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Motivated by the problem of detecting a change in the evolution of a network, we consider the preferential
attachment random graph model with a time-dependent attachment function. Our goal is to detect whether the
attachment mechanism changed over time, based on a single snapshot of the network and without directly observable
information about the dynamics. We cast this question as a hypothesis testing problem, where the null hypothesis
is a preferential attachment model with a constant affine attachment parameter 𝛿0, and the alternative hypothesis
is a preferential attachment model where the affine attachment parameter changes from 𝛿0 to 𝛿1 at an unknown
changepoint time 𝜏𝑛. For our analysis we focus on the regime where 𝛿0 and 𝛿1 are fixed, and the changepoint
occurs close to the observation time of the network (i.e., 𝜏𝑛 = 𝑛 − 𝑐𝑛𝛾 with 𝑐 > 0 and 𝛾 ∈ (0, 1)). This corresponds
to a rather relevant scenario where we aim to detect the changepoint shortly after it has happened. We present two
tests based on the number of vertices with minimal degree, and show that these are asymptotically powerful when
1
2 < 𝛾 < 1. We conjecture that any test based on the final network snapshot will be powerless when 𝛾 < 1

2 . The
first test we propose requires knowledge of 𝛿0. The second test is significantly more involved, and does not require
the knowledge of 𝛿0 while still achieving the same asymptotic performance guarantees. Furthermore, we prove
that the test statistics for both tests are asymptotically normal, allowing for accurate calibration of the tests. This is
demonstrated by numerical experiments, that also illustrate the finite sample test properties.
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1. Introduction

One of the most celebrated successes of complex network theory has been the recognition that simple
dynamical random graph models with local connection rules are able to successfully explain impor-
tant macroscopic features observed in real-world networks. The preferential attachment model and its
generalizations are perhaps the most successful of such models. Barabási and Albert [5] proposed this
model to explain the occurrence of power-law degree sequences, which are often observed in real-world
networks such as the world wide web [1,12] or internet [22], biological networks [23,26,29], collab-
oration networks of movie actors [2,24], and citation networks [6,30,33,38]. Furthermore, the typical
distance between vertices in the preferential attachment model is small [19] (see also [36, Chapter 8]
and references therein). This is called the small-world phenomenon [40,41].

The preferential attachment model considers the entire evolution of a network by adding vertices
one by one using a simple preferential attachment rule. Informally, as new vertices are added to
the graph, they are more likely to attach to vertices that already have a large degree, hence further
increasing the degree of these vertices. This formalism essentially creates a paradigm where “the rich
get richer”, which is often invoked to explain the wide-spread inequality in socio-economic contexts
[32]. Accordingly, the degree of the oldest vertices grows as new vertices attach to the graph. On the

1350-7265 © 2026 ISI/BS

https://www.bernoullisociety.org/index.php/publications/bernoulli-journal/bernoulli-journal
https://doi.org/10.3150/25-BEJ1935
https://orcid.org/0000-0001-8431-0636
https://orcid.org/0000-0003-4398-0718
https://orcid.org/0000-0003-1331-9697
mailto:gianmarco.bet@unifi.it
mailto:kaybogerd@hotmail.com
mailto:rmcastro@tue.nl
mailto:r.w.v.d.hofstad@tue.nl


1854 Bet, Bogerd, Castro and van der Hofstad

other hand, the degree of the last few vertices to join is typically quite small. Since its introduction in
[5], the preferential attachment model has received a tremendous amount of attention thanks to its early
explanatory successes. The structural properties of the model are investigated formally in [10,11], see
also [35,36] for a detailed overview on this model and many of its properties.

In our work we are interested in situations where the growth dynamics of the network do not remain
constant over time, but undergoes a change at some point. This captures a situation where a major
event could cause a change in the subsequent evolution of the network. To model this, we consider
a time-inhomogeneous affine preferential attachment model, where a new vertex 𝑣𝑡 that enters the
graph at time 1 ≤ 𝑡 ≤ 𝑛 connects to a pre-existing vertex with degree 𝑘 with probability proportional to
𝑓 (𝑘) = 𝑘 + 𝛿(𝑡). We consider the hypothesis testing problem where 𝛿(𝑡) = 𝛿0 remains constant under
the null hypothesis, whereas under the alternative the affine attachment parameter 𝛿(𝑡) changes from 𝛿0
to 𝛿1 at an unknown moment 𝜏𝑛, called a changepoint. For our work we are particularly interested in
scenarios where the change occurs very late, and affects only a very small part of the graph. Specifically,
in the regime we are interested in, the changepoint has the form 𝜏𝑛 = 𝑛 − 𝑐𝑛𝛾 with 𝑐 > 0 and 𝛾 ∈ (0,1),
as explained in Section 2. From a practical standpoint this is the most relevant regime, particularly when
one wants to detect the change as quickly as possible.

1.1. Related work

Our work nicely complements earlier results [4,8] that focus on the detection of a changepoint in the
setting of preferential attachment trees, where every vertex that enters the graph connects to 𝑚 = 1 other
vertices. There are, however, some important differences. First, our results consider the more general
case of preferential attachment graphs, where vertices may enter the graph with 𝑚 ≥ 1 edges. The other
difference is that we focus on a late changepoint 𝜏𝑛 = 𝑛− 𝑐𝑛𝛾 , whereas [4,8] focus on a changepoint that
happens at a linear time O(𝑛) or even o(𝑛). Thus, in our setting a much smaller number of vertices enter
the graph after the changepoint, making it harder to detect. Moreover, in practice one desires to detect
changes as quickly as possible, further justifying the focus on late changepoints. From the moment a
pre-print of our work appeared on arXiv further progress on the late changepoint detection problem
has been made first in [27], and then in [21]. In the former work, the changepoint is parametrized as
𝜏𝑛 = 𝑛−Δ𝑛 and it is proven that, when the labeled graph is observed, detection is possible if and only if
Δ𝑛 →∞. In other words, in the labeled case, detection is impossible if and only if a bounded number of
incoming vertices attach according to the new attachment function. The authors also prove that, when
the unlabeled graph is observed, detection is impossible if Δ𝑛 = 𝑜(𝑛1/3). In the work [21], the authors
build on the results and the techniques of [27] to prove that detection is impossible if Δ𝑛 = 𝑜(𝑛1/2).
These results complement our main result, which implies that, when the unlabeled graph is observed,
asymptotically accuracte detection is possible when Δ𝑛 = 𝑐𝑛𝛾 with 𝛾 > 1/2.

The authors of [16] propose a likelihood-ratio testing procedure to detect a changepoint in a prefer-
ential attachment tree and the associated changepoint estimator. Crucially the methods in [16] rely on
the knowledge of the entire network evolution. This is not the case for our test, which only requires a
snapshot of the network at the final time. The authors of [16] extend their test to detect multiple change-
points by applying two general techniques (namely, Screening and Ranking, and Binary Segmentation)
to decompose the multiple-changepoints problem into a sequence of single changepoint problems. This
work, however, is still in the scenario where the changepoint occurs at a linear time, in stark contrast
with the regime we investigate.

Although different from this work, there has been much interest in understanding and detecting the
effect of an initial seed graph on the evolution of the preferential attachment tree [13–15,17,28]. Here one
starts with a given initial graph at time 𝑡 = 1 and then grows the remaining tree according to a preferential
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(or uniform) attachment. The goal is to estimate the initial seed graph based on an observation of the
fully developed graph at a much later time. Finally, changepoint detection and related inference questions
have also received much attention in the setting of dynamic stochastic block models [9,31,37,39,42]. In
those works the aim is primarily to understand the evolution of the network’s community structure.

2. Model

We formalize the problem of detecting a changepoint in a dynamical network as a hypothesis testing
problem on random graphs. We first explain the model that we use in general, and then define concrete
versions of this model for the null and alternative hypothesis. This model has parameters 𝑚 ∈ ℕ and
𝛿 : ℕ→ (−𝑚,∞) and produces a sequence of undirected graphs without loops. Let 𝐺𝑛 = (𝑉𝑛, 𝐸𝑛) be an
undirected graph, where 𝑉𝑛 = {𝑣0, . . . , 𝑣𝑛} denotes the vertex set and 𝐸𝑛 ⊆ {{𝑖, 𝑗} : 𝑖, 𝑗 ∈ 𝑉𝑛} denotes a
random multiset of edges. In particular, the graph 𝐺𝑛 will not, in general, be a simple graph. Note that
𝐺𝑛 has 𝑛 + 1 vertices. For 𝑣 ∈ 𝑉𝑛 let 𝐷𝑣 (𝐺𝑛) denote the degree of vertex 𝑣 in the graph 𝐺𝑛.

There exist various versions of the preferential attachment model, each following slightly different
conventions for adding new vertices. Here we consider the following model: the first graph 𝐺1, also
called the seed graph, consists of two vertices 𝑣0 and 𝑣1 connected by 𝑚 edges. For 𝑡 > 1, the graph
𝐺𝑡 is constructed by taking 𝐺𝑡−1 and adding one extra vertex 𝑣𝑡 , that is then connected to the vertices
in 𝐺𝑡 by exactly 𝑚 edges. In the model we consider, this process is better described by introducing a
number of intermediate steps, described by graphs𝐺𝑡 ,0, 𝐺𝑡 ,1, . . . 𝐺𝑡 ,𝑚, with vertex set𝑉𝑡 = {𝑣0, . . . , 𝑣𝑡 }.
Begin by defining 𝐺𝑡 ,0 to be identical to 𝐺𝑡−1 together with an isolated vertex 𝑣𝑡 . The graph 𝐺𝑡 ,1 is
obtained by adding an edge between 𝑣𝑡 and one of the vertices in 𝑉𝑡−1 with probability proportional
to 𝐷𝑣 (𝐺𝑡 ,0) + 𝛿(𝑡). In general, for 𝑖 ∈ [𝑚], we proceed by sampling vertex 𝑣𝑡 ,𝑖 ∈ {𝑣0, . . . , 𝑣𝑡−1} with
conditional probability

ℙ
(︁
𝑣𝑡 ,𝑖 = 𝑣 | 𝐺𝑡 ,𝑖−1

)︁
=

𝐷𝑣 (𝐺𝑡 ,𝑖−1) + 𝛿(𝑡)∑︁𝑡−1
𝑗=0 𝐷 𝑗 (𝐺𝑡 ,𝑖−1) + 𝛿(𝑡)

, (1)

and constructing 𝐺𝑡 ,𝑖 by adding the edge {𝑣𝑡 ,𝑖 , 𝑣𝑡 } to 𝐺𝑡 ,𝑖−1. Finally, define 𝐺𝑡 = 𝐺𝑡 ,𝑚. Note that the
degree of 𝑣𝑡 in 𝐺𝑡 is exactly 𝑚.

The above model is rather general, as it allows for quite a bit of flexibility in terms of the function 𝛿(𝑡),
as the only requirement is that 𝛿(𝑡) > −𝑚 to ensure that (1) is indeed a valid probability. A classical
choice is to take 𝛿(𝑡) as a constant, and the properties of the ensuing graphs are well studied (e.g.,
see [35,36] and the references therein). However, we are interested in knowing when it is possible to
distinguish graphs generated by a model where 𝛿(𝑡) is constant versus graphs generated by a model
where 𝛿(𝑡) is a step function. The latter models a preferential attachment evolution, where at some point
the characteristics of the attachment process change.

