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ARTICLE INFO ABSTRACT

Keywords: Ice clouds, particularly cirrus, play a crucial role in Earth’s radiative balance, yet remain
Ice crystals habit poorly represented in current climate models. A major source of uncertainty stems from the
Ga‘fge}:heory variability of their microphysical properties, especially the shape of ice crystals. In this paper,
Field theory

we propose a heuristic framework to describe the evolution of four main crystal habits —
droxtals, plates, columns, and rosettes — commonly identified in situ observations and widely
adopted in radiative transfer simulations. Rather than predicting the exact final morphology
of individual crystals, our approach aims to assess the likelihood that, at a given time and
under specified thermodynamic conditions, a crystal will most closely correspond to one of these
canonical shapes used in cirrus modeling. In this study, we establish the theoretical foundations
of this new approach by employing a non-Abelian gauge theory within a field-theoretical
framework. Specifically, we impose an SU(2)®U(1) symmetry on the fields associated with the
probability of habit growth. This symmetry leads to a modified system of coupled Fokker-Planck
equations, which capture the stochastic dynamics of ice crystal growth while incorporating
phenomenological interactions among different habits. Our framework thus outlines a novel
theoretical direction for integrating symmetry principles and field-theoretical tools into the
modeling of habit dynamics in ice clouds. At this stage, numerical solutions of the proposed
equations have not yet been implemented; developing and validating these with experimental
data represents the next step of this research.

Ice clouds
Climate models
Fokker—Planck equation

1. Introduction

Nowadays, the issue of climate change is one of the most urgent problems afflicting our planet. Improving the performance of
climate models is closely related to accurately parameterizing clouds, particularly ice clouds, since these are still very uncertain and
not fully understood, representing a major source of error in such models. In particular, it has been shown that cirrus clouds — a
type of ice cloud — have a strong impact on the Earth’s energy balance [1]. In fact, depending on their optical and micro-physical
properties, they can either cool or warm the planet [2]. For example, some studies have shown that crystals larger than 24 pm
exert positive feedback, while smaller crystals lead to negative feedback [3]. This results in different cloud forcing (CF), which is
defined as the difference in emitted radiance between cloudy and clear-sky conditions [4], and can affect the warming of the planet’s
surface.
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Over the past few decades, significant progress has been made in modeling ice cloud properties and developing databases of
the single scattering properties of ice crystals, as described in [2,5-7]. These databases were obtained using various calculation
techniques, including Mie theory, the finite difference time domain (FDTD) method, the discrete dipole approximation and
geometrical optics. These properties enable the simulation of the interaction between ice crystals and radiation, taking into account
their highly non-spherical shapes, and the simulation of radiative transfer in the atmosphere. Unfortunately, these properties and
models have not yet been fully validated. Nevertheless, there is still a lack of measurements, particularly in the far infrared (FIR)
portion of the spectrum, from which about 50% of the total flux emitted by the atmosphere originates [8]. Furthermore, the fact
that ice clouds permanently cover a large portion of the planet’s surface (in particular, cirrus clouds — the coldest and highest
type of ice cloud — cover 30%, reaching 70% in the tropics) highlights the importance of accurate ice cloud modeling. Near-future
missions are planned to explore the far-infrared portion of the spectrum for the first time up to a wavelength of 100 pm and to
study the properties of ice clouds, such as the Far Infrared Outgoing Radiation for Understanding and Monitoring (FORUM) mission,
which was selected by the European Space Agency (ESA) [9,10] as the next Earth Explorer-9.

The various habits of ice crystals exhibit different behavior with regard to radiation absorption and scattering. This affects
radiative transfer through the atmospheric layers, meaning that assuming a specific crystal habit distribution in cloud modeling can
lead to large errors in calculating CF and outgoing longwave radiation (OLR). These errors consequently increase those affecting the
performance of climate model predictions. Although we need to assess the habit distribution in ice clouds as accurately as possible,
it is unfortunately not easy to assume these distributions since in situ and remotely (from satellites, aircraft or ground stations)
measurements aiming for this purpose are still scarce.

