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ABSTRACT. Let p > 5 be a prime and let P be a Sylow p-subgroup of a finite symmetric group S,. To
every irreducible character of P we associate a collection of labelled, complete p-ary trees. The main
results of this article describe the positivity of Sylow branching coefficients for all irreducible characters
of P in terms of combinatorial properties of these trees, extending previous work on the linear characters
of P.

1. INTRODUCTION

Let G be a finite group, let p be a prime number and let P be a Sylow p-subgroup of G. The Sylow
branching coefficients of G are the multiplicities [Xl P @], where x and ¢ are any irreducible characters
of G and P respectively. The study of the relationship between the representations of a group and
the structure of its Sylow p-subgroups has been a central theme of research for decades. Most notably,
Problem 12 of Brauer’s celebrated article [B63] asks how much information about P can be obtained
from the character table of G. More recently, character restriction to Sylow subgroups has been studied
in connection with the McKay conjecture [NTV14, [GKNTI7], and to shed light on fields of values of
irreducible characters of degree coprime to p [NT21], IN24].

In contrast with this activity, specific information on Sylow branching coefficients is scarcely available
in the literature. For this reason, the authors began an investigation of these coefficients for symmetric
groups in recent years. In particular, in [GLI8| we determined the irreducible constituents of the per-

mutation character 1 pTS"' for any n € N and any odd prime p. Here P denotes a Sylow p-subgroup
of S, and 1p its trivial character. In other words, we completely classified those x € Irr(S,,) for which
[le, 1p] # 0. Later in [GL21] [L23], we extended this by considering all linear (i.e. degree 1) characters
of P, not just the trivial character.

Recently in [GLILV22], we were able to use these results to confirm a conjecture proposed by Malle
and Navarro in [MNI2], concerning the relation between the irreducible characters of any finite group
and the algebraic structure of its Sylow subgroups. In particular, we characterise when P is normal in G
in terms of Sylow branching coefficients.

The present article represents a further, significant advance in this line of research. We now generalise
our previous work from considering only linear characters 6 of P to studying Sylow branching coefficients
for all irreducible characters § of P. Given 6 € Irr(P), we let (0) be the subset of Irr(S,) consisting

of the irreducible constituents of GTS". Since the irreducible characters of S,, are naturally labelled by
partitions of n, we can equivalently think of the set Q(#) as a subset of the set P(n) of partitions of n in
the following way:

Q8) = {AeP(n) | x*] . 0] # 0}.
Here, we denoted by x* the irreducible character of S,, naturally labelled by A € P(n).

In this paper, we first associate to each 6 € Irr(P) a collection of labelled, complete p-ary trees 7 (6),
then we describe the set £2(f) in terms of some (surprisingly easy!) combinatorial properties of the trees
in 7(0). (To be precise, the elements of 7(6) will be graph-theoretic trees if n is a power of p; for general
n € N, they will be forests, or more specifically, ordered tuples of trees.)

Our first main result is contained in Theorems and For p > 5, we determine Q(0) exactly for
a certain class of irreducible characters of P defined in terms of the value V(0) of 0 (see Definitions
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and . In order to describe this result briefly, we introduce the following notation. Given ¢t,n € N,
we define
B.(t) :={A € P(n)| A\, e\ <t}. (1.1)

This is the set of all partitions of n whose first part and number of parts is at most ¢, or equivalently
whose associated Young diagram fits into a ¢ x ¢ square box. (Later in Section [2| we will also define
the ‘punctured’ box °B,,(t) which is B, (t) with two specific partitions and their conjugates removed.) In
Theorems [5.3[ and we show that there is an easy-to-compute statistic vo(#) such that £(0) is precisely
B (n —(0)) or °By(n —v9(0)), and determine when each occurs.

The second main result of this work deals with every irreducible character 6 of P when p > 5. Let
m(0) and M (6) be the positive integers defined as follows:

m(0) := max{t e N| B,(t) CQ)} and M(#):=min{t € N|Q(0) C B,(t)}. (1.2)
That is, for any 6 € Irr(P) the values m(0) and M () are tight bounds such that
B, (m(0)) < Q(0) € B.(M(0)).

In Theorems and we determine both M(0) and m(6) for every 6 € Irr(P), expressing these
quantities in terms of the number of vertices in the associated trees in T () satisfying a specific (and
easily computable) property. While it remains an open problem to determine in general the positivity
of Sylow branching coefficients [x’\lP, 0] when the partition A lies in B, (M (6)) \ B, (m(0)), we show in
Corollary that in fact there are very few such A, since the difference M(0) — m(6) is very small
compared to n. These results provide some interesting consequences. For instance, if we define Q(n) as
the intersection of all the sets Q(6) as 6 varies across all of Irr(P), then Corollary shows that the
proportion [2(n)|/|P(n)| tends to 1 when n goes to infinity. This says that, asymptotically, the restriction
to P of almost all irreducible characters of .S,, has every irreducible character of P as a constituent. We
conclude the article by remarking on the case of p € {2, 3}.

2. BACKGROUND, NOTATION AND PRELIMINARY RESULTS

First, we fix some notation adopted in the rest of the paper, as well as recall some basic facts concerning
the combinatorial representation theory of symmetric groups and their Sylow subgroups. For n a natural
number, S,, denotes the symmetric group on n objects. Given a prime number p, we let Sylp(Sn) denote
the set of Sylow p-subgroups of S, and let P, € Syl,(S,).

Given z,y € Z we let [z,y] :={z € Z | x < z < y}. Notice that if x > y then [z, y] is the empty set. For
a finite group G we let Char(G) denote the set of ordinary characters of G, and let Irr(G) denote the subset
of those characters which are irreducible. Given ¢, x € Char(G) we write 6 | x to mean that xy =6 + A
for some A € Char(G) or A = 0. If 6 is irreducible and 6 | x, we say that 6 is an irreducible constituent
of x. Given a subgroup H of G and ¢ € Irr(H) we let Irr(G | ¢) := {x € Irx(G) | [x] , ¢] # 0}.

Representations of 5,, and Combinatorics of Partitions. Given n € N, it is well known that the
irreducible characters of S,, are naturally in bijection with the partitions of n. We denote by P(n) the set
of partitions of n and, for any A € P(n), we denote by x* the irreducible character of S, corresponding
to A. Standard sources for a complete account of the ordinary representation theory of S, are [JK8I|
and [094]. In order to ease the notation we will sometimes identify irreducible characters with their
corresponding partitions. It will be always clear from the context whether A denotes a partition or its
corresponding irreducible character.

Let A = (A1, A2, ..., Ar) € P(n). The integers A; are called the parts of A. The integer ¢ is called length
of A, also denoted £(\). If A is a partition and m € N satisfies m > Ay, then we will use the shorthand
(m, \) to mean the partition (m, A1, A, ..., A:). Given partitions A and p we say that p is a subpartition
of A\, written p C A, if p; < A, for all 4 € [1,4(u)].

The conjugate partition of A is denoted by A, and observe that £(\) = A;. Given a subset A C P(n)
we say that A is closed under conjugation if for every A € P(n) one has that A € A if and only if X' € A.
We define the closure A® of a set of partitions A under the conjugation operator as follows:

A® = AU{N | A€ A}

We have an easy fact concerning the Sylow restrictions of x* and XX whenever p is odd.
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Lemma 2.1. Let p be an odd prime, n € N and P, € Syl,(S,). Let A € P(n). Then X/\lp = X/\llp .
In particular, Q(0) = Q(0)°.

Proof. This follows from the well-known fact that X)\/ equals x* multiplied by the sign character (see
[JK81], 2.1.8], for example), and the observation that P, is contained in the alternating subgroup of S,
whenever p is odd. O

Let n € N and let t € [1,n]. We recall from (1.1 that B,,(¢) is the subset of P(n) consisting of those
partitions whose Young diagram fits into a t X ¢ square grid. More precisely,

Bu(t) == {A € P(n) | At S 10N < t}.
Notice also that B, (t) = B, (t)°.
A partition A with at most two parts, i.e. £(\) < 2, is called a two-row partition. On the other hand,
we will call hook partitions all those partitions of the form (n — z,1%) with 2 € [0,n — 1], where the

exponential notation means that there are x parts of size 1. The following definition is non-standard and
will be used frequently later in this article.

Definition 2.2. Let n € N.
(a) We define the set Thin(n) of thin partitions of n to be the following subset of P(n):
Thin(n) := A € P(n) | A2 <1} U{X € P(n) | £(N) < 2})°.

In other words, a partition is thin if it has a Durfee square of size at most 2. Explicitly, a thin
partition is one which is a hook partition, a two-row partition, or the conjugate of a two-row
partition.

(b) For any x € [[§],n], we denote by t,(x) the two-row partition (x,n — x).

(c) For any y € [1,n], we denote by h,(y) the hook partition (y,1"~Y).

In order to study the restriction of characters of symmetric groups to their Sylow subgroups, we will
often consider first restriction to intermediate subgroups. An important family of subgroups that will
come into play in this setting is that of Young subgroups. In this case, the properties of the restriction of
irreducible characters are controlled by the Littlewood—Richardson rule. This gives an explicit method for
calculating multiplicities of the form [X)\lsmﬂ’ X" x x¥], where A € P(m+n), p € P(m) and v € P(n).
We refer the reader to [J78, Chapter 16] for the precise definition of this combinatorial rule.

Here we just recall that given a partition v = (nq,ng,...,n:) of n, meaning n; € Ny for all ¢ and
dYuni=n,weletY, =5, x8,, x - xS, <S5, be the Young subgroup corresponding to v. That is,
setting no = 0, the ¢ orbits of Y, in its action on [1,n] are {Z;;%) nj+1, Z;;E nj+2,..., Z;;E nj+n;},
for each i € [1,t]. For any A € P(n) and any (u', u?,...,ut) € P(ny) x P(ng) x --- x P(ns) we denote
by LR(A; b, ..., ut) the multiplicity of X“l X oee X X“t as an irreducible constituent of Xklyl,' One
combinatorial interpretation of this coefficient is described in detail in [GL21l Section 2.4] and is omitted
here. Nevertheless, we record some easy consequences of the Littlewood—Richardson rule that we will use
frequently in this article.

Lemma 2.3. If LR(A\; put, ..., ut) #0, then u* C X for alli € [1,t] and Ay < (p')1 + (u?)1 + -+ + ()1

Lemma 2.4. Let a,by,...,b, € N. Let v}, ... ,v% be partitions such that b; > |V¢| for all i and let
c= v+ +|v?. Let p € P(c) and let X\ = (by +bg + -+ + ba, n). Then
LR(X; (b, vY), ..., (b1, v%)) = LR(u; v, ..., v%).

Given two partitions A € P(n) and u € P(m), we define A + p as the partition of n + m whose i-th

part is given by A; + p; for all i € N (here we regard A; = 0 whenever ¢ > ¢(A) and similarly for ). The
following is another immediate application of the Littlewood—Richardson rule.

Lemma 2.5. Let n,k € N, let u*,...,u* € P(n) and let X = p* + p? + - + ¥ € P(kn). Then
LR\ pt, ..., p%) = 1.

Let n,m € N and let A C P(n) and B C P(m). We define
AxB:={Ae€P(n+m)|LR(\ p,v) #0 for some p € A and v € B}.
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The *-product operator on sets of partitions was first introduced in [GL21], and it is clearly both com-
mutative and associative. Let us now fix ¢ € N and let us consider A*?, the x-product of ¢ copies of the
subset A. By definition, A*? is a subset of P(gn). We now want to define a specific subset of A*? that will
play a crucial role in several arguments below. In order to do this we first fix the following convention:
we will say that a collection of objects w1, ..., w, is mized if the objects are not all equal. (In this article,
such objects may refer to collections of partitions, or of characters of a given finite group, or of trees as
defined in Section [3|later, for example.) With this in mind, we define M(q, A) as the following subset of
AXT:
M(q, A) :={\ € A* | LR(\; pt, ..., u9) # 0 for some mixed p!,..., u? € A}.

We give a short example of some of the concepts introduced so far.

Example 2.6. Let n = 4 and consider the set B4(3) = {(3,1),(2,2),(2,1,1)}. It is easy to verify that
B4(3)*2 = Bs(6). For instance, (6,2) € Bs(6), and in fact we have that LR((6,2);(3,1),(3,1)) = 1.
Setting Y as the Young subgroup Y4 4) = S4 X Sy < Sg, we have that

(6,2)ly =) x(4)+4)x3,1)+(3,1) x (4)+(4) x(2,2) +(2,2) x (4) +(3,1) x (3,1).

This shows that (6,2) ¢ M(2,B4(3)) and therefore that M(2,B4(3)) G B4(3)** = Bs(6). In fact, it is
straightforward to calculate that M (2, B4(3)) = Bs(6) \ {(6,2), (6,1,1), (4,4)}°. O

Example highlights a few properties of the x operator that we will use often in this paper. For
instance, we have seen that B4(3)*? = Bg(6). This is a specific occurrence of a more general behaviour
which was first shown in [GL21] Proposition 3.2].

Proposition 2.7. Let n,n’,t,t" € N be such that § <t <n and %’ <t' <n'. Then
B(t) % By (t') = Bpyw (t+1).

A second observation is that given m, ¢ € N and ¢ € [1,n], Example shows that we cannot hope to
have M(q, Bin(t)) = Bgm(qt). However, when ¢ is at least 3 and ¢ is not too small compared to m, then
the difference between these two sets is very small, as shown in [GL21l Proposition 3.7].

Proposition 2.8. Let m,t,q € N with 7 +1 <t <m and q > 3. Then we have that
Bq’m(qt - 1) g M(CLBm(t))-
We are now ready to extend this combinatorial result and completely describe M(q, By, (t)).

Proposition 2.9. Let m,t,q € N with2 <3 +1<t <m and q > 3. Then

Bym(qt) \ {(qt, qm — qt), (qt, 19~ )}* if m —t # 1,

M(qum(t)): {qu(qt—l) z'fm—t=1.

Proof. If t = m then By, (¢t) = P(gm). In this case the statement clearly holds because P(gm) \
Bym (gm — 1) = {(gm), (19™)} and (gm) is not in M(q, By, (t)) as (qm)l(sm)xq = (m)*4, and similarly
(177) ¢ M(q, B ().

We can now assume that ¢ < m. By Propositions and we have By, (gt — 1) € M(q, B (t)) C
B (t)*? = Bgm(gt). Since all sets considered here are closed under conjugation, it remains to consider
whether A := (gt, u) belongs to M(q, B,,(t)) or not, for each u € P(gm — qt).

Suppose first that u € {(gm — qt)}*. We want to show that A ¢ M(q, B, (t)). Suppose for a contradic-
tion that A € M(q, By, (t)). Then there exist mixed Al,..., A7 € B,,(t) such that LR(\; AL,..., A7) # 0.
Using Lemma we see that gt = Ay < (A); + -+ + (A9); < gt. Hence we must have (\); = ¢ for all
i € [1,q]. In particular there exist mixed u',...,u? € P(m —t) such that \* = (¢, %) for all i € [1,q].
Using Lemmawe deduce that LR(p; ut, ..., u?) # 0. This is impossible since p ¢ M(q, P(m —t)), as
we have observed before.

