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Abstract

We give a proof of Cartan’s Theorem on totally geodesic submanifolds for real analytic
manifolds endowed with a real analytic, torsion-free, affine connection. We apply the
theorem to real analytic Hadamard manifolds and, more generally, to real analytic mani-
folds with a torsion-free, analytic, affine connection, such that at a manifold point p ∈ M,
the exponential map is a real analytic diffeomorphism from the tangent space Tp(M) to
M. Examples of manifolds with this property are statistical manifolds with a cubic form
divisible by the metric, as was recently proven. We also give examples of totally geodesic
submanifolds obtained as fixed points of affine transformations of M and, moreover, as
certain submanifolds of connected Lie groups with the 0-connection of Cartan–Schouten.
Finally, we also determine all connected complete totally geodesic surfaces of the Rieman-
nian manifold (P2, g) of symmetric positive definite 2 × 2 real matrices, endowed with the
trace metric g.

Keywords: affine connections; Cartan’s Theorem; totally geodesic submanifolds; Cartan–
Hadamard Theorem
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1. Introduction
The main purpose of this paper is to give a direct proof of Cartan’s Theorem on totally

geodesics submanifolds of manifolds endowed with an affine connection and to describe
some applications. In the case of real analytic Riemannian manifolds with the Levi-Civita
connection, the theorem is originally attributed to Elie Cartan [1]. Cartan’s Theorem states
necessary and sufficient conditions, in terms of the curvature tensor and its derivatives, for
the existence of totally geodesic submanifolds through a point with a given tangent space.
We provide a direct, rigorous proof of the theorem for real analytic manifolds endowed with
a real analytic, torsion-free, affine connection. To the best of our knowledge, it is not easy to
find a rigorous proof, for this general case, in the mathematical literature. We give examples
of totally geodesic submanifolds obtained as fixed points of affine transformations of M
and, moreover, as certain submanifolds of connected Lie groups with the 0-connection
of Cartan–Schouten. Then we apply the theorem to real analytic Hadamard manifolds
with the Levi-Civita connection and to real analytic manifolds M, with a torsion-free,
analytic, affine connection ∇, such that at a point p ∈ M, the exponential map is a real
analytic diffeomorphism from the tangent space at p, denoted as Tp(M), to the manifold
M. Examples of manifolds with this property are statistical manifolds with a cubic form
divisible by the metric, as recently proven in [2]. Totally geodesic submanifolds are very
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important in physics, and in this sense, this research provides a theoretical foundation for
future integrable systems and special submanifolds in general relativity [3].

This paper is organized as follows. In Section 2, we briefly recall fundamental defini-
tions and state the notations used in this paper, and then we prove the preliminary results
on totally geodesic submanifolds. Section 3 is devoted to the proof of Cartan’s Theorem in
the general setting. Also, an application to real analytic, affine, locally symmetric spaces is
given. In Section 4, we apply the main theorem, first to fixed points of certain affine trans-
formations and then to connected Lie groups with the 0-connection of Cartan–Schouten.
Moreover we describe applications to real analytic Hadamard manifolds and to certain real
analytic manifolds endowed with a real analytic, torsion-free, affine connection. Finally,
we determine all connected complete totally geodesic surfaces of the 3-manifold (P2, g)
of symmetric positive definite 2 × 2 real matrices, endowed with the trace metric g. Note
that there exist Riemannian or pseudo-Riemannian manifolds, or manifolds with an affine
connection, which have no proper geodesic submanifolds of a dimension greater than 1
(see, for instance, [4,5]). It is then crucial to have tools for constructing such submanifolds,
even locally. Interesting papers on the subject are [6–12].

2. Preliminaries
In this section, we briefly recall some definitions. For further information and proofs

of what will be stated, see, for example, [13,14].
Let (M,∇) be a smooth n-dimensional manifold endowed with an affine connection.
(a) The torsion tensor T of ∇ is defined as follows : T(X, Y) := ∇XY −∇YX − [X, Y]

for every pair of tangent vector fields X, Y of M. The connection ∇ is said to be torsion-free
when T = 0.

The curvature tensor R of type (1, 3) of ∇ is defined as follows : R(X, Y, Z) :=
∇[X,Y]Z −∇X∇YZ +∇Y∇XZ, for every triplet of tangent vector fields X, Y, Z of M. It is
well known that if ∇ is torsion-free, then the curvature tensor R satisfies the following first
Bianchi’s identity : R(X, Y, Z) + R(Y, Z, X) + R(Z, X, Y) = 0, for every triplet of tangent
vector fields X, Y, Z of M.

An affine transformation of (M,∇) is a diffeomorphism f : M → M such that
f∗(∇XY) = ∇ f∗(X) f∗(Y) for every pair of tangent vector fields X, Y of M. Here f∗ de-
notes the differential map of f , while f∗(Z) denotes the f -related tangent vector field of
any tangent vector field Z of M. We will denote by Fix( f ) the set consisting of all fixed
points of diffeomorphism f , if it is an affine transformation.

For any m ≥ 0, we denote by ∇mR the m-th covariant derivative of R defined induc-
tively as follows : ∇0R := R and ∇mR := ∇(∇m−1R) when m ≥ 1. Consequently, for any
m ≥ 1 we obtain (∇mR)(X1, X2, · · · , Xm+2, Xm+3) := ∇Xm+3

(
(∇m−1R)(X1, · · · , Xm+2)

)
−

m+2
∑

j=1
(∇m−1R)(X1, · · · , Xj−1,∇Xm+3

Xj, Xj+1, · · · , Xm+2), whatever the tangent vector fields

X1, X2, · · · , Xm+2, Xm+3 of M. As is known, if diffeomorphism f is any affine transforma-
tion of (M,∇), then we have f∗

(
(∇mR)(X1, · · · , Xm+3)

)
= (∇mR)( f∗(X1), · · · , f∗(Xm+3)),

for every m ≥ 0 and for all tangent vector fields X1, ·, Xm+3 of M.
For each p ∈ M, we denote by Tp(M) the tangent space to M at the point p and

by γ(p,v)(t) the maximal geodesic of (M,∇) such that γ(p,v)(0) = p and
dγ(p,v)

dt
(0) = v,

where v is any vector of Tp(M). Furthermore, expp denotes the exponential map of (M,∇)

at the point p, while Ωp denotes the maximal subset of Tp(M) on which the map expp
is defined. It is known that Ωp is open in Tp(M) and star-shaped with respect to the
zero vector 0p of Tp(M). Recall that expp : Ωp → M is the smooth map defined by
expp(v) := γ(p,v)(1) for every v ∈ Ωp and that we can write γ(p,v)(t) = expp(tv) for every
t belonging to the domain of γ(p,v) and for every v ∈ Tp(M). It is well known that if f is
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an affine transformation of (M,∇), then, for every point p ∈ M, we have f∗(Ωp) = Ω f (p)
and f ◦ expp = exp f (p) ◦ f∗ on the set Ωp.

(b) It is well known that there exists a star-shaped (with respect to 0p) open neigh-
borhood Ñp ⊆ Ωp of 0p , such that the restriction of expp to Ñp is a diffeomorphism from

Ñp onto the open neighborhood Np := expp(Ñp) of p in M; then Np is called a normal
neighborhood of p in (M,∇). Therefore, if {e1, · · · , en} is any basis of Tp(M), then the

mapping expp(
n
∑

i=1
xiei) 7→ (x1, · · · , xn) defines a coordinate system on Np, and the real

functions x1, · · · , xn are called normal coordinates on Np. If V is any s-dimensional vector
subspace of Tp(M) with {e1, · · · , es} as a basis, then any basis {e1, · · · , es, es+1, · · · , en} of
Tp(M) that completes the basis {e1, · · · , es} determines, on each normal neighborhood Np,
normal coordinates that we will call V-adapted normal coordinates. In this case, expp(V ∩ Ñp)

is the s-dimensional submanifold of M consisting of the points of Np whose last (n − s)
V-adapted normal coordinates xs+1, · · · , xn are all zero.