Even though ice clouds are composed of a myriad of crystal habits, we can group them in four main shapes showing hexagonal
prismatic faces due to the hydrogen molecular bonds [11], namely droxtal (shape used to represents the complexity of smaller
particles with not perfectly spherical surface), plates, columns and rosettes. Then there are intermediate shapes, such as bullets
and cups. These shapes grow through deposition/sublimation when turbulent motions are not intense; otherwise, aggregation and
collisional mechanisms arise, leading to the formation of more asymmetric shapes, which are generally referred to as aggregates.
However, all crystals start growing at the beginning of the nucleation process in a deposition “regime” from a condensation nucleus
(CN), which can be a small particle of a pollutant or a water droplet, with dimensions ranging from a few hundred nanometers to a
few microns. The growth process can be initiated either when water vapor condenses and freezes onto the CN, or when an already
frozen crystal comes into contact with a small water droplet, causing it to freeze. Even though the smaller the sizes the more the
shape tends to be spherical, the crystal does not assumes a perfectly smooth surface because of the water hydrogen bonds, and can
be modeled as droxtal shape. However, such small ice crystals have also been found to occur permanently in high concentrations
in the upper portion of cirrus clouds [12], where temperature and humidity fall drastically, but also were found in precipitating
ice clouds in Antarctica from the images of Cloud Particle Imagers (CPI) deployed at South Pole [13] and Dome-C [14,15] that
collect and catalogue the ice particles. Despite everything we have mentioned, as far as we know, there is still no theoretical model
or framework that can predict the evolution of ice crystal shape and habit transition in the deposition regime, while also ensuring
coherence with the Fokker—Planck (FP) equations that describe size growth. Even though some studies such as [16,16,17] show
the nonlinearity of ice crystal type of growth with supersaturation and were able to discriminate between columnar or plate-like
evolution based on the aspect ratio, this parameter is not always reliable to identify a specific habit, in fact is not able to remove
degeneracy between distinct shapes with similar aspect ratios, such as short columns and droxtal or small rosettes and droxtal or
rosettes and long columns, etc. Even though some important studies, such as [18-20], and [17] have been carried out in the past
years shedding light on the processes that regulate the growth of different crystal habits, a complete and adequate framework able
to describe the evolution of probability fields associate with the different habits and their mutual interaction is still missing.

Ice clouds are characterized by significant internal motions and structures at both the mesoscale and the microscale [21].
In particular, vertical air motion variability plays a fundamental role in the internal dynamics of the cloud [6]. Nevertheless,
the impact of small-scale supersaturation variability on the microphysical properties is still partially understood. We know that
temperature variability, brought about by gravity waves and turbulence leading to rapid buoyancy oscillations, and water vapor
pressure variability generated by localized events cause fluctuations in supersaturation inside ice clouds. These stochastic fluctuations
represent both the trigger and the driver for the microphysical time evolution. Currently, there is only limited experimental evidence
that there are temperature ranges in which crystals tend to have a dominant shape (columnar or plate-like) [22-24].

For cloud modeling, simplification is essential. Indeed, for complex habits such as cupped columns (or other complex shapes)
databases of optical properties are not provided. This is because their morphological complexity makes the numerical computation
of optical properties through techniques such as the Discrete Dipole Approximation (DDA), Finite-Difference Time-Domain (FDTD),
T-matrix, or their combinations as done in the cited works, prohibitively expensive. This difficulty is further exacerbated by the fact
that optical properties must be averaged over many possible crystal orientations.

For this reason, cloud models today only assume a limited number of simple, single habits (or mixtures of them) since local
variations in thermodynamic properties, especially along the vertical, primarily affect the distribution of these habits. It is simply
not feasible to use more complex shapes, either in radiative transfer simulations within climate models or in retrieval analyses from
remote sensing measurements. Examples of habit distributions used for cloud retrieval from satellite data are the collections 4 (C4)
and 5 (C5) described in [25-27] assumed for the analysis of the Moderate-resolution Imaging Spectroradiometer (MODIS) radiances.

The goal of the present work is not to provide an exact model able to predict all possible ice crystal morphologies. Instead, we
aim to develop a tool that can be useful in radiative transfer simulations, by identifying which crystal types among those assumed in
ice clouds modeling are more likely to occur under given atmospheric conditions. In this sense, the present work lays the theoretical



G. Di Natale et al Physica A: Statistical Mechanics and its Applications 685 (2026) 131312

groundwork for such applications, with the long-term objective of improving the representation of cirrus clouds and their radiative
effects in climate models.

Significant advancements in physics have often been achieved through the interchange of theoretical frameworks across different
energy scales. For example, techniques developed in high energy physics such as gauge symmetry and group theory have found
notable applications in condensed matter physics and statistical physics [28,29]. Similarly, effective models originating from low
energy physics have contributed to a deeper understanding of emergent phenomena in quantum field theory [30]. The idea is
to explore the possibility of applying concepts from particle physics to transport theory, including mechanisms such as symmetry
breaking and gauge symmetries [31,32]. In this context, the Fokker-Planck (FP) equation [33-36], which describes the evolution of
probability distributions in stochastic systems, provides an intriguing intersection point for these ideas. Consequently, the growth of
different shapes of ice crystals represents an innovative and promising application of the FP equation, where symmetry principles
and field-theoretical methods could offer new insights into the microscopic dynamics of crystal habit.

