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A B S T R A C T   

The photopolymerization process is a high-precision and efficient technology to obtain solid polymers starting 
from a photosensible liquid resin made of monomer units. This technology is widely used in Additive 
Manufacturing (AM) to produce objects whose size can fall within the range 10− 5 − 100 m. The outstanding 
potentialities of this technology can be harnessed to tailor the structure of a polymeric material by controlling 
how the light-induced polymerization process is performed, typically by operating on subsequent layers forming 
the final object. The present research illustrates the chemical-physics phenomena involved in the photo
polymerization and presents a multi-physics framework and the related governing equations. Its implementation 
within a computational framework is developed and several simulations demonstrating the influence of the AM 
printing setup on the final microstructure of the obtained polymer are presented. It is shown that 
photopolymerization-based AM technology allows us to finely tune the mechanical properties distribution within 
the material domain, enabling the material’s architecture to be tailored to the application of interest.   

1. Introduction 

Visible or ultraviolet (UV) light can be effectively used to trigger and 
propagate a polymerization reaction in photopolymers in order to a solid 
structure. A photopolymer, or light-activated resin, can be obtained 
starting from a liquid resin by exploiting the light-activation capability 
of cromophores (photoinitiators) embedded in the monomer liquid 
domain exposed to light with a suitable wavelength. The solid polymer 
forms because of the microstructure evolution due to the cross-linking 
mechanism taking place between the monomer units and the 
emerging chains to form a linear or cross-linked structure, a process 
usually referred to as curing (Phillips, 1984; Yamaguchi and Nakamoto, 
1998; Bowman et al., 2008; Chen et al., 2016; Bikas et al., 2016; Al 
Rashid et al., 2021). 

A so-called photopolymer is made of a mixture of monomers and 
oligomers which can polymerize in the presence of light, resulting in a 
thermoset polymer. Photo-curing is usually obtained by using high- 
energy light sources, such as lasers; however, visible light can also be 
used. Most of the photopolymers are not readily activated by light, and 
the presence of a photoinitiator is usually required. Photoinitiators are 
compounds that exposed to light decompose into reactive species which 
activate the polymerization induced by functional groups on the 
oligomers. 

The final structural and chemical properties of the photopolymerized 
material can be easily controlled within the domain of interest by 
properly setting the proportions of monomers and oligomers composing 
the photopolymer. 

The photopolymerization mechanism is nowadays effectively 
implemented in advanced Additive Manufacturing (AM) technologies 
(Andrzejewska and Grajek, 2017; Schwartz, 2022; Long et al., 2009; 
Brighenti et al., 2021a, 2021b) (such as Stereolithography (SLA), Digital 
light processing (DLP), etc.), enabling to obtain high-precision parts – 
whose size can fall in a wide range of dimensions, roughly 10− 5 − 100 m 
– suitable to be used in medicine, nanotechnology applications, fabri
cation of small-scale metamaterials, energy and advanced technological 
applications (optoelectronics, holographic data storage, …), etc. 
(Andrzejewska and Grajek, 2017; Schwartz, 2022; Han et al., 2019; Bella 
and Bongiovanni, 2013; Buss et al., 2018). 

Photopolymerization technology offers new and unprecedented 
possibilities of controlling the physical and mechanical material prop
erties within the printing domain, enabling a space-time tuning; this 
allows us to obtain the so-called architected materials, whose behavior 
at the macroscale can be controlled through their microstructure 
(Brighenti et al., 2021c). 

Some studies have considered modelling the photopolymerization 
process by accounting for the main physical phenomena involved 
(Westbeek et al., 2018, 2020; Classens et al., 2021); in particular, the 
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optimal control of material properties obtainable from the photo
polymerization process has been the subject of the research proposed in 
(Classens et al., 2021); the Authors proposed a novel modular 
control-oriented paradigm for controlling the process, where the mate
rial properties are controlled in closed-loop and in real-time at the full 
machine scale. An interesting insight on the coupling between different 
physical phenomena involved in the production of ceramics through the 
AM photopolymerization process have been shown in (Westbeek et al., 
2020); a theoretical and numerical framework – highlighting the diffi
culty in achieving homogeneous polymerization for ceramic-filled resins 
– has been presented. The parameters affecting the photopolymerization 
efficacy have been the subject of different investigations (Kılıç et al., 
2021; Terrones et al., 2001; Lin et al., 2019; Bennett, 2017); based on 
experimental studies, the effect of layer thickness on residual monomers 
release in polymerization of bulk-fill composites has been presented in 
(Kılıç et al., 2021). In other studies, the kinetic equations have been 
derived and solved numerically to quantify the importance of account
ing for the light attenuation and the photoinitiator consumption effects 
in photopolymerization (Terrones et al., 2001), and to evaluate the role 
of oxygen inhibition, viscosity, and variable light intensity due to 
photosensitizer depletion in time (Lin et al., 2019). The roles of the 
critical energy value necessary to initiate the polymerization and the 
penetration depth of the curing light for five commercial resins, have 
been considered through a testing methodology in (Bennett, 2017); the 
obtained results showed a wide range of values useful for improving the 
printer performance. Recently, experimental results aimed at quanti
fying the evolution of the degree of cure as a function of temperature and 
light intensity, rheometry-related quantities (such as the shear storage 
modulus in the gel–sol transition and beyond the gelation point), as well 
as for characterizing the shrinkage phenomenon in photopolymers ob
tained by DLP have been provided (Sekmen et al., 2022, 2023; Rehbein 
et al., 2021). 

More recently, the implementation of artificial intelligence in this 
research field has been reported in a review paper in which the open 
issues, and the computational artificial intelligence models in 

photopolymerization-based 3D printing have been illustrated (Sachdeva 
et al., 2022). 

