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1. Introduction

There is a wide literature on the maximal dimension of linear or affine subspaces
of matrices with specific characteristics. The most famous result on linear subspaces of
nilpotent matrices is the following theorem.
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Theorem 1.1. [Gerstenhaber, Serezhkin] Let K be a field. The mazimal dimension of a
(n=1)

linear subspace of nilpotent n x n matrices over K is "T

The result above was proved by Gerstenhaber under the assumption that K has at
least n elements (see [12]) and in 1985 the theorem was generalized by Serezhkin for
any field (see [28]). Moreover, Gerstenhaber proved that a subspace attains the maximal
dimension if and only if it is similar to the space of all strictly upper-triangular matrices.
We also mention that, in 1991, Mathes, Omladi¢ and Radjavi gave new simple proofs of
Theorem 1.1 and of the result on the subspaces attaining the maximal dimension under
the condition that the field has more than two elements (see [21], Theorems 1 and 2).

In 1959, Gerstenhaber proved that, if K is a field with at least r 4+ 1 elements, then
the dimension of a linear subspace of nilpotent n x n matrices over K with rank at most
r is less than or equal to

nin—1) (n—r)(n—r—1)
2 2

(see [13], Theorem 2.7) and in 1962 he gave an improved bound on the dimension of a
linear subspace of nilpotent matrices in terms of the sizes of the Jordan blocks in the
Jordan forms of the elements of the subspace. To state Gerstenhaber’s result we need to
fix some notation: for a positive integer n, we say that (aq,...,a,) is a partition of n if
a3 > as > ... >a, >0and n =aj + ...+ a,; the conjugate partition of (a,...,a,)
is the partition (ai,...,a,) of n, where a; is the number of the a, that are greater
than or equal to j; given two partitions of n, (ai,...,a,) and (b1,...,b,), we say that
(a1,.. . an) < (b1,...,bp)ifar+...4+a; <bi+...+0b; forany j =1,...,n; finally, for
any nilpotent n X n matrix A, let ky,...,k; with ky > ko > ... > k; > 1 be the sizes
of the Jordan blocks in the Jordan form of A; the partition (k1,...,%;,0...,0), where O
is repeated n — [ times, is called the Jordan partition of n associated to A. The result
of Gerstenhaber linking the dimension of a linear subspace of nilpotent matrices to the
sizes of the Jordan blocks is the following, see [14]:

Theorem 1.2. [Gerstenhaber] Let K be a field. Let S be a linear subspace of nilpotent nxn
matrices. Let (ay,...,a,) be the least upper bound of the set of all Jordan partitions of
matrices in S. If | K| is sufficiently large, then

. Ly o2
dim(S) < 3 (n ;az) .

We also point out that recently Quinlan and De Seguins Pazzis generalized Theo-
rem 1.1 proving that the maximal dimension of a linear subspace of n X n matrices over
a fleld K with no nonzero eigenvalue in K is @ (see [23], Theorem 1.3 and [6],
Theorem 9).
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In 1993, Brualdi and Chavey gave another proof of Theorem 1.2 (see Theorem 3.1 in
[4]) and gave a bound on the maximal dimension of a linear space of nilpotent matrices
with bounded nilindex when the cardinality of the field is sufficiently large, where for
the nilindex of a nilpotent matrix A we mean the minimum & such that A* is zero (see
Corollary 3.6 in [4]).

More recently there has been a significant progress on this area thanks to the papers
of MacDonald, MacDougall and Sweet.

In 2009, MacDougall and Sweet proved that, if |K| > n/2, the maximal dimension of
a linear space of nilpotent n x n matrices over K with nilindex less than or equal to 2
and rank less than or equal to r is r(n — ) (see [29], Theorem 4 and §4).

In 2012, MacDonald, MacDougall and Sweet proved the following result (see [18§],
Theorems 5.1 and 6.1):

Theorem 1.3. /[MacDonald, MacDougall, Sweet] If K is a field with |K| >n and S is a
linear subspace of nilpotent n X n matrices whose nilindez is less than or equal to k and
rank less than or equal to r, then

dim(S)Snrf——g+%(kfl)+%(72r+kfl),

where q = {ﬁJ The bound above is sharp.