Suppose now that p € P(gm — qt) \ {(gm — qt)}* = Bgm—qt(gm — gt —1). If m —¢ > 2 then
mT’t +1<m-—t,soby Propositionwe have Bym—qi(gm —qt —1) € M(q, P(m—t)). Hence there exist
mixed v1,...,v7 € P(m—t) such that LR(g; v, ... ,v9) # 0. It follows that LR(X; (t,v1),..., (t,v9)) # 0

INote that at the end Example and throughout the rest of this paper, we have used the symbol ¢ to indicate the end
of the example (or remark) environment to help with readability.
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by Lemma Since (¢,v1),..., (t,v9)) € B,,(t) and are mixed, we conclude that A € M(q, B, (t)). Let
us now assume that m —¢ = 2. Then p € Bgy(2¢ — 1) = M(q,P(2)), and arguing exactly as in the
previous case we see that A € M(q, B,,(t)). Finally assume that m — ¢ = 1. In this case u € B,(¢ — 1).
Suppose for a contradiction that A € M(q, B,,(t)). Then there exist mixed \',..., A\ € B,,(t) such
that LR(\; AL,...,A?) # 0. Using Lemma [2.3| we see that gt = Ay < (A); + -+ + (A9); < gt. Thus,
for every i € [1,q] there exist u' € P(m — t) such that \* = (¢,u’). Since m —¢ = 1 this implies that
Al = )\2 = ... = )9, which is a contradiction. O

Remark 2.10. In the statement of Proposition [2.9] notice that when m = ¢ the two possible cases for
the structure of M(q, B,,(t)) coincide. Moreover, the hypothesis m > 2 is necessary. For m < 2, we have
the following possibilities: if m = 1 then ¢ = m = 1 and M(q,P(1)) = 0 as |P(1)] = 1. On the other
hand, if m = 2 then ¢ = 1 gives B,,,(t) = 0, while if ¢ = 2 then M(q, P(2)) = Bay(2¢ — 1) since ¢ > 3. ¢

We conclude this section by introducing a new combinatorial object.
Definition 2.11. For m,t € N with 5 <t < m — 2, we define the punctured box °B,,(t) to be
Bun(t) =By (t) \ {(t,m —t —1,1),(,2,1m "7 2)}".
Similarly, for n € N>3, we define the punctured set of partitions of n, °P(n), to be
°P(n) = P(n)\ {(n—1,1)}".

As we will show in our main results, these apparently strange subsets of partitions are intimately
connected to the sets Q(f) that, as mentioned in the introduction, lie at the centre of our research
interest in this article.

Remark 2.12. In the definition of a punctured box °B,,(t) we require ¢ > % so that (¢,m —t) and
(t,1™~t) are genuine partitions lying in B,,(t); moreover, we observe that the condition 5 < m—2implies
that m > 4. On the other hand, ¢ < m — 2 guarantees the well-definition of the partition (¢, m —¢—1,1).
In particular, we notice that when ¢ = m — 2 then in fact °5,,(t) = B,,(m — 3).

As for °P(n), this is ill-defined for n =1 and °P(2) = ), hence °P(n) is defined only for n > 3. Even
though B, (n) = P(n), it is not the case that °B,(n) = °P(n). In particular, notice that °B,,(t) was not

defined when ¢t = m. O

The following propositions describe how the various subsets of partitions introduced so far interact
with each other with respect to the x-product operator. These statements, and more generally speaking
the x-product operator itself, constitute the necessary combinatorial tools we will need to study restriction
of irreducible characters of symmetric groups to their Sylow p-subgroups. In order to fully understand
the previous assertion, we recommend to the reader to see Corollary and Lemma below, before
proceeding.

Proposition 2.13. Let x,a,y,b € N. Then:
(i) Be(a)* By(b) = Byyyla+0), for § <a<zand § <b<y.

(ii) Byp(a)x °P(y) = Buyyla+y), for § <a <z andy > 5.

(iii) °P(x) » *P(y) = Pz +y), for 2,y > 5.

(iv) By(a) x °By(b) = Byyy(a+0b), for § <a<x—1and §+1<b<y—5.

(v) P(x) *x°By(b) = °Bpqy(x +b), for ¥ +1<b<y—5.

(vi) °P(x) x °By(b) = °Byyy(x +0), forx >5 and §+1<b<y—5.

(vii) °Bg(a) x °By(b) = Beqy(a+0b), for 5 +1<a<z—5and §+1<b<y—5.

Proof. In all cases, the sets involved are closed under conjugation of partitions, so when considering

partitions we may assume without loss of generality that their first part is greater than or equal to their
length.

(i) This is Proposition
(ii) This is [GL21, Lemma 3.3].
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(iii) By (ii) we have that °P(x) * °P(y) 2 By(x — 2) * °P(y) = Buty(xz + y — 2). Moreover, for each
A€ {(z+y—1,1),(z +y)}, we have that LR(}; (z), (y)) # 0. Hence A € °P(z) x °P(y) and
therefore we conclude that °P(z) x °P(y) = P(z +y)

(iv) First, observe that By(a) x °B,(b) D By(a) * By(b—1) = Byty(a+b—1) by (i). Next, suppose
A= (a+b,u) where p € P(x —a+y —b). Since P(x —a+y —b) = P(x —a) x°P(y — b) by (ii),
then LR(u; v, B) # 0 for some a € P(z — a) and 8 € °P(y — b). Thus, using Lemma [2.4] we see
that LR(X; (@, @), (b, 8)) # 0, and so A € By(a) x °By(b).

(v) First, observe that B, (x+b—1) = P(z)*B,(b—1) C P(x)*°
Next, suppose A = (x+b, u) where u € P(y—b). Then LR(\; o,
only if « = (x) and 8 = (b, 1), from which we deduce A € P(x)*°
Thus P(x) * °By(b) = °Byyy(x + ).

(vi) From (ii) and (v), Byqy(z +b—1) = °P(z) % By(b — 1) C °P(x) * °By(b) C P(z) » °By(b) =
°Byty(z + ). Moreover if A = (z + b, ) for some p € °P(y — b), then LR(X; (), (b, 1)) # 0 by
Lemma [2.4] and so A € °P(z) * °By(b).

(vii) From (i) and (iv) we have that

Busy(a+b—1) = °By(a) # By(b— 1) C “Bu(a)  °By (b) C Ba(a) % By (D) = Buryla+ ).
Now, suppose A = (a+b, 1) where yp € P(x—a+y—b). Since P(x—a+y—>b) = °P(z—a)*x°P(y—0b)
by (iii), then LR(u; v, 5) # 0 for some o € P(x—a) and € P(y—b). Then LR(\; (a, ), (b, 5)) # 0
by Lemma and therefore we have that A € °B,(a) * °B,(b).

By(b) € P(x)%By(b) = Buty(z+b).
B) # 0for o € P(z) and B € °B,(b)
By (b) if and only if 11 € °P(y—b).

O

We remark that the various hypotheses on the variables x,a,y,b in Proposition [2.13| are necessary.
For instance, in (i) we ask for § < a; if @ = § then By, (a) has no hooks and therefore By, (a) x B1(1) #
Bagt+1(a+1), as (a+1,1%) € Bagt1(a+ 1). Since it is irrelevant for our current purposes we omit similar
examples for the remaining statements.

The different outcomes of x-products of sets appearing in Proposition [2.13]| are summarised in Table
We note that the table is symmetric as * is commutative.

* |B °B P °P
B|B B B B
°B|B B °B °B
P|B °B P P
“p|B °B P P

TABLE 1. General form of Proposition m

We are now able to prove an analogue of Proposition for punctured boxes.
Lemma 2.14. Let q,m,t € N be such that ¢ > 3 and 3 +2 <t <m —>5. Then
qu(qt - 1) c M(Qa oBm(t))

Proof. Since B,,(t — 1) C °B,(t) and F +1 < t — 1, we have that By, (gt —q — 1) € M(q,°Bn(t)) by
Proposition Now suppose A = (¢t — u, ) € P(gm) where u € {1,2,...,q} and p € P(gm — qt + u).

If u=gq,then \y =qt —q. Let N =¢q-(m —t+1). If u € By(N — 1) then LR(u; put,...,u9) # 0
for some mixed p’ € P(m —t + 1), since By(N — 1) € M(q,P(m —t + 1)) by Proposition Then
LR(X; (t — 1,u1),...,(t — 1,u9)) # 0 by Lemma and (t — 1, ) € °B,,(t) for all i € [1,g]. Hence
A€ M(q,°B(t). If p € {(N)}* then A\ € {tym(qt —q),hgm(qt —q)}. Suppose A = tym(qt — q).
Then LR(A;ty,(t —1),...,tm(t — 1), t,(¢)) # 0. Hence A € M(q,°B,,(t)). Similarly, hg, (gt —q) €
M(g.°Bo(1)).

Let us now consider the case where u € [1,q—1]. Then u € P(q(m—t)+u) = °P(m—t)* @) «P(m —
t + 1)** by Theorem since m —t > 5 and u,q —u > 1. So LR(p; %, ..., v % wl, ... w*) # 0 for
some v! ..., v97% € °P(m—t) and some w', ..., w* € P(m—t+1). Thus LR(X; (t,v!), ..., (£, v77"), (t—
Lwl),...,(t —1,w") # 0 by Lemma Since u,q —u > 1 we have that (¢t,v1),... (¢,v97%),(t —
Lwl),...,(t—1,w")) are mixed elements of °B,,(t). Hence A € M(q,°B,,(t)).
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Since °By,(t) = (°Bn(t))*, then M(q, By (t)) = M(q,°Bn(t))°. Thus Bym (gt — 1) € M(q,° B (t)).
O

We conclude with a last technical statement that we obtain as a consequence of Proposition 2.13]

Lemma 2.15. Let x,a,y,b € N. Suppose that A,(a) is a subset of P(x) of one of the following forms:
(i) °P(x) with x > 5, or
(ii) °By(a) with § +1<a<x -5, or
(iii) By(a) with § < a < x.
Let N7 be a (possibly empty) subset of P(x) \ Az(a) containing no thin partitions. Suppose now that
Ay (b) and N> are subsets of P(y) satisfying analogous conditions. Then
(Ai(a) |_|N1) * (Ay(b) |_|N2) = A$+y(a + b) L N3,
where
°Briyla+b) if Ay(a) =°By(a) and Ay(b) € {°P(y),P(y)},
Apyyla+0b) =1 °Byyy(a+bd) if Ay(b) =°By(b) and Ay(a) € {°P(x), P(x)},
Byiy(a+0b)  otherwise,
and N is a subset of P(x +y) \ Ayty(a+b) that contains no thin partitions.
Proof. Let X := (Az(a) UN7) * (Ay(b) UN3), so X D Ay(a) * Ay(b). Moreover, Ay (a) x A, (b) equals
Agiy(a+Db) in each case, by Theorem m (cf. Table . Setting N3 := X \ Ayyy(a +b), it remains to
show that A3 contains no thin partitions in order to complete the proof.
Suppose A € X is thin. Then LR(X; 1, v) # 0 for some p € (Ayz(a) UN;7) and v € (A, (b) UN>). But
W, v C A so it must be that p and v themselves are thin. That is, yu € Ay(a) and v € Ay (b), whence
A€ Ag(a)*Ay(b) = Ayiy(a+b). Hence A ¢ N3, and we conclude that no partitions in N3 are thin. [

3. REPRESENTATIONS OF P,, AND ASSOCIATED P-ARY TREES

Fix a prime number p. The main aim of this section is to provide the reader with the definitions of
the statistics vo(#) and ~;(0) for each 6 € Irr(P), where P is a Sylow p-subgroup of a symmetric group
(see Definition . These statistics will be integral to describing the positivity of Sylow branching
coefficients for symmetric groups in Sections [4] and |5, and are defined using certain labelled p-ary trees
naturally associated to 6 € Irr(P).

We remark that this correspondence between such characters and trees is not new, as [OOR04, Propo-
sition 3.1] describes for any natural numbers n and r an indexing of the irreducible representations of the
n-fold wreath product C, 1.1 C, (where C, denotes the cyclic group of order r) using certain labelled
trees. Below we treat only the special case where r = p is prime, describing this correspondence in detail
in Definitions [3.5 and since the Sylow p-subgroups of symmetric groups are isomorphic to direct
products of copies of iterated wreath products of cyclic groups of order p; this description is well known
and was first published in [K84].

The structure of this section is as follows: in order to study Irr(P), we start by fixing some notation for
characters of wreath products, before recording the structure of Sylow p-subgroups of symmetric groups
and their irreducible characters. We refer the reader to [JK8Il Chapter 4] for further detail on these
topics. Then, we introduce the relevant p-ary trees in Definition before describing how they relate to
Irr(P) in Definitions and In Definition we present a number of statistics on these trees, and
we end the section with some useful properties of characters that these combinatorial objects capture,
such as Theorem and Proposition [3.20)

Let K be a finite group, n be a natural number and H be a subgroup of S,,. We denote by K*™ the
direct product of n copies of K. The permutation action of S,, on the direct factors of K*" induces an
action of S,, (and thus of H) via automorphisms on K *", giving the wreath product K H := K*" x H.
The normal subgroup K*" is usually called base group of the wreath product K ! H. We denote the
elements of K ! H by (z1,...,zn;h) for ; € K and h € H. Let W be a CK-module and suppose it
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affords the character ¢. We let W®" := W ® --- @ W (n copies) be the corresponding CK *"—module.
The left action of K ! H on W& defined by linearly extending

(T1,0 0y T3 h) 101 @ @V > T1VR-1(1) @0 @ TpVp-1()

turns W& into a C(K { H)-module, which we denote by W®n, We denote by Q;Z‘ the character afforded
by the C(K ! H)-module Wen. For any character ¥ of H, we let ¥ also denote its inflation to K ! H and
define -

X(p;v) := ¢*m - ¢p € Char(K 1 H).
Let ¢ € Irr(K) and let ¢*™ := ¢ x --- X ¢ be the corresponding irreducible character of K*". Observe
that &/n € Irr(K ! H) is an extension of ¢*™. Hence, by Gallagher’s Theorem [[76, Corollary 6.17] we
have

Ier(K H | ¢7") = {X(¢39) | b € Irr(H) .
If H = C,, is a cyclic group of prime order p, then every ¢ € Irr(K ¢ Cp) is either of the form

(i) v =¢1 x -+ X (;SPT?XCP‘" where ¢1,... ¢, € Irr(K) are mixed, or
(ii) ¢ = X(¢;0) for some ¢ € Irr(K) and 0 € Irr(C,).

We remark that in case (i) we have that Irr(K 1 C), | ¢1 X -+ X ¢) = {¢}. On the other hand, for any
¢ € Irr(K) we have by basic Clifford theory that

KiCy

(@) e = D X(9:0).
elrr(Cp)

We record here two lemmas that we will use frequently later in the article. We refer the reader to [L.19]
Lemmas 2.18 and 2.19] for complete proofs.

Lemma 3.1. Let p be a prime and K « finite group. Let n € Char(K) and ¢ € Irr(K). If[ , @) hen
=1 p

22t
[(X(n;7), X(¢:0)] > SP) L(®) for all 7,0 € Irx(Cy). In particular, if p is odd then [X (n;T), X (¢;6)] >
A =

Lemma 3.2. Let K and H be finite groups. Let o € Irr(K) and A € Char(K) be such that [a,
Then [X(A;0), X(a; B)] = 0p,0 for any 3,0 € Irr(H).

Given n € N, we let P, denote a Sylow p-subgroup of S,,. Observe that P; is the trivial group while
P, = C,, is cyclic of order p. For each k € N>4, we have that Py = (P,r-1) prPp = Ppr-11Pp 2 Ppl-- P,
(k-fold wreath product).

Now consider an arbitrary natural number n € N, not necessarily a power of p. In this article we will
write the p-adic expansion of n in the following form:

t
n= E p
i=1

for some t € Nand n; € Ny such that ny <ng < --- < mny, and for each j € Ny, [{i € [1,] | n; = 5} <p—1.
In other words, if n = Zle a;p™ is the usual base p expansion of n (i.e. 0 < mj < mg < -+ < my, and

€ [1,p — 1] for all 4), then the sequence ni,na,...,ny equals My, ..., M1, Mo, ..., Moy ..., My, ..., M
where each m; appears a; times. Then P, = Pyn X -+ X Pyny, and it follows that

Irr(P,) = {01 x 02 x - x 0, | 0; € Irr(Pyn, ), for all i € [1,¢]}.