In the present study, we investigate the photopolymerization process 
by quantifying the main involved physical processes and their reciprocal 
interaction; in more detail, we propose a multi-physics model describing 
the photopolymerization induced by a moving laser light source creating 
a layered structure. The mechanical response of the obtained material is 
finally considered and is related to the adopted photopolymerization 
printing setups. 

The paper is organized as follows: Sect. 2 illustrates the governing 
equations of the chemical-physics phenomena involved in photo
polymerization starting from light diffusion (Sect. 2.1), chemical ki
netics (Sect. 2.2), and polymer mechanics (Sect. 2.3). Sect. 3 is devoted 
to the computational implementation of the proposed multi-physics 
model for layered photopolymerization. Sect. 4 presents some numeri
cal results obtained by considering different settings of the 
photopolymerization-based AM process; some relevant conclusions and 
observations are drawn based on the material’s mechanical properties 
distribution and the mechanical response of the obtained AM elements. 
Finally, Sect. 5 provides some conclusions and research perspectives in 
the field. 

2. Chemical-physics of photopolymerization 

In this section, the chemical-physics phenomena involved in the 
photopolymerization process are considered and the related governing 
equations are illustrated and discussed. Starting from the light spread 
and diffusion in the initially liquid medium being solidified, we consider 
the photo-induced chemical reactions leading to the solid polymer and, 
finally, we introduce a statistical-based description of the mechanics of 
the chain network to be used for the macroscale modelling of the 
material. 

Nomenclature 

A Attenuation coefficient or material absorbance 
A Depletion matrix of the light diffusion problem in the FE 

discretized domain 
Aabs, Apol, Amon Absorption due to photoabsorbers, due to monomer 

converted into polymer and due to un-polymerized 
monomers, respectively 

b Length of Kuhn’s segments 
ca Concentration of polymer’s cross-link 
CI Concentration of photo-initiator molecules (PhI) 
CM Concentration of monomer molecules (M)

CR Concentration of free radicals (R•) 
S Stabilization matrix of the numerical solution of the light 

diffusion problem 
E Light gradient matrix of the domain discretized with FEs 
F Deformation gradient tensor 
g(X0,X, t) Dimensionless light intensity distribution at time t 
G,G Shear modulus of the photopolimerized polymer and that 

of the fully-cured material, respectively 
hi Thickness of the i − th photopolymerized layer 
I (X, t) Light intensity field at time t 
Im Maximum laser light intensity on the irradiated surface 
J = det F Relative volume change of the material 
kB Boltzmann’s constant 
kd,kp,kt Reaction rate constants of the photopolymerization 

reactions 

kpr Photodecomposition rate 
l Unit vector identifying the incoming light beam direction 
L Velocity tensor gradient of deformation 
N Number of Kuhn’s segments in a polymer chain 
n Unit vector normal to the free surface of the domain hit by 

the light beam 
m Number of radicals generated in the photodecomposition 
P First Piola stress tensor 
P• Functional groups (growing polymer chains) 
Pdead Dead polymer chains (chains that completed the growth 

process) 
q Vector of the nodal values of the incoming light intensity 
R• Free radicals 
t Time 
tc Curing time 
T Temperature 
v Linear velocity of the light beam 
f(r), f0(r) Dimensionless distribution function of the chains’ end-to- 

end vector and the corresponding one at the initial stress- 
free state, respectively 

ψ Energy in a single polymer chain 
Ψ Energy per unit volume of polymer 
ϱ Degree of cure (or degree of conversion, DoC) achieved 

during the photopolymerization 
θ Photo-initiator molar absorptivity 
[∎] Concentration of the chemical species represented by ∎ 
∎̃ Average value of the generic quantity ∎  
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2.1. Light diffusion through a partially transparent medium 

Light diffuses instantaneously in a partially or completely trans
parent material. The main parameter to be determined for this problem 
is the light intensity which attenuates as the light spreads deeper and 
deeper within the medium. The light intensity attenuation depends on 
the so-called absorptivity of the material, whose value depends on the 
amount of the various light-absorbing species present in the main ma
terial and on its own molar absorptivity. 

The light diffusion is governed by the well-known Beer-Lambert law 
expressed by first order elliptic partial differential equations (PDEs) 
providing a relation between the light intensity gradient and the light 
attenuation (Davis and Marshak, 2004; Zakeri et al., 2020; Lang et al., 
2022). Mathematically such a relationship is expressed as: 

l(X, t)⋅∇XI (X, t) = − A(X, t) I (X, t), ​ X ∈ Ω0  

I (X, t) = I (X, t), ​ X ∈ ∂Ω0 (1)  

where Ω0 is the domain through which the light spreads and ∂Ω0 is its 
boundary, while X, t indicate the generic point belonging to the above- 
mentioned domain and the time, respectively. In Eq. (1), ∇X indicates 
the gradient operator in the reference configuration, l(X, t) is the unit 
vector of the incoming beam light, I (X, t) is the light intensity at the 
time t at the point X, and A(X, t) is the light attenuation coefficient of the 
material. This latter parameter is usually expressed by adding the ab
sorbances of the various species present in the material, namely - in the 
case of a photoresin - the photo-initiator (with concentration CI) molar 
absorbivity θ, the photoabsorbers and polymer absorbivities Aabs, Apol, 
respectively, and the absorbivity of the initial monomers Amon (Shao 
et al., 2014), (Wu et al., 2018): 

A(X, t)= θ CI(X, t) + Aabs(X, t) + Apol ϱ(X, t) + Amon[1 − ϱ(X, t)] (2) 

The above expression considers the light absorbance to be evaluated 
by additively considering all the factors hindering the light beam in 
entering the material. As can be appreciated, A(X, t) takes into account 
for the evolution of the various species involved in the process, namely 
the polymer-related light absorption effect through its fraction 
expressed by using the degree of cure ϱ, and the monomer-related light 
absorption effect through its residual amount, expressed by using the 
factor 1 − ϱ, taking place during the photopolymerization. The effects of 
the remaining quantities are assumed to be constant since the photo- 
initiator molecules and the photoabsorbers are permanently present in 
the material being solidified. 

