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A basic version of the Pélya-Szegé inequality states that if &
is a Young function, the ®-Dirichlet energy—the integral of
O(||V f||)—of a suitable function f € V(R™), the class of non-
negative measurable functions on R™ that vanish at infinity,
does not increase under symmetric decreasing rearrangement.
This fact, along with variants that apply to polarizations
and to Steiner and certain other rearrangements, has nu-
merous applications. Very general versions of the inequality
are proved that hold for all smoothing rearrangements, those
that do not increase the modulus of continuity of functions.
The results cover all the main classes of functions previ-
ously considered: Lipschitz functions f € V(R"™), functions
f e whP(R*) N V(R™) (when 1 < p < oo and ®(t) = tP),
and functions f € W5 (R™)NV(R™). In addition, anisotropic
versions of these results, in which the role of the unit ball is
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played by a convex body containing the origin in its interior,
are established. Taken together, the results bring together all
the basic versions of the Pdlya-Szeg6 inequality previously
available under a common and very general framework.
© 2024 The Authors. Published by Elsevier Inc. This is an
open access article under the CC BY license (http://
creativecommons.org/licenses/by/4.0/).

1. Introduction

A familiar version of the Pdlya-Szegé inequality states that if 1 < p < co and f €
WhP(R™) N V(R™), then f# € W1P(R") and

[Ivst@ira < [ 195w i (L1)
R~ R~

See, e.g., [3, Theorem 3.20 and p. 113]; when p = oo, the integrals of pth powers are
replaced by the essential suprema over R™. Here f# denotes the symmetric decreasing
rearrangement of f (another common notation is f*) and V(R"™) is the class of non-
negative measurable functions on R™ that vanish at infinity, a natural class for which
this rearrangement is defined. Most of our definitions and terminology can be found in
Sections 2 and 3. However, since we have no need for a precise definition of f# (see,
e.g., [3, Definition 1.29], [23, p. 9], [26, p. 80]), we lean on a vivid description of Sperner
[38, Abstract]: Imagine the subgraph of f as a lump of clay on a potter’s wheel, which
on turning is molded into a perfectly symmetrical shape, maintaining the height of each
particle of clay. The molded shape then represents the subgraph of f#. The map that
takes f to f# is the primary example of a rearrangement on V(R"). In general, if X
is a class of measurable functions on R" containing the characteristic functions of sets
in L™, the H"-measurable sets of finite measure, a rearrangement T on X is an essen-
tially monotonic (i.e., monotonic up to sets of H"-measure zero) and equimeasurable
(preserving the H"™-measure of superlevel sets) map T': X — X.

Inequality (1.1) has its roots in studies of symmetrization of sets and rearrangements
of functions that go back to Jakob Steiner’s work on the isoperimetric inequality around
1836. (The isoperimetric inequality can actually be deduced from the case p = 1 of (1.1).)
With extra assumptions on f, it was first proved for n = p = 2 by G. Faber and E. Krahn
independently, and then for all n and p = 2 by Krahn, all in the 1920s. In fact, (1.1) was
a key ingredient in the solution by Faber and Krahn of Lord Rayleigh’s 1884 conjecture
that the disk has the lowest fundamental frequency of vibration of all membranes of a
given area. References are given by Daners [14] in his detailed commentary focusing on
Krahn’s solution, and by Mondino and Semola [30], who provide a lucid account of this
early history. (The latter also describe extensions of (1.1) to non-Euclidean settings, but
the present paper is set entirely in R™.) The many sources that outline the recent history
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of (1.1) often contradict each other. Pélya and Szegd’s classic text [32] on isoperimetric
inequalities in mathematical physics is always cited, but (1.1) is not explicitly stated
there, and the setting is different. They work with smooth surfaces Ag and A; in R3
with Ag in the interior of Aq, and functions equal to 0 on Ag, 1 on A, and between 0
and 1 in the region bounded by Ag and A;. Their arguments in [32, pp. 154-156], with
additional work, lead to (1.3) below when f is smooth with compact support, n = 3, and
T is the (2, 3)-Steiner rearrangement (explained below) with respect to the zy-plane.
This and the approximation of Schwarz rearrangement by a sequence of (2, 3)-Steiner
rearrangements sketched in [32, pp. 157] yield (1.3), and hence (1.1) for 1 < p < oo,
with the same restrictions on f and n. We believe Baernstein [3, Section 3.8] is correct
in giving credit to Sperner [38] for proving (1.1) when f is Lipschitz (though he cites the
wrong paper) and Hildén [22] for the result as stated above when p < oo.

Diverse variants and applications of the Pélya-Szeg6 inequality (often called the Pélya-
Szegé principle) have generated a very substantial literature, surveyed by Talenti [40,
Sections 1.3 and 1.5], [41, Section 5], who in [41, p. 126] provides over fifty references. The
main themes are: Pélya-Szeg6 inequalities on spheres, hyperbolic, or other spaces, and
for other functionals of the gradient; weighted versions involving other measures; ver-
sions invariant under affine transformations; anisotropic inequalities; the examination of
equality cases; connections with capacitary inequalities; and applications to mathemat-
ical physics, PDEs, and function spaces.

Like (1.1), this paper has also arisen from earlier work on symmetrization and rear-
rangement, including our previous investigations [4-6]. As in those articles, the attention
is less on particular symmetrizations or rearrangements than on general properties that
allow results for those special cases to be extended and unified. For the classes X of
measurable functions considered, such as V(R™), each rearrangement T is essentially
determined by an associated map $rp : L™ — L™ defined by $rA = {z: T1x(x) = 1},
where 14 is the characteristic function of A, satisfying

{o:Tf(z) 2t} = Orfa: f(2) = 1),

essentially, for ¢ > essinf f; see Proposition 3.5 below. Another such map may then be
defined by $5A = (G A)*, where E* denotes the set of density points of E. We focus
here on smoothing rearrangements, those for which

(OTA) +dB" C (A +dB"), (1.2)

essentially, for each d > 0 and bounded measurable set A. Several equivalent variations
of this definition, which stems from that of Sarvas [35, p. 11], are given in Lemma 4.4.
The use of density points on the left of (1.2) is crucial and a feature of our methods,
which differ from those in related studies of rearrangements by Brock and Solynin [9]
and Van Schaftingen and Willem [46]. See [6, Appendix| and the remarks around (3.13)
and at the beginning of Section 4 below for commentary about the various approaches.
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It turns out that for the main classes X of interest, smoothing rearrangements are
precisely the rearrangements 7' : X — X that reduce the modulus of continuity of
functions in X, that is, are such that wq(Tf) < wq(f) for d > 0 and f € X, where

wa(f) = esssup [f(z) — f(y)|

lz—yll<d

This result, a consequence of Corollary 4.12, relies on several others, such as Theo-
rems 4.8 and 4.11, which collectively generalize (even in the special case when K = B™)
the theorem of Brock and Solynin [9, Theorem 3.3]. Corollary 4.12 also shows that
the equivalence of smoothing and reduction of the modulus of continuity is true when
only the continuous functions, or indeed the contractions, in X, are considered. Via
this equivalence and results in the literature, it can be seen that the class of smoothing
rearrangements on V(R"™) includes the symmetric decreasing rearrangement (see, e.g.,
[3, Theorem 2.12]); more generally, the Schwarz or (k,n)-Steiner rearrangement with
respect to a k-dimensional subspace in R™ [3, Theorem 6.10], [9, Corollary 6.1] (here the
axis of the potter’s wheel is (n — k + 1)-dimensional in R"*!, 1 < k < n, with k = n cor-
responding to the symmetric decreasing rearrangement); and polarization with respect
to a hyperplane, defined by (1.5) below [3, Proposition 1.37], [9, Lemma 5.1]. Further
examples, inspired by an idea of Pdlya and Szegd [32, Note B] in collaboration with
M. Shiffman, we shall call Brock rearrangements in view of the significant extension and
analysis of Brock [7, Section 3], [8, Remark 2.3]. Others still, the SC 1-symmetrizations
[37, Lemma 4.4 and Definition 4.4] and their generalizations [37, Section 9], which we
refer to as Solynin rearrangements, originate from an idea of McNabb [29]. Brock and
Solynin rearrangements result from processes called continuous symmetrization and par-
tial symmetrization (neither of which are in general true symmetrizations), respectively,
that provide infinite families of rearrangements indexed by a parameter.

The Pélya-Szeg6 inequality (1.1) holds for each of the just-mentioned rearrangements.
(For the symmetric decreasing rearrangement, references were provided above, while
proofs for the Schwarz rearrangement, polarization (when (1.1) becomes an equality),
Brock rearrangements, and Solynin rearrangements can be found in [3, Theorem 6.19],
[9, Lemma 5.3], [8, Theorem 3.2 and Remark 3.3], and [37, Theorem 10.2], respectively.)
One of the main purposes of this paper is to prove (1.1) for all smoothing rearrangements
on V(R™); see Corollary 6.5. The initial goal in this direction, achieved in Theorem 5.8,
is to show that if T : V(R™) — V(R™) is a smoothing rearrangement, ® : [0, 00) — [0, o0]
is left-continuous and convex with ®(0) = 0 (i.e., what we call a Young function), and
f € V(R™) is Lipschitz, then

/‘P(HVTf(x)H) dz < /‘P(IIVf(m)II) da, (1.3)
R~ Rn

where the integrals may be infinite. (For real-valued ®, this result for the special rear-
rangements discussed above can be found in [3, Theorem 3.11], [3, Theorem 6.16], [3,
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Proposition 3.12], with polarization again giving an equality even when @ : [0,00) —
[0,00) is an arbitrary Borel function, and [37, Theorem 10.4], respectively.) The core of
the proof of (1.3) is an inequality (see (5.10) below) between the (n + 1)-dimensional
measure of the Minkowski sum of the part of the subgraph Kry of T'f above a fixed
height and a suitable convex body C' C R™*!, on the one hand, and the corresponding
quantity for the subgraph K of f, on the other. (The inequality follows from a contain-
ment relation in Lemma 5.2 between horizontal sections of these two sets, that comes
from (1.2) and other properties of T'.) This yields an inequality between the (upper)
outer Minkowski contents of the two sets (Lemma 5.3). Some results from geometric
measure theory, in particular a formula of Lussardi and Villa [27], allow us to express
this inequality in terms of integrals over the graphs of T'f and of f of the support function
of C of the outer unit normal (Lemma 5.5). The last main step is to prove that C' can
be chosen so that it represents ® (Lemma 5.6), i.e., so that the mentioned inequalities
transform into (1.3). We also use the McShane-Whitney extension theorem for Lipschitz
functions (Lemma 5.7).

In Theorem 6.3, we present a far-reaching version of (1.3) in Wﬁnl (R™). Specifically,
we show that if T : V(R™) — V(R") is a smoothing rearrangement, ® is a Young
function, f € WL (R™) N V(R™), and [, ®(|Vf(2)|])dz < oo, then Tf € W} (R™)
and (1.3) holds. This generalizes the results for Schwarz and Solynin rearrangements in
[9, Theorem 8.3] and [37, Theorem 10.4]. The passage from Theorem 5.8 to Theorem 6.3
requires overcoming some technical difficulties, made all the more challenging because we
do not assume that ® is an N-function. In particular, we approximate ® by a real-valued
Young function ®, such that the Orlicz space L®"(R™) is equivalent to L!(R™)+L>(R"),
the largest Orlicz space, and use both the necessary and the sufficient condition of the
so-called de La Vallée-Poussin criterion. The necessary background on Orlicz spaces is
provided at the beginning of Section 6. Since W1?(R") C Wlicl (R™) for 1 < p < oo,
Theorem 6.3 immediately yields Corollary 6.5, the classical version (1.1) of the Pélya-
Szegd inequality, but now for every smoothing rearrangement.

Finally, anisotropic versions of Theorems 5.8 and 6.3, in which the role of the unit
ball B™ is replaced by a convex body K C R™ containing the origin in its interior, are
proved in Theorems 7.1 and 7.3. Here the rearrangement 7" : V(R™) — V(R™) is assumed
to be K-smoothing (i.e., (1.2) holds with B™ replaced by K), and then, with ® and f
as in Theorem 5.8 or Theorem 6.3, respectively, the conclusion is that

/ & (h_g(VTf(2))) dz < / & (h_x(Vf(x))) dr, (1.4)

R~ Rn

where hy is the support function of K. When K = B™, (1.4) becomes (1.3). This type
of Polya-Szegé inequality was introduced by Alvino, Ferone, Trombetti, and Lions [1,
Theorem 3.1] when K is o-symmetric and ®(t) = t?, p > 1, but for all f € W, ?(R"). In
their anisotropic framework, Schwarz symmetrization is replaced by one they call convex
symmetrization; in the potter’s wheel description above, each horizontal slice of clay
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would be molded into a dilate of the convex body K. See Example 4.3(ii) below, where
we call the process when it is extended to functions a K-Schwarz rearrangement and note
that it is K-smoothing. These concepts, which align with that of Wulff shape in crystal-
lography (see, e.g., [36, Section 7.5]), were generalized by Van Schaftingen in a process
he calls partial anisotropic symmetrization in [44], where he proves a corresponding gen-
eralization of [1, Theorem 3.1]. In the rearrangements resulting from partial anisotropic
symmetrizations, which we may consistently also call K-Schwarz rearrangements, K is
a k-dimensional convex body in R* and the axis of the potter’s wheel is (n — k + 1)-
dimensional in R"™ 1 < k < n. We also introduce in (3.4) below the K-modulus of
continuity of a function, and show in Theorem 4.8 that when X = V(R"), for example,
a rearrangement 7' : X — X that reduces the K-modulus of continuity of functions in
X is K-smoothing. The converse is true when K is o-symmetric (see Theorem 4.11), but
Example 4.13 shows that the K-Schwarz rearrangement does not generally reduce the
K-modulus of continuity of functions in X when K is not o-symmetric.

Different anisotropic extensions of the Pélya-Szeg6 inequality were found by Klimov
[24] and Van Schaftingen [44]. Our methods can be used to prove Klimov’s inequality
for the K-Schwarz rearrangement of symmetrizable functions.

Known proofs of (1.1) and its variants seem to follow one of two approaches. The
first, adopted in the present paper, proceeds via isoperimetric inequalities applied to
(super-) level sets, while the second uses approximation by special rearrangements, prin-
cipally polarizations. The second approach does not provide information about the cases
of equality and moreover does not help with the anisotropic case, but otherwise can be
extremely efficient. The standard polarization process, sometimes called two-point sym-
metrization, with respect to an oriented (n — 1)-dimensional (linear) subspace H, takes
a function f:R™ — R and replaces it by

max{f(x), f(z")}, ifxe HT,

min{ f(x), f(z")}, ifzeH, (1.5)

Py f(z) = {

where  denotes the reflection in H and where HT, H™, are the two closed half-spaces
bounded by H and determined by its orientation. For background and references, see [6,
Introduction], where it is explained in exactly what sense all Schwarz rearrangements, in-
cluding the symmetric decreasing rearrangement, can be approximated by polarizations,
a result due to Brock and Solynin [9] and refined by Van Schaftingen [43,45]. Solynin
[37, Lemmas 7.4 and 9.2] proved that his rearrangements can also be approximated by
polarizations. We conjecture that this is not true of all smoothing rearrangements, and
have some partial results in this direction.

An obvious question is whether the smoothing or K-smoothing assumptions are neces-
sary for our Pélya-Szeg6 inequalities, though Example 6.6 shows that this is not the case
when p = 1. (Example 6.6 also shows that the smoothing assumption cannot generally
be omitted in Theorems 5.8 and 6.3 and Corollary 6.5.) Also left for a future investiga-
tion are the cases of equality. Even for the symmetric decreasing rearrangement, this is
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challenging; see [12] and the references given there, which go back to the initial study of
Brothers and Ziemer [10].

