gauge equivalent solutions of the Maurer-Cartan equation.

Proof. Recall that ker P C (Der®L)[1] is a Lie subalgebra. As Voronov notes [39], this can be rephrased
as:

P[0y,0,)%7 = P[IPOy, 05]% 4 P[0y, IPO,)%, (4.13)

01,02 € (Der®L)[1]. Now, let {s.(e)} be a family of formal coisotropic deformations, and let {\;(¢)}
be a family of formal sections of L. Put

Jie) = [+ [ I(=s(e))]™ - I(=s(e)]*7

k times




28 HONG VAN LE, YONG-GEUN OH, ALFONSO G. TORTORELLA, AND LUCA VITAGLIANO

In particular, PJy(e) = mg(—s(e),.. ., —s( )). Compute

Pexp Li(s,(2)Bxi(e) Z i (L7, A (€))7 (=)™ - I(=s(e)]%

Sy S PLR(E) ()
k=0 "

= —i %P[IPJk(5)7)\t(E)]SJ _ P[Jk( ), IP)\t(E)]SJ
k=0

1
Rl

Mg

o
[}

= —P[I(MC(=s:())), Me(e)]>7 — i PLIk(e), T (e)] )]

M8
| =

k=0
= 1
- Z Ekarl(_S(E)v T _S(E)a /\t(a)|5)7
k=0 "
where we used [I3), and the fact that M C(—s:(¢)) = 0 for all ¢. This concludes the proof. O

Corollary 4.22. Two solutions of Equation (4.7) are infinitesimal Hamiltonian equivalent iff they
are cohomologous as element in the complex (T'(A*NyS ® €)[1],my). Hence, the moduli space (i.e. the

set of infinitesimal Hamiltonian equivalence classes) of infinitesimal coisotropic deformations of S is
HOY(T(A*NyS @ 0)[1],my) = HY(N,*S, 0).

Now, we establish necessary and sufficient conditions for the convergence of both the Maurer-Cartan
series M C(—s) and the series

HMC(— Z k,mk+1 =8 A) (4.14)

for generic sections s € I'(N.S) and A € T'(¢). In thls way, we can describe moduli of coisotropic sections
in terms of gauge equivalence classes of non-formal solutions of the Maurer-Cartan equation. First of
all, let £ and L be as in the beginning of Section A multi-differential operator A € (Der®L)[1]
is fiber-wise entire if it maps linear sections (of L) to fiber-wise entire sections. Equivalently, A is
fiber-wise entire if its component in vector bundle coordinates are fiber-wise entire.

Theorem 4.23. The Jacobi bi-differential operator J is fiber-wise entire iff the Maurer-Cartan series
MC(—s) converges to P(exp I(s)«.J), and the series 65 MC(—s) ({.14)) converges to P(expI(s)«Ax),
for all smooth sections s € T'(NS), and A € T'(L).

Proof. We already know that the bi-linear form A is fiber-wise entire iff M C(—s) converges for all
s. Now, it is easy to see that P(exp Lj5)Ax) = P(exp LX) for all s € T'(NS), and A € I'(L)
(cf. @A4D). Moreover, from the proof of Proposition .21} we get

OxsMC(—=s) = —P(exp L1(5Ax) = —P(exp L1(5)X»)-
Therefore, similarly as in the proof of Proposition T3] we find

1 d*
o MO(= PZ Kl diF|,_,

(®_y). X

The bi-differential operator J is locally given by (B:E{I), hence a straightforward computation shows

that

oo d¥
s MC(— Zki — [20;9(J o ts) + g(J* ots) —tsig(J 0 5)] Da,
k= t=0
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where we used the same notations as in the proof of Proposition [22]] and g is the component of A|g
in the basis . The assertion now follows in a very similar way as in the proof of Proposition 21l [

Corollary 4.24. Let (M,L,J = {—,—}) be a Jacobi manifold, and let S C M be a coisotropic
submanifold equipped with a fat tubular neighborhood T : ¢ — L. If 7 1J is fiber-wise entire, then two
solutions sp,s1: S — NS of the (well-defined) Maurer-Cartan equation M C(—s) = 0 are Hamiltonian
equivalent iff they are interpolated by a smooth family of sections sy € T'(NS) and there exists a smooth
family of sections Ay of £ such that s; is a solution of the following well-defined evolutionary equation:
%St = 6)\tMC(—St).

Remark 4.25. Corollary generalizes [25, Lemma 6.6], which has been proved by a different
method.

5. THE CONTACT CASE

Contact manifolds form a distinguished class of (transitive) abstract Jacobi manifolds. In this section
we consider in some details (regular) coisotropic submanifolds in a contact manifold (M, C'). A normal
form theorem is available in this case. As a consequence, the L..-algebra of a regular coisotropic
submanifold S in (M, C') does only depend on the intrinsic pre-contact geometry of S. In particular,
we get rather efficient formulas (from a computational point of view) for the multibrackets, analogous
to those of Oh and Park in the symplectic case [32] Equation (9.17)].

5.1. Coisotropic submanifolds in contact manifolds. Let C' be an hyperplane distribution on
a smooth manifold M. Denote by L the quotient line bundle TM/C, and by 6 : TM — L, X
0(X) := X mod C the projection. We will often interpret 6 as an L-valued differential 1-form, and call
it the structure form of C. The curvature form of (M, C') is the vector bundle morphism w : A2C' — L
well-defined by w(X,Y) = 0([X,Y]), with X,Y € I'(C). Consider also the vector bundle morphism
W C = C*®L, X — w’(X) := w(X, —). The characteristic distribution of (M,C), is the (generically
singular) distribution kerw” = C*, where we denoted by V'« the w-orthogonal complement of a
subbundle V' C C. Note that the definition of curvature form works verbatim for distribution of
arbitrary codimension (See also [32] section 4] for a detailed exposition on the curvature form).

Remark 5.1. The characteristic distribution of an hyperplane distribution C' is involutive.

Definition 5.2. A pre-contact structure on a smooth manifold M is an hyperplane distribution C'
on M such that its characteristic distribution ker w® has constant dimension. A pre-contact manifold
(M, C) is a smooth manifold M equipped with a pre-contact structure C'. The integral foliation of
kerw® is called the characteristic foliation of C' and will be denoted by F.

See [33], Section 5] where essentially the same definition was given in terms of the one-form generating
the hyperplane distribution in relation to the study of normal forms of the contact form of Morse-Bott

type.

Remark 5.3. The curvature form w of (M, C') measures how far is C' from being integrable. Indeed, C
is integrable iff w = 0, or, equivalently, w” = 0. Accordingly, C' is said to be mazimally non-integrable
when w is non degenerate, or, equivalently, kerw” = 0. If C' is maximally non-integrable, then C is
even-dimensional, M is odd-dimensional, and w” is a vector bundle isomorphism, whose inverse will

be denoted by w# : C* @ L — C.

Definition 5.4. A contact structure on a smooth manifold M is a maximally non-integrable hyperplane
distribution C' on M. A contact manifold is a smooth manifold M equipped with a contact structure

C.
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Example 5.5. Let L — M be a line bundle. There is a canonical contact structure C' on J'L,
sometimes called the Cartan distribution and defined as follows. Let 7 : J'L — M, and pr: J'L — L
be canonical projections. Consider the pull-back line bundle 7*L — J'L. There is a canonical 7* L-
valued one form @ on J!L given by

0(¢,) := (dpr — d\odm)(&s), €u € ToJ'L,

where a = (j1\)(z) € J'L, and z = m(a), A € T'(L). The Cartan distribution is then defined as the
kernel of §. In particular, the line bundle T'(J*L)/C identifies canonically with 7*L.

Remark 5.6. Let (M,C) be a contact manifold. There exists a natural one-to-one correspondence
between

(1) local trivializations (or nowhere zero local sections) of the line bundle L — M and
(2) local contact forms of (M, C), i.e. 1-forms a € Q*(U), with U open in M, such that C|y = ker a.

Let (M,C) and (M’,C") be contact manifolds. A contactomorphism from (M,C) to (M’,C") is a

diffeomorphism ¢ : M — M’ such that
(dp)C =C".

An infinitesimal contactomorphism (or contact vector field) of a contact manifold (M, C) is a vector
field X € X(M) whose flow consists of local contactomorphisms. Equivalently, X € X(M) is a contact
vector field if [X,T'(C)] ¢ T'(C). Contact vector fields of (M, C') form a Lie subalgebra of X(M) which
will be denoted by X¢ (see e.g. [33 Proposition 2.3]).

Proposition 5.7 (cf. [7], [33l Proposition 2.3]). Let (M, C) be a contact manifold. There is a natural
direct sum decomposition of R-vector spaces: X(M) = Xc @ T'(C).

Proof. For X € X(M), let ¢x € T'(C* ® L) be defined by ¢x(Y) = 0([X,Y]), Y € I'(C). The first
order differential operator ¢ : X(M) — I'(C* ® L), X +— ¢x, sits in a short exact sequence of R-linear
maps
0 — X X(M) -2 T(C* ® L) — 0, (5.1)
where the second arrow is the inclusion. Now the C°°(M)-linear map I'(C* ® L) — X(M) given by
the composition
w
rC*® L) —T(C) — X(M)
splits sequence (B.)). O
In what follows, for A € T'(L), we denote by X the unique contact vector field such that 0(Xy) = A.