Consider the above model, and let 𝐺𝑛 denote the “last” graph obtained. Informally, our only obser-
vation is 𝐺𝑛, without any vertex labels. Formally, our only observation is the equivalence class of 𝐺𝑛

under vertex relabeling. In other words, we have only access to the topological structure of 𝐺𝑛 and not
to the sequence {𝐺1, . . . , 𝐺𝑛−1}. In particular, the arrival order of the vertices is unknown to us. With
an abuse of notation, from now on we will denote by 𝐺𝑛 the equivalence class of 𝐺𝑛 under vertex
relabeling. Clearly the distribution of this random graph is parameterized by 𝑚 and 𝛿. Since 𝐺𝑛 has
exactly 𝑛 + 1 vertices and 𝑛𝑚 edges, we have knowledge of 𝑚 (so this is not an unknown parameter).
Therefore the only unknown parameter is the function 𝛿.

Our goal is to determine when one can find evidence in the final graph that the growth dynamics
of the network has changed at some point. This can be rather naturally formulated as an hypothesis
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testing problem. Namely, we would like to conduct the following binary hypothesis test: under the null
hypothesis (denoted by 𝐻0) we assume 𝛿(𝑡) = 𝛿0 > −𝑚 for all 𝑡 ∈ ℕ. Under the alternative hypothesis
(denoted by 𝐻1) we assume 𝛿 is a step function, namely

𝛿(𝑡) = 1{𝑡 ≤ 𝜏𝑛}𝛿0 + 1{𝑡 > 𝜏𝑛}𝛿1,

for some 𝛿0 ≠ 𝛿1 with 𝛿0, 𝛿1 > −𝑚, and 𝜏𝑛 ∈ ℕ with 𝜏𝑛 ≤ 𝑛.
Our main research goal is to determine when it is possible to distinguish the two hypotheses, based

solely on 𝐺𝑛 (where we do not know the order in which the various vertices have arrived). For our first
result we consider 𝛿0 to be known, but we then relax this assumption and devise a test that does not
require this knowledge while retaining the same asymptotic power characterization. In both cases we
use the parameterization 𝜏𝑛 = 𝑛− 𝑐𝑛𝛾 , where 𝑐 > 0 and 𝛾 ∈ (0,1), and obviously 𝑐 and 𝛾 are unknown.

Note that the alternative model does coincide with the null model when either 𝛿1 = 𝛿0 or 𝜏𝑛 = 𝑛.
Furthermore, since 𝛿 is a step-function, the attachment rule in (1) can be further simplified to get, for
𝑣 ∈ {𝑣0, . . . , 𝑣𝑡−1},

ℙ
(︁
𝑣𝑡 ,𝑖 = 𝑣 | 𝐺𝑡 ,𝑖−1

)︁
=

⎧⎪⎪⎨⎪⎪⎩
𝐷𝑣 (𝐺𝑡,𝑖−1 )+𝛿0

2(𝑡−1)𝑚+𝑡 𝛿0+(𝑖−1) if 𝑡 ≤ 𝜏𝑛,

𝐷𝑣 (𝐺𝑡,𝑖−1 )+𝛿1
2(𝑡−1)𝑚+𝑡 𝛿1+(𝑖−1) if 𝑡 > 𝜏𝑛.

(2)

2.1. Assumptions and notation

Throughout this paper, when limits are unspecified, they are taken as the graph size 𝑛→∞. We recall
that we consider the parameterization 𝜏𝑛 = 𝑛 − 𝑐𝑛𝛾 . All the parameters 𝑚, 𝛿0, 𝛿1, 𝑐, and 𝛾 are assumed
to remain constant as a function of 𝑛. We use the subscripts 0 and 1 in the expectation and probability
operators to indicate whether we are considering the null or alternative hypothesis. Finally, we also use
standard asymptotic notation: 𝑎𝑛 = O(𝑏𝑛) when |𝑎𝑛/𝑏𝑛 | is bounded, 𝑎𝑛 = Ω(𝑏𝑛) when 𝑏𝑛 = O(𝑎𝑛),
𝑎𝑛 = o(𝑏𝑛) when 𝑎𝑛/𝑏𝑛 → 0, 𝑎𝑛 = 𝜔(𝑏𝑛) when 𝑏𝑛 = 𝑜(𝑎𝑛), and 𝑎𝑛 ≍ 𝑏𝑛 when 𝑎𝑛 = (1 + o(1))𝑏𝑛.
Also, we use the probabilistic versions of these: 𝑎𝑛 = Oℙ(𝑏𝑛) when |𝑎𝑛/𝑏𝑛 | is stochastically bounded,
𝑎𝑛 = Ωℙ (𝑏𝑛) when 𝑏𝑛 = Oℙ (𝑎𝑛), and 𝑎𝑛 = oℙ (𝑏𝑛) when 𝑎𝑛/𝑏𝑛 converges to 0 in probability.

3. Minimal degree tests

All the tests we consider use the information contained in low-degree vertices, in particular the number
of vertices of minimal degree. Although this is a rather simple idea, the number of minimal degree
vertices is substantially affected by the presence of a changepoint, even at late stages in the growth of
the graph.

3.1. Powerful test for known 𝜹0

We begin with the assumption that 𝛿0 is known. Although this might seem unrealistic, it provides a
wealth of information about the properties of the test statistic we consider, and paves the way for more
general results when 𝛿0 is unknown.

To define our test we first introduce some notation. To reduce the notational burden we identify the set
of vertices {𝑣0, . . . , 𝑣𝑛} with [𝑛] := {0,1, . . . , 𝑛}. Furthermore, let 𝐷𝑣 (𝑡) := 𝐷𝑣 (𝐺𝑡 ) denote the degree
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of vertex 𝑣 in graph 𝐺𝑡 , and let 𝑁𝑘 (𝑡) be the number of vertices of degree 𝑘 in the graph 𝐺𝑡 , that is,

𝑁𝑘 (𝑡) :=
∑︂
𝑣∈[𝑡 ]

1{𝐷𝑣 (𝑡) = 𝑘}.

Since each vertex is attached to at least 𝑚 other vertices, in our model we naturally have that 𝑁𝑘 (𝑛) = 0
for 𝑘 < 𝑚, and 𝑁𝑚 (𝑛) denotes the number of vertices with minimal degree. The latter quantity plays a
crucial role in our test.

It is well-known that in the classical preferential attachment model, which corresponds to our null
model, the number of vertices of degree 𝑘 ≥ 𝑚 is highly concentrated [18,35]. In particular, 𝑁𝑘 (𝑛) is
well concentrated around 𝑛𝑝𝑘 (𝛿0) where 𝑝𝑘 = 𝑝𝑘 (𝛿0) satisfies the recursion

𝑝𝑘 =
𝑘 − 1 + 𝛿0
2 + 𝛿0/𝑚

𝑝𝑘−1 −
𝑘 + 𝛿0

2 + 𝛿0/𝑚
𝑝𝑘 ,

for 𝑘 > 𝑚 with

𝑝𝑚(𝛿0) =
2 + 𝛿0/𝑚

𝑚 + 𝛿0 + 2 + 𝛿0/𝑚
.

This recursion is easily solved, giving rise to the following expression for 𝑝𝑘 (𝛿0):

𝑝𝑘 (𝛿0) := (2 + 𝛿0/𝑚) Γ(𝑘 + 𝛿0)Γ(𝑚 + 2 + 𝛿0 + 𝛿0/𝑚)
Γ(𝑚 + 𝛿0)Γ(𝑘 + 3 + 𝛿0 + 𝛿0/𝑚) .

Thus, 𝑝𝑘 (𝛿0) is the limiting degree distribution of the random graph 𝐺𝑛 under the null model.
We are now able to introduce our test statistic, that simply compares the number of minimal degree

vertices to its asymptotic expected value under the null model, as

𝑇 (𝐺𝑛) := 𝑁𝑚 (𝑛) − 𝑛𝑝𝑚(𝛿0).

If the observed value of 𝑇 (𝐺𝑛) is significantly different from zero, then we have evidence to reject the
null model. This brings us to the first result, characterizing when such a test is powerful. Specifically
we introduce a test based on this statistic that is guaranteed to have type-I error that is at most
𝛼 (asymptotically), and that is asymptotically powerful provided 𝛾 > 1

2 . In other words, under the
alternative hypothesis the type-II error converges to zero provided 𝛾 > 1

2 . When 𝛾 < 1
2 the test is

powerless, and when 𝛾 = 1
2 , the type-II error is bounded by a constant that depends on the specific

model parameters.
Although this result indicates when the test is powerful or powerless, it provides only a conservative

upper bound on the type I error. It follows from [3] that this test statistic is asymptotically normal,
and therefore we can calibrate this test to guarantee that the type I error is (1 + o(1))𝛼 as 𝑛→∞. We
do this in Section 3.3. However, we present Proposition 3.1 first because it allows us to introduce the
essential ideas of the proof while avoiding many technical details. The proof of Proposition 3.1 is given
in Section 7.

Proposition 3.1 (Asymptotically powerful test: known 𝛿0). Consider the test that rejects the null
hypothesis for large values of 𝑇 (𝐺𝑛). Namely, define the test

𝜓(𝐺𝑛) := 1
{︂
|𝑇 (𝐺𝑛) | ≥ 𝑚

√︁
8𝑛 log(2/𝛼)

}︂
,
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where 𝛼 ∈ (0,1). The type-I error of this test is asymptotically bounded by 𝛼, i.e.,

ℙ0 (𝜓(𝐺𝑛) ≠ 0) ≤ (1 + o(1))𝛼.

Furthermore, the type-II error of this test satisfies

ℙ1 (𝜓(𝐺𝑛) = 0)

≤
⎧⎪⎪⎨⎪⎪⎩

o(1) when 𝛾 > 1
2 ,

(2 + o(1)) exp
(︃
−
(︂(︂

𝑐 |1−𝑝𝑚 (𝛿0 )/𝑝𝑚 (𝛿1 ) |
𝑚
√

8
−
√︁

log(2/𝛼)
)︂
∨ 0

)︂2
)︃

when 𝛾 = 1
2 ,

and ℙ1 (𝜓(𝐺𝑛) = 0) ≥ (1 + o(1))(1 − 𝛼) when 𝛾 < 1
2 .

Remark 3.2 (Parametrization of the changepoint). We assume that the changepoint is parametrized as
𝜏𝑛 = 𝑛−𝑐𝑛𝛾 , and thus a late changepoint corresponds to 𝛾 ∈ (0,1). However, our proof of Proposition 3.1
works under the more general late changepoint assumption 𝑛 − 𝜏𝑛 = 𝑜(𝑛), and under the assumption
that 𝛿1 = 𝛿

(𝑛)
1 depends on 𝑛. In that case, the proof shows that, if

𝑛 − 𝜏𝑛√
𝑛

|𝛿0 − 𝛿
(𝑛)
1 | →∞,

then ℙ1 (𝜓(𝐺𝑛) = 0) → 0 as 𝑛→∞. Furthermore, the proof shows that, if
𝑛 − 𝜏𝑛√

𝑛
|𝛿0 − 𝛿

(𝑛)
1 | → 0,

then the test 𝜓 is powerless, i.e., the sum of type-I and type-II errors converges to one as 𝑛 → ∞.
However, the proofs of later results rely explicitely on the choice 𝜏𝑛 = 𝑛 − 𝑐𝑛𝛾 . Because of this, we
have decided to maintain the parametrization 𝜏𝑛 = 𝑛 − 𝑐𝑛𝛾 throughout the manuscript for consistency
of presentation.