The above-stated problem has been equipped with Dirichlet bound
ary conditions providing the light intensity distribution over the irra
diated boundary domain, I (X, t) = I (X, t), X ∈ ∂Ω0, being the known 
light intensity distribution expressed as I (X, t) = Im g(X0,X, t), with g a 
dimensionless function (typically assumed to be a Gaussian distribution 
centered at X0) and I m the maximum value of the light intensity here 
assumed to be constant. 

It is worth noticing that in Eq. (2) the degree of cure ρ(X, t) quanti
fying the fraction of liquid-solid conversion at the point X and time t has 
been introduced; since A(X, t) depends on ϱ, the above PDEs expressed 
by (1) result to be non-linear. 

2.2. Kinetics of the light-induced polymerization chemical reactions 

Photopolymerization starts from a liquid material made of monomer 
units (M) with molecular concentration expressed by the function CM(X,

t). Photo-initiators molecules (PhI), with concentration CI(X, t), are 
embedded in the liquid monomer and, upon light irradiation, are con
verted into m free radicals (R•) whose concentration is given by CR(X,t). 
Free radicals react with the monomer molecules promoting the activa
tion of functional groups (P•) which, by reacting with monomer mole
cules, grow within the material leading to the formation of polymer 

chains (Fig. 1). 
Growth and propagation of polymer chains proceed until a termi

nation stage is achieved; this happens if a chain meets a free radical (P• +

R•→
kt Pdead) or if a chain joins another chain encountered on its growing 

path (P• +P•→
kt Pdead) (Anastasio et al., 2019). The kinetic description of 

the reactions taking place during the polymerization can be summarized 
as follows: 

Photo − initiators decomposition into 2 free radicals ​ 1. PhI →
kpr

mR•

Onset of a polymer chain ​ 2. R•+M→
kp

P•

Growth of a polymer chain ​ 3. P•+M→
kp

P•

Termination of chains growth ​

{

4a. P• + P•→
kt Pdead

4b. P• + R•→
kt Pdead

(3)  

where kpr, kp and kt are the kinetic rate constants (decomposition, 
propagation, and termination rates, respectively) characterizing the 
chemical process (Andrzejewska, 2001). 

The above-described reactions are governed by the following kinetic 
models expressed by a set of first order PDEs providing the time rates of 
the photoinitiator, free radicals, and monomer units concentrations, 
respectively. 

ĊI(X, t)= − kpr I (X, t) CI(X, t) (4a)  

ĊR(X, t)= − m ĊI(X, t) − m kt(X, t)[CR(X, t)]2 (4b)  

ĊM(X, t) = − kp(X, t)CM(X, t)CR(X, t) (4c)  

with the initial conditions: CI(X, t= 0) = CI0,CR(X, t= 0) = CR0 and 
CM(X,t = 0) = CM0, and ∎̇ indicates the time derivative operator applied 
to the quantity ∎. 

Other mechanisms, such as oxygen inhibition, should be also 
accounted for in the governing kinetic equations; in fact, the oxygen 
eventually present in the surrounding environment might reduce the 
polymerization reaction effectiveness by combining with radicals, thus 
slowing down the propagation of the polymer chains (Jariwala et al., 
2011). It has also been experimentally demonstrated that the atmo
spheric oxygen inhibition and the molecular diffusion across layers are 
responsible for creating weak layers’ interface (Gojzewski et al., 2020). 

Neglecting the oxygen inhibition effect results in an overestimation 
of the degree of cure; however, in order not to involve too many pa
rameters and side effects, in the present study we neglect such a phe
nomenon. Effective physical- (oxygen-free atmosphere) or chemical- 
based strategies can be introduced to reduce this detrimental effect 
(Ligon et al., 2014). The effect of photoinitiator concentration and of the 
laser intensity on the depth of curing in a polymerized gel has been 
studied in both experimentally and theoretically (Lee et al., 2001). 

The photopolymerization process corresponds to a progressive 
reduction of the initial monomer concentration due to their consump
tion in forming the polymer chains whose concentration increases 
correspondingly. The degree of monomer-network chain formation is 
quantified through the Degree of Cure (DoC, degree of conversion), 
expressed as: 

ϱ(X, t)= 1 −
CM(X, t)
CM0(X)

(5) 

being CM0(X) = CM(X, t = 0). When the material is made only of 
monomer units, i.e. at t = 0, it is ϱ(X,0) = 0, and ϱ(X, t)→1 when all the 
monomer units disappear at a sufficiently high value of the curing time t. 
The field parameter ϱ(X, t) is strictly related to the cross-link concen
tration ca(X, t) of the polymer, i.e. to the number of cross-link per unit 
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volume; the degree of cure-cross-link concentration relationship can be 
expressed through the following equation (Zarrelli et al., 2010): 

ca(X, t)=
1

3 kBT
{

Ed +Ec e[u(ϱ(X,t)− ρgel)]
}

(6)  

being kB,T the Boltzmann’s constant and the absolute temperature, 
respectively, while Ec, Ed and u are fitting parameters and ϱgel is the 
degree of cure at the so-called gelation point, i.e. when the material start 
becoming stiffer as the photopolymerization proceeds and is reflected in 
a loss in fluidity of the material. According to the rubber elasticity theory 
(Treloar, 1975), the cross-link density is related to the shear modulus G 
through the following relationship: ca(X, t) = G(X, t)/ (kBT). 

