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1. Introduction

There is a wide literature on the maximal dimension of linear or a�ine subspaces 
of matrices with specific characteristics. The most famous result on linear subspaces of 
nilpotent matrices is the following theorem.
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Theorem 1.1. [Gerstenhaber, Serezhkin] Let K be a field. The maximal dimension of a 
linear subspace of nilpotent n× n matrices over K is n(n−1)

2 .

The result above was proved by Gerstenhaber under the assumption that K has at 
least n elements (see [12]) and in 1985 the theorem was generalized by Serezhkin for 
any field (see [28]). Moreover, Gerstenhaber proved that a subspace attains the maximal 
dimension if and only if it is similar to the space of all strictly upper-triangular matrices. 
We also mention that, in 1991, Mathes, Omladic̆ and Radjavi gave new simple proofs of 
Theorem 1.1 and of the result on the subspaces attaining the maximal dimension under 
the condition that the field has more than two elements (see [21], Theorems 1 and 2).

In 1959, Gerstenhaber proved that, if K is a field with at least r + 1 elements, then 
the dimension of a linear subspace of nilpotent n×n matrices over K with rank at most 
r is less than or equal to

n(n− 1)
2 

− (n− r)(n− r − 1)
2 

(see [13], Theorem 2.7) and in 1962 he gave an improved bound on the dimension of a 
linear subspace of nilpotent matrices in terms of the sizes of the Jordan blocks in the 
Jordan forms of the elements of the subspace. To state Gerstenhaber’s result we need to 
fix some notation: for a positive integer n, we say that (a1, . . . , an) is a partition of n if 
a1 ≥ a2 ≥ . . . ≥ an ≥ 0 and n = a1 + . . . + an; the conjugate partition of (a1, . . . , an)
is the partition (ā1, . . . , ān) of n, where āj is the number of the ai that are greater 
than or equal to j; given two partitions of n, (a1, . . . , an) and (b1, . . . , bn), we say that 
(a1, . . . , an) ≤ (b1, . . . , bn) if a1 + . . .+ aj ≤ b1 + . . .+ bj for any j = 1, . . . , n; finally, for 
any nilpotent n × n matrix A, let k1, . . . , kl with k1 ≥ k2 ≥ . . . ≥ kl ≥ 1 be the sizes 
of the Jordan blocks in the Jordan form of A; the partition (k1, . . . , kl, 0 . . . , 0), where 0
is repeated n − l times, is called the Jordan partition of n associated to A. The result 
of Gerstenhaber linking the dimension of a linear subspace of nilpotent matrices to the 
sizes of the Jordan blocks is the following, see [14]:

Theorem 1.2. [Gerstenhaber] Let K be a field. Let 𝒮 be a linear subspace of nilpotent n×n

matrices. Let (a1, . . . , an) be the least upper bound of the set of all Jordan partitions of 
matrices in S. If |K| is sufficiently large, then

dim(𝒮) ≤ 1
2

(︄
n2 −

n ∑︂
i=1 

ā2
i

)︄
.

We also point out that recently Quinlan and De Seguins Pazzis generalized Theo
rem 1.1 proving that the maximal dimension of a linear subspace of n× n matrices over 
a field K with no nonzero eigenvalue in K is n(n−1)

2 (see [23], Theorem 1.3 and [6], 
Theorem 9).
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In 1993, Brualdi and Chavey gave another proof of Theorem 1.2 (see Theorem 3.1 in 
[4]) and gave a bound on the maximal dimension of a linear space of nilpotent matrices 
with bounded nilindex when the cardinality of the field is sufficiently large, where for 
the nilindex of a nilpotent matrix A we mean the minimum k such that Ak is zero (see 
Corollary 3.6 in [4]).

More recently there has been a significant progress on this area thanks to the papers 
of MacDonald, MacDougall and Sweet.

In 2009, MacDougall and Sweet proved that, if |K| > n/2, the maximal dimension of 
a linear space of nilpotent n × n matrices over K with nilindex less than or equal to 2
and rank less than or equal to r is r(n− r) (see [29], Theorem 4 and §4).

In 2012, MacDonald, MacDougall and Sweet proved the following result (see [18], 
Theorems 5.1 and 6.1):

Theorem 1.3. [MacDonald, MacDougall, Sweet] If K is a field with |K| > n and 𝒮 is a 
linear subspace of nilpotent n× n matrices whose nilindex is less than or equal to k and 
rank less than or equal to r, then

dim(𝒮) ≤ nr − r2

2 
− r

2 + q2

2 
(k − 1) + q

2(−2r + k − 1),

where q =
⌊︂

r
k−1

⌋︂
. The bound above is sharp.

Moreover, they improved Gerstenhaber’s bound on the dimension of a linear subspace 
of nilpotent matrices in terms of the sizes of the Jordan blocks in the Jordan forms of 
the elements of the subspace, see Theorem 7.2 in [18] for the precise statement.

Finally, we also mention that Omladic̆ proved (see [22], Corollary 8) that for a maximal 
linear subspace of nilpotent n × n matrices the following conditions are equivalent: (a) 
it has dimension n(n−1)

2 , (b) it is triangularizable, (c) it contains a matrix of rank n− 1
and its square.

