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1. Introduction

Isogeometric Analysis (IgA) is a framework for numerically solving partial differential equations (PDEs), see [1-3], by
using the same (spline) function space for describing the geometry (i.e. the computational domain) and for representing
the solution of the considered PDE. One of the strong points of IgA compared to finite elements is the possibility to easily
construct C! spline spaces, and to use them for solving fourth order PDEs by applying a Galerkin discretization to their
variational formulation. Examples of fourth order problems with practical relevance (in the frame of IgA) are e.g. the
biharmonic equation [4-6], the Kirchhoff-Love shells [7-10] and the Cahn-Hilliard equation [11-13].

Adaptive isogeometric methods can be developed by combining the IgA framework with spline spaces that have
local refinement capabilities. Hierarchical B-splines [14,15] and truncated hierarchical B-splines [16,17] are probably
the adaptive spline technologies that have been studied more in detail in the adaptive IgA framework [18-20]. Their
multi-level structure makes them easy to implement, with the evaluation of basis functions obtained via a recursive use
of two-level relation due to nestedness of levels [21-23]. Hierarchical B-splines have been successfully applied for the
adaptive discretization of fourth order PDEs, and in particular for phase-field models used in the simulation of brittle
fracture [23,24] or tumor growth [25].

While the construction of C! spaces is trivial in a single-patch domain, either using B-splines or hierarchical B-splines,
the same is not true for general multi-patch domains. The construction of C' spline spaces over multi-patch domains

* Corresponding author.
E-mail addresses: cesare.bracco@unifi.it (C. Bracco), carlotta.giannelli@unifi.it (C. Giannelli), mario.kapl@ricam.oeaw.ac.at (M. Kapl),
rafael.vazquez@epfl.ch (R. Vazquez).

https://doi.org/10.1016/j.camwa.2020.03.018
0898-1221/© 2020 Elsevier Ltd. All rights reserved.


https://doi.org/10.1016/j.camwa.2020.03.018
http://www.elsevier.com/locate/camwa
http://www.elsevier.com/locate/camwa
http://crossmark.crossref.org/dialog/?doi=10.1016/j.camwa.2020.03.018&domain=pdf
mailto:cesare.bracco@unifi.it
mailto:carlotta.giannelli@unifi.it
mailto:mario.kapl@ricam.oeaw.ac.at
mailto:rafael.vazquez@epfl.ch
https://doi.org/10.1016/j.camwa.2020.03.018

C. Bracco, C. Giannelli, M. Kapl et al. / Computers and Mathematics with Applications 80 (2020) 2538-2562 2539

List of symbols

Spline space

D Spline degree, p > 3
r Spline regularity, 1 <r <p-—2
&y Open knot vector
T Internal breakpoints of knot vector EIZ
T Ordered set of internal breakpoints t;
k Number of different internal breakpoints of knot vector &)
S; Univariate spline space of degree p and regularity r on [0, 1] over knot vector Eg
S;“, S;q Univariate spline spaces of higher regularity and lower degree, respectively, defined from same
internal breakpoints as S;

H. N[j;l, N, 4 B-splines of spline spaces S, S and S}, _,, respectively
n, np, Ny Dimensions of spline spaces S/, S;“ and S,_,, respectively
Ll L Index sets of B-splines N/ ,, N/*' and N/, _,, respectively
Joi Jai Index subsets of I related to B-splines N{f and N{p_l, fori € Ip and i € Iy, respectively
Im Greville abscissae of spline space S|, m €1
Ny, N1, N, Vectors of tensor-product B-splines N{ pNjfp
Geometry
(S) Upper index referring to specific patch, S € {L, R}
26 Quadrilateral patch
2 Two-patch domain 2 = 2V U Q®
r Common interface of two-patch domain £2
F©) Geometry mapping of patch 2¢)
F Two patch geometry F = (FU, F®))
Fo Parameterization of interface I"
d Specific transversal vector to I"
&, & Parameter directions of geometry mappings
cgj) Spline control points of geometry mapping F
al®), BB), B Gluing functions of two-patch geometry F
y Scalar function, y # 0
C' isogeometric space
v Space of C! isogeometric spline functions on £2
W Subspace of V
] Basis of W
Do), Pryy Pry Parts of basis @, ® = @) U Powy U Py U Py

fjm Basis functions of @), i €1\ {0, 1},j €1
¢ir° Basis functions of @, i€y

iﬁ Basis functions of @, i€l
afo) a(ﬁl), ?43(;25) Vectors of spline functions ¢, ° o F®), ¢/ o F) and ¢£(s) o F), respectively
B, BS), B®) Transformation matrices
EJ, Efsj) Bgi) Entries of matrices B, B and B”, respectively
B® Block matrix assembled by the matrices B, B®), B) and the identity matrix Iy;,_2)

Hierarchical space

1 Upper index referring to specific level

AT ATHLE AT pafinement matrices for B-splines N, N't1¢ and N*¢ ., respectivel
P P p—1 i,p i,p i,p—1

A Entries of refinement matrix A} ‘!

eH! Block matrices of refinement mask A;’”l ® A;’”], 0<i<j<2
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Wy C! hierarchical isogeometric spline space

w Basis of Wy

Most notations in the paragraphs “Spline space” and “C' isogeometric space” can be directly extended to the
hierarchical setting by adding the upper index ¢ to refer to the considered level.

is based on the concept of geometric continuity [26,27], which is a well-known framework in computer-aided design
(CAD) for the design of smooth multi-patch surfaces. The core idea is to employ the fact that an isogeometric function is
C'-smooth if and only if the associated multi-patch graph surface is G!-smooth [28], i.e., it is geometrically continuous of
order 1.

In the last few years there has been an increasing effort to provide methods for the construction of globally C!
isogeometric spline spaces over general multi-patch domains. Before giving a short overview of these existing techniques,
we first point to the approach [29], where a smooth multi-patch spline space has been generated, which is C! (or even
CP~1) across all interfaces but just C° in the vicinity of an extraordinary vertex, and which has been extended to a
hierarchical setting, too.

The existing methods for the design of globally C! isogeometric spline spaces for planar multi-patch domains can be
roughly classified into two groups depending on the used parameterization for the domain. The first approach relies on
a multi-patch parameterization which is C'-smooth everywhere except in the neighborhood of extraordinary vertices
(i.e. vertices with valencies different to four), where the parameterization is singular, see e.g. [30-32], or consists of a
special construction, see e.g. [33-35]. The methods [30-32] use a singular parameterization with patches in the vicinity
of an extraordinary vertex, which belong to a specific class of degenerate (Bézier) patches introduced in [36], and that
allow, despite having singularities, the design of globally C! isogeometric spaces. The techniques [33-35] are based on G'
multi-patch surface constructions, where the obtained surface in the neighborhood of an extraordinary vertex consists of
patches of slightly higher degree [33,35] and is generated by means of a particular subdivision scheme [34]. As a special
case of the first approach can be seen the constructions in [37,38], that employ a polar framework to generate C' spline
spaces.

The second approach, on which we will focus, uses a particular class of regular C° multi-patch parameterizations,
called analysis-suitable G' multi-patch parameterization [4]. The class of analysis-suitable G' multi-patch geometries
characterizes the regular C° multi-patch parameterizations that allow the design of C! isogeometric spline spaces with
optimal approximation properties, see [4,39], and includes for instance the subclass of bilinear multi-patch parameter-
izations [5,40,41]. An algorithm for the construction of analysis-suitable G' parameterizations for complex multi-patch
domains was presented in [39]. The main idea of this approach is to analyze the entire space of C! isogeometric functions
over the given multi-patch geometry to generate a basis of this space or of a suitable subspace. While the methods
in [5,40,41] are mainly restricted to (mapped) bilinear multi-patch parameterizations, the techniques [42-46] can also
deal with more general multi-patch geometries. An alternative but related approach comprises the constructions [47,48]
for general C° multi-patch parameterizations, which increase the degree of the constructed spline functions in the
neighborhood of the common interfaces to obtain C! isogeometric spaces with good approximation properties.