Proposition 5.8. A contact structure C' induces a canonical Jacobi structure (L,{—,—}), where the
Lie bracket {—, —} on I'(L) is uniquely determined by X¢x 3 = [Xx, X,]. The symbol of the first order
differential operator Ay := {\,—} € Der L is X.

Now, let (M,C) be a contact manifold, and let S C M be a submanifold. The intersection Cs :=
CNTS is a generically singular distribution on S. More precisely S is the union of two disjoint subsets
So, S1 defined by

e pc S iff dim(Cgs), = dim S,
e pc S iff dim(Cg), =dimS — 1.
If S = Sy then S is said to be an isotropic submanifold of (M,C). In other words, an isotropic

submanifold of (M, C') is an integral manifold of the contact distribution C. Locally maximal isotropic,
or, equivalently, locally maximal integral submanifolds of C' are Legendrian submanifolds.

Proposition 5.9. Let S = S1. The following conditions are equivalent:
(1) Cs is a pre-contact structure on S, with characteristic distribution given by (Cs)*« C Clg,
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(2) (Cs)p is a coisotropic subspace in the symplectic vector space (Cp,wy), i.c. (Cs)p= C (Cs)p,
forallpe S,
(3) S is a coisotropic submanifold of the associated Jacobi manifold (M, L,J = {—,—1}).

Proof. The equivalence 1) <= 2) amounts to a standard argument in symplectic linear algebra. The
equivalence 2) <= 3) is based on the following facts. Let (L,J = {—, —}) be the Jacobi structure
associated to (M, C). For A € I'(L), and f € C°(M) put Yy ) := A#(df @A) = Xfa — fX5. We have
the following:

° Yf_)\ S F(C).

o Let I(S) C C°°(M) be the ideal of functions vanishing on S. Then Y} ) is tangent to S iff Xy

is tangent to S, for all f € I(S), and A € T'(L).

o WY, X)=X(f)\ forall fe C®°(M), Ne'(L), and X € T'(C).

e Let I's C T'(L) be the submodule consisting of sections vanishing on S. Then I's = I(S)-T'(L).
Now it is easy to see that (Cg)*« C Cg if and only if S is coisotropic in (M, L, {—,—}). O

Definition 5.10. If equivalent conditions (1)-(3) in Proposition 5.9 are satisfied, then S is said to be
a regular coisotropic submanifold of (M, C).

Remark 5.11. Differently from equivalence (1) <= (2), in Proposition [5.9] equivalence (2) <= (3)
continues to hold also without assuming that S = S;.

Remark 5.12. Let (M,L,{—,—}) be a Jacobi manifold. Then (L,{—,—}) is the Jacobi structure
induced by a (necessarily unique) contact structure iff the associated bi-linear form Ay A2J'L — Lis
non-degenerate. In particular, Hamiltonian derivations of a contact manifold, exhaust all infinitesimal
Jacobi automorphisms, and Hamiltonian vector fields exhaust all Jacobi vector fields.

5.2. Coisotropic embeddings and L.,-algebras from pre-contact manifolds. From now till
the end of this section we consider only closed regular coisotropic submanifolds. The intrinsic pre-
contact geometry of a regular coisotropic submanifold S in a contact manifold M, contains a full
information about the coisotropic embedding of S into M, at least locally around S. This is an
immediate consequence of the Tubular Neighborhood Theorem in contact geometry (see [28], [33], Section
6], see also [II] for the analogous result in symplectic geometry).

Let (S, Cs) be a pre-contact manifold, with characteristic foliation F.

Definition 5.13. A coisotropic embedding of (S, Cg) into a contact manifold (M, C) is an embedding
i: S < M such that (di)Cs = C|;(s), and (di)TF = C|j(§), where w is the curvature form of (M, C).

Remark 5.14. Clearly, in view of Proposition 59 if i : S < M is a coisotropic embedding of (S, Cyg)
into (M, C'), then i(S) is a coisotropic submanifold of (M, C).

Let 41 and is be coisotropic embeddings of (S, Cs) into contact manifolds (M7, C1) and (Ma, Cy),
respectively.

Definition 5.15. Coisotropic embeddings i; and is are said to be locally equivalent if there exist open
neighborhoods U; of Imi; in M;, j = 1,2, and a contactomorphism ¢ : (U, C1) — (Usz, C2) such that
¢ o il = ig.

Theorem 5.16 (Coisotropic embedding of pre-contact manifolds: existence and uniqueness). Every

pre-contact manifold admits a coisotropic embedding. Additionally, any two coisotropic embeddings of
a given pre-contact manifold are locally equivalent.

Theorem .16l is a special case of Theorem 3 in [28]. We do not repeat the “uniqueness part” of the
proof here. The “existence part” can be proved constructively via contact thickening. This is done for
later purposes in the next subsection.
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Corollary 5.17 (L..-algebra of a pre-contact manifold). Every pre-contact manifold determines a
natural isomorphism class of Lo -algebras.

Proof. The “existence part” of Theorem and Proposition guarantee that a pre-contact
manifold (S,Cs) determines a unique Lo.-algebra up to the choice of a coisotropic embedding
(S,Cs) C (M,C), a fat tubular neighborhood 7 : NS xg ¢ < L of £ in L, where { = T'S/Cg
and L is the Jacobi bundle of (M,C). Any two such L..-algebras are Loo-isomorphic because of
Proposition [3.18 and the “uniqueness part” of Theorem .16 O

5.3. Contact thickening. We now show that every pre-contact manifold (5, Cs) admits a coisotropic
embedding into a suitable contact manifold uniquely determined by (S,Cg) up to the choice of a
complementary distribution to the characteristic distribution. Thus, let (S,Cg) be a pre-contact
manifold, F its characteristic foliation, £ = T'S/Cs the quotient line bundle, and let 6 : T'S — ¢ be the
structure form. Theorem is a “contact version” of a theorem by Gotay [I1] and can be proved
by a similar technique as the symplectic thickening of [32]. Accordingly, we will speak about contact
thickening. See also [33] for a relevant discussion on contact thickening in a different context.

Pick a distribution G’ on S complementary to T'F, and let prr.¢ : TS — TF be the projection
determined by the splitting T'S = G&TF. Put T,*F :=T*F®¥{, and let 7 : T;* F — S be the natural
projection map. We equip the manifold F := Tp* F with the line bundle L := 7%¢. The ¢-valued 1-form
0 can be pulled-back via 7 to an L-valued 1-form 70 on Ty*F. There is also another L-valued 1-form
Oc on Tp*F. Tt is defined as follows: for a € Ty*F, and & € T, (T,*F)

(0c)a(§) = (aoprr,godr)(§) € by = Lo, x:=7(a),

where « is interpreted as a linear map 71, F — L,. By definition, 6 depends on the choice of splitting
G.

Proposition 5.18. Distribution C := ker(6g + 7°0) is a contact structure on a neighborhood U of
im0, the image of the zero section 0 of 7. Additionally O is a coisotropic embedding of (S,Cyg) into
the contact manifold (U,C|y).

Proof. First of all, there is a local frame X;,..., X4, Y7,...,Ys,,Z on S such that, locally
NTF)=(X1,....,Xq), T(Cs)=(X1,...,Xa,Y1,...,Ya),
[Xi,Xj]Z[Xi,Ya]:O, (1§Z§j§d, 1§a§2n)

Let o',...,a%, %, ..., %", v be the dual co-frame. Then A\ := 6(Z) is a local generator of I'(¢).
Moreover 6 is locally given by 8 = v ® A, and the curvature form wg of Cyg is locally given by
1

ws = gwabﬂa AB @A,
for some local functions wyyp. In particular, the skew-symmetric matrix W := (wqp) is non-degenerate.
We will use the following local frame on S adapted to both Cs and G:

Xl?"',Xd7‘/17"'7‘/2n)W

where V, := (id — prr.q)(Ys), and W := (id — prr,¢)(Z). Denote by

el et B B .
the dual co-frame. Now, let p = (p1,...,pq) be linear coordinates along the fibers of 7 : T;*F — S

associated with the local frame €' @ \,...,e? ® X\. Then X1,..., Xq, Vi,..., Van, W, 8%17 ceey 8%0; is a
local frame on Ty* F. It is easy to check that locally

0 0
r(C) = X’,...,X’,V,...,Vn,—,...,—>,
© < ! @ " Oy Opa
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where X! := X; — p,W, (1 <i < d). Finally, the representative matrix of the curvature of C' wrt the

local frames X1{,..., X}, Vi,..., Vay, 6%1, cee B%d of C and Wmod ' of T(Ty*F)/C = L is
X"V 9/op
X' 0O 0 I (5.2)
Vv O wW 0 up to infinitesimals O(p) ’

o/op || -1 O O

This shows that C' is maximally non-integrable around the zero section of Ty*F. Moreover, it immedi-
ately follows from (B.2)) that the zero section of T,*F is a coisotropic embedding (transversal to fibers
of 7). This concludes the proof. O

The contact manifold (U, C|y) is called a contact thickening of (S,Cs). Now, let N.S be the normal
bundle of S in U. Clearly NS = Ty*F, hence NyS = T*F. According to the proof of Corollary 5.7 the
choice of the complementary distribution G determines an Lo-algebra structure on T'(A* NS @ £)[1] =
T(A*T*F @ £)[1]. Moreover, such Lao-structure is actually independent on the choice of G up to Leo-
isomorphisms. Sections of A®T*F & £ are {-valued leaf-wise differential forms on S and we also denote
them by Q°(F, £) (see below).