In this work, we explore the concept of gauge symmetry in order to describe the interaction properties of the ice crystal habits,
and we propose a heuristic extension of the FP equation. This allows us to naturally embed the habit structure and the transition
from one shape to another.

We begin by describing the crystal habit dynamics in terms of gauge symmetries, starting from a decoupled framework with
independent U(1) symmetries assigned to each habit. This initial construction allows a simple, yet powerful representation of each
crystal habit evolving independently. We then extend this structure by introducing a minimal interacting model based on an SU(2)
® U(1) gauge group. This extension captures nontrivial couplings between three of the four main habits, while keeping the fourth
dynamically decoupled. The resulting framework modifies the classical Fokker-Planck dynamics by incorporating interaction terms
governed by a habit coupling constant, thus allowing for richer phenomenology and interplay among crystal growth modes.

Our approach seeks to explore the potential of this conceptual framework and lays the foundation for a more comprehensive
theoretical formulation of FP-like equations closely connected with gauge theories. At this stage, our study focuses exclusively on
ice clouds, deliberately excluding the presence and influence of supercooled water droplets as found in mixed-phase clouds; hence,
processes such as riming and Wegener-Bergeron-Findeisen (WBF) are not considered. Furthermore, we concentrate on ice crystal
growth in the deposition regime, whereby crystals grow primarily through water vapor deposition and sublimation on their surfaces,
driven by supersaturation.

More specifically, the work is organized as follows. In Section 2, we present the general formalism enabling the reconstruction of
the Fokker-Planck equation from a gauge-theoretic perspective, considering both Abelian and non-Abelian gauge groups, providing
a foundation for mapping stochastic dynamics into a gauge-invariant framework. In Section 3, this construction is applied to the
physical system involving four primary ice crystal habits: droxtals, plates, columns, and rosettes. Section 4 introduces the physical
variables describing the coupled system of equations encoding both growth process and interactions among the crystal habits,
representing the core of our study. Finally, in Section 5, we summarize our findings and discuss future directions, including possible
extensions to more complex symmetry structures, as the introduction of a mixing term between SU(2) and U(1) groups, the study
and numerical solution of the modified equations and the study of the constant coupling g .

2. Gauge theory approach to Fokker-Planck equations

The general form of the Fokker—Planck equation for a probability density distribution P(x,t) as a function of time 7 associated

with M stochastic variables x, ..., x,, represented by the M-dimensional state vector x, is given by [33-35]:
M M
JdP(x,1)
—=- Z 0;(D;(x)P(x, 1)) + ,z,: D,;0;0,P(x,1) , 1)

where P(x,1) describes the probability of finding the stochastic variables in the interval [x, x+dx] at time 7, while the vector D;(x)
represents the drift term and D, ; the diffusion tensor, which is assumed not dependent on the variables x as in [37]. These terms
represent the deterministic and stochastic components, respectively.

The FP equation in (1) describes the macroscopic evolution of the system in terms of the x; variables and can be derived via
Kramers-Moyal expansion [38] or Ito/Stratonovich theories [39] from the set of Langevin equations that govern the microscopic
stochastic dynamics of the x; and are given in the generic form:

dx;

7=D,~(x1,x2,...,xM)+§,-(t), 2)
where the stochastic variables &, (1), &(?), ..., &n (1) describe the Gaussian-Markovian (white) noise and have the properties:

(f,(t» =0 , <§[(t)s§j(t,)> = ZDU‘S(I - t,) s 3)

such that the parameter contained in the diffusion tensor D represents the amplitude of the noise and 6(r — ) denotes the Dirac
delta function.

As we will show in the following sections, the formulation of the Fokker-Planck equation in Eq. (1) can be mapped within the
quantum field theory framework by employing the simple Abelian symmetry group U(1), following an alternative approach of what
is detailed in [40]. We then explore a generalization to both the Abelian U(1)N and the non-Abelian SU(N) case. This leads to a
generalized set of coupled Fokker-Planck equations describing higher-dimensional probability structures, which naturally represent
the probability distribution of several interacting habits.
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2.1. Abelian gauge symmetry

The first step is to construct a gauge theory invariant under the U(1) group within the quantum field theory framework, such
that it maps into the Fokker-Planck equation under appropriate definitions. To achieve this, we can consider a pure Yang-Mills
(YM) Lagrangian that is invariant under the Abelian U(1) group, as in the well-known case of electromagnetism:

1
L= _ZFquW , 4)
where the tensor F,, is the field strength tensor F,, = d, A, — 9,4, in terms of the gauge field A,. The Lagrangian is built to be
invariant on a gauge transformation in the usual form:
1
!
Ay = A=Ay = —-0,A. )
1
with A an arbitrary function and g, is the coupling constant.
From the Lagrangian, it is simple to derive the Euler-Lagrange equations that assume the general form:
0,0"A" —0,0"A* =0 . )