In this work, we extend for the case of two-patch domains the second approach from above to the construction of
hierarchical C! isogeometric spaces on analysis-suitable G' geometries, using the abstract framework for the definition of
hierarchical splines detailed in [17]. We show that the basis functions of the considered C' space on analysis-suitable G'
two-patch parameterizations, which is a subspace of the space [43] inspired by [45], satisfy the required properties given
in [17], and in particular that the basis functions are locally linearly independent (see Section 3.1 for details). Note that
in case of a multi-patch domain, the general framework for the construction of hierarchical splines [17] cannot be used
anymore, since the appropriate C! basis functions [45] can be locally linearly dependent. Therefore, the development of
another approach as [17] would be needed for the multi-patch case, which is beyond the scope of this paper.

For the construction of the hierarchical C! spline spaces on analysis-suitable G! two-patch geometries, we also explore
the explicit expression for the relation between C' basis functions of two consecutive levels, expressing coarse basis
functions as linear combinations of fine basis functions. This relation is exploited for the implementation of hierarchical
splines as in [22,23]. A series of numerical tests are presented, that are run with the help of the Matlab/Octave code
GeoPDEs [22,49].

The remainder of the paper is organized as follows. Section 2 recalls the concept of analysis-suitable G' two-patch
geometries and presents the used C! isogeometric spline space over this class of parameterizations. In Section 3, we
develop the (theoretical) framework to employ this space to construct C! hierarchical isogeometric spline spaces, which
includes the verification of the nested nature of this kind of spaces, as well as the proof of the local linear independence
of the one-level basis functions. Additional details of the C! hierarchical construction, such as the refinement masks of the
basis functions for the different levels, are discussed in Section 4 with focus on implementation aspects. The generated
hierarchical spaces are then used in Section 5 to numerically solve the laplacian and bilaplacian equations on two-patch
geometries, where the numerical results demonstrate the potential of our C! hierarchical construction for applications
in IgA. Finally, the concluding remarks can be found in Section 6. The construction of the non-trivial analysis-suitable G'
two-patch parameterization used in some of the numerical examples is described in detail in Appendix. For easiness of
reading, we include a list of symbols with the main notation used in this work.
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2. C! Isogeometric spaces on two-patch geometries

In this section, we introduce the specific class of two-patch geometries and the C! isogeometric spaces which will be
used throughout the paper.

2.1. Analysis-suitable G' two-patch geometries

We present a particular class of planar two-patch geometries, called analysis-suitable G! two-patch geometries, which
was introduced in [4]. This class is of importance since it comprises exactly those two-patch geometries which are suitable
for the construction of C! isogeometric spaces with optimal approximation properties, see [4,39]. The most prominent
member is the subclass of bilinear two-patch parameterizations, but it was demonstrated in [39] that the class is much
wider and allows the design of generic planar two-patch domains.

Let k, p,r € N with degree p > 3 and regularity 1 < r < p — 2. Let us also introduce the ordered set of internal
breakpoints T = {ty, 72, ..., &}, Wwith 0 < 7; < 7541 < 1 for all 1 <i < k. We denote by S; the univariate spline space in
[0, 1] with respect to the open knot vector

Ep {0,...,0,71, ..., T1, T2, c o3 T2 ooy Thy oo ey Tk 1,000, 1} (1)
———— ———— —— ———— ——
(p+1)—times (p—r)—times (p—r)—times (p—r)—times (p+1)—times

and let N{p, iel={0,...,p+ k(p — )}, be the associated B-splines. Note that the parameter r specifies the resulting
C"-continuity of the spline space S,. We will also make use of the subspaces of higher regularity and lower degree,
respectively Slr,“ and S;f], defined from the same internal breakpoints, and we will use an analogous notation for their
basis functions. Furthermore, we denote by n, ny and n, the dimensions of the spline spaces S}, S’“ and S; 1» respectively,
which are given by

n=p+1+k(p—r), no=p+1+k(p—r—1)andn;=p+k(p—r—1),
and, analogously to I, we introduce the index sets
Ip=1{0,...,n0 — 1}, L ={0,...,n; — 1},

corresponding to basis functions in Sr“ and S; 1» Tespectively.
Let FY, F® € (S] ®$;)* be two regular spline parameterizations, whose images FI([0, 1]%) and F®([0, 1]?) define the
two quadrllateral patches 2 and 2® via FS)([0, 11%) = 2©), S € {L, R}. The regular, bijective mapping F® : [0, 1]> —

28, s e {L, R}, is called geometry mapping, and possesses a spline representation
F &, &)=Y Y &N (EN (&), o e R
iel jel

We assume that the two patches 2V and 2® form a planar two-patch domain £ = 2® U 2®, which share one whole
edge as common interface I' = 2® N 2®. In addition, and without loss of generality, we assume that the common
interface I" is parameterized by Fy : [0, 1] — I via

Fo(&) = FY(0, &) = FR(0, &), & €[0,1],

and denote by F the two-patch parameterization (also called two-patch geometry) consisting of the two spline parame-
terizations F© and F®)

Remark 1. For simplicity, we have restricted ourselves to a univariate spline space S; with the same knot multiplicity
for all inner knots. Instead, a univariate spline space with different inner knot multiplicities can be used, as long as the
multiplicity of each inner knot is at least 2 and at most p— 1. Note that the subspaces Sr“ and S]_, should also be replaced
by suitable spline spaces of regularity increased by one at each inner knot, and degree redpuced by one, respectively.
Furthermore, it is also possible to use different univariate spline spaces for both Cartesian directions and for both geometry
mappings, with the requirement that both patches must have the same univariate spline space in &,-direction.

The two geometry mappings F and F® uniquely determine up to a common function y : [0, 1] — R (with y # 0),
the functions ¥, «®, g : [0, 1] — R given by

®l&) = y(&)det (1F(0, &), 1,F(0, &), S € (LR},

and

B(&) = y(&)det (3,;FM(0, &), 3:F(0, &),
satisfying for &, € [0, 1]

aP(&)a®(E) < 0 (2)
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and

a0, K0, £) — al(52)81FR(0, &) + B(52)8:FY(0, &) = 0. (3)
In addition, there exist non-unique functions 8% and g® : [0, 1] — R such that

B(&2) = e (£)8%(&) — P58 (&), 4)

see e.g. [4,27]. The two-patch geometry F is called analysis-suitable G' if there exist linear polynomial functions o®), 85,
S € {L, R} with «® and «® relatively prime! such that Egs. (2)-(4) are satisfied for & € [0, 1], see [4,43]. Note that
requiring that o™ and «® are relatively prime is not restrictive: if o™ and «® share a common factor, it is a factor of y
too, thus o™ and «® can be made relatively prime by dividing by such a factor. Note that o™ and «® being linear is also
not restrictive, since the conditions are valid for non polynomial parameterizations, such as splines or NURBS, see [4,39].