5.4. The transversal geometry of the characteristic foliation. Similarly as in the symplectic
case (cf. [32] Section 9.3]), the multi-brackets in the Lo.-algebra of a pre-contact manifold can be
expressed in terms of the “geometry transversal to the characteristic foliation”. To write down this
expression, the relevant transversal geometry needs to be described. Let (S,Cs) be a pre-contact
manifold, with characteristic foliation F. Denote by NF := T'S/TF the normal bundle to F, and by
N*F = (NF)* =T°F C T*S the conormal bundle of F.

Recall that T'F is a Lie algebroid. The standard Lie algebroid differential in Q°*(F) := I'(A*T*F)
will be denoted by dr and called the leaf-wise de Rham differential. There is a flat T F-connection V
in N*F well-defined by

Vxn:=Lxn, XecT(TF), nel(N*F).
Remark 5.19. Connection V is “dual to the Bott connection” in NF.

As usual, V determines a differential in Q°*(F, N*F) := T'(A*T*F ® N*F) denoted again by dr.
There exists also a flat T'F-connection in ¢, denoted again by V, and defined by

Vx0(Y):=0([X,Y]), X eD(TF), Y ex(M).

The corresponding differential in Q°(F,¢) := ['(A*T*F ® £) will be also denoted by dr. Now, let J1/¢
be the vector subbundle of J'¢ given by the kernel of the vector bundle epimorphism

ov: JU —T*FRL, il (dF))s.

Sections of J1 /¢ will be interpreted as sections of J1¢ “transversal to F”. Note also that the Spencer
sequence 0 — T*S ® ¢ — J'¢ — £ — 0 restricts to a “transversal Spencer sequence” 0 — N*F ® £ —
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J1¢ — ¢ — 0 and the two fit in the following exact commutative diagram of vector bundle morphisms

0 0 0
0—=N*F@l Jie i 0
0——=T"S®/¢ J4 14 0

pv l
0 —T"FRU=——=T"FR{——0
0 0

In what follows embeddings v : T*S ® ¢ — J'¢ and N*F @ ¢ — J} ¢ will be understood, and we
will identify df ® A with j1(f\) — fjiA, for any f € C°°(S), and A\ € T'(¢). Recall that an arbitrary
a € T'(J1¢) can be uniquely decomposed as a = j'A+n, with A € ['(¢), and n € T'(T*S ®¢). Then, by
definition, for p € S, oy, is in J] £ iff ov(n,) = —(d#\),. Finally, there is a flat T F-connection in J1 ¢,
also denoted by V, well-defined as follows. For X € I'(T'F) and o = j'\ +n € I'(J}¢), with X € ['(¢),
n € Q1(S,¢) such that pv(n) = —dzA, put

Vx(G'A+n) =" (VxA) + Ly, (5.3)

where Ly, is the Lie derivative of f-valued forms on S along derivation Vx € Der/. Accordingly,
there is a differential in Q*(F, J1 /) := T(A*T*F ® J1¢) which we also denote by dz.

Now, note that the curvature form of (S, Cs), ws : A2Cs — £, descends to a(n f-valued) symplectic
form w, : A?(Cs/TF) — £. In particular, it determines a vector bundle isomorphism «’, : Cs/TF —
(Cs/TF)* @ ¢ (cf. Section B.]).

Remark 5.20. Let p € S, X € X(5), and A = 0(X). Recall that ¢x € T'(C% ® ¢) is defined
by ¢x(Y) = 0([X,Y]), for all Y € I'(Cs) (cf. Section G). Then we have that jix € Ji£ iff
(¢x)p € (Cs/TF)* @ L. Furthermore it is easy to check that jjA = 0 if and only if the following holds:

(1) X, € (Cg)p, and
(2) w(X,,Yy) = 0([X,Y],), for all Y € X(S) with Y, € (Cs),.

Therefore, if jAA = 0, then X, mod T, F = (w’ )~ (¢x)p, and the following definition is well-posed.

Definition 5.21. Let O'KT : J}_K — NF be the vector bundle morphism uniquely determined by:
oA (5p0) = Xp mod T, F — (7)™ (6x)p, (54)
where p € M, X € T'(£), and X € X(S), such that jiX € J} L, and XA = 0(X).

Proposition 5.22. There exists a vector bundle morphism KJ_ : N2J1 — € uniquely determined by
putting

KJ—(av a/) = 6‘([3/7 Y/]p)v

where p € M, o, € (J10),, and Y,Y" € X(S) are such that U/AXf(a) =Y, modT,F and U/AXf(a’) =
Y, mod T}, F.
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Proof. Let a = jiA € (J1{),, p € S, and let Y be as in the statement. Equation (G.4) implies that
0(Y,) = Ap and Y can be chosen so that §(Y) = A globally. Thus, from (5.4) again, we get (¢y ), = 0.
Now, let o/ = 0. Then Y] € T,F C (Cs), and 6([Y,Y"],) = (¢y),(Y,) = 0. This shows that A, is
well-defined. O

Vector bundle morphism A 1 /\QJJl_é — £ will be interpreted as the transversal version of the
bi-linear form A; associated to a Jacobi bi-differential operator J.

5.5. An explicit formula for the multi-brackets. Retaining notations from previous subsection,
choose a distribution G on S which is complementary to T'F, i.e. T'S = G&TF. There is a dual splitting
T*S ~ T*F & N*F and there are identifications NF ~ G, T*F ~ GY. Furthermore the induced
splitting of 0 = N*F@( — T*S®@l — T*F®l — 0 lifts to asplitting of 0 — J} £ — J' — T*F&l — 0.
Hence JY ~ Jl ¢ @ (T*F ® (). Let F € T(A*G* ® T'S/G) be the curvature form of G. The curvature
F will be also understood as an element ' € I(A?N*F @ TF) C T'(A*(J1 ¢ ® £*) @ TF), where we
used embedding N*F ® ¢ — J1 /.

Let dg : C*°(S) — T'(N*F) be the composition of the de Rham differential d : C>°(S) — Q(9)
followed by the projection Q*(S) — I'(N*F) determined by decomposition T*S = T*F & N*F.
Then dg is a T(N*F)-valued derivation of C°*°(S) and will be interpreted as “transversal de Rham
differential”.

Proposition 5.23. There exists a unique degree zero, graded R-linear map ¢ : Q(F) — Q(F, N*F)
such that

(1) ele=(s) = da,
(2) [e,dr] =0, and
(3) the following identity holds
e(rAT) =7 Ae(m)+ (=) Ae(r),
for all homogeneous T,7" € Q(F).

In order to prove Proposition [1.23] the following Lemma will be useful:

Lemma 5.24. Let f be a leaf-wise constant local function on S, i.e. drf = 0, then drdaf = 0 as
well.

Proof. Let f be as in the statement. First of all, note that df takes values in N*F, so that dgf = df.
Now recall that drdgf = 0iff 0 = (drda f, X) = Vxdaf = Lxdgf for all X € T'(T'F), where V is the
canonical T'F-connection in N*F. But Lxdgf = Lxdf = d(X f) = 0. This completes the proof. [

Proof of Proposition[5.23. The graded algebra Q(F) is generated in degree 0 and 1. In order to define
e, we first define it on the degree one piece Q(F) of Q(F). Thus, note that Q!(F) is generated, as a
C*>(S)-module, by leaf-wise de Rham differentials dzf € Q!(F) of functions f € C°(S). The only

relations among these generators are the following
dr(f+9) =drf+drg,
dr(fg) = fdrg + gdrf, (5.5)
drf =0 on every open domain where f is leaf-wise constant,
where f,g € C°°(S), and U C S is an open subset. Now define € : Q' (F) — Q! (F, N*F) on generators
by putting
Ef = dgf and Ed]:f = d]:dgf,

and extend it to the whole Q!(S) by prescribing R-linearity and the following Leibniz rule:

e(fo) = fe(o) +o@dalf, (5.6)
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for all f € C*°(9), and o € Q(S). In order to see that e is well defined it suffices to check that it
preserves relations ([A]). Compatibility with the first two relations can be checked by a straightforward
computation that we omit. Compatibility with the third relation immediately follows from Lemma
Finally, in view of Leibniz rule (5.6]), d¢ and ¢ combine and extend to a well-defined derivation
Q(F) = Q(F,N*F). By construction, the extension satisfies all required properties. Uniqueness is
obvious. 0

The graded differential operator € will be also denoted by d¢.

Similarly, there is a “transversal version of the first jet prolongation j'”. Namely, let j& : ['(¢) —
['(J14) be the composition of the first jet prolongation j! : I'(¢) — I'(J¢) followed by the projection
[(J'0) — T'(J1¢) determined by decomposition J'¢ = J{¢ & (N*F ® €). Then j} is a first order
differential operator from I'(¢) to I'(J}¢) such that

J6(fA) = figA + (daf) @ A, (5.7)

A € T(0) and f € C*(S), where, similarly as above, we understood the embedding N*F @ ¢ < J1 /.
As announced, the operator j}, will be interpreted as “transversal first jet prolongation”.