From the gauge invariance, it is possible to implement a gauge-fixing terms as d,0" A” = 0. In such a way the equation of the motion
is simplified to:

0,4" =0. 7
This condition implies the additional constraint on the A(x) function:
9"9,A=0. ®)

Notice that the Egs. (7) and (8) represent the opposite choice of what is normally done in Quantum Field Theory in order to proceed
to the quantization of the photon field. However Eqgs. (7) and (8) represent a convenient choice for deriving the FP equation and
they are commonly used in the literature (see for instance Ref. [40] and references therein). It is worth noticing that our theory is
a classical theory of fields (the so called second quantization is not employed here). Now, in order to parametrize the field A4, [40]

to reconstruct the FP equation we request the following definitions:
A'(x,1) = D'X)P(x,1) =DV 9, P(x,1) , ©
Ax 1) = P(x,1)

where D;(x), D;; and P(x,1) are respectively the drift, the diffusion tensor and the density probability as introduced in Eq. (1). For
simplicity, we will refer to A, as the Fokker-Planck field (or FP field).
Using Eq. (9) and the contravariant derivative 9, = (d,,9;), we can explicitly obtain the FP equation equivalent to Eq. (1):

0,P(x,1) + 0,(D;(X)P(x,1)) — D;;0,0; Px,1) = 0, (10)
where we considered the covariant definition for the field A# = (4°, A’) and the metric tensor is implicitly used, g . = diag(1,1,..., 1),
where the “...” manifests the possibility to have in addition to the time ¢, M possible extra stochastic variables, that could not be

related to space-time dimensions (see Section 4 for an explicit example). So we have shown that it is possible to obtain the FP
equation starting from a U(1) gauge theory. Note that, compared to Eq. (1), we have omitted the summation symbol in Eq. (10).
Repeated indices imply summation over them. A couple of comments are in order regarding the procedure explained in Ref. [40].
That work arrives at the same FP equation as Eq. (10), but through a different approach: whereas our metric tensor is flat, the
stochastic metric tensor defined in Eq. (17) of Ref. [40] depends on the coordinates and extends the geometric structure into a
five-dimensional manifold. This has a profound impact on the definition of the gauge fields A#. While in that work the fields are
independent of the diffusion tensor D;; (its presence in the FP equation is recovered via the coordinate-dependent metric), in our case
Eq. (9) provides the full dependence on both the drift term and the diffusion tensor. The framework in Ref. [40] embeds stochastic
dynamics within the geometric structure itself and our approach preserves a classical, fixed spacetime geometry. This allows for a
mapping between relativistic field-theoretic and stochastic formulations rather than unifying or geometrically embedding the two
frameworks.

The FP Eq. (10) can be recast in a probability conservation expression. This can be written as a continuity equation introducing
a probability current:

Ji(x,t) = D;(x)P(x,1) — D 0jP(x, 1, an

ij
which assumes the form

9, P(x,1) = =9;J;(x,1) . 12)
The total probability conservation therefore requires:

d —
E/Qp(x,t)dx_o. 13
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Eq. (13) expresses a fundamental property because it ensures that the probability distribution remains normalized at any time. This
condition is fulfilled under suitable boundary conditions [37]. For example, if Q is a finite domain, the integral of the divergence
of the probability current (the integral in the left hand side of Eq. (13)) must vanish at the boundaries.

For our purposes, we now extend the Fokker—Planck equation to N types of crystal habits. The simplest way to achieve this
is by introducing an enlarged internal symmetry group U(1)N, where each U(1) corresponds to an independent gauge symmetry
associated with a specific crystal habit.

Starting from this symmetry structure, we can generalize the Lagrangian in Eq. (4) to include N different gauge fields as follows:

N

1 h
L=-; Y FELE"Y . h=L..N, (14)
h=1

with a field strength tensor F:v associated to the Ath habit. Following the same approach as in the single-habit case, this leads to N
separate equations of motion, and hence N FP-like equations, one for each habit, completely decoupled:

0,Py(X.1) + 0, (Df,”(x)Pl(x, t)) ~D9,0,P(x.0) =0,

0, Py(X.1) + 9, (Df.z)(x)Pz(x, t)) ~D®9,0,Py(x.0) =0,

(15)
0,Py(x.)+ 0, (DN 0Py (x.0)) = Df}0,0, Py(x, =0

In analogy with the single-habit case, we introduce N probability currents:

Jhx, 0 = DPx)P(x,1) - Do, Phx, 1) (16)
which satisfy the continuity equations

0P'"x,n=0J"x,t) ; VYh=1,.. ,N. a7
We can then define a total probability function as the average over the individual probabilities:

P(x,1) = L ip (x,1) (18)

TN h=1 e

To ensure conservation of the total probability, we impose the condition:

N
d 1 d
L/ px,ndx==Y < [ P(x,)dx=0 19
dt_/_Q (x,1)dx N};dz/g (X, 1) dx =0, 19)

which is satisfied provided that each individual probability P, is conserved (since the N habits are completely decoupled), as
discussed in the single-habit case.