In the following, we will only consider planar two-patch domains $2 which are described by analysis-suitable G! two-
patch geometries F. Furthermore, we select uniquely determined linear polynomial functions «®) and ), S € {L, R}, by
minimizing the terms

(L) 2 (R) _ 12
||O[ + 1”]_2([0,1]) + ||O[ 1”,_2([0’]])

and
(L) 2 (R) 12
”ﬁ ”Lz([O,]]) + ”'B “LZ([O.l])'

The chosen linear polynomials ) and g, S € {L, R}, will ensure later a more uniform scaling of the basis functions, and
are in case of parametric continuity, i.e. 8 = 0 and o) = —a® just the simple functions ) = g® = 0 and o = —1,
a® =1, see [45].

2.2. The C' isogeometric space V and the subspace W

We recall the concept of C! isogeometric spaces over analysis-suitable G' two-patch geometries studied in [4,43], and
especially focus on a specific subspace of the entire space of C' isogeometric functions.

The space V of C! isogeometric spline functions on £2 (with respect to the two-patch geometry F and spline space S;)
is given by

V={peC(R2): poFY s ®S].S (LR (5)
A function ¢ : 2 — R belongs to the space V if and only if the functions f) = ¢ o F®), S € {L, R}, satisfy that

fOesy®s,, SellR) (6)

F900,6) = f(0,&), & elo,1], (7)

and

a®(E)01f (0, &) — aP(£)0,f®(0, &) + B(£,)0.1(0. &) =0, & €[0,1],
where the last equation is due to (4) further equivalent to

fP(0, &) — BPA(E)BF M0, &) 91fTN0, &) — BR(£)5f (0, &)

= ) 0, 1], 8
20(&) (%) 2 elodl ®)

see e.g. [4,28,41]. Therefore, the space V can be also described as
V={¢p:2 >R : fO =¢poF5 S e{L R}, fulfill Egs. (6)-(8)}. (9)

Note that the equally valued terms in (8) represent a specific directional derivative of ¢ across the interface I'". In fact,
recalling that f©®) = ¢ o F¥) for S € {L, R}, we have

RfEN0, &) — BO(£)0:f)(0, &)
a)(&)

where d is a transversal vector to I" given by d = d¥) = d® with d® o Fy(&;) = (3:F)(0, &), 3,FS)(0, £))(1, —BE(&))T

m' S € {L, R}, see [4,43].

The structure and the dimension of the space V heavily depends on the functions ¥, «® and 8, and was fully analyzed
in [43] by computing a basis and its dimension for all possible configurations. Below, we restrict ourselves to a simpler

Vo - (doFo(&)) = Vo - (d®) o Fy(&)) = , & elo,1], (10)

1 Two polynomials are relatively prime if their greatest common divisor has degree zero.
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subspace W (motivated by [45]), which preserves the approximation properties of V, and whose dimension is independent
of the functions V), «® and 8.
The C! isogeometric space W is defined as

W = span @, D =D UPpry UDp, UDp,
with

%(5):{(;)9“ : iel\{O,l};jel}, Sel{LR), (11)

q>p0:[¢f° : ieIO], qbﬁ:[(pi“ : iell], (12)
. ) Iy I . .
where the functions ¢;5" ", ¢;” and ¢; ' are defined via

(qsg(S/)OF(S))(S],Sz) { p(EVNjp(82) IS =S, iel\{0,1)};j€elL; S,S € (LR}, (13)

otherwise,

(67 0 F)en £2) = NG5 ) (M58 + N, 60)) + BN ) )TN (61), el Se(LRL (19
and

(8 0 F9) (1. &) =GN, (&N} (61). i€l S € (LR). (15)

The construction of the functions ¢>9( ), ¢ir ® and ¢iF ! guarantees that they are linearly independent and therefore form
a basis of the space W. In addition, the functions fulfill equations (6)-(8) which implies that they are C'-smooth on §£2,
and hence W C V. When the two spaces W and V are equal, see [43] for details, the selection of the linear polynomial
functions ), S € {L, R}, changes the basis functions, but does not affect the subspace W. In the case W C V, the space W
can vary for different choices of 8¢). Since any selection of the functions ) will maintain the optimal approximation
properties of W, by the umque selection of B8¢) described in Section 2.1 we uniquely determine the space W.

The basis functions ¢'Q are standard tensor-product B-splines whose support is included in one of the two patches,

while the functions ¢1 and ¢ir‘ are combinations of standard B-splines and their support crosses the interface I" (see
Fig. 1 for an example).

Moreover, the traces and specific directional derivatives (10) of the functions ¢ir % and ¢ir ! at the interface I" are equal
to

¢° oFo(£2) = N[J'(£), ¢/ oFo(£2) =0

and
V" - (doFo(5)) =0, Vo' -(doFo(£)) = Nf, (&),
Therefore, the C' isogeometric space W can be also characterized as
W={peV : ¢poFy(&)eS," and V¢ - (doFo(&)) €S 4}. (16)

In particular, this means that not only (7) and (8) are fulfilled, but that the terms in those equations respectively belong
to the spline spaces S;“ and S{F1

3. C1 Hierarchical isogeometric spaces on two-patch geometries

This section introduces an abstract framework for the construction of the hierarchical spline basis, that is defined in
terms of a multilevel approach applied to an underlying sequence of spline bases that are locally linearly independent
and characterized by local and compact supports. The C! hierarchical isogeometric spaces on two-patch geometries are
then defined by applying the hierarchical construction to the C! isogeometric functions described in the previous section.
Particular attention is devoted to the proof of local linear independence of the basis functions, cf. Section 3.2, and to the
refinement mask that explicitly identifies a two-scale relation between hierarchical functions of two consecutive levels,
cf. Section 4.2. Note that, even if the hierarchical framework can be applied with different refinement strategies between
consecutive refinement levels, we here focus on dyadic refinement, the standard choice in most application contexts. In
the following the refinement level £ is denoted as a superscript associated to the corresponding symbol.
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Fig. 1. Example of basis functions of W on a two-patch domain: figures (a)-(b) show two basis functions of type (13) (standard B-splines whose
support is included in one of the two patches), while figures (c) and (d) correspond to basis functions of type (14) and (15), respectively (whose
supports intersect the interface).

3.1. Hierarchical splines: abstract definition
Let U° c U' ¢ ... c UM~ be a sequence of N nested multivariate spline spaces defined on a closed domain D C RY,
so that any space U, for £ =0, ..., N — 1, is spanned by a (finite) basis ¥* satisfying the following properties.

(P1) Local linear independence;
(P2) Local and compact support.

The first property guarantees that for any subdomain S, the restrictions of the (non-vanishing) functions ¥ € ¥* to S
are linearly independent. The locality of the support instead enables to localize the influence of the basis functions with
respect to delimited areas of the domain. Note that the nested nature of the spline spaces implies the existence of a two-
scale relation between adjacent bases: for any level ¢, each basis function in ¥* can be expressed as linear combination
of basis functions in w1,

By also considering a sequence of closed nested domains

R°>e'o... .oV, (17)

with £2° € D, we can define a hierarchical spline basis according to the following definition.

Definition 1. The hierarchical spline basis # with respect to the domain hierarchy (17) is defined as
H={y e¥' :supp’y € 2° Asupp’y ¢ 2", ¢=0,....N—1},
where supp®y = supp ¢ N £2°.
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Note that the basis 7 = #"~! can be iteratively constructed as follows.

1. 41 = {y € w0 :supp’y # 0};
2. fore=0,...,N—2

H =2 Ut
where
Hy = {v e n supp®y 2 2771} and HT = {y e W supp’y € 2071

The main properties of the hierarchical basis can be summarized as follows.