From the above relations (4a) and (5) it appears that the evolution of 
the degree of cure at a given position of the material depends on the light 
intensity I (X, t) and its time history. The time rates of the degree of cure 
and of the cross-link concentration are given by: 

ϱ̇(X, t) =
kp(X, t) CM(X, t) CR(X, t)

CM0
, ​ ċa(X, t) =

u Ec

3 kBT
e[u(ϱ(X,t)− ϱgel ) ] ϱ̇(X, t)

(7)  

and thus, the cross-link concentration at the curing time tc can be easily 
evaluated by integrating ċa in the time domain: 

ca(X, tc)= ca(X, t= 0) +
∫ tc

tgel

ċa(X, t) dt (8)  

being ca(X, t= 0) ≅ ca,gel ≅ 0 the initial value, reasonably assumed to 
be negligible, of the cross-link concentration of the material (practically 
at t = tgel). It is worth recalling that for an infinite exposure time, the 
cross-link concentration tends to an asymptotic value corresponding to 
the so-called fully cured polymer whose shear modulus is G =

G(ca(t →∞)). 

2.3. Mechanics of a chain network 

The typical constitutive models of polymer-like materials can either 
be represented by phenomenological (Treloar, 1943, 1944; Yeoh, 1990), 
or micromechanically-based approaches, the latter being based on 
linking the macroscopic mechanical response of the material to its mo
lecular structure through statistical considerations (Arruda and Boyce, 
1993; Diani and Le Tallec, 2019; Treloar and Riding, 1979). As a matter 
of fact, the mechanics of a polymeric material is conveniently provided 
by a statistical description of its chain network state; this approach re
sults to be appropriate if the polymer’s mechanical energy density is 
assumed to have an entropic nature. For a single chain, the mechanical 
energy is given by ψ(|r|) = − T s(|r|) being s(|r|) the entropy, while r 
represents the chain’s end-to-end vector. This approach is valid when 

the chains in the network are not too much stretched, i.e. if the applied 
stretch does not make the chains to approach their maximum possible 
extension, represented by the contour length bN, being b the length of a 
single Kuhn’s segment (monomer unit forming the chain assumed to be 
not deformable) and N the number of segments in the chain (Doi, 2013). 
In the following, we adopt such a hypothesis to be valid, so the statistical 
description of the network will be used. A Gaussian distribution of the 

chain’s end-to-end vector is usually adopted, i.e. f0(λ) =
(

3
2πNb2

)3
2 exp

(
−

3λ2

2

)
, where we have indicated with λ = |r|/|r0| = |r|/(b

̅̅̅̅
N

√
) the chain 

stretch, being |r0| = b
̅̅̅̅
N

√
the mean end-to-end vector of the chain in the 

stress free state. The above distribution is characterized by mean value 
λ = 1 and standard deviation 

̅̅̅̅̅̅̅̅
1/3

√
. Alternatively, the distribution 

function f in a generic state of the polymer can be also expressed in term 
of the chain’s end-to-end vector, i.e. f(r). 

The mechanical energy density of the network in the stress-free state 
is obtained by adding up the energy values of all the chains embedded 
within such a volume: 

Ψ 0 = ca〈f0 ψ〉 = ca

∫

Ω
f0 ψ dΩ (9)  

while the free energy density of the material is given by: 

ΔΨ(t) =Ψ(t) − Ψ 0 = ca〈(f (t) − f0) ψ〉 (10)  

In the above relations, 〈∎〉 indicates the integration over the chain 
configuration space, i.e. over all the possible chains lengths and orien
tations (〈∎〉 =

∫

Ω∎dΩ =
∫ 2π

0
∫ π

0 (
∫Nb

0 ∎dr )sin θdθdω), and f(t) is the dis
tribution function at the time t. It is worth noticing that 〈f0〉 = 1 (Doi, 
2013),(Vernerey et al., 2017). 

Several possibilities for defining the energy ψ of a single chain exist: 
according to the Gaussian statistics ψ(λ) = 3kBT

̅̅̅
N

√

2 λ2 (valid for low to 
moderate deformation states), while according to the Langevin statistics 
(valid also for large deformation states) 

ψ(λ) = NkBT⋅
( φ

bN λb
̅̅̅̅
N

√
+ln φ

sinh φ

)
, with φ = L

− 1
(

λ̅ ̅̅
N

√

)
, being L

− 1 the 

inverse of the Langevin function define as (L (∎) = coth(∎) − ∎− 1) 
(Rubinstein et al., 2003). 

The evolution of the chain distribution function can be easily ob
tained by evaluating its time rate: 

ḟ (r)= − div [f (r) ṙ] = − ∇f ⋅ ṙ − f∇ ⋅ ṙ= − (∇f ⊗ r+ f 1) : L (11)  

where ṙ = Lr = Ḟr0 is the time rate of the end-to-end vector and L = ∂ 
ẋ/∂X is the velocity gradient whose 1st invariant is zero for any incom
pressible deformation, i.e. tr L = Lii = 1 : L = 0 with 1 the second order 
unit tensor. It is worth mentioning that if volumetric shrinkage is 

Fig. 1. Schematic of the photopolymerization process. Initially, the photo-initiators are inactive (a). When the resin is irradiated with the UV light, the photo- 
initiators are converted into free radicals (b) and react with the monomer molecules leading to the formation of the network of chains whose amount per unit 
volume is quantified by the so-called degree of cure ϱ = ϱ(t) (c). (For interpretation of the references to colour in this figure legend, the reader is referred to the Web 
version of this article.) 
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expected to occur in the photopolymerized material, it can be accounted 
for in Eq. (11) by determining the velocity gradient L corresponding to 
the constraint [J − sV(ϱ)] = 0, being sV(ϱ) < 1 the shrinkage volumetric 
function which in general depends on the degree of cure ϱ and tem
perature (Sekmen et al., 2023). 