When p = 2, the Pélya-Szeg6 inequality (1.1) can be derived from the Riesz-Sobolev
inequality (also called the Riesz rearrangement inequality) for the symmetric decreas-
ing rearrangement [3, Theorem 8.4], [26, Theorem 3.7]; for a proof of this fact, see [26,
Lemma 7.17]. This inequality holds for all Schwarz rearrangements but not for polariza-
tions (see [44, Corollary 4.3]), and therefore is not true for all smoothing rearrangements.
On the other hand, it is pointed out in [9, p. 1763] that a very special case of the Riesz-
Sobolev inequality, the Hardy-Littlewood inequality [3, p. 54], [26, Theorem 3.4], is a
simple consequence of Proposition 3.7 below, and therefore holds for all rearrangements.

We are very grateful to a referee for drawing our attention to [7] and [8].

2. Preliminaries

As usual, S"~! denotes the unit sphere and o the origin in Euclidean n-space R™.
Unless stated otherwise, we assume throughout that n > 2. The standard orthonormal
basis for R™ is {e1,...,e,} and the Euclidean norm is denoted by || - ||. The term ball
in R™ will always mean a closed n-dimensional ball unless otherwise stated. The unit
ball in R™ will be denoted by B™ and B(x,r) is the ball with center z and radius r. We
write D™ for the open unit ball in R™. If z,y € R™ we write x - y for the inner product
and [z,y] for the line segment with endpoints z and y. If x € R™ \ {o}, then 2z is
the (n — 1)-dimensional subspace orthogonal to 2 and (z) is the 1-dimensional subspace
spanned by x. Throughout the paper, the term subspace means a linear subspace.

If A is a set, we denote by cl A, int A, and dim A the closure, interior, and dimension
(that is, the dimension of the affine hull) of A, respectively. If H is a subspace of R,
then A|H is the (orthogonal) projection of A on H and z|H is the projection of a vector
z € R” on H.

If A and B are sets in R™ and ¢ € R, then we denote by tA = {tx : x € A} the dilate
of A by the factor ¢, and by

A+B={z+y:x€ A ye B}

the Minkowski sum of A and B. We write —A = (—1)A for the reflection of A in the
origin and call A origin symmetric or o-symmetric if —A = A.

We write H* for k-dimensional Hausdorff measure in R™, where k € {1,...,n}. When
dealing with relationships between sets in R™ or functions on R”, the term essentially
means up to a set of H™-measure zero.

The Grassmannian of k-dimensional subspaces in R™ is denoted by G(n, k).

We denote by C", G", B™, M™, and L" the class of nonempty compact sets, open sets,
bounded Borel sets, H"-measurable sets, and H"-measurable sets of finite H"-measure,
respectively, in R"™.
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Let K™ be the class of nonempty compact convex subsets of R™ and let K} be the class
of convex bodies, i.e., members of K™ with interior points. We write IC?O) for subclass of
Ky whose members contain the origin in their interiors. If K € K™, then

hig(x)=sup{z-y:y € K} (2.1)

for z € R™, defines the support function hx of K. The texts by Gruber [21] and Schneider
[36] contain a wealth of useful information about convex sets and related concepts such
as the intrinsic volumes Vj, j € {1,...,n} (see also [20, Appendix A]). In particular, if
K € K" and dim K = n then 2V,,_(K) is the surface area of K. If dim K = k, then
Vi(K) = H*(K) is the volume of K. By k, we denote the volume H"(B™) of the unit
ball in R"™.

IfKe IC?O), the polar body K° of K is defined by

Ke={zeR":z-y<lforyeK}. (2.2)
Then (K°)° = K and (see [36, (1.52), p. 57])
prc(@)hico () = hic()prco(z) = 1 for z € R™\ {o}, (2.3)
where
pr(z) = max{)A > 0: Az € K} (2.4)

for x € R™\ {0}, is the radial function of K. We shall also find use for the gauge function
of K, defined by

|zl = inf{A > 0: 2 € AK} = hyo () (2.5)

for z € R™. The previous equality follows from (2.3) and (2.4), or see [36, Lemma 1.7.13].
Despite the notation, || - |k is a norm if and only if K is o-symmetric; in general it is
sublinear but does not satisty || — z||x = ||z||x for all z € R™. When K = B", || - ||k is
the Euclidean norm.

It will be convenient to call a function f: R™ — R a K -contraction if

[f(@) = f)l <z —yllx (2.6)

for all z,y € R™. Note that when K = B"™, a K-contraction is a contraction in the
usual sense of the term. Note also that f is a K-contraction if and only if it is a —K-
contraction, since (2.6) is equivalent to |f(y) — f(z)| < |z — y||x for all z,y € R,
and hence to |f(z) — f(y)] < |ly — z||lk = ||z — y||-x for all z,y € R™. Clearly, every
K-contraction is continuous.
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From (2.1) and (2.3), it is easy to see that

z-y < hg(x) hio(y) (2.7)

for z,y € R™ (see [36, (1.40), p. 54]) and that equality holds when x,y # o if and only
if z is an outer normal to K at pk (y)y = y/hk-(y) € OK.

Given A € M", let m*(A) and M, (A) denote, respectively, its upper and lower outer
Minkowski content, i.e.,

M (A) = limsup HY(A+eB") — HY(A) and
e—0+ 3 (2 8)
H"(A+eB™) —H"(A)

M, (A) = lim inf
e—0+ £
See [11, p. 69] and [2], whose notation and terminology differs from ours, and note that
the limits in (2.8) are unchanged if B™ is replaced by D™. We shall also need the following
generalization of these concepts. If C' € Kf,) and A € M", let My (A) and M.c(A)
denote, respectively, the upper and lower anisotropic outer Minkowski content of A with
respect to C, obtained by replacing B™ in (2.8) by C. When the two limits coincide we
denote them by M (A), and again, the limits are unchanged if C is replaced by int C.
Let A € M™. We shall write S(A) for the perimeter of A. For the definition of this
widely-used term, see, for example, [17, p. 170], [25, p. 107], [28, p. 122], or [31, p. 34].
When K is a convex body, its perimeter is equal to its surface area, defined in that case
as
H"(K +eB™) — H"(K)

S(K) = lir&_ ,
e— 9

its outer Minkowski content. It is for this reason that we prefer not to use the more
common P(A) for the perimeter of A.

Let M(R™) (or M4 (R™)) denote the set of real-valued (or nonnegative, respectively)
measurable functions on R™ and let S(R™) denote the set of functions f in M(R")
such that H"({z : f(z) > ¢}) < oo for t > essinf f. By V(R"), we denote the set of
functions f in M4 (R™) such that H"({z : f(z) > ¢}) < oo for ¢ > 0. The four classes of
functions satisfy V(R™) C S(R™) € M(R™) and V(R") C M (R") C M(R™). Members
of S(R™) have been called symmetrizable (see, e.g., [9]) and those of V(R™) are often
said to vanish at infinity. Note that the constant functions are symmetrizable but do not
vanish at infinity unless they are identically zero.

We shall define a Young function as a left-continuous and convex function ® : [0, c0) —
[0, 0] such that ®(0) = 0, and say that such a function is nontrivial if ® # 0 and ® # oo
on (0,00). Note that a real-valued Young function is both continuous and increasing
(which will always mean non-decreasing in this paper). In [16, Definition 2.1.1], the term
Orlicz function is used for a nontrivial Young function. Both terms have other definitions
in the literature.
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Our notation for Sobolev spaces such as W1P(R") is standard. Definitions can be
found in many texts, such as [26].
If f € M(R"), we denote its graph by G and define its subgraph K; C R"*1 by

Ky={(z,t) e R" xR : f(z) > t}. (2.9)

If T:X — X, where X is one of the function classes given above, we shall usually
write T'f instead of T'(f). If Ty, Th : X — X are maps, we say that Ty is essentially equal
to Ty if for f € X, Tof(x) = T1 f(z) for H™-almost all x € R™, where the exceptional set
may depend on f.

If f is a locally integrable function on R™, define

* = li 2.1
(@) r—l>r(r)1+7-[” B(z,r) / fy (210
B(xz,r)
when the limit exists and f*(x) = 0 otherwise. The limit exists and equals f(z)

‘H"-almost everywhere in R™, by the Lebesgue differentiation theorem (see, e.g., [25,
Proposition 3.5.4]). Evans and Gariepy [17, p. 46] call f* the precise representative of f.
If A is a measurable set,

O(A,z) = 1%(x) = lim H" (AN B(z,7))

A (Bl ) (2.11)

is the density of A at x, provided the limit exists.
If A e M", define

A*={z e R": 0(A,z) =1%(z) = 1}.

Elements of A* are called Lebesgue density points, or simply density points, of A. Note
that A* = A, essentially, by the Lebesgue density theorem (see, e.g., [31, Theorem 1.5.2]).
Since it follows immediately from the definition of perimeter as a supremum of integrals
of divergences (see, for example, [31, p. 34]) that if two measurable sets are essentially
equal, their perimeters are equal, we have

S(A*) = 5(4) (2.12)
for A € M".

Lemma 2.1. Let A, B € M™".

(i) If A C B, essentially, then A* C B*.

(ii) If A = B, essentially, then A* =

(i) (47)° = A°.

(iv) If K C R™ is a convex body, then A* + K = A* +int K is open.
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Proof. (i) If A C B, essentially, then 14 < 1p, essentially. Therefore, if z € A*, then
1= 1%(2) = 1i : /1()d<1"f L /1()d
= )= lim ———— iminf ————
AV = 00 7 (B(x, 1)) AW = T H Bz, 7)) B
B(z,r) B(z,r)

/ 1p(y)dy < 1

B(z,r)

1
<limsup —————
r—0+ 'H”(B(:E, 7”))

and hence 1% (z) = 1. Therefore A* C B*.

Parts (ii) and (iii) follow easily.

(iv) Let ¢ € A*+ K and choose y € A* such that x € y+ K. Choose r > 0 and an open
cone C with vertex at o such that =+ (C'NrD™) C y+int K. Note that if w € CNrD™,
then x € y —w+int K. Since H*(—-CNrD™) > 0,y € A*, and A = A*, essentially, there
is a wyg € C'NrD™ such that y — wg € A*. Hence x € y — wo + int K C A* + int K and
it follows from the definition of A* that A* + int K is open since int K is open. 0O

A function f € M(R") is approzimately continuous at x € R™ if for each € > 0,

i H BN 0y 1)~ f)] < )
70+ H"(B(x,r))

=1 (2.13)

We shall use the fact that each f € M(R™) is approximately continuous at H™-almost
all x € R"™; see, for example, [17, Theorem 3, Section 1.7.2].

Note that a measurable characteristic function 14 is approximately continuous at x if
and only if the limit in (2.10) with f = 14 exists and equals 14(z), that is, if and only
if either x € A and 1% (z) = 1 or « ¢ A, the limit in (2.10) exists, and 1% (z) = 0. This
means that the set of points of approximate continuity can change even when a function
is only changed on a set of measure zero. Moreover, if 14 is approximately continuous
at x, then 14(x) = 14-(z) and 14+ is also approximately continuous at z. Hence, the
set of approximate continuity points of 14« is the largest set of approximate continuity
points of any 1p for which A and B essentially coincide. In particular, if A = B",
essentially, then 14 is not approximately continuous at any unit vector. This precludes
the possibility of finding a representative of each f € M(R™) that is approximately
continuous everywhere and agrees with f for H™-almost all z € R”.

3. Properties of maps

Let i € {1,...,n— 1} and let H € G(n,4) be fixed. We consider a map { : € C L™ —
L™ and define

O*A = (OA)* (3.1)

for each A € £. We assume (here and throughout the paper) that the properties listed
below hold for all A, B € £ and that the class £ is appropriate for the property concerned.
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1. (Monotonic or strictly monotonic) A C B = {A C {B, essentially (or = 0A C
OB, essentially, and A # B = QA # $B, essentially, respectively).

2. (Measure preserving) H"(OA) = H™(A).

3. (Maps balls to balls) 1f K = B(xz,r), then K = B(z/,r'), essentially.

4. (Continuous from the inside) If (A,,) is an increasing sequence of sets in € such
that UpenAm € &, then $(UpmenAm) = Unen OAm, essentially.

5. (Continuous from the outside) 1If (A,,) is a decreasing sequence of sets in £ such
that Npen Am € €, then G(NpenAm) = Nmen O Am, essentially.

6. (Smoothing and K-smoothing) If K € (o)) We say that & is K-smoothing if
whenever d > 0,

(O"A) +dK C 0" (A+dK) = $(A+dK), (3.2)

essentially, for each bounded A € £ with A 4+ dK € &, where {$*A is defined by (3.1).
Then < is called smoothing if it is K-smoothing with K = B™.

Information concerning relations between the first three properties listed above and
others besides may be found in [6, Sections 3 and 6]. The terms “continuous from the

7”@ ki

inside,” “continuous from the outside,” and “smoothing” are employed by Sarvas [35,
p. 11], although his definitions differ slightly from those above.

In the definition of K-smoothing, one can equivalently require a pointwise inclusion
in (3.2). To see this, note that by Lemma 2.1(iv) with A and K replaced by ¢A and
dK, respectively, (¢*A) +dK = ($*A) +dint K is open. Then the essential inclusion in

(3.2) and parts (i) and (iii) of Lemma 2.1 give
(O*A) +dK = (($*A) +dK)" C (O*(A+dK))" = O* (A + dK).

Lemma 3.1. If & : € C L™ — L™ is monotonic and measure preserving, then < is
continuous from the inside and from the outside.

Proof. Let (A,,) be an increasing sequence of sets in € such that U,en Ay, € €. Since
¢ is monotonic, we have $A,, C O(UpenAm) for m € N, essentially, and hence
UmeN OAm C O(UmenAm), essentially. The continuity of measures of increasing se-
quences and the fact that <> preserves measure yield

H" (O(UmeNAm)) = H" (UnenAm) = lim H"(Ay) = lim H"(OAR)

m—0o0 m—r oo

=H" (UmGN <>Am) .

It follows that $(UpnenAm) = UmeN OAm, essentially, and hence that ¢ is continuous
from the inside.
The proof of the continuity from the outside is similar. O

Let X ¢ M(R™), where we assume henceforth that X contains the characteristic
functions of sets in £™. Let T : X — X and if A € L™, let
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OrA={x:Tls(x) =1}

and let

OrA = (OrA)". (3.3)

By Proposition 3.3(i) below, the induced map {$r : L™ — L™ is well defined when
X = MR"), M4(R"™), S(R™), or V(R™). Of course, % @ L™ — L™ is well defined
whenever O 0 L — L7 s,

If X € M(R"™), we consider the following properties of a map T : X — X, where the
first four properties are assumed to hold for all f, g € X:

1. (Equimeasurable)

H'({a: Tf(x) > t}) = H"({z : f(z) > t})

for t € R.

2. (Monotonic) f < g, essentially, implies T'f < T'g, essentially.

3. (Lp-contracting) || Tf—Tg|p, <||f— gll, when f —g e LP(R™).

4. (Modulus of continuity reducing and K-modulus of continuity reducing) If d > 0
and K € IC?O), we define the K-modulus of continuity of f € X by

wr,a(f) = esssup [f(z) = f(y)| = esssup |f(z) — f(y)]- (3-4)

lz—yllx <d r—y€dK

The equivalence of these two expressions follows easily from the left-hand equality in
(2.5). Then T reduces the K-modulus of continuity if wx ¢(Tf) < wi q(f) for all d > 0
and f € X. When K = B", we refer simply to the modulus of continuity of f € X and
drop the suffix K, i.e.,

wa(f) = esssup [f(x) — f(y)l,

lz—ylI<d

and say that T reduces the modulus of continuity if wa(Tf) < wq(f) for all d > 0 and
feX.