Proposition 5.25. There exists a unique degree zero graded R-linear map § : Q(F,€) — Q(F,J1 )
such that

(1) dlrey = e

(2) [6,dr] =0, and

(3) the following identity holds

(TAQ)=7AQ) +deT @9,
for all T € Q(F), and Q@ € Q(F, L), where the tensor product is over Q(F), and we understood
both the isomorphism

UFN'F) & OF ) = 0F N'Fel (5.8)
Q(F

and embedding N*F @ £ — J| {.
In order to prove Proposition [5.25] the following Lemma will be useful:
Lemma 5.26. Let ju be a leaf-wise constant local section of ¢, i.e. drp =0, then drjsp =0 as well.

Proof. Let p be as in the statement. First of all note that, by the very definition of J| ¢, j'u takes
values in J1 /¢ so that jlu = j'u. Now recall that drjip = 0iff 0 = (drjtp, X) = Vxjbu for all
X € I(TF), where V is the canonical T'F-connection in J}¢. But ijéu =Vxjlp=7'Vxu=0,
where we used (53). This completes the proof. O

Proof of Proposition [2223. In this proof a tensor product ® will be over C°°(.S) unless otherwise stated.
We can regard Q(F,¢) = Q(F) @ I'(¢) as a quotient of Q(F) @g I'(¢) in the obvious way. Our strategy
is defining an operator &' : Q(F) ®r ['(¢) — Q(F,J1¢) and prove that it descends to an operator
§: Q(F, ) — Q(F, J1¢) with the required properties. Thus, for o € Q(F) and A € I'(¢) put

§'(0 ®r A) =0 ® jEA + dao ®qr) A € UF, J1 L), (5.9)

where, in the second summand, we understood both isomorphism (5.8) and embedding N*F & /¢ — J1 /¢
(just as in the statement of the proposition). In order to prove that §’ descends to an operator § on
Q(F,¢) it suffices to check that §'(fo ®@r A) = ¢'(0 ®r fA) for all o, A as above, and all f € C>(S).
This can be easily obtained using the derivation property of d¢ and (57). Now, Properties (1) and (3)
immediately follows from (&3). In order to prove Property (2), it suffices to check that ddz\ = drjlA
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for all A € I'(¢) (and then use Property (3)). It is enough to work locally. Thus, let 1 be a local
generator of I'(¢) with the further property that dru = 0. Moreover, let f € C°°(S), and compute

Sdr(fp) = 6(drf @ p) =drf @ jou+dadrf ® p=drf® jop+drdaf ® p
=dr(fjtp+daf @ p) = dr(j&fu),

where we used drp = 0, Proposition (.23] Lemma [£:26] and (7). Uniqueness of ¢ is obvious.
O

The graded differential operator § will be also denoted by jg.

Now, interpret A; € T(A?(J10)* ®£) as a section # € I'((J} £ ® £*)* @ J| ). The interior product
of # and F € T(A2(J1 4 ® ¢*) @ TF) is a section F# € T'(End(J!¢) ® TF ® £*). For any u € Q(F, 1),
the interior product of F# and p is a section iz € Q(F, End J1¢). Now, we extend

(1) the bi-linear map Ay : A2J1 0 — £ to a degree —1, Q(F)-bilinear, symmetric form
(= =)o QUF, JLON] < QF, JLOA] — Q(F, O)[1]
(2) the natural bilinear map o : End J1 /@ End J1 ¢ — End J1 £ to a degree —1, Q(F)-bilinear map
Q(F,End J} 0)[1] x Q(F,End J| £)[1] — Q(F,End J1)[1],

also denoted by o, and
(3) the tautological action End J1 ¢ ® J1 ¢ — J1{ to a degree —1, Q(F)-linear action

Q(F,End J1 0)[1] x Q(F, J1O)[1] — Q(F, J1O)[1].

Theorem 5.27. The first (unary) bracket in the L -algebra structure on Q(F, €)[1] is —dr. Moreover,
for k > 1, the k-th multi-bracket is given by
1 ) ) . .
my (/1417 ceey /J'k) = 5 Z 6(07 N) <.7é‘/140’(1)7 (ZF#MU(2) ©---0 ZF#Mg(k—l))Jéﬂa(k)>c ; (510)
€Sk

for all py ..., € QF,0)[1], where e(o, ) is the Koszul sign prescribed by the permutations of the
w’s.
Proof. See Appendix O

Remark 5.28. The explicit form of the contact thickening (see Subsection [5.3]) shows that the Jacobi
bracket is actually fiber-wise entire. In particular Corollaries[4.10] and .24l always apply to the contact
case.

6. TOoy EXAMPLES

In this short section we briefly discuss the formal deformation problem for the “simplest possible”
coisotropic submanifolds, namely Legendrian submanifolds in a contact manifold, and their flowout
along a Jacobi vector field (or, which is the same in this case, a contact vector field). Recall that the
flowout along a Jacobi vector field of a coisotropic submanifold is again coisotropic (Example B:41(2)).

Now, let (M, C) be a contact manifold, and let (L, J = {—, —}) be the associated Jacobi structure.
In particular, dim M = 2n + 1 for some n > 0. Recall that a Legendrian submanifold of (M,C) is a
locally maximal, hence n-dimensional, integral submanifold of the contact distribution. Equivalently,
a Legendrian submanifold is as isotropic submanifold, which is additionally coisotropic wrt the Jacobi
structure (L, {—,—}). Let S C M be a Legendrian submanifold, ¢ = L|g, and let u € I'(L) be such
that p1, # 0, hence (X ), ¢ 1,5, for all z € S. In what follows, we denote by T the flowout of S along
the Hamiltonian vector field X ,.
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Remark 6.1. There exists a canonical vector bundle isomorphism J'/ — NS (over the identity) given
by j'\|s = Xi|smod TS, for A € I'(L). Accordingly, there are canonical vector bundle isomorphisms
N*S ~ Ji¥ and Ny*S ~ der/.

Recall that J'/ is equipped with a canonical contact structure (see Example £.5). The Legendrian
tubular neighborhood theorem [28] asserts that there is a tubular neighborhood NS < M of S in M
such that composition J'¢ — NS — M is a contactomorphism onto its image. Since we are interested
in C'-small coisotropic deformations of S, we can assume that M = J'/ and identify S with the image
of the zero section of the natural projection J¢ — S.

Proposition 6.2. Let {my} be the Loo-algebra structure on T'(A*NeS®£)[1] = (Der®£)[1] associated to
the coisotropic submanifold S in the contact manifold J'¢. Then my, =0 fork > 1, and m; = —dder ¢,
the opposite of the de Rham differential of the Atiyah algebroid der ¢ with values in its tautological
representation on .

Proof. Recall that the Jacobi structure on J/ is fiber-wise linear (Example 216). Accordingly, the
Jacobi bracket between

e fiber-wise constant sections is trivial,
e a fiber-wise constant and a fiber-wise linear section is fiber-wise constant,
e fiber-wise linear sections is fiber-wise linear.

Now, the assertion immediately follows from Equations (39), BI0), BII). O

Remark 6.3. As a consequence of the above proposition, the formal deformation problem for Leg-
endrian submanifolds is unobstructed. Even more, one can exhibit a canonical contracting homotopy
for the complex (Der®?, dyere,¢) (see, for instance [34]). Hence, my is acyclic and, as known to experts,
all coisotropic, hence Lengendrian, sections of J'¢ — S are actually trivial, i.e. they are Hamilton-
ian equivalent to S. In other words the moduli space of coisotropic deformations of a Legendrian
submanifold is zero dimensional.

Proposition 6.4. Let {my} be the Loo-algebra structure on T'(A®*(NT ® L|%) @ L|7) associated to the
coisotropic submanifold T in the contact manifold J'¢. Then my, =0 for k > 2.

Proof. The characteristic foliation F of T is one-co-dimensional. Accordingly, any distribution G
complementary to T'F is one-dimensional and, therefore, involutive. In particular, its curvature F'
vanishes. Now the assertion immediately follows from Theorem [5.27]

O

Corollary 6.5 (from Corollary EET4). Let o = [s] € HY(N*T ® L|7,L|7), where s € T'(NT) is
an infinitesimal coisotropic deformation of T, i.e. mys = 0. Then s can be prolonged to a formal
coisotropic deformation iff Kr(a) = 0.

Remark 6.6. Let € T'(L) be as above. Since p, # 0 for all x € S, local contactomorphism J'¢ — M
can be chosen in such a way that p identifies with a no-where zero, fiber-wise constant section of the
Jacobi bundle on J'¢. In particular, J'¢ ~ J'(M) := J'R); and X, identifies with the Reeb vector
field on J*(M). It follows that Propositions and can be also proved from Proposition B.I17 and
the explicit form of the Jacobi structure on J!(M) in jet coordinates (see, for instance, |2, Exercise
2.7]).