Moreover, they improved Gerstenhaber’s bound on the dimension of a linear subspace
of nilpotent matrices in terms of the sizes of the Jordan blocks in the Jordan forms of
the elements of the subspace, see Theorem 7.2 in [18] for the precise statement.

Finally, we also mention that Omladi¢ proved (see [22], Corollary 8) that for a maximal
linear subspace of nilpotent n x n matrices the following conditions are equivalent: (a)

. . . -1
it has dimension %

, (b) it is triangularizable, (c) it contains a matrix of rank n — 1
and its square.

In this paper, we focus on the maximal dimension of affine subspaces of nilpotent
n X n matrices with fixed rank.

We mention that in [27] (see Theorem 3) it has been proved that the maximal di-

n(n—1)
2

mension of an affine subspace of nilpotent n X n matrices over any field K is and

that, if the characteristic of K is zero, an affine not linear subspace of nilpotent n x n
matrices has dimension less than or equal to @ -1

Here we obtain a result on the maximal dimension of affine subspaces of nilpotent
n X n matrices with rank equal to n — 1 (and this condition is obviously equivalent to

the condition that the nilindex is equal to n):

Theorem 1.4. Let n € N — {0} and let K be a field such that |K| > n+ 1. Then the
mazimal dimension of an affine subspace of nilpotent n x n matrices over K with rank
equal ton — 1 s
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(n—1)(n-2)
—

Observe that the result we have found for the maximal dimension of an affine space
of nilpotent n x n matrices of constant rank n — 1 is substantially different from the
case of linear spaces; in fact, given a linear space of nilpotent n X n matrices of constant
rank n — 1, we have that its dimension can be at most 2 and n must be odd, as proved
by Causa, Re and Teodorescu in [5], Theorem 2.3 (we recall that a linear subspace of
matrices is of constant rank r if every of its nonzero elements has rank r).

Moreover, in Proposition 2.8, we consider the other border case, that is, the case rank
equal to 1; this case is much simpler than the case rank equal to n — 1 and it is easy to
prove that, if the cardinality of the field K is at least 3, the maximal dimension of an
affine subspace of nilpotent n x n matrices over K with rank equal to 1 is n — 2.

At the end of the paper we have included a conjecture on the maximal dimension of
affine subspace of nilpotent matrices of fixed rank that could generalize the results above
(see Conjecture 2.10).

Finally, we point out that, obviously, the problem could have some links with the
study of the maximal dimension of linear or affine subspaces of matrices with constant
rank or bounded rank, which has attracted wide literature, see for instance [3], [7], [8],
[16], [17], [19], [20], [24], [25], [30] for papers on the maximal dimension of linear or affine
subspaces of matrices with constant rank and the papers [1], [6], [7], [10], [11], [15], [26]
for the problem of the maximal dimension of a linear or an affine subspace of matrices
whose rank is bounded below or above or both below and above and the references
therein.

2. Proofs of the results

Notation 2.1. By natural numbers we mean non-negative integers and we denote the set
of natural numbers by N.

Let m,n € N — {0} and K be a field. Let M(m x n, K) denote the vector space of
the m x n matrices over K.

We denote the n x n identity matrix over K by IX and the m x n null matrix over
K by 0K . We define JX to be the n x n matrix over K such that

mXxXn-*
Ky
(‘]n )W { 0 otherwise .

Moreover, we denote by Eln ;-K the n x n matrix over K such that

x - .
Y 0 otherwise.

We define e?’K to be the i-th element of the canonical basis of K.



156 S. Calamai, E. Rubei / Linear Algebra and its Applications 752 (2027) 152—-170

We omit the superscripts and the subscripts in IX, 0K and JX and the superscripts
in Ez” }K and e?’K when the underlying field and the size of the matrix (or of the vector
in the last case) are clear from the context.

For any A € M(m x n, K), the submatrix of A given by the rows i1,...,4 and the
columns ji,...,Js is denoted by Agfllf)

For any matrix A, we denote the rank of A by rk(A) and, for any square matrix A,
we denote the trace of A by tr(A).

For any subset S of a vector space V, the linear subspace generated by the elements
of S is denoted by (S).

Let V be a vector space; let a € V and Z be a vector subspace of V; consider the affine
subspace S := a + Z; we call Z the direction of S.