The proof of this result is based on the following observations. Under the null model it is known that
𝔼0 (𝑁𝑚 (𝑛)) − 𝑛𝑝𝑚(𝛿0) = O(1). Under the alternative model we can show that

𝔼1 [𝑁𝑚 (𝑛)] − 𝑛𝑝𝑚(𝛿0) = (1 + o(1))𝜂(𝛿0, 𝛿1, 𝑚, 𝑐)𝑛𝛾 ,

where

𝜂(𝛿0, 𝛿1, 𝑚, 𝑐) := 𝑐(1 − 𝑝𝑚(𝛿0)/𝑝𝑚(𝛿1)). (3)

Therefore there is a substantial difference in the expected values of the test statistic under the null and
alternative models. Note that both 𝔼1 [𝑁𝑚 (𝑛)] and 𝑛𝑝𝑚(𝛿0) have the same order of magnitude O(𝑛), so
the above result characterizes the second-order behavior of 𝔼1 [𝑁𝑚 (𝑛)] and thus is somewhat delicate.
Besides characterizing the mean of 𝑁𝑚 (𝑛), we must also characterize the fluctuations of 𝑁𝑚 (𝑛) around
it. These are of small order, and controlled by a rather standard application of Azuma-Hoeffding’s
inequality. Specifically 𝑁𝑚 −𝔼[𝑁𝑚 (𝑛)] = Oℙ (

√
𝑛). This result holds both under the null and alternative

hypothesis, showing that it is possible to construct a powerful test when 𝛾 > 1
2 . When 𝛾 = 1

2 both the
shift in the expected value 𝑁𝑚 (𝑛) −𝑛𝑝𝑚(𝛿0) and its stochastic fluctuations have the same order, leading
to the result in the theorem.

As the proposed test is powerless when 𝛾 < 1
2 , one might wonder if there is any test that can have

power in that situation. In the pre-print of our work which appeared on arXiv we set forth the following
conjecture:



Detecting a late changepoint in the preferential attachment model 1859

Conjecture 3.3 (Powerless tests when 𝛾 < 1
2 ). Consider the case 𝛾 < 1

2 . We conjecture the following:

(i) All tests based on the vertex degrees {𝐷𝑣 (𝑛)}𝑣∈[𝑛] are powerless.
(ii) All tests based on 𝐺𝑛 are powerless.

Obviously the statement (ii) implies (i). The main motivation for (i) is that when 𝛾 < 1
2 the number of

vertices with degree 𝑘 will deviate from 𝑛𝑝𝑘 (𝛿0) by at most O(𝑛𝛾). These deviations become smaller
when 𝑘 gets larger. On the other hand, the fluctuations of 𝑁𝑘 (𝑛) around its mean will also become
smaller, but will always be of higher order than this mean-shift. Actually, the results in [3] characterize
the joint distribution of the degree counts under the null model and show this is asymptotically a multi-
variate normal distribution. As shown in [7, Lemma 1.2], under the alternative model these degree
counts are also asymptotically normal with the same covariance matrix, but a rather small mean-shift. If
this shift is small enough, then the total variation distance between the two distributions is close to zero,
implying (i). The conjecture (ii) is significantly stronger, stating that higher-level information contained
on the edge structure of 𝐺𝑛 will not be helpful for this testing problem. This is expected given that the
attachment dynamics are only driven by the vertex degrees. In fact, from the moment the pre-print of
our work appeared on arXiv, the stronger conjecture (ii) has been proven, first partially in [27], and then
as stated above in [21], by building on [27].

3.2. Powerful test for unknown 𝜹0

The knowledge of 𝛿0 was crucial for the test above, as it gives a benchmark to compare 𝑁𝑚 (𝑛) against,
namely 𝑛𝑝𝑚(𝛿0). Without this knowledge we must essentially estimate, from 𝐺𝑛, the value of 𝛿0.
For such an approach to be fruitful a candidate estimator must be “close enough” to 𝛿0 both under
the null and alternative models. Gao and van der Vaart in [25] consider the problem of estimating 𝛿0
when the preferential attachment function is constant, meaning that we are under the null model in
our formulation. The authors proposed a maximum likelihood estimator based on 𝐺𝑛, and showed it
consistently estimates 𝛿0 and is asymptotically normal. A natural idea is to start by considering this
estimator as well, and understand how its properties change when 𝐺𝑛 is generated under the alternative
model.

As done in [25], to avoid the usual issues at the boundary of the parameter space we make an extra
assumption that the range of possible values for 𝛿0 and 𝛿1 is known:

Assumption 3.4 (Containment of 𝛿0, 𝛿1). Let −𝑚 < 𝛿min ≤ 𝛿max be known, and assume that 𝛿0, 𝛿1 ∈
(𝛿min, 𝛿max).

As shown in [25], under the null model the (normalized) log-likelihood function 𝜄𝑛 : [𝛿min, 𝛿max] → ℝ

is given by

𝜄𝑛 (𝛿) :=
1

𝑛 + 1

(︄ ∞∑︂
𝑘=1

log(𝑘 + 𝛿) (𝑁>𝑘 (𝑛) − (𝑛 + 1)1{𝑘 < 𝑚}) −
𝑛∑︂
𝑡=2

𝑚∑︂
𝑖=1

log 𝑆𝑡 ,𝑖−1(𝛿)
)︄

=
1

𝑛 + 1

∞∑︂
𝑘=𝑚

log(𝑘 + 𝛿)𝑁>𝑘 (𝑛) − 1
𝑛 + 1

𝑛∑︂
𝑡=2

𝑚∑︂
𝑖=1

log 𝑆𝑡 ,𝑖−1(𝛿),

where 𝑆𝑡 ,𝑖−1(𝛿) := 𝑡𝛿 + 2𝑚(𝑡 − 1) + (𝑖 − 1) and 𝑁>𝑘 (𝑛) :=
∑︁

𝑗>𝑘 𝑁 𝑗 (𝑛). The maximum-likelihood
estimator is defined as

𝛿𝑛 := arg max
𝛿∈[ 𝛿min , 𝛿max ]

𝜄𝑛 (𝛿). (4)
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Equivalently (for large 𝑛) we can define 𝛿𝑛 as the solution in 𝛿 ∈ [𝛿min, 𝛿max] of 𝜕
𝜕𝛿 𝜄𝑛 (𝛿) := 𝜄′𝑛 (𝛿) = 0.

Although not obvious, this definition coincides with (4) for large 𝑛, since it is shown in [25] that the
solution of 𝜄′𝑛 (𝛿) = 0 exists and is unique for large enough 𝑛 with high probability. Note that the score
function is given by

𝜄′𝑛 (𝛿) =
1

𝑛 + 1

∞∑︂
𝑘=𝑚

1
𝑘 + 𝛿 𝑁>𝑘 (𝑛) − 1

𝑛 + 1

𝑛∑︂
𝑡=2

𝑚∑︂
𝑖=1

𝑡

𝑆𝑡 ,𝑖−1(𝛿)
. (5)

Motivated by this estimator we consider the test statistic

𝑄(𝐺𝑛) := 𝑁𝑚 (𝑛) − 𝑛𝑝𝑚(𝛿𝑛). (6)

This is analogous to the previously considered statistic, with the exception that 𝛿0 is replaced by the
above estimator.

A test based on the above statistic will only be sensible if 𝛿𝑛 is a good surrogate for 𝛿0, under both
the null and alternative models. When 𝛾 < 1 this is indeed the case and we show that 𝛿𝑛 is a consistent
estimator of 𝛿0 under both the null and alternative models. However, consistency is not enough, and it is
necessary to carefully characterize the rate of convergence of this estimator under the alternative model.
It turns out that the deviations of 𝑁𝑚 (𝑛) and 𝑛𝑝𝑚(𝛿𝑛) around their respective means have exactly the
same order, but with different leading constants. A careful characterization of those constants is the
crucial result leading to our main result:

Theorem 3.5 (Asymptotically powerful test, unknown 𝛿0). Consider Assumption 3.4 and the test
statistic defined in (6). Let 𝑎𝑛 be a positive diverging sequence such that 𝑎𝑛 = 𝜔(

√
𝑛 log𝑛) and 𝑎𝑛 =

𝑛
1
2+𝑜 (1) and define the test

𝜙(𝐺𝑛) := 1{|𝑄(𝐺𝑛) | ≥ 𝑎𝑛}.

The type-I error of this test converges to zero as 𝑛→∞, i.e.,

ℙ0 (𝜙(𝐺𝑛) ≠ 0) = o(1).

Furthermore, when 𝛿0 ≠ 𝛿1 and 1
2 < 𝛾 < 1 this test has vanishing type II error, i.e., as 𝑛→∞,

ℙ1 (𝜙(𝐺𝑛) = 0) = o(1).

The proof of the theorem is deferred to Section 8 and it is rather involved. It builds upon some of
the results used to prove Proposition 3.1, namely the characterization of 𝑁𝑚 (𝑛) − 𝑛𝑝𝑚(𝛿0). However, it
does require a very careful characterization of 𝑛𝑝𝑚(𝛿𝑛) −𝑛𝑝𝑚(𝛿0). It turns out that both quantities have
essentially the same order of magnitude, namely Oℙ (𝑛𝛾). However, the leading constants are different,
and this fact allows the test to be powerful in the regime 1

2 < 𝛾 < 1.
The cases 𝛾 = 1

2 and 𝛾 = 1 are special. For 𝛾 = 1
2 the Gaussian fluctuations of 𝑁𝑚 (𝑛) under the null

and alternative hypotheses will compete with the resulting change in expectations of 𝑁𝑚 (𝑛), so the
Type-II error does not vanish, as it does for 𝛾 ∈ ( 1

2 ,1). For 𝛾 = 1, on the other hand, both the maximal
and minimal degree tests seem to perform well, but it is unclear which performs best, or whether there
even is a better test available.
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3.3. Asymptotically calibrated tests

The two theorems above characterize the regime when the proposed tests are powerful. However, they
fall short of providing guidelines to properly calibrate the tests. Particularly, in a fixed significance
testing framework, for any 𝛼 ∈ (0,1) we would like to ensure that under the null model the type-I error
is approximately 𝛼. Proposition 3.1 provides only an rather conservative asymptotic upper bound on
the type-I error, due to the worst-case nature of the Azuma-Hoeffding inequality. To introduce our
calibrated test, we define

𝑤(𝛿0, 𝑚) :=
𝑚2(𝑚 + 𝛿0)(1 +𝑚 + 𝛿0)(2𝑚 + 𝛿0)

(𝛿0 + 2𝑚(1 +𝑚 + 𝛿0))(𝛿0 +𝑚(2 +𝑚 + 𝛿0))2 . (7)

Furthermore, let Φ : ℝ → [0,1] denote the cumulative distribution function of a standard normal
distribution and 𝑧𝛼 := Φ−1(1 − 𝛼) denote the corresponding right-quantile function for 𝛼 ∈ (0,1). In
particular, 𝑧𝛼/2 > 0 when 𝛼 ∈ (0,1). We are now ready to present the asymptotically calibrated test
when 𝛿0 is assumed known.

Theorem 3.6 (Asymptotically calibrated test for known 𝛿0). Let 𝛼 ∈ (0,1) and define the test

𝜓cal(𝐺𝑛) := 1
{︂
|𝑇 (𝐺𝑛) | ≥ 𝑧𝛼/2

√︁
𝑛𝑤(𝛿0, 𝑚)

}︂
.

As 𝑛→∞, the type-I error of this test converges to 𝛼:

ℙ0 (𝜓cal(𝐺𝑛) ≠ 0) → 𝛼.