5. (Continuous from the inside (or outside)) The induced map {7 is well defined
on L™ and continuous from the inside (or outside, respectively) when € = L.

6. (Smoothing and K-smoothing) If K € K, we say that T"is K-smoothing if the
induced map {7 is well defined on £™ and K-smoothing when & = L"] i.e.,

(OhA) + dK C Oh(A + dK) = Or(A + dK), (3.5)

essentially, for each d > 0 and bounded A € M". Then T is called smoothing if it is
K-smoothing with K = B".

The map T is called a rearrangement if it is equimeasurable and monotonic.
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In their somewhat different setting, versions of Properties 5 and 6 (for K = B™) were
also considered by Brock and Solynin [9, p. 1764]. In particular, their definition of a
smoothing rearrangement 7' : S(R™) — S(R™) corresponds to requiring ($rA) +dD™ C
Or(A+ dD™), for each d > 0 and A € L™. However, A+ dD"™ ¢ L™, in general, when
A € L™. Moreover, their definition is sensitive to changing T on a set of H"-measure
zero. For example, if Ty f = f is the identity map and T3 f = max{f, 1o~ }, then Ty = 17,
essentially, while {7, A = A and &1, A = AUQ™ implies that T is smoothing but T} is
not under their definition.

Our definitions of smoothing and K-smoothing are examined further in Lemma 4.4
below. See also the remarks at the beginning of Section 4.

For the convenience of the reader, we now state five results proved in [6] as Lemmas 4.1,
4.5, 4.7, Theorem 4.8 and the remarks that follow it, and Theorem 4.9, respectively.

Proposition 3.2. (i) If T : S(R™) — S(R™) is equimeasurable, then essinf T'f = essinf f
for f e S(R™).

(ii) If T : M(R™) — M(R™) is a rearrangement, then essinf T f > essinf f for f €
M(R™). Hence, T : S(R™) — S(R™).

(iii) In either case, T : V(R™) — V(R"™) and T is essentially the identity on constant
functions.

Proposition 3.3. Let X = M(R"), M (R"™), S(R™), or V(R™), and let T : X — X be
equimeasurable.
(i) The induced map S L7 — L given by

OrA={x:Tls(x) =1} (3.6)

for A € L™ is well defined and measure preserving.
(i) If X = M (R™), S(R™), or V(R™), then T essentially maps characteristic functions
of sets in L™ to characteristic functions of sets in L™, in the sense that for each A € L™,
Tla =1¢,4, (3.7)

essentially.

Proposition 3.4. Let X = S(R™) or V(R™) and let T : X — X be a rearrangement. For
X =8(R"), Ae L™ and o, € R with o > 0, we have

T(alpg+B8)=aTla+p, (3.8)
essentially. When X = V(R™), (3.8) holds, essentially, if B = 0.

Proposition 3.5. Let X = M(R"), M4+ (R™), S(R™), or V(R™) and let T : X — X be a
rearrangement.
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(i) The map Gp 2 L™ — L™ defined by (3.6) is monotonic.
(ii) If X = S(R™) or V(R™) and f € X, then

{z:Tf(z) 2t} = Or{x: f(z) 2t} and {z:Tf(z) >t} =Or{x: f(z)>1t}, (3.9)
essentially, for t > essinf f. Moreover, T is essentially determined by {r, since
Tf(r) = max {sup{t € Q, t >essinf f : ¥ € $r{z: f(2) > t}},essinf f},  (3.10)
essentially.

Proposition 3.6. Let T : S(R™) — S(R™) be a rearrangement and let f € S(R™). If
¢ : R = R is right-continuous and increasing (i.e., non-decreasing), then po f € S(R™)
and

e(T'f) =T(pof), (3.11)
essentially.

The following result was first proved, without the assumption that j is nonnegative,
by Crowe, Zweibel, and Rosenbloom [13] for Schwarz rearrangement. Versions of it have
been stated for general rearrangements in [9, Theorem 3.1], [42, Proposition 3.3.9], and
[46, Corollary 1]; however, these works take a different approach to rearrangements, so
we provide a proof and brief commentary in the Appendix.

Proposition 3.7. Let j : R — [0,00) be convex with 5(0) =0. If T : V(R™) — V(R") is a
rearrangement, then

/ J(TF(z) - To(x)) de < / i(f(@) - g(z)) da (3.12)

R~ R”

for f,g € V(R™) such that either integral exists. In particular, T has the LP-contracting
property.

Lemma 3.8. Let X = M(R"), M4(R"), S(R™), or VIR"). If T : X — X is a rear-
rangement, then the maps $p, Ok o L — L7 are well defined, measure preserving, and
monotonic (pointwise monotonic, in the case of $k, ie., A C B = ORA C OFB).
Moreover, T and {¥. are continuous from the inside and from the outside.

Proof. The induced map {$p : L™ — L™ is well defined, measure preserving, and mono-
tonic by Propositions 3.3(i) and 3.5(i). It follows that $% @ £ — L™ is well defined
and measure preserving by the Lebesgue density theorem, and pointwise monotonic by
Lemma 2.1(i).
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Lemma 3.1 with £ = L™ and { replaced by {7 shows that T' is continuous from the
inside and from the outside. The fact that 7% is also continuous from the inside and
from the outside is then an easy consequence of the Lebesgue density theorem. O

It is convenient to state the following lemma for the induced maps {r of a rearrange-
ment 7', but it holds more generally for any monotonic map < : £ C L™ — L™ and
A,Beé.

Lemma 3.9. Let X = M(R™), M (R"), S(R™), or VR™), let T : X — X be a rear-
rangement, and let A, B € L™.

(i) If A C B, essentially, then $RA C $LB.

(ii) If A = B, essentially, then O A = OhB.

(it}) OFA = O7A".

(iv) OhA = OpA = OpA*, essentially.

(v) For f € X and s > t > essinf f, we have Oh{z: f(z) > s} C Oh{z: f(z) > t}.

Proof. (i) Since {7 is monotonic by Lemma 3.8, we have (1A C {7 B, essentially. The
conclusion follows from (3.3) and Lemma 2.1(i).

Parts (ii) and (iii) follow easily, the latter using the fact that A = A*, essentially. The
latter equality and the monotonicity of {7 yield the second equality in (iv), while the
first is a consequence of (3.3) and $rA = (OrA)*, essentially.

Part (v) follows from (i) and the fact that {z : f(z) > s} C {z : f(2) > t} for
s>t>essinf f. O

Let X = S(R™) or V(R™) and let T : X — X be a rearrangement. Using (3.10), the
Lebesgue density theorem and the fact that the supremum is over a countable set of
values, and Lemma 3.9(v), we obtain

Tf(z) =max{sup{t € Q, ¢t > essinf f : z € Or{z: f(z) > t}},essinf f}
= max {sup{t € Q, t > essinf f : x € O¥{z: f(z) > t}},essinf f}
=max {sup{t € R, ¢t > essinf f : x € O {z: f(z) > t}},essinf f}, (3.13)
essentially. This shows that by substituting % for $r in (3.10), we may take the supre-

mum over R and thus bring the formula into line with those in [9] and [46]; see the
discussion in [6, Appendix].

4. Smoothing rearrangements and reduction of the modulus of continuity
Before embarking on the main goal of this section, we prove the inequalities (4.1)

below for smoothing rearrangements. These will not be needed for the sequel, but seem
interesting and follow fairly easily from what we know so far.
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Lemma 4.1. Suppose that K C £ C L™ and that & : € — L™ is measure preserving and
smoothing. Then S(OK) < S(K) for K € K and hence & maps balls to balls.

Proof. Let K € KI'. For € > 0, the assumed properties of ¢ imply that
H'((O*K)+eB™) <H"(O(K +eB") =H"(K +eB")

and H"(O*K) = H"(K). It follows, using (2.12) with A = $K and the relation
between the (lower) outer Minkowski content (defined by (2.8)) and perimeter [11, The-
orem 14.2.1], that

S(OK) = S(07K) < M.(07K) = lim inf HU(OTK) + Ef”) — H"(O*K)
<l BN ZHUE) g,
e—0+ £

Consequently, ¢ K has finite perimeter. The fact that <> maps balls to balls is now a
direct consequence of the isoperimetric inequality for sets in £" of finite perimeter and
its equality condition (see [28, p. 165]). O

Recall that M (A) and M, (A) are the upper and lower outer Minkowski content of
A, defined by (2.8).

Theorem 4.2. Let X = M(R™), M (R™), S(R™), or V(R™) and suppose thatT : X — X
is a rearrangement. If T is smoothing, then

M (O3pA) <M (A") and M. (OpA) < M. (A7) (4.1)

for bounded A € M™. Moreover, S(OrK) < S(K) for K € K and hence O maps balls
to balls.

Proof. Let A € M™ be bounded and let ¢ > 0. Then the fact that $5A = $LA* by
Lemma 3.9(iii), (3.5) with A replaced by A*, Lemma 3.9(iv) with A replaced by A*+eB",
and the equimeasurability of 7" imply that

H'((OrA)+eB™) < H' (O (A" +eB™)) = H' (Or(A* +eB™)) = H" (A" +eB") (4.2)
and
H™ (O A) =H"(OrA) = H"(A) = H"(A"). (4.3)

We obtain the inequalities (4.1) directly from (2.8), (4.2), and (4.3).
The second statement in the lemma follows directly from Lemma 4.1 with { replaced
by &7, which is valid by Lemma 3.8. O
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Example 4.3. (i) Let H = e;- and define ¢ : K — K7 by OK = Mg K, the Minkowski
symmetral of K (see [4, Section 3]). Then ¢ is smoothing but not measure preserving
and does not satisfy S(OK) < S(K) for each K € K. This shows that the measure-
preserving assumption in Lemma 4.1 cannot be dropped.

(ii) Let K € K, and define & : L7 — K} by ¢A = raK, where 14 =
(H™(A)/H"(K))"/™. This map, which corresponds to the convex symmetrization in [1],
is monotonic and measure preserving and, using (3.2) and the Brunn-Minkowski inequal-
ity [19], it is easy to see that it is K-smoothing. Clearly, ¢ maps balls to balls if and
only if K is a ball, and we claim that it is smoothing if and only if K is an o-symmetric
ball. To see this, note that by definition, <} is smoothing if

for all A € L". If A = K, this implies that
H™(K)Y"(K +dB") ¢ H"(K + dB")'/"K.

Since the sets on both sides of this inclusion have the same volume, the inclusion must
be an equality and hence

The cancelation law [36, p. 139] for Minkowski addition yields
H(K)Y/"dB" = (W (K + dB")Y/" — 1 (K)'/") K,

which holds if and only if K = rB"™ for some r > 0. Thus, the smoothing assumption
cannot be omitted in Lemma 4.1.

Now suppose that X = S(R™) or V(R™) and T : X — X is the rearrangement given,
for all x € R”, by (3.10) or (3.13) with {7 = <. Then the superlevel sets of T'f are
dilates of K, so T is the K-Schwarz rearrangement mentioned in the Introduction, and
again, unless K is an o-symmetric ball, T" is K-smoothing but not smoothing. Therefore
the smoothing assumption in Theorem 4.2 cannot be replaced by K-smoothing for any
non-spherical convex body K.

See Example 4.13 for more information about the rearrangement 7. O

In the rest of this section, we study the relationship between the K-smoothing and
reduction of the K-modulus of continuity properties of a rearrangement 7' : X — X,
where X = M(R™), M, (R"), S(R™), or V(R™). When K = B", some information of
this type was obtained by Brock and Solynin in [9, Theorem 3.3], which states that a
rearrangement (in their sense of the term) that is continuous from the inside is smoothing
if and only if it reduces the modulus of continuity of continuous functions in S(R™). A
comparison of their approach to rearrangements and ours can be found in [6, Appendix].
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When K = B™, it is possible to use [9, Theorem 3.3] to obtain the same result for our
rearrangements, i.e., the equivalence (ii)<(iii) of Corollary 4.12 below. To see this, note
firstly that the continuity from the inside assumption is not necessary in our context,
by Lemma 3.8. If T': S(R"™) — S(R"™) is a rearrangement, then by Lemma 3.8, the set
transformation {7 : £ — L" is a rearrangement in the sense of [9, p. 1762], since it is
pointwise monotonic. If T : S(R™) — S(R™) denotes the rearrangement map induced by
O via 9, (3.1), p. 1762], then (3.13) yields T = T, so [9, Theorem 3.3] is valid for T

However, even when K = B", Theorems 4.8 and 4.11 below are more general than [9,
Theorem 3.3], since they apply to much wider classes of functions.

In (ii) of the following lemma, we assume that A € M™ is bounded to ensure that
A+dint K € L™ when d > 0. This seems unavoidable since A+ dint K ¢ L™ when A is
unbounded, in which case $%.(A + dint K') is not defined.

Lemma 4.4. Let X = M(R"), M (R™), S(R™), or VIR™), let T : X — X be a rear-
rangement, and let K € IC?O). The following statements are equivalent.

(i) T is K-smoothing.

(ii) For each d > 0 and bounded A € M™, we have

(O3A) +dint K C O3 (A + dint K). (4.4)

(iii) For each d > 0 and bounded A € M™, (4.4) holds essentially.
(iv) For each d >0 and A € L™, we have

(OrA)+dint K C {OrE:Ee L EC A+dint K}, (4.5)
essentially.

Proof. (i)= (iii) Let d > 0, let A € M" be bounded, and choose N € N so that 1/N < d.
Using the K-smoothing property of 7" and the continuity of {}. from the inside provided
by Lemma 3.8, we obtain

(O7A) +dint K = UZ_n ((OpA) +(d = 1/m)K) CUR_y O7(A+ (d—1/m)K)
= O (U_ (A + (d—1/m)K)) = Oin(A+ dint K),
essentially. This proves (4.4).

(iii)=> (ii) Let d > 0 and let A € M"™ be bounded. From the fact that ($FA) +dint K
is open, the essential inclusion (4.4), and parts (i) and (iii) of Lemma 2.1, we obtain

(OnA) +dint K = ((O5A) + dint K))* € Oh(A + dint K),
proving (ii).

(ii)=(i) Let d > 0 and let A € M" be bounded. We use (4.4) and the continuity of
{7 from the outside from Lemma 3.8 to get
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(O A) +dK C Npen (O3A) + (d+1/m)int K) C Nypen O3 (A + (d+1/m) int K)
= 0% (Nmen (A + (d +1/m)int K)) = Oh(A + dK),

essentially, so T' is K-smoothing.
(iii)=(iv) Let d > 0, let A € L™, and define A,, = ANmint K for m € N. Since {7
is continuous from the inside by Lemma 3.8, we obtain

(O A) +dint K = (O (UpenAm)) + dint K
= (UpmeN OnAm) +dint K = Upen (OF Ay, + dint K)
CUneN (A +dint K) CU{OLE: E€ L™, EC A+dint K},

essentially, and (4.5) follows.
(iv)=-(iii) Let d > 0 and let A € M™ be bounded. Applying (4.5), we immediately
obtain (4.4). O

Recall the definition (2.13) of approximate continuity.