Hence the study of irreducible characters of P,, ultimately relies on the properties of irreducible characters
of the Sylow p-subgroups P, of the symmetric group Sy, as k varies over all non-negative integers.
From now on we will denote by ¢g,¢1,...,¢p—1 the irreducible characters of P,, with ¢y being the
trivial character 1p,. Since P,x = Ppr-1 1 P, the information gathered above about characters of wreath
products implies that if § € Irr(P,x) then exactly one of the following two cases holds:

(i) 6 =01 x - x 0,77, where 01, ...6, € Irr(P-

k—1) are mixed, or

(ii) 0 = X(¢; ¢c) for some ¢ € Irr(Pyr-1) and ¢, € Irr(Pp).
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Notice that in case (i), 0 = 051y X -+ X Qo(p)TP”’“ for any cyclic permutation o € ((12...p)). In case
(ii), the parameter ¢ lies in [0,p — 1], and we may sometimes abbreviate X (¢;¢.) to X (¢;e) when the
meaning is clear from context.

This description allows us to canonically associate to each 6 € Irr(P,r) an equivalence class of labelled,
complete p-ary trees T(#) (see Lemma below). As we will prove in the following sections, this
combinatorial object will allow us to give an easy formula for calculating the integers m(0) and M(6) (as
defined in in the introduction) for all € Irr(P,). In particular, Theorems and will show
that M (0) and m(0) are directly related to the parameters vo(6) and ~;(6).

Definition 3.3. For each k € N, let Fi be the set consisting of all the rooted, complete p-ary trees of
height k — 1 such that each vertex is labelled by an integer in {0,1,...,p — 1,p}.

Remark 3.4. (i) In Definition height k£ — 1 means that the maximal distance from a vertex to
the root is £ — 1. By complete we mean that every vertex, other than those at distance k — 1
from the root, is adjacent to exactly p vertices of distance one greater to the root, and vertices
at distance k — 1 are leaves. See Figure [l| for diagrams of examples of such trees; in particular,
we will always draw such trees with the root vertex at the top.

(ii) We use the notation § for the tree in Fj consisting of a single vertex whose label is € € [0, p].
In particular, 73 = {9,1,..., P71 8} For k > 2 and T € Fj, we will use the notation T' = (T} |
Ty | ... | Tp; ) to say that € is the label of the root vertex of T', and T4,...,T, € Fi_1 are the
subtrees of T rooted at the children of the root vertex of T', from left to right.

(iii) Sometimes the root vertex § is replaced by just its label ¢ in such notation, i.e. T'= (T7 | ... | Tp;€).
Similarly, if T; € F; (i.e. T; contains only a single vertex, say &), then we may just write the label
d in place of {. O

Every rooted, unlabelled, complete p-ary tree of height k has as its graph automorphism group I',
isomorphic to the k-fold wreath product S, 25, - 1S,. A Sylow p-subgroup Il of I, is isomorphic to
the k-fold wreath product Cp,1Cpt---1C,, acting cyclically on the p subtrees under each non-leaf vertex.
Note therefore that II; acts on Fi41 by permuting the vertex labels, in accordance with its action on
vertices.

Definition 3.5. Let k € N.

(a) Let Ty denote the set of orbits of Fy under the action of llx_1. In other words, each element of
Tr is an orbit, or an equivalence class of trees belonging to Fy, where two trees are equivalent if
one may be obtained from the other via an element of Uyx_1. Given T € Fy, we let [T] denote its
II,_1-orbit.

(b) We define the map

. Irr (P ) — T
recursively as follows:
(i) For k=1 and for any ¢ € [0,p — 1], we define ®1(d:) = [5].
(ii) For any k € N>y and 0 € Irr(Pyx), we define

() — (Ty]...|Tpe)] if 0= X(¢;0:) for some ¢ € Irr(Ppe-1) and € € [0,p — 1],
(Ty]...|Tp;p)] ifO=061x---x Qprpk for some mived 01, ...,0, € Irr(Pyr-1),

where T; € ®p_1(p) for each i € [1,p] in the first case, and T; € ®y_1(0;) for each i € [1,p)
in the second case.

Lemma 3.6. Let k € N. Then the map Py, is well-defined and injective.

Proof. The statement is clear for k = 1, so now assume k > 2.
To see that @, is well-defined: suppose T;,T] € Fj,_1 satisfy [I;] = [T}] for each i € [1,p]. Then there

exist g; € Ily_2 such that g;(T;) = T]. Then g := (g1,...,9p;1) € Iy—1 and g((T1 | ... | Tp;e)) = (T} |
.. | T);e) for any € € [0,p — 1]. That is, [(Th | ... | Tp;e)] = [(T1 | ... | Tp;¢€)]. Similarly, [(T7 | ... |
Tp;p)] = [(T1 | ... | T); p)]. It is also easy to see that if 0 = 6y x- - - X@I,Tppk = XX inPPk then there

exists o € C) such that 6,¢;y = n; for all i € [1,p]. Therefore, given T; € ®_1(0;) and T} € $p_1(1;)
for each i € [1,p] and setting h := (1,...,1;0), we have that h((T1 | ... | Tpip)) = Toy | --- | Togp); D)
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It follows that [(T1 | ... | Tp;p)] = [(Toq) | -+ | Tow);p)] = [(T1 | ... | T};p)], and thus that @y
is well-defined. That is, ®;(f) as defined in Definition does not depend on the choice of the tree
T; € @k,1(¢) (OI' T; € <I>k,1(9¢)).

Now, we show that ® is injective. Proceeding by induction on k, we may assume as before that k& > 2.
Suppose 0, x € Irr(Pyx) satisfy @ (0) = @p(x) = [(T1 | ... | Tp;€)] where € € [0, p].

If € # p, then 0 = X(¢;¢:) and x = X (n; ¢<) for some ¢,n € Irr(P,r-1). Moreover, T; € ®p_1(4) N
®p_1(n) for all 4 € [1,p]. Since Pr_1(¢) and ®r_1(n) are orbits, we must have that ®y_;(¢) = ®r_1(n).
By inductive hypothesis, ®5_; is injective and so ¢ = 7, whence 6 = .

If e = p, then § = 67 x --- X QPTPP’“ for some mixed 0; € Irr(Pyr-1) and x =71 X --- X inP”k for
some mixed 7; € Irr(Pye-1). Furthermore, we have that T; € ®5_1(6;) N ®p_1(n;) for each i € [1,p],
after cyclically permuting the 7; if necessary. Thus 6; = n; for all ¢ by the inductive hypothesis, and we
conclude that 8 = x, as desired. O

Remark 3.7. We note that ®; is not surjective for any k € N. Indeed, for £ = 1 we have that 7; =
{OL -, P31, B} and Ti\Im(®1) = {[3]}. For k > 2, we can see for example that [T] ¢ Im(®y,) for any

tree T' € Fy, of the form T = (T" | ... | T";p) where T” € Fj_1, or any T of the form T' = (T1 | ... | Tp;¢)
where [T1], [T3],. .., [Tp] € Trk—1 are mixed and € € [0,p — 1]. O

Lemma implies that for every & € N, there exists a unique bijection Wy : Im(®y) — Irr(P,x)
such that W, o &) = Idlrr(ppk) and ®; o ¥y = Idpy(s,)- By induction on k, it is routine to check that

U, ([5]) = ¢. for every € € [0,p — 1], and that for any &k > 2 and any T' = (T4 | ... | Tp;¢) such that
T, € Fr—1 and ¢ € [0, p| satisfying [T'] € Im(®y,), one has
X (Ur_1([T1]); 0c) if e € [0,p— 1],
(7)) = ] Py .
(‘I/k—l([Tl]) X X \I’k—l([TpD)T(ppkil)xp if e =p.

Definition 3.8. Let k € N. We say that a tree T € F}, is admissible if [T] € Im(®y). In this case, we say
that O(T') := Wy ([T1]) is the irreducible character of Pyx corresponding to T'. Similarly, given 6 € Irr(P,x)
we say that T(0) := ®k(0) is the I_1-orbit of trees associated to 6.

Remark 3.9. (i) From the definition of ®; we can immediately see that if T' € Fj, is an admissible
tree and x is a vertex of T whose label is € € [0, p], then € # p whenever z is a leaf. On the other
hand, if x is not a leaf, then the p subtrees rooted at the children of = are all in the same orbit if
and only if € # p. In Tables 2] and [3] we illustrate all admissible trees in Fj (up to the action of
II;,_1) where k = 1 and k = 2, respectively, for p = 5.

(ii) We note that the vertex labels 1,2,...,p — 1 play very similar roles since they correspond to the
non-trivial irreducible characters of C,, which are all Galois conjugates of one another.

On the other hand, 0 and p reflect very different representation-theoretic notions. In relation
to Irr(P,x) where k € N, a vertex label 0 denotes a trivial character of ), at some level of the
iterated wreath product structure of Px.

In contrast, a vertex label p indicates a place where we have induced from a mixed product of
irreducible characters of P, for some i < k, rather than extending some P,i+1-invariant product
¢*P where ¢ € Irr(P,:), to give an irreducible character of P,i+1. (Indeed, the label p is technically
not required since it simply records when the p subtrees under the vertex which it labels are mixed,
but we have decided to include it so that all vertices in our p-ary trees are labelled.) O

Now, we record some graph-theoretic notions and fix some useful notation that will appear in the rest
of this article.

Notation 3.10. Let T be a rooted, labelled tree.

(i) We write x € T to mean that x is a vertex of T
(i1) The label of a vertex x € T is denoted by £(x).
(1ii) We use d(x) to denote the distance between x € T and the root of T.
(iv) Between any two vertices in T there exists a unique path since T is a tree. By a descending path
in T we mean a sequence of vertices 1,...,Tm n T such that x; and x;41 are adjacent and
d(xiq1) = d(x;) + 1 for each i € [1,m — 1]. An ascending path is defined analogously.



SYLOW BRANCHING TREES 11

We are now ready to introduce the combinatorial statistics on trees lying at the heart of our main
results. As we have seen via the maps ®; from Definition the vertex labels 0,1,...,p — 1 on the
(admissible) p-ary trees in Fj, relate to the irreducible characters ¢g, ¢1, ..., ¢p—1 of Cp, and we will call
those corresponding to non-trivial characters ‘humans’. All of the tree statistics we introduce below will
be based on the patterns of humans and non-humans in these p-ary trees.

Definition 3.11. Let k € N and let T be a tree in Fy.
(a) Let x be a vertex of T. Define

vy (1Tt L1
"0 if 4(x) € {0,p}.

We say that x is a person (or human) if and only if v(z) = 1, in other words, we call a verter a
person if and only if p does not divide its label.

(b) Define H(T) := {z € T | v(z) = 1} and n(T) = |H(T)|. In particular, H(T) is the set of people
(humans) in T, and n(T) is the number of people in T.

(c) Let x,y € H(T) and t € Ng. We say that y is a t-descendant of x if there is a descending path
T =20,T1,.- Ty =y n T such that [{i € [1,m] | v(z;) =1} =t¢.
In other words, x and y must both be people and y is a t-descendant of z if and only if, among
the unique path in T strictly between x and y, there are exactly t — 1 vertices which are people.

(d) Fori € Ny, define T';(T) := {z € H(T) |  has an i-descendant but no (i + 1)-descendants}, and
let vi(T) := |T4(T)).
(e) Finally, we define the value of T to be V(T') := min{i € Nq | v;(T) = 0}.

In particular, v(7") counts the number of people (humans) in T which are either leaves or such that no
vertex amongst its p subtrees are people. In genealogy terms, vo(7") counts the number of people with no
‘children’ (i.e. humans with no human descendants). The statistic 71 (7") then counts the number of people
who are parents but not grandparents (i.e. humans with exactly 1 generation of human descendants, see
also Remark .

We illustrate the various notions introduced in Definition in Figure |1} giving several examples
when p = 3. Further examples when p = 5 and n € {5, 25,125} are given in Examples and

3
o
, 117 0 /‘\ /‘\
VRN VRN YVARN 3 0 0 0 0 0
P 3 3 3 e e e 7 7 7 7 7 7
NN TN IV NI IV I /‘\ /‘\ /‘\ /‘\ /‘\ /‘\
111111111 011011011 00000000O0O0 0 0 0 2 2 3 1 1 1 1 1 1 11 1 1 1 1
o000 0O0OOS OCeeOeeOCeoe O0OO0OO0OO0OO0OO0OO0O o O o ® e O e o o e o o e o o e o o

(A) An admissible tree T' € F4 with V(T) =3  (B) An inadmissible tree ' €  (C) An admissible tree T' € F3
and n(T") = 23. The vertex a is a person F3 with V(T) = 2, n(T) = 6, with V(T) = 2, n(T) = 10,
and has two generations of ‘human’ descen- 7o(7T) =5 and 11 (T) = 1. Y(T) =9 and 1 (T) = 1.
dants, while b only has one. Also, v0(T") = 18,

7 (T) =4, v2(T) = 1 and ~;(T) = 0 for all

i > 3.

FI1GURE 1. Examples illustrating Deﬁnitionwith p = 3. Here, and in subsequent figures, filled circles
e indicate (unnamed) vertices in H(T), i.e. those with label in [1,p — 1], and unfilled circles o indicate
(unnamed) vertices not in H(T'), i.e. those with label in {0, p}. The label of each vertex is written above
it. This is to aid with visualising and counting which vertices are ‘people’ (Definition a)) in our
figures illustrating such labelled trees.

Remark 3.12. (i) Every x € H(T) is its own unique 0-descendant. Moreover, in Definition [3.11)(d)
notice that x1,...,x,,_1 need not be people; indeed, y being a t-descendant of x means that
exactly t — 1 of x1,...,2,,_1 are people. Informally, y is in the t-th generation of ‘human’
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descendants of = (we do not includes vertices that are not people for the purposes of counting
such generations).
(i) Since T has finite height, clearly {i € Ny | v;(T)) = 0} # 0 and the value V(T') of T is well-defined.
Furthermore, we observe that if v;(T') = 0, then 7,11 (T) = 0.
Indeed, suppose v;4+1(T) > 0, so there is some z € T with a (i + 1)-descendant, say y € T,
and x has no (i + 2)-descendants. Let x = g, z1,...,2Z, = y be the unique path in 7' between
x and y, so [{l € [1,m] | v(z;) = 1}| = ¢ + 1. Suppose j = min{l € [1,m] | ; € H(T)}. Then
z; € T';,(T) because y is an i-descendant of x;, but if z; has any (i + 1)-descendants then those
would be (i + 2)-descendants of x. We have thus shown that ~;1(T") > 0 implies v;(T) > 0.
(iii) We note that {I';(T) | ¢ € No} gives a partition of H(T), so the number of people in T' equals
n(T) = > v(T). With this in mind, viewing the subset of those vertices in H(T') as forming
a ‘family tree’, the value V(T') is then the number of different generations of people in T'. (Here,
people in the same generation may have different distances to the root of T.)
For example, V(T') = 0 if and only if T has no people in it, while V(T') = 1 if and only if
there is at least one person in 7" but no person in T has any 1-descendants. In particular, when
V(T) < 1 then 5(T) = 0(T). 0

Lemma 3.13. Let k € N and T € Fi,. Then the following hold:
(a) v(T) < p*=1=% for all i € [0,k — 1].
(b) If T is an admissible tree and ~vo(T) < p, then V(T) < 1.

Proof. (a) If z € T4(T) then d(z) < k—1—i since  must have an i-descendant. Consider the pF—1~¢
vertices y € T such that d(y) = k — 1 — i. Clearly each path between the root of T' and such a
vertex y intersects I';(T) in at most one vertex. Thus ~;(T) < p*~17%.

(b) Suppose for a contradiction that V(T') > 2. Then 1(T) # 0, so there exists some z € I'y(T).
Suppose the subtree of T rooted at z is (T1 | ... | Tp;x). Since z € I'1(T) there must exist
some i € [1,p] and a vertex y; in T; such that ¢(y;) € [1,p — 1]. Since T is admissible and since
l(x) # p we must have [T1] = [Tp] = --- = [T},]. It follows that for every j € [1,p] there exists a
vertex y; € T such that ¢(y;) = €(y;) € [1,p —1]. We conclude that y1,y2,...,yp € I'o(T) and so
%(T) = p.