Furthermore, when 𝛿0 ≠ 𝛿1 the type-II error satisfies

ℙ1 (𝜓cal (𝐺𝑛) ≠ 1) →
⎧⎪⎪⎨⎪⎪⎩

0 if 1
2 < 𝛾 < 1

1 −Φ

(︃
𝑧𝛼/2 − 𝜂 (𝛿0 , 𝛿1 ,𝑚,𝑐)√︁

𝑤 (𝛿0 ,𝑚)

)︃
+Φ

(︃
−𝑧𝛼/2 − 𝜂 (𝛿0 , 𝛿1 ,𝑚,𝑐)√︁

𝑤 (𝛿0 ,𝑚)

)︃
if 𝛾 = 1

2

as 𝑛→∞, where 𝜂(𝛿0, 𝛿1, 𝑚, 𝑐) is defined in (3).

To define the next test and result we require some additional notation. Let

𝑣(𝛿0, 𝑚) :=
∞∑︂

𝑘=𝑚

𝑚𝑝𝑘 (𝛿0)
(𝑘 + 𝛿0)(2𝑚 + 𝛿0)

− 𝑚

(2𝑚 + 𝛿0)2 , (8)

𝑢(𝛿0, 𝑚) := − 𝑚4

𝑣(𝛿0, 𝑚)(𝛿0 +𝑚(2 +𝑚 + 𝛿0))4 , (9)

and

𝛼(𝛿0, 𝛿1, 𝑚, 𝑐) := 𝑐(𝛿0 − 𝛿1)
𝑚 + 𝛿0

(2 + 𝛿1/𝑚)(𝑚 + 𝛿0 + 2 + 𝛿0/𝑚)2 . (10)

The next theorem presents the asymptotically calibrated test for the unknown 𝛿0 case:
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Theorem 3.7 (Asymptotically calibrated test, unknown 𝛿0). Consider Assumption 3.4, let 𝛼 ∈ (0,1),
and define the test

𝜙cal(𝐺𝑛) := 1

{︃
|𝑄(𝐺𝑛) | ≥ 𝑧𝛼/2

√︂
𝑛(𝑤(𝛿𝑛, 𝑚) + 𝑢(𝛿𝑛, 𝑚))

}︃
.

As 𝑛→∞, the type-I error of this test converges to 𝛼:

ℙ0 (𝜙cal(𝐺𝑛) ≠ 0) → 𝛼.

Furthermore, when 𝛿0 ≠ 𝛿1 and 𝑛→∞ the type-II error satisfies

ℙ1 (𝜙cal(𝐺𝑛) ≠ 1)

→
⎧⎪⎪⎨⎪⎪⎩

0 if 1
2 < 𝛾 < 1,

1 −Φ

(︃
𝑧𝛼/2 − 𝛼(𝛿0 , 𝛿1 ,𝑚,𝑐)√︁

𝑤 (𝛿0 ,𝑚)+𝑢(𝛿0 ,𝑚)

)︃
+Φ

(︃
−𝑧𝛼/2 − 𝛼(𝛿0 , 𝛿1,𝑚,𝑐)√︁

𝑤 (𝛿0 ,𝑚)+𝑢(𝛿0 ,𝑚)

)︃
if 𝛾 = 1

2 .

The proofs of Theorems 3.6 and 3.7 are an immediate consequence of the asymptotic normality of
the test statistics as discussed in the next section, together with the consistency of 𝛿𝑛 as an estimator of
𝛿0.

4. Asymptotic normality of test statistics

In this section we characterize the asymptotic distribution of the proposed test statistics which allowed
us to calibrate the tests in Section 3.3.

When 𝛿0 is known, the situation is relatively simple. Under the null model and when 𝑚 = 1, it is
known that 𝑁𝑚 (𝑛) with 𝑘 ≥ 𝑚 admits a central limit theorem [34]. In particular, this shows that 𝑁𝑚 (𝑛)
is asymptotically normally distributed. Furthermore, [3] extends these results to the general case 𝑚 ≥ 1,
making them applicable to our setting. For the case of unknown 𝛿0 the situation is a bit more complicated.
Recall that our test statistic is 𝑄(𝐺𝑛) = 𝑁𝑚 (𝑛) − 𝑛𝑝𝑚(𝛿𝑛). It is known from [25] that, under the null
model, 𝛿𝑛 is asymptotically normal. This does not, however, immediately imply that 𝑄(𝐺𝑛) is also
asymptotically normal under the null model. The results in [3] establish that (𝑁𝑚 (𝑛), 𝑁𝑚+1 (𝑛), . . .)
is asymptotically normal (under the null model), strongly hinting at asymptotic normality of 𝑄(𝐺𝑛).
Furthermore, even under the alternative model, one might expect asymptotic normality of the test
statistics, with exactly the same asymptotic variance, as the number of vertices that enter after the (late)
changepoint is too small to change the asymptotic variance.

Let 𝒩(𝜇, 𝜎2) denote the normal distribution with mean 𝜇 and variance 𝜎2, and let 𝐷−→ denote
convergence in distribution. The following theorem, proved in [7, Section 1], establishes the asymptotic
properties of the test statistics.

Theorem 4.1 (Asymptotic normality of test statistics). Recall the definitions of 𝑤 and 𝑢 in (7) and
(9) respectively. Under the null model, as 𝑛→∞,

𝑇 (𝐺𝑛)√
𝑛

𝐷−→𝒩 (0, 𝑤(𝛿0, 𝑚)) . (11)
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Moreover, under Assumption 3.4 and the null model, as 𝑛→∞,

𝑄(𝐺𝑛)√
𝑛

=
𝑁𝑚 (𝑛) − 𝑛𝑝𝑚(𝛿𝑛)√

𝑛

𝐷−→𝒩 (0, 𝑤(𝛿0, 𝑚) + 𝑢(𝛿0, 𝑚)) . (12)

Furthermore, under the alternative model with 𝛾 ∈ (0,1), as 𝑛→∞,

𝑇 (𝐺𝑛) − 𝔼1 [𝑇 (𝐺𝑛)]√
𝑛

𝐷−→𝒩 (0, 𝑤(𝛿0, 𝑚)) . (13)

Moreover, under Assumption 3.4, as 𝑛→∞,

𝑄(𝐺𝑛) − 𝔼1 [𝑄(𝐺𝑛)]√
𝑛

𝐷−→𝒩 (0, 𝑤(𝛿0, 𝑚) + 𝑢(𝛿0, 𝑚)) . (14)

Note that (11) has been proved in [3]. In the second statement (12), 𝑢(𝛿0, 𝑚) captures the adjustment in
the variability in the test statistic by using an estimate of 𝛿0, instead of the actual value. The convergence
results (11) and (12) provide an avenue for asymptotically exact calibration of the proposed test as given
in Theorems 3.6 and 3.7 (equivalently, for computation of asymptotically exact 𝑝-values). On the other
hand, the convergence results (13) and (14) give an asymptotically exact quantification of the type-II
error of the tests.

To establish asymptotic normality under the alternative model, we exploit the corresponding state-
ments under the null model, together with a correction term quantifying the effects due to the presence
of a changepoint (partially relying on the arguments in Proposition 3.1 and Theorem 3.5). Note that
the asymptotic variances remain the same, whether one is considering the null or alternative model, as
expected. The proof of Theorem 4.1 is carried out in [7].

5. Numerical experiments

In this section we examine the properties of the proposed tests using simulation. This serves a two-fold
purpose, namely to empirically assess the validity of the theoretical guarantees given, as well as to
investigate the finite-sample properties of the tests.

To assess the finite sample properties of the asymptotically calibrated tests we conduct several
numerical experiments. For simplicity we fix 𝛿0 = 0 for all the experiments (this is the so-called
linear preferential attachment model in [5]). We take 𝑚 = 5, 𝑐 = 1, 𝛾 = 3

4 , and 𝛿1 ∈ {−1,0,1}. Note
that 𝛿1 = 𝛿0 = 0 corresponds to the null model. We consider graphs of different sizes, namely 𝑛 ∈
{1000,2000,5000,10000,20000,50000,100000,200000}, and for each value of 𝑛 we generate 𝐵 =
2000 independent graphs using the preferential attachment model in (1). Specifically, for the three cases
𝛿1 = {−1,0,1} and each value 𝑛 we obtain {𝑔 (𝑏)𝑛 }𝐵𝑏=1 graphs.

Note that as 𝑛 increases the relative distance between the changepoint and 𝑛 decreases considerably,
and only a minute part of the graph is affected after the changepoint. For instance, for 𝑛 = 5000 there
are only 594 vertices that join the graph after the changepoint, so about 12% of the vertices. However,
for 𝑛 = 200000 only 9457 vertices join after the changepoint, a mere 4.7% of the total vertices.

In Figure 1 we depict the power of the two proposed tests. For concreteness we consider fixed
significance testing at level 𝛼 = 0.05 (qualitatively the results are similar for other significance levels).
We clearly see that both tests are well calibrated, even for small values of 𝑛. Also, as expected, the
power increases as a function of 𝑛. As intuitively expected, the test that does not assume knowledge of
𝛿0 has slightly less power than the test making use of that knowledge. Finally, there is an asymmetry of
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Figure 1. Power of the tests calibrated using asymptotic normality for 𝑚 = 5. Panel (a) corresponds to the case
of known 𝛿0 and panel (b) corresponds to the unknown 𝛿0 case. Both plots consider a fixed significance level
testing with level 𝛼 = 0.05. The solid lines correspond to the power estimated using 𝐵 = 2000 graph samples, and
(the pointwise 95% confidence bands are computed using the Clopper-Pearson exact method. The dashed lines are
estimates of the power based on the asymptotic characterization of the test statistics.

Figure 2. Normal QQ plots of the test statistics under the null model, for 𝑛 ∈ {100, 1000}. Panels (a) and (b)
correspond to 𝑇 (𝐺𝑛) (known 𝛿0 statistic) and panels (c) and (d) correspond to 𝑄(𝐺𝑛) (unknown 𝛿0 statistics).
Even for very small values of 𝑛 distribution of the statistics is very well approximated by a normal distribution.
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Table 1. Numerical estimates of (rescaled) mean and variance of the test statistics, and comparison with corre-
sponding asymptotic values. The estimates above are based on 𝐵 = 2000 independently generated graphs.

(a) Null model 𝛿1 = 𝛿0 = 0.

𝑛 𝜇̂ (𝑇 )
𝑛 𝜇̂ (𝑄)

𝑛 𝑣̂ (𝑇 )
𝑛 /𝑛 𝑣̂ (𝑄)

𝑛 /𝑛

1000 0.0127 0.0105 0.1014 0.0801
2000 0.0017 0.0042 0.1016 0.0795
5000 0.0056 0.0041 0.1009 0.0789

10000 −0.0052 −0.0038 0.1049 0.0831
20000 0.0007 0.0012 0.1034 0.0828
50000 0.0049 −0.0009 0.0986 0.0780

100000 −0.0066 −0.0054 0.1000 0.0814
200000 0.0031 0.0046 0.1048 0.0811

𝜂(𝛿0, 𝛿0, 𝑚, 𝑐) 𝛼(𝛿0, 𝛿0, 𝑚, 𝑐) 𝑤(𝛿0, 𝑚) 𝑤(𝛿0, 𝑚) + 𝑢(𝛿0, 𝑚)
= 0 = 0 = 0.1020 = 0.0811

(b) Alternative model 𝛿0 = 0 and 𝛿1 = 1.