Proposition 1. By assuming that properties (P1)-(P2) hold for the bases W*, the hierarchical basis satisfies the following
properties:

(i) the functions in H are linearly independent,
( u) the intermediate spline spaces are nested namely span Htc span H“l

o~

20 and 2¢ < 24, for

¢=1,...,N—1, then spanH C spam/-[.

Proof. The proof follows along the same lines as in [15] for hierarchical B-splines. O

Proposition 1 summarizes the key properties of a hierarchical set of basis functions constructed according to
Definition 1, when the underlying sequence of bases ¥ satisfies only properties (P1)-(P2).

The results in Proposition 1 remain valid when additional assumptions are considered [17]. In particular, if the basis
functions in ¥¢, for £ = 0, ..., N—1 are non-negative, the hierarchical basis functions are also non-negative. Moreover, the
partition of unity property in the hierarchical setting can be recovered by considering the truncated basis for hierarchical
spline spaces [17]. In this case, the partition of unity property at each level ¢ is also required together with the positiveness
of the coefficients in the refinement mask. Even if the construction of C! functions on two patch geometries considered
in the previous section does not satisfy the non-negativity and partition of unity properties, we could still apply the
truncation mechanism to reduce the support of coarser basis functions in the C' hierarchical basis. Obviously, the resulting
truncated basis would not satisfy the other interesting properties of truncated hierarchical B-splines, see [16,17].

3.2. The C! hierarchical isogeometric space

By following the construction for the C! isogeometric spline space presented in Section 2, we can now introduce its
hierarchical extension. We recall that instead of considering the full C' space V at any hierarchical level, we may restrict
to the simpler subspace W, whose dimension does not depend on the functions «), «® and g, and it has analogous
approximation properties as the full space.

We consider an initial knot vector &' 0= Z) as defined in (1) for then introducing the sequence of knot vectors with
respect to a fixed degree p

=7r.0 ol or.N—1
up ,up ...,up N

where each knot vector

Elg'e ={0,...,0 ,‘L'](,...,‘L'f,TZK,...,TZZ,...,T’fl,...,T’fg, 1,...,1},
—_— ————— —— — —— S——
(p+1)—times (p—r)—times (p—r)—times (p—r)—times  (p+1)—times
for£ =1,...,N — 1, is obtained via dyadic refinement of the knot vector of the previous level, keeping the same degree
and regularity, and therefore k¢ = 2k‘~! + 1. We denote by S{;‘ the univariate spline space in [0, 1] with respect to the
open knot vector &' ¢, and let Nlrp[, fori e I ={0,...,p + k(p — r)}, be the associated B-splines. In addition, as in the

one-level case, Sr“ g and S (N”rl * and Nlrlf ;) indicate the subspaces (and their basis functions) of higher regularity

and lower degree respectlvely We also denote by
nt=p+1+kip-r), n0=p+1+kl(p—r—1), and nﬁ =p+kip—r-1),

the dimensions of the spline spaces S;;e, S;* 1.t and S;’f 1» respectively, and, analogously to I, we introduce the index sets
I5=1{0,....,n5—1}, L={0,...,n{—1},

corresponding to functions in Sl’,“*‘Z and S;’f 1» Tespectively.
Let

Vicvic...cvV!
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be a sequence of nested C! isogeometric spline spaces, with V¢ defined on the two-patch domain £ = 2® U 2® with
respect to the spline space of level £. Analogously to the construction detailed in Section 2.2, for each level 0 < ¢ < N—1
let us consider the subspace

W' = spand’,  with & = @, U b, UPp Udp,
where the basis functions are given by
) . : It . Ig .
Dl = {gb,‘? : zelg\{o,l};Jele}, of = {¢i° : 161(‘;}, >}, :{¢,.1 : lelﬁ},

with S € {L, R}, directly defined as in (11) and (12) for the one-level case.
By considering a domain hierarchy as in (17) on the two-patch domain £2 = £2°, and the sets of isogeometric functions
@t at different levels, we arrive at the following definition.

Definition 2. The C! hierarchical isogeometric space Wy with respect to a domain hierarchy of the two-patch domain
£2, that satisfies (17) with £2° = £2, is defined as

Wy =spanw with W = {¢ € &' : supp’¢ € 2° Asupp’p £ 2", ¢=0,...,N—1}.

The basis functions are then of the same type as in the tensor-product case, only belonging to different levels, see
Fig. 2 for an example.

In the remaining part of this section we want to prove that W is indeed a basis of the C! hierarchical isogeometric space
Wy. This requires to verify the properties for the abstract definition given in Section 3.1, in particular the nestedness of the
spaces W¢, and that the one-level C' bases spanning each W¢, for £ = 0, ..., N —1, satisfy the hypotheses of Proposition 1,
i.e. properties (P1)-(P2). The nestedness of the spaces W%, ¢ = 0, 1, ..., N—1, easily follows from definition (16), as stated
in the following Proposition.

Proposition 2. Let N € N. The sequence of spaces W, £ =0, 1,...,N — 1, is nested, i.e.

Wl cw!c...cwhNL

Proof. Let ¢ =0,...,N —2, and ¢ € W' C V¢ By definition (5) the spaces V* are nested, hence ¢ € V¢ C V“‘ Since
the spline spaces SL“ £ and Sp | are nested, too, we have ¢ o Fy € §;t"* C §[**1 and V¢ - (d o o) € Sp 1 CS, S
which implies that ¢ € W', O

The locality and compactness of the support of these functions in (P2) comes directly by construction and by the same
property for standard B-splines, see (13)-(15) and Fig. 1. The property of local linear independence in (P1) instead is
proven in the following Proposition.

Proposition 3. The set of basis functions ®¢ = ¢

LoUPL UL UL, is locally linearly independent, for € =0, ..., N—1.

Proof. Since we have to prove the statement for any hierarchical level £, we just remove the superscript £ in the proof
to simplify the notation. Recall that the functions in @ are linearly independent. It is well known that the functions in
@ 1) U ok are locally linearly independent, as they are (mapped) standard B-splines. Furthermore, it is also well known,
or easy to verify, that each of the following sets of univariate functions is locally linearly independent

(@) {Np, + Ny, Ni Y UAN ieno,1),

(b) {Nr“},elo.

(©) {N,p 1}iel; -
We prove that the set of functions @ is locally linearly independent, which means that, for any open set 2 C R the
functions of @ that do not vanish in £ are linearly independent on 2. Let Io C Io, 11 CcIlyand I A(S clLjel\{o,1},

S e {L R}, be the sets of indices corresponding to those functions ¢ ¢Fl and ¢9 respectlvely, that do not vanish
on £2. Then the equation

ZMO,:‘(P,-FO(X)-FZM,@F] + Z Z Z 9(5) X)=0, xe 2 (18)

icp i) SE(LRIjeN0.1) 1 G
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Fig. 2. Example of basis functions of Wy on a two-patch domain: on the left basis functions of type (13)-(15) respectively belonging to level 0 are
shown, while on the right analogous basis functions of level 1 are reported.
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has to imply po; = 0 forall i € To, n1;=0forallie T, and p,(s) =0 foralli eh(s) jeI\{0,1}, S € {L,R}. Eq. (18)
implies that

ZMO:( 5)) &1, &) +ZM11( )51752 Z Z ( 2 F(S>(§1,§2)

icly iel Jjen{o, 1y ,g,(S)

for (&1,&) € 26 and S € {L, R}, where 2 C (0, 1) are the corresponding parameter domains for the geometry
mappings F such that the closure of § is

c(2) = ol (FP(2W) U FR(2W)) .
By substituting the functions ¢ ° o F%), ¢/ o F¥) and ¢]ﬁ(s) o F®) by their corresponding expressions, we obtain