]

Now, we wish to associate the tree statistics introduced in Definition to characters of the Sylow
subgroups P,.. Suppose T,T" € Fj are trees lying in the same II;_j-orbit. Then n(T) = n(1"),
vi(T) = (T") for all i € Ng, and V(T') = V(T"), since the action of II;_; preserves adjacency of
vertices. This guarantees that the following quantities are well-defined.

Definition 3.14. Let k € N and 0 € Irr(P,r). We define n(0) :=n(T), vi(0) := v:(T) for alli € Ny and
V(0) :=V(T) where T is any tree in T (0).

The following result is particularly interesting for our purposes, as it allows us to drastically reduce
the irreducible characters of P,» we need to analyse in order to study the Sylow branching coefficients for
symmetric groups. In particular, we can see that ‘all people are equal’. That is to say, mathematically:
let 0 € Trr(Py) and T € T(0). Suppose that T has a vertex labelled by i € [1,p — 1]. If when we
replace the label ¢ by some j € [1,p— 1] we obtain an admissible tree T”, corresponding to some character
¢ € Irr(Pyk), then we will show that QTS‘”k = (Tspk. Of course, we may iterate this and perform any
number of such label replacements. We first describe the resulting equivalence relation on characters,
before proceeding with proving that their inductions to S« are equal.

Definition 3.15. Let k € N.

(a) Suppose T,T' € Fr. We say that T is obtained from T by a good label replacement if T/ may
be obtained from T by selecting a vertexr x € T such that i := {(x) € [1,p — 1], and replacing i by
some j € [1,p—1].

(b) Given0,( € Irr(P,r), we say that 0 ~qp, ¢ if some T’ € T () may be obtained from some T € T (6)
by a sequence of good label replacements.
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In other words, 6 ~q, ¢ if and only if there is some T € T(0) and T” € T(¢) such that T and T’
have label 0 in exactly the same places as each other, and also T' and T” have label p in the exactly the
same places as each other. Clearly ~q, is well-defined and an equivalence relation on Irr(P,:), and its
importance is highlighted by the following result.

Theorem 3.16. Let k € N and 0,( € Irr(Pyr). If 6 ~p C, then HTSP’“ = CTSP'“. In particular,
Q(0) = ().

Proof. We proceed by induction on k. If & = 1 then the fact that qbiTS‘“ = qujTSp for all 4,5 € [1,p — 1]
follows from a straightforward application of the Murnaghan—Nakayama rule (see [L19, Corollary 2.4]).
Let us now assume k > 2. To ease the notation when considering various subgroups of S, we let
P := Py, Q := Pyp-1 and R := Spe—1. Further, let Y := (Spr-1)*?, W =Y x P, 2 S,x-1 0 P, and
V=Y xS, = Sk-118),.

IfO=0, x---x GPTP for some mixed 61,...,60, € Irr(Q), then the root of any T' € T(6) is labelled by

p. Since 0 ~q , ¢, it follows that the root of any T € T(() is also labelled by p, and so ¢ = (3 X -+ - X CPTP
for some mixed (1,...,(, € Irr(Q). Moreover, from 6 ~, ¢ we also deduce that 6; ~¢, (; for all
i € [1,p], after cyclically permuting the ¢; if necessary. By inductive hypothesis, HiTR = QTR for all i.
Since GT = (01 x - x GPTY)TS”'“ = (GlTR X e X HPTR)TSPk, and similarly for ¢, we conclude that
Sk Sk
o7 =™
If 6 = (91, ¢o) for some 6 € Irr(Q), then the root of any T € T(0) is labelled by 0. Then, arguing
as above, we deduce that ¢ = X((1; ¢o) for some (3 € Irr(Q). Moreover, 61 ~g, (1, and so 91TR = QTR.
Hence

01" = X(01:00) T = X(01] 3 60) = (G T g3 60) = X(Casd0) | p =T,
S k

where the second equality follows from [CT03| Lemma 3.2], and we conclude that GT =(]r
Finally, if 6 = X(01; ¢;) for some i € [1,p — 1] and 6; € Irr(Q), then the root of any T € 'T( ) is
labelled by ¢. Then we deduce that ¢ = X'({1; ¢;) for some j € [1,p — 1] and ¢; € Irr(Q) and 61 ~op (1.

Thus
v
01" = 200601 = X011 i 067 = X(G T i 65 T7) = X(Ciid) T =<1
where again the second equality follows from [CT03| Lemma 3.2}, and so GT = TSP’“. |

Remark 3.17. While good label replacements can be defined for all trees T" € Fj, an admissible tree
need not remain admissible after such a replacement. For instance, T = (2 | 2| 2;1) € F» is admissible
(where p = 3), but 7" = (1 | 2| 2;1) which differs from T by a good label replacement is not.

The hypothesis that both ¢ and ¢ belong to Irr(P,+) in Definition and Theorem guarantees
that the trees T' and 7" considered therein are admissible. O

A key purpose of Theorem is to observe that Q(0) = Q(¢) whenever 6 ~¢ , (. A second, natural
equivalence relation on Irr(P,r) that preserves the sets (6) is the one induced by Galois conjugation.
We now briefly explain the connection between these two equivalence relations. In particular, we will see
that if @ and ¢ are Galois conjugates then 6 ~q , ¢, showing that each ~¢ ,-equivalence class is a union
of equivalence classes under Galois conjugacy, and therefore that the equivalence relation ~q , is more
useful for the purposes of this article.

Indeed, it is well known that given any 6 € Irr(P,x ), the corresponding field of values Q(6) is a subfield

of Q(w), where w = e is a primitive p-th root of unity. (A proof of this fact can be obtained using
[JK8I, Lemma 4.3.9] and induction on the parameter k.) Setting G := Gal( (w )|Q) we havc that G

is a cyclic group of order p — 1, acting naturally on Irr(P,r). In particular, (6) T HT for any
6 € Irr(P,« ) and any o € G. In the following remark, we describe the effect of Galois conjugation on the

trees corresponding to irreducible characters.

Remark 3.18. The Galois group G acts on Irr(P,) by fixing the trivial character ¢y and by transitively
permuting the remaining p — 1 linear characters ¢1,¢2,...,¢,—1. Let o be a generator of G and let us
denote by 7 the element of Sj,_1 such that ¢ = ¢;;, for all j € [1,p—1].
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Now, for any k € N and any 6 € Irr(P,x), let us fix T € T(6) and denote by T - 7 the tree obtained
from T by replacing every label j with j7, for any j € [1,p — 1]. Notice that T - 7 is obtained from T by
a sequence of good label replacements, since no action was taken on vertices labelled by 0 or by p. It is
now enough to proceed by induction on the parameter k to show that T -7 is an element of 7(67). As an
immediate consequence of the above discussion we deduce that § ~q, 0°. We have omitted the details
of this proof as this result is not directly relevant to the main goals of this article.

We conclude with a small example to highlight the properties described above. For the prime p = 3
we have that G = (o) 2 Cy and 7 = (1,2) € Sa. Let T = ($] 1] 23) € 75 and let § = 6(T) be the
corresponding irreducible character of Py. Its G-conjugacy class is {#,60°} and a tree corresponding to 67
is given by

Tor=(Q12]43).
On the other hand, we observe that the ~ ,-equivalence class of § is the set {0,07,7,1n7}, where n and
17 are the irreducible characters of Py whose corresponding trees are, respectively,

S=@Qlele3)and S-7=(Q[2]%3)

O

We conclude this section by extending Definitions [3.8] and from powers of p to arbitrary natural
numbers.

Definition 3.19. Let n € N and let n = Zf.zlp"i be the p-adic expansion of n. Let § € Irr(P,), so
0 =61 x---x 0, for some uniquely determined 0; € Irr(Pyn;) for each i € [1,t]. We let

T0) :=T(61) x T(02) x--- x T(6).
By T € T(0), we mean a t-tuple of trees T = (T1,...,T}) such that T; € T(0;) for each i. By the set of

vertices of T', we mean the disjoint union of the vertices of Ty, ..., T;. Moreover, we define

1€[1,t]

n(0) =3 _n0:), V(0) = max V(6:) and 7,(0) := 3 7 (0:) ¥y € No.

A first piece of algebraic information on the irreducible characters of P,, that can be easily read off
their corresponding trees is the character degree.

Proposition 3.20. Let n € N, let 0 € Irr(P,,) and T € T(0). Let a = [{z € T | £(x) = p}| denote the
number of vertices in T labelled by p. Then 6(1) = p*.

Proof. We first consider the case where n = p* for some k € N, and proceed by induction on k. If
k = 1 the assertion is clear because a = 0 and #(1) = 1. Assume now that k¥ > 2 and suppose that
T=(Ty|...|...|Tp;¢e) for some T4,...,T, € Fr—1 and € € [0, p].

If € # p, then [Th] = [T3] = --- = [T,]. Let a be the number of vertices labelled by p in T} and let
¢ € Irr(Py_1) be the character corresponding to Ty, i.e. ¢ = 0(Ty) = ¥i_1([T1]). Given any ¢ € [1,p],
it is easy to see that « is the number of vertices labelled by p in T; because [T7] = [T;]. It follows that
a = p- «, and by inductive hypothesis we have that ¢(1) = p®. Since § = X({; ¢.), we conclude that
0(1) = ¢(1)P = pP ™ = p®, as desired.

If e = p, then let c; be the number of vertices of T; that are labelled by p and let ¢; := 0(T;) € Irr(Pyx-1)
for each ¢ € [1,p]. Then 6 = ({3 X --- % (:p)TPPk, and @ = oy + -+ ap + 1. We conclude using the
inductive hypothesis that 0(1) = [Py : (Ppe-1)*P| - (1(1) - C2(1) - (1) = p - p** - p*2 -+ - p* = p®.

The assertion for general n € N then follows immediately. g

4. THE STRUCTURE OF THE SET {2(f): PRIME POWER CASE

In this section, we fix a prime number p > 5, and let n = p¥ for some k € N. We investigate the
structure of the sets €2(0) for every 6 € Irr(P,x). In Section [5, we will then extend our results to any
arbitrary n € N. From now on we denote by 1, (instead of 1p,) the trivial character of the Sylow
p-subgroup P,.

We start by recalling a number of useful results that we will use throughout this paper. We include
their statements below in our present notation for the convenience of the reader. The first one was
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obtained in [GLI8, Theorem A], and it can be considered as the starting point of this entire line of
research.

Theorem 4.1. Let p > 5 be a prime, n € N and P, € Syl,(S,). Then

O(1,) = °P(p*) if n=p" for some k €N,
e P(n) otherwise.

Theorem describes Q(0) for the specific case where 6 is the trivial character of P,. The set Q(1,,)
was also determined for p = 3 in [GL18|, although this will not be needed for the present paper as we
will only consider p > 5 here.

The next step in this investigation for p > 5 was done in [GL2I], where the authors considered 2(9)
for every linear character 6 of P, (see [L23] for the case of p = 3). In particular, [GL21, Lemma 4.3] deals
with a specific family of linear characters.

Lemma 4.2. Let p > 5 be prime and k € N>y, Let § = X(Lpk-15¢.) where € € [1,p —1]. Then
Q) = By (p* — 1) and [ 1D |, 0] =1.

The next two results concern character restrictions and inductions involving wreath products of sym-
metric groups. We let Irr, (G) denote the set of irreducible characters of G whose degree is coprime to p,
and we recall that Irr, (S,r) consists precisely of those irreducible characters labelled by hook partitions
of p*.

Theorem 4.3 ([PW19, Corollary 9.1]). Let m,n € N, u = (p1,...,pr) € P(m) and v = (v1,...,1) €

P(n). Then the lezicographically greatest A € P(mn) such that [x*, X (x*; x") ?"?S ]#0 is

A= (nula"wnukflan(uk - 1) +V17V27-"7Vl)'

Smn
s::sn} =1

Theorem 4.4 ([GTTIS, Theorem 3.5]). Let p be an odd prime and k € N. Let K := Spx-11S, < Sp» and
X € Irry (Spr). Then XlK has a unique irreducible constituent x* lying in Irry (K), and [XlK, x*]=1.
Moreover,

Moreover, [x*, X (x*;x")

Irrp (Spr) — Irrp (K), X = x*
is a bijection. More precisely, if x = x* where A = (p* — (mp + ), 1"™P+%) with x € {0,1,...,p—1}, then
X" € {X (s 1), X(p;v2)} where

w= (pk71 —m, lm)a V= (p_l'7 11’) and 1%} :I/i.

It is also convenient to state the following easy consequence of Mackey’s Theorem (see [I76, Problem
5.2]), as it will be used frequently in some of our proofs.

Lemma 4.5. Let G be a finite group. Suppose H, K < G satisfy KH = G. Let ¢ € Char(H). Then
G H K
¢TH~LK = ¢~LHQKT :

We record some notation that we will use throughout in this section.

S,

\
V= Spk—l i SI’
\
W =S,-11P,
- ~N
Y= (S PeRe-Qip,
~ ~
B=Q*?

FIGURE 2. Subgroups of S x, where Q := P r-1
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Notation 4.6. We let P := Py and Q := Pyr—1. Recall from Section @ that P = Q*P x P, = Q1 Py:
we denote by B the base group of this wreath product, so that the subgroup B of P satisfies B = Q*P.
We further take Y to be the Young subgroup of Spx acting on [1,p*] with the same orbits as B. Clearly
Y = (Spe-1)*P, and B=Y NP. Welet W =Y x P, = S,x-10 P, and observe that P < W. Finally, we
let V=Y xS, = S,-108,. These subgroups and their inclusions are illustrated in Figure @

When dealing with irreducible characters of symmetric groups, we will often write A to denote both
the partition A and the irreducible character xy*. The meaning will always be clear from context, and
this will allow us to greatly ease the notation and reduce the levels of superscripts and subscripts needed.

Lemma 4.7. Let § € Irr(P). Suppose 61,...,60, € Irr(Q) satisfy § € Irr(P | 61 x --- x 8,). Suppose
X € P(pF) satisfies x* € Irr(Sye | AL x -+ x AP) where X' € Q(0;) for each i € [1,p].
If either X', ... NP are mized or 01,...,0, are mized, then \ € Q(6).

In particular, if 0 = X(01;x) for some 01 € Irr(Pyr-1) and x € [0,p — 1], then M(p,Q(60:1)) C Q(60).

Proof. Let 6 := 61 x --- x 0, € Irr(B) and XA := A x --- x \? € Irr(Y). The assumptions imply that
0 | /\lB, so there exists ¢ € Irr(P | 6) such that ¢ | /\lp. Suppose first that 61,...,60, are mixed. Then

Irr(P | 6) = {0}, whence 6 | A| , and therefore A € Q(6).
Let us now suppose that §; = 0, for all i € [1,p]. Then § = X (0;;¢) for some € € [0, p — 1]. Moreover,

by assumption we must have that Al,..., A\’ are mixed. This implies that Irr(W | \) = {XTW}. Since
A /\LY by assumption, then XTW | )\lW. Moreover, we observe that P-Y = W and that PNY = B.
Hence, by Lemma H we see that (XTW)lP = (XiB)TP. Since @ | XLB by assumption, it follows that
gTP is a summand of A | ,. Finally, gTP = Ef:_ol X (01;1), hence @ = X (0;;¢) is an irreducible constituent

of )\lP. Thus X € Q(0).
The second part of the assertion of the lemma then follows immediately. O

Corollary 4.8. Let 61,...,60, € Irr(Q) be mized and let ¢ := (61 X - - x GP)TP € Irr(P). Then
Q(P) = Q01) * -+ - xQ(6,).