In [21] the following proposition is proved (see Corollary 1):

Proposition 2.2. [Mathes, Omladi¢, Radjavi] Let V be a linear space of nilpotent matrices
over a field K of characteristic 0. If A,B €V and m > 1, then tr(A™B) = 0.

In 2012 MacDonald, MacDougall and Sweet generalized the proposition above in the
following way (see [18], Theorem 2.4):

Proposition 2.3. [MacDonald, MacDougall, Sweet] Let m € N. Let V be a linear space
of nilpotent matrices over a field K such that |K| > m. If A,B € V, then tr(A™B) = 0.

Lemma 2.4. Let n € N — {0} and K be a field.

(i) Let A€ M(nxn,K). Then JA is the matriz whose rows are Az, ..., A, 0 and
AJ is the matriz whose columns are 0, AL .. A(—1)

(ii) For any c1,...,cn—1 € K, the matriz I—|—ZZ_i enJt is invertible and the inverse
is a matrix of the kmd I+ Zh 1 dp J" for some dl, v dp_1 € K.

(iii) Let A € M(n xn,K) and C = I—|—Zh Lend™ for some ci,...,cn_1 € K. Let
i,je{l,...,n}; if

Ay =0 Y(a,b)e{i,....,n} x{1,...,5} —{(4)},
then
(C7rAC); ;= Aij.
(iv) Let A€ M(n xn,K) andl € {2,...,n}. If
A1 #0 and A =0Vie{l+1,...n},

then there exist c1,...,chn—1 € K such that, if we define C = I + Zh 1 enJ”, we have
that
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(CAC™1);1,=0 Vie{l,...,l—1}.

Proof. The first statement is obvious. As to (ii), it follows immediately from the fact
that, if N is a nilpotent n X nm matrix, then I + N is invertible and the inverse is
I-N+N?2—. . (-1 IN"L

The statement (iii) follows from (i) and (ii), in fact: if we write =1 = I+ 37— dp, J"
for some di,...,d,—1 € K (see part (ii) of the lemma we are proving), then

n—1
(C7YAC);; = <<I+Zd J“) A <I+Zcb,]b>> =
b=1 i,
n—1ln—1
(A + Z doJ A+ Z aAJ"+) "N d chaAJb> = Aij,
2%}

a=1 b=1

where in the last equality we used part (i) of the lemma we are proving.
Finally, to prove (iv), observe that if we write, as before, C~! = I + ZZ;} dpJ" for
some dy,...,d,—1 € K, then

n—1
(CAC™Y)in = <<I+ anJ“> A <I+Zdbjb>> =
b=1 i1
n—1n—1
<A + Z Cad A+ Z AT+ Y cade“AJb> =
1

a=1 b=1

)

n—1 n—1
= (A + Z CaJaA> = Ai’l + Z CaAi-‘ra,la
,1

a=1 i a=1
hence
n—1
(CAC™ )0 = Aiq + Z Calitan = A1
a=1
n—1
(CAC™ )11 =A11+ Z CaAi—14a1 =A1—11 + 141
a=1
n—1
(CAC™) 91 = Aj_o1 + Z CoAi—o4an1 = Ai—21 +c1A1_11 + 24
a=1

and so on. From the formulas above, we can see easily that we can choose the ¢; as we
want: take ¢; such that (CAC~1),_11 = 0, then take ¢y such that (C’AC’l)l_g,l =0

and soon. O
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Lemma 2.5. Let n € N — {0} and let K be a field such that |K| > n+ 1.

Let S be an affine subspace of M(n x n, K) such that every element of S is nilpotent
and let Z be its direction (see Notation 2.1 for the definition of direction). Then also
every element of Z is nilpotent.

Moreover, if S = J + Z, where J is defined in Notation 2.1, we have that A, 1 =0
for every A € Z.

Proof. Let S = P + Z for some P € M(n x n, K); then for every A € Z, we have
that (P + tA)™ = 0 for every t € K, hence, for every i,j € {1,...,n} and t € K,
((P+tA)"), ; = 0. Obviously, ((P+tA)"), ; is a polynomial in ¢ of degree less than or
equal to n whose term of degree n is t"(A™); ;; since |K| > n + 1 there must exist an
element in K that is not a root of this polynomial unless every of its coefficients is zero;
hence (A™); ; = 0 for every ¢,j € {1,...,n}; so A is nilpotent.