(c) We say that a subset W of M is star-shaped in (M,∇) with respect to p ∈ W (or
more simply that W is p -star-shaped in (M,∇)) if, for every q ∈ W, there exists a geodesic
segment of (M,∇) all contained in W whose endpoints are p and q. Clearly, for any p ∈ M,
the set expp(Ωp) and all normal neighborhoods of p are p -star-shaped in (M,∇).

(d) Let S be a smooth submanifold of M. Suppose that there exists an affine connection
∇S on S such that ∇S

XY = ∇XY for every pair of tangent vector fields X, Y of S. We
will then say that the connection ∇S is the connection induced by ∇ on the submanifold
S. Suppose then that ∇ induces the connection ∇S on S. We denote by RS the curvature
(1, 3)-tensor of (S,∇S), while ∇mRS is the m-th covariant derivative of RS with respect to
∇S (for m ≥ 0). For any p ∈ S and v ∈ Tp(S) ⊆ Tp(M), denote by γ S

(p,v)(t) the maximal

geodesic of (S,∇S) satisfying the initial conditions γ S
(p,v)(0) = p ,

dγ S
(p,v)

dt
(0) = v, while

expS
p denotes the exponential map of (S,∇S) at p, and ΩS

p is the maximal subset of Tp(S) on
which the map expS

p is defined. So we have expS
p(v) = γ S

(p,v)(1) for every v ∈ ΩS
p ⊂ Tp(S).

(e) Let M be a real analytic manifold, ∇ be a real analytic affine connection on M, and
S be a real analytic submanifold of M. Suppose that ∇ induces the connection ∇S on S,
and let p ∈ S. Clearly, ∇S is a real analytic connection on S. Moreover, both exponential
maps expp : Ωp → M and expS

p : ΩS
p → S are real analytic, so normal coordinates on any

normal neighborhood of p are real analytic.
(f) An affine connection ∇ on M is said to be complete if each of its geodesics can be

extended to a geodesic γ = γ(t) defined for every t ∈ R. Clearly, the affine connection ∇ is
complete if and only if we have Ωp = Tp(M) for every p ∈ M.

(g) Let S be a (smooth) submanifold of (M,∇). S is said to be totally geodesic at p ∈ S
if the maximal geodesic γ(p,v)(t) of M is contained in S for small values of |t|, for every
v ∈ Tp(S). If S is totally geodesic at every point p ∈ S, then S is called a totally geodesic
submanifold of (M,∇). A smooth submanifold S of (M,∇) is called auto-parallel if, for every
p ∈ S, X ∈ Tp(S) and for every curve γ in S starting from p, the parallel displacement of
X along γ (with respect to ∇) is tangent to S. In particular, if S is auto-parallel, then ∇
induces, in a natural way, an affine connection ∇S on S.

The following facts are known from before.
(g1) Every auto-parallel submanifold of (M,∇) is totally geodesic.
(g2) If ∇ is torsion-free and S is any totally geodesic submanifold of (M,∇), then S is

auto-parallel, and so ∇ induces a natural affine connection ∇S on S.
(h) We say that (M,∇) is an affine locally symmetric space if for every p ∈ M, there

exists a normal neighborhood Up of p and an affine transformation σp : Up → Up which
transforms each point expp(v) ∈ Up into expp(−v). The map σp is called symmetry at
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p. Furthermore, if for every p ∈ M, the symmetry σp can be extended to a global affine
transformation of (M,∇), the space (M,∇) is said to be affine symmetric. We also say that a
space (M,∇) (affine locally symmetric or affine symmetric) is real analytic when both the
manifold M and the connection ∇ are real analytic. It is known that:

(h1) (M,∇) is an affine locally symmetric space if and only if the affine connection ∇
is torsion-free and ∇R = 0.

(h2) If (M,∇) is an affine symmetric space, then the connection ∇ is complete.
(h3) If (M,∇) is an affine locally symmetric space with M simply connected and ∇

complete, then necessarily, (M,∇) is an affine symmetric space.
From now on, we will always use the notations established before.
In the following proposition, we describe the properties of totally geodesic submani-

folds of a smooth manifold endowed with a torsion-free affine connection, also in terms of
the curvature operator.

Proposition 1. Let M be a smooth manifold endowed with a torsion-free affine connection ∇, and
let S be a totally geodesic submanifold of (M,∇) passing through p . Let ∇S denote the connection
induced by ∇ on S.

(a) We have ΩS
p ⊂ Ωp, and expS

p agrees with the restriction of the map expp to ΩS
p.

(b) For every m ≥ 0 and for every X1, X2, · · · , Xm+2, Xm+3 ∈ Tp(S), we have
(∇mR)(X1, X2, · · · , Xm+2, Xm+3) ∈ Tp(S).

(c) Let U be any neighborhood of 0p in Tp(S) such that U ⊂ ΩS
p. Then N := expS

p(U) is a
neighborhood of p in S, and we have U ⊂ Ωp, N = expp(U).

(d) Suppose that ∇ is the Levi-Civita connection of any Riemannian metric on M. If the
totally geodesic submanifold S is connected and complete, then we have Tp(S) ⊂ Ωp and
S = expp(Tp(S)).

Proof. (a) Let v ∈ ΩS
p, and let (α, β) be the domain of the maximal geodesic γ S

(p,v) so that

1 ∈ (α, β). Since S is totally geodesic in (M,∇), the path γ S
(p,v) is also a geodesic of (M,∇),

so the domain of the maximal geodesic γ(p,v) contains the interval (α, β), and γ(p,v) agrees
with γ S

(p,v) on (α, β). Hence v ∈ Ωp and expS
p(v) = γ S

(p,v)(1) = γ(p,v)(1) = expp(v).
This proves part (a).
(b) Since S is totally geodesic in (M,∇), we have ∇S

XY = ∇XY for every pair of tangent
vector fields X, Y of S. From this, it is easy to get (∇mRS)(X1, X2, · · · , Xm+2, Xm+3) =

(∇mR)(X1, X2, · · · , Xm+2, Xm+3) for every m ≥ 0 and every X1, · · · , Xm+3 ∈ Tp(S). This
implies part (b).

(c) Clearly, N contains at least one normal neighborhood of p in (S,∇S), so it is a
neighborhood of p in S. From (a), we get U ⊂ ΩS

p ⊂ Ωp and N = expS
p(U) = expp(U).

This proves part (c).
(d) Since S is connected and complete, we get ΩS

p = Tp(S) and expS
p(Tp(S)) = S

(see [13] Thm. 4.2, p. 172). Hence, part (c) implies that Tp(S) ⊂ Ωp and S = expp(Tp(S)).
Therefore, the proof is complete.

The following corollary describes the uniqueness of totally geodesic submanifolds
under some assumptions.

Corollary 1. Let p be a common point of two totally geodesic submanifolds S, R of a manifold M
endowed with a torsion-free affine connection ∇, and suppose Tp(S) = Tp(R).

(a) The set expp(Ω
S
p ∩ ΩR

p ) is a p -star-shaped neighborhood of p in both S and R.
(b) If ∇ is the Levi-Civita connection of any Riemannian metric on M, and both S and R are

connected and complete, then we necessarily have S = R.
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Proof. The set ΩS
p ∩ ΩR

p is open and star-shaped (with respect to 0p) in Tp(S) = Tp(R), so
from Proposition 1 (c), the set expp(Ω

S
p ∩ ΩR

p ) is a p -star-shaped neighborhood of p in both
S and R.