Finally, the stress state at a given point of the polymer is obtained as: 

P(t)=
∂ΔΨ(t)

∂F
+ p(t) J F− T (12)  

being F the deformation gradient tensor, J = det F = 1 for an incom
pressible deformation, while p is the corresponding hydrostatic 
constraint pressure. By considering Eq. (10), the 1st Piola stress tensor 
reads: 

P(t)= ca

∫

Ω
− (∇f ⊗ r)ψ dΩ : L Ḟ− T

+ p(t) J F− T (13) 

We assume that the mechanical deformation process takes place once 
the photopolymerization has been completed, so the cross-link con
centration ca(X, tc) = cμ(X) used in Eqs (10) and (13) corresponds to the 
post-curing shear modulus of the material, cG(X) = G(X)/ (KBT). 

3. Computational framework 

The above-described multi-physics model is suitable to be coded 
within a finite element (FE) framework. Firstly, the Beer-Lambert law is 
solved in the domain by assuming that the light hits the boundary of the 
domain whose position is made to vary according to the layer being 
printed. Starting from the bottom layer with thickness h1, the moving 
light source (whose intensity is assumed to obey a Gaussian distribution, 

I(X, t) = Im exp − (X− vt)2
c2 , where v is the linear (constant) velocity of the 

light beam, while c defines the width of the Gaussian distribution, 
Fig. 2a) is applied to the subsequent upper layers. While the light source 
is applied at the top edge of the i − th layer, in the FE model the 
absorbance of the finite elements above such a layer is assumed to be 
very large in order to hinder the light spreading in the upward direction 
where the material (liquid nor solid) still does not exist (Fig. 2). 

The multi-physics problem is solved numerically by adopting a finite 
element framework. Firstly, the light diffusion problem is considered for 
determining the light intensity field in the material domain being pho
topolymerized. The weak form of the light diffusion governing equations 
stated in (1) is introduced: 

∫

Ω0
w(X) l(X, t)⋅∇XI (X, t) dV = −

∫

Ω0
w(X) A(X, t) I (X, t) dV ​ in ​ Ω0

∫

∂Ω0

w(X) I (X, t) l(t)⋅n dS = Im

∫

∂Ω0

w(X) g(X, t) ln dS ​ on ​ ∂Ω0

(14)  

where w represents the test function and [N], [B] are suitable shape 
functions and compatibility matrix, respectively. 

By introducing the nodal interpolation of the involved scalar quan
tities I and w and of their gradient within a single finite element having 
nn nodes: 

I h(t) =
∑nn

i=1
NiI i(t), ​ ∇XI h(t) =

∑nn

i=1
[B]iI i(t),

wh =
∑nn

i=1
Niw i, ​ ∇Xw =

∑nn

i=1
[B]i w i

(15) 

(where ■h indicates the interpolated variable and ■i the corre
sponding nodal value counterpart), upon assembling the involved 
matrices and vectors, the problem is expressed through a system of non- 
linear equations in the form: 

[E (t) +A (t)+ S] I (t)= q(t) (16)  

with 

E (t) = Ane
e=1

[∫

Ve
[B]T l(t)[N] dV

]

e
,

A (t) = Ane
e=1

[

−

∫

Ve

[N]
T A(X, t)[N] dV

]

e
,

S = Ane
e=1

[

Qhe

∫

Ve

[B]T [B] dV
]

e
,

q(t) = Ane
e=1

[∫

Se

[N]
T g(X, t) ln dS

]

e

(17)  

In (16), the matrices E , A , S represent the light gradient matrix, the 
depletion matrix and the stabilization matrix of the discretized problem, 
respectively, while q(t) is the vector of the nodal values of the incoming 
light intensity on the boundary of the domain, and I is the vector of the 
unknown nodal light intensities (Brighenti et al., 2021b). In (17), A 

represents the assembly operator providing the overall matrices starting 
from those of the ne finite elements (whose volume and surface have 
been indicated with Ve and Se, respectively) in which the domain has 
been discretized; finally, Q (> 1) is a coefficient (here assumed to be Q =

2) and he a characteristic small geometric size related to the problem 
required to define the stabilization matrix S. This is required to avoid 
boundary layer problems (large gradients or oscillations of the solution) 
arising close to the boundary due to the presence of only the convective 

Fig. 2. Schematic of the photopolymerization process applied to layers of various thicknesses hi. The light source moves from left to right at the velocity h to induce 
the photopolymerization starting from the bottom layer (a, b). The domain being printed is discretized with finite elements. The FE shape and size shown in this 
figure are not related to the FE meshes adopted in the numerical simulations presented in the following sections. (For interpretation of the references to colour in this 
figure legend, the reader is referred to the Web version of this article.) 
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(or transport) term l⋅∇XI in the governing Eq. (1) (Quarteroni, 2014). 
The light intensity distribution is obtained by solving in the time 

domain Eq (16); the essential boundary conditions are related to the 
upper surface of the domain directly hit by the light beam, while no 
significant light reflection is assumed to occur at the lateral boundaries 
nor at the underneath printed layers. In fact, the light beam crosses the 
material by progressively exponentially loosing intensity due to the 
absorbance effect. 

Starting from the current light intensity field I (X, t) known at the FE 
nodal positions, the photopolymerization problem is solved by inte
grating in time Eqs (4a–4c), and Eqs (7) and (8) to determine the degree 
of cure and the cross-link density of the polymer at the FE Gauss points 
to be used to determine the shear material’s modulus distribution at 
time t. It is worth mentioning that the evolution of the photoinitiator, 
free radicals, and monomer concentrations are determined by inte
grating Eq (4a) using the light intensity obtained in the 2D domain, i.e. 
by assuming that such a quantity does not change with the z− coordi
nate (depth). From this perspective, the species concentration, i.e. 
expressed per unit volume of material to be used in the kinetics of 
photopolymerization (see Sect. 2.2), are consistent with the performed 
calculations. 