In this paper, we focus on the maximal dimension of a�ine subspaces of nilpotent 
n× n matrices with fixed rank.

We mention that in [27] (see Theorem 3) it has been proved that the maximal di
mension of an a�ine subspace of nilpotent n×n matrices over any field K is n(n−1)

2 and 
that, if the characteristic of K is zero, an a�ine not linear subspace of nilpotent n × n

matrices has dimension less than or equal to n(n−1)
2 − 1.

Here we obtain a result on the maximal dimension of a�ine subspaces of nilpotent 
n × n matrices with rank equal to n − 1 (and this condition is obviously equivalent to 
the condition that the nilindex is equal to n):

Theorem 1.4. Let n ∈ ℕ − {0} and let K be a field such that |K| ≥ n + 1. Then the 
maximal dimension of an a�ine subspace of nilpotent n × n matrices over K with rank 
equal to n− 1 is
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(n− 1)(n− 2)
2 

.

Observe that the result we have found for the maximal dimension of an a�ine space 
of nilpotent n × n matrices of constant rank n − 1 is substantially different from the 
case of linear spaces; in fact, given a linear space of nilpotent n×n matrices of constant 
rank n− 1, we have that its dimension can be at most 2 and n must be odd, as proved 
by Causa, Re and Teodorescu in [5], Theorem 2.3 (we recall that a linear subspace of 
matrices is of constant rank r if every of its nonzero elements has rank r).

Moreover, in Proposition 2.8, we consider the other border case, that is, the case rank 
equal to 1; this case is much simpler than the case rank equal to n− 1 and it is easy to 
prove that, if the cardinality of the field K is at least 3, the maximal dimension of an 
a�ine subspace of nilpotent n× n matrices over K with rank equal to 1 is n− 2.

At the end of the paper we have included a conjecture on the maximal dimension of 
a�ine subspace of nilpotent matrices of fixed rank that could generalize the results above 
(see Conjecture 2.10).

Finally, we point out that, obviously, the problem could have some links with the 
study of the maximal dimension of linear or a�ine subspaces of matrices with constant 
rank or bounded rank, which has attracted wide literature, see for instance [3], [7], [8], 
[16], [17], [19], [20], [24], [25], [30] for papers on the maximal dimension of linear or a�ine 
subspaces of matrices with constant rank and the papers [1], [6], [7], [10], [11], [15], [26] 
for the problem of the maximal dimension of a linear or an a�ine subspace of matrices 
whose rank is bounded below or above or both below and above and the references 
therein.

2. Proofs of the results

Notation 2.1. By natural numbers we mean non-negative integers and we denote the set 
of natural numbers by ℕ.

Let m,n ∈ ℕ − {0} and K be a field. Let M(m × n,K) denote the vector space of 
the m× n matrices over K.

We denote the n × n identity matrix over K by IKn and the m × n null matrix over 
K by 0Km×n. We define JK

n to be the n× n matrix over K such that

(JK
n )i,j =

{︄
1 if j = i + 1
0 otherwise .

Moreover, we denote by En,K
i,j the n× n matrix over K such that

(En,K
i,j )x,y =

{︄
1 if (x, y) = (i, j)
0 otherwise.

We define en,Ki to be the i-th element of the canonical basis of Kn.
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We omit the superscripts and the subscripts in IKn , 0Km×n and JK
n and the superscripts 

in En,K
i,j and en,Ki when the underlying field and the size of the matrix (or of the vector 

in the last case) are clear from the context.
For any A ∈ M(m × n,K), the submatrix of A given by the rows i1, . . . , ik and the 

columns j1, . . . , js is denoted by A(j1,...,js)
(i1,...,ik) .

For any matrix A, we denote the rank of A by rk(A) and, for any square matrix A, 
we denote the trace of A by tr(A).

For any subset 𝒮 of a vector space 𝒱, the linear subspace generated by the elements 
of 𝒮 is denoted by ⟨𝒮⟩.

Let 𝒱 be a vector space; let a ∈ 𝒱 and 𝒵 be a vector subspace of 𝒱; consider the a�ine 
subspace 𝒮 := a + 𝒵; we call 𝒵 the direction of 𝒮.

In [21] the following proposition is proved (see Corollary 1):

Proposition 2.2. [Mathes, Omladic̆, Radjavi] Let 𝒱 be a linear space of nilpotent matrices 
over a field K of characteristic 0. If A,B ∈ 𝒱 and m ≥ 1, then tr(AmB) = 0.

In 2012 MacDonald, MacDougall and Sweet generalized the proposition above in the 
following way (see [18], Theorem 2.4):

Proposition 2.3. [MacDonald, MacDougall, Sweet] Let m ∈ ℕ. Let 𝒱 be a linear space 
of nilpotent matrices over a field K such that |K| > m. If A,B ∈ 𝒱, then tr(AmB) = 0.