𝑛 𝜇̂ (𝑇 )
𝑛 /𝑛𝛾 𝜇̂ (𝑄)

𝑛 /𝑛𝛾 𝑣̂ (𝑇 )
𝑛 /𝑛 𝑣̂ (𝑄)

𝑛 /𝑛

1000 −0.0460 −0.0276 0.0944 0.0772
2000 −0.0487 −0.0308 0.0992 0.0776
5000 −0.0554 −0.0371 0.1017 0.0826

10000 −0.0558 −0.0375 0.0994 0.0799
20000 −0.0574 −0.0395 0.1041 0.0799
50000 −0.0594 −0.0409 0.1033 0.0832

100000 −0.0610 −0.0421 0.1042 0.0809
200000 −0.0610 −0.0427 0.0974 0.0759

𝜂(𝛿0, 𝛿1, 𝑚, 𝑐) 𝛼(𝛿0, 𝛿1, 𝑚, 𝑐) 𝑤(𝛿0, 𝑚) 𝑤(𝛿0, 𝑚) + 𝑢(𝛿0, 𝑚)
= −0.0649 = −0.0464 = 0.1020 = 0.0811

(c) Alternative model 𝛿0 = 0 and 𝛿1 = −1.

𝑛 𝜇̂ (𝑇 )
𝑛 /𝑛𝛾 𝜇̂ (𝑄)

𝑛 /𝑛𝛾 𝑣̂ (𝑇 )
𝑛 /𝑛 𝑣̂ (𝑄)

𝑛 /𝑛

1000 0.0672 0.0436 0.1087 0.0831
2000 0.0679 0.0443 0.1020 0.0760
5000 0.0700 0.0463 0.1033 0.0799

10000 0.0725 0.0491 0.0952 0.0759
20000 0.0713 0.0488 0.1049 0.0817
50000 0.0738 0.0509 0.1043 0.0833

100000 0.0743 0.0515 0.1057 0.0875
200000 0.0750 0.0522 0.0998 0.0793

𝜂(𝛿0, 𝛿1, 𝑚, 𝑐) 𝛼(𝛿0, 𝛿1, 𝑚, 𝑐) 𝑤(𝛿0, 𝑚) 𝑤(𝛿0, 𝑚) + 𝑢(𝛿0, 𝑚)
= 0.0794 = 0.0567 = 0.1020 = 0.0811
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the power depending on whether 𝛿1 > 𝛿0 or 𝛿1 < 𝛿0, the later scenario leading to higher power. This is
expected, as for smaller 𝛿1 values the empirical degree distribution has heavier tails, and detecting the
presence of a changepoint becomes easier.

To illustrate the results of Theorem 4.1, in Figure 2 we display normal quantile-quantile plots of
the test statistics for very small values of 𝑛. We see that, even for 𝑛 = 100 (so, a graph with 𝑛𝑚 = 500
edges) both test statistics are approximately normally distributed. In order to have a better assessment
of the mean and variance of the test statistics we compute (for 𝛿1 ∈ {−1,0,1}) the first two empirical
moments, and compare them with their asymptotic counterparts, both under the null and alternative
hypothesis. Define

𝜇̂ (𝑇 )
𝑛 :=

1
𝐵

𝐵∑︂
𝑏=1

𝑇 (𝑔 (𝑏)
𝑛 ), and 𝑣̂ (𝑇 )

𝑛 :=
1
𝐵

𝐵∑︂
𝑏=1

(𝑇 (𝑔 (𝑏)
𝑛 ) − 𝜇̂ (𝑇 )

𝑛 )2,

and the analogous definitions of 𝜇̂ (𝑄)
𝑛 and 𝑣̂ (𝑄)

𝑛 . In Table 1 we compare these values (adequately
rescaled) with the expected asymptotic values. As can be seen, the empirical variance closely matches
the asymptotic variance, both under the null and alternative models, even for small values of 𝑛. This
is in agreement with Theorem 4.1. For the mean of the statistics, one sees that the scaling by 𝑛𝛾 and
the corresponding leading constant is also accurate, but finite sample effects are more evident under the
alternative model when 𝑛 is small.

Finally, making use of Theorem 4.1 we can compare the empirical power with an estimate based
on the asymptotic normality of the statistic. Namely, we know the test statistics are asymptotically
normal with exactly the same variance, and a small mean-shift proportional to 𝑛𝛾 (1 + o(1)), where the
proportionality constant is given by 𝜂(𝛿0, 𝛿1, 𝑚, 𝑐) from (3) and 𝛼(𝛿0, 𝛿1, 𝑚, 𝑐) from (10) for 𝑇 (𝐺𝑛) and
𝑄(𝐺𝑛) respectively. Based on this, one can get an estimate for the power of the tests for different values
of 𝛿1. This is shown by the dashed lines in Figure 1. As one can see, although not terribly accurate,
the estimates capture the exact behavior of the empirically observed power. This lack of accuracy is not
unexpected, as all we know is that the mean-shifts are of the form const(𝛿0, 𝛿1, 𝑚)𝑛𝛾 + o(𝑛𝛾). However,
the remainder term might still have an order only slightly smaller than 𝑛𝛾 , which will lead to rather
poor power estimates for small values of 𝑛.

6. Discussion and open problems
In this section, we compare our results to the literature and state some open problems.

6.1. Early changepoint

In previous work [4,8,16], the case of an early changepoint was considered for preferential attachment
trees, i.e., for 𝑚 = 1. Thus, our work extends this setting from trees to graphs, as well as from an early
changepoint to a late one. Arguably, the latter case is more relevant in practice, since one would rather
detect a changepoint quickly, meaning, close to the time after which it occurs. This setting corresponds
to a changepoint close to the time of observation of the final network.

6.2. Dynamical graph observations

It would be of interest to extend our results to a dynamic setting, where we detect the changepoint as the
graph changes dynamically. Bear in mind though that we currently only assume that we observe the graph
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at the final time, and observing the graph dynamically thus provides much more information. Thus, it
is an interesting extension to devise an appropriate setting where we only observe partial information
on the network, while still detecting the changepoint dynamically. There are several settings that could
be of interest. In the first, one observes the network snapshots only at multiples of 𝑛𝛾 . In the second,
we assume that we only dynamically observe information about the degree counts, and not the entire
network. We defer such problems to future work.

6.3. Lower bounds

Conjecture 3.3 states that no test will be powerful when 𝛾 < 1
2 . Proving such lower bounds in the context

of preferential attachment models is challenging, due to the latent nature of these models. However, part
(i) of the conjecture might be approached by relying on the asymptotic normality characterization in [7,
Lemma 1.2], together with bounds on 𝔼1 [𝑁𝑘 (𝑛)] − 𝔼0 [𝑁𝑘 (𝑛)] obtained using the methods developed
in this paper.

6.4. Boundary case 𝜸 = 1

Note that in Proposition 3.1 and Theorem 3.5 the case 𝛾 = 1 is excluded. This is in contrast with the
results in [4,8,16]. The proof of the two theorems relies on Proposition 7.1, that explicitly excludes
the case 𝛾 = 1. It should be possible to extend that result for 𝛾 = 1. Specifically, the current argument
quantifies the contribution to 𝔼1 [𝑁𝑚 (𝑛)] −𝑛𝑝𝑚(𝛿0) made by vertices that arrived after the changepoint.
Due to the late changepoint, most of those vertices will have degree𝑚 in𝐺𝑛. However, for 𝛾 = 1, a small,
but non-vanishing fraction of those vertices will have higher degree. Therefore, to extend the result,
this needs to be quantified, and a slightly more refined argument will be needed, where the role of the
parameter 𝑐 will become much more prevalent. Extending the result of Theorem 3.5 to this setting will
likely be significantly more challenging, as it requires extending Proposition 8.2, where the assumption
that 𝛾 < 1 was crucially used to bound the terms of order o(𝑛𝛾). On the other hand, when 𝛾 = 1, our
test statistic might not be a good practical choice (particularly when 𝑐 is large), and the statistics used
in [4,8] will possibly lead to more powerful tests. This remains an interesting avenue of future research.

6.5. Other test statistics

The recent work [21] proves that, when 𝑛 − 𝜏𝑛 = 𝑜(
√
𝑛), all tests are asymptotically powerless. This

implies that our test based on 𝑁𝑚 (𝑛) is asymptotically powerful up to the detectability threshold.
However, information about the presence of a changepoint is also present in other statistics of the graph,
which might not even be measurable with respect to the degree sequence, so it cannot be excluded that
other tests have better performance than ours for finite 𝑛. For example, the number of lowest-degree
neighbours of lowest-degree vertices, which is not measurable with respect to the degree sequence,
carries information on the changepoint, a fact that was verified via numerical simulation. Another, more
straightforward, possibility is including higher degree counts to improve the finite-𝑛 performance of the
test. Following this idea, the master thesis [20] numerically investigates the finite-𝑛 performance of a
likelihood-ratio test based on (𝑁𝑚 (𝑛), 𝑁𝑚+1 (𝑛)) and proves that it is slightly better than the performance
of our test based solely on 𝑁𝑚 (𝑛). An interesting avenue of research is to identify, in a principled way,
statistics that lead to tests that have higher power than the ones proposed.
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6.6. Boundary case 𝜸 = 1
2

When 𝛾 = 1
2 , the fluctuations of 𝑁𝑚 (𝑛) around its mean under 𝐻0 are of the same order as 𝔼1 [𝑁𝑚 (𝑛)] −

𝑝𝑚(𝛿0). Moreover, since a central limit theorem holds for 𝑁𝑚 (𝑛) − 𝔼1 [𝑁𝑚 (𝑛)] under 𝐻1, with the
same limiting variance as under 𝐻0 (cf. Theorem 4.1), it follows that, when 𝛾 = 1

2 , the type-II error of
our test is strictly bounded away from zero. In other words, when 𝛾 = 1

2 , a large value of 𝑁𝑚 (𝑛) − 𝑝𝑚
can be explained either by a large deviation away from 𝔼0 [𝑁𝑚] under 𝐻0, or by a deviation around
𝔼1 [𝑁𝑚] under 𝐻1. Although this setting might be perceived as too specific to be of practical interest, it
does provide an avenue to compare different testing procedures from an asymptotic lens, and can yield
valuable insights regarding the finite-sample performance of different tests.

7. Powerful test for known 𝜹0: Proof of Proposition 3.1

The main idea of the proof is to decompose the test statistic 𝑇 (𝐺𝑛) in two terms:

𝑇 (𝐺𝑛) = 𝑁𝑚 (𝑛) − 𝑛𝑝𝑚(𝛿0) = 𝔼ℓ [𝑁𝑚 (𝑛)] − 𝑛𝑝𝑚(𝛿0)⏞⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⏟⏟⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⏞
:=𝐴

+𝑁𝑚 (𝑛) − 𝔼ℓ [𝑁𝑚 (𝑛)]⏞⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⏟⏟⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⏞
:=𝐵

, (15)

where ℓ ∈ {0,1}. The characterization of the stochastic term 𝐵 is the same under both the null and
alternative models, and follows a somewhat standard argument. Let ℓ ∈ {0,1} be fixed. Define the
stochastic process {𝑀𝑡 }𝑛𝑡=1 such that

𝑀𝑡 := 𝔼ℓ [𝑁𝑚 (𝑛) |𝐺𝑡 ] .