APPENDIX A. DERIVATIONS AND INFINITESIMAL AUTOMORPHISMS OF VECTOR BUNDLES

Let M be a smooth manifold and let E, F' be vector bundles over M. Recall that a (linear) k-th
order differential operator from F to F is an R-linear map A : I'(E) — I'(F') such that

I[---[[A,a0],a1] - ],ar] = 0
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for all ag,a1,---,ar € C°°(M), where we interpret the functions a; as operators (multiplica-
tion by a;). There is a natural isomorphism between the C°°(M)-module Diff;(E, F) of k-th or-
der differential operators from E to F' and the C°(M)-module of sections of the vector bundle
diffy(E, F) := Hom(J*E, F), where J*E is the vector bundle of k-jets of sections of E. The iso-
morphism I'(Hom(J*E, F)) ~ Diff(E, F) is given by ¢ + ¢ o j*, where ¢ : T'(J*E) — T'(F) is a
C*(M)-linear map, and j* : T'(E) — ['(J*E) is the k-th jet prolongation. In particular diff;(E,Rx/)
is the dual bundle of J*E. In this paper we often denote .J; E := diff; (F,Ry/) = (J'E)*.
Let A :T(E) — I'(F) be a k-th order differential operator. The correspondence

(ary. .. ak) — [[ - [A a1] -], agl,

ai,...,a € C®(M), is a well-defined symmetric, k-multi-derivation of the algebra C*°(M) with
values in C°°(M)-linear maps I'(E) — T'(F). In other words, it is a section of the vector bundle
SETM @ Hom(E, F), called the symbol of A and denoted by oa. The symbol map o : A - oa sits in
a short exact sequence

0 — Diff,_,(E, F) — Diff(E, F) -% T'(S*TM @ Hom(E, F)) — 0, (A1)

of C*°(M)-modules. Note that Sequence (AJ]) can be also obtained applying the contravariant functor
Hom(—,T'(F)) to the Spencer sequence

0«— D(J*IE) «—T(J*E) - T(S*T*M @ E) «— 0,
where the inclusion v, sometimes called the co-symbol, is given by
dal P 'dak®e — [[...[jk7a1] ...],ak]e,

ai,...,ar € C®°(M), and e € T'(E).
Now we focus on first order differential operators. In general, there is no natural C°°(M)-linear
splitting of the Spencer sequence

0+ I(E)+—T(J'E) <~ T(T*"M ® E) +— 0. (A.2)

However, Sequence ([(A2) splits via the first order differential operator j' : T'(E) — T'(J'E). In
particular, I'(J'E) = I'(E) @ T(T*M ® E), and any section « of J'E can be uniquely written as
a=j'X\+~(n), for some A € ['(E), and n € ['(T*M ® E).

Now, let A : T'(E) — I'(E) be a first order differential operator. The symbol of A is scalar-type if it is
of the kind X ®idpg) for some (necessarily unique) vector field X. In other words A(fe) = X (f)e+fAe
forall f € C*>°(M), and e € T'(E). In this case we identify o(A) with X, and call A a derivation of the
vector bundle E (over the vector field X). The space of derivations of E will be denoted by Der E. Tt
is the space of section of a (transitive) Lie algebroid der E — M over M, sometimes called the Atiyah
algebroid of E, whose Lie-bracket is the commutator of derivations, and whose anchor is the symbol
o:der E — TM (see, e.g., [24] Theorem 1.4] for details).

Remark A.1l. If F is a line bundle, then every first order differential operator I'(F) — T'(F) is a
derivation of E. Consider the line bundle Ry, := M x R. Then I'(Ry;) = C°°(M). First order
differential operators I'(Ry;) — I'(Ryas) or, equivalently, derivations of Ry, are the operators of the
form X +a: C®(M) — C>°(M), where X is a vector field on M and a € C°°(M) is interpreted as an
operator (multiplication by a). Accordingly, in this case, there is a natural direct sum decomposition
Der E = X(M) @ C*°(M), the projection Der E — C°°(M) being given by A — Al.

The construction of the Atiyah algebroid of a vector bundle is functorial, in the following sense. Let
¢ : E — F be a morphism of vector bundles E — M, F — N, over a smooth map ¢ : M — N. We
assume that ¢ is regular, in the sense that it is an isomorphism when restricted to fibers. In particular,
there is a morphism ¢V : E* — F* of dual vector bundles over the same map ¢. Morphism ¢ gives
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also rise to a morphism der ¢ : der E — der F' of the associated Atiyah algebroids (over the same map
¢) which is uniquely defined by the property that diagram

0 End E der E —2>TM 0
lasv ®¢ lder ¢ ldf
0 End F der F — 2~ TN 0

commutes. We also denote ¢, := der ¢.

Derivations of a vector bundle E can be also understood as infinitesimal automorphisms of E as
follows. First of all, a derivation A of E determines a derivation A* of the dual bundle E*, with the
same symbol as A. Derivation A* is defined by A*p := g(A) o — po A, where p : I'(E) — C®(M)
is a C°°(M)-linear form, i.e. a section of E*. Now, recall that an automorphism of E is a fiber-
wise linear, bijective bundle map ¢ : E — E. In particular, ¢ covers a (unique) diffeomorphism
¢ : M — M. One can pull-back sections of E along an automorphism ¢: the pull-back of section e is
o*e:=0¢ loe o ¢. An infinitesimal automorphism of E is a vector field Y on E whose flow consists of
(local) automorphisms. In particular, Y projects onto a (unique) vector field Y € X(M). Note that one
parameter families of infinitesimal automorphisms generate one parameter families of automorphisms
and vice-versa, and one parameter family of automorphisms is generated by a one parameter family
of infinitesimal automorphisms. Infinitesimal automorphisms of E are sections of a (transitive) Lie
algebroid over M, whose Lie-bracket is the commutator of vector fields on E, and whose anchor is
Y — Y. It can be proved that a vector field Y on F is an infinitesimal automorphism iff it preserves
fiber-wise linear functions on F, i.e. sections of the dual bundle E*. Finally, note that the restriction of
an infinitesimal automorphism to fiber-wise linear functions Y |pg-) : T'(E*) — I'(E*) is a derivation
of E*, and the correspondence Y +— Y|1*i( B is a well-defined isomorphism between the Lie algebroid
of infinitesimal automorphisms and the Atiyah algebroid of E.

If A is a derivation of E, Y is the corresponding infinitesimal automorphism, and {¢;} is its flow,
then we will also say that A generates the flow of automorphisms {¢.}. We have

d *

- =A

di|,_ e B

for all e € I'(E). Similarly, if {A;} is a smooth one parameter family of derivations of E, {Y;} is the
corresponding one parameter family of infinitesimal automorphisms, and {¢;} is the associated one

parameter family of automorphisms, then we will say that {A;} generates {1;}. We have
d * *
Edlte = (d)t e} At)e.

A.1. Vector valued Cartan calculus. There is a vector bundle valued version of the standard
Cartan calculus which is useful when dealing with abstract Jacobi manifolds. The following material
can be presented in terms of Cartan calculus on Atiyah algebroids. Here we propose the simplest
presentation for the purposes of this paper.

Let E — M be a vector bundle. A section of the graded bundle A*T*M ® F is called an E-valued
differential form on M. Differential forms with values in F form a graded (M )-module which we
denote by Q(M, E). Note that vector fields on M can be contracted with E-valued differential forms
in an obvious way. For X € X(M) we denote by ix : Q(M, E) — Q(M, E) the contraction operator.
It is a degree —1 operator. On the other hand, in general there is no natural way how to define the
Lie derivative of an E-valued form along X. Nonetheless, there is a natural notion of Lie derivative
of an E-valued form along a derivation of E. Namely, let A € Der E be a derivation of E. There is a
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unique degree zero operator La : Q(M, E) — Q(M, E) such that
Lae = Ae
ﬁA(W A Q) = ﬁg(A)w AQ+wALAQ,

for e € T(F) a zero degree E-valued form, w € Q(M), and Q € Q(M, E). Contractions with vector
fields and Lie derivatives along derivations form a vector valued Cartan calculus in the sense that the
following identities hold:

lix,iy] =0, [La,ix] =io(a),x] [La, L] = Lia v,
where X, Y € X(M), A,V € Der E, and the bracket [—, —] denotes the graded commutator. Moreover
Lin = fLA+df N ig(A)
for all f € C>°(M), and A € Der E.
APPENDIX B. GERSTENHABER-JACOBI ALGEBRAS

In this Appendix we recall the notion of a Gerstenhaber-Jacobi algebra [13]. We mainly follow
Ref. [13]. However, we adopt a slightly more general approach in the same spirit as that of abstract
Jacobi manifolds of Section[2l Accordingly, we will speak about abstract Gerstenhaber-Jacobi algebras.

Definition B.1. An abstract Gerstenhaber-Jacobi algebra is given by a graded commutative, (asso-

ciative) unital algebra A, a graded A-module £, and, moreover, a graded Lie bracket [—, —] on £ and
an action by derivations, A — Xy, of £ on A such that
N ap) = Xa(a)u+ (=)Mela[\ y], ac A MNpecl. (B.1)

In particular [\, —] is a degree |\| graded first order differential operator with scalar-type symbol X.

Remark B.2. In the case £ = A[1] we recover the notion of Gerstenhaber-Jacobi algebra as defined
in [13].

Remark B.3. If Anng £ = 0, then condition X}y ) = [Xx, X,], for any X, u € £, in Definition [B.1
is redundant.

Remark B.4. Abstract Gerstenhaber-Jacobi algebras encompass several well known notions. Namely

e an abstract Jacobi structure (L,{—,—}) on a manifold M is the same as an abstract
Gerstenhaber-Jacobi algebra with A = C* (M), and £ =T'(L),

e a (graded) Jacobi algebra is the same as a Gerstenhaber—Jacobi algebra with £ = A,

e a Gerstenhaber algebra is the same as a Gerstenhaber—Jacobi algebra with £ = A[1] and
X, =la,—], for all a € A,

e a graded Lie-Rinehart algebra is the same as a Gerstenhaber—Jacobi algebra such that A\ — X
is A-linear.