From Proposition 1 (d), we get Tp(S) = Tp(R) ⊂ Ωp, and also S = expp(Tp(S)) =

expp(Tp(R)) = R, from which part (b) follows.

3. The Cartan Theorem
This section is devoted to the proof of the main theorem.
We state some notations.
Let (M,∇) be a smooth manifold with a torsion-free affine connection, ∇. Let Np

be any normal neighborhood of the point p ∈ M. We denote by x1, · · · , xn the normal

coordinates on Np induced by a basis e1, · · · , en of Tp(M) and by ∂1 :=
∂

∂x1 , · · · , ∂n :=
∂

∂xn
the local frame on the tangent bundle of M induced by these coordinates. It is clear
that x1(p) = x2(p) = · · · = xn(p) = 0, and ∂1|p = e1, · · · , ∂n |p = en. We denote by

Γ h
ij , R h

ijk, R h
ijk ; l1··· lm the components, with respect to the coordinates x1, · · · , xn, of the affine

connection ∇, of the curvature tensor R , and of the m-th covariant derivative of R (m ≥ 1),
respectively. More explicitly, for every m ≥ 1 and every i, j, k, l1, · · · , lm ∈ {1, · · · , n}, we

set : ∇∂i
∂j :=

n
∑

h=1
Γ h

ij ∂h ; R(∂i, ∂j, ∂k) :=
n
∑

h=1
R h

ijk ∂h ; (∇mR)(∂i, ∂j, ∂k, ∂l1 , · · · , ∂lm) :=

n
∑

h=1
R h

ijk ; l1··· lm ∂h.

As is known, for all t ≥ 1 and i, j, k, h, l1, · · · , lt ∈ {1, · · · , n}, we have the following:

R h
ijk =

∂ Γ h
ik

∂xj −
∂ Γ h

jk

∂xi +
n

∑
r=1

(
Γ r

ikΓ h
jr − Γ r

jkΓ h
ir
)
; (1)

R h
ijk ; l1···lt =

∂R h
ijk ; l1···lt−1

∂xlt
+

n

∑
r=1

Γ h
r lt R

r
ijk ; l1···lt−1

(2)

−
n

∑
r=1

(
Γ r

i lt R
h
rjk ; l1···lt−1

+ Γ r
j lt R

h
irk ; l1···lt−1

+ Γ r
k lt R

h
ijr ; l1···lt−1

)
−

t−1

∑
v=1

n

∑
r=1

Γ r
lv lt R

h
ijk ; l1··· r

↑
v−th
place

··· lt−1
.

In (2), we agree that when t = 1, the last sum
t−1
∑

q=1

n
∑

r=1
( · · · ) does not appear, and the

term R h
ijk ; l1···lt−1

is equal to R h
ijk , for all indices i, j, k, h.

Subsequently, it will be convenient to set Γ h
ij , l1··· lm :=

∂ m Γ h
ij

∂xl1 · · · ∂xlm
(where m ≥ 1),

whatever the indices i, j, h, l1, · · · , lm ∈ {1, · · · , n} are.
As above in (2), we agree that when m = 0, any term of the form Γ h

ij , l1···lm reduces

to Γ h
ij , for all indices i, j, h. From now on, we will always use this agreement on the

coefficients R h
ijk ; l1···lt and Γ h

ij , l1···lm .
The following lemma is a useful tool for simplifying computations in the proof of the

main theorem.

Lemma 1. If x1, · · · , xn are normal coordinates on a normal neighborhood of p in (M,∇) and
the affine connection ∇ is torsion-free, then we have

(a) Γ h
ij(0, · · · , 0) = 0 , for every i, j, h ∈ {1, · · · , n};
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(b)
n
∑

i,j,l1,··· ,lm=1
Γ h

ij , l1··· lm(0, · · · , 0) vivjvl1 · · · vlm = 0, for every (v1, · · · , vn) ∈ Rn , where

h ∈ {1, · · · , n} and m ≥ 1 .

Proof. If we fix (v1, · · · , vn) ∈ Rn, the curve in (M,∇) which, in the coordinates x1, · · · , xn,
is expressed as x1 = tv1, · · · , xn = tvn is a geodesic for |t| small enough, i.e., the equations
d2xh

dt2 +
n
∑

i,j=1
Γ h

ij(tv
1, · · · , tvn)

dxi

dt
dxj

dt
=

n
∑

i,j=1
Γ h

ij(tv
1, · · · , tvn) vivj = 0 are satisfied, for every

h = 1, · · · , n and for every |t| small enough. Since ∇ is torsion-free, we have Γ h
ij = Γ h

ji .

Hence, for t = 0, we get 2
n
∑

1≤i<j≤n
Γ h

ij(0, · · · , 0) vivj +
n
∑

i=1
Γ h

ii (0, · · · , 0)(vi)2 = 0 , for

h = 1, · · · , n. Since these equations hold for every (v1, · · · , vn) ∈ Rn, from the identity
theorem for polynomials, we obtain (a).

If we differentiate m times with respect to t the identity
n
∑

i,j=1
Γ h

ij(tv
1, · · · , tvn) vivj = 0

and evaluate the result for t=0, we obtain (b).

The following theorem is essentially attributed to Elie Cartan, in the case where ∇ is
the Levi-Civita connection of a Riemannian metric on M [1].

Theorem 1. Let (M,∇) be a real analytic manifold with a torsion-free real analytic affine con-
nection. Let p ∈ M and V be a vector subspace of Tp(M) such that, for any m ≥ 0 and any
X1, X2, · · · , , Xm+3 ∈ V, we have (∇mR)(X1, X2, · · · , Xm+3) ∈ V. Consider any normal
neighborhood Np = expp(Ñp) of p in (M,∇) ; then expp(Ñp ∩ V) is a totally geodesic real
analytic submanifold of (M,∇) that passes through p and has V as its tangent space at p.

Proof. Let x1, · · · , xn be V-adapted real analytic normal coordinates on Np . So, we have
expp(Ñp ∩ V) = {q ∈ Np : xs+1(q) = · · · = xn(q) = 0}, where 1 ≤ s = dim V <

n = dim M. We now denote by A the subset of Rn defined as follows: A := {x :=
(x1, · · · , xs, 0, · · · , 0︸ ︷︷ ︸

n−s

) : x1, · · · , xs, 0, · · · , 0︸ ︷︷ ︸
n−s

are coordinates of some q ∈ Np}.

We also set 0 := (0, · · · , 0︸ ︷︷ ︸
n

). As usual, let Γ h
ij , R h

ijk, R h
ijk ; l1··· lm denote, respectively, the

components of ∇, R and ∇mR (m ≥ 1) with respect to the coordinates x1, · · · , xn. Using
the V-adapted normal coordinates x1, · · · , xn, the assumptions about R and its covariant
derivatives at the point p can be expressed in the following form:

(α1) R h
ijk(0) = 0 and R h

ijk ; l1··· lm(0) = 0, for every m ≥ 1, every h ∈ {s + 1, · · · , n},
and every i, j, k, l1, · · · , lm ∈ {1, · · · , s}.

Recalling Lemma 1 (a) and equalities (1) and (2), the conditions (α1) are equivalent to

(α2) Γ h
ik, j (0) = Γ h

jk, i (0),
∂R h

ijk

∂xl1
(0) = 0, and

∂R h
ijk ; l1··· lm−1

∂xlm
(0) = 0, for every m ≥ 2,

every i, j, k, l1, · · · , lm ∈ {1, · · · , s}, and every h ∈ {s + 1, · · · , n}.
To prove the theorem, it is sufficient to prove that Γ h

ij(x) = 0, for every x ∈ A, every

i, j ∈ {1, · · · , s}, and every h ∈ {s + 1, · · · , n}. By Lemma 1 (a), we have Γ h
ij(0) = 0 for

every i, j, h ∈ {1, · · · , n}. Since M and ∇ are real analytic, all functions Γ h
ij are real analytic

(with respect to x1, · · · , xs) on the connected set A. Hence, it suffices to prove the following:
(α3) Γ h

ij , l1··· lm(0) = 0 , for every m ≥ 1, every i, j, l1, · · · , lm ∈ {1, · · · , s}, and
every h ∈ {s + 1, · · · , n}.