Lemma 2.4. Let n ∈ ℕ − {0} and K be a field.
(i) Let A ∈ M(n×n,K). Then JA is the matrix whose rows are A(2), . . . , A(n), 0 and 

AJ is the matrix whose columns are 0, A(1), . . . , A(n−1).
(ii) For any c1, . . . , cn−1 ∈ K, the matrix I +

∑︁n−1
h=1 chJ

h is invertible and the inverse 
is a matrix of the kind I +

∑︁n−1
h=1 dhJ

h for some d1, . . . , dn−1 ∈ K.
(iii) Let A ∈ M(n × n,K) and C = I +

∑︁n−1
h=1 chJ

h for some c1, . . . , cn−1 ∈ K. Let 
i, j ∈ {1, . . . , n}; if

Aa,b = 0 ∀(a, b) ∈ {i, . . . , n} × {1, . . . , j} − {(i, j)},

then

(C−1AC)i,j = Ai,j .

(iv) Let A ∈ M(n× n,K) and l ∈ {2, . . . , n}. If

Al,1 ̸= 0 and Ai,1 = 0 ∀i ∈ {l + 1, . . . n},

then there exist c1, . . . , cn−1 ∈ K such that, if we define C = I +
∑︁n−1

h=1 chJ
h, we have 

that
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(CAC−1)i,1 = 0 ∀i ∈ {1, . . . , l − 1}.

Proof. The first statement is obvious. As to (ii), it follows immediately from the fact 
that, if N is a nilpotent n × n matrix, then I + N is invertible and the inverse is 
I −N + N2 − . . . + (−1)n−1Nn−1.

The statement (iii) follows from (i) and (ii), in fact: if we write C−1 = I+
∑︁n−1

h=1 dhJ
h

for some d1, . . . , dn−1 ∈ K (see part (ii) of the lemma we are proving), then

(C−1AC)i,j =
(︄(︄

I +
n−1∑︂
a=1 

daJ
a

)︄
A

(︄
I +

n−1∑︂
b=1 

cbJ
b

)︄)︄
i,j

=

=
(︄
A +

n−1∑︂
a=1 

daJ
aA +

n−1∑︂
b=1 

cbAJb +
n−1∑︂
a=1 

n−1∑︂
b=1 

dacbJ
aAJb

)︄
i,j

= Ai,j ,

where in the last equality we used part (i) of the lemma we are proving.
Finally, to prove (iv), observe that if we write, as before, C−1 = I +

∑︁n−1
h=1 dhJ

h for 
some d1, . . . , dn−1 ∈ K, then

(CAC−1)i,1 =
(︄(︄

I +
n−1∑︂
a=1 

caJ
a

)︄
A

(︄
I +

n−1∑︂
b=1 

dbJ
b

)︄)︄
i,1

=

=
(︄
A +

n−1∑︂
a=1 

caJ
aA +

n−1∑︂
b=1 

dbAJb +
n−1∑︂
a=1 

n−1∑︂
b=1 

cadbJ
aAJb

)︄
i,1

=

=
(︄
A +

n−1∑︂
a=1 

caJ
aA

)︄
i,1

= Ai,1 +
n−1∑︂
a=1 

caAi+a,1,

hence

(CAC−1)l,1 = Al,1 +
n−1∑︂
a=1 

caAl+a,1 = Al,1

(CAC−1)l−1,1 = Al−1,1 +
n−1∑︂
a=1 

caAl−1+a,1 = Al−1,1 + c1Al,1

(CAC−1)l−2,1 = Al−2,1 +
n−1∑︂
a=1 

caAl−2+a,1 = Al−2,1 + c1Al−1,1 + c2Al,1

and so on. From the formulas above, we can see easily that we can choose the ci as we 
want: take c1 such that (CAC−1)l−1,1 = 0, then take c2 such that (CAC−1)l−2,1 = 0
and so on. □
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Lemma 2.5. Let n ∈ ℕ − {0} and let K be a field such that |K| ≥ n + 1.
Let 𝒮 be an a�ine subspace of M(n× n,K) such that every element of 𝒮 is nilpotent 

and let 𝒵 be its direction (see Notation 2.1 for the definition of direction). Then also 
every element of 𝒵 is nilpotent.

Moreover, if 𝒮 = J + 𝒵, where J is defined in Notation 2.1, we have that An,1 = 0
for every A ∈ 𝒵.

Proof. Let 𝒮 = P + 𝒵 for some P ∈ M(n × n,K); then for every A ∈ 𝒵, we have 
that (P + tA)n = 0 for every t ∈ K, hence, for every i, j ∈ {1, . . . , n} and t ∈ K, 
((P + tA)n)i,j = 0. Obviously, ((P + tA)n)i,j is a polynomial in t of degree less than or 
equal to n whose term of degree n is tn(An)i,j ; since |K| ≥ n + 1 there must exist an 
element in K that is not a root of this polynomial unless every of its coefficients is zero; 
hence (An)i,j = 0 for every i, j ∈ {1, . . . , n}; so A is nilpotent.

Suppose now that 𝒮 = J + 𝒵; let A ∈ 𝒵; by the nilpotency of the elements of 𝒮, we 
have det(J + tA) = 0 for every t ∈ K; but |K| ≥ n + 1 and det(J + tA) is a polynomial 
in t of degree at most n, so it can be zero for every element of K if and only if each 
of its coefficients is zero. Since the coefficient of the term of degree 1 is ±An,1, we can 
conclude. □
Lemma 2.6. Let n ∈ ℕ with n ≥ 2 and let K be a field. Let 𝒮 = J + 𝒵 be an a�ine 
subspace of M(n × n,K) such that every element of 𝒮 is nilpotent and of rank n − 1, 
where J is defined in Notation 2.1 and 𝒵 is a vector subspace.