We now describe the main Gerstenhaber-Jacobi algebra of interest in this paper. Given a smooth
manifold M, a vector bundle A — M, and a line bundle I —+ M, we consider:

e the vector bundle Ay := A® L*,
e the graded algebra I'(A®*AL) of sections of the exterior bundle A®Ap,
e the graded T'(A®* A )-module T'(A®* AL ® L)[1] (note the shift in the degree).

The main reason why considering such objects is that a Jacobi algebroid structure on (A, L) is equivalent
to a Gerstenhaber-Jacobi algebra structure on (I'(A*AL), T (A* AL ® L)[1]) (Proposition 2.8).

In particular, let A = der L be the Atiyah algebroid of L, and note that der L ® L* = diff1 (L, Ras).
In the paper we often adopt the following notation: Jy L := diff;(L,Rys). In this case, T'(A®Ap) =
T'(A®J; L) and it consists of alternating, first order multi-differential operators from T'(L) to C*°(M),
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i.e. R-multi-linear maps which are first order differential operators on each entry separately. Let
A € T(A*J1L), and A’ € T(AF J,L). If we interpret A and A’ as multi-differential operators, then
their exterior product is given by

AAAN) AL X k) = > (D)7ARG)s -5 Aa(e) A Aot - > Ao(rair)) (B.2)
oESy k
where A1,..., \prr € T(L), and Sk s denotes (k, k')-unshuffles. Similarly, I'(A*A, @ L) = T(A* L L ®
L) and it consists of alternating, first order multi-differential operators from T'(L) to itself. For this
reason we often denote Der®L := I'(A*J;L ® L), where Der’L := I'(L). Beware that an element
of Der*L is a multi-differential operator with k-entries but its degree in (Der®L)[1] is k — 1. The
I'(A®JyL)-module structure on (Der®L)[1] is given by the same formula (B.2]) as above.

Remark B.5. A Jacobi bracket {—, —} on L (see Section ]) will be also interpreted as an element .J
of Der”L.

Proposition B.6. For any line bundle L, there is a natural Gerstenhaber—Jacobi algebra structure on
(T(A®JLL), (Der® L)[1]).

Proof. Since the Atiyah algebroid of a line bundle is a Jacobi algebroid (Example[2Z9]), the proposition
is an immediate corollary of Proposition O

Finally, we describe explicitly the Gerstenhaber-Jacobi structure on (I'(A®J1L), (Der®*L)[1]). The
Lie bracket on (Der®L)[1] is a “Jacobi version” of the Schouten bracket between multi-vector fields,
therefore we call it the Schouten-Jacobi bracket and denote it by [—, —]%7. It is easy to see that

0,05 = ()" 00 -0 o O,
where 0 € Der* L, O € Derk/"’lL7 and o [0 is given by the following “Gerstenhaber formula”:

@) At degwg) = Y () O Ar1)s o Ar(er)s A 42)s - -5 At +1))»
TESK 11,k
where A1, ..., )\k+k’+1 S F(L).
A direct computation shows that the action 00 — Xpg of (Der®L)[1] on T'(A®J1L) is defined as
follows. For [0 € Der®™' L, the symbol of O, denoted by o € I'(T'M ® AFJ,L), is, by definition, the
AF Jy L-valued vector field on M implicitly defined by:

o (F) A, NN = 00N AL - Ak) — FO AL -, A,

where f € C°(M). Finally, for any A € T'(A!JyL), and O € Der* ™' L, section X(A) € T(AFJ L)
is given by

Xo(A) A1, ) = ()P () oAy, Ar @) A1) - Ar(isn))

TGSL,;C

- Z (F)TA@ONF 1) -5 A 1))s Aot 2)s - - s Ar(etl))-

TESk+1,1-1

Remark B.7. Denote by X°*(M) = I'(A*TM) the Gerstehaber algebra of (skew-symmetric) multi-
vector fields on M. When L = Ry, then Der”L = I'(AFJ,L). Moreover, there is a canonical direct
sum decomposition Der" ™ I, = X*+1(M) @ X¥(M), where projection Der* ™ I — X*(M) is given by
O+~ 0O@1,—,...,—). In particular, the Schouten-Jacobi bracket on (Der®L)[1] can be expressed in
terms of the Schouten-Nijenhuis bracket on multi-vector fields (see [13] for more details).

(B.3)
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APPENDIX C. POISSONIZATION AND PRE-SYMPLECTIZATION

C.1. Poissonization of Jacobi manifolds. The category of Poisson manifolds can be regarded as a
(non-full) subcategory of the category of abstract Jacobi manifolds. Interestingly enough, the converse
is also true: the category of abstract Jacobi manifolds can be regarded as a (non-full) subcategory
of the category of Poisson manifolds. Specifically, an abstract Jacobi manifold can be regarded as an
homogeneous Poisson manifold. Recall that an homogeneous Poisson manifold is a principal R*-bundle
P — M equipped with an homogeneous Poisson bivector Ilp, i.e., [[Ip,£]*N = lp, where [—, =]V
is the Schouten-Nijenhuis bracket and £ is the Fuler vector field on P, that is the fundamental vector
field corresponding to the canonical generator 1 in the Lie algebra R of the structure group R* of P.
The correspondence (actually a faithful but not full functor)

{abstract Jacobi manifolds} — {homogeneous Poisson manifolds}

can be described as follows. Let L be a line bundle on a smooth manifold M and let L* — M
be the dual line bundle of L — M. Consider M := L* ~ 0, where 0 is the (image of) the zero

section of L*. For later purposes, denote by pr : M — M the projection. Note that M — M
is a principal R*-bundle and every principal R*-bundle is actually of this kind. The Euler vector

field on L* restricts to the Euler vector field & on M and a function fe C‘”(N) is homogeneous
if £ ( ) =f. Clearly, sections of L are in one-to-one correspondence with homogeneous functions

on M. Denote by A € C>(M ) the homogeneous function corresponding to A € I'(L). Finally, let
{—=,—} : T(L) x T'(L) — T(L) be a Jacobi bracket. It is easy to see that there exists a unique

homogeneous Poisson bracket {—, —} 57 : C*°(M ) x C°(M ) — C™ (]T/[/) such that

A ity = Ak
The Poisson manifold (]T/[/ 4=, —1}37) is, by definition, the Poissonization of the abstract Jacobi mani-

fold (M, L,{—,—}). Note that if S is a coisotropic submanifold of (M, L, {—, —1}), then S := pr—1(5)
is a coisotropic submanifold of (M, {—, —} 7).

C.2. Poissonization and L..-algebras from coisotropic submanifolds. Let (M, 11 = {—, —}37)
be a Poisson manifold, where II is the Poisson bi-vector and {—, —}; is the Poisson bracket. We
can regard M as an abstract Jacobi manifold with Jacobi bundle Ry = M x R and Jacobi bracket
{—,—}3 For simplicity we assume that M — S is a vector bundle over a manifold S , and that S

is a coisotropic submanifold. In particular we can construct an L.o-algebra structure on T'(A*N §)[1],
applying the Voronov derived bracket construction [39] to the V-data ((Der*Ry;)[1], Im I, P, {— —}M)
However, in this case, Cattaneo and Felder [4] indicate a shghtly simpler way how to get the Lo

algebra of S. Namely, consider the graded Lie algebra (X°*(M )[ L=, —]SN ) of multi-vector fields on
M where [—, =]V is the Schouten-Nijenhuis bracket. The Poisson bi-vector II is a (degree one)
Maurer-Cartan element in X*(M)[1], i.e., [II,I]SY = 0. There are V-data (X (M M)[1],Im I, P, 1I)
determining the same Loc-algebra structure on T(A*NS)[1] as above. Namely, P : X*(M)[1] —

(AN S)[1 ] is the composition of “restriction to S” and “projection over the normal part”, while
I: (A NS)[1] — %'(M)[l] is the “vertical lift” (we refer to [4] for more details). In the case when
(M, {—, —}3;) is the Poissonization of a Jacobi manifold (M, L, J = {—, —}) and S = pr=1(S) for some
coisotropic submanifold S in M, then the L.-algebra structure on T'(A*N §)[1] can be understood as
the Poissonization of the Loo-algebra structure on T'(A*NyS ® €)[1] in the sense explained below.

Let (M, L,J = {—, —}) be an abstract Jacobi manifold, and let (M, I = {—, —}37) be its Poissoniza-
tion. Moreover, let S C M be a coisotropic submanifold. For simplicity, we assume, additionally, that
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there is a vector bundle structure M — S (such that S identifies with the image of the zero section),
and an isomorphism of line bundles L := M xg ¢ — M, where ¢ = L|g. Note, for later purposes, that

S:=pr1(9) = \o0.
Theorem C.1 (“Poissonization” of the L.-algebra of a coisotropic submanifold).