Lemma 4.5. Let d > 0, let f € M(R™), and let C be the set of points of approximate
continuity of f. If K € IC?O), then

wrd(f) = esssup |f(z) - f(y)| = sup [f(x) = ()l

lz—yllx <d lz—yllx <d; z,yeC

Proof. Let d, f, and C be as in the statement of the lemma. Since C' = R™, essentially,
we have

wra(f) = esssup  [f(x) = f(y)l

lz—yllk <d; z,yeC

Moreover, it is clear that

esssup  |f(x) — f(y)| < sup |f(x) = fy)| = s,
lz—yllx <d; z,yeC lz—yllx <d; z,yeC

say. To prove the reverse of the previous inequality, we may assume that s > 0, since if
s =0, it is trivial. Let 0 < € < s/2. It suffices to show that

H" ({(z,y) € Ox Ot |lz —yllx < dand [f(z) — f(y)| > s —e}) > 0. (4.6)
To this end, choose Z,7 € C with d = ||z — | x < d, such that
lf(@) = fW)]>s—¢/2

and note that d > 0. For z € R™ and r > 0, let
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Azr ={y € Blz,r)NC: |f(x) = f(y)] <e/8}
If (z,y) € Az, x Ay, then

[f(@) = f = 1f(@) - f@) —e/d> s —e (4.7)

Define By = {(z,y) € R*" : ||z —y||x < d}. We aim to prove that H*"((Az, x Ag,)N
Ed) > 0 for small » > 0. Since

(A;fﬂn X Agﬂn) N Ed = (Aiﬂn X AQJ‘) \ ((Ai-7r X Agﬂ«) \Ed)
and
(Azr x Ayr) \ Ea C (B(Z,7) X B(y,7)) \ Ea,

we have

H" ((Azr X Agr) N Eq) = H™(Azp X Agr)
— HQ"(B(i,T) x B(y,r)) + H ((B(z,r) x B(y,m))NEy). (4.8)

The approximate continuity of f at  and ¥ yields

2n _ _ n B n .
lim A ( Az X Agr) = lim " (Aa,r) li H"(Ag,r)

PRI B x Ba.r) b Ban) By ¢

Let A = {(x,z) : € R"} be the diagonal in R?>". Now ||z — y||x < d if and only if
x € dK + y, which holds if and only if (z,y) € (CZK x {o}) + (y,y). It follows that

E;= (dK x {o}) + A (4.10)

is a 2n-dimensional convex cylinder in R?® as d > 0. Since d = ||z — y||x, we have
(Z,9) € (0 (dK) x {o}) + (. ) and hence (z,y) € DE;. By the convexity of Eg,

o HE(B@r) x BG.r) 0 Eg) (2" (B((@,9),) 1 Ey)
P HE (B ) < BH) e HE(B(@r) X B 7))

=a=ua(z,y) >0, (4.11)

as the density of E; at the boundary point (Z,y) is positive. Since d < d, we have
E; C Eq and (4.11) implies that

1o B (B(@,7) x B(5,r) 0 Ea)
70 H2(B(z,r) x B(y,r))

(4.12)
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From (4.8), (4.9), and (4.12), we conclude that

hm H?n ((Ai,r X ij,’r) N Ed)

r~0 H2(B(z,7) x B(y, 7)) >a>0. (4.13)

Finally, (4.7) and (4.13) imply (4.6). O
Lemma 4.6. Let A C R™, let d > 0, and let K € IC?O). For x € R™, define
dg(z,A) =inf{|jz —y||lxk :y € A} =inf{A > 0: 2 € AK + y for some y € A}
and
fa(z) = (d—dg(z,A)T, (4.14)

where st is the nonnegative part of s € R. Then fa is a K-contraction as defined in
(2.6).

Proof. Let z,y € R™. If z,y ¢ A+ dK, then (4.14) implies that |fa(z) — fa(y)| =0 <
|l — y|| k. Otherwise, we may, by relabeling if necessary, assume that © € A + dK and
di(z,A) < dg(y,A). Let 6 > 0 and choose 2’ € A such that |z — 2'||x < dx(z, A) + 6.
Then

[fa(@) = faW)] < dx(y, A) — di (2, A) < ly = 2|k = o — 2|k + 0 < ly — [ x +0.

Therefore |fa(z) — fa(y)| < |ly — x|k = || — y||-x. As was noted directly after (2.6),
this proves that f4 is a K-contraction. O

Lemma 4.7. (i) If T : M(R™) — M(R™) is a rearrangement, then (3.7) holds, essentially.
(ii) Let X = M(R™) or M (R™) and suppose that T : X — X is a rearrangement. If
a >0 and =0, then (3.8) holds, essentially.

(iii) Let X = M(R™) or ML (R™) and suppose that T : X — X is a rearrangement.
Then (3.8) holds, essentially, if « =0 and § € R when X = M(R™), and also if « =0
and B > 0 when X = MT(R") and T reduces the K-modulus of continuity for some
K e K{,.

Proof. (i) By Proposition 3.2(iii), T': V(R™) — V(R™). Let A € L. Since 14 € V(R"),
the result follows from Proposition 3.3(ii).

(if) By (i), (3.7) holds, essentially, when X = M(R™). With this in hand, the second
paragraph of the proof of Proposition 3.4 can be followed verbatim.

(iii) If X = M(R™), the result follows from Proposition 3.2(iii). The latter fails when
X = M™(R"™), by [6, Example 4.3], but if 8 > 0, T reduces the K-modulus of continuity
for some K € IC?O), and f = B, essentially, then wg 4(Tf) = wi,qa(f) = 0 for all d > 0.
This and the equimeasurability of T give T'f = (3, essentially. O
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Theorem 4.8. Let X = M(R"), M, (R"), S(R"), or V(R"), and let K € K{,. If
T : X = X is a rearrangement that reduces the K-modulus of continuity of each K-
contraction in X, then T is K-smoothing.

Proof. Let d > 0, let A € M"™ be bounded, and let f4 be defined by (4.14). By
Lemma 4.6, f4 € V(R") is a K-contraction, so wg q(fa) < d for all d > 0, by the
definition (3.4) of the K-modulus of continuity. If Ny is the complement of the set of
points of approximate continuity of T'f4, then H"(Np) = 0. Lemma 4.5 implies that

Tfa(@) = TfaW)] < Wk, -y (Tfa) < llz—ylx

for x,y € R™\ Ng, so Tf4 is a K-contraction on R™ \ Ny. Since T is monotonic and
dlavgintx > fa > dla, we have

T(dayaim x)(@) > Tfa(z) > T(d14)(z)

for z € R™ \ Ny, where H"™(Ny) = 0.
By Proposition 3.3(ii) and Lemma 4.7(i), there is a set No with H™(N2) = 0 such that

Tlatdint k() = 1o, (A+dint ) (T) (4.15)

for z € R™\ Na. By Proposition 3.4 and Lemma 4.7(ii), there is a set N3 with H"(N3) = 0
such that (3.8) holds everywhere on R™ \ N3 when o« = d, 8 = 0, and A = A or
A=A+dint K. Let N = U{N; :i =0,1,2,3}.

Let zp € ((O%A) +dint K) \ N. There is a yo € (O A) \ N such that ||zo — yol|lx =
d < d. As Tf4 is a K-contraction on R" \ N, T'f4(xo) > Tfa(yo) —d > T fa(yo) — d.
Using (3.8), we obtain

dT1a+aint K (®0) = T(dl aydint k) (20) > T fa(zo)
> TfA(yo) —d> T(dlA)(yQ) —d= dTlA(yo) —d=d—-d=0,

since T'14(yp) = 1 due to yo € OrA and (3.6). Thus T1atgint k(o) > 0 and then z( €
Or(A+dint K), by (4.15). This shows that ($FA)+dint K C Or(A+dint K) = Oh(A+
dint K), essentially. Therefore (4.4) holds and T is K-smoothing by Lemma 4.4. O
Lemma 4.9. Let d > 0, let f € M(R"), let K € IC?O), and let t € R. Then

{z: flz) >t+wk ()} +dit K C {z: f(x) > t}".

Proof. If N is the complement of the set of points of approximate continuity of f, then
H™(N) =0 and, by Lemma 4.5,

wi,a(f) = esssup |f(z) = f(y)| = sup [f (@) = f(y)]

lz—yllx <d lz—yllx <d; =,y&N
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for any d > 0. Now fix d > 0 and let y € {z : f(z) > t+wk, a(f)}* +dint K. By (2.5), we
can choose z € {z : f(z) > t+wk 4(f)}* and e = e(y) > 0 such that ||y — z||x +2¢ < d.
Let y € (eK+y)\N and 2 € ({z: f(z) > t +wk,a(f)} N (—eK + 2)) \ N. Then
Iy —yllk <eand ||z — 2|k <e so|ly —2 |k <|y— 2|k +2c <d. Since ¢/, 2’ ¢ N,
we have |f(y') — f(2")] < wk,qa(f). Hence

fW) > f(Z) —wk,a(f) > t.

This implies that (eK +y) C {x : f(z) > t}, essentially. Thus the latter set essentially
contains an open neighborhood of y, and the desired conclusion follows easily. O

Lemma 4.10. If a« > 0, d > 0, g € M(R"), and an o-symmetric K € K,y are such that
{z:g(x) >t+al" " +dint K C {z: g(x) > t}", (4.16)
essentially, for t > essinf g, then wk 4(g) < a.

Proof. Note firstly that the inclusion in (4.16) actually holds pointwise, a fact we shall

use later in the proof. This is because the set G = {z : g(x) > t+a}*+dint K is open, so

G* = G, and the pointwise inclusion then follows from parts (i) and (iii) of Lemma 2.1.
Suppose that wg, 4(g) > a. Let Eg = {(y,2) € R x R™ : ||y — 2|k < d}, let

F={(y,z) e R"" xR" : g(y), g(2) > essinfg and [g(y) —g(2)| > a},

and let A= E;NF. Then wg, 4(g) > a implies that H?"(A) > 0. The o-symmetry of K
yields ||z —yllx = ||y — 2|k, so (z,y) € A if and only if (y,2) € A. For k € N and ¢ € Q
with ¢ > essinf g, let

Vig = Ea1/e 0{(y,2) €R" xR™ : g(y) > ¢ + @, and essinfg < g(2) < ¢},

let Wiq = Vig U{(z,y) : (y,2) € Vig}, and let W = U{Wy, : k € N, ¢ € Q}.
Clearly W C A. Let Z = {(y,2) € R® x R" : ||y — z||g = d}. By Fubini’s theorem,
H?*"(Z) = 0. For each (y,z) € A\ Z, we can find k € N such that ||y — 2||x <d—1/k
and |g(y) — g(2)| > a, and hence also a ¢ € Q such that ¢ > essinf g and

essinfg < g(z) <g<qg+a<g(y)

(or the same with y and z interchanged). This means that A\ Z C W and therefore
H2 (W) = H?"(A) > 0. It follows that there are kg € N and ¢y € Q with go > essinf g
such that H*"(Wj, 4,) > 0 and hence, without loss of generality, H?"(Vk,.q0) > O.
By the Lebesgue density theorem, there exists (yo,z0) € Vi,,q, Such that yo € {x :
g(x) > qo+ a}* and 29 € {x : g(x) < qo}*. Since ||z0 — yollx = |lyo — 20llx < d, we
have zo € int dK + yo. The pointwise inclusion in (4.16) with ¢ = g¢ then implies that
zo € {x : g(x) > qo}*, a contradiction that completes the proof. O
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Theorem 4.11. Let X = S(R") or V(R"), let K € K{), and let T : X — X be a
K -smoothing rearrangement.
(i) If K is o-symmetric, then T reduces the K-modulus of continuity of each f € X.

(ii) Ifd >0, f € X, and rB™ C K C RB™ for 0 <r < R, then wa-(Tf) < war(f).

Proof. (i) Let d > 0, let f € X, and let K be o-symmetric. If wg 4(f) = 0, then clearly f
is essentially constant, and hence, by Proposition 3.2(iii), T'f is also essentially constant.
Then wr ¢(Tf) =0 = wk,qa(f). Therefore we may assume that wg 4(f) > 0.

Let t > essinf f and recall that essinf T'f = essinf f, by Proposition 3.2(i). Then,
using (3.9), Lemma 3.9(iii), (4.5) with A = {z : f(z) > t + wk.a(f)}*, Lemma 3.9(i),
Lemma 4.9, and Lemma 3.9(iii) and (3.9) again, we obtain

{o:Tf(x) >t+wkaf)} +dint K
= (Op{z: f(@) >t +wra(f)}) + dint K
= (O5{z: f(z) >t +wka(f)}) +dint K
CU{OrE:EeL", EC{z: f(z) 2t +wka(f)}" +dint K}
COople: fla) =t} =Op{a: fa) 2t} ={a: Tf(z) > t}",

essentially. The conclusion wg ¢(Tf) < wi q(f) follows from the o-symmetry of K and
Lemma 4.10 with ¢ = T'f and a = wk 4(f).

(ii) The proof is an easy modification of that of part (i). Let d > 0 and let f € X. If
war(f) = 0, then as at the beginning of the proof of (i), we conclude that wg,(Tf) =
0 = war(f). Therefore we may assume that wgr(f) > 0. The inclusion K C RB™ implies
that wi, a(f) < wrpn, a(f) = war(f), so Lemma 4.9 yields

{z: f(x) >t4+wir(f)} +dint K C {z: f(z) > t}" (4.17)

for t € R. Arguing as above with A = {x: f(z) > t + war(f)}* and using (4.17) instead
of Lemma 4.9, we obtain

{z:Tf(x) >t+wer(f)} +dint K C {z: Tf(x) > t}",

essentially, as this does not require K to be o-symmetric. Since rdD™ C dint K, the
conclusion wg, (T'f) < war(f) follows from Lemma 4.10 with K = B", g = Tf, a =
war(f), and d replaced by dr. O

Corollary 4.12. Let X = S(R") or V(R"), let K € K{,,) be o-symmetric, and let T': X —
X be a rearrangement. The following are equivalent.

(i) T reduces the K-modulus of continuity.

(ii) T reduces the K-modulus of continuity of each K -contraction in X.

(iii) T is K-smoothing.
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Proof. The implication (i)=-(ii) is obvious on noting that each K-contraction is continu-
ous, while (ii)=-(iii) and (iii)=-(i) follow from Theorems 4.8 and 4.11(i), respectively. O

The following example shows that the o-symmetry assumption on K in Theo-
rem 4.11(i) and Corollary 4.12 (the implications (iii)= (i) and (iii)= (ii)) cannot be
omitted.

Example 4.13. Let K € K7, let X = S(R") or V(R"), and let T : X — X be the
K-Schwarz rearrangement defined in Example 4.3(ii). If f € X, the superlevel sets of T'f
are dilates of K. Since T is K-smoothing, it follows from Theorem 4.11 that when K is
o-symmetric, T reduces the K-modulus of continuity of functions in X. However, this is
not generally the case if K is not o-symmetric. To see this, let 0 # xg € D™ = int B", let
K = B" + g, and let f be defined by f(z) =1— ||z| if x € B™ and f(z) = 0 otherwise.

Define v = zq/||xo|| and

M= max_prc(u) = prc(v) = 1+ ol
ueSn—1

Then wg q(f) = dM for small d > 0. (For wg q(f) > dM, it suffices to take y = o
and = dMuw; then ||z — y||x = d, because this is equivalent to = € y + dOK, and
|f(z) — f(y)| = ||| = dM for small d > 0. The reverse inequality comes from the
observation that f is Lipschitz with Lipschitz constant 1, and from ||z —y|| < M||lz—y|/x.)

Now we claim that wx ¢(Tf) > dM. It suffices to prove |T'f (o) — T f(—dMwv)| > dM,
since |jo — (—dMw)||x = d. For ¢ € (0,1), the statement

—dMv € (1= 1)(B" +30) = Or{z: f(2) 2 1} = O3{z: f(2) 2 1}

is true if and only if t <1 —dM/(1 — ||zo]|). By (3.13), this implies that Tf(—dMv) =
1—dM/(1—||xol]). With similar but simpler arguments we argue that 7'f (o) = 1. These
two facts yield |Tf(o) — Tf(—dMwv)| = dM/(1 — ||xo||) > dM, as required. O

When X = M(R") or M (R"™), the implication (ii)=-(iii) in Corollary 4.12 remains
true, by Theorem 4.8, but the following example, a modification of [6, Example 4.4],
shows that (iii)=-(ii) does not hold generally.