> wos (N,{;l(sz)(wg,p(sn NG E0) + B (NG) (6 TN ))

l‘E’i‘O

+ D i (@I @INED) + D D N EON] (&) =

iel Jjen{o. 1} ,E](S)

for (&1, &) € 2 and S € {L, R}, which can be rewritten as

(N 600+ N3 60) (30 o ') + N y(60 (5 3 osb eV (62) (19)
telo zelo
N0 (D e EIN, () + D Nple) (Zuﬂ £)) =0.
lel1 jel\{0,1}
Now, since 2 and £2¢) are open, for eachie To there exists a point (£1°), £7)) € 2©), with S € {L, R}, such that ¢;° does

not vanish in a neighborhood Q C 26 of the point. Due to the fact that the univariate functions N6 + N7

Ni, and
j’p,] eI\ {0, 1} are locally linearly independent and that N O,p(éls)) + NLP(’;‘l ) # 0, we get that

1,p’

D HoiN[y (&) =0, for & such that (&, &) € Q.

lElo

This equation and the local linear independence of the univariate functions {NH—]}IETO imply that o ; = 0. Applying this

argument for all i € Io, we obtain po; =0,i € lo, and the term (19) simplifies to

N (&) (Zm,a EN,1(8)) + D N(E( D uING (&) =o. (20)

iel jen{o.1 zei(s)

Similarly, we can obtain for each i € 71

Zm, N!,_1(£2) =0, for & such that (£, &) € Q, (21)

lEl]

with the corresponding points (sl(s), £) € £ and neighborhoods Q C £. Since the function & is just a linear function
which never takes the value zero, see (2), Eq. (21) implies that

D 1Nl 4(8) =0, for & such that (£, &) €
ieTl

The local linear independence of the univariate functions {N implies as before that uq; =0, i ei, and therefore

i.p—1}ie71
the term (20) simplifies further to

PBRIAGY (Z iy N & ) 0.

jel\{0,1} 1el

Finally, u}i) =0,i¢€ i}s),j e I'\ {0, 1}, S € {L, R}, follows directly from the fact that the functions in ®,u) U @,k are
locally linearly independent. O
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Finally, we have all what is necessary to prove the main result.
Theorem 1. W is a basis for the C! hierarchical space Wy.

Proof. The result holds because the spaces in Definition 2 satisfy the hypotheses in Proposition 1. In particular, we have
the nestedness of the spaces by Proposition 2, and for the basis functions in @ the local linear independence (P1) by
Proposition 3, and the local and compact support (P2) by their definition in (13)-(15). O

Remark 2. In contrast to the here considered C! basis functions for the case of analysis-suitable G! two-patch geometries,
the analogous C! basis functions for the multi-patch case based on [45] are, in general, not locally linearly dependent. Due
to the amount of notation needed and to their technicality, we do not report here counterexamples, but what happens,
even in some basic domain configurations, is that the basis functions defined in the vicinity of a vertex may be locally
linearly dependent. As a consequence, the construction of a hierarchical C' space requires a different approach, whose
investigation is beyond the scope of the present paper.

4. Refinement mask and implementation

In this section we give some details about practical aspects regarding the implementation of isogeometric methods
based on the hierarchical space Wy. First, we recall how the C' basis functions of one level can be expressed as linear
combinations of standard B-splines. Then, we specify the refinement masks, which allow to write the basis functions
of @* as linear combinations of the basis functions of ®‘*!. The refinement masks are important, as they are needed,
for instance, for knot insertion algorithms and some operators in multilevel preconditioning. Finally, we focus on the
implementation of the hierarchical space in the open Octave/Matlab software GeoPDEs [49], whose principles can be
applied almost identically to any other isogeometric code. The implementation employs the refinement masks for the
evaluation of basis functions too.

4.1. Representation of the basis with respect to S, ® S,

We describe the strategy shown in [43] to represent the spline functions of Section 2.2, namely ¢>i‘j(s) o F), ¢>ir 0 o F®)

and ¢i1"1 o F®), S e {L, R}, with respect to the spline space SL ® Slr,, using a vectorial notation. Let us first introduce the
vectors of functions Ny, N7 and N, given by

No(&1, &) = [N (61N} p(E2)ljer,  Ni(&1, &2) = [N ,(E0N; p(62))jer,
and
Nz(gh %'2) = [N,’r’p(él )I\]j,:p(&)]{e]\{oj},jep

which represent the whole basis of S|, ® S},. Let us also introduce, the vectors of functions

br,®) = [¢ " Xicty. S, (%) = [$] (X)]ica,

)
dos(X) = [flﬁ (X)lienjo,13;jar for S € {L, R},
and finally, for S € {L, R}, the vectors of functions ﬁﬁ; a(rsl), a(é?g), given by

P, 6) = 9] o FIEL Elictys D61, &) = [ 0 FOEr, &)l

$(535>($1, &)= [¢f3(5) o F(&1, &)lien(0.1); je-

Since the basis functions ¢i‘5(5) are just the “standard” isogeometric functions, the spline functions ;5(925)(51, &) automati-

cally belong to the basis of the spline space S{, ® S;, while an analysis of the basis functions in 3(150)(51, &) and ?ﬁl’(sl, &),
leads to the following representation

=(5) - o~

ér,(61.62) 3 B o No(£1, £)

$riEnEe) |=| 0 B9 o [ Ni(&1, &) } Se{L R}, (22)
0 0 In(nfz) NZ(Ela SZ)

;5(;25)(51, &)
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where I, denotes the identity matrix of dimension m, and the other blocks of the matrix take the form B = [’b\i'j]iglo,jel,
BS) = [Egj)]iglo,jgl, and B®) = [b ],el1 jer- In fact, these are sparse matrices, and by defining the index sets

Joi=1{i el : supp(Nj,)Nsupp(N/;') # @}, foriel,
and

Jui=1{ el : supp(N;,) Nsupp(N;, ;) # @}, foriely,

it can be seen that the possible non-zero entries are limited to b”, bf]), i€l je€]joi and Bgi), i ely,j €] respectively.
For the sake of completeness, we explain how to compute these coefficients as suggested in [43]. Let us denote by ¢,

with m € I, the Greville abscissae of the univariate spline space S;,. Then, for each S € {L, R} and for eachi € Ip ori € I,

the linear factors b”, b,] ,J €Jo.i, and b” ,Jj € J1.i, can be obtained by solving the following systems of linear equations

((b,-ro ) (0, ¢m) = Zbu (& m € Jo,,

J€lo.i

710 (9 0 F9)(0, &)
p

+ (87 0 F9) 0, n) = S HIN(m), m <o
Jj€lo.i
and

7101 (fl" ° F(L)>(O, {m)
p

= st)Nr m GJ]J‘,

j€hi

respectively, see [43] for more details. Note that the coefficients b, o 1€ I, are exactly the spline coefficients of the

B-spline I\Ijr;rl for the spline representation with respect to the space S, and can also be computed by simple knot
insertion.

4.2. Refinement masks

Let us recall the notations and assumptions from Section 3.2 for the multi-level setting of the spline spaces W¢,
¢ =0,1,...,N — 1, where the upper index ¢ refers to the specific level of refinement. We will use the same upper
index in an analogous manner for further notations, which have been mamly introduced in Sections 2.2 and 4.1 for the
one-level case, such as for the vectors of functions Ny, N, N, and ¢Fo qu1 ¢925), S € {L, R}, and for the transformation
matrices B, BS) and B®), S e {L, R}.