Suppose now that S = J + Z; let A € Z; by the nilpotency of the elements of S, we
have det(J +tA) = 0 for every t € K; but |K| > n+ 1 and det(J + tA) is a polynomial
in t of degree at most n, so it can be zero for every element of K if and only if each
of its coefficients is zero. Since the coefficient of the term of degree 1 is £A4, 1, we can
conclude. 0O

Lemma 2.6. Let n € N with n > 2 and let K be a field. Let S = J + Z be an affine
subspace of M(n x n, K) such that every element of S is nilpotent and of rank n — 1,
where J is defined in Notation 2.1 and Z is a vector subspace.

Suppose that there exists r € {1,...,n — 1} such that every element of Z is an upper
triangular block matriz whose diagonal blocks are of size v X r and (n —r) X (n —r).

If for everyn’ € {1,...,n—1} the mazimal dimension of an affine subspace of nilpotent
n' x n’ matrices over K with rank equal to n' — 1 is less than or equal to W,

: (n=1)(n—2)
then dim(Z) < ~——5-—=.

Proof. Let M € Z. By assumption there exist A € M(r xr,K), B€ M(rx (n—r), K),

CeM((n—r)x(n—r),K) such that M = (%\%), and hence

AlE., +B
J,L+M:<JT+ | Bra + )

0 [Jur+C

We observe that both J. + A and J,,_, + C are nilpotent since J,, + M is a nilpotent
upper triangular block matrix.

Moreover, we claim that rk(J. + A) = r — 1 and rk(Jp—r + C) = n—r — 1. In
order to obtain rk(J,. + A) = r — 1, first observe that the nilpotency of J,. + A implies
rk(J, + A) < r — 1. Now, if r = 1 the only possibility is that rk(J, + A) = r — 1
and we are done. If » > 2 and we assume by contradiction that rk(J, + A4) < r — 1,
the n x r submatrix of J,, + M given by the first r columns would have at most r — 2
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independent columns. This would imply that J,, + M has at most n — 2 independent
columns, which contradicts the assumption that each element of S = J,, + Z has rank
exactly n — 1. Thus, we proved the claim that rk(J. + A) = r — 1; the proof of the claim
rk(Jy—r +C) =n —r —1 is similar.

We define the map

a: Z  — M@rxnrK)

)

We define S, := J,. + a(Z) and we notice that, for what we proved at the beginning of
the argument, S, is an affine subspace of M (r x r, K') such that every of its elements is

nilpotent and has rank r—1. Thus, by assumption (take n’ = r), we get that dim Im(a) <
(r—=1)(r—2)
L=

Next, we define the map

v Ker(a) — M((n—7r)x(n-r),K)

- (3)

Again S,,_, := J,—, + v(Ker(a)) is an affine subspace of M((n —r) x (n —r), K) such
that every of its elements is nilpotent and of rank n — r — 1; thus, by assumption (take
n’ =n—r), we get dimIm(y) < w In summary, so far we have:

dim(Z) = dimIm(a) + dim Ker(a) < (74_1)# + dim Ker(a) =

= 2D | i Tm(y) + dim Ker() <

2
o= 1)2(r =2 (nor- 1)2(n “"7 D | dimKer(r)

0B
Regarding Ker(y), we observe that if M € Ker(y) then M = E\F , and we claim

that it must hold that B, ; = 0. In fact, if by contradiction B, ; # 0, then there would
exist s € K such that E,; + sB,; = 0, and for such s it would hold that

Jr|Er1 + sB oW
Jn +sM = : = ,
where in the last equality we modified the sizes of the blocks in such a way that W &

M((n—1)x (n—1),K). About the matrix W we notice that it is upper triangular, and
that its diagonal is
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(r-1)-times (n-r-1)-times

whence rk(W) = n—2, which would imply rk(J, +sM) = n—2 that contradicts the fact
that each element of J,,+ Z has rank n—1. Thus we proved the claim that, if M € Ker(y),