Example 4.14. If K € Kf,) and X = M(R") or M, (R"), there are K-smoothing rear-
rangements T : X — X that do not reduce the K-modulus of continuity. To see this,
call f € X of type I ift H"({z : f(x) > t}) = oo for t > essinf f and of type II otherwise,
i.e., if there is a tg > essinf f such that H"({z : f(z) > t}) < oo for t > tg. Then define

Tf = f+1pn, if fis of type I,
f if f is of type II.
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Clearly, T : X — X is equimeasurable. If f < g, then either f and g are of the same
type, or f is of type II and g is of type I. It follows that T'f < T'g and hence that T is a
rearrangement. The associated mapping { is the identity on £", so T is K-smoothing.
The function fo(z) = e** is continuous but its image T fo is not. Hence, T' does not
reduce the K-modulus of continuity of continuous functions. 0O

5. The Pdlya-Szeg6 inequality for Lipschitz functions
Recall that the subgraph Ky C R"*! of a function f € M(R") is defined by (2.9).
Lemma 5.1. If f € M(R") and s € R, then
KN {zpy1 = s} C (KN {zp = sH*, (5.1)

where the set of Lebesgue density points on the right is formed with respect to the hyper-
plane {x, 1 = s} = R™ + se, 11, identified with R™.

Proof. Let z € {z,11 =s}. lf 2 & (Kf N{x,41 = s})", there exists 0 < a < 1 such that
if rg > 0, there is an 0 < r < rg such that

H" (K¢ N {zpy1 = s} N B(x,r)) < (1 —a)k,r", (5.2)
where B(z,r) is the (n+ 1)-dimensional ball with center z and radius r. If y € e;-,; and
y+sent1 € KfN{xypy1 = s}NB(z,r), then by the definition (2.9) of Ky, y+te 41 € Ky

for each t > s. Therefore, by (5.2) and Fubini’s theorem, H"*1(K; N B(z,r)) is largest
when

K¢y {zpy1 =s}NB(z,r) C {zpt1 =s}NDB (ac, (1— a)l/”r) )
in which case
KN B(a,r) C ((((1 - a)l/"rB") % [0, 3)) U (rB™ x (—oo, s])) NB(z, 7). (5.3)
Let
E(a,n,r) =rB" T\ (((1 - a)””rB") X R)

be the region in R™*! between the sphere with center o and radius r and an infinite

U/ny From (5.3), we see that

o-symmetric cylinder with radius (1 — a)
H" N (B(z, )\ Ky) > H" P (E(a,n,r))/2 > c(a,n)r™ T,

where c(a,n) = H" " (E(a,n,1))/2 > 0. It follows that x ¢ Ki. O
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Let X = M([R"), M4 (R"™), S(R™), or V(R™), let T : X — X be a rearrangement,
and let E be a subset of the hyperplane {x, 1 = t} = R" + te,; in R"*! such that
E|R™ e L™ Slightly abusing notation, we shall define

OrE = (Or(E|R™)) + tepy, (5.4)

thereby extending the action of {1 to horizontal hyperplanes in R"™!. The action of (X
can be extended in a similar fashion. Note that by (3.9), (2.9), and (5.4), for X = S(R™)
or V(R™) we have

KryN{zpsyr =t} ={x e R": Tf(z) >t} +tept1
= (<>T{SU S R™: f(x) Z t}) + ten—i—l
= <>T(Kf N {anrl = t}),

essentially, for ¢ > essinf f. By Lemma 2.1(ii), this yields the pointwise identity

(Krp N {zngr =1})" = O7(Ky N {ang1 = t}) (5:5)

for t > essinf f, where here and below, sets of Lebesgue density points are taken with
respect to the appropriate horizontal hyperplane identified with R™.

The following lemma is stated in a general form required for Section 7. The reader
interested only in the results of this section may focus on the special case corresponding
to K = B", int K = D", when C' C R""! is an o-symmetric convex body of revolution
about the x,41-axis.

Lemma 5.2. Let X = S(R™) or V(R"), let T : X — X be a rearrangement, and let
d>0. Let K € IC?O) and let C C R™! be a convex body supported by the hyperplanes
{Zn+1 = £1} and all of whose sections C N {xny1 =t}, t € [-1,1], are dilates of K. If
T is K-smoothing, a > d + essinf f, and f € X is such that {x : f(x) > a} is bounded,
then

(Krfn{zps1 > a})" +dint C) N {zpq1 =t}
COr (Kfn{zpy1 > a}) +dint C) N {zp1 =t}) (5.6)
fort > essinf f.

Proof. Let d > 0 and let C' = {(z,zp41) € R" X R : 2 € g(xp41)K, |2pt1]| < 1}, for a
suitable concave function g defined on [—1,1]. For ¢t € R, denote by II; the orthogonal
projection onto {z,y1 = t}. If L is any set in R"!, then

(L+dintC)N{zpy1 =t} = U I (LN{zps1 = s}) + rsint K), (5.7)
t—d<s<t+d
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where s = dg((t—s)/d). Indeed, p € (L+dint C)N{z,+1 =t} if and only if p | (ep41) =
te,+1 and there is a z € L such that p € z+dint C. If z| (e, 41) = sent1, then this holds
ifand only if t —d < s <t+d and

t_
p—1ILiz e dg <ds) int K,

that is, p € II;(z + 75 int K).
Applying (5.7) with L replaced by L N{z,4+1 > a}, we obtain

(LN{zpt1 > a}) +dint C) N {zp41 =t}

= J W(Zn{zn > a}n{zng =s}) +rsint K)
t—d<s<t+d

= U I (LN {zpy1 = s}) +rsint K). (5.8)
t—d<s<t+d, s>a

Let f € X satisfy the hypotheses of the lemma. By Lemma 2.1(i), we have
(Kry N{any1 =2 a})" C Kpp N {@ng1 2 at” C Kpp N{zng = al
From this and (5.1) with f replaced by T f, we obtain
(Kry A {onss > a})* M {oaps = s} © Kiy 0 {oass = s} € (Kzy 0 {zagr = ), (5.9)
whenever s > a, while the set on the left is clearly empty if s < a. We use (5.7) with
L= (KryN{zpnt1 >a})*, (5.9), (5.5), (4.4) applied (via (5.4)) with A replaced by the
bounded set Ky N{z,11 = s}, s > a, the fact that the action of {7 as extended by (5.4)

is the same for each ¢, the pointwise monotonicity of {4 provided by Lemma 3.9(i), and
(5.8) with L = Ky, to obtain

(Kry N{zps1 > a})* +dint C) N {zpt1 =t}
= U IL ([(Krp N{zp1 > a})" N{zpq1 = s}] + rsint K)

t—d<s<t+d

C U I ([K7p N {zp1 = s} + s int K)
t—d<s<t+d, s>a

= U W05 (Kpn{zap = sh)] +rint K)

t—d<s<t+d, s>a

U (OR[N g = s}) + 7y int K))
t—d<s<t+d, s>a

= U Or (I [(Kf N{xpq1 = s}) + 1 int K])
t—d<s<t+d, s>a

N
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< O;( U I [(Kp N {@nt1 ZS})-i-T‘SintK])
t—d<s<t+d, s>a

=07 (Ky N {ns1 > a}) + dint C) N {appq = t}). O

Recall that ﬂz (A) is the upper anisotropic outer Minkowski content of A € M(R™)
with respect to a convex body C' € K{;), obtained via the left-hand limit in (2.8) with
B™ replaced by C. We will apply this notion in R"*1.

Lemma 5.3. Let X = S(R™) or V(R"), let T : X — X be a rearrangement, and let C' be
as in Lemma 5.2. If T is smoothing, a > essinf f, and f € X is such that {z : f(z) > a}
is bounded, then

M (Kry N {ans1 > a})*) < Ma(Kp N {zn1 > a}).

Proof. Taking the H"-measures of both sides of (5.6), integrating with respect to ¢, and
using Fubini’s theorem and the fact that <> is measure preserving, we obtain

H" M (Krp N {zns1 > a})* +dint C) < H" T (Kp N {zps1 > a}) +dint C)  (5.10)
for 0 < d < a — essinf f. By the equimeasurability of T',
H (Ko O {ang > a))) = H Ky 0 {2 a)) = H (K O {zag > a}).

The desired inequality now follows directly from the definition of /VZ (in R™*! and with
C replaced by int C'). O

Lemma 5.4. Let f € S(R™) be Lipschitz. If a > essinf f, then {x : f(x) > a} is bounded.

Proof. Let € > 0 be such that a — e > essinf f and let L be the Lipschitz constant of f.

Suppose that {z : f(z) > a} is unbounded. Then there are points xy in this set with
leks1ll > l|xkl| +2¢/(1+ L) for k € N. The Lipschitz property implies that f(z) > a—e
whenever x € B(z,e/(1+ L)), k € N. As these balls are disjoint, H"({z : f(z) >
a — e}) = oo, contradicting f € S(R™). O

Recall that h¢ is the support function of C' and Gy denotes the graph of f € M(R™).
A result in the spirit of the following lemma was proved by Zhang [48, Lemma 3.1].

Lemma 5.5. Let f € S(R™) be Lipschitz and let C be as in Lemma 5.2. Let a > essinf f
be such that H"({z : f(x) = a}) = 0. Then

Mc((Kpn{zpg1 = a})*) = Mo (KpN{zpi1 > al)

= [ e @ 1 (o f@) 2 ), (5.11)

Gyn{xzpny1>a}

where v(z) denotes the outer unit normal to K at x.
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Proof. Recall that if E C R"™! is H"Tl-measurable, its density O(F, z) at z is defined
by (2.11) with n replaced by n + 1. For ¢ € [0, 1], define

E'={r e R"" . 0(E,z) =t}.

Let 9°E = R"1\ (E° U E') denote the essential boundary of E. If E has locally finite
perimeter, then by Federer’s theorem, v(z) exists for H™-almost all z € 9°FE; see, for
example, [28, Theorem 16.2].

Lussardi and Villa [27, Remark 4.2, Theorem 4.4, and Remark 4.5] prove the following
result. If E C R™! is a Borel set whose boundary is countably H™-rectifiable and
bounded, H"(OE N EY) = 0, and E has the property that there exist v > 0 and a
probability measure p in R™*! absolutely continuous with respect to H"™, such that for
each x € 9F and r € (0,1),

u(B(z,r)) = 7", (5.12)

then E has finite perimeter, the anisotropic outer Minkowski content of F with respect
to C' is defined, and

Mo(E) = / ho (v(@)) A" (z). (5.13)

0¢E

Recall that a set £ C R™*! is countably H™-rectifiable if there exist countably many
Lipschitz maps g; : R — R"*! such that H" (E \ U;g;(R™)) = 0.
Let Ky o = Ky N{xp41 > a}. We have

0Ky o= (GyN{zns1 > a}) U (KfN{zns1 =a}). (5.14)
If x € R*™Y, write 2’ = (21,...,2,). It is clear that if z € Ky N {z,41 = a} and
f(&') > a (or f(2') = a), then O(Kyq,2) = 1/2 (or O(Kyq,x) < 1/2, respectively).
We claim that if @ € Gy N {zp41 > a} and O(K 4, ) exists, then O(Kf,,x) € (0,1).

Indeed, let x € Gy N{x,4+1 > a}. If L denotes the Lipschitz constant of f and € > 0 is
sufficiently small, then

{W Yns1) t Ynt1 < @ppr — LIy = 2|} N B(z,¢) C Ky a,

from which it is easy to see that ©(Ky,q,x) > 0. Similarly, ©(Ky,,x) < 1 follows easily
from

{(y/ayn-i-l) YYngl > Tpg1 T LHy/ - l‘/H} NKyfa= 0.

This proves the claim.
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Since H"({z : f(z) = a}) = 0, by assumption, the observations in the previous
paragraph imply that

H" (0KfaN(Kfo)’) =0 and 0°Ky, = 0Ky, (5.15)

up to a set of H™-measure zero. The assumption that H"({z : f(z) = a}) = 0 also
implies that K}, = int Ky, and d(K7,) = 0Ky, up to a set of H"-measure zero.
Arguments similar to those used for Ky, prove that

H" (0(K;,)N(K;,)") =0 and 0%Kj},)= 0K, (5.16)

up to a set of H"-measure zero.

We claim that Ky, and K3 , satisfy the hypotheses of Lussardi and Villa’s result.
Towards this goal, note firstly that by Lemma 5.4, Ky, and K3 , are bounded, and by
definition, their boundaries are countably H"-rectifiable. Let

D={2'eR": f(z') > a} + B* CR",
let Ay = {(2/, f(2')) : ' € D}, and let Ay = {(2’,a) : 2’ € D}. For E C R""!  define
w(E) = (H" (r(ENAy)) + H'(ENAg))/c,

where ¢ = H"(m(A1)) + H"(A2) and 7 : R"T! — R” is defined by n((2/,2,41)) = 2.
It is clear that p is a probability measure in R™ and that since 7 is a contraction, u is
absolutely continuous with respect to H"™.

It now suffices to prove that p satisfies (5.12) for each € 0Ky ,. To this end, let
Y= (Y, Ynt1) € 0Ky,q and let 7 € (0,1). If y,41 = a then

p(B(y,r)) = H" (Bly,r) N Ag) /e = H" (B(y,r) N {znt1 = a}) [e = knr"/c.
If yn+1 = f(v'), then w (B(y,r) N Ay) contains {x € R™ : ||x—v/|| <r/(14+L)}. Therefore

w(B(y,r) =z H* (r (By,r) N A1) Je 2 H" ({x € R™ s [l =y <v/(1+ L)}) /e

T+ L
Thus p satisfies (5.12) with v = &, /(c(1 + L)™).
Once we observe that
he(v(z)) dH"™(2) = ho(—ent1) H'({z : f(z) Z a}) = H"({z : f(z) = a}),
Kin{xnt1=a}

where we used the fact that he(—ent1) = 1 for our choice of C, formula (5.13) with

E =K, and K7, (5.14), (5.15), and (5.16) give (5.11). O
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The following lemma is stated in a general form necessary for Section 7. The reader
interested only in the main results of this section may choose to focus on the special case
when K = B™, in which case hx (y) = ||ly|| and C C R"! is a o-symmetric convex body
of revolution about the x,,-axis.

Lemma 5.6. Let @ : [0,00) — [0,00) be conver with ®(0) = 0 and & # 0, let M > 0,
and let K € IC?O). Then there exist b > 0 and a convex body C C R" 1, supported by
the hyperplanes {xn+1 = £1} and all of whose sections C N {x,11 =1}, t € [-1,1], are
dilates of K, such that

for y € R™ with hx(y) < M. In particular, C satisfies the conditions in Lemma 5.2.
Proof. Define

e, if0<t<M,
mt+q, ift>M,

where m > 0 and ¢ < 0 are such that ¥ : [0,00) — [0,00) is convex. Then, for y € R"”
and t € R, define

B, t) = {|bt|<1h+(byx)1v<hf<<y>/|t>7 :#8 (5.18)
mhg 5 1 =Y
_ {|t| (b @(hrcly)/It), i [t > hac(y)/M, (519)
bmhi(y) + (1 +bq)lt], if [t| < hx(y)/M,

where b > 0. We show that b can be chosen so that h = h¢ is the support function of a
convex body C'. To this end, note that from (5.18), the positive homogeneity of h follows
immediately and the subadditivity of h for ¢ > 0 or for ¢ < 0 is a routine exercise using
the triangle inequality and the convexity of W. It is then enough to observe that if b is
small enough to ensure that 1+b¢ > 0, then the function bm hg (y)+(1+bg)|t| in (5.19)
coincides with the support function of the cylinder bm K x [-(1+b¢q),1+bg] C R" xR.
This proves (5.17).