After updating the concentrations of the involved species, the 
absorbance of the material expressed by Eq. (2) can be also updated and 
used in the subsequent time step for solving the light diffusion problem 
in a staggered way. For sake of simplicity, the absorbance of the material 
can be also considered to be constant through all the solution process; 
this assumption will be also considered in the numerical simulations in 
Sect. 4 and compared with cases where the absorbance is updated in 
time and space. 

Finally, after completing the photopolymerization process for all the 
layers in which the domain has been subdivided, the mechanical prop
erties of the material are known and the mechanical non-linear problem 
is solved with a standard numerical incremental procedure by consid
ering the geometrical and mechanical nonlinearities, the latter coming 
from the micromechanical statistical-based model presented in Sect. 2.3 
applied at the Gauss points level (Brighenti et al., 2021c). The 
above-described computational framework has been implemented in an 
in-house FE code operating in a staggered way: firstly, at a given time 
instant the light intensity distribution is determined and – by using such 
a distribution – the degree of cure field is determined in the domain 
together with the mechanical-related quantities. After completing the 
photopolymerization, the obtained mechanical characteristics of the 
material are adopted for solving the purely mechanical problem (where 
both mechanical (Sect. 2.3), and large displacement effects modelled in 
an updated Lagrangian framework, are accounted for), which is 
assumed to start after having completed the material solidification 
process. 

4. Numerical examples 

In the present section, some numerical examples based on the above- 
presented multi-physics model are illustrated. A simple rectangular 
domain with size w = 30 mm × h = 10 mm with depth 5 mm, discretized 
with 24 × 12 4-node elements, is considered. The photopolymerization 
process is assumed to take place in subsequent horizontal layers 
covering the entire domain starting from the bottom side of the domain 
being printed. The main parameters adopted for the kinetics of the 
chemical reactions are as follows: initial photo-initiator concentration 
CI(X, t= 0) = 20 mol/m3, initial monomer concentration CM(X, t= 0) =
3000 mol/m3, initial free radical concentration CR(X, t= 0) = 0 mol/ m3, 
photo-initiator decomposition rate kpr = 8 • 10− 4m2/ J, chain propa
gation and termination rates kp = kt = 0.21 m3/mol⋅s, shear modulus of 
the fully cured material G = 267 MPa. The material is assumed to be in a 
plane stress condition. 

In order not to include too many parameters in the numerical sim

ulations which can make more difficult the interpretation of the results, 
in the following examples the simplest case of a constant light absor
bance, unless differently stated, is assumed to be A(X,t) = 600 m− 1. It is 
worth noticing that with such an absorbance, in a simple one dimen
sional setting the light intensity, I(z,t) = I0(t)exp( − Az), attenuates from 
I0 to 0.1 I0 at a depth of about z = 3.8⋅10− 3 m, corresponding nearly to 
five FE size. The cases presented in Sect. 4.2 considering a variable light 
absorbance of the material have been simulated by updating A(X, t) at 
the FE Gauss points through the use of Eq. (2) where the absorbance is 
function of the evolving quantities CI(X, t), Aabs(X, t), ϱ(X, t). After 
completing the photopolymerization process performed according to the 
printing setup assumed in the various cases, its overall mechanical 
response is numerically simulated by adopting the mechanical model 
illustrated in Sect. 2.3. 

4.1. Polymer printing by keeping constant the total photopolymerization 
energy 

In this first set of examples, we consider the printing procedure 
applied to the above-mentioned domain by keeping constant the total 
energy used; this condition corresponds to a constant product of the light 
intensity and the total curing time which have been assumed to be 
constant in all the examined cases, equal to Im = 100 W/m2 (with c =

10− 3 m), tc = 15 s, photopolymerization time step dt = 0.1 s, respec
tively. Three cases characterized by: one layer (hl = h = 10 mm, v =

2 mm/s), two layers (hl = h/2 = 5 mm, v = 4 mm/s), and three layers 
(hl = h/3 = 3.33 mm,v = 6 mm/s) covering the entire printing domain 
are considered, while a constant value of the absorbance is assumed in 
all cases. 

In Fig. 3 the maps of the degree of cure obtained at the end of the 
process for the three considered cases are represented, while Fig. 4a–c 
illustrates the corresponding dimensionless shear modulus distribution. 
It is worth noticing that the variation of the depth of the cured material 
taking place during the photopolymerization process, depends on the 
light moving direction (from left to right) on top of the domain. A 
detailed description of the solidification process taking place in the 
initially liquid monomer domain is outlined in Sect. 4.2 where the 
evolution of the involved chemical species is illustrated in Figs. 8 and 9. 

Finally, Fig. 4d shows how the mechanical response of the printed 
cantilever beam results to be much stiffer if printed in one layer, being 
the photopolymerization process performed in a longer curing time 
devoted to such a single layer; obviously, the material appears to be less 
homogeneous in term of the shear modulus distribution. It is worth 
observing that the emerging nonlinear response of the element comes 
from both the nonlinear mechanical hyperelastic behaviour of the ma
terial illustrated in Sect. 2.3, and from the large displacement effect here 
considered in the FE calculations. Further, since the photo
polymerization is performed by adopting a constant overall curing time, 
it is expected that the amount of solid material created is approximately 
the same in all cases even if differently distributed in the domain. 