Suppose that there exists r ∈ {1, . . . , n− 1} such that every element of 𝒵 is an upper 
triangular block matrix whose diagonal blocks are of size r × r and (n− r) × (n− r).

If for every n′ ∈ {1, . . . , n−1} the maximal dimension of an a�ine subspace of nilpotent 
n′ × n′ matrices over K with rank equal to n′ − 1 is less than or equal to (n′−1)(n′−2)

2 , 
then dim(𝒵) ≤ (n−1)(n−2)

2 .

Proof. Let M ∈ 𝒵. By assumption there exist A ∈ M(r× r,K), B ∈ M(r× (n− r),K), 

C ∈ M((n− r) × (n− r),K) such that M =
(︄
A B

0 C

)︄
, and hence

Jn + M =
(︄
Jr + A Er,1 + B

0 Jn−r + C

)︄
.

We observe that both Jr + A and Jn−r + C are nilpotent since Jn + M is a nilpotent 
upper triangular block matrix.

Moreover, we claim that rk(Jr + A) = r − 1 and rk(Jn−r + C) = n − r − 1. In 
order to obtain rk(Jr + A) = r − 1, first observe that the nilpotency of Jr + A implies 
rk(Jr + A) ≤ r − 1. Now, if r = 1 the only possibility is that rk(Jr + A) = r − 1
and we are done. If r ≥ 2 and we assume by contradiction that rk(Jr + A) < r − 1, 
the n × r submatrix of Jn + M given by the first r columns would have at most r − 2
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independent columns. This would imply that Jn + M has at most n − 2 independent 
columns, which contradicts the assumption that each element of 𝒮 = Jn + 𝒵 has rank 
exactly n− 1. Thus, we proved the claim that rk(Jr +A) = r− 1; the proof of the claim 
rk(Jn−r + C) = n− r − 1 is similar.

We define the map

α : 𝒵 −→ M(r × r,K)

M =
(︄
A B

0 C

)︄
↦−→ A .

We define 𝒮r := Jr + α(𝒵) and we notice that, for what we proved at the beginning of 
the argument, 𝒮r is an a�ine subspace of M(r × r,K) such that every of its elements is 
nilpotent and has rank r−1. Thus, by assumption (take n′ = r), we get that dim Im(α) ≤
(r−1)(r−2)

2 .
Next, we define the map

γ : Ker(α) −→ M((n− r) × (n− r),K)

M =
(︄

0 B

0 C

)︄
↦−→ C .

Again 𝒮n−r := Jn−r + γ(Ker(α)) is an a�ine subspace of M((n− r) × (n − r),K) such 
that every of its elements is nilpotent and of rank n− r − 1; thus, by assumption (take 
n′ = n− r), we get dim Im(γ) ≤ (n−r−1)(n−r−2)

2 . In summary, so far we have:

dim(𝒵) = dim Im(α) + dim Ker(α) ≤ (r − 1)(r − 2)
2 

+ dim Ker(α) =

= (r − 1)(r − 2)
2 

+ dim Im(γ) + dim Ker(γ) ≤

≤ (r − 1)(r − 2)
2 

+ (n− r − 1)(n− r − 2)
2 

+ dim Ker(γ) .

Regarding Ker(γ), we observe that if M ∈ Ker(γ) then M =
(︄

0 B

0 0

)︄
, and we claim 

that it must hold that Br,1 = 0. In fact, if by contradiction Br,1 ̸= 0, then there would 
exist s ∈ K such that Er,1 + sBr,1 = 0, and for such s it would hold that

Jn + sM =
(︄
Jr Er,1 + sB

0 Jn−r

)︄
=

(︄
0 W

0 0 

)︄
,

where in the last equality we modified the sizes of the blocks in such a way that W ∈
M((n− 1)× (n− 1),K). About the matrix W we notice that it is upper triangular, and 
that its diagonal is
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(1, . . . , 1⏞ ⏟⏟ ⏞
(r-1)-times

, 0, 1, . . . , 1⏞ ⏟⏟ ⏞
(n-r-1)-times

)

whence rk(W ) = n−2, which would imply rk(Jn+sM) = n−2 that contradicts the fact 
that each element of Jn+𝒵 has rank n−1. Thus we proved the claim that, if M ∈ Ker(γ), 

then M =
(︄

0 B

0 0

)︄
with Br,1 = 0. This tells us that dim Ker(γ) ≤ r(n − r) − 1; with 

such inequality we conclude the wanted estimate of dim(𝒵) as follows:

dim(𝒵) ≤ (r − 1)(r − 2)
2 

+ (n− r − 1)(n− r − 2)
2 

+ dim Ker(γ) ≤

≤ (r − 1)(r − 2)
2 

+ (n− r − 1)(n− r − 2)
2 

+ r(n− r) − 1 =

= (n− 1)(n− 2)
2 

. □
Lemma 2.7. Let n ∈ ℕ with n ≥ 3 and let K be a field such that |K| ≥ n + 1. Let 
𝒮 = J +𝒵 be an a�ine subspace of M(n×n,K) such that every element of 𝒮 is nilpotent 
and of rank n− 1, where J is defined in Notation 2.1 and 𝒵 is a vector subspace. Let us 
define

k = |{a ∈ {2, . . . , n− 1}| Aa,1 = 0 ∀A ∈ 𝒵}|

and

ℒ = {A ∈ 𝒵| A(i) = 0 for i = 2, . . . , n}.