This is a Doob martingale [35, Lemma 8.5], and such that 𝔼ℓ [𝑁𝑚 (𝑛)] = 𝑀1 and 𝑁𝑚 (𝑛) = 𝑀𝑛. Further-
more, by [35, Lemma 8.6], we know that, for every 𝑡 ∈ {2, . . . , 𝑛}, |𝑀𝑛 − 𝑀𝑛−1 | ≤ 2𝑚 almost surely.
Although strictly speaking these two lemmas were not stated for our model, their arguments do not
depend on the specific sequence 𝛿(𝑡) in (1). Therefore, those results still hold and follow simply from
the fact that every step in time we add precisely 𝑚 edges to the graph. With this in hand, we can directly
apply the Azuma-Hoeffding inequality to get that, for any 𝑥 > 0,

∀ℓ ∈ {0,1} ℙℓ (|𝑁𝑚 (𝑛) − 𝔼ℓ [𝑁𝑚 (𝑛)] | ≥ 𝑥) ≤ 2e−
𝑥2

8𝑚2𝑛 . (16)

This completes the characterization of the term 𝐵 in (15). We now proceed by considering the type-I
and type-II errors separately.

7.1. Type-I error

To control the term 𝐴 in (15) under the null model we use [18, Proposition 2.2] (see also [35, Proposi-
tion 8.7]), which states that there exists a constant 𝐶0 =𝐶0 (𝛿0, 𝑚) such that, for all 𝑛 ≥ 1,

|𝔼0 [𝑁𝑚 (𝑛)] − 𝑛𝑝𝑚(𝛿0) | ≤ 𝐶0. (17)
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Combining this with (16) we see that the type-I error of the minimal degree test is bounded by

ℙ0(𝜓(𝑇 (𝐺𝑛)) ≠ 0) = ℙ0
(︂
|𝑁𝑚 (𝑛) − 𝑛𝑝𝑚(𝛿0) | ≥ 𝑚

√︁
8𝑛 log(2/𝛼)

)︂
≤ ℙ0

(︂
|𝑁𝑚 (𝑛) − 𝔼0 [𝑁𝑚 (𝑛)] | ≥ 𝑚

√︁
8𝑛 log(2/𝛼) −𝐶0

)︂
≤ 2 exp

(︄
−
(𝑚

√︁
8𝑛 log(2/𝛼) −𝐶0)2

8𝑚2𝑛

)︄
= (1 + o(1))𝛼.

This shows that the type-I error is essentially at most 𝛼, completing the first part of the proof.

7.2. Type-II error

Again we must control the term 𝐴 above, for which the following proposition is instrumental:

Proposition 7.1. Let 0 < 𝛾 < 1. Then

𝔼1 [𝑁𝑚 (𝑛)] − 𝑛𝑝𝑚(𝛿0) = (1 + o(1)) 𝑐𝑛𝛾
(︃
1 − 𝑝𝑚(𝛿0)

𝑝𝑚(𝛿1)

)︃
= (1 + o(1))𝑐𝑛𝛾 (𝛿0 − 𝛿1)

1
(2 + 𝛿1/𝑚)(𝑚 + 𝛿0 + 2 + 𝛿0/𝑚) .

Proof. Note that

𝔼1 [𝑁𝑚 (𝑛)] − 𝑛𝑝𝑚(𝛿0) = 𝔼0 [𝑁𝑚 (𝑛)] − 𝑛𝑝𝑚(𝛿0) (18)

+ 𝔼1 [𝑁𝑚 (𝑛)] − 𝔼1 [𝑁𝑚 (𝜏𝑛)] − (𝔼0 [𝑁𝑚 (𝑛)] − 𝔼0 [𝑁𝑚 (𝜏𝑛)]).

The equality holds as the law of 𝐺𝜏𝑛 is the same under the null and alternative models, and therefore
𝔼0 [𝑁𝑚 (𝜏𝑛)] = 𝔼1 [𝑁𝑚 (𝜏𝑛)]. The last two terms are controlled in a similar way.

Let ℓ ∈ {0,1} and note that

𝔼ℓ [𝑁𝑚 (𝑛)] − 𝔼ℓ [𝑁𝑚 (𝜏𝑛)] =
∑︂

𝑣∈[𝜏𝑛 ]
(ℙℓ (𝐷𝑣 (𝑛) =𝑚) − ℙℓ (𝐷𝑣 (𝜏𝑛) =𝑚))

+
∑︂

𝑣∈[𝑛]\[𝜏𝑛 ]
ℙℓ (𝐷𝑣 (𝑛) =𝑚).

In the above there is a contribution from vertices that arrived before the change-point (so-called
“old” vertices), and vertices that arrived afterwards (the “new” vertices). The contribution by the new
vertices 𝑣 ∈ [𝑛] \ [𝜏𝑛] is essentially the same regardless of the value of ℓ, as ℙℓ (𝐷𝑣 (𝑛) = 𝑚) ≈ 1 when
𝑣 ∈ [𝑛] \ [𝜏𝑛]. To see this, note that ℙℓ (𝐷𝑣 (𝑛) =𝑚) = 1−ℙℓ (𝐷𝑣 (𝑛) > 𝑚) and that the event 𝐷𝑣 (𝑛) > 𝑚
can only occur if there is at least one vertex 𝑣′ > 𝑣 attaching to 𝑣. Referring to (2) the probability of this
happening is at most (𝑚 + 𝛿ℓ )/((2𝑚 + 𝛿ℓ )𝜏𝑛 − 2𝑚), and there are at most 𝑚(𝑛− 𝜏𝑛) possible edges that
can lead to that connection. Therefore

ℙℓ (𝐷𝑣 (𝑛) =𝑚) ≥ 1 −𝑚(𝑛 − 𝜏𝑛)
𝑚 + 𝛿ℓ

(2𝑚 + 𝛿ℓ )𝜏𝑛 − 2𝑚
= 1 − O(𝑛𝛾−1).
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In conclusion (since ℙℓ (𝐷𝑣 (𝑛) =𝑚) is bounded above by 1)∑︂
𝑣∈[𝑛]\[𝜏𝑛 ]

ℙℓ (𝐷𝑣 (𝑛) =𝑚) = 𝑐(𝑛 − 𝜏𝑛)(1 + O(𝑛𝛾−1)), ℓ ∈ {0,1}.

For the term involving the “old” vertices we use the following lemma, which will be used to the full
extent for the proof of Theorem 3.5:

Lemma 7.2. Let 𝑣 ∈ [𝜏𝑛], 𝛾 < 1 and 𝑚 ≤ 𝑘 = o(𝑛1−𝛾) and ℓ ∈ {0,1}. Then

ℙℓ (𝐷𝑣 (𝑛) − 𝐷𝑣 (𝜏𝑛) > 0 | 𝐷𝑣 (𝜏𝑛) = 𝑘) = (1 + o(1))𝑐𝑛𝛾−1𝑚
𝑘 + 𝛿ℓ

2𝑚 + 𝛿ℓ
,

as 𝑛→∞.

Proof. Note that

ℙℓ (𝐷𝑣 (𝑛) − 𝐷𝑣 (𝜏𝑛) > 0 | 𝐷𝑣 (𝜏𝑛) = 𝑘)

= 1 − ℙℓ (𝐷𝑣 (𝑛) − 𝐷𝑣 (𝜏𝑛) = 0 | 𝐷𝑣 (𝜏𝑛) = 𝑘)

= 1 −
∏︂

𝑗∈[𝑛]\[𝜏𝑛 ]

𝑚∏︂
𝑖=1

(︃
1 − 𝑘 + 𝛿ℓ

𝑗 (2𝑚 + 𝛿ℓ ) − 2𝑚 + 𝑖 − 1

)︃

= 1 − exp ⎛⎜⎝
∑︂

𝑗∈[𝑛]\[𝜏𝑛 ]

𝑚∑︂
𝑖=1

log
(︃
1 − 𝑘 + 𝛿ℓ

𝑗 (2𝑚 + 𝛿ℓ ) − 2𝑚 + 𝑖 − 1

)︃⎞⎟⎠
= 1 − exp ⎛⎜⎝

∑︂
𝑗∈[𝑛]\[𝜏𝑛 ]

𝑚∑︂
𝑖=1

−(1 + o(1)) 𝑘 + 𝛿ℓ
𝑗 (2𝑚 + 𝛿ℓ ) − 2𝑚 + 𝑖 − 1

⎞⎟⎠ (19)

= 1 − exp
(︃
−(1 + o(1))𝑐𝑚𝑛𝛾 𝑘 + 𝛿ℓ

𝑛(2𝑚 + 𝛿ℓ )

)︃
= 1 −

(︃
1 − (1 + o(1))𝑐𝑚𝑛𝛾−1 𝑘 + 𝛿ℓ

2𝑚 + 𝛿ℓ

)︃
(20)

= (1 + o(1))𝑐𝑚𝑛𝛾−1 𝑘 + 𝛿ℓ
2𝑚 + 𝛿ℓ

,

where in (19) we relied on the fact that 𝑘 = o(𝑛) and for (20) it is crucial that 𝑘 = o(𝑛1−𝛾).
With this lemma in hand, we clearly see that

ℙℓ (𝐷𝑣 (𝑛) =𝑚) − ℙℓ (𝐷𝑣 (𝜏𝑛) =𝑚)

= ℙℓ (𝐷𝑣 (𝑛) − 𝐷𝑣 (𝜏𝑛) = 0|𝐷𝑣 (𝜏𝑛) =𝑚)ℙℓ (𝐷𝑣 (𝜏𝑛) =𝑚)

= (1 − ℙℓ (𝐷𝑣 (𝑛) − 𝐷𝑣 (𝜏𝑛) > 0|𝐷𝑣 (𝜏𝑛) =𝑚)) ℙℓ (𝐷𝑣 (𝜏𝑛) =𝑚)

=

(︃
1 − (1 + o(1))𝑐𝑛𝛾−1𝑚

𝑚 + 𝛿ℓ
2𝑚 + 𝛿ℓ

)︃
ℙℓ (𝐷𝑣 (𝜏𝑛) =𝑚).
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Putting the two results together we get

𝔼ℓ [𝑁𝑚 (𝑛)] − 𝔼ℓ [𝑁𝑚 (𝜏𝑛)]

=

(︃
1 − (1 + o(1))𝑐𝑛𝛾−1𝑚

𝑚 + 𝛿ℓ
2𝑚 + 𝛿ℓ

)︃
𝔼ℓ [𝑁𝑚 (𝜏𝑛)] + 𝑐(𝑛 − 𝜏𝑛)(1 + O(𝑛𝛾−1)).

Note that this results characterizes what happens both under the null and alternative models. Hence this
result, together with (18) and the fact that 𝔼0 [𝑁𝑚(𝜏𝑛)] = 𝔼1 [𝑁𝑚 (𝜏𝑛)], yields

𝔼1 [𝑁𝑚 (𝑛)] − 𝑛𝑝𝑚(𝛿0)

= 𝔼0 [𝑁𝑚 (𝑛)] − 𝑛𝑝𝑚(𝛿0)

+ (1 + o(1))𝑐𝑛𝛾−1𝑚

(︃
𝑚 + 𝛿0

2𝑚 + 𝛿0
− 𝑚 + 𝛿1

2𝑚 + 𝛿1

)︃
𝔼0 [𝑁𝑚 (𝜏𝑛)] + O(𝑛2𝛾−1)

= O(1) + (1 + o(1))𝑐𝑛𝛾−1(𝛿0 − 𝛿1)
1

(2 + 𝛿1/𝑚)(2 + 𝛿0/𝑚) 𝜏𝑛 (𝑝𝑚(𝛿0) + O(1/𝑛))

+ O(𝑛2𝛾−1)

= (1 + o(1))𝑐𝑛𝛾 𝛿0 − 𝛿1
(2 + 𝛿1/𝑚)(𝑚 + 𝛿0 + 2 + 𝛿0/𝑚) = (1 + o(1)) 𝑐𝑛𝛾

(︃
1 − 𝑝𝑚(𝛿0)

𝑝𝑚(𝛿1)

)︃
,

where 0 < 𝛾 < 1, and we have again used (17) to relate 𝔼0 [𝑁𝑚 (𝜏𝑛)] to 𝜏𝑛𝑝𝑚(𝛿0).