We will prove the conditions (α3) in several steps.
(Step i) Fix an integer m ≥ 2. Suppose the following two conditions hold:

Γ c
ab , α1

(0) = Γ c
ab , α1α2

(0) = · · · = Γ c
ab , α1··· αm

(0) = 0 (3)
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for every a, b, α1, · · · , αm,∈ {1, · · · , s} and every c ∈ {s + 1, · · · , n};

∂ dR r
abc ; u1 ··· uz

∂xw1 · · · ∂xwd
(0) = 0, (4)

for every 1 ≤ d ≤ m − 1, every z ≥ 0, every r ∈ {s + 1, · · · , n}, and every
a, b, c, u1, · · · , , uz, w1, · · · , , wd ∈ {1, · · · , s}.

Fix any integer t ≥ 1, any i, j, k, l1, · · · , lt−1, lt, ζ1, · · · ζm ∈ {1, · · · , s}, and any
h ∈ {s + 1, · · · , n}. Then we assert that we have the following:

∂ m+1R h
ijk ; l1···lt−1

∂xlt ∂xζ1 · · · ∂xζm
(0) =

∂ mR h
ijk ; l1··· lt

∂xζ1 · · · ∂xζm
(0) = 0. (5)

Now, we will prove equality (5). Let q be an integer such that 1 ≤ q ≤ m.
Differentiating equality (2), with the same agreements used in (2), we obtain

the following:

∂ qR h
ijk ; l1··· lt

∂xζ1 · · · ∂xζq
=

∂ q+1R h
ijk ; l1···lt−1

∂xlt ∂xζ1 · · · ∂xζq
+

n

∑
r=1

∂ q(Γ h
r lt

R r
ijk ; l1···lt−1

)

∂xζ1 · · · ∂xζq
(6)

−
n

∑
r=1

[ ∂ q(Γ r
i lt

R h
rjk ; l1···lt−1

)

∂xζ1 · · · ∂xζq
+

∂ q(Γ r
j lt

R h
irk ; l1···lt−1

)

∂xζ1 · · · ∂xζq
+

∂ q(Γ r
k lt

R h
ijr ; l1···lt−1

)

∂xζ1 · · · ∂xζq

]

−
t−1

∑
v=1

n

∑
r=1

∂ q(Γ r
lv lt

R h
ijk ; l1··· r ···lt−1

)

∂xζ1 · · · ∂xζq
.

Any partial derivative
∂ q(Γ h

r lt
R r

ijk ; l1···lt−1
)

∂xζ1 · · · ∂xζq
(0) is a linear combination of terms of the

form Dβ(Γ h
r lt
) (0) · Dq−β(R r

ijk ; l1···lt−1
) (0) with 0 ≤ β ≤ q, where Dβ and Dq−β are suitable

partial derivatives of order β and q − β , respectively (with the agreement that D0( f ) = f ,
for any function f ).

Assume 1 ≤ r ≤ s. From Lemma 1 (a) and condition (1), we obtain Dβ(Γ h
r lt
) (0) = 0,

for every 0 ≤ β ≤ m , Thus, since q ≤ m, we conclude that

∂ q(Γ h
r lt

R r
ijk ; l1···lt−1

)

∂xζ1 · · · ∂xζq
(0) = 0, (7)

for every r ∈ {1, · · · , s} .
Similarly, the following equalities are also obtained:

∂ q(Γ r
i lt

R h
rjk ; l1···lt−1

)

∂xζ1 · · · ∂xζq
(0) =

∂ q(Γ r
j lt

R h
rjk ; l1···lt−1

)

∂xζ1 · · · ∂xζq
(0) (8)

=
∂ q(Γ r

k lt
R h

ijr ; l1···lt−1
)

∂xζ1 · · · ∂xζq
(0) =

∂ q(Γ r
lv lt

R h
ijk ; l1 ··· r ··· lt−1

)

∂xζ1 · · · ∂xζq
(0) = 0,

for every r ∈ {s + 1, · · · , n}.
Now assume s + 1 ≤ r ≤ n.
Since q − β ≤ m − 1, from (α1) and condition (4), we get Dq−β(R r

ijk ; l1···lt−1
) (0) = 0,

for every 1 ≤ β ≤ q, while when β = 0, we get Dβ(Γ h
r lt
) (0) = 0, from Lemma 1 (a).

In any case, we have Dβ(Γ h
r lt
) (0) · Dq−β(R r

ijk ; l1···lt−1
) (0) = 0, for every 0 ≤ β ≤ q.

So we conclude that
∂ q(Γ h

r lt
R r

ijk ; l1···lt−1
)

∂xζ1 · · · ∂xζq
(0) = 0, (9)
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for every r ∈ {1, · · · , s} . Similarly, we obtain the following:

∂ q(Γ r
i lt

R h
rjk ; l1···lt−1

)

∂xζ1 · · · ∂xζq
(0) =

∂ q(Γ r
j lt

R h
rjk ; l1···lt−1

)

∂xζ1 · · · ∂xζq
(0) (10)

=
∂ q(Γ r

k lt
R h

ijr ; l1···lt−1
)

∂xζ1 · · · ∂xζq
(0) =

∂ q(Γ r
lv lt

R h
ijk ; l1 ··· r ··· lt−1

)

∂xζ1 · · · ∂xζq
(0) = 0,

for every r ∈ {s + 1, · · · , n}. Therefore we conclude

∂ q+1R h
ijk ; l1···lt−1

∂xlt ∂xζ1 · · · ∂xζq
(0) =

∂ qR h
ijk ; l1··· lt

∂xζ1 · · · ∂xζq
(0), (11)

for any integer q such that 1 ≤ q ≤ m.
In particular, we have the following:

∂ m+1R h
ijk ; l1···lt−1

∂xlt ∂xζ1 · · · ∂xζm
(0) =

∂ mR h
ijk ; l1··· lt

∂xζ1 · · · ∂xζm
(0). (12)

If m = 1, from (α2) we obtain (5).
Note that (11) holds for any integer t ≥ 1 , any i, j, k, l1, · · · , lt−1, lt, ζ1, · · · ζm ∈

{1, · · · , s}, and any h ∈ {s + 1, · · · , n}.
Therefore, if m ≥ 2, from (11) (with q = m − 1 ≥ 1), and from condition (4), we

deduce the following:

∂ mR h
ijk ; l1··· lt

∂xζ1 · · · ∂xζm
(0) =

∂ m−1R h
ijk ; l1···ltζ1

∂xζ2 · · · ∂xζm
(0) = 0; (13)

Thus, (12) and (13) imply that condition (5) also holds for m ≥ 2.
(Step ii) Fix an integer m ≥ 0. When m ≥ 2, we assume that the following two

conditions hold:
∂ mR h

ijk

∂xζ1 · · · ∂xζm
(0) = 0, (14)

for every i, j, k, ζ1, · · · ζm ∈ {1, · · · , s}, and every h ∈ {s + 1, · · · , n};