0|B
then M = (6{?) with B, = 0. This tells us that dimKer(y) < r(n —r) — 1; with

such inequality we conclude the wanted estimate of dim(Z) as follows:

dim(Z) < (r—1)2(r—2)+ (n_r_l);n_r_Q)—l—dimKer('y)g
r—=1D(r-2) hh-r-1)n-r—-2) _
< 5 + 5 +r(n—r)—1=
B (n—1)(n-2)
-2 "

Lemma 2.7. Let n € N with n > 3 and let K be a field such that |K| > n + 1. Let
S = J+ Z be an affine subspace of M (nxn, K) such that every element of S is nilpotent
and of rank n — 1, where J is defined in Notation 2.1 and Z is a vector subspace. Let us

define
k=H{ae{2,....n—1}| A,1 =0VA € Z}
and
L={AcZ| Ay =0fori=2,...,n}.

If for every n’ € {1,...,n— 1} the mazimal dimension of an affine subspace of nilpotent

n' x n' matrices over K with rank equal to n' — 1 is less than or equal to W,

then at least one of the following statements holds:

(n—1)(n—2)
2
k+1.

e dim(2) <
o dim(L) >
Proof. We claim that, if & = n — 2, then A®) = 0 for any A € Z; in fact, Anq1 =0
since A € Z (see Lemma 2.5), and finally A; ; = 0 holds as well, since 4,1 = 0 for
every a € {2, ..., n} and A is nilpotent; so, if we apply Lemma 2.6 with r = 1, we can
conclude that dim(Z2) < W7 which completes the argument when k =n — 2.

Now let us consider the case 0 < k < n —3;if k > 0, let i1,...,9; € {2,...,n — 1}
with 49 < ... <4 be such that A;, ; = ... = A;, 1 = 0 for every A € Z; we define the
map

f:Z2—K"2h

—_—

Cr—(C21,...,Ci 0y, Cip 1., Cri11)
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where C/'Z; means that we are omitting Cj, 1 and it is understood that in the particular
case when k = 0 the map f sends C € Z to (Ca1,...,Cnh_11) € K" 2

We notice that, if C' € Ker(f), then CW = 0:in fact, C € Ker(f) implies that C, 1 =0
for a = 2,...,n — 1; moreover, Cy, 1 = 0 holds since C' € Z (see Lemma 2.5); finally the
nilpotency of C' and the fact that Cy 1 = 0 for @ = 2,...,n imply the vanishing of C ;
as well.

So, we define the map

g:Ker(f) —mM((n—1)x (n—1),K)

Cr—Chr

We claim that J,_1 + Im(g) is an affine subspace of M((n — 1) x (n — 1), K) of
nilpotent matrices of rank n — 2. In fact, each element of Ker(f) can be regarded as an
upper triangular block matrix whose diagonal blocks are of size 1 x 1 and (n—1) x (n—1),
therefore we can argue similarly to the first part of the proof of Lemma 2.6 and conclude
that J,—1 + Im(g) is an affine subspace of M ((n —1) x (n — 1), K) of nilpotent matrices
of rank n — 2.

We claim that Ker(g) = L. In fact, Ker(g) consists of matrices C' € Z satisfying
to Cy = 0 for every i € {2,...n} and C1; = 0; so Ker(gj C L. To prove the other
inclusion, observe that, if C' € Z satisfies C(;) = 0 for every i € {2,...n}, then C;; =0
by the nilpotency of C. Thus we achieved Ker(g) = L.

Now, in order to complete the argument, let us prove that in case dim(L) < k, the
dimension of Z is less than or equal to w
Suppose dim(L) < k; we have

dim(Z2) = dim Im(f) + dimKer(f) < dimKer(f) +n—-2 -k =
=dimKer(g) + dimIm(g) + n —2 -k <

gdimKer(g)—FW—i—n—Q—kg
(n—2)(n-23) _(n=1)(n—-2)
Sk-ﬁ-f-Fn—Q—k—f,

where in the second-to-last inequality we applied to Im(g) the hypothesis in our statement
with n’ =n — 1, and in the last inequality we used the fact that Ker(g) = £. O

Now we are ready to prove Theorem 1.4.