2.2. Non-Abelian gauge symmetry

In this section, we aim to introduce appropriate mixing between the habits. To achieve this, we will extend the symmetry to
the non-Abelian case (specifically the SU(N) group) following [40]' . We proceed starting from the YM Lagrangian that is invariant
under a local gauge transformation of this group,

1
L= FLE, (20)

where a is the index which runs over the group generators (a = 1,2, ...,N?— 1), and the summation over repeated internal indices of
SU(N) is always understood. In this case the strength tensor Fy; is written in terms of the three gauge FP fields A, = A{T*, where
T“ are the SU(N) group generators (in the case in which N = 2, for the fundamental representation of SU(2) the generators T are
related to the well known Pauli matrices ¢ thorough T = ¢%/2, with a =, 1,2, 3). The strength tensor in terms of AZ assumes the
form:

Fl =0,A% —0,A% +ig[A,, A,]* = 0, A% — 9, A% — g ff AP AC , (21)

where f,,. are the completely antisymmetric structure constants of SU(N). In the particular case of N =2, f,,. = €, are the totally
antisymmetric Levi-Civita tensor (see Appendix A). The generators of SU(N) 7, satisfy the Lie algebra commutation relations:

[Ta’Tb] = ifabcTc! fabc = _fbac . (22)

1 Notice that there are substantial differences between the approach followed in Ref. [40] and what is performed in this work. See discussion below Eq. (10).



G. Di Natale et al Physica A: Statistical Mechanics and its Applications 685 (2026) 131312

In the non-Abelian case the Lagrangian is built to be invariant on the following gauge transformation:
A, » Al = UAU + éU*(aMU) (23)

where U(x) = ¢4“®T" is a local transformation under the SU(N) group (see Appendix A for more details), A% are arbitrary well-
behaved functions of the space-time coordinates and g is the coupling of the field theory. Taking Eq. (24) and considering an
infinitesimal transformation, we have:

1 b

Al > AN = AC — g(3“/x" = fape AAS, (24)
From the precedent equation and imposing the gauge-fixing condition 9,0* A2 = 0 we arrive to a constraint on the A, functions,

0,0 A" = —g / 0,01 (APAC) dx" . (25)
The Euler-Lagrange equations in this non-Abelian case have the form:

A, F" =0, (26)
where we have introduced the following covariant derivative,

(4,)qp = 0,60 + gfabcA; . (27)
Inserting Eq. (21) in Eq. (26) we can explicitly derive the equations of motion:

00, A% =g fupe (=0, (ALA + FL* 4S) . (28)

where we have already used the gauge fixing condition 9,0 A{ = 0. Notice that the second term in the right-hand side of Eq. (28)
coincides with the SU(N) current associated with the conserved SU(N) charge (see Appendix C). As it is usual in Quantum Field
Theory, the associated current works as a source for the equations of motion of the corresponding field. This is the direct interaction
of the strength of one field on the potential of another. The first term in the right-hand side of Eq. (28) can be understood as a source
arising at the boundary between regions of high and low interaction. This term is sensitive to the field’s behavior in a neighborhood
(due to the presence of the four-divergence). The derivative d, measures how this interaction potential changes in spacetime. In
terms of the physics of crystal habits, consider a region within a cloud where the physical conditions, such as temperature and
supersaturation, vary. In one part of this region, the conditions are favorable for the interaction between the field of plates (habit
“b”) and the field of columns (habit “c”). Here, the “interaction potential” A, A, is high. In an adjacent area, however, the conditions
are different, and this interaction is much weaker. The potential A, A, is low. The first term tells us that the boundary or gradient
between these two parts (the place where the interaction strength changes) acts as a source for forming, for instance, rosettes (habit
“a”). It is not just the presence of the other habits, but the non-uniformity of their interaction that drives the formation of the third.
Eq. (28) can be recast in the following form

0, A = fope (8 TV(AL, A%) + g2 IP(AL, AY) . (29)