Γ c
ab , α1

(0) = Γ c
ab , α1α2

(0) = · · · = Γ c
ab , α1··· αm−1

(0) = 0, (15)

for every a, b, α1, · · · , αm−1 ∈ {1, · · · , s} and every c ∈ {s + 1, · · · , n}.
Then we assert that, for any m ≥ 0 , we have Γ h

ik , j β1··· βm
(0) = Γ h

jk , i β1··· βm
(0), for

every i, j, k, β1, · · · βm ∈ {1, · · · , s}, and every h ∈ {s + 1, · · · , n}.
We now prove this statement. When m = 0, it follows from (α1) and Lemma 1 (a),

keeping in mind equality (1).
Now assume m ≥ 1. Differentiating equality (1), we get the following:

∂ mR h
ijk

∂xβ1 · · · ∂xβm
(0) = Γ h

ik , j β1··· βm
(0) − Γ h

jk , i β1··· βm
(0) + (16)

n

∑
r=1

[ ∂ m(Γ r
ikΓ h

jr)

∂xβ1 · · · ∂xβm
(0)−

∂ m(Γ r
jkΓ h

ir)

∂xβ1 · · · ∂xβm
(0)
]

.
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When m = 1, equality (16) becomes the following:

∂R h
ijk

∂xβ1
(0) = Γ h

ik , j β1
(0) − Γ h

jk , i β1
(0) + (17)

n

∑
r=1

(
Γ r

ik , β1
(0) Γ h

jr (0) + Γ r
ik (0) Γ h

jr , β1
(0)− Γ r

jk , β1
(0) Γ h

ir (0)− Γ r
jk (0) Γ h

ir , β1
(0)
)
.

Therefore the statement follows from (α2) and Lemma 1 (a).
Finally, let m ≥ 2. Consider equality (16) again.

Any partial derivative
∂ m(Γ r

ikΓ h
jr)

∂xβ1 · · · ∂xβm
(0) is a linear combination of terms of the form

Dβ(Γ r
ik) (0) · Dm−β(Γ h

jr) (0), with 0 ≤ β ≤ m. As in (Step i), and with the same agreements,
Dβ and Dm−β are suitable partial derivatives of order β and m − β, respectively. We have
Dβ(Γ r

ik) (0) = 0 for β = 0, and Dm−β(Γ h
jr) (0) = 0 for β = m, both by Lemma 1

(a). Meanwhile, for 1 ≤ β ≤ m − 1, by condition (3), we have Dβ(Γ r
ik) (0) = 0 with

r ∈ {s + 1, · · · , n}, and Dm−β(Γ h
jr) = 0 with r ∈ {1, · · · , s}. Therefore, for every integer

β ∈ [ 0, m ], we have Dβ(Γ r
ik) (0) · Dm−β(Γ h

jr) (0) = 0, and we obtain the following:

∂ m(Γ r
ikΓ h

jr)

∂xβ1 · · · ∂xβm
(0) = 0, (18)

for every r ∈ {1, · · · , n}, and similarly,

∂ m(Γ r
jkΓ h

ir)

∂xβ1 · · · ∂xβm
(0) = 0, (19)

for every r ∈ {1, · · · , n}. Therefore, from condition (14), we obtain the statement for m ≥ 2.
(Step iii) Let m ≥ 0. Assume that the following conditions hold:

Γ h
ik , j β1··· βm

(0) = Γ h
jk , i β1··· βm

(0), (20)

for every i, j, k, β1, · · · βm ∈ {1, · · · , s}, and every h ∈ {s + 1, · · · , n}.
Then necessarily , Γ h

ij , k β1··· βm
(0) = 0, for every i, j, k, β1, · · · βm ∈ {1, · · · , s}, and

every h ∈ {s + 1, · · · , n}.
First of all, we note that, after exchanging m with m + 1 and after setting vs+1 =

vs+2 = · · · = vn = 0, the conditions of part (b) of Lemma 1 become the following:

s

∑
i,j,l1,··· ,lm+1=1

Γ h
ij , l1··· lm+1

(0) vivjvl1 · · · vlm+1 = 0, (21)

for every (v1, · · · , vs) ∈ Rs, for every h ∈ {1, · · · , n}.
Clearly, the coefficients Γ h

ij , l1··· lm+1
(0) are symmetric with respect to the indices i, j

and with respect to the indices l1, · · · , lm+1 (for every fixed h ∈ {1, · · · , n}). Since
condition (20) holds, we deduce that, for every fixed h ∈ {s + 1, · · · , n}, the coefficients
Γ h

ij , l1··· lm+1
(0) are symmetric with respect to all indices i, j, l1, · · · , lm. Therefore, from (21)

and from the identity theorem for polynomials, we obtain Γ h
ij , l1··· lm+1

(0) = 0, for every
i, j, l1, · · · lm+1 ∈ {1, · · · , s}, and every h ∈ {s + 1, · · · , n}. That is what we wanted
to prove.

(Step iv) We assert that, for every integer m ≥ 1, the following two conditions hold:

Γ c
ab , α1

(0) = Γ c
ab , α1α2

(0) = · · · = Γ c
ab , α1··· αm

(0) = 0, (22)
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for every a, b, α1, · · · , αm,∈ {1, · · · , s}, and every c ∈ {s + 1, · · · , n}; when m ≥ 2, we have

∂ dR r
abc ; u1 ··· uz

∂xw1 · · · ∂xwd
(0) = 0, (23)

for every 1 ≤ d ≤ m − 1, every z ≥ 0, every r ∈ {s + 1, · · · , n}, and every
a, b, c, u1, · · · , , uz, w1, · · · , , wd ∈ {1, · · · , s}.

If m = 1, the above conditions follow from (Step ii) and (Step iii) (both for m = 0).
If m = 2, we obtain the same condition again from (Step ii) and (Step iii) (both for

m = 1) and from (α2).
We will now prove the statement by induction on the integer m ≥ 2.
Therefore, assuming that conditions (1) and (2) are true for m ≥ 2, we will prove that

they are also true for the next integer m + 1.
In fact, from (Step i), conditions (22) and (23) imply

∂ m+1R h
ijk ; l1···lt−1

∂xlt ∂xζ1 · · · ∂xζm
(0) =

∂ mR h
ijk ; l1··· lt

∂xζ1 · · · ∂xζm
(0) = 0, (24)

for any integer t ≥ 1, any i, j, k, l1, · · · , lt−1, lt, ζ1, · · · ζm ∈ {1, · · · , s}, and any h ∈
{s + 1, · · · , n}. In particular, condition (23) also holds for the integer m + 1. Furthermore,
from (Step ii) and (Step iii), it can be deduced that, for the integer m + 1, condition (22)
also holds. Therefore, the statement in (Step iv) is fully proven.

Clearly, (Step iv) implies condition (20), and as already noted, this is sufficient to
prove Theorem 1.

The following proposition describes totally geodesic submanifolds of a real analytic
affine locally symmetric space, with a given tangent space at a point, under assumptions
on the curvature operator.

Proposition 2. Let (M,∇) be a real analytic affine locally symmetric space. Let p be a point of M,
let Np = expp(Ñp) be a normal neighborhood of p in (M,∇), and let V be a vector subspace of

Tp(M) such that we have R(X, Y, X) ∈ V for every X, Y ∈ V. Then expp(Ñp ∩ V) is a totally
geodesic real analytic submanifold of (M,∇) that passes through p and has V as its tangent space
at p.