If for every n′ ∈ {1, . . . , n− 1} the maximal dimension of an a�ine subspace of nilpotent 
n′ × n′ matrices over K with rank equal to n′ − 1 is less than or equal to (n′−1)(n′−2)

2 , 
then at least one of the following statements holds:

• dim(𝒵) ≤ (n−1)(n−2)
2 

• dim(ℒ) ≥ k + 1.

Proof. We claim that, if k = n − 2, then A(1) = 0 for any A ∈ 𝒵; in fact, An,1 = 0
since A ∈ 𝒵 (see Lemma 2.5), and finally A1,1 = 0 holds as well, since Aa,1 = 0 for 
every a ∈ {2, . . . , n} and A is nilpotent; so, if we apply Lemma 2.6 with r = 1, we can 
conclude that dim(𝒵) ≤ (n−1)(n−2)

2 , which completes the argument when k = n− 2.
Now let us consider the case 0 ≤ k ≤ n − 3; if k > 0, let i1, . . . , ik ∈ {2, . . . , n − 1}

with i1 < . . . < ik be such that Ai1,1 = . . . = Aik,1 = 0 for every A ∈ 𝒵; we define the 
map

f : 𝒵 −→Kn−2−k

C ↦−→(C2,1, . . . , ˆ︁Ci1,1, . . . , ˆ︁Cik,1, . . . , Cn−1,1) ,
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where ˆ︁Cih,1 means that we are omitting Cih,1 and it is understood that in the particular 
case when k = 0 the map f sends C ∈ 𝒵 to (C2,1, . . . , Cn−1,1) ∈ Kn−2.

We notice that, if C ∈ Ker(f), then C(1) = 0: in fact, C ∈ Ker(f) implies that Ca,1 = 0
for a = 2, . . . , n− 1; moreover, Cn,1 = 0 holds since C ∈ 𝒵 (see Lemma 2.5); finally the 
nilpotency of C and the fact that Ca,1 = 0 for a = 2, . . . , n imply the vanishing of C1,1
as well.

So, we define the map

g : Ker(f) −→M((n− 1) × (n− 1),K)

C ↦−→C
(2,...,n)
(2,...,n) .

We claim that Jn−1 + Im(g) is an a�ine subspace of M((n − 1) × (n − 1),K) of 
nilpotent matrices of rank n− 2. In fact, each element of Ker(f) can be regarded as an 
upper triangular block matrix whose diagonal blocks are of size 1×1 and (n−1)×(n−1), 
therefore we can argue similarly to the first part of the proof of Lemma 2.6 and conclude 
that Jn−1 + Im(g) is an a�ine subspace of M((n− 1)× (n− 1),K) of nilpotent matrices 
of rank n− 2.

We claim that Ker(g) = ℒ. In fact, Ker(g) consists of matrices C ∈ 𝒵 satisfying 
both C(1) = 0 (since the domain of g is Ker(f)) and C(2,...,n)

(2,...,n) = 0; that is equivalent 
to C(i) = 0 for every i ∈ {2, . . . n} and C1,1 = 0; so Ker(g) ⊆ ℒ. To prove the other 
inclusion, observe that, if C ∈ 𝒵 satisfies C(i) = 0 for every i ∈ {2, . . . n}, then C1,1 = 0
by the nilpotency of C. Thus we achieved Ker(g) = ℒ.

Now, in order to complete the argument, let us prove that in case dim(ℒ) ≤ k, the 
dimension of 𝒵 is less than or equal to (n−1)(n−2)

2 .
Suppose dim(ℒ) ≤ k; we have

dim(𝒵) = dim Im(f) + dim Ker(f) ≤ dim Ker(f) + n− 2 − k =

= dim Ker(g) + dim Im(g) + n− 2 − k ≤

≤ dim Ker(g) + (n− 2)(n− 3)
2 

+ n− 2 − k ≤

≤ k + (n− 2)(n− 3)
2 

+ n− 2 − k = (n− 1)(n− 2)
2 

,

where in the second-to-last inequality we applied to Im(g) the hypothesis in our statement 
with n′ = n− 1, and in the last inequality we used the fact that Ker(g) = ℒ. □

Now we are ready to prove Theorem 1.4.

Proof of Theorem 1.4. Obviously the a�ine subspace

{A ∈ M(n× n,K) | Ai,j = 1 if j = i + 1 and Ai,j = 0 if j < i + 1}
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has dimension (n−1)(n−2)
2 and every of its elements is a nilpotent matrix of rank n− 1.

To prove that the maximal dimension of an a�ine subspace of nilpotent n×n matrices 
over K with rank equal to n−1 is less than or equal to (n−1)(n−2)

2 we argue by induction 
on n. The cases n = 1, 2 are easy and left to the reader. So let n ≥ 3.