It remains to prove that all sections C' N {x,41 = t}, t € [—1,1], are dilates of K.
Clearly o € int C, since he > 0. From (2.3) and (5.18), it follows easily that the sublevel
sets of ha(y, 1), considered as a function of y, are dilates of the polar body K° of K. If
t € (0,1], and pce denotes the radial function of the polar body C° of C (cf. (2.4)), then

O s = 1) = {(0)  pee(220) > 1) = {1(2/11) < peo(z/t.1) > 1)
={t(y,1) : pco(y,1) >t} = t{(y,1) : he(y,1) < 1/t}
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is also a dilate of K°. This argument can be repeated for the sections of C'° corresponding
tot € [—1,0) and, by continuity, for C°N{x,+1 = 0}. Thus there exists a concave function
f on [—1,1] such that

C°={(ft)z,t) eER"xR:te[-1,1],2 € K°}.
Let s € [-1,1]. A point (y,s) € R™ x R belongs to C' if and only if
f@)y-2z)+st<1l VzeK°, Vtel[-1,1],

that is, if and only if

1—st
-z < in —— Vze K°.
YRR T

The last formula shows that CN{z, 1 = s} equals K dilated by the factor mingec _p 17(1—
st)/f(t). O

The special case r = R of the following lemma will be needed for the main results of
this section, while the general case is applied in Section 7.

Lemma 5.7. Let X = S(R™) or V(R"), let K € K" satisfy rB® C K C RB"™ for
0<r<R,andletT : X — X be a K-smoothing rearrangement. If f € X 1is Lipschitz
with Lipschitz constant L, then there is a Lipschitz function F : R™ — R, with Lipschitz
constant at most LR/r, such that F(x) = T f(z) for H™-almost all x € R™.

Proof. Let f € X be Lipschitz with Lipschitz constant L and let A be the set of points
of approximate continuity of T'f. Since f is continuous, Lemma 4.5 and Theorem 4.11(ii)
yield

sup Tf(x) =Tfy)l< sup [f(z)— fy)l

lz—yl|<dr; z,ycA lz—yll<dR

Let z,y € A, x # y, and choose d > 0 so that ||z — y|| = dr. Then, by the previous
inequality,

Tf(x) =Tf(y)l < sup Tf(w) = Tf(2)|

lw—z|<dr; w,z€ A

< sup |f(w) = f(2)| < LdR = (LR/7)||z — yl|-
lw—z[|<dR

Therefore T'f is Lipschitz on A with Lipschitz constant at most LR/r. By the McShane-
Whitney extension theorem (see, e.g., [18, p. 202]) there is a function F': R™ — R with
the same Lipschitz properties as T'f on the entire space R™, such that F' = T'f on A.
Since H™(R™ \ A) = 0, the proof is complete. O
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Recall that a Young function is a left-continuous and convex function @ : [0, 00) —
[0, 00] with ®(0) = 0.

Theorem 5.8. Let X = S(R™) or V(R"), let T : X — X be a rearrangement, and let @
be a Young function. If T is smoothing and f € X is Lipschitz, then T f coincides with
a Lipschitz function H™-almost everywhere on R™, and

/ (VT f(2)]) dz < / o ([[Vf(@)]) dx (5.20)
{z: Tf(z)2a} {z: f(z)2a}

for each a > essinf f. Hence

/‘P(IIVTf(m)II) dx < /‘P(Ilvf(x)ll) da, (5.21)

Rn Rn

where the integrals may be infinite.

Proof. Without loss of generality, we may assume that ® is a nontrivial real-valued
function. Indeed, the result is obvious if ® = 0, and if ® attains the value oo, it does so
on some maximal interval (¢g,00), tg > 0. Suppose first that to > 0. For 0 < t < tg, the
right derivative ®'*(¢) of ® at ¢ is increasing, so we may define ¢ = lim;_;,— ®'*(¢). If
¢ = 00, let (t) be a strictly increasing sequence in (0,ty) converging to tg, and define
the real-valued Young functions

B, (8) = D(t), if0<t<ty,
g O (11)(t — 1) + B(tr), otherwise,

If ¢ < 0o, we must have ®(ty) < oo by left continuity, and may define

* (e + k)(t — to) + ®(to), otherwise.

When tg = 0, we put @i (t) = kt. In each case, we have &, < & and (Py) is an increasing
sequence of real-valued Young functions converging pointwise to ®. Thus, if (5.20) holds
for real-valued Young functions, it holds with ® replaced by @, and hence, by the
monotone convergence theorem, for ¢ itself.

The set of values t such that H"({z : f(z) = t}) = 0 is dense in (essinf f, 00), so there
is an increasing sequence {a,,} contained in (essinf f,a) and converging to a such that
H*"({z : f(z) = am}) = 0 for each m. Fix m € N. By Lemma 5.4, {z : f(z) > an} is
bounded, and the equimeasurability of T implies that

H'({e: Tf(@) = an}) = H* ({2 [(@) = an}) = 0.
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Assume that L is the Lipschitz constant for f. As T reduces the modulus of continuity
by Corollary 4.12, Lemma 5.7 with » = R implies that there is a Lipschitz function F
on R™ with Lipschitz constant at most L such that F(z) = Tf(z) for H™-almost all
x € R™. Weak derivatives and the remainder of this proof are unaffected by changing
Tf on a set of measure zero, so we may assume that T'f itself is Lipschitz on R™ with
Lipschitz constant at most L. Then, by Lemmas 5.3 and 5.5 (the latter applied to both
f and Tf) with a replaced by a,,, and the equimeasurability of T, we obtain

[ memeawews [ hets@)d ).

Gri{Tnt1>am} Gy {zpnt1>am}

where C is any convex body as in Lemma 5.2, and v,(z) is the outer unit normal of K,
at = for a Lipschitz function g. The integral on the right can be written as

(~Vly )
c<—7======== L+ (VW2 dy = he(=V£(y),1)dy,
bt ”Vf {y:f(y)/>am}

{y:f(y)>am}

where we used the 1-homogeneity of h¢. Similarly, the integral on the left can be rewritten
in the same form, with f replaced by T f. Consequently,

ho(~VTf(y).1) dy < / ho(=V f(y), 1) dy,

{y:Tf(y)>am} {y:f(y)>am}

which also yields

[ retvmwn-iws [ retvimn 1w, 62)

{y:Tf(y)>am} {y:f(y)>am}

since H"({y : Tf(y) > am}) = H"{y : f(y) > am}). If £ is the Lipschitz constant for
some Lipschitz function g, we have |Vg(z)|| < ¢ for x € R™ where the derivative of ¢
exists. Applying this to ¢ = f and g = T'f implies that

max {|Vf(2)], [VT ()]} < L (5.23)

for H™-almost all x € R™. As & is real-valued and not identically 0, we may define the
convex body C as in Lemma 5.6 corresponding to K = B", M = L, and ®. Then C
satisfies the conditions stated in Lemma 5.2 and by (5.17),

he(y,1) =1 =02(|lyl),

for y € R™ with ||y|| < M and some b > 0. Substituting in (5.22) and taking limits as
m — 00, we obtain (5.20).
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By Proposition 3.2, we have essinf T'f = essinf f. Letting a — essinf f in (5.20), we
arrive at (5.21). O

Theorem 5.8 yields Pdlya-Szegd inequalities with ®(¢) = tP, 1 < p < oo, and it
is possible to extend these to functions in W1P(R™) N V(R™) by means of standard
techniques, utilized for example in the proof of (1.1) in [3, Theorem 3.20] (though the
case p = 1 needs extra work). We shall not state this extension here, however, but
instead derive it from a still more general result, Theorem 6.3, proved in Section 6. See
Corollary 6.5. We also postpone to Section 6 a proof that the assumption in Theorem 5.8
that T is smoothing cannot be dropped in general; see Example 6.6. This example also
shows that when ®(¢) = t in Theorem 5.8, the smoothing property is not necessary for
the stated inequalities to hold.

Corollary 5.9. Let X = S(R") or V(R"), and let T : X — X be a rearrangement. If T
is smoothing, f € X is Lipschitz, and a > essinf f, then

H (G O a1 > a}) < HYGy O g = a)).

Proof. Since f is Lipschitz, we have the familiar formula (see, e.g., [17, p. 101])

n 1/2
WG za) = [ (L4 I9F@IR) " o
{z:f(z)>a}

Noting that T reduces the modulus of continuity, by Corollary 4.12, we may, as in the
proof of Theorem 5.8, assume that T f is also Lipschitz, so the same formula holds with
f replaced by T'f. The result now follows from (5.20) on setting ®(¢) = v/1+ 2 — 1 for
t > 0, and recalling that H"({z : T'f(x) > a}) = H"({x : f(z) > a}). O

6. Extension of Theorem 5.8 to VVl})’c:l (R™)

We begin by recalling some notions from the theory of Orlicz spaces. Much of the
literature is based on N-functions (nice Young functions), that is, functions @ : [0, c0) —
[0,00) that are continuous, convex, and such that ®(¢t) = 0 if and only if ¢ = 0,
limy_,0 ®(¢)/t = 0, and lim;_, o, ®(¢)/t = co. However, this restriction is sometimes un-
necessary, so we prefer to follow [16] and [47] by working with nontrivial Young functions
®, those such that ® # 0 and ® # oo on (0, 00).

Let @ : [0,00) — [0,00] be a nontrivial Young function. The Orlicz space L*((Q),
where 2 C R™ is an open set, is the set of all real-valued measurable functions f on 2
such that

1 fll 2 (o) = inf )\>O:/<I>( 5y )da:ﬁl < 0. (6.1)
Q
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The norm defined by (6.1) is called the Luzemburg norm.

Note that f € L*(Q) if and only if there is a ¢ > 0 such that [, ®(c|f(x)|) dz is finite.
Indeed, if the latter condition holds, we can choose A > 0 large enough that 1/A < ¢
and [, ®(c|f(x)|)dz < c\. Then, since ®(t)/t is increasing, we have A®(|f(x)|/\) <

®(c|f(z)])/c and hence

/q> (f(;)'> dr < é/@(e\f(m)bdx <1.
Q Q

If f, f € L2(Q), k € N, then

lim |[fx — fllpe =0 <= lim /‘I’ (c|fx(x) — f(z)]) de =0, for all ¢ >0, (6.2)
k—o0 k— 0o

by [16, Proposition 2.1.10(5)].

The complementary function ¥ : [0,00) — [0,00] to ®, defined by W(t) = sup (st —
®(s)), is also a nontrivial Young function, sometimes called the conjugate function of ®.
Another norm on L*(9) is the Orlicz norm

l9llze (o) = sup /\g z)| dx : /‘I/(|h(x)|)dx§1 :

Q

by [47, Theorem 132.2], this norm is equivalent to the Luxemburg norm.
The set

H*(Q) =< feL*9): /<I>(c|f(m)|) dx < oo for all ¢ > 0 (6.3)
Q

is called the heart of LT ().

We say that the Young function ® satisfies a Ao condition at infinity if there exist
¢, to > 0 such that

D(2t) < c (1)

for t > to. If ® is in addition nontrivial and real-valued, and if H"(Q) < oo, then
H®(Q) = L*(Q2); see [16, Theorem 2.1.17(2)].

The Orlicz-Sobolev space W% (Q) is defined as

W (Q) = {f: f € L*(Q), f is weakly differentiable in Q, and |V f| € L*(Q)}.

The norm of f € WL®(Q) is defined by
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Il = IF s + IV oo (6.4)

Let ®; and @, be nontrivial Young functions. We say that ®; dominates ®o globally
and write ®1 > @5 if there are constants a,b > 0 such that

for all t > 0. If ®; = @5, then L*1(Q) C L*2(Q) by [16, Theorem 2.2.3(1)]. If both ®; =

®, and @5 = @y, we say that ®; and @, are equivalent. In this case, L®(Q) = L?2(Q)

and by [16, Proposition 2.2.1], the norms || - || Le1 (o) and || - || L#2 () are equivalent.
Consider the complementary pair of nontrivial Young functions

0, ifo<t<1, t, ifo<t<l,
(I)min(t) == q)max(t) =
t—1, ifl<t<oo, oo, ifl<t< oo

see [16, p. 54]. The following facts are gathered in [16, Proposition 2.2.4] and the remarks
that follow it. We have

LP(R™) = {f1 + foo : [ € L'(R"), foo € L™(R™)},
with Luxemburg norm
[ £l L#min Ry = Inf{max{[| f1ll1r"), | foolLo®n)} : f = f1 + foo} (6.6)
for f € L®min(R™), and LPmex(R™) = L}(R™) N L*°(R"), with Luxemburg norm
[ £l Lomax rny = max{|| fllLr@nys 1l oo )} (6.7)

for f € LPmax(R™). We will often write L®=in(R™) = L}(R™) + L>(R™). Any nontrivial

Young function ® satisfies .y = P = Py and hence all Orlicz spaces with nontrivial

Young functions contain L'(R™) N L>°(R") and are contained in L!'(R™) + L>(R™).
The proof of the following lemma is a variant of arguments in [33, p. 77].

Lemma 6.1. Let Z be the closure of
k
> ajla;iar,..ax €R AL A €LY EEN (6.8)
j=1
in LY(R™) + L*>®(R™). Then Z = L*(R™) + L>=(R").

Proof. The step functions in the set (6.8) are clearly bounded and integrable, so we only
have to show that L'(R") 4+ L*°(R") C Z.
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Let f € L*(R™) + L*>°(R") and suppose that |f(z)] < M for H"-almost all z € R™.
For k € N define I; = [jM/k,(j + 1)M/k), A; = f~*(I;), and

minf;, ifj >0,
a; =
sup/;, otherwise,

for j=—k,...,k—1. For j € {—1,0} we have a; = 0, and for all other j,

a4 < [15@)ds <o,
Aj
as f € L'(R™). Therefore

k—1
fr= Z alej A

j=—k

By construction, |fx(z) — f(z)| < M/k for H™-almost all z € R™, so ||fx — flleo = O
as k — oo. Since |fx(z)] < |f(z)| for H™-almost all © € R™, the dominated convergence
theorem yields || fx — fll1 — 0 as k — oo. It follows that fr — f as k — oo in the norm
(6.7), proving the lemma. O

By definition, a subset S of L*(R™) + L>®(R") is relatively sequentially compact
in the weak topology o (L*(R™) + L*(R™), L*(R™) N L>(R™)) if any sequence (f;) of
functions in S has a subsequence (f;,) converging to some f € L*(R™)+ L>(R"), in the
sense that

Jmn [ (13, (@) = Fla)ha)do =0

]Rn

for all h € L*(R™) N L*®(R™). As o (Ll(]R") + L>®(R"™), LY(R™) N L‘X’(R")) is the only
weak topology used in this section, henceforth weak convergence and compactness
will always refer to this topology. If S is bounded in the norm (6.6), it is relatively
weakly sequentially compact if and only if there is a real-valued Young function & with

lim o0 ®(t)/t = 0o and

sup/é(f(x))dx < 0. (6.9)
fes
Rn

This is essentially the criterion of de La Vallée Poussin [16, Theorem 2.3.5] combined
with [16, Proposition 2.3.16], where the latter uses the o-finiteness of the underlying
measure in the proof.

For the reader’s convenience we provide a proof of the following approximation lemma,
mainly to stress that ® need not be an N-function.
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Lemma 6.2. If ® : [0,00) — [0,00) is a real-valued Young function and f € H®(R"),
there is a sequence (f;) of C>°(R"™) functions with compact supports that converges to f
in L®(R™).

If, in addition, f is nonnegative, or has bounded support, or |[Vf|| € H®(R"™), then
fi, 7 € N, can be chosen to be nonnegative, or have uniformly bounded supports, or such
that lim; o [|f; — fllwr.e®n) = 0, respectively.