Proof. Write 6 := 01 x --- x 0, € Irr(B). First suppose that A € Q(0;) - -+ x Q(6,). Then there exists
some A € Irr(Y | 0) such that A | A, and A = X' x -+ x X where A" € Q(6;) for each i € [1,p]. Since
61,...,0, are mixed, it follows that A € Q(¢) by Lemma

Conversely, suppose that A\ € Q(¢). Since 6 | (biB and ¢ | )\lP, we find that @ | )\lB. Hence there
exists A € Irr(Y | 0) such that A [ A| . But A € Irr(Y | 6) implies that X = X' x -+ x AP for some
At e P(p*~1) such that A" € Q(6;) for all ¢ € [1,p]. Thus X | X| ,, implies that X € Q(61) x - -- % Q(6,), as
desired. 0

Notice that the statement of Corollary @ does not hold when 6, ..., 8, are not mixed. Consider the
following example, for instance. Suppose p = 5, k = 2 and ¢ = X(¢1;¢2). Then Q(¢1) = Bs(4) and
Bs5(4)*5 = Ba5(20), but X (¢1;¢2) 1 (20, 5)lP2r, as shown in [GL2Il Lemma 4.7].

Theorems and below are the main results of this section. Their proof relies on an involved
inductive argument. The following lemma provides us with the base case of this induction.

Lemma 4.9. Let p > 5 be a prime.
(a) We have that Q¢o) = °P(p). Also, A¢i) = By(p—1) and [(p—1,1) | ,, ,¢:] = 1 for alli € [1,p—1].
(b) Write T = (a;b) to denote the tree (a | ... | a;b) € Fa, which is admissible if a,b € [0,p —1]. In
this case let 6(a;b) denote the corresponding irreducible character 6(T) = Wo([T]) € Irr(Pp2).
Then for i,j € [1,p — 1], we have
Q(0(0;0)) = “P(p?),

(
Q0(0;7)) = By (p? —1),
Q(0(5;0)) = °Bp(p® —p),
Q0(i; 7)) Bya(p? —p—1)U{(p*—p.p) | € By(p—1)}".
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In particular, for all i,5 € [1,p — 1] and 0 := 0((4;5)) we have that n(0) = p+ 1 = v(0) + 11 (6)
and Q(0) \ Byz(p? — n(0)) contains no thin partitions. Moreover,

A p,.000:0)] = 1 forallxe {(* -1, 1}°,

Alp 00 = 1 forallhe {tp(p® —p)hye(p® —p)}",

[)\lp;,ﬁ(g',j)] > 2 forallhe {tp(p®—p—1),h:(p?—p— 1)}
Suppose i1, ...,i, € [0,p — 1] are mized. Let T be the admissible tree (i1 | ... |ip;p) € F2 and let
0 =0(T). Then

Q(0) = By (p* — 1(0)).
Moreover, [X| ,,0] =1 for all X € {t2(p*> — n(T)), hy2(p* — n(T))}°.
(a) This follows from the Murnaghan—Nakayama rule (see [GL21l Lemma 4.2]).

Using Lemma Theorem Lemma and [GL21l Lemma 4.7], we only need to check that
[)\lp,ﬁ} =1for A € {t,2(p? — p),hy2(p® — p)} and 6 = 6(;0).

Let A\ = t,2(p? — p). First observe that [)\ly, (p —1,1)*P] = 1. This is an easy application
of the Littlewood— Richardson rule. Since | )‘lv’ ((p -1,1); (p))] = 1 by Theorem and
X((p—1L1)5v) ], = —1,1)*? for all v € P(p), then

1 ifv=(p),
Ay, X (= 1,1)v)] = .
b =10 if v€ P(p) \ {(p)}-
In particular, 6 | X((p — 1, 1); (p))lp because ¢; | (p — 1, l)ip and ¢y | (p)lp , SO [)\lP,H} > 1.
On the other hand, HLB = ¢, 7 and so
M0l <A g a1 =1p— 1,17 4,67 =[P - L1 | p 6" =1,
where the first equality follows from Q(¢;) = B,(p—1), Lemmaand the fact that Ay = p?>—p =

p(p — 1). The case A = hy2(p? — p) is analogous, replacing the partition (p) by (17).

Using Corollary we know that Q(0) = Q(¢i, )xQ(i, )% - -*xQ(¢s,). Let J = {s € [1,p] | is # 0}.
Then n(0) = |J| and Q(¢;,) = By(p — 1) for all s € J, while Q(¢;,) = °P(p) whenever s ¢ J by
(a). Since i1, ...,1, are mixed, we have that J # () and therefore that n(f) # 0. Hence we can
use Theorem ii) to deduce that Q(6) = B2 (p? — n(0)).

Let us now fix A = t,2(p?> — n(0)). let 0, := ¢;, for t € [1,p] and write 6 := 61 x -+ x 0,,. Since

Irr(Py2 | 0) = {0} and [0 ,0] = 1, we have that [\] ,,0] = [A| ,,0]. Moreover,
p
[/\lB’e] = Z LR()‘;/J'lv"'vup)' [Mtlpp’et
p e P €P(pE 1) t=1

By Lemma we have that LR(\;pt, ..., uP) > 0 only if u! is a two-row partition for every
t € [1,p], since X is a two-row partition. At the same time, [u’ lp ,0;] > 0 implies that u! € Q(6;).
P

From (a), we deduce that p' € By(p — n(6:)). From LR(A;pt,...,u?) > 0 and Lemma we
also obtain that

P
p* =0 Z )1

(»—n(
where the last equality follows because n(0) =n(61) +---+n(6p). Thus

n(6y)) = p* — n(6),

p
=1

P
[ALB,Q] :LR‘(A;tP(p_n(al))a"'vtp(p_n(gp))) H[ (p 77 915 J,p ) :17
t=1
where [t,(p —n(6:)) | P, ,0;] = 1 follows again from (a). An analogous argument allows us to

treat the case where A\ = hy2(p® — n(6)). By Lemma the same holds for all partitions A €

{tp2(p* = n(T)), hp2 (p* — n(T))}".
0
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From Lemma we immediately obtain the following. We recall the definition of M (6) from (1.2) in
the introduction.

Corollary 4.10. Let k € {1,2} and let § € Irr(P,x). Then M(0) = p* — v(6).

We are now ready to describe ©(#) for all those irreducible characters § whose corresponding trees,
i.e. any T € T (), have very few people without 1-descendants. In this case, the structure of the set €2(6)
is particularly simple.

Lemma 4.11. Let k € N and 0 € Irr(P,.). If 0 < v0(0) < p, then Q(0) = B, (p* — 10(6)).

Proof. We proceed by induction on k, noting that if £ < 2 then the statement follows from Lemma
Now suppose k > 3. If § = X(p;¢) for some ¢ € Irr(Py-1) and some € € [0,p — 1], then () €
{p-70(¢), p-70(p)+1}. Since 0 < 0(f) < p, we must have yo(¢) = 0 and € # 0. That is, § = X(1 k-1 ¢),
and so Q(#) = B, (p* — 1) from Lemma

Otherwise, § =67 x --- x GPTP for some mixed 6; € Irr(Q). Then () = >_7_, 70(0;). We have that
Q(0;) = °P(p*~1) if 79(#;) = 0 by Theorem or Q(6;) = Br—1(p"~ — 49(6;)) by inductive hypothesis
if v0(6;) € [1,p—1]. But Q(0) = Q(01) *---*Q2(6,) by Corollary and so Q(6) = By (pF — >0, 70(65))
by Theorem as yo(#;) > 1 for some i € [1,p]. O

Example 4.12. Let p = 5. In Tables [2| and [3| we record all of the elements of 6§ € Irr(P,x) for k = 1
and k = 2 respectively, up to the equivalence relation ~, introduced in Definition For each
representative 6, we give an admissible tree T € T (), the tree statistics introduced in Definition
and Q(#). We remark that if 0 ~g, ¢, then n(8) = n(¢), v:(8) = v:(¢) for all i € Ny, and V() = V(().

Moreover, HTSP'“ = CTSP"' and Q(0) = Q(¢) by Theorem O

Example 4.13. In Figure [3| we illustrate several examples of 6 € Irr(P,s) where p = 5, listing various
associated tree statistics, as well as information on Q(0), m(0) and M (9).

The fourth subfigure illustrates a tree T' € T (6) for the linear character X' (a; b; ¢) :== X (X (¢a; Pp); Pc) €
Irr(Pi25). Recalling the equivalence relation ~ , from Definition and Theorem there are only

S125

8 cases to consider when calculating the Sylow branching coefficients which describe HT : these are

tabulated in Table Fl

Results on Q(0) follow from Theorems [4.17 and [£.25] and [GL21, Example 5.9]. Results on M (6)
and m(0) follow from Theorem Corollary §4.22| and Theorem [4.23] In particular, for = X'(1;1;¢)
where ¢ € {0,1}, we have that B125(95) C Q(f) C Bi25(100) and Q(0) \ Bi125(95) contains no thin
partitions. Moreover,

Q(6) N1 {(100, 1) | 11 € P(25)}* = {(100, 1) | o € QX (1;2))}",
where Q(X(1;¢)) is recorded in Lemma [£.9] O

Theorem 4.14. Let k € N and let 0 € Irx(P,). Then M(0) = p* — ~0(6).

Proof. We proceed by induction on k € N. If k € {1,2} then the statement holds by Corollary

Let us now assume that k > 3. We will use the notation introduced in Notation [4.6]

Let 6 = 601 x 3 x -+ x 0, be an irreducible constituent of HlB Here, 6; € Irr(Q) for every i € [1,p].
The inductive hypothesis implies that M (0;) = p*~! — ~¢(6;) for all i € [1,p]. Moreover, () =
v0(01) + Y0(62) + -+ + 70(0,). This shows that it will suffice to prove that M(f) = X, where ¥ :=
M(91)+M(92)+"'+M(9p).

We first focus on showing that M (f) < 3. Let A € Q(0) and assume, without loss of generality, that
A1 > £(X). Since 8 | 0] ,, we have that  is an irreducible constituent of A | ;. Since

)‘lB:O‘ly)lB: Z LR !y pi?) - (@ "'X/‘p)lB’

ploeuPEP(PFT)

we deduce that there exist u, ..., u? € P(p*~!) such that ' € Q(6;) for every i € [1,p] and such that

LR(A\; ,...,,up) # 0. Using Lemma and recalling that M (6;) > (%) for every i € [1,p], we deduce

that ¥ > (u')1 + (u®)1 + -+ (#¥)1 > A1. This implies that A € B,x(X). Therefore we have shown
Q(0) C Bk (X), giving M(0) < X as desired.
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5 5
AN AN IN N I AN AN AN N N
33889 853233 88338 32332 593383 932889 83288 28328 23338 esseses
(A) 6 = (X(0;1) x a5 x Las x X(2;0) x ¢) T2, (B) 0 = (15 x X(e;0)) 7.
where ¢ = (¢0 X ¢0 X ¢1 X ¢0 X ¢3)TP25, Here, V(H) =1 and (9) = 70(9) = 5.
Here, V(0) = 1 and 7(8) = 70(0) = 8. Also, Q(0) = °Bi25(120) by Theorems
Also, Q(0) = Bi25(117) by Theorems [4.17|and [{.19} and {4.19, so m(0) = 119 and M (6) = 120.

so m(0) = M(0) = 117.

5 1 b b
AN AN I N N AN AN AN AN N
33850 eesee sesce 0000 essese eecee ecsee ccsee cssee osscs
(0) 6= (T25 x X(1;2) x X(3,0) x px X(1; 1)) T 722, (D) @ = X(a;b;c) where a, b, c € [0,4].
where ¢ = (¢ x ¢><4)TP25. Here, we write X (a;b; c) for X (X (da; dp); ¢c), and
Here, V(0) = 2 07;(0) — 18, ~(8) = 16 and replace filled circles e by unfilled circles o if a vertex
" (9)7 —9 ’ ’ label equals 0.
Also, Q(0) D Bi25(107) and ©(0) \ Bi25(107) con-
tains no thin partitions, and m(f) = 107 and
M () = 109.

F1GURE 3. Examples of 6 € Irr(Pp3) where p = 5, together with a representative admissible tree T' €
T (), tree statistics from Definition and information on their Sylow branching coefficients.

In order to show that ¥ < M (#), we exhibit a partition A € Q(0) with A\; = 3. In order to construct
such a A we distinguish two cases, depending on the structure of 6.

Suppose first that 61, 02, . . ., 6, are mixed. For each i € [1, p] choose X’ € Q(6;) such that (A\"); = M (6;).
Now consider A = AL+ A2 +---+\P. Then clearly A\; = (A1) 4+ +(AP); = X, and LR(A\; AL, ..., 0P) = 1.
It follows from Lemma [1.7] that A € €2(6), and so ¥ < M ().

Let us now consider the case where 6; = 05 = --- = 6,,. In this case, § = X (61; ¢.) for some ¢ € [0,p—1]
and X =p- M(6,).

If ; = 1g, then the assertion of the theorem holds by Theorem [A.1]if ¢ = 0 and by Lemma [£.2] if
e #0.

Otherwise, 6; # 1¢ and therefore M (61) < p*~!. Choose u € Q(61) with w3 = M(6;). Define

A= (p.ulv e 717#1(“)—1,10(#1(“) - 1) + v, 02, '71/@(1/))

where v € Q(¢.). Then Lemmas and [3.2) imply that [X(u;v)] ,,0] # 0 as p € Q(61) and v € Q(¢.).
Moreover, [X(u;l/),)\lv] = 1 by Theorem Hence A € Q(0), and A\; = pu; = X. We conclude that

< M(9). 0
|0 TeT®) 01)][n0) (0 (0 V(O n—100) n—0)-—n®)]0) |
o = 15 o 1o 0o 0o o0 5 5 °P(5)

be,  ecll] . 1|1 1 0 1 4 4 Bs(4)

TABLE 2. Irr(Pp) for p = 5, their corresponding admissible trees and statistics.

We move now to the analysis of m(0) for any 6 € Irr(Pp), recalling its definition from (1.2)) in the
introduction. We start by studying the situation for all those irreducible characters 6 such that V(0) < 1.



20 EUGENIO GIANNELLI AND STACEY LAW

As we will see, in this case we will be able to completely determine the set 2(6). In the following remark,
we first settle the case where V() = 0.

Remark 4.15. It is easy to see that V(#) = 0 if and only if § = 1,x. Let 1 = T1,x. Then by Theorem [4.1]
we know that Q(1) = °P(p*), and therefore m(1) = p¥ — 2. Moreover, we observe that vo(1) = 0 and
that for any A € {t,(n — (1)), hn(n —70(1))}* = {(n), (1")}, we clearly have that [x*| , ,1]=1. ¢

Before moving on to studying () for @ such that V(0) = 1, we state and prove a technical lemma
that will be repeatedly used in the proofs of our main results.

Lemma 4.16. Let k € N>y and let N € [1,p*71]. Let § = X(p;¢) € Irx(P) for some ¢ € Irr(Q) and
e € [0,p —1]. Suppose that X € P(p¥), v € P(p) and a € {tyu-1(N), h-1(N)} satisfy the following
conditions:

9 lolg.=1
(i) If X', ... AP E Qp) and LR(X\ AL, ... 0P) £ 0, then X' = « for all i € [1,p),
(iii) )‘lv’ =1, and

(iv) )\ly,a P X Y(1).
Then [A| ,,0] = [X(;v)] 5, 0] = [ulpp,qbg]. In particular, if X = pa then there is some v € {(p), (17)}
satisfying (i) and (iv).
Proof. We first prove the final assertion, that if A = pa then there is some v € {(p), (1?)} satisfying (iii)
and (iv). Indeed, if v = hys-1(N) then [A] ,, X(a;v)] = 1 for some v € {(p), (17)} by Theorem while
if @ = tye-1(N) then [/\LV,X(a; (p))] =1 by Theorem Moreover, clearly [)\ly,axz’] =1 from the
Littlewood—Richardson rule, and x*(1) =1 for v € {(p), (17)}.