Let 𝒮 be an a�ine subspace of nilpotent n × n matrices over K with rank equal to 
n− 1. We want to prove that 𝒮 has dimension less than or equal to (n−1)(n−2)

2 .
By operating a similarity transformation, we can suppose that

𝒮 = J + 𝒵

where 𝒵 is a vector subspace of M(n× n,K).
If the first column of every element of 𝒵 is zero, we can conclude by Lemma 2.6. So 

we can suppose there exists an element of 𝒵 whose first column is nonzero.
By contradiction suppose that dim(𝒵) > (n−1)(n−2)

2 .
Let us define

k := |{i ∈ {2, . . . , n− 1} | Ai,1 = 0 ∀A ∈ 𝒵}|

and

l = max{l ∈ {1, . . . , n}| ∃A ∈ 𝒵 | Al,1 ̸= 0}

(the set whose maximum we are considering is nonempty for our assumption).
Obviously k ≥ 0 and l ≥ n− k− 1 (if we had l ≤ n− k− 2, the last k + 2 elements of 

the first column of every element of 𝒵 would be zero, contradicting the definition of k).
Let A ∈ 𝒵 be such that Al,1 ̸= 0.
By Lemma 2.7 we have:

dim(ℒ) ≥ k + 1, (1)

where

ℒ := {A ∈ 𝒵| A(i) = 0 for i = 2, . . . , n}.

Let us define

i = min{i ∈ {1, . . . , n} | ∃X ∈ ℒ s.t. X1,i ̸= 0}; (2)

observe that the set whose minimum we are considering is nonempty since dim(ℒ) ≥
k + 1 > 0. Moreover, since dim(ℒ) ≥ k + 1, we must have i ≤ n− k. Let X ∈ ℒ be such 
that X1,i ̸= 0.
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CASE l − i ≥ 0.
Observe that, by Lemma 2.5, the elements of ⟨𝒮⟩ (see Notation 2.1) are nilpotent 

matrices. By Proposition 2.3 applied with 𝒱 = ⟨𝒮⟩, we have that

tr((J + sA)mX) = 0

for every positive natural number m < |K| and for every s ∈ K, hence

n ∑︂
i=i

X1,i
(︁
(J + sA)m

)︁
i,1 = 0

for every positive natural number m < |K| and for every s ∈ K. The left-hand side of 
the equality above is obviously a polynomial in s of degree less than or equal to m; so, 
if it is nonzero, it has at most m roots. Hence, if |K| > m, all the coefficients of the 
polynomial must be equal to zero. In particular, if |K| > m, the coefficient of the term 
of degree 1, which is equal to

n ∑︂
i=i

X1,i

⎛
⎝ ∑︂

x,y∈ℕ | x+y=m−1

JxAJy

⎞
⎠

i,1

,

must be zero; if y > 0, we have that 
(︁
JxAJy

)︁
i,1 = 0 (see part (i) of Lemma 2.4); hence 

we get that the coefficient of the term of degree 1 is

n ∑︂
i=i

X1,i(Jm−1A)i,1,

that is

n−m+1∑︂
i=i

X1,iAi+m−1,1. (3)

So we have deduced that, if |K| > m, the sum in (3) is zero. Now take m = l − i + 1; 
observe that it is less than or equal to n, which is less than |K| by the assumptions of 
the theorem. So, for such choice of m, the sum in (3) must be zero, but, for such choice 
of m, the sum in (3) becomes

X1,iAl,1

since Ai+m−1,1 = Ai+l−i,1 = 0 for i ≥ i + 1. So we get a contradiction because X1,iAl,1
is nonzero.
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CASE l − i < 0.
Since l ≥ n− k − 1 and i ≤ n − k, we get l − i ≥ n − k − 1 − n + k = −1, hence we 

must have l − i = −1 and

l = n− k − 1, i = n− k; (4)

therefore, for the definition of i (see (2)), we have that dim(ℒ) ≤ k+ 1 and then, by (1), 
dim(ℒ) = k + 1. So we can deduce that

ℒ = ⟨E1,n−k, . . . , E1,n⟩.

Now we want to prove that

Aa,b = 0 for a = n− k, . . . , n, b = 1, . . . , n− k − 1, ∀A ∈ 𝒵; (5)

observe that we already know the claim for b = 1 since l = n− k − 1. By contradiction, 
suppose

∃(a, b) ∈ {n− k, . . . , n} × {2, . . . , n− k − 1} | ∃A ∈ 𝒵 with Aa,b ̸= 0.

Among the couples (a, b) of this kind, we choose one such that a− b is maximal; we 
call it (a, b); so

Xa,b = 0 ∀(a, b) ∈ {a, . . . , n} × {1, . . . , b} − {(a, b)}, ∀X ∈ 𝒵. (6)

Let A′ ∈ 𝒵 be such that A′
a,b

̸= 0.
By our assumption on the cardinality of the field, we can choose h ∈ K such that 

A′ + hA has the entries (l, 1) and (a, b) nonzero; for such h we define

Â = A′ + hA

From the definition of l and from (6), we have:
{︄

Âi,1 = 0 ∀i > l,

Âa,b = 0 ∀(a, b) ∈ {a, . . . , n} × {1, . . . , b} − {(a, b)}. (7)

Now observe that, by part (iv) of Lemma 2.4, we can choose ci ∈ K for i = 1, . . . , n−1
such that, if we define

C = I +
n−1∑︂
i=1 

ciJ
i

and
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Ã = CÂC−1,

we have that Ãi,1 = 0 for every i < l. Furthermore, by part (iii) of Lemma 2.4, from (7) 
and from our choice of h, we have:⎧⎪⎪⎪⎨

⎪⎪⎪⎩
Ãl,1 = Âl,1 ̸= 0,
Ãa,b = Âa,b ̸= 0,
Ãi,1 = 0 ∀i > l,

Ãa,b = 0 ∀(a, b) ∈ {a, . . . , n} × {1, . . . , b} − {(a, b)}.