(1) There exists a unique degree zero graded Lie algebra embedding (Der®L)[1] < %'(M)[l], O
O such that

li(f)\\/la s 75\/]6) = D(Alv R Ak)v
for allO € DerkL, and A, ..., Ay € T(L). In particular, T = J.
(2) There exists a unique degree zero embedding of graded vector spaces j : T'(A°*NyS @ £)[1] —
T(A*NS)[1] such that diagrams

(Der*L)[1] ——— x*(U)[1] (Der*L)[1] —— x*(U)[1]
1] TT and Pl J{ﬁ
T(A*N,S © 0)[1] —— T (A*NS)[1] T(A*N,S © 0)[1] ——= T(A*NS)[1]

commute. In particular, j is a strict Loo-algebra monomorphism.

The above theorem can be easily proved, e.g. in local coordinates, and we leave details to the reader.

C.3. Pre-symplectization. Not only one can “Poissonize an abstract Jacobi manifold”, one can also
“pre-symplectize a pre-contact manifold”. In the contact case, the two constructions agree. Some
details follow.

Let (S,Cg) be a pre-contact manifold, F its characteristic foliation, and ¢ := T'S/Cs. Recall that
there is a canonical flat T F-connection V in £ (see subsection [5.4]). Accordingly, there is a flat T'F-
connection in L*, the dual connection. Geometrically this corresponds to a foliation F in L*, such
that TF projects fiber-wise 1som0rphlcally onto T'F via the bundle map ¢* — S, and, moreover, Fis
linear in a suitable sense. Restrict F to the open submanifold M = L* ~ 0, and denote again by F
the restriction. Since L* identifies canonically with the annihilator of Cg in T*S, M can be regarded
as a submanifold in the symplectic manifold 7*S. Denote by w the pull-back to S of the canonical
2-form on T*S (which we assume to be minus the tautological, Liouville, one form). The pair (]T/[/ , @)
is a pre-symplectic manifold with characteristic distribution given by (T]Tj = TF (see, e.g., 37,
Theorem 15, case n = 1]). The pair (5,&) is the pre-symplectization of (S, Cs).

Remark C.2. Since TF projects fiber-wise isomorphically onto T'F via the prOJeCtIOH pr: S - S,
then sections of T'F can be canonically lifted to sections of TF. We denote by X — X this lifting.
Now, the pull-back pr*y of a 1-form 7 € I'(T°F) = I'(N*F) clearly belongs to I'(T°F) = I'(N*F).
As a consequence, Q(F) = C°°(S) @ Q(F) (where the tensor product is over C*(S)), and there is a
unique well-defined morphism of DG algebras pr* : Q(F) — Q(f ), o — pr*o such that

(pr*o)()?l, ce )A(k) =pr'(o(X1,...,Xk))
for all X1,..., Xy € I(TF), o € QF(F). Equivalently, pr*c = 1 ® o, where 1 is the unit function on S.

Our next aim is threefold:

(1) showing that the “symplectization trick” intertwines the “transversal geometries” of F and F ,
(2) showing that the symplectization of the contact thickening of (S, Cs) identifies with the sym-
plectic thickening of (S, @) (see below, se also [32] for details about the symplectic thickening),
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(3) using the above two points to regard the Loo-algebra of (S, Cs) as a strict Loo-subalgebra of the
Loo-algebra of (S,%) (see [32] for details about the Lao-algebra of a pre-symplectic manifold).
As a corollary we will obtain a simple proof of Theorem [£.27] from the analogous result by Oh & Park
in the symplectic case [32, Formula (9.17)]. In what follows, we only sketch the main proofs and leave
obvious details and easy computations to the reader.
Asin Subsectlonm choose a distribution G on S complementary to 7'F. Obviously, the distribution
G := (dpr)~1(G) on S is complementary to TF. The main ingredients in Oh & Park formulas for the
multi-brackets in the Loo-algebra of (S,&) are
e the transversal Poisson bivector I € F(/\QN]?),
e the associated graded symmetric (F)-bilinear form

(=, =)z : QF, N*F)[1] x QF, N*F)[1] — QF)[1],
e the transversal de Rham differential dg : Q(F) = Q(F, N*F),
e the curvature form F of G.
We now show that the above items are uniquely determined by their contact analogues:
e the transversal bi-lincar form A € D(A2(J10)* ®0),
e the associated graded symmetric Q(F)-bilinear form
<_a _>C : Q(‘Fv ']ié)[l] x Q(]:a Jig)[l] - Q(‘Fv é)[l]v
e the transversal jet prolongation jg : Q(F,£) — Q(F, J10),
e the curvature form F of G,
respectively. The first two items are actually independent of G. We start from them. Recall that
sections of ¢ identify with homogeneous functions on M and we denote by A — X the identification.

Moreover, (Der®#)[1] embeds into X*(S)[1] (Theorem[CIl(1)), and we denote by [J — [ the embedding.
We want to show that there is a “transversal version” of the latter embedding. Thus, denote Der £ :=

C(A*(JLO)* @ 0), and X% := T(A°NF).

Lemma C.3. There is a canonical embedding (Der® ¢)[1] — X4 [1], O — 0.

Proof. Note that Der% ¢ (resp. X%) is a quotient of Der®/ (resp. X*(S)). Namely Der’ ¢ = Der®¢/I,
where I is the T'(A®Jy¢)-submodule generated by covariant derivatives along V, the T'F-connection in
£. Similarly X9 = X°(5)/I, where I is the (associative) ideal generated by T'(TF). It is easy to see,
for instance using local coordinates, that Vx € I for all X € I'(T'F). This shows that embedding

Der®([1] — X*(S)[1] descends to a well-defined map (Der$ £)[1] — X4 [1]. Moreover, the latter is
injective (again, use, for instance, local coordinates). ]

There is a transversal version of the Poisson bi-vector defined as follows. The pre-symplectic form w
descends to a non-degenerate two-form w € F(/\QN*]?), whose inverse we denote by I1, € I‘(/\2N}~') =
X% and interpret as transversal Poisson bi-vector. it is easy to see that, if /A\L € Deriﬂ is the bi-linear
form associated to (S, Cg). Then

I, =A,. (C.1)

Our next aim is relating (—, —)z and (—, —)¢. Pairing (—, —)z : Q(F, N*F)[1] x Q(F, N*F)[1] —
Q(F)[1] is the unique degree one, Q(F)-bilinear, symmetric form extending I, : A2N*F — Ry7-
In order to relate it to (—, —)¢ we have to relate Q(F, N*F) and Q(F, J1 L) first. Thus, note that
embedding I'(¢) < C*(S) uniquely extends to an Q(F)-linear embedding Q(F,£) < Q(F), o — o.
The latter does actually coincides with the embedding j of Proposition [C.] up to understanding S as
a coisotropic submanifold in its contact thickening (see Proposition [CH.(2)).
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Lemma C.4. There is a canonical embedding T'(J} L) — D(N*F), ¢ — ¥ such that

O.9) = (@¢), Oer((Ji07), $erJio. (C2)

Proof. First of all note that
dz\ =drA (C.3)
for all A € T'(£). Now, correspondence I'(£) — Q1(S), A — d2, is a well-defined first order differential

operator between C°°(S)-modules. Therefore, it determines a C(S)-linear map I'(J0) — QL(S),
which restricts to a well-defined C*°(S)-linear map I'(J1¢) — I'(N*F). Indeed, diagram

QL(8) —— Q'(F)

I

T(J0) —— QY(F, 0)

commutes in view of Equation (C3)). Finally, Equation (C2]) can be easily checked, for instance, in
local coordinates. 0

Extend the embedding I'(J] ¢) — [(N*F) to an Q(F)-linear embedding Q(F, JI) — Q(F,N*F),
also denoted o — &. It immediately follows from (C.IJ) that

e

(0,T)a =(0,7)¢ (C.4)

for all o, 7 € Q(F, J10).
Now, let G and G be as above. Define dz in the same way as dg, and note that

g7 = jLo. (C.5)
It remains to relate the curvatures F and F of G and G. Recall that F is a section of A2G* ® G°,
but G* ~ N*F, and GO ~ TF. Thus, F can be regarded as a section of NN*F@TF. S1m1larly,
F is a section of A2N*F @ TF. Obv10us1y7 there is a well-defined map pr* : D(A°N*F @ TF) —
T(AN*FRTF), n® X — pr(n)® X , and it is easy to see that curvatures F and F are related via
F =pr*F. (C.6)
Now, we have to show that the symplectization of the contact thickening of (S, Cyg) coincides with
the symplectic thickening of (S,&), which is defined as follows (see [32] for more details). Take the
cotangent bundle T*F to ]—' and let 7 : T*F — S be the projection. The 2- form w can be pulled-back
to T*F via I There is also another~2 form wg on T*f defined as follows. First, define a 1-form
0c € QY(T*F) by putting, for « € T*F, and ¢ € T, (T*F)

(0c)a(€) = (a0 przgod) (), x:=7(w),
where p,z& ¢ TS — TF is the projection induced by the splitting TS = Ga TF. Finally, put

wag = —dfg. The 2-form Q= W + T*w is obviously closed. Moreover, it is non-degenerate in a
neighborhood of the zero section of T called the symplectic thickening of (S,@), and the zero section
of 7 is a coisotropic embedding of the pre-symplectic manifold (S, ).

Proposition C.5.

(1) Symplectization and thickening commute, i.e., there is a canonical symplectomorphism 1 be-
tween the symplectization of the contact thickening and the symplectic thickening of the pre-
symplectization of (S, Cs).
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(2) Regard S as a coisotropic submanifold in its contact thickening so that Q(F,€) = T'(A*N,S®¢).