Proof. From (h1) in the Preliminaries, the affine connection ∇ is torsion-free, and ∇R = 0.
Therefore, by Theorem 1, it is sufficient to prove that we have R(X, Y, Z) ∈ V for every
X, Y, Z ∈ V. Let X, Y, Z be arbitrary vectors of V. From the hypotheses, we obtain R(X +

Z, Y, X + Z) = R(Z, Y, Z) + R(X, Y, Z) + R(Z, Y, X) + R(X, Y, X) ∈ V or equivalently the
following (always keeping the hypotheses in mind) :

R(X, Y, Z) + R(Z, Y, X) ∈ V. (25)

From Bianchi’s first identity, we have R(Z, Y, X) = −R(X, Z, Y) − R(Y, X, Z), so
we get

R(Z, Y, X) = −R(X, Z, Y) + R(X, Y, Z). (26)

Consequently, from (25) and (26), we obtain the following:

2 R(X, Y, Z)− R(X, Z, Y) ∈ V, (27)

or equivalently,
4 R(X, Y, Z)− 2 R(X, Z, Y) ∈ V. (28)
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By exchanging the vectors Y and Z in (27), we get the following:

2 R(X, Z, Y)− R(X, Y, Z) ∈ V. (29)

Finally, adding the terms of (28) and (29), we get 3 R(X, Y, Z) ∈ V or equivalently
R(X, Y, Z) ∈ V. This concludes the proof.

4. Some Consequences
In this section, we describe some applications of previous results.
The following lemma describes the local properties of the set of fixed points of

affine transformations of a real analytic manifold endowed with a torsion-free real
analytic connection.

Lemma 2. Let (M,∇) be a real analytic manifold with a torsion-free real analytic affine connection.
Consider an affine transformation f of (M,∇) and any fixed point p of f . Then there exists
a normal neighborhood Np = expp(Ñp) of p in (M,∇) such that we have Np ∩ Fix( f ) =

expp(Ñp ∩ Ep(1)), where Ep(1) is the eigenspace relative to the eigenvalue 1 of the differential
map f∗ : Tp(M) → Tp(M).

Proof. Choose a normal neighborhood Np = expp(Ñp) of p in (M,∇) such that there
exists a neighborhood N0 of the zero vector of Tp(M) satisfying the following conditions :

(i) f∗(Ñp) and Ñp are both contained in N0 ;
(ii) expp(N0) is a normal neighborhood of p in (M,∇).

If q ∈ Np ∩ Fix( f ) , then f (q) = q, and q = expp(v) where, v ∈ Ñp. Since f is an affine
transformation, we have expp( f∗(v)) = f (expp(v)) = f (q) = q = expp(v). From (i), both
vectors v and f∗(v) belong to N0 , while from (ii), the restriction of the map expp to N0 is

injective. Consequently we have f∗(v) = v, and so q ∈ expp(Ñp ∩ Ep(1)).

Conversely, if q = expp(v) with v ∈ Ñp ∩ Ep(1), then we have f (q) = f (expp(v)) =

expp( f∗(v)) = expp(v) = q. Finally q ∈ exp(Ñp) ∩ Fix( f ) = Np ∩ Fix( f ), and the proof
is complete.

The following proposition describes the global properties of the set of fixed points
of an affine transformation of a real analytic manifold endowed with a torsion-free real
analytic connection. In particular, it provides examples of totally geodesic submanifolds.

For the analogous result in the particular case of the Levi-Civita connection of a
Riemannian manifold, see [6] [Lemma 2.1]. Furthermore, a complete description of the set
of fixed points of all isometries of the Riemannian manifold (Pn, g) of symmetric positive
definite real matrices of order n (endowed with the trace metric g) can be found in [15,16].

Proposition 3. Let (M,∇) be a real analytic manifold with a torsion-free real analytic affine
connection, and let f be an affine transformation of (M,∇). Then every connected component
S of Fix( f ) is a totally geodesic real analytic submanifold of (M,∇). Furthermore, if the affine
connection ∇ is complete, then the induced affine connection ∇S is also complete.

Proof. Let S be a connected component of Fix( f ), and let p ∈ S. From Lemma 2, there
is a normal neighborhood Np = expp(Ñp) of p in (M,∇) such that Np ∩ Fix( f ) =

expp(Ñp ∩ Ep(1)), where Ep(1) = {u ∈ Tp(M) : f∗(u) = u}. In particular, Np ∩ Fix( f ) is

connected. Since S is a connected component of Fix( f ), we get Np ∩ S = expp(Ñp ∩ Ep(1)).
This implies that Np ∩ S is a real analytic submanifold of M whose dimension is equal
to the dimension of the eigenspace Ep(1). The arbitrariness of p ∈ S and the connect-
edness of S imply that the dimension of Ep(1) is independent of p ∈ S. We conclude
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that S is a real analytic submanifold of M whose dimension is equal to the dimension of
Ep(1) (where p is an arbitrary point of S). Moreover, we have Tp(S) = Ep(1) . Now
let m ≥ 0 and X1, X2, · · · , Xm+3 ∈ Tp(S) = Ep(1). Since f is an affine transforma-
tion, we have f∗

(
(∇mR)(X1, X2, · · · , Xm+3)

)
= (∇mR)( f∗(X1), f∗(X2), · · · , f∗(Xm+3)) =

(∇mR)(X1, X2, · · · , Xm+3). Therefore , (∇mR)(X1, X2, · · · , Xm+3) ∈ Ep(1) = Tp(S) . From
Theorem 1, we conclude that Np ∩ S = expp(Ñp ∩ Ep(1)) is a totally geodesic real analytic
submanifold of (M,∇) . Therefore S is totally geodesic at every point p ∈ S, and so the real
analytic submanifold S is totally geodesic in (M,∇).

Now suppose that ∇ is complete, so Tp(S) = Ep(1) ⊆ Tp(M) = Ωp, i.e., the map
expp is defined at every point of Ep(1). Since f (p) = p and f ◦ expp = expp ◦ f∗, we
deduce that expp

(
Ep(1)

)
is a connected subset of Fix( f ) containing p. So expp

(
Ep(1)

)
=

expp
(
Tp(S)

)
⊆ S. Hence, for every v ∈ Tp(S) and every t ∈ R, we have expp(tv) =

γ(p,v)(t) ∈ S. Consequently, γ(p,v)(t) is also a geodesic of (S,∇S) which is defined for all
t ∈ R, and so Tp(S) = ΩS

p, i.e., expS
p is defined on the entire tangent space Tp(S) = Ep(1).

Since p is an arbitrary point of S, it follows that the connection ∇S is complete.

The following proposition provides local totally geodesic real analytic submanifolds
of a real analytic affine locally symmetric space, with a tangent space at a fixed point of an
affine transformation f equal to the eigenspace of the −1 eigenvalue of f∗.

Proposition 4. Let (M,∇) be a real analytic affine locally symmetric space, f be an affine
transformation of (M,∇), p be a fixed point of f , and Np = expp(Ñp) be a normal neighborhood

of p in (M,∇). Let Ep(−1) := {v ∈ Tp(M) : f∗(v) = −v}. Then expp
(

Ñp ∩ Ep(−1)
)

is a
totally geodesic real analytic submanifold of (M,∇) passing through p and with Ep(−1) as its
tangent space at p.

Proof. By Proposition 2, we need to prove that we have R(u, v, u) ∈ Ep(−1) for every
u, v ∈ Ep(−1). Let u, v ∈ Ep(−1), so f∗(u) = −u and f∗(v) = −v. Since f is an affine
transformation, we have f∗

(
R(u, v, u)

)
= R

(
f∗(u), f∗(v), f∗(u)

)
= R(−u,−v,−u) =

−R(u, v, u). Therefore R(u, v, u) ∈ Ep(−1), and so the proposition is proven.

The results given above can be applied within Lie algebra, and it follows in the
next remark.