(8)

So

Ã(1) = Ãl,1el. (9)

Let

𝒮 = C𝒮C−1, 𝒵 = C𝒵C−1, ℒ̃ = CℒC−1.

Obviously ℒ̃ has the same dimension as ℒ and it is contained in ℒ (see Lemma 2.4, 
part (i)); so ℒ̃ = ℒ. Furthermore, by part (iii) of Lemma 2.4,

max{l ∈ {1, . . . , n}| ∃A ∈ 𝒵 | Al,1 ̸= 0}

is equal to l.
Moreover, the space 𝒮 is an a�ine space of nilpotent matrices of rank n− 1 and it is 

equal to J +𝒵 since CJC−1 = J ; by Lemma 2.5, every element of 𝒵 is nilpotent, so ⟨𝒮⟩
is a linear subspace of nilpotent matrices.

Observe that k < n−2, that is n−k−2 ≥ 1, since we have supposed that there exists 
an element of 𝒵 with nonzero first column. By Proposition 2.3 applied with 𝒱 = ⟨𝒮⟩, we 
have that, for r = 1, . . . , k + 1, t = 1, . . . , n− k − 2,

tr((J + sÃ)n−k−tE1,n−k−1+r) = 0

for every s ∈ K (recall that ℒ̃ = ℒ = ⟨E1,n−k, . . . , E1,n⟩ and that ℒ̃ ⊆ 𝒵 ⊆ ⟨𝒮⟩), that is

((J + sÃ)n−k−t)n−k−1+r,1 = 0

for every s ∈ K. Obviously ((J + sÃ)n−k−t)n−k−1+r,1 is a polynomial in s of degree less 
than or equal to n− k− t, which is less than or equal to n− 1. So, by the assumption on 
the cardinality of K, every coefficient of this polynomial must be zero. Let us call ⋆r,t
the coefficient of the term of degree 2.

We have:

⋆r,t =
∑︂

x,y,z∈ℕ,x+y+z=n−k−t−2

(︁
JxÃJyÃJz

)︁
n−k−1+r,1 =
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=
n−k−t−2∑︂

x=0 

(︁
JxÃJn−k−t−2−xÃ

)︁
n−k−1+r,1 ,

since 
(︁
JxÃJyÃJz

)︁
n−k−1+r,1 = 0 if z > 0.

Hence

⋆r,t =
n−k−t−2∑︂

x=0 

(︁
JxÃ

)︁
(n−k−1+r)

(︁
Jn−k−t−2−xÃ

)︁(1) =

=
min{n−k−t−2,k+1−r}∑︂

x=0 
Ã(n−k−1+r+x) Ãn−k−1,1 e1+t+x =

=
min{n−k−t−2,k+1−r}∑︂

x=0 
Ãn−k−1+r+x,1+t+x Ãn−k−1,1,

(10)

where in the second equality we used formula (9), the fact that l = n − k − 1 (see (4)) 
and the fact that 

(︁
JxÃ

)︁
(n−k−1+r) = 0 if x > k + 1 − r. As we have already said, ⋆r,t

must be zero for r = 1, . . . , k + 1 and t = 1, . . . , n− k − 2.
Let us define

mr,t = min{n− k − t− 2, k + 1 − r};

obviously

mr+1,t+1 = mr,t − 1.

Observe that, for r = 1, . . . , k and t = 1, . . . , n− k − 3, we have:

0 = ⋆r,t − ⋆r+1,t+1 =

= Ãn−k−1,1

(︄
mr,t∑︂
x=0 

Ãn−k−1+r+x,1+t+x −
mr+1,t+1∑︂

x=0 
Ãn−k−1+r+1+x,1+t+1+x

)︄
=

= Ãn−k−1,1

(︄
mr,t∑︂
x=0 

Ãn−k−1+r+x,1+t+x −
mr,t−1∑︂
x=0 

Ãn−k−1+r+1+x,1+t+1+x

)︄
=

= Ãn−k−1,1

(︄
mr,t∑︂
x=0 

Ãn−k−1+r+x,1+t+x −
mr,t∑︂
x′=1

Ãn−k−1+r+x′,1+t+x′

)︄
=

= Ãn−k−1,1 Ãn−k−1+r,1+t.

Since Ãn−k−1,1, that is Ãl,1 (which is equal to Âl,1) is nonzero, we get

Ãn−k−1+r,1+t = 0 (11)
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for r = 1, . . . , k, and t = 1, . . . , n− k − 3.
Now let us prove the equality (11) also in the cases r = k + 1 or t = n− k − 2.
First let us consider the equality ⋆r,t = 0 with r = k + 1: by (10)

0 = ⋆k+1,t = Ãn,1+t Ãn−k−1,1.