4.2. Printing by adopting a constant curing time per layer 

In this case, we consider printing the material by adopting a different 
number of layers to be photopolymerized by irradiation with a light 
moving at a constant speed or, equivalently, by adopting a constant 
curing time per layer, tc,l = 10 s (vl = 3 mm /s). The maximum light 
intensity is assumed to be constant, Im = 100 W/m2. In this case the 
energy required to solidify the domain is different in the various cases. 
Four cases are considered, namely one layer, hl = h = 10 mm,tc = 10 s, 
two layers, hl = h/2 = 5 mm, tc = 20 s, three layers, hl = h/3 =

3.33 mm, tc = 30 s, and four layers, hl = h/4 = 2.5 mm, tc = 40 s. The 
overall curing time results to be tc = N ​ tc,l , being Nl the number of 
layers. Each numerical simulation related to the 40 s long printing 
process, requires about 320 s calculation time on a desktop computer 
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equipped with an i-7-7700 CPU and 64 Gb RAM. 
Firstly, the degree of cure obtained after printing only the first layer 

when the absorbance is assumed to be constant is illustrated in Fig. 5, 
while Fig. 6 shows the maps of the degree of cure at the end of the 
printing process for the 4 considered cases when both constant and 
variable light absorbance is assumed. 

The value of the absorbance during the photopolymerization process 
is evaluated by using Eq. (2) by adopting the following parameters: 
initial photo-initiators concentration CI(x,0) = 20 mol/m3; initial liquid 
monomer concentration CM(x, t = 0) = 3000 mol/m3; photo-initiators 
molar absorptivity θ = 30 m2/ mol. Moreover, the absorbance adopted 
for a fully cured polymer and for the initial liquid monomer material are 
respectively, Apol = 2400 m− 1 and Amon(X, t) = 0 (infinitely trans
parent), while no photoabsorbers are considered to exist the initial 

material (Aabs(X, t) = 0). These parameters allow the absorbance to 
range from A = 600 m− 1 when curing doesn’t exists yet (ϱ(X, 0) = 0, 
corresponding to the purely liquid material), to the value of a fully cured 
condition (ϱ(X, t →∞) = 1, fully solid polymer) corresponding to A =

2400 m− 1 (Wu et al., 2018), (Bartolo, 2007). 
By comparing Fig. 5, Fig. 6, Fig. 7, and Fig. 8 it can be appreciated 

that printing the same domain in multiple smaller layers enable the 
polymer to be more effectively cured, corresponding to a better poly
merized material. 

It is worth noticing that the more realistic case of a variable absor
bance leads to different results in term of DOC (Fig. 6a1-d1) and of the 
dimensionless shear modulus (Fig. 8a1-d1) whose variation across a 
vertical cross-section of the printed material is shown in Fig. 11. The loss 
of transparency of the material due to the solidification process, hinders 

Fig. 3. FE discretized domain and assumed distribution of the light intensity; the light moves from left to right on the top edge of the domain (A). Maps of the degree 
of cure at the end of the photopolymerization process (t /tc = 1), by adopting Im = 100 W/m2 and tc = 15 s. The three printing setups are characterized by a constant 
value of the energy supplied to the material, i.e. tc⋅Im = const. The domain is printed by adopting one (a), two (b) and three (c) layers whose thickness is hl =

h; ​ h/2; ​ h/3, respectively. Correspondingly, the laser speed is vl = v = 2mm
s ; vl = 2v; vl = 3v (a,b,c) (B). Geometrical dimensions in mm. 

Fig. 4. Maps of the dimensionless shear modulus G/G at the end of the photopolymerization process (t /tc = 1), by adopting Im = 100 W/m2 and tc = 15 s. The three printing 
setups are characterized by a constant value of the energy supplied to the material. The domain is printed by adopting one (a), two (b) and three (c) layers whose thickness is 
hl = h; ​ h/2; ​ h/3, respectively. Correspondingly, the laser speed is vl = v; ​ 2v; ​ 3v (a,b,c). Load-displacement curves of the photopolymerized element loaded with a 
transversal force F (d); response corresponding to the three different printing setups shown in a,b,c. Geometrical dimensions in mm. 
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an effective light spread in the domain with the consequence of reducing 
the degree of polymerization. However, irrespectively of the absorbance 
value within the domain being solidified, printing in multiple thinner 
layers is more effective that printing subsequent layers with a larger 
thickness. 

Finally, the mechanical response of the polymer photopolymerized 

by adopting different numbers of layers is shown in Fig. 7e when a 
constant absorbance is adopted. It appears that, thanks to the higher 
cross-link density obtained at the end of the printing process, the case 
with four layers results to be the stiffest one (see Fig. 8d). 

In order to explain the thickness variation of the degree of cure of 
regions of material placed along the horizontal direction, we consider 

Fig. 5. Maps of the degree of cure at t = 10 s, i.e. when only the first layer has been photopolymerized, for various printing setups with one (a), two (b), three (c), 
and four (d) layers having thickness hl = h; ​ h/2; ​ h/3; ​ h/4, respectively. The light absorbance A is assumed to be constant. The corresponding curing times for the 
whole domain are tc = tc,l; ​ tc = 2tc,l; ​ tc = 3tc,l; ​ tc = 4tc,l. The light source has maximum intensity equal to Im = 100 W/m2 and moves on each layer at a constant 
speed vl = 3 mm/s. Geometrical dimensions in mm. 