Proof. We may assume that f € H®(R") has compact support. Indeed, let 0 < ¢ < 1
be a C°°(R"™) function with support in 2B™ and ¢(z) = 1 for all x € B™, and let
ém(z) = ¢(x/m) for m € N and x € R™. Then ¢,,f € H*(R™) has compact support,
and using (6.2) and (6.3), it is easy to see that ¢,, f converges to f as m — oo in L®7(R"™).
If |Vf| € H®(R") is assumed in addition, this convergence even holds in W1®(R"), in
view of (6.2) and (6.4). Indeed, since ® is convex, we have, for s,t > 0,

B(s +1) < (1/2) (B(25) + B(2t)).

Therefore
BV 0 1) < (172) (277D + @ (e/ml sVl ) ).

Since |V f|| € H®(R™), the integrals of both terms on the right-hand side are finite, and
the desired conclusion follows from the dominated convergence theorem. Whenever f is
nonnegative, we also have ¢,, f > 0. Thus if the result holds for functions with compact
support, a standard diagonal-type argument shows that it holds generally.

Suppose that f € H?(R") has compact support. Let p : R™ — [0,00) be a C>®(R")
function with support in B™ and integrating to 1, and define p;(z) = j"p(jz) for j € N
and z € R™. The convolution f; = fx*p; is C°°(R"), satisfies f; > 0 when f > 0, and has
support in M + B™ when the support of fis M C R™. We claim that || f — f;[| Lo ®n) — 0
as j — oo. To see this, note that since ® is real-valued, there is a sequence of inte-
grable simple functions (i.e., finite weighted sums of integrable characteristic functions)
converging to f in the L®(R™) norm, by [16, Theorem 2.1.14(b)]. Using monotone con-
vergence, the proof of the latter theorem can easily be modified to show that these
simple functions can be assumed to have bounded supports. Thus, for each € > 0 there
is a simple function h with |h(z)| < blrpn(x) for some b, R > 0 and all € R", such
that || f — hllpe@ny < €/4. If hj = h x p;, Jensen’s inequality (see, e.g., [33, p. 62,

Proposition 5]) implies that

I1fi = hillLe@®ny = [I(f = h) % pjllLe@ny < I|f = bllLemn) <e/4,

SO

1f = fillee®ny < NIf = Rllpe@ny + [|h = hjllLe®ny + (1A — fill Lo ®n)
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+ [[h = hjllLe®n).- (6.10)

wlm

We have

Ih(z) - hy(a)] < / Ih(z) — h(y) 105 (x — 1)dy < l|p;lloe / Ih(z) — h(y)| dy.
B(z,1/j)

As h is integrable, the Lebesgue differentiation theorem (see, e.g., [25, Proposition 3.5.4])
implies that hj(z) — h(x) for H"-almost all x € R". Since |h;(z)| < bl(ry1)pn(T)
for all x € R™ and ® is real-valued, the dominated convergence theorem gives
lim; oo [gn ®(clh(z) — hj(x)|) dz = 0 for all ¢ > 0. Therefore, by (6.2), there is a jo € N
such that ||h — hj||pe®n) < /2 for all j > jo, and inserting this into (6.10) proves the
claim.

Since f; > 0 when f > 0, it only remains to deal with the statement involving the
extra assumption that |V f| € H®(R™). For this, we may proceed exactly as in the proof
of [15, Theorem 2.1]. If f and ||V f| are functions in H®(R™) with compact support, we
have 0f;/0x; = (0f/0x;) * p; (where the weak derivative is used on the right-hand
side). Applying the above, both to f and with f replaced by 0f/0z;, i =1,...,n, yields
lim; o || f — fjllwr.e@®ny = 0, as required. O

Theorem 6.3. Let T : V(R™) — V(R™) be a smoothing rearrangement and let ® be a
Young function. If f € Wllocl(R") NV(R") and [, ®(||Vf(x)|])dz < oo, then Tf €
I/Vﬁm1 (R™) and

/‘I’(HVTf(:C)H)de /‘D(IIVf(m)II)dx- (6.11)

Rn R»

Proof. As at the beginning of the proof of Theorem 5.8, we may assume that ® is a
nontrivial real-valued function. We first aim to prove (6.11) when H"(supp f) < oco. Let
) be an open set such that supp f C  and H"(Q2) < oo. The proof will proceed via a
succession of claims.

For r > sup{t > 0 : ®(t) = 0}, define

A(t) = (I)(t), ifo<t<r,
T et (r)(t —r)+ ®(r), otherwise,

where @' (r) is the right derivative of ® at 7. Then ®, = max{0, A, —1/r} is a nontrivial
real-valued (and hence continuous) Young function with ®,. < ®. By construction, there
is a d > 0 such that § < ®/F(¢) < 1/6 for all ¢ > to = sup{t > 0: @,.(¢t) = 0} > 0. It
follows that for ¢ > ¢y, we have

t

t
5(t—t0):/6ds§<1>r(t)g/%dS:%(t—to).
to

to
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Comparing (6.5), we see that ®, is equivalent to ®p;,. Therefore, as we remarked
before Lemma 6.2, the L®"(R™) norm is equivalent to the norm (6.6) and hence
L®(R") = LY(R") + L>°(R"). If ¥, denotes the complementary Young function to
®,., then LY (R") = LY(R™) N L>°(R") and the LY"(R™) norm is equivalent to (6.7).

Our first claim is that f can be approximated in the W!®~(R™) norm by a sequence
(f;) of nonnegative C>°(R™) functions with compact support. To see this, note that
since 0 < @, < @, our assumptions give [p, ®,(||Vf(z)|)dr < oc. By [39, Lemma 3],
this yields the existence of a ¢ > 0 such that [, ®.(c[f(z)|)dz is finite, and hence
f € L*(R™), as was explained in the remarks at the beginning of this section. Therefore
f € L*(Q) and our assumptions and 0 < ®,. < ® imply that ||V f| € L (Q). As was
mentioned before Lemma 6.1, L®" () = H?" () because ®, satisfies a Ay condition at
infinity and H"(Q2) < co. Since f vanishes on R™ \ Q, we have f, ||V f|| € H®(R"). By
Lemma 6.2, there exists a sequence (f;) of nonnegative C*°(R™) functions with compact
support that converges to f in the W1®~(R™) norm. This completes the proof of the
first claim.

Our second claim is that (T'f;) converges to T'f in L*(R"), Tf € le’g(R”), and a
subsequence of (VT'f;) converges weakly to the weak gradient of T'f. Indeed, Proposi-
tion 3.7 implies that |Tf; =T f||ze, n) < [If; — fllL#r ey Thus T'f; — T'f in L*(R™)
and, in particular, Tf € L*(R™) and T'f € L}, .(R™). We also have

loc
Jim [V o ey = NIV o oy (6.12)

The map 7" and each f; satisfy the hypotheses of Theorem 5.8, so for j > 1, the latter
theorem implies that the nonnegative function T'f; agrees with a Lipschitz function
‘H"™-almost everywhere, and

VT Lor gy < MV E Lo gy (6.13)

Due to (6.12) and (6.13), the set {||VTf;||,j > 1} is bounded in L®"(R") and therefore
also in L®=i»(R™) by norm equivalence. Since ||V f;|| converges in L®(R™), it also con-
verges in L®min(R™), and the criterion of de La Vallée Poussin stated before Lemma 6.2
yields the existence of a real-valued Young function ® with lim_,., ®(¢)/t = oo such
that (6.9) holds with S = {||Vf;|| : 7 > 1}. Theorem 5.8, applied with ® instead of ®,
shows that (6.9) also holds for S = {||VTf;| : 7 > 1} with the same ®. De La Vallée
Poussin’s criterion now shows the relative weak compactness of {||VTf;|| : j > 1}.
Hence, there is a subsequence of (VI'f;), also denoted (VT'f;), and a vector field
g € (L*(R") + L=(R™))" = (L®(R™))", such that VT'f; converges weakly to g, i.e.,
for each h € (L*(R") N L=(R™))" = (LY~ (R"))",

Jim [(V7)@h)do = [ g)ha)da.
Rn Rn
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If h € C°*°(R™) has compact support, then h,dh/dz; € LY (R™) and

oTf; oh
/gl(x)h(ac) dxr = Jlggo axJ:J (z)h(x)dx = — Jhﬁrgo Tf; (gc)a—xl(x) dx
R R o K (6.14)
- [ 1@ @ s
Rn

where we have used the fact that the convergence of T'f; to T'f in L®~(R™) also implies
weak convergence. From (6.14) we see that g is the weak gradient of T'f, and the fact
that T f /Ox; is locally integrable is a direct consequence of the fact that it belongs to
LY (R™). The second claim is proved.

Next, we claim that
9T o, ey < Hint 19T, gy (6.15)

With this goal in mind, we first prove that if u € (L®~(R™))", then

H||u||HL(I)T(Rn) = sup /u(m) ~h(z)dz|:he (L\I»([Rn))n7 <1

]Rn

(L]

(6.16)
A similar formula in the scalar case is proved in [33, (10), Proposition 10, Section 3.4];
when applied with f and ® there replaced by ||u|| and ®,., respectively, it becomes

||Hu||HLq,T(Rn) = sup / lu(z)||v(x)dz| :v € MY, ||U\\’LWT(RTL) <1y, (6.17)
Rn

where MY~ is the closure of the span of all step functions in L¥~(R"™). (We warn the
reader that in [33], [|u|Le®n) and ||“H/L<1>(Rn) are denoted by Ng(u) and |lul|s, respec-
tively.) We have already seen that LY~ (R™) = L*(R™)N L>(R™) and that the two spaces
have equivalent norms, so M¥ = LY"(R") due to Lemma 6.1. Thus, (6.17) becomes

= sup / |u(x)|| v(z)dz| : v e LY (R™), Hv||’L\p,,.(Rn <1l,. (6.18)

Rn

H”“HHL%(RH)

Let S; and Sy denote the right-hand sides of (6.16) and (6.18), respectively. The
Cauchy-Schwartz inequality yields S; < S;. We can restrict the supremum in (6.18)
to nonnegative v. If v € LY~ (R"™), v > 0, ||11H’L\I,T(Rn) <1, and

h(x) = {v(x)%, if u(z) #£0,
0, if u(x) =0,
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then b€ (LY (R™)", [[[1k]]|o, ., < 1, and

)

S1 > /u(x)h(:c) dz| = /Hu(az)Hv(x)dz .

Rn Rn

This proves that S; > Sy and concludes the proof of (6.16). Now (6.16) with u replaced
by VI'f and VT f; gives

09T e

~ sup /VTf(x)-h(x)dx e (LR IR e gy <1

r(R7) =
R~
—sup lim | [ VTfy(a) hla)da| b € (L4 RO 1A, gy <1

R~

< lim inf sup /VTfj(x)~h(x) dz|:he (L‘I’T'(R"))”,||||h||||/L%(R,,) <1
j—oo
Rn
= hjrgggf ||HVTfj||HLq>T(]Rn)'
This proves (6.15).
From (6.12), (6.13), and (6.15), we conclude that

ST o ey < VA o - (6.19)

Our fourth claim is that (6.11) holds when ® is replaced by ®,.. To see this, note that
(6.19) holds if ®, is replaced by a ®,. for any a > 0, because all the preceding arguments
are valid with this replacement, due to [, a ®,.(|Vf(z)||) dz < co. If we choose a so that
Jrn @@ (|V f(2)|]) dz = 1, then |||V ] ||La‘1>r(]R") =1, by [16, Proposition 2.1.10(4)] and
the fact that ||V f|| € H*®(R™). Thus (6.19) becomes

HHVTf”HLGq)T(Rn) S 1

By [16, Proposition 2.1.10(2)], the previous inequality holds if and only if

[avvrs@ids <1 [av, (V@) da. (6:20)

R™ R™

This proves the fourth claim.
Since the nonnegative function @, increases to ® as r — oo, one may apply
the monotone convergence theorem to both sides of (6.20) and obtain (6.11) when
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H"(supp f) < oo. To remove the latter restriction, let f € VVllocl(]R") N V(R™) and
let f. = max{f — ¢,0} for ¢ > 0. Then f. satisfies the hypotheses of the theorem and
H"™(supp f¢) < oo. Moreover, Vf. = Vf on {z: f(z) > ¢} and Tf. = max{Tf — ¢,0},
by Proposition 3.6 with ¢(t) = (t — ¢)™, so VI'f. = VT f on {z : Tf(x) > c}. By (6.11)

with f replaced by f., we have

/ (VT (x)]) de = / S(|VTfu(2)]) de

{z:Tf(x)>c} R~
< [e(vr@hd= [ e(Vi@ds
R~ {z:f(z)>c}

Letting ¢ — 0 and applying the monotone convergence theorem, we obtain (6.11). O

Lemma 6.4. Let X = S(R™) or V(R™) and let T : X — X be a smoothing rearrangement.
If f e WH(R™") N X, then Tf € WL°(R") and

esssup || VT f(z)| < esssup ||V f(x)]. (6.21)
z€Rn

zER”

Proof. If f € Wh°(R™) N X, then by [3, Proposition 3.17], f coincides H"-almost
everywhere with a Lipschitz function in X. We may therefore assume that f is Lipschitz,
and then, as in the proof of Theorem 5.8, also assume that Tf is Lipschitz. By [3,
Corollary 3.4], (6.21) is equivalent to Ly < Lo, where L; and Lo are the Lipschitz
constants of T'f and f, respectively. Since

L, = Zupwd(Tf)/d < supwd( )/d = Lo,
>0

the proof is complete. O

Corollary 6.5. Let T : V(R™) — V(R™) be a smoothing rearrangement and let 1 < p < co.
If f € WEP(R™) N V(R™), then Tf € WHP(R™) and

VT @), < IV ()

(6.22)

where || - ||, denotes the L norm when 1 < p < oo and the essential supremum over R™
when p = co.

Proof. The case when p = oo corresponds to Lemma 6.4. Suppose that 1 < p < oo and
let f € WLP(R?)NV(R™). As WHP(R™) ¢ W (R™), Theorem 6.3 with ®(t) = t? gives

loc

(6.22). Our assumptions on f show that the right-hand side of (6.22) is finite, implying
that Tf € WHP(R™). O
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The following example shows that the assumption that 7" is smoothing in Theorems 5.8
and 6.3 and Corollary 6.5 cannot be dropped in general. It also shows that when ®(t) = ¢
in Theorem 5.8 or 6.3, or p = 1 in Corollary 6.5, the smoothing property is not necessary
for the stated inequalities to hold.

Example 6.6. Let K € K{) and H"(K) = £k, and let 7' : V(R") — V(R") be the
rearrangement defined in Example 4.3(ii). We make the following two claims.

(i) Inequalities (5.21) and (6.11) for ®(¢) = ¢, and (6.22) for p = 1, each hold if and only
if K =z + B™ for some x € D".

(ii) Inequalities (5.21) and (6.11) for strictly convex real-valued ®, and (6.22) for 1 <
p < 00, each hold if and only if K = B™.

Suppose these claims are true. If K is not a ball, then T is not smoothing by Exam-
ple 4.3(ii) and Theorems 5.8 and 6.3 (for real-valued strictly convex ®), and Corollary 6.5
fail by (i) and (ii). If K = x + B™ for some o # x € D", then T is not smoothing by
Example 4.3(ii) but nevertheless Theorems 5.8 and 6.3 with ®(¢) = ¢, and Corollary 6.5
with p = 1, hold by (i).

To prove the two claims, we note first that if f € V(R™) and ap; = H"({z : f(x) > t})
for t > 0, the definition of T yields

Kn

(0:Tf(zx) >t} = (ﬁ)wf( (6.23)

for t > 0.