Remark 1. Let G be a connected smooth Lie group, with identity e and Lie algebra g ∼= Te(G).
Denote by ∇0 the classical 0−connection of Cartan–Schouten on G which is defined on left-invariant
vector fields X, Y by the following formula :

∇0
XY = 1

2 [X, Y]. The following facts are well known.
(a) (G,∇0) is an affine symmetric space; left and right translations and the inverse map

J : g 7→ g−1 are affine transformations of (G,∇0), while the curvature R0 of ∇0 is given at the
identity e by the formula R0(u, v, w) = 1

4
[
[u, v], w

]
for every u, v, w ∈ Te(G) ∼= g (see, for

example, [17] (pp. 148, 549–550).
(b) If h is any smooth bi-invariant semi-Riemannian metric on G, then the Levi-Civita

connection of (G, h) is always the 0-connection of Cartan–Schouten ∇0 (see again [17] (pp. 148,
549–550)). Therefore, (G, h) is a (complete) symmetric semi-Riemannian manifold.

(c) The smooth Lie group G inherits a natural real analytic structure (compatible with the
C∞-structure of G) that makes it a real analytic Lie group. With respect to this real analytic
structure, the 0−connection of Cartan–Schouten ∇0 is real analytic.
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The following proposition describes totally geodesic submanifolds of a connected Lie
group endowed with the 0-connection of Cartan–Schouten, with an assigned tangent space
at the identity.

Proposition 5. Let G be a connected Lie group with identity e, and denote by ∇0 the 0−connection
of Cartan–Schouten of G. Let Ne = expe(Ñe) be a normal neighborhood of e in (G,∇0) and
V be a vector subspace of Te(G) such that we have

[
[u, v], u

]
∈ V for every u, v ∈ V. Then

expe(Ñe ∩ V) is a totally geodesic submanifold of (G,∇0) passing through e and with V as its
tangent space at e.

Proof. The statement follows directly from Proposition 2 and Remark 1 (a) and (c).

Remark 2. We say that a Riemannian manifold (M, g) is a Hadamard manifold if it is simply
connected and complete with non-positive sectional curvature everywhere. Recall that the well-
known Cartan–Hadamard Theorem states that if (M, g) is any Hadamard manifold, then for
every p ∈ M, the exponential map expp is defined on the entire tangent space Tp(M) and is a
diffeomorphism from Tp(M) onto M. Consequently, the entire Hadamard manifold M is a normal
neighborhood (with respect to the Levi-Civita connection of g) of any of its point p. Furthermore, it
is clear that if (M, g) is real analytic, then its Levi-Civita connection is also real analytic.

In the following proposition, we consider a real analytic Hadamard manifold with
the Levi-Civita connection, and we prove that under assumptions on the curvature, there
exists a unique and totally geodesic submanifold with assigned tangent space at a point.

Proposition 6. Let (M, g) be a real analytic Hadamard manifold with ∇ as a Levi-Civita connec-
tion. Let p be a point of M and V be a subspace of Tp(M). We denote by expp : Tp(M) → M the
exponential map of (M, g) at the point p. Then:

(a) There exists a connected complete totally geodesic submanifold S of (M, g) such that p ∈ S
and Tp(S) = V if and only if, for every integer m ≥ 0 and every X1, · · · , Xm+3 ∈ V, we have
(∇mR)(X1, · · · , Xm+3) ∈ V;

(b) If such a submanifold S exists, it is unique, and we have S = expp(V), and S, endowed
with the metric induced by g, is a real analytic Hadamard manifold.

Proof. The necessity of the conditions expressed in part (a) is a consequence of
Proposition 1 (b). Conversely, if these conditions are satisfied, then Theorem 1 and
Remark 2 imply the existence of a totally geodesic real analytic submanifold S of (M, g)
such that p ∈ S, Tp(S) = V, and expp(V) = S. As in the proof of Proposition 3, we
can easily deduce that the exponential map expS

p is defined on the entire tangent space
Tp(S) = V. This is sufficient to conclude that the Riemannian submanifold S is complete
(see [13] Cor. 4.3, p. 175). The map expp |V

is a diffeomorphism from V onto S = expp(V),

since it is the restriction to V of the diffeomorphism expp from Tp(M) onto M. Hence S
is simply connected. Since S is totally geodesic in (M, g), all the sectional curvatures of
the Riemannian submanifold S are equal to the respective sectional curvatures of (M, g)
and are therefore non-positive. Therefore, the Riemannian submanifold S is a Hadamard
manifold. Finally, the uniqueness of the submanifold S follows from Corollary 1 (b). This
concludes the proof.

Remark 3. A more general but much more complicated version of Proposition 6, in the smooth
Riemannian case, has been proven by R. Hermann [18].
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We note that for an arbitrary torsion-free affine connection, the classical Cartan–
Hadamard Theorem does not hold; however, the proof of Proposition 6 allows us to
state the following.

Proposition 7. Let (M,∇) be a real analytic manifold with a torsion-free real analytic affine
connection. Suppose that there exists p ∈ M such that the exponential map expp is defined on
the entire tangent space Tp(M) and is a diffeomorphism from Tp(M) onto M. Let V be a vector
subspace of Tp(M) such that, for every integer m ≥ 0 and every X1, X2, · · · , Xm+3 ∈ V, we
have (∇mR)(X1, X2, · · · , Xm+3) ∈ V. Then there exists a simply connected totally geodesic real
analytic submanifold S of (M,∇) such that p ∈ S and Tp(S) = V. Furthermore, we have
S = expp(V).

In order to describe examples to which Proposition 7 can be applied, we remark that,
recently, a Cartan–Hadamard-type theorem has been proven for a class of statistical mani-
folds, precisely for statistical manifolds with cubic forms divisible by the metric [2]. Further
generalizations of the Cartan–Hadamard Theorem, which allow us to apply Proposition 7,
can be found in [19,20].

The following Example 1 allows us to obtain geodesic triangles that are not contained
in any two-dimensional totally geodesic submanifold of the ambient manifold.

Example 1. We remark that in the case of the Heisenberg group H3, following [5], we can easily
verify that, given a left-invariant metric g on H3, there exist an orthonormal basis of the Lie algebra
of H3, {E1, E2, E3}, and a positive constant c, such that the Riemann curvature tensor R of (H3, g)
satisfies R(E1, E3)E1 = − 1

4 c2E2. Therefore, the condition of Theorem 1 is not satisfied (when
m = 0) for the triplet E1, E3, E1; this implies that there is no two-dimensional totally geodesic
submanifold of (H3, g) containing the geodesic triangle with vertices I3 , exp(E1), and exp(E3)

(where I3 is the identity of H3). Actually, much more can be said: it has been proven that in (H3, g),
there are no two-dimensional totally geodesic submanifolds [5].

Many examples of geodesic triangles that are not contained in any two-dimensional
totally geodesic submanifold can be constructed by using the next Proposition 8 that we
are about to prove. First we need to recall some known facts about the manifold (P2, g) of
symmetric positive definite real square matrices of order 2, endowed with the trace metric g.

We will denote by I2 :=

(
1 0
0 1

)
∈ P2 the identity matrix of order two, by Sym 2 the space

of symmetric 2 × 2 real matrices, and by [ , ] the usual commutator of two square matrices.
The known properties we will use are as follows:
(i) (P2, g) is a real analytic symmetric Hadamard manifold.
(ii) At point I2 ∈ P2, we have : TI2(P2) = Sym 2 and also gI2

(X, Y) = trace (XY),
RI2

(X, Y, Z) = 1
4 · [[X, Y], Z], gI2

(
R(X, Y, Z), W

)
= 1

4 · trace
(
[X, Y] · [Z, W]

)
, for every

X, Y, Z, W ∈ TI2(P2) = Sym 2. Furthermore, the Riemannian exponential map of (P2, g) at
I2 is the matrix exponential map exp : Sym 2 → P2.

(iii) The map (A, X) 7→ ΓA(X) := AXAT (for A ∈ GL2(R) and X ∈ P2) defines a
transitive isometric action of the general linear group GL2(R) on (P2, g).