Let R, be the set of non-negative real numbers. Based on basic properties of B-splines, there exist refinement matrices
£+1 14 +1

. . nl+1 nzxn nyxn
(refinement masks) AL e R, ALFLET e ROV and AT e R such that

[N (Eiene = Ay T IND(ENigenn

NG iy = 45NN g
and
117 1(5)]l€ll - rfJH ,rprr]l(E)]ldH]

These refinement matrices are banded matrices with a small bandwidth. Furthermore, using an analogous notation
to Section 4.1 for the vectors of functions, the refinement mask between the tensor-product spaces Slr,'“ ® S{;[ and
S;’“l ® S;*‘“ is obtained by refining in each parametric direction as a Kronecker product, and can be written in
block-matrix form as

Ni(&1, &) NG, &) O’ Ou 5! NGT'(&1, &)
Ni(E1. &) | =TT @A™ | NY(ELE) =] 0 of of! NiF(EL &) |- (23)
Ni(&1, &) Ny, &) 0 0 6y NST(&1, &)

Note that in case of dyadic refinement (as considered in this work), we have (~)£2+ T=o.

The following Proposition provides the relation between basis functions of two consecutive levels, which can be
interpreted as follows: while the refinement of standard B-splines of level ¢ of course gives B-splines of level ¢ + 1,
by refining basis functions of level ¢ of the other two types we obtain functions of the respective type and standard
B-splines of level ¢ + 1.
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Proposition 4. It holds that

¢4IZ_O(X) A;+1,z+1 0 g(L),Z@S—l E(R),Z@f;—l ¢z+1( )
noo || o et mer Bweer || e 24)

oux) | 0 0 oy 0 ¢‘;m(x) '

o (X) 0 0 0 05" ¢ (X)

Proof. The idea of the proof is based on first writing the basis functions of level £ in terms of standard B-splines of the
same level by using (22), and then of level £+ 1 by (23). Then, the same functions are written in terms of B-splines of level
£ + 1, using the expressions given by (13)-(15). Comparing the two expressions, and using again (13)-(15), we finally
show that the result is a combination of basis functions of level ¢ + 1.

We first show the refinement relation for the functions ¢‘}0. For this, let us consider the corresponding spline functions

$(,§0) ¢ S € {L, R}. On the one hand, using first relation (22) and then relation (23) with the fact that @g;“] = 0, we obtain

—(5),¢ P T

b, (1.&) =[B" B 0 ][ Nj(&. &) Ni(51,&) N(&1. &) |
L Op' Gy' 0 NG (€1 &)

=[B B o]| o o4 ey NITU(EL &) |,
0 0 ey N5 (&1, &)
which is equal to
[EZ@K+1 ’§z@l+1+‘§(5),z@z+1 ] NSH(Sl’gZ) +§(S)’l@€+1NH1(El £) (25)

00 01 11 N‘iﬁ-l(é]’ ‘;’_-2) 12 2 ’ .

On the other hand, from (14) the functions $(,§O)e possess the form

J4
o) = [N @) ((Ng;ﬁ(sl)+1v§;§(sl))+’I;ﬂ@(sz)[( ) (sz)] Nps(&.

ielé
. . : r+1,04+1 :
By refining the B-spline functions N;, (&), we obtain

a(ﬁo)e(gh £) = AIrJ+1,£+1 [ NI z+1($2)] " (Nr YE) + N (51 ))
le ) r1,04+1 r+1,641 re
BN, [(N )& )] L NTE).

Then, refining the B-spline functions N§';(&1) + Ny, (£1) and Ny, (&1) leads to

“S).¢ 1,641 +1,z+1 e+1 z+1 e+1 e+1
) = a7 W] (X0 AN 0+ Y AN )

jert+ jert+
¢
T
+ ;ﬂ(s)(SZ)A;ﬂH] (Nir+1,z+1) (&) Z Af“NT'“](&),
D p e J Nip
iely jert+1
where (" are the entries of the refinement matrix A7“+'. Since we refine dyadically, we have A" = 1, g% = 3,
A =02"=1and /! = 71 and we get

a(rso) z(sh £) = <A,r,+1’z+] [N{;Leﬂ(éﬁ]idm ( r£+l(€__1) N z+1(%_1 ))
Z-H
=P [( N Z+1) & )} N6 ))
Y g AN )

jert+1\(0,1)
¢
T 1e+1) s
+ ;15(5)(52)/‘?1,43“ [(N{; + ) (Ez)] " Z )L(iTer,er (51)>,
i€l jert+1y(o,1)

C+1
eIO

+ (A;+1,z+1 I:N;:;—Ll-%—l(é__z)]' »
IEIO
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which is equal to

3(150) “61.8) = At ”1?55 e )

+ <A;+1,l+1 [N£;1,2+1(§2)]161K+1 ( Z ()‘éjj i )\ﬁjl)l\lﬁi)@r](&)) (26)
0

Jjerlt1\{o, 1)
L
T /
+7113(s)(§2)A;+1,e+1 [(N{;L”l) (Sz)] . Z A“]Nr 4f+1(S )>_
P €lp™ jert+1y(o,1)

By analyzing the two equal value terms (25) and (26) with respect to the spline representation in &;-direction formed by
the B-splines Mf;f“(&), j € 1, one can observe that the first terms in both equations only contain these B-splines with
index j = 0, 1, while the second terms only contain these B-splines with indices j # 0, 1. Therefore, both first terms and
both second terms each must coincide. This leads to

~~S).t ~~S),t+1 ~
b, (61,&)= AP (E, &) + B OTINGT (6, &),

which directly implies the refinement relation for the functions ¢lr0.

The refinement for the functions ¢f~1 can be proven similarly. Considering the spline functions 6(151)’[, S € {L, R}, we get,
on the one hand, by using relations (22) and (23) and the fact that @é;l =0

?ﬁfz(susz) —[0 B9C 0 ][ Ny& &) NiEL &) NyEL&) |

O Oy 0 NG (61, &)
=[o0 B9 0o]| o oF ey N, &)
0 0 oy Ny (&1, &)

— B© eOHlNzH(Sl’ £)+ B(S)Z()€+1Nk+l(§l7 £). (27)

On the other hand, from (15) the functions ¢ Fl’ can be expressed as

B0 (61 82) = Ve [N (&) Ve

and after refining the B-spline functions N;:ﬁ(&) and N"** (&) 1€ lﬁ we obtain that this is equal to

i,p—1
O é+1 e+ RN
¥ (6 ) = e AR [N ] D AN e,
jert+1
where A" are again the entries of the refinement matrix ‘', Recalling that A{%' = 0 and A{%' = J, we get

3(151”(51@2) (Ez)A;’le[ lrle](SZ)] m( N6 + Z )‘éljll\]jr,%;[+l($1))

jelt+h(o,1}

~(5).6+1
= S AE e e+ e A [N L DD AN (28)
T jert+\(o,1

_— . S). )
Considering the two equal value terms (27) and (28), one can argue as for the case of the functions E(FO) , that both first
terms and both second terms each must coincide. This implies

~S).¢ A8),e+1 —
br (E1.6)= EA;‘WF] (&1, &)+ B O NS (&1, &),

which finally shows the refinement relation for the functions ¢ZF1.