Similarly as for the type-I error, we can use Proposition 7.1 together with the Azuma-Hoeffding
inequality (16) to get

ℙ1 (𝑇 (𝐺𝑛) ≠ 1)

= ℙ1
(︂
|𝑁𝑚 (𝑛) − 𝑛𝑝𝑚(𝛿0) | < 𝑚

√︁
8𝑛 log(2/𝛼)

)︂
≤ ℙ1

(︂
|𝑁𝑚 (𝑛) − 𝔼1 [𝑁𝑚 (𝑛)] | >

(︂
|𝔼1 [𝑁𝑚 (𝑛)] − 𝑛𝑝𝑚(𝛿0) | −𝑚

√︁
8𝑛 log(2/𝛼)

)︂
∨ 0

)︂
≤ 2 exp

⎛⎜⎜⎝−
(︂(︂
|𝔼1 [𝑁𝑚 (𝑛)] − 𝑛𝑝𝑚(𝛿0) | −𝑚

√︁
8𝑛 log(2/𝛼)

)︂
∨ 0

)︂2

8𝑚2𝑛

⎞⎟⎟⎠ .
Considering the cases 𝛾 > 1

2 and 𝛾 = 1
2 separately, this gives

ℙ1(𝑇 (𝐺𝑛) ≠ 1)

≤
⎧⎪⎪⎨⎪⎪⎩

o(1) when 𝛾 > 1
2 ,

(2 + o(1)) exp
(︃
−
(︂(︂ 𝑐 |1 − 𝑝𝑚(𝛿0)/𝑝𝑚(𝛿1) |

𝑚
√

8
−
√︁

log(2/𝛼)
)︂
∨ 0

)︂2)︃
when 𝛾 = 1

2 .

The case 𝛾 < 1
2 does not follow immediately from the analysis above, as the characterization obtained

by the Azuma-Hoeffding only provides an upper bound on the variability of the test statistic. However,
in Theorem 4.1 it is shown that (𝑇 (𝐺𝑛) − 𝔼1 [𝑇 (𝐺𝑛)])/

√
𝑛 is asymptotically normal with mean 0 and
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variance 𝑤(𝛿0, 𝑚) > 0. As shown above 𝔼1 [𝑇 (𝐺𝑛)]/
√
𝑛 = O(𝑛𝛾−

1
2 ). Therefore 𝔼1 [𝑇 (𝐺𝑛)]/

√
𝑛 = o(1)

when 𝛾 < 1
2 , and therefore 𝑇 (𝐺𝑛)/

√
𝑛 converges to the same distribution under the null and alternative

models, meaning the type II error is asymptotically just the complement of the type I error.

8. Powerful test for unknown 𝜹0: Proof of Theorem 3.5
To prove Theorem 3.5 we partially leverage on the results and analysis in Proposition 3.1. However, we
must take into account that 𝛿0 is not known, and rather we have only its estimate 𝛿𝑛. The main idea is
to decompose the test statistic 𝑄(𝐺𝑛) as

𝑄(𝐺𝑛) = 𝑁𝑚 (𝑛) − 𝑛𝑝𝑚(𝛿𝑛) (21)

= 𝔼ℓ [𝑁𝑚 (𝑛)] − 𝑛𝑝𝑚(𝛿0)⏞⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⏟⏟⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⏞
:=𝐴

+𝑛𝑝𝑚(𝛿0) − 𝑛𝑝𝑚(𝛿𝑛)⏞⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⏟⏟⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⏞
:=𝐵

+ 𝑁𝑚 (𝑛) − 𝔼ℓ [𝑁𝑚 (𝑛)] + 𝑛𝑝𝑚(𝛿𝑛) − 𝑛𝑝𝑚(𝛿𝑛)⏞⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⏟⏟⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⏞
:=𝐶

,

where ℓ ∈ {0,1}. In the above 𝛿𝑛 is a deterministic quantity, and it is formally defined below. At this
moment one might simply think of it as a “population” version of 𝛿𝑛.

Clearly 𝐴 is already characterized by Proposition 7.1. The bulk of the argument needed to prove
Proposition 3.1 is in the characterization of 𝐵, the second term. For this we need to understand how
fast 𝛿𝑛 converges to 𝛿0 as 𝑛→∞. It turns out that under the alternative model both 𝐴 and 𝐵 have the
same first-order asymptotic behavior, but with different leading constants. This fact is crucial to ensure
that the test is powerful. Finally 𝐶, the last term, appears complicated but it is very well concentrated
around zero.

Define 𝛿𝑛 as a solution of 𝔼ℓ [𝜄′𝑛 (𝛿)] = 0 in 𝛿 ∈ [𝛿min, 𝛿max] (if more than one solution exists, then we
choose an arbitrary one). Most of the analysis focuses on the alternative model, but the stated results
apply to the null model simply by taking 𝛿1 = 𝛿0. The following proposition gives a characterization of
𝛿𝑛 and the term 𝐵 above:

Proposition 8.1. Let 𝛾 < 1. Under the alternative model 𝛿𝑛 converges to 𝛿0 as 𝑛→∞. Furthermore,

𝛿𝑛 − 𝛿0 = (1 + o(1))𝑛𝛾−1𝑐(𝛿1 − 𝛿0)
2𝑚 + 𝛿0
2𝑚 + 𝛿1

,

and

𝑛(𝑝𝑚(𝛿0) − 𝑝𝑚(𝛿𝑛)) = (1 + o(1))𝑐𝑛𝛾 1
(𝑚 + 𝛿0 + 2 + 𝛿0/𝑚)2 (𝛿1 − 𝛿0)

2𝑚 + 𝛿0
2𝑚 + 𝛿1

.

The proof of this result is rather involved, due to the implicit nature of the definition of 𝛿𝑛. Note,
however, that 𝜄′𝑛 (𝛿) is a score function, therefore we have immediately that 𝔼0 [𝜄′𝑛 (𝛿0)] = 0. Under the
alternative model 𝛿𝑛 will not be equal to 𝛿0 and quantifying this deviation is crucial to our analysis. The
following technical result, examining the difference between 𝔼1 [𝜄′𝑛 (𝛿)] and 𝔼0 [𝜄′𝑛 (𝛿)], is instrumental:

Proposition 8.2 (Analysis of differences of means). Let 𝛾 < 1. As 𝑛→∞, and uniformly for every
𝛿 ∈ [𝛿min, 𝛿max],

(𝑛 + 1)
(︁
𝔼1 [𝜄′𝑛 (𝛿)] − 𝔼0 [𝜄′𝑛 (𝛿)]

)︁
= 𝜅(𝛿1, 𝛿0, 𝛿)𝑛𝛾 (1 + o(1)),
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where 𝜅(𝛿1, 𝛿0, 𝛿) equals

𝜅 := 𝜅(𝛿1, 𝛿0, 𝛿) = (𝛿1 − 𝛿0)
𝑐𝑚

(2𝑚 + 𝛿1)(2𝑚 + 𝛿0)

(︄
−1 +

∑︂
𝑘≥𝑚

2𝑚 + 𝛿
𝑘 + 𝛿 𝑝𝑘 (𝛿0)

)︄
.

The proof of this result, which is long and rather technical, is given in [7]. With this result in hand
we are ready to prove Proposition 8.1:

Proof of Proposition 8.1. We first establish that 𝛿𝑛 is well defined and that 𝛿𝑛 → 𝛿0. Define

𝜄′ (𝛿) :=
∑︂
𝑘≥𝑚

𝑝>𝑘 (𝛿0)
𝑘 + 𝛿 − 1

2 + 𝛿/𝑚 ,

where 𝑝>𝑘 (𝛿0) =
∑︁

𝑗>𝑘 𝑝 𝑗 (𝛿0). Intuitively, this should be the limit of 𝜄′𝑛 (𝛿) as 𝑛→∞, as we see next.
Note also that we can rewrite this expression in terms of 𝑝𝑘 , by noticing (see [25, Lemma 2]) that, for
𝑘 ≥ 𝑚

𝑝>𝑘 (𝛿0) =
𝑘 + 𝛿0

2 + 𝛿0/𝑚
𝑝𝑘 (𝛿0).

Therefore,

𝜄′ (𝛿) = 1
2 + 𝛿0/𝑚

∑︂
𝑘≥𝑚

𝑘 + 𝛿0
𝑘 + 𝛿 𝑝𝑘 (𝛿0) −

1
2 + 𝛿/𝑚 .

[25, Lemma 6] shows essentially that, as 𝑛→∞,

sup
𝛿∈[ 𝛿min , 𝛿max ]

|𝜄′𝑛 (𝛿) − 𝜄′ (𝛿) |
ℙ0−−→ 0.

[25, Lemma 6] is actually stated for a more general setting, where the number of edges added at each
step is random. However, if the support of the distribution of the number of edges is bounded below by
𝑚, then following the steps in the proof of the lemma leads to the above result. Actually, in our setting
we can state a slightly stronger result, namely convergence in 𝐿1. First note that both |𝜄′𝑛 (𝛿) | and |𝜄′ (𝛿) |
are bounded, uniformly in 𝛿 and 𝑛. To see this note that, regardless of the value 𝑘 ,

𝑘𝑁>𝑘 (𝑛) = 𝑘
∑︂
ℓ>𝑘

𝑁ℓ (𝑛) ≤
∑︂
ℓ>𝑘

ℓ𝑁ℓ (𝑛) ≤
∑︂
ℓ≥𝑚

ℓ𝑁ℓ (𝑛) = 2𝑛𝑚.

Therefore,

0 ≤ 1
𝑛 + 1

∞∑︂
𝑘=𝑚

1
𝑘 + 𝛿 𝑁>𝑘 (𝑛) ≤

1
𝑛 + 1

∞∑︂
𝑘=𝑚

1
𝑘 (𝑘 + 𝛿) 2𝑛𝑚

≤ 2𝑛𝑚
𝑛 + 1

∞∑︂
𝑘=𝑚

1
𝑘 (𝑘 + 𝛿min)

≤ 𝑚
∞∑︂

𝑘=𝑚

1
𝑘 (𝑘 + 𝛿min)

≤ 𝑚

(︄
1

𝑚(𝑚 + 𝛿min)
+

∞∑︂
𝑘=1

1
𝑘2

)︄
=𝑚

(︃
1

𝑚(𝑚 + 𝛿min)
+ 𝜋2/6

)︃
.
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On the other hand,

0 ≤ 1
𝑛 + 1

𝑛∑︂
𝑡=2

𝑚∑︂
𝑖=1

𝑡

𝑡𝛿 + 2𝑚(𝑡 − 1) + (𝑖 − 1) ≤
𝑚

𝑛 + 1

𝑛∑︂
𝑡=2

𝑡

𝑡𝛿min + 2𝑚(𝑡 − 1)

≤ 𝑚(𝑛 − 1)
𝑛 + 1

2
2(𝑚 + 𝛿min)

≤ 2𝑚
2(𝑚 + 𝛿min)

.