Next, we turn to showing that [)\lp, 0] = [X (o I/)lp, 0]. From (iii), we may write )‘lv =X(o;v)+A
for some A € Char(V). Now, [)\ly,axf’] = x”(1) from (iv) and also [X(a;z/)ly,aw] = x¥(1), so
[Aly, a*P] = 0. Then since GlB = ¢*P, we have that

p
ALl Bl = Y AL A < x [N o
AL APeP(pk—1) i=1
p
= Y Al xeex W[V g el = ALy, ] - a6
AP EQ(p) i=1

LR(MAL,...,AP)>0
where the final equality follows from (ii). Thus | Al p»0] = 0. Hence

M pr 0 = [X(asv) | p, 0]+ A, 0] = [X (s v) |, 6]
Finally, since we have [alQ, =1 by (i) then [X(o;v lp, = le , 0c] follows from Lemma a
P

We are now ready to prove one of the main results of this section.
Theorem 4.17. Let k € N and 0 € Irr(Pyx). Suppose V() = 1. Then
Q(0) equals either By (p* —0(0)) or °Byx (" — 10(0)).
Moreover, for all X € {t,x(p* —70(0)), hyr (P* — 70(0 N}, we have that [Alppk,e] =1.

Proof. We use the notation introduced in Notation We proceed by induction on k, noting that k£ < 2
follows from Lemma We may now suppose k > 3, and split our argument into three cases depending
on the form of the character ¢ € Irr(P).

Case 1: For the first case, suppose that § = 6 x --- x HPTP for some mixed 61, ...,0, € Irr(Q). Then

V() = max V(6;) and ~o(0) = Z%(e)

i€[1,p]
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Since V(0) = 1, 1t follows that V(6;) € {0,1} for all ¢ € [1,p]. If V(0;) = 0 then Theorem shows
that Q(6;) = O73( ~1). On the other hand, the inductive hypothesis guarantees that if V(6;) = 1, then

Q(0:) = Bpe—1 (P* 71 = 70(6:)) or onk_l(pk_l —70(0:))-
Using Theorem e deduce that Q(6) = B, (p* —70(8)) or °B,.(p* —70(6)). We remark that we

can invoke Theorem [2.13| as the technical hypotheses involved in its statement are satisfied here. That
is, p*=1 > 5 and ~o(6;) > p whenever Q(6;) = °Bpr-1(p" "1 — 79(6;)) by Lemma (since 6; # 1g in
this case and so vy (6;) # 0).

Notice also that Q( ) = °Br(p" — 70(6)) can only occur if there is a unique ¢ € [1,p] such that
Q(0;) = °Br—1 (0" — 70(6:)), and Q0;) = °P(p*~1) for all j € [1,p] \ {i} (that is, 6, = 1g).

Finally, let A € {t,«(p* —70(8)), h,x (p* — 7%(0))}°. By Lemma we can assume without loss of
generality that A € {t,«(p* —70(0 )) hpe (0¥ —70(0))}.  Suppose first that A = t,u(pF —70(6)). Let
0:=6; x - x 0, € Irr(B). First, /\LP,Q] = [)\lB,g] since Irr(P | ) = {0} and [913,5] = 1. We have

that v
A 5.0 = > LR\ AL ... A7) H[Ml@,ei]
AL APEP(pE-1) i=1
Now LR(A; AL ..., 0P) > 0 implies that £(\") < ¢(\) < 2 for each i € [1,p], and that \; < >0 (\);.
On the other hand (A lQ, > 0 implies that \' € Q(6;) and therefore that (\%); < p*F~! — ’yo( i) by

Theorem Since A1 = p* —v0(0) = >0_, (p* 7' — 40(6:)), we have that
P
A pe 0] = A 5,0 = LROGE .t - T 0 04
i=1

where t' := t—1(p"t —y9(6;)). Clearly LR(A;t!,...,t?) = 1 since A = t' + -+ + t?. Moreover, if
V(6;) = 0 then §; = 15 and so [tilQ,Hi] = 1. On the other hand, if V(6;) = 1 then [tilQ,Gi] =1 by the
inductive hypothesis. It follows that [\ | p0] = 1, as desired. The case of A = h, (p* — ~0(0)) follows
from entirely analogous arguments.

Case 2: For the second case, suppose now that § = X (¢;¢e) with € € [1,p
V(0) = 1 implies that v(f) = 1 and V(¢) =0, and so ¢ = 1g. Then Q(f) =
for all X € {t,«(p" — 1), hx(p* — 1)} by Lemma

Case 3: For the third and final case, suppose that § = X(;0) for some ¢ € Irr(Q). Then () =
p-70(p) and V(¢) = V(0) = 1. By the inductive hypothesis, Q(¢) equals either By—1(pF~1 — y9(¢)) or
OBpk—l(pk71 —70(¢)). We analyse these two subcases separately.

Subcase 3.1: For the first of these two subcases, suppose Q(p) = Byr—1(p* ™! — 79(¢p)). Observe that

By (p" —70(6) — 1) € M(p, Bpk—l(p’H — (1)) = M(p, Q(p)) € Q(0),

where the first inclusion follows from Proposition and the final inclusion follows from Lemma [£.7}
(Note the hypotheses of PI‘OpOSlthH are satisﬁed as p 1< P —70(p), because k > 3, p > 5 and
Y0(p) < p*~2 from Lemma ) We also remark that Q( ) C Bk (p* —v0(0)) by Theorem Hence,
it remains to study A € P(p*) with \; = p* — v,(), by Lemma Let us consider A\ = (p* — y0(0), p)
for some arbitrary pu € P(y0(#)). We split our analysis according to the value of 7o ().

Subcase 3.1(i): If vo(p) = 1, then A = (p* — p,u) and u € P(p). Then using Lemma with
a = (p"~1 —1,1) and v = p we obtain that [A| ,,0] = [ulpp7 ¢0]. We observe that the four conditions
required in the statement of Lemma are satisfied in this setting with N = p*~! —~q(p) = pF~1 — 1,
since:

— 1] and ga € Irr(Q). Then
Byi(pF—1)and [A] ,,0] =1

e Condition (i) of Lemma is satisfied since [o | o ¢l =1is given by the inductive hypothesis.

e Condition (ii) follows since LR()\ AL AP >0 1mphes A C Aforallie€[l,p]and p* —p =
A <SP (W), but AT € Q(p) gives ()\i)l < pk=! — 1, whence X' = a = (p*~! — 1,1) for each
i€ll,pl

Condition (iii) follows from Theorem
e Condition (iv) follows from an easy apphcation of the Littlewood—Richardson rule.
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Then by Lemma |4.9
=0 ifpef{lp-1,1)}",
il p dl (=1 if pe{(p)}
>1 ifpeByp—2).
Thus, in this case we have proved both Q(6) = °B,«(p* — 70(#)) as well as the part of the theorem

statement concerning multiplicities for the specified thin partitions.
Subcase 3.1(%i): Assume now that yo(p) > 2. Observe that

By 6)(70(0) = 1) = Bpyy () (Pr0(0) — 1) € M(p, P(0(9)))

by Proposition Recall that A = (p*—70(6), p) where pu € P(7(0)). Hence if 1 € B (9)(70(6)—1), then
there exist mixed u', ..., u? € P(y0(p)) such that LR(u; b, ..., uP) # 0. Setting A\ := (p* =1 — (), 1)
for each i € [1,p], we have that \!,...,\? € By—1(p"~! — 1(y)) are mixed and LR(A\;AL,... A7) =
LR(p; b, ..., puP) # 0 by Lemma It follows that A € M(p, Byr—1(p" ! —0(¢))). Since Bpe—1(pF~ —
Y0(¢)) = Q(¢), we conclude that A € M(p, Q(¢)) C Q(6) by Lemma [4.7]

Finally, let A = t,x (p* — v0(0)); the argument for \ = hpx (p* — 70(0)) is entirely analogous. Then
A . 0] = [Vle, ¢o] = 1 for some v € {(p), (17)} from Lemma since A = pa where v := tpe—1 (pF =1 —
vY0(¢)). Note that conditions (i) and (ii) of Lemma are satisfied since Q(¢) = Bur-1(p" 1 — 10(p))
and [al Q,cp] = 1 by the inductive hypothesis. Thus, also in this case we have proved both Q(f) =

B, (p* — 70(0)) as well as the statement on multiplicities.

Subcase 3.2: For the second of these two subcases, suppose now that Q(¢) = °Bpe-1 (p" 1 — 10(¢)). In
particular, () > p by Lemma since Theorem implies ¢ # 1g. Observe that

Bp’C (pk - '70(9) - 1) - M(p7 Q((p)) - Q(@),
where the first inclusion follows from Lemma (with ¢ = p, m = p*¥~1 and t = p*~1 — 44(y), which
satisfy ¢ > 3, m —t = y0(p) > p >5, and ¢t > 2 + 2 since yo(p) < p"~2 by Lemmaand k> 3), and
the second from Lemma Also, Q(0) C B, (p* — 70(6)) by Theorem So it remains to consider
A = (p* — 40(0), n) for arbitrary p € P(70(6)). As we have done before, here we are assuming without
loss of generality that A; > £(\).
Subcase 3.2(i): First suppose that p € {(y0(0) — 1,1)}°.

If f = (0(0) —1,1), then A ¢ Q(6) because, letting o = t,—1(p" 1 — 70(p)) and v = (p — 1,1),
Lemma {4.16| shows that [)\lp, 0] =[(p—1, 1)lpp,¢)0] = 0. Indeed, the four conditions in the statement
of Lemma hold since (i) is given by the inductive hypothesis, (iii) follows from Theorem and
(iv) from the Littlewood-Richardson rule. The reason that (ii) holds in the present situation where
Qp) = °Byr-1(pF™1 — 10(p)) is because if LR(A;AY,...,AP) > 0 then XY C X for all i € [1,p] and
PP —70(0) = A1 < 3P (A1, while A € Q(p) gives (A)1 < p*~1 —~9(p). Then pyo(p) = 70(0) together
with A? C X shows that A\! € {a, 8} where 8 = (p*1 — 70(¢),70(¢) — 1,1). But 8 ¢ Q(p), and so this
forces ' = « for all i.

If o = (70(0) —1,1)’, then a completely analogous argument shows that A ¢ €(6) in this instance also.
Subcase 3.2(ii): Otherwise, p € °P(y0(0)). We will show that A € () to conclude that Q(0) =
°Bpie-1(pF~t — 70(0)). Moreover, we will also show that [A] ,,6] = 1 whenever u € {(70(6))}", to
complete the proof of the theorem.

First, suppose that p € {(70(6))}". In this case we have that A € {t,x(p* —10(6)), hye (P* — 70(6))}-
Then we have that A = pa, for some o € {t,e—1(pF ™' = v9(¢)), hpe—1 (P* =1 = 70(¢))}. Hence, we can use
Lemmato deduce that [A| ,,0] = [Vipp,d)o] =1

Now it remains to consider u € B, g)(70(0) — 2). We will show below that B, (70(0) — 2)
M(p,°P(70(¢))). Once we have that this holds, then this will mean that given any p € B, g)(70(0) —
there exist mixed p!, ..., uP € °P(yo(¢)) such that LR(u; ', . .., uP) # 0. This implies that LR(); (p*~*
Yo(@), 1)y .o, (PP — 70(), uP)) # 0 by Lemma Notice also that for every ¢ € [1,p] the partition
(P"~1 = 0(p), ') is well-defined and belongs to °B,r-1(p*~! — v0(p)); this follows since vo(p) < pF=2
and k > 3. Using Lemma [4.7] we conclude that A € M(p, Q(p)) C Q(6), as desired.

AT
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Hence, to complete the proof of the theorem, we show that B, g)(70(6) —2) € M(p,°P(v0(p))). Let
us fix m := 70(p). Recall that m > p and that vo(8) = pm.

o If p = 5 and m € {5,6} then one can see that Bo5(23) C M(5,°P(5)) and that B3o(28) C
M(5,°P(6)) by direct computation. Since m > p, we can now assume that m > 6. Hence,
we have  + 1 < m — 2 and therefore we may use Proposition to see that By, (pm — 2p) \
{(pm — 2p,2p), (pm — 2p,1%)}* C M(p,°P(m)).

o If = (pm—2p, 2p) then LR(u; (m), (m—2,2),...,(m—2,2)) # 0, and so u € M(p,°P(m)), while
if 4= (pm — 2p,1?P), then LR(y; (m), (m —2,12),...,(m —2,12)) # 0 and so u € M(p,°P(m)).
Similarly if u € {(pm—2p, 2p)’, (pm—2p, 1%P)'} then u € M(p, °P(m)) also. Thus By, (pm—2p) C

M(p,°P(m)).
e Next, suppose uw = (pm —p —rv) for some r € [1,p—1] and v € P(p + r). Clearly there
exist v!,. " € P(2) such that LR(v;vt,...,v",(1),...,(1)) # 0. It follows that LR(u; (m —

2,v%),. ( = 2,07),(m),...,(m ))7£0,s1nce7’21. Also since 7 > 1 and p — r > 1, then
(m — 2 v, o (m—2,v7), (m) ..., (m) are mixed, whence p € M(p,°P(m)).

e Finally, suppose p = (pm —r,v) for some r € {2,3,...,p} and v € P(r). Choose any w € P(2)
such that w C v. Then clearly LR(y; (m — 2,w), (m),...,(m)) # 0, and so p € M(p,°P(m)).

Thus we have shown that B, (pm — 2) € M(p, °P(v0(¥))), which completes the proof. O

Theorem describes §2(f) in terms of an easy combinatorial statistic, namely ~y(#), computed
using the associated trees in 7(6), for every 6 € Irr(P,:) with V() = 1. Indeed, we have shown
that Q(6) is either By (p" — 70(0)) or °Bye(p® — 70(6)): we say that Q(6) is punctured if and only if
Q(0) = *Bye (0" — 0(6).

We now complete the analysis of § when V(0) = 1 by giving a concrete condition on the trees in T (6)
to distinguish when (0) is punctured or not. To start, we collect in the following lemma something we
have already observed in the course of the proof of Theorem [4.17]

Lemma 4.18. Let k € N and let 0 € Irr(P,x) with V(0) = 1. Let T € T(0). Then Q) is punctured if
and only if one of the following holds:

(i) [T)=[(T"|...|T";0)] where ¢ := O(T") € Irr(Pyr-1) has n(p) = 1; or
(i) [T)=[(T"|...|T';0)] where ¢ := 0(T") € Irr(P,r-1) is such that Q(p) is punctured; or
(i) [T) = [(T1 | ... | Tp;p)] where, letting 0; = G(TZ) € Irr(Pye-1) for each i € [1,p], we have

that 61,...,0, are mized, and there exists a unique j € [1,p] such that Q(0;) is punctured and
0; = 1,e—1 for alli #j.

Proof. Recall that V(0) = 1 implies that 1(0) = vo(#). With this in mind, one can recover the statement
of the present lemma directly from the case by case analysis performed in the proof of Theorem 4.17] O

Lemma gives a recursive algorithm to deduce whether ©(#) is punctured or not. We are ready to
translate this recursive information into a concrete combinatorial condition on the trees associated to 6.

Theorem 4.19. Let k € N and let 0 € Irr(P,r) with V(0) = 1. Let T € T(0). Then () is punctured if
and only if both of the following conditions hold:

(a) n(0) > 2, i.e. T contains at least two people.
(b) For any two people in T, their closest common graph-theoretic ancestor has label 0.

Proof. From Lemma we observe that () is never punctured when k = 1. Moreover, if k = 2 then
Q(0) is punctured if and only if § = X (¢.; ¢o) for some e € [1,p — 1], and notice n(¢.) = 1. This shows
that both the implications of the statement hold whenever k < 2.

By Lemma we know that if (0) is punctured then [T is of form (i), (ii) or (iii) in the statement
of Lemma Proceeding by induction on k € N, it is not difficult to see that both conditions (a) and
(b) hold in each of the three cases.

The converse implication deserves a little more explanation. Suppose that 6 satisfies (a) and (b).