Fig. 6. Maps of the degree of cure at the end of the photopolymerization process for various printing setups with one (a), two (b), three (c), and four (d) layers having 
thickness hl = h; ​ h/2 ​ ; h/3; ​ h/4, respectively. Cases (a–d) refer to a constant absorbance, cases (a1-d1) refer to a variable absorbance (see Eq. (2)). The corre
sponding curing times for the whole domain are tc = tc,l; ​ tc = 2tc,l; ​ tc = 3tc,l; ​ tc = 4tc,l. The light source has maximum intensity Im = 100 W/m2 and moves on 
each layer at a constant speed vl = 3 mm/s. Geometrical dimensions in mm. 
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here a deeper study of the chemical species evolution at two represen
tative points (Q and S, see Fig. 3A) placed at extremities of the top 
surface of the domain. In particular, we consider case (d) of Fig. 8 which 
is characterized by four printed layers with identical thickness, curing 
light moving from left to right, and constant absorbance. In Fig. 9 the 
variation in time of the light intensity (Fig. 9a), of the photo-initiator 
concentration (Fig. 9b), of the free radical concentration (Fig. 9c), and 

of the monomer concentration (Fig. 9d) vs time are shown. When the 
initially liquid material is irradiated by light, the photoinitiator 
decomposition starts with the formation of free radicals which keep 
consuming the monomer molecules leading to the formation of the 
polymer chain. This process continues also when the light has moved 
away and the point is not any more directly irradiated, thus justifying a 
more pronounced polymer chain formation. 

Fig. 7. Maps of the dimensionless shear modulus at t = 10 s (i.e. when only the first layer has been photopolymerized), for various printing setups with one (a), two 
(b), three (c), and four (d) layers having thickness hl = h; ​ h/2; ​ h/3; ​ h/4, respectively. The light absorbance A is assumed to be constant. The corresponding curing 
times for the whole domain are tc = tc,l; tc = 2tc,l; tc = 3tc,l; tc = 4tc,l. The maximum intensity of the light source is Im = 100 W/m2 and moves on each layer at a 
constant speed vl = 3 mm/s. Geometrical dimensions in mm. Load-displacement curves corresponding to the four different considered printing setups of the pho
topolymerized element loaded with a transversal force (e). 

Fig. 8. Maps of the dimensionless shear modulus at the end of the photopolymerization process for various printing setups with one (a), two (b), three (c), and four 
(d) layers having thickness hl = h; ​ h/2; ​ h/3; ​ h/4, respectively. Cases (a–d) refer to cases with constant absorbance A, cases (a1-d1) refer to cases with variable 
absorbance. The corresponding curing times for the whole domain are tc = tc,l; tc = 2tc,l; tc = 3tc,l; tc = 4tc,l. The light source has a maximum intensity Im = 100 W/

m2 and moves on each layer at a constant speed vl = 3 mm/s. Geometrical dimensions in mm. 

R. Brighenti et al.                                                                                                                                                                                                                               



European Journal of Mechanics / A Solids 106 (2024) 105323

10

From Fig. 9a it can be easily appreciated that the total amount of free 
radicals formed during the process (proportional to the area under the 
CR(t) curve) is higher at point Q with respect to point S, and also the 
monomer units present in the unit volume CM is lower at point Q, 
meaning that more polymer chains are formed at that location. Corre
spondingly, the degree of cure at point Q results to be higher than at 
point S (Fig. 10), thus justifying the better curing degree of the material 
placed in the left-hand side region of the domain. 

Across two subsequent printed layers, a huge variation of the shear 
modulus takes place. In (Gojzewski et al., 2020), a detailed micro scale 
experimental study has been conducted to quantify the layers’ interface 
weakness; the Young’s modulus across the layered structure has been 
determined by atomic force microscopy (AFM). 

In Fig. 12 the dimensionless shear modulus measured across two 
subsequent printed layers (Gojzewski et al., 2020) and that obtained 

from the present model are shown. It can be appreciated that the trend 
shown by the shear modulus vs the distance from the layers’ interface is 
well captured by the present model. 

5. Conclusions and future perspectives 

The photopolymerization process represents an efficient technology 
to obtain a solid polymer starting from a liquid resin made of monomer 
units, whose polymerization (chain formation and cross-linking) is ob
tained by exposing the raw material to a light source of proper wave
length. This technology enables obtaining objects with high dimensional 
precision and spanning a wide range of geometrical sizes and is widely 
used in additive manufacturing. The chemical-physics processes on 
which this process is based, allow tailoring the distribution of the ma
terial’s characteristics: controlling how the light-induced polymeriza
tion process is performed, namely the light intensity, the light source 
speed, the layers’ thickness, etc., enable to easily control the distribution 
of the polymer’s physical and mechanical properties. In the present 
study, we have illustrated the main chemical-physics phenomena 
involved in photopolymerization and how they can be quantitatively 
described through the relevant governing equations. 

In particular, we have considered the light diffusion within a 
partially transparent medium and how the light intensity and its dura
tion at a given point of the material domain can be used to tune the 
degree of cure, corresponding to the obtainable degree of cross-link 
density of the polymer network at that position. Printing the domain 
of interest by adopting different layer arrangements and light source 
speeds, has demonstrated how different can be the distribution of the 
mechanical properties of the material within the cured domain. Also the 
evolution of the material’s light absorbance, corresponding to the de
gree of transparency of the medium, plays a crucial role in determining 
the property distribution of the final printed part. Changing the light 
intensity during the photopolymerization process, despite being not 
usually available in commercial AM procedures, offers a further 

Fig. 9. Evolution of the degree of cure at points Q and S (see Fig. 3A), belonging to the top surface of the domain being printed (4th layer), for the case illustrated 
in 8d. 

Fig. 10. Evolution of the degree of cure at points Q and S, belonging to the top 
surface of the domain being printed (4th layer), for the case illustrated in 8d. 

R. Brighenti et al.                                                                                                                                                                                                                               



European Journal of Mechanics / A Solids 106 (2024) 105323

11

possibility of tuning the mechanical properties architecture within the 
domain. 

Photopolymerization represents an advanced tool for creating solid 
objects with highly controllable distribution values of their physical 
characteristic; the use of machine learning-based approaches, for 
instance, can straightforwardly enable to determine the optimal printing 
setup to achieve the desired mechanical response under prescribed 
boundary conditions, leading to continuum engineered materials as an 
alternative to discontinuous metamaterials usually adopted for such a 
purpose. 
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