These two results together imply that |𝜄′𝑛 (𝛿) | is almost surely uniformly bounded for all 𝛿 ∈ [𝛿min, 𝛿max].
For 𝜄′ we must simply note that this is a continuous function defined in the compact set [𝛿min, 𝛿max],
and is therefore bounded. In conclusion, as 𝑛→∞,

𝔼0

[︄
sup

𝛿∈[ 𝛿min , 𝛿max ]
|𝜄′𝑛 (𝛿) − 𝜄′ (𝛿) |

]︄
→ 0.

This result, together with Proposition 8.2, shows that this is also true under the alternative model, and
therefore, as 𝑛→∞,

∀ℓ ∈ {0,1} 𝔼ℓ

[︄
sup

𝛿∈[ 𝛿min , 𝛿max ]
|𝜄′𝑛 (𝛿) − 𝜄′ (𝛿) |

]︄
→ 0. (22)

By definition 𝔼1 [𝜄′𝑛 (𝛿𝑛)] = 0, therefore we conclude that 𝜄′ (𝛿𝑛) → 0. [25, Lemma 4] shows that 𝜄′ has
a unique zero at 𝛿0, and 𝜄′ (𝛿) > 0 for 𝛿 < 𝛿0 and 𝜄′ (𝛿) < 0 for 𝛿 > 𝛿0. This immediately implies that
𝛿𝑛 → 𝛿0 as 𝑛→∞, proving the first assertion in the proposition.

To quantify the speed of convergence note first that 𝔼0 [𝜄′𝑛 (𝛿0)] = 0, since 𝜄′𝑛 is a score function.
Furthermore, by definition 𝔼1 [𝜄′𝑛 (𝛿𝑛)] = 0, therefore Proposition 8.2 implies that

0 = 𝔼1 [𝜄′𝑛 (𝛿𝑛)] − 𝔼0 [𝜄′𝑛 (𝛿𝑛)] + 𝔼0 [𝜄′𝑛 (𝛿𝑛)]

= 𝜅(𝛿1, 𝛿0, 𝛿𝑛)𝑛𝛾−1 (1 + o(1)) + 𝔼0 [𝜄′𝑛 (𝛿0) + 𝜄′′𝑛 (𝛿𝑛)(𝛿𝑛 − 𝛿0)]

= 𝜅(𝛿1, 𝛿0, 𝛿𝑛)𝑛𝛾−1 (1 + o(1)) + 𝔼0 [𝜄′′𝑛 (𝛿𝑛)] (𝛿𝑛 − 𝛿0), (23)

where |𝛿𝑛 − 𝛿0 | ≤ |𝛿𝑛 − 𝛿0 |. Clearly 𝛿𝑛 → 𝛿0. As shown in [25], 𝜄′′𝑛 (𝛿) also converges in probability
to 𝜄′′ (𝛿) uniformly in 𝛿 ∈ [𝛿min, 𝛿max]. In fact, convergence holds also in 𝐿1, since 𝜄′′𝑛 (𝛿) is uniformly
bounded (following the type of argument used before showing that 𝜄′𝑛 is uniformly bounded). In addition,
it is also shown in [25] that 𝜄′′ (𝛿0) < 0. Therefore, for 𝑛 large enough,

𝔼0 [𝜄′′𝑛 (𝛿𝑛)] = (1 + o(1))𝜄′′ (𝛿0) < 0.

We are now ready to show the second assertion in Proposition 8.1. Note that 𝜅(𝛿1, 𝛿0, 𝛿𝑛) →
𝜅(𝛿1, 𝛿0, 𝛿0) since 𝜅 is a continuous function. Putting all this together and re-writing the expression (23)
we conclude that

𝛿𝑛 − 𝛿0 = (1 + o(1))𝑛𝛾−1 𝜅(𝛿1, 𝛿0, 𝛿0)
|𝜄′′ (𝛿0) |

,
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where

𝜄′′ (𝛿0) =
𝑚

(2𝑚 + 𝛿0)2 −
∑︂
𝑘≥𝑚

𝑝>𝑘 (𝛿0)
(𝑘 + 𝛿0)2

=
𝑚

(2𝑚 + 𝛿0)2 − 𝑚

2𝑚 + 𝛿0

∑︂
𝑘≥𝑚

𝑝𝑘 (𝛿0)
𝑘 + 𝛿0

.

Therefore, after trivial algebraic manipulation, we conclude that

𝛿𝑛 − 𝛿0 = (1 + o(1))𝑛𝛾−1 𝑐(𝛿1 − 𝛿0)
2𝑚 + 𝛿1

−1 +
∑︁

𝑘≥𝑚
2𝑚+𝛿0
𝑘+𝛿0

𝑝𝑘 (𝛿0)∑︁
𝑘≥𝑚

1
𝑘+𝛿0

𝑝𝑘 (𝛿0) − 1
2𝑚+𝛿0

= (1 + o(1))𝑛𝛾−1𝑐(𝛿1 − 𝛿0)
2𝑚 + 𝛿0
2𝑚 + 𝛿1

,

proving the second assertion in the proposition. For the last assertion note that 𝛿 ↦→ 𝑝𝑚(𝛿) is a contin-
uously differentiable function, so that

𝑝𝑚(𝛿𝑛) = 𝑝𝑚(𝛿0) + 𝑝′𝑚(𝛿𝑛)(𝛿𝑛 − 𝛿0),

where |𝛿𝑛 − 𝛿0 | ≤ |𝛿𝑛 − 𝛿0 | and

𝑝′𝑚(𝛿) = − 1
(𝑚 + 𝛿 + 2 + 𝛿/𝑚)2 . (24)

Clearly 𝛿𝑛 → 𝛿0, and 𝑝′𝑚(𝛿0) ≠ 0 and so

𝑛(𝑝𝑚(𝛿0) − 𝑝𝑚(𝛿𝑛))

= −(1 + o(1))𝑛𝑝′𝑚(𝛿0)(𝛿𝑛 − 𝛿0)

= (1 + o(1))𝑛𝛾 1
(𝑚 + 𝛿0 + 2 + 𝛿0/𝑚)2 𝑐(𝛿1 − 𝛿0)

2𝑚 + 𝛿0
2𝑚 + 𝛿1

.

In conclusion, the sum of the terms 𝐴 and 𝐵 in (21) equals 𝛼(𝛿0, 𝛿1, 𝑚, 𝑐)(1 + o(1))𝑛𝛾 with

𝛼(𝛿0, 𝛿1, 𝑚, 𝑐) = 𝑐
[︃
1 − 𝑝𝑚(𝛿0)

𝑝𝑚(𝛿1)
+ 1
(𝑚 + 𝛿0 + 2 + 𝛿0/𝑚)2 (𝛿1 − 𝛿0)

2𝑚 + 𝛿0
2𝑚 + 𝛿1

]︃
= 𝑐(𝛿0 − 𝛿1)

𝑚 + 𝛿0
(2 + 𝛿1/𝑚)(𝑚 + 𝛿0 + 2 + 𝛿0/𝑚)2 .

Clearly, this takes the value 0 when 𝛿0 = 𝛿1, and it is non-zero otherwise.
To complete the proof of Proposition 3.1 we need to characterize the term 𝐶 in (21). This has two

components, the first one already studied in the proof of Proposition 3.1. For the second component we
must characterize the deviations of 𝛿𝑛 around 𝛿𝑛. Again, due to the implicit definition of the estimator
this requires some care. The results are summarized in the following proposition, proven in [7]:



1876 Bet, Bogerd, Castro and van der Hofstad

Proposition 8.3. The estimator 𝛿𝑛 is consistent, both under the null and alternative models. Specifically,

𝔼ℓ [|𝛿𝑛 − 𝛿0 |] → 0,

as 𝑛→∞, where ℓ ∈ {0,1}. In addition,

|𝛿𝑛 − 𝛿𝑛 | = oℙℓ (𝑎𝑛/𝑛)

where 𝑎𝑛 = 𝜔(
√
𝑛 log𝑛). Finally,

𝑛(𝑝𝑚(𝛿𝑛) − 𝑝𝑚(𝛿𝑛)) = oℙℓ (𝑎𝑛).

With these results in hand we are ready to complete the proof of Theorem 3.5. We proceed separately
for the type I and type II error:

8.1. Type-I error

Recall the definition of 𝑎𝑛 in Theorem 3.5, which satisfies 𝑎𝑛 = 𝜔(
√
𝑛 log𝑛) and 𝑎𝑛 = 𝑛

1
2+𝑜 (1) . Refer to

the decomposition of the test statistic 𝑄(𝐺𝑛) in (21). Under the null model the term 𝐵 is equal to zero,
and for the term 𝐴 we know (from (17)) that

|𝔼0 [𝑁𝑚 (𝑛)] − 𝑛𝑝𝑚(𝛿0) | ≤ 𝐶0 (𝛿0, 𝑚) :=𝐶0.

Therefore

ℙ0 (|𝑄(𝐺𝑛) | ≥ 𝑎𝑛)

= ℙ0
(︁⃓⃓
𝔼0 [𝑁𝑚 (𝑛)] − 𝑛𝑝𝑚(𝛿0) + 𝑁𝑚 (𝑛) − 𝔼0 [𝑁𝑚 (𝑛)] + 𝑛𝑝𝑚(𝛿𝑛) − 𝑛𝑝𝑚(𝛿𝑛)

⃓⃓
≥ 𝑎𝑛

)︁
≤ ℙ0

(︁⃓⃓
𝑁𝑚 (𝑛) − 𝔼0 [𝑁𝑚 (𝑛)] + 𝑛𝑝𝑚(𝛿𝑛) − 𝑛𝑝𝑚(𝛿𝑛)

⃓⃓
≥ 𝑎𝑛 −𝐶0

)︁
≤ ℙ0

(︃
|𝑁𝑚 (𝑛) − 𝔼0 [𝑁𝑚 (𝑛)] | ≥ 𝑎𝑛 −𝐶0

2

)︃
+ ℙ0

(︃⃓⃓
𝑛𝑝𝑚(𝛿𝑛) − 𝑛𝑝𝑚(𝛿𝑛)

⃓⃓
≥ 𝑎𝑛 −𝐶0

2

)︃
= o(1),

where the final result follows from (16) and the last statement in Proposition 8.3, since 𝑎𝑛 =𝜔(
√
𝑛 log𝑛).

8.2. Type-II error

Referring again to the decomposition in (21) we see that the terms 𝐴 and 𝐵 now play a crucial
role. Namely, we have shown that the sum of the two terms equals 𝛼(𝛿0, 𝛿1, 𝑚, 𝑐)𝑛𝛾 + o(𝑛𝛾) where
𝛼(𝛿0, 𝛿1, 𝑚, 𝑐) is given by (10), which is non-zero provided 𝛿0 ≠ 𝛿1, and it is non-zero otherwise. The
characterization of the term 𝐶 remains exactly the same as under the null model. Therefore,

𝔼ℓ [𝑁𝑚 (𝑛)] − 𝑛𝑝𝑚(𝛿0) + 𝑛𝑝𝑚(𝛿0) − 𝑛𝑝𝑚(𝛿𝑛) = 𝛼(𝛿0, 𝛿1, 𝑚, 𝑐)(1 + o(1))𝑛𝛾 = 𝜔(𝑎𝑛),

since 𝑎𝑛 = 𝑛
1
2+o(1) and 𝛾 > 1

2 , and therefore

ℙ1(|𝑄(𝐺𝑛) | ≥ 𝜏𝑛) = 1

concluding the proof of Theorem 3.5.
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