Proof of Theorem 1.4. Obviously the affine subspace

{AEM(NX?’L,K)|AZJlefj:l—i-landAl,]:Olfj<l+1}
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and every of its elements is a nilpotent matrix of rank n — 1.

has dimension %

To prove that the maximal dimension of an affine subspace of nilpotent n x n matrices
over K with rank equal to n—1 is less than or equal to W we argue by induction
on n. The cases n = 1,2 are easy and left to the reader. So let n > 3.

Let S be an affine subspace of nilpotent n X n matrices over K with rank equal to
n — 1. We want to prove that S has dimension less than or equal to w

By operating a similarity transformation, we can suppose that
S=J+2Z2
where Z is a vector subspace of M(n x n, K).

If the first column of every element of Z is zero, we can conclude by Lemma 2.6. So

we can suppose there exists an element of Z whose first column is nonzero.

" : (n—1)(n—2)
By contradiction suppose that dim(2) > *—5—=.

Let us define
k:={ie{2,....n=1} | A1 =0VA € Z}
and
l=max{l € {1,...,n}|JA € Z| A1 # 0}
(the set whose maximum we are considering is nonempty for our assumption).
Obviously k > 0and [ > n—k — 1 (if we had [ < n — k — 2, the last k + 2 elements of
the first column of every element of Z would be zero, contradicting the definition of k).

Let A € Z be such that Zf,l #0.
By Lemma 2.7 we have:

dim(L) > k +1, (1)
where
L:={AcZ| Ay =0fori=2,...,n}.
Let us define
i=min{i € {1,...,n} | IX € Ls.t. X1, #0}; (2)
observe that the set whose minimum we are considering is nonempty since dim(L£) >

k+1 > 0. Moreover, since dim(£) > k + 1, we must have i < n — k. Let X € £ be such
that X, ; # 0.
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CASE [ —i>0.
Observe that, by Lemma 2.5, the elements of (S) (see Notation 2.1) are nilpotent
matrices. By Proposition 2.3 applied with V = (S), we have that

tr((J+sA)™X) =0

for every positive natural number m < |K| and for every s € K, hence

)

ZYl’i ((J+ SZ)m)l 1 =0

=1

for every positive natural number m < |K| and for every s € K. The left-hand side of
the equality above is obviously a polynomial in s of degree less than or equal to m; so,
if it is nonzero, it has at most m roots. Hence, if |K| > m, all the coefficients of the
polynomial must be equal to zero. In particular, if | K| > m, the coefficient of the term
of degree 1, which is equal to

> X > JTAY]

i=1 z,yeN | z+y=m—1 il

must be zero; if y > 0, we have that (JIZJ?/)Z, . = 0 (see part (i) of Lemma 2.4); hence
we get that the coefficient of the term of degree 1 is

Zyl,i(Jmilz)i,la

1=1
that is

n—m+1

Z X1 Aitm—1,1. (3)
i=1i

So we have deduced that, if |[K| > m, the sum in (3) is zero. Now take m =1 —i + 1;
observe that it is less than or equal to n, which is less than |K| by the assumptions of
the theorem. So, for such choice of m, the sum in (3) must be zero, but, for such choice
of m, the sum in (3) becomes

since Xi+m—1,1 = ZHL‘ ; =0fori> i+ 1. So we get a contradiction because 71 ZZI 1
is nonzero.
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CASE -1 <.
SinceZZn—k—landzgn—k,WegetZ—fzn—k—l—n—kk:—l,hencewe
must have I —7 = —1 and

o~

=n—k—1, i=n—k; (4)

therefore, for the definition of 7 (see (2)), we have that dim(£) < k+ 1 and then, by (1),
dim(L) = k + 1. So we can deduce that

L= (Eint, -, Ein).
Now we want to prove that
Agp=0 for a=n—-k,...,n, b=1,...,n—k—-1, VAecZ (5)

observe that we already know the claim for b = 1 since [ = n — k — 1. By contradiction,
suppose

(a,b) e {n—Fk,....,n} x{2,...,n—k—1} | FA € Z with A, #0.

Among the couples (a,b) of this kind, we choose one such that a — b is maximal; we
call it (@, b); so

Xop =0Y(a,b) € {@,...,n} x {1,...,b} — {(@D)}, VX € Z. (6)

Let A" € Z be such that A’ - # 0.
By our assumption on the cardinality of the field, we can choose h € K such that
A’ + hA has the entries (I, 1) and (@, b) nonzero; for such h we define

A=A +hA
From the definition of [ and from (6), we have:

Ai,l =0V >Z,
Auy=0Y(a,b) € {a,...,n} x {1,...,0} — {(@,b)}.