Moreover, regard S as a coisotropic submanifold in its symplectic thickening so that Q(]-' ) ~

L(A® NS). Then, symplectomorphism 1 identifies_the canonical embedding Q(F,()[1] —
Q(F)[1] with embedding j : T(A*NyS @ £) < T'(A®*NS) of Theorem [T (2).

Proof. The contact thickening is an open neighborhood of the zero section of 7 : T*F @ £ — S. The
manifold T*F ® ¢ is equipped with the hyper-plane distribution ker(6g + 7%0) (see Subsection [B.3)).
The Jacobi bundle T'(T*F ®/)/ ker(0¢ +7*60) identifies with the pull-back bundle 7*¢ = (T*F ®/¢) x g £.
Hence, the symplectization of the contact thickening is an open submanifold in

TN0=(T*F@0) xg (£*~0) = (T*"F@/L) x5 S
As usual, we understand 7*¢* \. 0 as a submanifold in T*(T*F®/{), identifying 7*¢* with the annihilator
of ker(6g + 7%0). In particular, 7*¢* \. 0 is equipped with a 2-form ' given by the pull-back of the
canonical 2-form on T*(T*F ® ¢). Notice that Q' is non-degenerate at a point p iff the curvature of
ker(fg + 7*0) is non-degenerate at the projection of p down to T*F ® £. We want to show that there
is a canonical diffeomorphism
VT N0 o T F

making the following diagram commutative

T*]?<w—7'*€*\0—>T*]-"®€

i l , (C.7)

S S

and such that w*Q Q. In order to define ¢ recall that TF projects fiber-wise isomorphically to T'F,
hence TF = S xg TF and T*F = S x g T*F. Now, for (a, ) € 70* ~ 0 = (T*F ® {) x5 S, put

Y(a, ) = (p,poa),

where, in the second entry of the rhs, we interpret « as a linear map T'F — £. A direct _check shows
that diagram (C2) does actually commute. Moreover, 9 is invertible, its inverse ¢ ~! : T*F — 7°£* .0
being given by

v Hpp) = (@ 9" 9),
for all (p,p) € T*F = S xg T*F, where we interpret ¢ as a basis in a fiber of £*, and ¢* € ¢ is its

dual basis. One can easily check that z/J*KNZ = ) in local coordinates. Finally, an easy check in local
coordinates proves (2). Details are left to the reader. |

With this preparation, we are finally ready to prove Theorem [£.27]

Proof of Theorem[5.27. Denote by my, the multi-brackets in the L.-algebra of (§ ,w) (determined by
é) According to Propositions and [CI] the my’s can be obtained by restricting the my’s to forms
in the image of embedding j : Q(F, £)[1] < Q(F)[1]. Now, the W ’s are given by Oh-Park formula [32]
Formula (9.17)] up to a global normalization factor (See Appendix [D). Specifically

- 1 . )
my (w1, ..., k) = 3 Z €(0, @) (da@o(1), (i @o(2) © -+ © 1 To(k—-1)) AGTa(k)) ¢ » (C.8)
oeSy

Wi, ..., Wk € Q(]?) where we extended the natural bilinear map o : End NS ® End NS — End NS to
a degree —1, Q(F)-bilinear map

Q(F,End NS)[1] x Q(F,End NS)[1] — Q(F,End NS)[1],
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also denoted by o, and the tautological action End NS®NS — NS toa degree —1, Q(F)-linear action
Q(F, End NS)[1] x Q(F, NS)[1] — Q(F, NS)[1].

To conclude the proof, it is enough to set w; = f; and then using Equations (C4)), (C3) and (CA),
and Lemma below. O

Lemma C.6. For all u € Q(F,¢) and n € QF,J10), (;11\/_1/)77 = (i )7,
Proof. Let p1 and 1 be as in the statement. Note that ipspu belongs to (F,End.J] /) and it acts on

1 giving an element (ipsp)n in Q(F, J10). In its turn, (iFW)W can be “lifted” to an element (iz:u)n
in Q(F, N*F). Similarly, (iz¢ /)7 belongs to Q(F, N*F). The assertion can now be checked easily in
local coordinates. O

APPENDIX D. THE L, -ALGEBRA OF A PRE-SYMPLECTIC MANIFOLD

In [32] the second named author and Park attach an L..-algebra to any coisotropic submanifold in
a symplectic manifold (in fact, to any pre-symplectic manifold). They define the multi-brackets first
[32, Formula (9.17)] and then prove the higher Jacobi identities. On another hand, in [4] Cattaneo and
Felder use the Voronov construction [39] to attach an L..-algebra to any coisotropic submanifold in a
Poisson manifold. Despite, in some paper [4 B35 211 B6], it is implicitly stated that Cattaneo-Felder
Lo-algebra gives back Oh-Park L..-algebra in the symplectic case, a proof has not yet been provided.
We provide such a proof in this section.

Let (S’ W) bea pre- symplectlc manifold, with characteristic foliation f and let G be a complementary
distribution to T]-' ie., TS = G & TF. The bundle T*F is then equipped with a 2-form Q which
is non-degenerate in a ne1ghborhood of the zero section 0, called the symplectic thickening of (S ,W).
Moreover 0 is a coisotropic embedding and, therefore, every pre-symplectic manifold is a coisotropic
submanifold in its symplectic thickening (see Subsection of previous Appendix for details). In
particular, in view of Proposition 12, there is an Log-algebra (I'(A®NS)[1], {f}) attached to (S,@).
Notice that, in this case, NS = T*F, so that T(A*NS) = Q(F). In what follows we will understand
the latter identification. We will show below that the multi-brackets m;, are given precisely by formula
(C8) which is precisely Oh-Park formula (see [32] Formula (9.17)]) up to a global normalization factor
1/2. We will do this in local coordinates using Corollary B.I7 From now on, we freely use notations
and conventlons from Subsection [C.3] of previous Appendlx

Let (2*,u®) be local coordinates on s adapted to ]-" ie. TF is spanned by coordinate vector fields
d/0x". D1str1but1on G is then spanned by vector fields of the form

o 0
Ga= 5 +Cigs-

The pre-symplectic form w is locally given by

1
w = Ewabdu“ A dub.

Let p; be linear coordinates along the fibers of T*F corresponding to the local frame (8/2) of TF. It
is shown in [32] that the symplectic form on the symplectic thickening is locally given by [32], Formula

(6.8)]

k

(wab + PiFly) du® A du® — (dpi + P %C;f du“) A (dz' — Ghdu®)

where F!; := G,(G}) — G(G?) are components of the curvature F of G. More precisely,

Q=

l\D|P—‘

-1
F=-F' -
2@ oxt
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Accordingly, the Poisson structure is

1 0 0
= —-—0%"X, A X .
2 " op " oa
where (0%) is the inverse matrix of (Wap), @ap = Wap + piF!,, and
oG 0
X, =G,
T Pitgy Bp

The my, are graded first order multi-differential operators. In particular, they are completely determined
by their action on (local) generators of Q(F), i.e. on smooth functions f € C°°(S), and leaf-wise
differentials d];xi. The rhs of Equation (C.g) is also a graded first order multi-differential operator in
its arguments. We conclude that Equation (C8)) is satisfied, provided only it is satisfied for w1, ..., @
being generators of the above mentioned kind.

An easy computation in local coordinates shows that m; = —dx. Moreover, from Corollary 317 we
easily find
) ) k 619—1&3017

My (dza™, .. dza™ fg) = — (=) 7——— Gaf) (Goy),

2 (d5 > )=~ G|, Cel) (o)
- ; ; oF—1gab oGt 0
mepr (dzz', ... dzx® f) = (—)F S— 4 Gyf —,

o (4 4 ) Z Opiy -~ Opi, - - Opiy, | g Ozt Opi

akflaab

0GE 9Gy 0 A
ozt dxd dp;  Opj’

(D.1)
for all f,g € C’OO(S) k > 0. Now, we compute partial derivatives of (w ab) Denote W := (wap),
F' := (F",), and W = (Wap), so that W =W + p;Fi, and W-! = (@). Moreover, W|p:0 =W, and
8@/ Op; = F'. Hence, it follows by induction on m that

~ . . 1
Meyr (dzx', ... dzo+) = (=)F= ——
(dz F ) 2;51%1"'3]9”"'52?1‘3“'52?1‘“1

p=0

—)m Z W lFleo W= .. Floem W,
p=0 g€eSk
which, used in (D), gives

Myp1 (dza™, ... dza™ ", f,g) = Z (WIFeo Wt Flot-D W) (G, f) (Gpg),

oESK_1
~ . . . ) aG'Lv(k) a
i i —1lmis —1 i (ke — —1\ ab
My (dza’, . dpa'™, f) == > (WIFeoOW . Floe-nyt) o Gl 55
o€eSk
, . 1 . . 0G™ 9Gy " 9 9
~ d=x" . deg+1) = —Z —I]cm,(l) —1._.]Fzg(k,1) —1\ ab U«. b i -
Myp1 (dza®, ... dza™+) 5 (W W w1 e e 3pi/\ o)
0ESKt1
(D.2)
Finally, from the easy remark that
) O 9G
déf = Gufdu®, and déd]f-ilfz = d]"_-déilfz = 97 ad i ® du?®,

it follows, after a straightforward computation, that the rhs of (D.2]) agrees with Equation (C.8]) which
is, therefore, correct.
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