Since Ãn−k−1,1 is nonzero, we get the equality (11) also for r = k + 1. Now consider the 
equality ⋆r,t = 0 with t = n− k − 2: by (10)

0 = ⋆r,n−k+2 = Ãn−k−1+r,n−k−1 Ãn−k−1,1.

Since Ãn−k−1,1 is nonzero, we get the equality (11) also for t = n−k−2. Hence we have 
proved:

Ãn−k−1+r,1+t = 0 for r = 1, . . . , k + 1, t = 1, . . . , n− k − 2.

Thus

Ãa,b = 0 for a = n− k, . . . , n, b = 2, . . . , n− k − 1,

which contradicts the second statement in (8). Hence we proved (5) and we can conclude 
by Lemma 2.6. □

We now consider a�ine subspaces of nilpotent matrices of rank 1. Before stating the 
result, we recall that, if 𝒱 is a linear space of matrices with rank at most 1, then all the 
nonzero matrices in 𝒱 either have a common 1-dimensional image or have a common 
(n− 1)-dimensional kernel, see for instance Lemma 2 in [2].

Proposition 2.8. Let n ∈ ℕ with n ≥ 2 and let K be a field such that |K| ≥ 3; then the 
maximal dimension of an a�ine subspace of nilpotent n × n matrices over K with rank 
equal to 1 is n− 2.

Proof. To prove the statement, first notice that E1,2 + ⟨E1,3, . . . , E1,n⟩ is an a�ine sub
space of nilpotent n× n matrices with rank equal to 1 and dimension n − 2, hence the 
maximal dimension of an a�ine subspace of nilpotent n× n matrices over K with rank 
equal to 1 is at least n− 2.

Now, let 𝒮 be an a�ine subspace of nilpotent n×n matrices over K with rank equal to 
1 and let 𝒮 = P +𝒵, where 𝒵 is a linear subspace of M(n×n,K) and P ∈ M(n×n,K). 
Since |K| ≥ 3, also the nonzero elements of 𝒵 have rank 1 (in fact, for every A ∈ 𝒵, the 
determinant of every 2 × 2 submatrix of P + tA is polynomial in t of degree at most 2
and is zero for every t ∈ K; hence its leading coefficient must be zero).

Therefore all the nonzero elements of the span ℛ := ⟨{P} ∪ 𝒵⟩ have rank 1, hence 
either have a common 1-dimensional image or have a common (n−1)-dimensional kernel.
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Moreover, observe that a nilpotent matrix of rank 1 has square zero, so 𝒮 is an a�ine 
space of square zero matrices. Hence (P + tA)2 = 0 for every A ∈ 𝒵 and for every 
t ∈ K and, arguing as in the proof of Lemma 2.5, we get that A2 = 0 for every A ∈ 𝒵. 
Consequently all the elements of ℛ have square zero; in particular, all the elements of 
ℛ are nilpotent.

Since all the nonzero elements of ℛ either have a common 1-dimensional image or 
have a common (n − 1)-dimensional kernel and all the elements of ℛ are nilpotent, we 
have that dim(ℛ) ≤ n− 1.

Finally, observe that P ̸∈ 𝒵 (otherwise the null matrix would be in 𝒮, which is 
impossible because every element of 𝒮 has rank 1); hence we have that

dim(𝒮) = dim(𝒵) = dim(ℛ) − 1 ≤ n− 2,

as we wanted to prove. □
Remark 2.9. We provide an example to show that Theorem 1.4 does not hold if we 
drop the assumption that |K| ≥ n + 1. Moreover, the same example also shows that 
Proposition 2.8 does not hold if we weaken the assumption |K| ≥ 3.

In fact, we consider n = 2 and K = ℤ2, and we observe that

𝒵 =
{︄(︄

0 a

a 0

)︄
| a ∈ ℤ2

}︄

despite containing a matrix that is not nilpotent, has the property that 𝒮 := J + 𝒵 is 
an a�ine subspace of nilpotent matrices with rank equal to 1 and 𝒮 has dimension 1.

We finish with a conjecture on the maximal dimension of a�ine subspace of nilpotent 
matrices of constant rank:

Conjecture 2.10. Let n ∈ ℕ − {0} and let K be a field. Let 𝒮 be an a�ine subspace of 
M(n×n,K) such that every element of 𝒮 is nilpotent, and assume that each element of 
𝒮 has rank equal to r ≥ 1. Then we conjecture that, if |K| is sufficiently large, then the 
maximal dimension 𝒮 can attain is

r∑︂
i=1 

(n− 1 − i) = r

2(2n− r − 3) .

Observe that Theorem 1.4 and Proposition 2.8 confirm the conjecture when r = n−1
and r = 1 respectively. Observe also that the a�ine subspace

{A ∈ M(n× n,K) | Ai,i+1 = 1 for i = 1, . . . , r and Ai,j = 0 if j ≤ i or i ≥ r + 1}

has dimension r2 (2n− r − 3) and every of its elements is a nilpotent matrix of rank r.
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