Finally, the relation for the functions ¢9(5), € {L, R}, directly follows from relation (23), since they correspond to
“standard” B-splines. O

4.3. Details about the implementation

The implementation of GeoPDEs is based on two main structures: the mesh, that contains the information related to
the computational geometry and the quadrature, and that did not need any change; and the space, with the necessary
information to evaluate the basis functions and their derivatives. The new implementation was done in two steps: we
first introduced the space of C! basis functions of one single level, as in Section 2.2, and then we added the hierarchical
construction.
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For the space of one level, we created a new space structure that contains the numbering for the basis functions of the
three different types, namely @), @1, and @r,. Note that the number of basis functions of each type is easily obtained
from (11)-(12) and the cardinality of the sets of indices I, Iy and I;. The evaluation of the basis functions, and also matrix
assembly, is performed using the representation of C! basis functions in terms of standard tensor-product B-splines, as
in Section 4.1. Indeed, one can first assemble the matrix for tensor-product B-splines, and then multiply on each side this
matrix by the same matrix given in (22), in the form

B B9 o
K =BOKP(B)T, withBS=| o0 B9 0o , forS =L,R,
0 0 Iyo

where Kés) represents the stiffness matrix for the standard tensor-product B-spline space on the patch £2¢, and 1<§§) is the
contribution to the stiffness matrix for the W space from the same patch. Obviously, the same can be done at the element
level, by restricting the matrices to suitable submatrices using the indices of non-vanishing functions on the element.

Once the C! space of one level is in place, the next step is the implementation of the hierarchical C! space, which can
be done following [22]. As explained in that paper, although the details were given for standard hierarchical B-splines,
the same data structures and algorithms are valid for the abstract construction of hierarchical splines from [17], that we
summarized in Section 3.1. As before, the structure for the hierarchical mesh does not differ from the case of hierarchical
B-splines, and the differences are in the space structure.

For the space, it is first necessary to complete the space structure of one single level, that we have just described, with
some functionality to compute the support of a given basis function, as explained in [22, Section 5.1]. This can be easily
done from the analogous functions for B-splines combined with the knowledge of the matrix B). Second, the hierarchical
structures are constructed following the description in the same paper, except that for the evaluation of basis functions,
and in particular for matrix assembly, we make use of the refinement masks of Section 4.2. The support functionality
contains all the necessary information to compute the set of active functions when applying the refinement algorithms
in [22], while the refinement masks also give us the two-level relation, stored in the matrix Cf“ of that paper, that is
used both during matrix assembly and to compute the refinement matrix after enlargement of the subdomains.

5. Numerical examples

We present now some numerical examples to show the good performance of the hierarchical C! spaces for their use
in combination with adaptive methods. We consider two different kinds of numerical examples: the first three tests are
run for Poisson problems with an automatic adaptive scheme, while in the last numerical test we solve the bilaplacian
problem, with a pre-defined refinement scheme.

5.1. Poisson Problem

The first three examples are tests on the Poisson equation

—Au=f in £,
u=g onas2.

The goal is to show that using the C! space basis does not spoil the properties of the local refinement, and that the
behavior is similar to the one obtained using spaces with C° continuity across the interfaces. The employed isogeometric
algorithm is based on the adaptive loop (see, e.g., [50])

SOLVE — ESTIMATE — MARK — REFINE.

In particular, for the examples we solve the variational formulation of the problem imposing the Dirichlet boundary
condition by Nitsche’s method, and the problem is to find u, € Wy such that for every test function vy, € Wy it holds

dup vy dvp Y
Vuy - Vo — —vn— [ up—+ 7uhvh fvh g0 + —gup,
2 rp on p on n, Mo o n e

where hq is the local element size, and the penalization parameter is chosen as y = 10(p 4 1), with p the degree. The
error estimate is computed with a residual-based estimator, given by

1/2
au
e(up) = (Z eé(u,ﬂ) , with EQ uh)—< fU+Auh| + hg /erl:[ani]] )

QeM

where the sum is over all the elements of the mesh M, n is the unit normal vector of the interface I", and [[-] denotes
the jump across the interface. Note that for C! functions the jump term does not need to be computed. The marking of
the elements at each iteration is done using Dorfler’s strategy (when not stated otherwise, we set the marking parameter
equal to 0.75). The refinement step of the loop dyadically refines all the marked elements. Although optimal convergence
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(a) Domain used in the Examples 1 and 4. (b) Domain used in the Examples 2 and 3.

Fig. 3. The two domains used in the numerical examples.

can be only proved if we refine using a refinement strategy that guarantees that meshes are admissible [18], previous
numerical results show also a good behavior of non-admissible meshes [50].

For each of the three examples we report the results for degrees p = (3, 3), (4, 4), with C! smoothness across the
interface, and with a regularity r equal to degree minus two within the single patches. We compare the results for the
adaptive scheme with those obtained by refining uniformly, to show the benefits of local refinement. We also compare
them with the ones obtained by employing the same adaptive scheme for hierarchical spaces with C° continuity across
the interface, while the same regularity within the patches as above is kept, to validate the optimal convergence of the
adaptive scheme with C! continuity spaces.

Example 1. For the first numerical example we consider the classical L-shaped domain [—1, 1]>\ (0, 1) x (—1, 0) defined
by two patches as depicted in Fig. 3(a), and the right-hand side f and the boundary condition g are chosen such that the
exact solution is given by

2 (4
u(p,0) = p3 Sln<39>,

with p and 0 the polar coordinates. As it is well known, the exact solution has a singularity at the reentrant corner.

We start the adaptive simulation with a coarse mesh of 4 x 4 elements on each patch, and we use Dorfler’'s parameter
equal to 0.90 for the marking of the elements. The convergence results are presented in Fig. 4. It can be seen that the error
in H! semi-norm and the estimator converge with the expected rate, in terms of the degrees of freedom, both for the C!
and the C° discretization, and that this convergence rate is better than the one obtained with uniform refinement. The
effectivity index of the residual estimator, that is, the ratio between the estimated error and the exact error is around 10,
as already observed in previous works [20,50]. Moreover, the errors for the C! and the C° discretizations are very similar,
although slightly better for the C! case, which maintains the optimal convergence rate. Note that, since the spaces only
differ near the interface, the difference in the error between the two discretizations is very small.

We also show in Fig. 5 the final meshes obtained with the different discretizations. It is clear that the adaptive method
correctly refines the mesh in the vicinity of the reentrant corner, where the singularity occurs, and the refinement gets
more local with higher degree.

Example 2. In the second example the data of the problem are chosen in such a way that the exact solution is
u(x, y) = (—120x + x> — 96y — 8xy + 16y*)'?/ cos(y/20),

defined on the domain shown in Fig. 3(b). The geometry of the domain is given by two bicubic Bézier patches, and the
control points are chosen following the algorithm in [39], in such a way that the geometry is given by an analysis-suitable
G! parameterization, see Appendix for details. Note that we have chosen the solution such that it has a singularity along
the interface. In this example we start the adaptive simulation with a coarse mesh of 8 x 8 elements on each patch. We
present the convergence results in Fig. 6. As before, both the (relative) error and the estimator converge with optimal
rate, and both for the C° and the C' discretizations, with slightly better result for the C! spaces. We note that, since the
singularity occurs along a line, optimal order of convergence for higher degrees cannot be obtained without anisotropic
refinement, as it was observed in the numerical examples in [51, Section 4.6].
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Fig. 4. Error in H' semi-norm and estimator for Example 1 with p = (3, 3) and p = (4, 4), compared with C° case (left) and with global refinement
case (right).

We also present in Fig. 7 the finest meshes obtained with the different discretizations, and it can be observed that the
adaptive method correctly refines near the interface, where the singularity occurs.

Example 3. We consider the same domain as in the previous example, and the right-hand side and the boundary
condition are chosen in such a way that the exact solution is given by

u(x,y) = (y — 1.7)*5 cos(x/4).