(iv) For every c > 0, the set P2(c) := {Q ∈ P2 : det(Q) = c} is a two-dimensional
simply connected complete totally geodesic submanifold of (P2, g), and for every
A ∈ GL2(R), we have ΓA

(
P2(c)

)
= P2( c · det(A)2).

(v) The maximal geodesics of (P2, g) starting from I2 are exactly the paths of the
form γ(I2,X)(t) := exp(t X) (t ∈ R) where X ∈ Sym 2, so the maximal geodesics of (P2, g)
are exactly the maps t 7→ γA

(
exp(t X)

)
= A exp(t X)AT (t ∈ R) where X ∈ Sym 2

and A ∈ GL2(R). We say that a non-constant maximal geodesic t 7→ γA
(

exp(t X)
)

is
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non-vertical when X ̸= λI2 for all λ ∈ R \ {0}, while it is said to be vertical when X = λI2

for some λ ∈ R \ {0}; clearly, a maximal geodesic is vertical if and only if its image is a
half-line of the form R+ · Q := {t Q : t ∈ R, t > 0}, for some fixed Q ∈ P2.

(vi) We finally say that a set C ⊂ P2 is a vertical geodesic cylinder if there exists
a non-vertical and non-constant maximal geodesic α(t′) of (P2, g) such that we have
C = {t · α(t′) : t, t′ ∈ R, t > 0}; in other words, any vertical geodesic cylinder is the
union of the vertical maximal geodesics passing through all the points of the image of a
non-vertical maximal geodesic of (P2, g). Clearly, for each A ∈ GL2(R), the isometry ΓA

maps every vertical geodesic cylinder onto a vertical geodesic cylinder.
For details and further information, see, for example, [16,21].

Proposition 8. The two-dimensional connected complete totally geodesic submanifolds of (P2, g)
are exactly all vertical geodesic cylinders and all submanifolds of the type P2(c) = {Q ∈ P2 :
det(Q) = c}, with c > 0. Furthermore, every vertical geodesic cylinder is isometric to the
Euclidean plane, while, for any c > 0, the Riemannian submanifold P2(c) is isometric to the
hyperbolic plane of curvature − 1

2 .

Proof. Keeping in mind the previous properties (iv), (v), and (vi), it is clear that it is
sufficient to prove the following two statements (a) and (b) :

(a) The two-dimensional connected complete totally geodesic submanifolds of (P2, g)
passing through the identity I2 are exactly all sets of the form CB := {s · exp(t B) : s, t ∈
R, s > 0} with B ∈ Sym 2 and B ̸= λI2 for every λ ∈ R, in addition to the set P2(1);

(b) Each set CB of condition (a) is a two-dimensional Hadamard manifold with constant
curvature equal to zero, while the Riemannian submanifold P2(1) has constant curvature
equal to − 1

2 .
Let us therefore prove conditions (a) and (b).
From Proposition 6 and properties (i) and (ii), we deduce that the two-dimensional

connected complete totally geodesic submanifolds of (P2, g) passing through the identity
I2 are exactly all sets of the form S = exp(V), where V is a two-dimensional subspace of
Sym 2 such that

[[X, Y], Z] ∈ V for every X, Y, Z ∈ V. (30)

Now, fix any two-dimensional subspace V of Sym 2 and any orthonormal basis E, F of
V (with respect to gI2

). Note that the 2 × 2 matrix [E, F] is skew-symmetric; consequently,

we have [E, F] = µ ·
(

0 −1
1 0

)
for some µ ∈ R. Remembering property (ii), we get

that the sectional curvature K(V) of the section V is K(V) = gI2

(
R(E, F, E), F

)
=

1
4 · trace

(
[E, F]2

)
= 1

4 · trace
(

µ2 ·
(

0 −1
1 0

)2)
= −µ2

2
. Therefore, we have K(V) = 0 if

and only if XY = YX for every X, Y ∈ V. Note that the latter condition is equivalent to
the condition I2 ∈ V, since the codimension of V in Sym 2 is equal to 1.

First, assume that K(V) = 0. So, if B ∈ V is not a multiple of I2 , then {I2, B} is a
basis of the vector space V. Furthermore, obviously V satisfies condition (30). Therefore,
we conclude that the set CB := exp(V) = {exp(x I2 + y B) : x, y ∈ R} is a simply connected
complete totally geodesic submanifold of (P2, g). Furthermore, since I2 and B commute,
we have exp(x I2 + y B) = exp(x I2) · exp(y B) = ex · exp(y B), for every x, y ∈ R. Hence ,
CB = {t · exp(y B) : t, y ∈ R, t > 0}. Since the map y 7→ exp(y B) is an arbitrary non-
vertical maximal geodesic of (P2, g) starting from I2, the submanifold CB is an arbitrary
vertical geodesic cylinder passing through I2. Furthermore, since CB is a connected complete
totally geodesic submanifold of the symmetric Hadamard manifold (P2, g), then CB is also

https://doi.org/10.3390/axioms15060442

https://doi.org/10.3390/axioms15060442


Axioms 2026, 15, 442 16 of 17

symmetric, and its curvature at the point I2 is K
(
TI2(CB)

)
= K(V) = 0. It follows that the

curvature of CB is zero at every point.

Now, assume that K(V) = −µ2

2
̸= 0, where V :=

{(x y
y z

)
∈ Sym 2 : αx + βy +

γz = 0
}

(for some α, β, γ ∈ R, α2 + β2 + γ2 > 0), while µ is the non-zero constant

defined by the equality [E, F] = µ ·
(

0 −1
1 0

)
(with {E, F} arbitrary orthonormal basis

of V). Assume that condition (30) holds. The matrix H1 :=

(
γ 0
0 −α

)
belongs to V,

and so the matrix [[E, F], H1] = µ(α + γ) ·
(

0 1
1 0

)
also belongs to V. The hypothesis

K(V) ̸= 0 implies that I2 does not belong to V, and consequently α + γ ̸= 0. This implies

that β = 0. Therefore, the matrices H2 :=

(
0 1
1 0

)
, [[E, F], H2] = 2µ ·

(
−1 0

0 1

)
also

belong to V, and this implies that α = γ; hence the space V is necessarily equal to

V0 :=
{(x y

y z

)
∈ Sym 2 : x + z = 0

}
= {x ∈ Sym 2 : trace (X) = 0 }. Conversely,

the vector space V0 = {x ∈ Sym 2 : trace (X) = 0 } clearly satisfies condition (30).
Remembering the identity det

(
exp(X)

)
= etrace (X), we conclude that, in the case where

K(V) ̸= 0 , we obtain only the submanifold exp(V0) = P2(1) = {Q ∈ P2 : det(Q) = 1}.

An orthonormal basis of V0 is given by
{

E0 := 1√
2
·
(
−1 0

0 1

)
, F0 := 1√

2
·
(

0 1
1 0

)}
, and

a simple calculation shows that [E0, F0] =

(
0 −1
1 0

)
. So, for the subspace V0 , the constant

µ is equal to 1; this implies that K(V0) = − 1
2 . Arguing as before, we conclude that the

curvature of P2(1) is constant and equal to − 1
2 .

Therefore, statements (a) and (b) are fully proven.

Taking into account that two symmetric real matrices commute if and only if their
exponential matrices commute, from Proposition 8 (and its proof), the following can be
easily deduced.

Corollary 2. Let P, Q ∈ P2, and suppose that the three points I2, P, Q do not lie on any geodesic
of (P2, g). Then the geodesic triangle with vertices I2, P, Q is contained in a two-dimensional totally
geodesic submanifold of (P2, g) if and only if PQ = QP or det(P) = det(Q) = 1.
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