Now let M € K7,y and H"(M) = kn, and let fa(z) = (1 = hao(2))" for z € R,
where M° is the polar body of M and s* is the nonnegative part of s € R. Then
{z: fu(x) >t} = (1 —t)*M for t > 0. Since ay,,+ = (1 —t)")" kn, (6.23) with
f = fu implies that

Tiv = k. (6.24)
When M = B", we have fgn(z) = (1 —||z|)* for # € R™ and hence

1, ifze D"\ {o},

(6.25)
0, ifx¢ B

IV £ ()| = {

The coarea formula for Lipschitz functions f on R™ (see [3, Theorem 4.19], [17, The-
orem 1, p. 112]) states that

J19s@ids = [#is f@) =t ar (6.26)

R~ 0
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Suppose that T satisfies (5.21) or (6.11) with ®(¢) = ¢, or (6.22) with p = 1. Then,
using (6.26) with f = fx, (6.24) with M = B™, either (5.21), or (6.11), or (6.22) with
f = fpn, and (6.25), we obtain

1

’H”’l(aK):n/(l— )" H L (OK) dt—n/?—t" Y : fx(z) =t})dt (6.27)
—n/||VfK \dm—n/HVTan 2)|| do

< n/ |V f5n(2)| dz = nk,, = H" " (OB™).

Because H™(K) = H™(B"™), equality must hold in the isoperimetric inequality and con-
sequently K = x 4+ B™ for some z € D™. Conversely, suppose that K = x + B" for
some € D" and f € WHL(R™) N V(R™). From (6.23) and the fact that the decreasing
function ¢ — ay,; can only have countably many discontinuities, we get

1/n
{z:Tf(x)=t}={z:Tf(x >t}\U{x Tf(x >s}C<Hft> 0K

s>t n

for almost all ¢t > 0. Since K is a translate of B", this and (6.26) imply that

1/n
/HVTf Ida:—/H" Yo : Tf(x dt</’H" ! ((a“> 6K> dt
/n
/7—[” ! ((““) 8B”> dt:/||Vf#(x)Hd:c.
Rn

Hence, T satisfies (5.21) and (6.11) with ®(¢) = ¢, and (6.22) with p = 1, as the Schwarz
rearrangement does so. This proves (i).

For (ii), assume first that ® is real-valued and strictly convex, and that (5.21) or
(6.11) holds. Let ®(1) = ¢ > 0. Note that the measure on K with differential dx/k,, is a
probability measure, since H"(K) = k,. We use (6.25), either (5.21) or (6.11), Jensen’s
inequality (see, e.g. [33, p. 62, Proposition 5]), (6.27), and the isoperimetric inequality,
to obtain

c= [@UVfm@ T2 [T m@) 2 [T fan@l)

n n
Rn Rn K

o [I97fm @I ) =0 (ow o) 20 (owon)
K

=®(1) =c
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It follows that there is equality in the isoperimetric inequality, giving K = x + B™ for
some x € D", as before. But now equality also holds in Jensen’s inequality with the
strictly convex function @, so |V fg~(-)|| = ||Vfk(-)|| must be constant H™-almost
everywhere on K. This is only possible when z = o. If we assume instead that (6.22)
holds with 1 < p < oo, we can apply the same argument with ®(¢) = ¢*. Conversely,
when K = B", the rearrangement T is the Schwarz rearrangement and therefore the
Pélya-Szeg6 inequality holds.

Finally, for (ii) when p = oo, take f = fpn in (6.22). We have T'fgr» = fi by (6.24),
and it is clear that esssup,cgn ||V fBn(2)|| = 1, while esssup,cgn ||V fx(2)| > 1 if and
only if K # B™. This completes the proof of (ii).

7. The anisotropic case

The following result generalizes Theorem 5.8, which corresponds to the case when
K = B".

Theorem 7.1. Let X = S(R") or V(R"), let K € K{,), let T : X — X be a rearrange-
ment, and let ® be a Young function. If T is K-smoothing and f € X is Lipschitz, then

Tf coincides with a Lipschitz function H™-almost everywhere on R™, and

[ ter(VTs@) dr < [0 hr(95(0) a. (7.1)

R~ Rn

where the integrals may be infinite.

Proof. We can argue as in the proof of Theorem 5.8, with very few changes. With
arguments as at the beginning of that proof, we may assume without loss of generality
that @ is a nontrivial real-valued Young function. Let f € X be Lipschitz with Lipschitz
constant L. Choosing 0 < r < R such that rB™ C K C RB"™, we may use Lemma 5.7
to conclude that T'f coincides H"-almost everywhere with a Lipschitz function with
Lipschitz constant at most LR/r. Inequality (5.22) follows as before. Instead of (5.23)
we have

max {[[Vf(2)[|, [VTf(x)[|} < LR/r

for H"-almost all x € R™. Then, if C is the convex body from Lemma 5.6 corresponding
to M = LR/r and ®, we have

he(y,1) =1 =b2(hk(y)) = b®(h-x(—y))

for y € R™ with hi(y) < M and some b > 0. As before, this leads to (7.1). O
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Finally, we present in Theorem 7.3 an anisotropic version of Theorem 6.3, which again
corresponds to the case when K = B"™. We shall need the following lemma. Recall that
a convex body is smooth if all its boundary points are regular and strictly convez if it
does not contain a line segment in its boundary; see [36, pp. 83, 87].

Lemma 7.2. Let L € IC?O) be a smooth and strictly convex body, and let v : R™ — R"™ and
v:R™ = R be measurable. Then there is a measurable w : R™ — R™ such that

(i) hro(w(z)) = v(z) for all x such that u(x) # o, and

(if) w(z) - w(z) = hr(u(x)) hpo (w(z)) for all x € R™.

Proof. If A = {z : u(z) # 0}, then A is H™-measurable. As is observed in [36, Re-
mark 1.7.14], it follows easily from (2.3) that since L is smooth and strictly convex, the
same is true of L°. Let n(L°,y) denote the unit outer normal to L° at y € JL°. Note
that u/hz(u) = pre(u)u € OL° by (2.3), and define n : S"~! — S"~1 by

n(u) =n (L% u/hr(u)).

The map 7 is continuous, since L° is a convex body of class C! by [36, Theorem 2.2.4]. The
map f: R"\ {0} — S"~! defined by f(z) = 2z/||2|| is also continuous. The composition
nofou:A — 8" of measurable functions is therefore also measurable, and so is
its composition with the continuous support function hro : R™ — R (see [36, p. 115]).
Define

@)
w(z) = v(x)hm(n(f(u(m))))a ifxe A,
0 if x & A.

Then w : R™ — R"™ is measurable and clearly satisfies (i). By its definition, w(z) is an
outer normal to L° at f(u(x))/hy(f(u(z))) = w(z)/hr(u(x)), so (ii) holds due to the
equality condition for (2.7) stated immediately after it. O

Theorem 7.3. Let K € K{,,), let T : V(R™) — V(R") be a K-smoothing rearrangement,
and let ® be a Young function. If f € WoH(R™) N V(R™) and Jrn @ (h—x(V f(2))) dz <
oo, then Tf € VVlloc1 (R™) and

[ r(VTs@) s < [ @ hr(V5(0) d (7.2)
R~ R~
Proof. The proof follows that of Theorem 6.3, up to the end of the proof of the second
claim, verbatim except that the role of Theorem 5.8 is now played by Theorem 7.1 and

that |V f|| and | VT f]| are replaced by h_g(Vf) and h_ g (VT f), respectively. Instead
of the third claim, that (6.15) holds, we claim that

Hh—K(VTf) HL%» (R™) = h}g}},}f Hh—K(VTfJ') HL‘I’r (Rn)” (7.3)
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The argument is similar to the one given for (6.15). We first prove that if u € (L% (R™))"?,
then

sy =500 8 | [ 00) )| 0 € 2P R e ), gy <1
R~

(7.4)

where —K° = (—K)° is the polar body of —K; see (2.2). For this, we apply [33, (10),

Proposition 10, Section 3.4] to h_ (u), which yields

sl o ey =500 | [ sl o) o 0 € L% ), ol o, oy < 1
R~

(7.5)
(Here we have used the fact that MY = L¥~(R"), where MY~ is the closure of the
span of all linear step functions in LY~ (R"™); this was explained after (6.17), along with a
warning about the different notation employed in [33].) Let S and Sz denote the right-
hand sides of (7.4) and (7.5), respectively. From (2.7) with K, x, and y replaced by — K,
u, and w, respectively, we obtain S < S5.

For the converse, we can restrict the supremum in (7.5) to nonnegative v. Let u €
(L®(R™))" and let v € LY"(R™), v > 0, and ||v||’L\pT(Rn) < 1. By [36, Theorem 2.7.1],
the set of smooth and strictly convex bodies is dense in K™ with the Hausdorff metric,
while the compact convex sets strictly contained in K and strictly containing aK for a
fixed 0 < a < 1 form an open set in K. We may therefore choose a sequence (K,,) of
smooth and strictly convex bodies converging to K as m — oo in the Hausdorff metric
and such that

1
§K CcK,CK (7.6)

for m € N. Let w,, : R — S"~! be the measurable vector field supplied by Lemma 7.2
with L = —K,,. Since v € L¥"(R™), we have h_go (wy,) € LY (R"); this is equivalent
to ||w,| € LY"(R™) and hence w,, € (LY (R™))". By (7.6), —K° C —K¢

m, so from

Lemma 7.2(i), we get

l[h—rke (wm)Hle(Rn) < Hh*Kfn,(wm)”lL‘Pr(R”) = ||UH/L%(RW) <L

Using (i) and (ii) of Lemma 7.2 with L = —K,,, we obtain

Sp > /u(x) W () dz| = /h_Km(u(x)) h_ro (Wi (z)) dz

Rn Rn
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By (7.6),
0< hse,, (u(e)) o(z) < b)) (a)

and the function on the right-hand side is integrable. Taking the limit as m — oo in
(7.7), the dominated convergence theorem yields

Sy > lim [ hog,, (u(z))v(z)de = /h,K(u(x)) v(z) dz.

m— o0

R~ R”

This proves that S; > Sy and concludes the proof of (7.4). Now (7.3) follows from (7.4)
by the same argument that showed that (6.15) follows from (6.16).

The remainder of the proof of the theorem is a repetition of the last part of the proof
of Theorem 6.3, from the point where (6.15) has been established onwards. O

Suppose that K C R™ is an o-symmetric convex body. Then
hic(z) = h-g(x) = ||z ko

for x € R™, where || - ||xo is the norm for which the unit ball is K°, the polar body of
K, defined by (2.2). In this case, (7.1) and (7.2) may be rewritten in the form

[@UvTH @) de < [ @ (Vs @)e) d

R~ Rn

Data availability
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Appendix A

The purpose of this appendix is to provide a proof of Proposition 3.7. This follows
easily from Lemma 8.1 below, first proved by Crowe, Zweibel, and Rosenbloom [13,
Theorem 3] for Schwarz rearrangement without the assumption that F'(s,0) and F(0,t)
decrease with s > 0 and ¢t > 0, respectively. Variants of Proposition 3.7 are stated for
general rearrangements by Brock and Solynin [9, Theorem 3.1] and by Van Schaftingen
and Willem [46, Corollary 1], whose approaches to rearrangements differ from ours; see
[6, Appendix] for a comparison. Brock and Solynin refer to [13] for a proof, but do not
explain why it should apply to general rearrangements, while [46, Corollary 1] is stated
with the extra assumption that the function j is even. The proof of [46, Corollary 1] is
based on that of [42, Proposition 3.3.9], which does not assume that j is even, or that
it is nonnegative, but which requires a considerable amount of preliminary observations
and terminology. For this reason, we prefer to follow the argument in [13].
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Lemma 8.1. Let F : R?> — R be continuous with F(0,0) = 0 and such that F(s,0)
and F(0,t) decrease with s > 0 and t > 0, respectively. Suppose that for all coordinate
rectangles R = [a,b] X [e,d], where a < b, ¢ < d,

G(R) = F(b,d) + F(a,c) — F(b,¢) — F(a,d) > 0. (8.1)

Let T : V(R™) — V(R™) be a rearrangement. If f,g € V(R™), then

/F m</F@mmm@mm (8.2)

R~

Proof. The function G is additive on coordinate rectangles, that is, if R, .S, and RUS are
non-overlapping coordinate rectangles, then G(RU S) = G(R) + G(S). This allows G to
be extended to a measure v on R? such that each coordinate rectangle R is v-measurable
and v(R) = G(R); see [34, pp. 64-68] (where the union of sets is denoted by +).

Let H denote the Heaviside function, i.e., H(z) =1if > 0 and H(z) =0 if z < 0.
Then for b,d, s,t > 0,

1[0,b]><[0,d](5a t) = H(b — S)H(d — t).

It follows that

//Hb—s d—t)dv(s //1[0b]x[0d (s,t)dv(s,t)
00 0

= v([0,b] x [0,d]) = G([0,0] x [0,d])
F(b,d) — F(b,0) — F(0,d).

From this we obtain
F(b,d) = F(b,0) + F(0,d) +//H(b —$)H(d —t)dv(s,t).
0 0

On setting b = f(z) and d = g(z) and integrating, this gives
[ F@ 9@ s = [ F@,00do+ [ FOg@)dzr 10 (83)
n R~ R~

where by Fubini’s theorem,

_/07

Rn

/ H(f(x) — $)H(g(x) — ) do(s. ) d
0
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_ 77 / H(f(2) — $)H(g(z) — t) da du(s, ). (8.4)

0 0 R»

Our assumptions on F imply that —F'(r,0) > 0 increases with r > 0. We can therefore
apply (3.11), with ¢(r) = —=F(r,0) for r > 0, to obtain —F(T f(z),0) = T(—F(f(x),0)),
for each x € R™. With this, the layer-cake representation formula, and the equimeasur-
ability of T', we conclude that

/F(Tf(:c),o) do = —/T(—F(f(:c),o))d:v

R~

RTI
_ —/H"({x  T(=F(f(2),0)) > t}) dt

= —/’H"({x :—F(f(x),0) > t})dt = /F(f(ac),O) dx. (8.5)
0 Rn
Similarly,

/F(O,Tg(x)) dx = /F(O,g(a:))dx. (8.6)

Rn R»

Since {7 is monotonic, we have
H"(Or(ANB)) < H"((OrA) N OrB) (8.7)

whenever A, B € L". Consequently, using the measure-preserving property of $r, (8.7),
and (3.9), we obtain

/H(f(x) —s)H(g(x) —t)dr = H"({z: f(z) = s} N {z: g(z) > 1})
R»

=H"(Or({z: f(z) > s}n{z: g(x) > t}))
<SH' ((Orfz: f(2) = sh) N Or{z : g(zx) > t})
=H"({x:Tf(x) >s}n{x:Tg(x) >t})

_ / H(Tf(z) — s)H(Tg(x) — 1) da.
RW,

By (8.4), this yields I(f,g) < I(Tf,Tg). Then (8.2) follows from (8.3), (8.3) with f and
g replaced by T'f and T'g, respectively, (8.5), and (8.6). O
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Proof of Proposition 3.7. Let F(s,t) = —j(s—t) for s,t > 0. Since j is convex, for r € R
and s,t > 0, we have

J(r) —jlr—s) <jlr+t)—jlr—s+t).
Ifr=b-d, s=b—a,and t =d — c, this gives

J(b—d) —jla—d) <jb—c)—jla—o),

yielding (8.1). Moreover, F(r,0) = —j(r) and F(0,7) = —j(—r) both decrease with r > 0
since j > 0 and j(0) = 0. Applying Lemma 8.1 with this choice of F', we obtain (3.12).
The LP-contracting property results from taking j(r) = ||, p > 1. O
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