Now observe that, by part (iv) of Lemma 2.4, we can choose ¢; € K fori=1,...,n—1
such that, if we define

n—1
C = I+ Zciji

i=1

and
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A=CAC™,

we have that /Nli,l = 0 for every i < [. Furthermore, by part (iii) of Lemma 2.4, from (7)
and from our choice of h, we have:

1{17,1 = 1%,1 # 0,
Ak - ®
Agpy =0V(a,b) €{a,...,n} x{1,...,b} — {(@,b)}.
So
AD = flmez. (9)
Let

S=0c8c™', z=czc™', L=ccc™".

Obviously £ has the same dimension as £ and it is contained in £ (see Lemma 2.4,
part (i)); so £ = £. Furthermore, by part (iii) of Lemma 2.4,

max{l € {1,...,n}|3A € Z | A;; # 0}

is equal to .

Moreover, the space S is an affine space of nilpotent matrices of rank n — 1 and it is
equal to J 4 Z since CJC~! = J; by Lemma 2.5, every element of Z is nilpotent, so (S)
is a linear subspace of nilpotent matrices.

Observe that £ < n—2, that isn—k—2 > 1, since we have supposed that there exists

an element of Z with nonzero first column. By Proposition 2.3 applied with V = (S), we
have that, forr=1,...,k+1,t=1,....n—k — 2,

tr((J 4+ sA)" By g_140) =0
for every s € K (recall that £ = £ = (F1 g, ..., F1,) and that £ C Z C (S)), that is
((J +5A)" ) k141 =0

for every s € K. Obviously ((J + sfl)"_k_t)n_k_l_w,l is a polynomial in s of degree less
than or equal to n — k — ¢, which is less than or equal to n — 1. So, by the assumption on
the cardinality of K, every coefficient of this polynomial must be zero. Let us call %,
the coefficient of the term of degree 2.

We have:

*pp = > (JEAJYAT?)

z,y,2EN,z4+y+z=n—k—t—2

n—k—14r,1 =
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n—k—t—2
_ x A tTn—k—t—2—x
= (J*AT A krira
=0
since (JIAJyAJZ)n7k71+T ,=0if 2> 0.
Hence
n—k—t—2 )
z A n—k—t—2—x %
=y (J7A) oy (JTTETITERA) =
z=0
min{n—k—t—2,k+1—r}
= Z A(n7k71+r+x) Anfkfl,l Cl4t4az = (10)
=0
min{n—k—t—2,k+1—7r}
- Z An—k—1+r+m,l+t+m An—k—l,h

=0

where in the second equality we used formula (9), the fact that { =n —k — 1 (see (4))
and the fact that (J”fl) (n—k—lir) = 0if x > k+1—r. As we have already said, *,+
must be zero for r=1,...,k+1landt=1,...,n— k — 2.

Let us define

myy =min{n —k —t—2,k+1—r};
obviously
Mypt1t+1 = Mpy — 1.
Observe that, forr=1,...,kand t =1,...,n — k — 3, we have:

0= — *pp1,041 =

Mot Moyr41,t41
- Anfkfl,l E An7k71+r+a:,l+t+a: - E An7k71+r+1+w,1+t+1+w —
x=0 =0

Myt my¢—1
= An—k—l,l (Z An—k—l+7‘+x,1+t+x - Z An—k—1+7'+1+x,1+t+1+x> =

=0 =0

Myt Myt
- Anfkfl,l ( § Anfk71+r+z,1+t+:c - E Ank1+r+x’,1+t+z’> -

=0 z'=1

- Anfkfl,l An7k71+r,1+t'
Since A;—-1,1, that is A7 ; (which is equal to A; ) is nonzero, we get

Anj—14rapt =0 (11)



S. Calamai, E. Rubei / Linear Algebra and its Applications 752 (2027) 152—-170 167

forr=1,...,k,andt=1,...,n—k — 3.
Now let us prove the equality (11) also in the cases r =k+1lort=n—k — 2.
First let us consider the equality *,.; = 0 with » = k + 1: by (10)

0=%pt1t=An 14t An—k—11-

Since An—kp—l,l is nonzero, we get the equality (11) also for » = k + 1. Now consider the
equality *,;, = 0 with ¢t =n — k — 2: by (10)

0= *rn—k+2 = An7k71+r,n7k71 Anfkfl,l'

Since An—k—m is nonzero, we get the equality (11) also for ¢ = n — k — 2. Hence we have
proved:

Apk—14r14¢ =0 for r=1,...k+1, t=1,...,n—k—2.