Again, we proceed by induction on k. If k = 2 then (a), (b) and V() = 1 imply that T = (5| ... | 50)
for some € € [1,p — 1]. Then Q(0) is indeed punctured by Lemma Now suppose k > 3 and write
T=(T1|...|Tpx). Foreach ¢ € [1,p] let 6; := 6(T;). Since T satisfies (a) and (b) and V(0) = 1, the

root of T cannot be a person, i.e. we must have ¢(x) € {0, p}.
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If {(x) = p then T satisfying (a) and (b) implies that all of the people in T are in a single subtree T},
for some unique j € [1, p]. In particular, this means for each ¢ € [1,p] \ {j}, every vertex in T; must have
label 0 or p. But T; is admissible, so all vertices in T; must have label 0, whence 0; = 1,x-1. Moreover,
that Tj itself satisfies (a) and (b) is then immediately inherited from T', so by inductive hypothesis Q(6;)
is punctured. Thus T satisfies condition (iii) of Lemma [4.18 and therefore () is punctured.

On the other hand, if {(x) = 0 then [T1] = --- = [T}] and n(0) = pn(T1) > 2. If n(T1) = 1 then T
satisfies condition (i) of Lemma and therefore (0) is punctured. Otherwise, n(T1) > 2, that is, T}
satisfies condition (a). Clearly T also satisfies (b), inherited from T', so by inductive hypothesis £(6;) is
punctured. Thus 7T satisfies condition (ii) of Lemma and Q(6) is punctured. O

Example 4.20. We illustrate examples of the combinatorial condition (b) from Theoremin Figure
For simplicity, we have drawn 3-ary trees instead of p-ary trees where p > 5.

The only 6 € Irr(P,2) with punctured (6) are 8((5 | ... | 3;0)) where & € [1,p — 1]. These correspond
to 6 = X(¢e; ¢o). In Figure [5], we list all of the § € Irr(P,s) for which Q(6) is punctured. O

a

N I
| |

A A T

e fg i J I mn Foe s

|
/N NN

1 2 0 0 0 0 0 0 0 1
. x Y o o o o o o o °

3 /
z
|
1

(A) The closest common graph-
theoretic ancestor of vertex e and
vertex f is vertex b; that of e and
c is a; that of a and j is a.

(B) This tree has value 1, but con-
dition (b) of Theorem is not
satisfied. Observe x and y are peo-
ple but z has label not 0. Simi-

(¢) This tree has value 1, and con-
dition (b) of Theorem is sat-
isfied.

larly, r and x are people but s has
label not 0.

FIGURE 4. Examples of admissible trees and condition (b) from Theorem Recall that a vertex x
is a person if and only if v(z) = 1, i.e. the label of z belong to [1,p — 1]. In the first subfigure we have
omitted all vertex labels.

Remark 4.21. We observe that if an admissible tree T satisfies both conditions (a) and (b) of Theo-
rem [£.19] then all people in T" are equidistant to the root vertex of T, and all people in T have the same
label. Moreover, the number of people in T is a power of p, i.e. n(T) = p* for some i € N, and also the

root of 7" is not a person (that is, has label 0 or p). These properties can be easily verified for the trees
in Figure |5 which lists those 6 € Irr(P,s) for which £(#) is punctured. ¢

0 0 P
/O\ /O\ /O\
0 0 0 £ € 0 0 0
[s} [} o . id o o o

NN N NN NN
(A) 0= X(e;0;0) (B) 8 = X(05¢;0) (©) 0 =
(1x--x1xX(0)]7

FIGURE 5. Those 6 € Irr(P,3) for which Q(6) is punctured, drawn using 3-ary trees. Here, ¢ € [1,p—1].
We write X (a;b;c) for X(X(¢a; Pp); dc) and 1 = L2.

With Theorems and we have given a complete description of the set (), for every
6 € Irr(P,x) with V() < 1. Of course, these results thus also provide us with the value m(6) for all such
irreducible characters 6, which we record in the following corollary.
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Corollary 4.22. Let 0 € Irr(P,x) be such that V(0) < 1. Then

P*=(0) -2 if V(0) =0,
m(0) = q p* —0(0) =1 if V() =1 and conditions (a) and (b) of Theorem [{.19 hold,
pF —70(0) otherwise.

We are now ready to tackle the problem in general. More precisely, we will devote the rest of this
section to the calculation of m(6) for all of the remaining 6 € Irr(Ppx ).

Theorem 4.23. Let k € N and 6 € Irr(Pyx). Suppose V(6) > 2. Then
m(6) = p* —0(6) — ().

We will obtain Theorem as a corollary of the following more informative results. We start with a
proposition dealing with irreducible characters of P,» whose value is exactly 2.

Proposition 4.24. Let k € N>y and € € [1,p — 1]. Let ¢ € Trr(Ppe-1) satisfy V(o) = 1, and let
0 = X(p;e) € Irr(P,r). Then the following hold:
(i) Q0) 2 Byr (" —70(0) —71(0)) and
(it) Q(0)\ Byr (0" — v0(0) —71(8)) contains no thin partitions.
(iii) Moreover, [A| ,, i 0] > 2 for all X € {t,(p" —70(8) —71(8)), hp (P* — 70(0) — 7 (0)}°.

Proof. Recall Notation The assertions hold for £ = 2 from Lemma b), so we may assume k > 3.
Recall that from Theorem we know that () equals either By—1(p" =1 — v9(¢)) or °Bpe—1(p"~! —
70(¢)). From now on we let t := p¥=1 — v4(¢) and N := p¥ — 4 (0) — 71(0). Let T € T ().

Observe that v1(f) = 1 as the root of T is the only element of I'y(T"). Similarly, we observe that
Y () =p-v0(p). Hence N = pt — 1.

Now, we claim that B,x(N) € M(p,Q(¢)). To prove this, we observe that if vo(¢) > p then
By (pt — 1) € M(p,°Bye-1(t)) by Lemma with ¢ = p, m = p*~! and t = p*~1 — vy(p). Hence
By (N) € M(p,°Bpe-1(t)) € M(p,Bpe-1(t)) = M(p,Q(¢)). On the other hand, if yo(p) < p then
Q(p) = Byr-1(t) by Lemma (since V(@) = 1 implies 7o(#) # 0). Hence the above claim now follows
from Proposition Since M(p,Q2(¢)) C 2(0) by Lemma we can now conclude that (i) holds as
By (N) € M(p, Q(p)) € Q(6).

Next, we recall that Q(0) C B, (p" —70(0)) = Bye(N+1) by Theorem Using this and Lemma
to prove (ii) it therefore suffices to show that A ¢ Q(0) for all A € {t,x(N + 1),he(N + 1)}. Let
A = te(N +1). Setting a := t,e—1(p"! — 7(p)), we observe that A = pa and we use Lemma
(the hypotheses of which are satisfied by Theorem D to conclude that [A| ,,0] = [v], ,¢] = 0

0]
P7

for some v € {(p), (17)}. If X = hye (N + 1) then [A
hye—1 (0"~ = 0(0))-

Finally, to prove (iii) it suffices to show that [/\lP, 0] > 2 for A € {t,x(IN),h,x(N)}. Let A = tye (V).
Let p = tyr-1(t) and v = tye-1(t — 1). From Theorem we know that p,v € Q(p). Let ¢ =
P @1 x y € Trr(Y). Observe that [A] %7 ] # 0 because [A|,,9] # 0 and Irr(W | 9) = {¢T" }.
Moreover, using Lemma we have that wTWlP = wleYTP = ¢lBTP' Since p*P is a constituent

of wlB and since 6 is an irreducible constituent of (@XP)TP, we conclude that [wTWlP, 0] > 1. On the
other hand, using Theoremwe deduce that there exists w € {(p — 1,1)}* such that [A ] ,, X (u;w)] = 1.
Moreover, since pu € Q(p) and w € Q(e) we use Lemmas and to obtain that [X(u;w)| ,,0] > 1.

Finally we observe that [X(u; w)lw, ’L/)TW] = 0. This holds because

X (50) |y 0T < X ) [y, BT ) 1= 0= 1) - P, () [ ,] = 0.
It follows that

= 0 by the same argument, replacing « by

AL pr 8] = (ML) Lo 0] 2 (X 0) | 614 (0T | o8] > 2
If X = h,x(N) then a similar argument, except where we use Theorem to deduce that there exists
w € {(p—1,1)}" such that [X],,, X(hye-1(t);w)] = 1, shows that [X] ,,0] > 2 in this case also. This
concludes the proof. g



26 EUGENIO GIANNELLI AND STACEY LAW

We are now ready to extend Proposition to all 6 € Irr(P,x) with V() > 2

Theorem 4.25. Let k € N and 6 € Irr(Pyx). Suppose V() > 2. Then
(i) Q8) 2 By (p* —10(0) —71(6)), and
(it) Q(0)\ Byr (0" — v0(0) —71(8)) contains no thin partitions.
(iii) Moreover, [)\LP, i 6] > 2 for all X € {t,(p" — 70(0) —71(8)), hp (P* — 70(8) — 7 (0)}°.

Proof. We proceed by induction on k, noting that V(6) > 2 implies k > 2, and the case of k = 2 is
given by Lemma Now we may assume k > 3. Recall Notation and let 6 :=6; x --- x 6, be any
irreducible constituent of 4 | g Where 0; € Irr(Q).

There are two forms that § may take: either § = X(p;¢) for some € € [0,p — 1] and ¢ € Irr(Q), or
=0, x---x HPTP for some mixed 64, ...,0, € Irr(Q). In the former case, we may further assume that
V(¢) > 2 since the case of V() = 1 follows from Proposition Then, in both cases, we have that
%0(0) +71(6) = 377, (vo(6:) + 72.(6:))-

We first prove that (ii) holds. Let ¢ € Ny be such that A := t,« (p* — t) € Q(6). Since 6 is an irreducible
constituent of 6| , and 6 is a constituent of A | ,, then 6 | A| ,. Thus there exist A',..., AP € P(pF~1)
such that \' € Q(6;) for all i € [1,p] and A := A} x --- x \? € Irr(Y | 0) is an irreducible constituent
of A|,,. Then £(X) < £(X) < 2 for all i by Lemma Using the inductive hypothesis together with
Theorems [£.1] and we see that

°P(pF1) if V(6;) =0,
Q(Gl) = OBpk71(pk_1 — ’}/0(91)) or Bpk-71<pk_1 — 70(91')) if V(e ) = 1 (41)
By = 0(0) = (09) UT(0) it V(0) > 2,
for some subset I'(6;) of P(pF~1) \ Byr-1(p*~! — 70(#;) — 71(6;)) containing no thin partitions. Thus

Lemma implies that

Z (A1 < Z —0(0:) —71(65)),

where we used that v, (6;) = 0 if V(6;) = 1, and that Y0(0;) = 11(0;) = 0 if V(0;) = 0. We deduce that
t> 50 (v0(0:)+71(6:)) = 70(0) +71(0) and therefore that Ay = p* —t < p¥ —~(0) —~1(0). This implies
that A € Bye (p* — 70(0) —71(6)). With a completely analogous argument, we see that if A = h,.(p* —t)
then X € B, (p* — 70(6) — 71(6)) also.

Next, we turn to the proofs of (i) and (iii). We split our argument into two cases depending on the
form of 6.

In the first case, suppose that 61 = --- = 0, =: . That is, § = X(p;¢) for some € € [0,p — 1]
and ¢ € Irr(Q) with V(p) > 2. Let ¢ := 7(¢) + 71(¢). Then by the inductive hypothesis, Q(y)
contains Bpk—l(pk71 — ¢) and no other thin partitions. Also we have that [alQ,tp] > 2 for all a €
{tpr-1(P*1 = (), hp— 1(p’“_1 0)}°. Moreover, note that vo(8) +71(6) = p - ¢ since V() > 2

Now, Proposition 2.9 and Lemma [£.7] guarantee that

By (0" = 70(6) — 71(9) — 1) =Bu(p- (0" =) = 1) S M(p, By (0" = () € M(p,2(e)) S 6).

Let A = (p* — pC,p) for some € P(p¢). If po ¢ {(p()}*, then u € Bye(pC — 1) = M(p,P(¢)) by
Proposition since V() > 2 certainly implies that ¢ > 2. Hence, there exist mixed p!,..., u? € P(()
such that LR(u; ut, ..., uP) # 0. Therefore, setting A\ := (p*~! — ¢, u?) for each i € [1,p] we have that
LR(A; AL, A\P) # 0 by Lemma [2.4] Since A!,..., AP are mixed and all belong to Q(), it follows that

A € Q(0) by Lemma If = (p¢), then [ )‘lv’ X(t k—l(pk71 —();(p ))] =1 by Theorem Hence
A] 5 0] > [X(tma (0" = Qs (0)) ] . 0]

where the final inequality follows from Lemma E since [tpk—l(pk I l Q,cp] > 2 by the inductive

hypothesis. Finally, if u = (17¢), then [)\J/V,X(hpk—l(pk_l —();v)] = 1 for some v € {(p),(1P)} by

Theorem Then similarly [)\l P,H] > 2 by Lemma and the inductive hypothesis. Thus we have
proven (i) and (iii) in this case.
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Let us now consider the second case, where 61,...,0, € Irr(Q)) are mixed and § = gTP. By Corol-
lary Q(0) = Q(61) * -+ Q(6,). Recall the possible forms of (6;) from (£.I), and notice that if
Q(0;) = °Br-1(p"! — 70(6;)) then ~0(6;) > p from Lemma (as 6; # 1g and so vo(#) # 0). More-
over, since V(6) > 2 then there exists j € [1,p| such that V(8;) > 2. Hence the inductive hypothesis
implies that Byx—1(pF~! —~9(6;) —71(6;)) C Q(6;). With this in mind, using Theorem we have that

Q61) % -+ x Q(0p) 2 By <Z(p’“‘1 = 70(0:) — 71(90)) ;

i=1
whence Q(0) 2 B, (p* —v0(6) — 71(6)) by Corollary
Finally, let A = t, (p" — v0(0) — 71(0)) and A" = t,e—1 (pF =1 — 70(0;) — 71(6;)) for each i € [1,p]. Write
A=Al x ... x AP and observe that ) | )\ly. Since § = gTP, we must have that V(6;) = V() > 2 for
some j € [1,p]. Since Irr(P | §) = {6} and [913,5] = 1, we have that

P
M ] =] 5,00 > 3] 5,00 = [TV |, 0] = 2- 177,
i=1
where the last inequality follows by observing that A" € Q(6;) for all i € [1,p] and that [A | @ 6] > 2 by
the inductive hypothesis. The case A = h,x (p* — 70(6) — 71(0)) is treated similarly. O
Corollary 4.26. Theorem holds.
Proof. That m(0) = p* — 40(0) — 71(0) follows directly from Theorem MO) and (ii). O

We can put our results on m(6) together in the following theorem.

Theorem 4.27. Let k € N and 6 € Irr(Pyx). Then

P*=70(0) —m(0) -2 if V() =0,
m(0) = p* —70(0) =71 (0) =1 if V() =1 and conditions (a) and (b) of Theorem [§.19 hold,
P —0(0) — 11 (0) otherwise.
Proof. This follows from Corollary and Theorem observing that when V(6) < 1 then 7, (6) = 0.
We remark that if V(6) = 0 then ~(0) = v1(0) = 0. O

5. THE STRUCTURE OF THE SET €2(f): ARBITRARY n CASE

Again, throughout this section p will be a fixed prime number such that p > 5. Using our results from
the prime power case, in this section we now allow n to be any positive integer and determine m(f) and
M(0) for any 6 € Irr(P,). Exactly as before, we start with M (6).

Lemma 5.1. Let n € N with p-adic expansion n = p™ + --- + p™. Let 0 € Irr(P,) and suppose
0 =061 x---x 0, where 0; € Irr(Pyn;). Then Q(0) = Q(61) * - -- % Q(6,).

Proof. Since P,, = Ppn1 X -+ X Pyny < Spna X+ - X Spne < S, the statement is an immediate consequence
of the basic properties of induction of characters. O

Before moving forward, we suggest to the reader to briefly recall Definition [3.19
Theorem 5.2. For alln € N and 6 € Irr(P,,), we have that M(0) = n — ().