In this case the solution has a singularity along the line y = 1.7, that crosses the interface and is not aligned with the
mesh.

The convergence results, that are presented in Fig. 8, are very similar to the ones of the previous example, and show
optimal convergence rates for both the C! and the C° discretizations. As before, we also present in Fig. 9 the finest
meshes obtained with the different discretizations. It is evident that the adaptive algorithm successfully refines along
the singularity line.

Condition number. To show that C! continuity does not reduce the performance of the method compared to C°
continuity, we have also analyzed the condition number of the corresponding stiffness matrices. In Fig. 10 we show
the condition number of the stiffness matrix for the numerical tests of Example 1 and Example 2. The reported results
correspond, both for the C° and the C! case, to the solutions obtained by applying the inexpensive diagonal scaling as
preconditioner. The results show a good behavior of the C! spaces, with a condition number very similar to the C° ones.
Note that, due the local nature of the refinement, in many cases the condition number may remain low even without
using a more suitable preconditioner.

5.2. Bilaplacian problem

In the last example we consider the solution of the bilaplacian problem, given in strong form by

Au=f in £,
u=g; onas2,

au
— =g onoas.
an

It is well known that the weak formulation of the problem in direct form requires the trial and test functions to be in
H?(£2). For the discretization with a Galerkin method, this can be obtained if the discrete basis functions are C!, and this
is the main advantage of the construction of the C! hierarchical basis. The solution of the problem with C° basis functions,
instead, requires to use a mixed variational formulation or some sort of weak enforcement of the C! continuity across the
interface, like with a Nitsche’s method.

Example 4. For the last numerical test we solve the bilaplacian problem in the L-shaped domain as depicted in Fig. 3(a).
The right-hand side and the boundary conditions are chosen in such a way that the exact solution is given, in polar
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Fig. 5. Hierarchical meshes for Example 1, with p = (3, 3) and p = (4, 4). Apparently the meshes are the same for the C° and C! case, but there
are some differences in the finest levels.

coordinates (p, 8), by

u(p, 0) = p**H(C1 F1(0) — G Fx(9)),

where value in the exponent is chosen equal to z = 0.544483736782464, which is the smallest positive solution of
sin(zw) + z sin(w) = 0,

3(z— 1) 1 . [(3z+1n
G sin — sin ,
z—1 2 z—1 2
3(z— 1) 3(z+ 1)
G=cos| ——— ) —cos| ——— |,
2 2

F1(0) = cos((z — 1)0) — cos((z + 1)0),
F(0) =

with w = 37 /2 for the L-shaped domain, see [52, Section 3.4]. The other terms are given by
1

1 sin((z — 1)0) — J_ 1 sin((z 4+ 1)8).

The exact solution has a singularity at the reentrant corner, and it is the same kind of singularity that one would encounter
for the Stokes problem.

For our numerical test we start with a coarse mesh of 8 x 8 elements on each patch. In this case, instead of refining
the mesh with an adaptive algorithm we decided to refine following a pre-defined strategy: at each refinement step, a
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Fig. 6. Relative error in H' semi-norm and corresponding estimator for Example 2 with p = (3, 3) and p = (4, 4), compared with C° case (left) and
with global refinement case (right).
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Fig. 11. Hierarchical mesh (a) and comparison of the results obtained by local refinement and C' space with global refinement (b) on Example 4.

region surrounding the reentrant corner, and composed of 4 x 4 elements of the finest level, is marked for refinement, see
Fig. 11(a). We remark that the implementation of the adaptive algorithm with a residual-based estimator would require
computing fourth order derivatives at the quadrature points, and several jump terms across the interface, that is beyond
the scope of the present work.

In Fig. 11(b) we show the error obtained in H? semi-norm when computing with C! hierarchical splines of degrees
3 and 4 and regularity r equal to degree minus two within the single patches, for the local refinement described above,
and with C! isogeometric splines of the same degree and inner regularity r with global uniform refinement. It is obvious
that the hierarchical spaces perform much better, as we obtain a lower error with many less degrees of freedom. In this
case we do not see a big difference between the results obtained for degrees 3 and 4, but this is caused by the fact that
we are refining by hand, and the asymptotic regime has not been reached yet.

6. Conclusions

We presented the construction of C! hierarchical functions on two-patch geometries and their application in isogeo-
metric analysis. After briefly reviewing the characterization of C! tensor-product isogeometric spaces, we investigated the
properties needed to effectively use these spaces as background machinery for the hierarchical spline model. In particular,
the local linear independence of the one-level basis functions and the nested nature of the considered C! splines spaces
was proved. We also introduced an explicit expression of the refinement masks under dyadic refinement, that among
other things is useful for the practical implementation of the hierarchical basis functions. The numerical examples show
that optimal convergence rates are obtained by the local refinement scheme for second and fourth order problems, even
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Table A.1
Control points E(,sj) S € {L, R}, of the initial non-analysis-suitable G' two-patch parameterization F.
~L) <R
< Cij
(0,0) (=3,1/3) (=6,-2) (0,0) (13/5,1) (6,—1)
(—-2,5/2) (—13/4,53/20) (=5,2) (—-2,5/2) (39/20, 3) (4,11/3)
(0,6) (=3,17/3) (=7,8) (0,6) (3.5) (11/2,13/2)
Table A.2

Control points cgj), S € {L, R}, of the resulting analysis-suitable G' two-patch parameterization F.

(L)
i

C

(0,0) (=2,2/9) (—4, —4/9) (-6, -2)
(—4/3,5/3) (—127/50, 44/25) (—98/25, 37/25) (—16/3,2/3)
(—4/3,11/3) (C3, Ca) (—89/25, 189/50) (=17/3,4)
(0, 6) (—2,52/9) (—13/3,58/9) (-7,8)

o

(0,0) (26/15, 2/3) (56/15,1/3) 6, 1)
(—4/3,5/3) (C1,G) (87/25, 113/50) (14/3, 19/9)
(—4/3,11/3) (Cs, Cs) (29/10, 4) (9/2,83/18)
(0, 6) (2,16/3) (23/6,11/2) (11/2,13/2)

in presence of singular solutions. In future work we plan to generalize the construction to the multi-patch domain setting
of [45], but this will require a different strategy with respect to the approach presented in this work since the basis
functions of a single level may be locally linearly dependent in the neighborhood of extraordinary points. A possible
approach is to express the single level basis functions as in the setting of spline manifolds [53], and define different
refinement strategies for marked elements depending on the type of chart they belong to.
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Appendix. Geometry of the curved domain

The geometry in Fig. 3(b) for the examples in Section 5 is generated by following the algorithm in [39]. This technique
is based on solving a quadratic minimization problem with linear side constraints, and constructs from an initial multi-
patch geometry F an analysis-suitable G! multi-patch parameterization F possessing the same boundary, vertices and first
derivatives at the vertices as F. N

In our case, the initial geometry F is given by the two patch parameterization consisting of two quadratic Bézier
patches FV) and F® (i.e. without any internal knots) with the control points E(lsj) S € {L, R}, specified in Table A.1. This
parameterization is not analysis-suitable G'.

Applying the algorithm in [39] (by using Mathematica), we construct an analysis-suitable G! two-patch geometry F
with bicubic Bézier patches F© and F®). Their control points cfj), S € {L, R}, are given in Table A.2, where for presenting
some of their coordinates the notations D = 99170 and

C; = 333939/D, C, = 47387036/(22.5D),
C; = —15800567/(5D), C4 = 242128576/(67.5D),
Cs = 57452423/(45D), Cg = 81952942/(22.5D),

are used.
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