Thus

Agp=0 fora=n—Fk,...,n, b=2,...,n—k—1,

which contradicts the second statement in (8). Hence we proved (5) and we can conclude
by Lemma 2.6. O

We now consider affine subspaces of nilpotent matrices of rank 1. Before stating the
result, we recall that, if V is a linear space of matrices with rank at most 1, then all the
nonzero matrices in V either have a common 1-dimensional image or have a common
(n — 1)-dimensional kernel, see for instance Lemma 2 in [2].

Proposition 2.8. Let n € N with n > 2 and let K be a field such that |K| > 3; then the
mazimal dimension of an affine subspace of nilpotent n x n matrices over K with rank
equal to 1 isn — 2.

Proof. To prove the statement, first notice that Ey 2 + (E1 3,..., E1,) is an affine sub-
space of nilpotent n X n matrices with rank equal to 1 and dimension n — 2, hence the
maximal dimension of an affine subspace of nilpotent n x n matrices over K with rank
equal to 1 is at least n — 2.

Now, let S be an affine subspace of nilpotent n x n matrices over K with rank equal to
1 and let S = P+ Z, where Z is a linear subspace of M(nxn, K) and P € M(nxn, K).
Since |K| > 3, also the nonzero elements of Z have rank 1 (in fact, for every A € Z, the
determinant of every 2 x 2 submatrix of P 4 tA is polynomial in ¢ of degree at most 2
and is zero for every t € K; hence its leading coefficient must be zero).

Therefore all the nonzero elements of the span R := ({P} U Z) have rank 1, hence
either have a common 1-dimensional image or have a common (n— 1)-dimensional kernel.
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Moreover, observe that a nilpotent matrix of rank 1 has square zero, so S is an affine
space of square zero matrices. Hence (P + tA)? = 0 for every A € Z and for every
t € K and, arguing as in the proof of Lemma 2.5, we get that A? = 0 for every A € Z.
Consequently all the elements of R have square zero; in particular, all the elements of
R are nilpotent.

Since all the nonzero elements of R either have a common 1-dimensional image or
have a common (n — 1)-dimensional kernel and all the elements of R are nilpotent, we
have that dim(R) <n — 1.

Finally, observe that P ¢ Z (otherwise the null matrix would be in S, which is
impossible because every element of S has rank 1); hence we have that

dim(S) = dim(Z) =dim(R) -1 <n —2,
as we wanted to prove. O

Remark 2.9. We provide an example to show that Theorem 1.4 does not hold if we
drop the assumption that |K| > n + 1. Moreover, the same example also shows that
Proposition 2.8 does not hold if we weaken the assumption |K| > 3.

In fact, we consider n = 2 and K = Z», and we observe that

2={(04) 1ecm)

despite containing a matrix that is not nilpotent, has the property that S := J + Z is
an affine subspace of nilpotent matrices with rank equal to 1 and S has dimension 1.

We finish with a conjecture on the maximal dimension of affine subspace of nilpotent
matrices of constant rank:

Conjecture 2.10. Let n € N — {0} and let K be a field. Let S be an affine subspace of
M(n x n, K) such that every element of S is nilpotent, and assume that each element of
S has rank equal to r > 1. Then we conjecture that, if | K| is sufficiently large, then the
mazimal dimension S can attain is

T

Z(n—l—i):g(2n—r—3).

i=1

Observe that Theorem 1.4 and Proposition 2.8 confirm the conjecture when r =n—1
and r = 1 respectively. Observe also that the affine subspace

{AeMnxn,K)| A1 =1fori=1,...,rand A; ; =0if j<iori>r+1}

has dimension §(2n —r — 3) and every of its elements is a nilpotent matrix of rank 7.
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