Proof. Let n = p™ + --- + p™ be the p-adic expansion of n. If ¢t = 1 then the statement holds by
Theorem m Suppose now that ¢t > 2. For each ¢ € [1,¢], let §; € Irr(Pyn) be such that 6 =
01 x 03 x -+ x 0;. Moreover, let X := M(0;) + M (0) + --- + M(6;). Since yo(6;) < pi~—1 < % we can
use Proposition together with Lemma [5.1] to deduce that

Q(0) = Q01) %5 U01) C Bys (M(01)) %+ 5 By (M(61)) = Bo ().
This implies that M () < X.
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On the other hand, for every i € [1,t] let \* € Q(6;) be such that (\"); = M(6;). Setting A\ =
AL+ + A, we know from Lemmal[2.5/that LR(A; AL, ..., Af) = 1. Hence A € Q(6)*---xQ(6;) = Q(6),
and A\; = 3! (A\"); = ¥. Hence, we deduce that ¥ < M(0) and therefore that X = M (6).

From Definition we know that v (6) = v0(61) + - - - +70(0;). Thus M(0) =n — 0(0). O

We are now ready to extend Theorem from n = p* to any arbitrary n € N, by describing the
structure of Q(0) for any 6 € Irr(P,) with V() < 1. This is done in Theorems and below, and
it is a broad generalization of [GL21, Theorem 2.9]. Recall from Definition at °By(t) denotes a
punctured box, which is B, (t) less two particular partitions and their conjugates.

Theorem 5.3. Let n € N and 6 € Irr(P,,). Suppose V(0) = 1. Then
Q(0) equals either B, (n — vo(8)) or °By(n — vo(0)).

Proof. As usual, let n = p™ + --- + p™ be the p-adic expansion of n. If ¢ = 1 then the statement
holds by Theorem Suppose now that ¢ > 2. For each ¢ € [1,t], let 6, € Irr(Pyn:) be such that
0 =01 X0y x---x 0. Since V(#) =1 we have that V(6;) <1 for each ¢ € [1,¢]. The statement is now a
direct consequence of Lemma [5.1] Theorem [£.17] and Proposition [2.13 O

As done before in the prime power case, we are able to determine exactly when (6) is a punctured
box. Let n € Nand let 6 € Irr(P,) with V(0) = 1. We say that Q(6) is punctured if Q(0) = °B,,(n—~0(9)).

Theorem 5.4. Letn € N and let n = p™ +- - -+ p™t be its p-adic expansion. Let § € Irr(P,,) be such that
V(0) = 1. Suppose 0 = 01 x 03 X --- x 0, where 0; € Irr(Pyn;) for each i € [1,t]. Then Q(0) is punctured
if and only if there exists a unique j € [1,t] such that V(6;) = 0 for all i € [1,t]\ {j} and such that 0;
satisfies the following conditions:
(a) 0(0;) > 2, and
(b) for any T € T(6;), the closest common graph-theoretic ancestor of any two people in T has label
0.

Proof. Let us start by assuming the existence of a unique j € [1,¢] such that V(6;) = 0 for all i € [1,¢]\{j},
and such that §; satisfies conditions (a) and (b). Then 6; = L, for all ¢ € [1,¢] \ {j}, and hence
0(0;) = °P(p™) for all such ¢ by Theorem Moreover, since V(6) = 1 we must have that V(6;) = 1.
Hence Q(6;) is punctured by Theorem at is, Q(0;) = °B,(p™ — v0(0;)) by Theorem Now,
using Lemma [5.1] and Proposition [2.13| we obtain that

QO) = Q01) % - - xQ(6:) = P(n = p™) x "By (p™ = 10(6;)) = “Bn(n = 70(0))-
For the converse implication, suppose that 2(6) is punctured; that is, Q(0) = °B,(n — v0(#)). Since

V(0) = 1, then V(0;) <1 for all i € [1,¢]. Thus Theorems and give a complete description
of the possible forms of Q(6;). Now, by Lemma [5.1| we know that

°Bn(n—v(0)) = Q1) * -+ x Q(60;).

So by Proposition m (it is helpful to refer to Table [1| here), there exists a unique j € [1,¢] such that
Q0;) = °Byr; (x) for some x, and Q(0;) = °P(p"™) for all i € [1,¢] \ {j}. This implies that 6; = L, for
all such 7, and 6; satisfies conditions (a) and (b), by Theorem [1.19] O

We remark that Theorems and provide a complete description of Q) for all irreducible
characters 6 of value V(0) = 1. This generalises [GL21, Theorem 2.9] from linear to arbitrary irreducible
characters of Sylow subgroups of symmetric groups, since a quasi-trivial character of P, (in the sense of
[GL21l, Definition 2.8)) is precisely a linear character 6 of P, such that V(0) = 1.

We now turn to the description of 2(6) for all other irreducible characters 6 of P,.

Theorem 5.5. Let n € N and 0 € Irr(P,) with V(0) > 2. Then B,(n — v (0) — 11(0)) C Q(8) and
Q(0)\ B(n —v(0) —v1(0)) contains no thin partitions.

Proof. Let n = p™ + p™2 + -+ 4+ p™ be the p-adic expansion of n. If ¢ = 1 then the statement holds
by Theorem Suppose now that ¢ > 2 and that 6 = 61 x 02 x --- x 0, where 0; € Irr(Py»;) for all
i € [1,t]. From Definition [3.19) we know that there exists j € [1,] such that V(6;) = V() > 2. Hence, by
Theorem we have that Byn; (p™ — v0(0;) —71(0;)) € Q(0;) and Q(0;) \ Byrs (p™ — v0(0;) — 71(6;))
contains no thin partitions.
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Let us now analyse the possible structures of €(6;) for all the remaining ¢ € [1,¢]. If V(6;) = 0,
then 6; = 1,»,. In this case v9(6;) = 71(0;) = 0 and by Theorem we have that Q(0;) = °P(p™) =
°P(p" —v0(0;) —71(6;:)). Tf V(6;) = 1 then ~1(6;) = 0 and by Theorem we have that Q(6;) is equal
to Bpni (p™ — v0(6;) — v1(6;)) or to °Bpni (p™ — v0(0;) — 71(6;)). Finally, 1f V(6;) > 2 then we have that
B(p™ — v0(0;) —v1(6:)) € ©(6;) by Theorem In particular, there is at least one such i € [1,t] with
V(6;) > 2, namely j above. Since vo(0) + v1(6) = Z;Zl(VO(Gy) +71(0)), using Proposition and
Lemma 5.9 we deduce that

B (n—0(0) —71(0)) C Q(01) % Q(02) x - - - x Q(0:) = Q(6).

Let us now assume that A € (0) is a thin partition. Without loss of generality we also assume that
A1 > £(N). Since § = 61 x --- X 6; is an irreducible constituent of )\lp , considering restriction to the
intermediate subgroup X := Spni X Spna X -++ X Spne, we see that there exist A\', A%, ... A! such that
AP e Q(6;) for every i € [1,1] and Such that LR(\; )\1 ., Al # 0. By Lemma [2.3] this implies that A’
is a thin partition for every i € [1,¢], and that A\; < ()\ )1+ (A%)1 4+ -+ (A});. Since each \! is thin
and contained in Q(6;), we have that (A\%); < p™ — ~o(#;) — 71(6;) by Theorems and We
conclude that . .

<Y 1 <D (™ = 70(0:) — 71(6:) =1 —70(0) — (),
i— i=1

=1
as desired. O

We can now put together our results to determine m(6) for every 6 € Irr(P,). In order to state this
compactly, we will say that 6 € Irr(P,,) with V(6) = 1 is punctured to mean that 2(6) is punctured. More
precisely, by Theorem [5.4] this means the following.

Definition 5.6. Let n = p™ +p"2 +4---+p™ be the p-adic expansion of n. Let 0 = 61 x -+ x 0; € Irr(P,)
with V(0) = 1. We say that 0 is punctured if there exists a unique j € [1,t] such that V( i) =0 for all
i€ [1,t]\ {j} and such that 0; satisfies the following conditions:

(a) n(0;) > 2, and
(b) for any T € T(6;), the closest common graph-theoretic ancestor of any two people in T has label
0.

The following theorem describes m(#) for every irreducible character § of P,. In particular, it shows
that in the great majority of the cases, m(#) equals n — vo(0) — v1(0).

Theorem 5.7. Let n € N and 6 € Irr(P,,)). Then
n—(0) —71(0) =2 ifn=pk for some k € N and V(0) =
m(0) = S n—(0) —71(0) — if V(0) =1 and 0 is punctured,
n—0(0) —71(6), otherwise.
Proof. It V() = 0 then § = 1,, and () = v1() = 0, and the result follows from Theorem If

V(0) = 1 then v, (0) = 0, and the result follows from Theorems and Finally, if V(6) > 2 then the
statement is an immediate consequence of Theorem [5.5] O

6. APPLICATIONS & FUTURE DIRECTIONS

In this section we collect a few interesting and immediate consequences of the main results of this
article. Fix a prime number p > 5.
We have now proven tight upper and lower bounds M (6) and m(6) respectively such that

for all n € N and 6 € Irr(P,), in Theorems and As mentioned in the introduction, it is still
unknown in general when a partition A belongs to 2(0) if A € B, (M (0)) \ B,(m(0)). However, it turns

out that there are very few such \: we describe the difference M (6) — m(6) in Corollary |6.1| below, from
which we can deduce a crude but simple bound on this difference which does not depend on 6.
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Then, in Corollary we show for all 6 that, in fact, the set () is a very large subset of the set
of partitions of n. Moreover, we are able to determine exactly when A belongs to £2(6) when A is a thin
partition. That is, we completely determine the positivity of the Sylow branching coefficient [XAl P ,0]
in the case when A has a Durfee square of size at most two. This is done in Corollary below.

Corollary 6.1. Let n € N and 0 € Irr(P,). Then M(0) — m(0) = v1(0) + ¢, where ¢ € {0,1,2}. In
particular, M(0) —m(0) < 5 +2 for all 0.

Proof. The first statement follows immediately from Theorems and Since 11 (0) < pF=2 =1L .
when n = p* by Lemma it follows that v1(9) < 1% -n when n € N is arbitrary, by Definition|3.19, O

Now, the quantity ~1(6) is in general very small compared with n in an admissible (tuple of) trees.
Although this may, in the worst case, seemingly be as large as X%, in fact our results on Q(6) show
the following statement: that the restriction to P, of almost all irreducible characters of S,, have every
irreducible character of P, as a constituent. This will follow from the fact that m(#) turns out to be
extremely large compared with n. More precisely, let 2(n) be the subset of P(n) defined by

Qn):={reP(n) | [\], 0] #0 for all § € Irr(Py)}.
Of course, Q(n) = Npere(p,) 2(0). The followmg result shows that Q(n) is almost the entirety of P(n).

Corollary 6.2. For all n € N we have that Bn(pp;2 n) C Q(n). In particular, lim, % =1.

Proof. We first observe that if n = p° then Irr(P,) = {1} and m(1) = 1 = n. If n = p' then m(f) €
i

{p — 1,p — 2} for all § € Irr(P,) by Lemma If n = p* where k > 2, then Theorem and
Lemma a) give us

m(0) > p* —0(0) =1 (0) —2>p* —p*~t —pFF -2
for all 6 € Irr(P,). Therefore, whenever n is a power of p, we have that m(6) > % -n for all § € Irr(P,).
In particular, this means that B, (— n) C Q(n) whenever n = p* for some k € N,

Now suppose n € N with p-adic expansion n = Zzzlp"i, and let § = 67 x -+ x 6, € Irr(P,). Then
Bpni ( -p™) C Q(n) C Q(8;) for each i € [1,t]. But ijz > 1 since p > 5, and so by Proposition
and Lemma [0l we obtain

Bn (B2 -n) CQ61) x - % Q) = Q(6).
Since 0 € Irr(P,) was arbitrary, we deduce that B, (— n) C Q(n).
The final limit then follows using the classical result [EL41 (1.4)] that all but o(|P(n)|) many partitions

of n lie in B, (v/n - (lo% + f(n))), for any function f such that f(n) — oo as n — oo and where ¢ is a
constant. g

The analysis of thin partitions has been a fundamental tool in establishing the value of m(6) for every
0 € Irr(P,). We highlight in the following corollary that if A is a thin partition then one can easily read
from the length of its first part (or first column) the irreducible constituents of its restriction to P,. Since
all the sets (6) are closed under conjugation of partitions, we state for simplicity, and without loss of
generality, the result for those thin partitions A with A\; > £(\).

Corollary 6.3. Let A\ be a thin partition with Ay > £(\) and let 6 € Trr(P,) \ {1p,}. Then X € Q(0) if
and only if A1 < n —~(0) —71(0).

Proof. This follows directly from Theorems [5.3] and [5.5 O

All of the results proved in this article hold for any prime p > 5. The structure of the sets (6), as we
consider all n € N and all 8 € Irr(P,), presents a certain uniform behaviour for all primes p greater than
or equal to 5, as shown by Theorems and On the contrary, this does not seem to be the case
for the primes 2 and 3.

More specifically, when p = 2, even the structure of (1,,) is not yet completely understood. Never-
theless, recent advances on Sylow branching coefficients for p = 2 in [GV23, [LO22], for example, show
that it is dissimilar to the structure of Q(1,,) in the case of odd primes, proven in [GLI8] (Theorem [4.1)).
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On the contrary, we believe that the case p = 3 should be more tractable, but will nevertheless require
new ideas and ad hoc techniques, in particular to deal with some intricate combinatorics. We observed
a similar situation when trying to describe Q(6) for any linear character 6 € Irr(P,): the case of p > 5
was first resolved in [GL21], while the analysis of the p = 3 case was completed some time later in [L23].
Thus, the p = 3 analogue of the present article will similarly be the subject of future investigation.
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SYLOW BRANCHING TREES

0 T e T(e) 0(1) ‘ /'7770771?]/ nTomT0 T ‘ Q(Q)
VAN
[?Cmg I
X(070) == ]125 } 1 0707070 25725 OP(QE))

[?Cm 383373
X(0;¢) ] 1 1,1,0,1 24,24 Bas (24)
[?CTI’L o o o o o
X(z:0) ] 1 | 5501 20, 20 °Bas(20)
X(c:0) | 1 | 6,51,2 20,19 Bas (20)U{(20,1) |n€B5 (4)}*
( (>)<4 X ¢€)TP25 } 5 1,17071 24724 825(24)
(85 X e X o) T2 } 5 | 22,01 23,23 B25(23)
(@57 x 6e x b0 x 8)]" ] 5 | 22,01 23,23 | Bxs(23)
(@57 x 6o x g0 x 6)]™ 5 | 33,01 22,22 | Bxs(22)
oxsenopxoonen] 5 3301 22 |Bs@
(¢0X¢5><<755><1757-><¢V)TP25 } 5 4,47071 21721 625(21)

[?cm’ P
(et xirxpunin ] 25 5 | 55,01 20,20 | Bas(20)

TABLE 3. Irr(P,2) for p = 5, their corresponding admissible trees and statistics.
Here, €, 0, T,v,w are arbitrary elements of [1, 4], and, only in the last row, they must be mixed.
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|l [ V(O) 7i(0) for i < V(6) ) | @) m(6) M(9) |
X(0;0;0) 0 0 °P(125) 123 125
X(0;0;1) 1 =1 1 Bias(124) 124 124
X(0;1;0) 1 =5 5 °Bi125(120) 119 120
X(1;0;0) 1 7%=25 25 °Bi25(100) 99 100
X(0;1;1) 2 Yo=5, 11 =1 6 B125(119)U{(120,1)|nEBs (4)}* 119 120
X(1;0;1) 2 Y =25 11 =1 26 Bi25(99)L{(100,1) | n€Bas (24)}* 99 100
X(1;1;0) 2 9% =25 7=5 30 (see Example [L13) 95 100
X(1;1;1) 3 =25 v=5 =1 31 (see Example [I.13) 95 100

TABLE 4. Equivalence class representatives for ~q , on the linear characters in Irr(Pps), where p = 5,

their tree statistics, and information on their Sylow branching coefficients.
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