The first term in the left-hand side of Eq. (29) resembles the FP equation in the U(1) Abelian case for each internal SU(N) index a
as already deduced for the Abelian case in Eq. (7). Therefore the right-hand side of Eq. (29) can be regarded as “the mixing terms”
between the habits. For vanishing couplings g = 0 it is possible to recover the Abelian case for each one of the fields A% being
completely decoupled (without mixing). Notice that for the choice of the group representation made in this section, we have always
N2 — 1 fields or habits.? In the left-hand side of Eq. (29) the integral operators I are written in term of the A% fields and possibly
(at most) first order derivatives (this fact is denoted with the typographical convention A?). The explicit order of the coupling
accompanying each of these integral terms I() is denoted with the superscript i = 1,2. Therefore I(V collects all the O(g) terms
from the right hand side of Eq. (28) and therefore the corresponding second order terms (9(g2) are collected in I(®. For the sake of
generality (without specifying the size of the coupling g and/or the number of habits, etc.) we prefer to do not make any assumption
in the symmetry of the solutions of the non-Abelian FP equation [40] or the stationary condition of the fields to further simplify
right-hand side of Eq. (29). Taking the assumptions made in Ref. [40] our Eq. (29) reduces to Egs. (23) and (24) of that work.
Explicitly the 7 integral operators read

TO@Ab, A¢) = /dxv [4s (0 —0map) -0, (arar)] . (30)

IOAP, A = — / AX" fym A} Ay A 3D
In order to evaluate the impact of the SU(N) group in the modified FP equation, we generalize the definition of the FP gauge field
A from the one written in Eq. (9) for each internal SU(N) index a:

AL, 1) = Dl (0P, (x,1) = D 0, P,(x,1) ,

(@7 (32)
Alx, 1) = P(x,1).

2 The fact that only N2 —1 fields or habits can be considered for each case could be a limiting aspect of our approach. However after fixing the dimensionality
of the group N it is possible to reduce or even enlarge the number of habits as a matter of convenience (see next section).
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When the expression for the A/ fields, given in Eq. (32), is inserted into Eq. (29), the latter reduces to the standard FP equation
(for each internal SU(N) index), plus a new contribution proportional to the coupling constant g (terms up to order g> are present
only). These terms represent the typical consequence of the non-Abelian nature of the theory (they are absent in the Abelian case).

For the sake of clarity we omit the explicit expression of the integral operators 7, which can be found in Appendix B. Here we
present the FP equation containing the new terms inherited from the SU(N) nature of the fields in the following form:

0,P,(X,1) + 0; (Déa)(x)Pa(x, n) - Di’a')a,.ajpa(x, D= fape (TVAL A + g2 TP(AP,A%)), a=12,...,N>-L (33)

These additional terms demonstrate how the probability of a particular habit may change due to the influence of others. This can
be understood by considering the mix between the internal SU(N) indices. As discussed in Section 2.1 regarding the UN(1) theory,
there is no mixing between the internal U(1)N indices in any of the N equations in expression (15). The left-hand side of Eq. (33)
resembles the left-hand side of any of the equations in Eq. (15) for each internal SU(N) index “a”. Meanwhile, in the right-hand side
of Eq. (33) the presence of the integral operators I (convoluted with the structure constants of SU(N)) on the right-hand side of
Eq. (33) provides the “interaction” terms that mix the internal SU(N) indices. This new expression can be understood as interaction
terms between different habits or as a habit changing shape and evolving into a new type.

3. Crystals habit gauge symmetry

In this section we extend the Fokker-Planck equation in order to describe the dynamics of four distinct types of crystal habit:
droxtals, plates, columns and rosettes. To capture the mutual influence among the different habits, without assigning any preferential
role, we adopt an extended gauge group framework that reflects the underlying symmetry of the system.

The simplest scenario corresponds to a configuration in which the crystal habits evolve independently, with no interactions
between them. This is naturally described by an Abelian product symmetry represented by the group U(1)*, where each habit is
assigned its own independent U(1) gauge symmetry (see Section 2.1). The structure of this symmetry group can be schematically
expressed as:

va )column

U(piar
um?: plate . 34
U( 1 )bullet rosette
U(l)droxtal

which provides an abstract representation of independent symmetries for each habit. In this case, the Lagrangian takes the form:
L &
— h pHv —
L=-7 Y FLE". h=1,...4, (35)
h=1
where each F :v is the field strength tensor associated with the Ath habit. From this Lagrangian, using the usual approach, we obtain
four distinct FP equations, one for each type of habit:

0,P,(x, 1)+ 0; (Df’”(x)Ph(x, z)) ~DP0,0,Px.)=0., forh=1,...4. (36)

However, if we wish to introduce interactions between the different types of habit, a bigger symmetry group could be considered
(as it was studied in Section 2.2). One possible minimal choice is given by the group SU(2) ® U(1), that allows to embed four habits
with a dynamic coupling among three habits leaving the fourth one decoupled. The structure of this group can be schematically
represented as:

SUQ)®U) : SU@ . (37)

| UM

In this configuration, the first three habits are coupled through the SU(2) group, while the fourth remains isolated, governed only
by a U(1) symmetry. The corresponding Lagrangian takes the form:

1 . HV 1 1 — . —
Zgyvgh =_ZF5VF:V_ZW;WW”V’ a=1,...,3; h=1,...,4, (38)

where gzv = (F}",w#v), and the field strength tensors are defined as:

L=-

Fi =0,A0—0,A% —gpep AVAS . W, =0,B,—0,B,, (39)
and gy is the habit coupling constant of SU(2).
The equations of motion derived from the Lagrangian become:
4Gl =0, (40)
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were the covariant derivative is defined as:

ay gHAi —gHA‘zl 0

—gu A d Al o
A = s M " 8 %y , YhH =1,....4. (41)

sud;,  —suA, 9, 0

0 0 0 |o,

This structure leads to a modified FP system:
{G,Pa(x, 1) = =0, D\" Py, 1) + D7 0,0, P,(x, 1) + fupe (g1 TV(A, A% + g}, TP(AP,A9)) 5 a=1,2,3 “2
0, Py(x, 1) = =0, D\ Py(x, 1) + D) 0,0, Py(x, 1) .

In this system, the first three habits (see Eq. (33)) interact with each other through the g;; coupling terms, while the fourth evolves
independently (see Eq. (15) and discussion below Eq. (33)). The introduction of interactions requires a conservation condition on
the total probability:

3

d d
- P,(x,Hdx=0, = | Px,1)dx=0. 43
dt(;/[)[xx)x dz/94(">" (43)

We have seen that enlarging the gauge group leads to the appearance of additional linear and quadratic terms in the coupling
constant g within the Fokker—Planck equation (see Section 2.2). These terms introduce contributions that encode interaction effects
among different crystal habits. In the limit g;; — 0, where such interactions vanish, the system consistently reduces to the Abelian
U(1)* case.

In our minimal interacting model, three of the four crystal habits, plates, columns and bullet rosettes, are associated with the
SU(2) sector of the gauge group, while the droxtal habit is linked to the U(1) component. This assignment reflects the idea (or
assumption) that the droxtal generally represents an early stage of crystal formation, typically involving uniform growth without
a privileged dimension [41]. This habit can also represent particles at very low temperatures and humidity in the higher part of
cirrus clouds. Within the SU(2) ® U(1) structure, we assume no explicit mixing between the two symmetry sectors. As a result, the
droxtal evolves independently of the other habits. This corresponds to a simplified but physically motivated assumption, where the
subspaces associated with SU(2) and U(1) remain invariant and dynamically decoupled.

A possible extension of this framework could involve the introduction of interaction terms in the Lagrangian, proportional to
expressions like Af B These terms would couple the field associated with the droxtal to those of the other three habits. Such
coupling would enable the transition from the small, few-micron crystal state (the droxtal, associated with the U(1) subspace)
to more evolved stages of growth [42]. The interaction would allow the system to develop in higher-dimensional and larger-size
configurations, corresponding to plates, columns and rosettes, which are embedded in the SU(2) sector of the gauge group. Such
terms would explicitly break the SU(2) ® U(1) symmetry, which would then survive only as a residual symmetry under specific
conditions. However, this possibility lies beyond the scope of the present analysis.

4. Introducing physical variables a and ¢ describing the habit growth

The dynamic of an ice crystal growth, that represent the depositional regime, is completely determined by the supersaturation
s, which is defined by:

Py 1= b _
ps(T) 45(T)
where ¢, and ¢, are vapor mixing ratio and the saturation vapor mixing ratio, while p, is the vapor pressure and p, is the saturation
vapor pressure. The saturation vapor pressure depends on temperature following the empirical law [43]:

s(T) =

(44)

p,(T) = 3.4452 - 101072/ (45)

valid within 170 < T < 250 K, giving p, in millibars and with O = 6132.9 K being the latent heat of sublimation. Supersaturation can
vary between —1 and, theoretically, +o0; when it is negative we have sublimation and size reduction, and when positive we have
deposition and size enhancement.

The morphology of the crystal is generally not spherical and depends on both the temperature and the supersaturation level,
which select specific growth habits (e.g., columns, plates, rosettes). Each habit 4 can be geometrically characterized by an equivalent
radius rgh>’ defined as the radius of a sphere with the same volume:

4 3
37 (K" =y ® (1 gh) (46)
where V" is the volume of a crystal with a generic habit 4, and /"’ and d® denote the length and width of the crystal,

respectively [44]. The velocity of crystal growth, expressed as the time derivative of the effective radius rgh), follows the relation [45]:

R0
dr, _ CO A

T __r(h) s, (47)
e
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where C(()h) is the capacitance for the specific habit 4 and takes into account the non-spherical shape of the crystal. Its values varies
between 0 < C(()h) < 1 and can be calculated as [46]:

1 for spherical,
0.58 (1 +0.95(A™)0-73
C(()h> = ( ) for columns and plates, (48)
A
0.8 (AM)=025 for bullet rosettes

where AP = d™ /1M is the aspect ratio of a single habit [47]. The coefficient A = A(T, D, L) in Eq. (47) is defined as [45]:

pL? pR,T )*1

49
R,kT?  p(T)D,(p,T) “

AT,D,,L)= <

where L in the latent heat, R, the gas constant for moist air, k the heat conductivity, p = 917 kg/m> the ice density and D, the
diffusivity coefficient of water vapor that can be approximated with the following function [48]:

1.94
1013.25 T
D,(p,T)=0.211 . 50
o (2.T) ( > )(mls> (50)

The evolution of supersaturation can be described as fluctuations around a mean value. Considering only first-order fluctuations,
we write s = § + ¢ [49]. The average supersaturation § is given by Eq. (44) as a function of the mean local temperature and vapor
pressure (or mixing ratio). Rapid fluctuations ¢ around the mean value § are driven by perturbations (i.e., noise) in the temperature
T and the partial pressure of water vapor p,. They are damped by the uptake of water molecules on the surfaces of ice crystals and
characterized by a finite correlation timescale [50].

As shown in Eq. (47), the growth velocity of ice crystals depends linearly on supersaturation. The fluctuations ¢ are assumed
to evolve on shorter temporal (and spatial) scales than the mean component § [50]. As noted in the referenced work, the mean
supersaturation § can be influenced by large-scale background forcings and long-timescale correlation processes, and can be
computed by numerically solving the Navier-Stokes equations. Since damping processes within ice clouds generally drive § toward
thermodynamic equilibrium, it can be treated as an externally provided parameter. We then consider a volume of air consisting of
a sufficiently large number of parcels, such that their collective behavior results in a well-defined mean value. The equation (47)
in the Lagrangian frame (§ = 0) can be expressed in terms of the parameters a® = (- / rg'))2 which represents the effective crystal

surface scaled by the initial value rf)m = rg')(t =0) [49]:

da™® . 2c
=" with =g (51)

This can be coupled with the associated Langevin equation (see Eq. (2)) for the supersaturation variability s above the surface of
the ice crystal in the same frame.

d(P(h) 4zNC™ W gy R 2
a9 _ _ : h _ 0 e PR, L
7l AV + &) with A = » YT + R ) (52)

with p, and ¢, the density of dry air and the specific heat of air at constant pressure and £(7) is the time-dependent random forcing of
@ that is characterized by a zero mean, exponential correlation over the time 7 and a Gaussian probability distribution (see Eq. (3)):

€™ =0 ; (.c0)) " =20t~ 1), (53)
where D™ is defined as:
"(h)
D = — D, . (54)
D, " Lp,(T) ( L
e (ﬁ —1)+R,T
with:
DM = fWchp, (55)
KW = p et (56)

whereby the shape and ventilator coefficients ¢ and . For a single habit (k) the ventilator coefficient is expressed as [47]:
(h — (1) x(h) (1) 3 (h)\2
S =1+p XY 4 py (X)), (57)

for plates, columns and bullet rosettes, with pﬁh) and p(zh) tabulated in [47], and X" expressed as:

L 1 1 1
XM =53 (Rgh))i _ (Di)g(al(y(h))bl)g ) (58)
v
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S, and R, denote the Schmidt and Reynolds numbers, respectively, # is the kinematic viscosity, a; and b, are coefficients calculated
in [47] and the Best number Y is expressed for each habit as:

8on? (h)
yo = 2B o (59)
Pa A

with g the gravity acceleration, m® and A™ indicate the crystal mass and the projected area for the habit (k). Finally the shape
factors ¢ are given by:

() 2D,cM\ -1
c(h)=< e + "C°> , (60)

h N h
r(e )+ C(p, T) Ua)vrg )

where 0 = (T) denotes the mean thermal speed of water molecules in the vapor, w, the deposition coefficients for water vapor
uptake on ice crystals which can be set to 0.5 as pointed out in [47] in agreement with laboratory and field studies [51], D, = D,(p,T)
is the uncorrected gas diffusion coefficient given in Eq. (50) and ¢{(p,T) denotes the mean free path of H,O molecules in air given
by [48]:

_ _¢( 1013.25 T
C(p,T)—6.15><10< . ><273_15>. (61)

In this formulation, we neglect contributions involving radiative heating or cooling of the crystal’s surface, which are predominantly
significant only at very small supersaturation levels (less than a few percent) [47].
Together, the equations for ® and ™ form a coupled stochastic system that is written in a generic way as:

®
4~ Dl o),

t (62)
do™ _ o
e D, (@, @) +£,(),

in terms of the drift coefficients D; (i, j = a, ¢) and the stochastic noise &(r) with the conditions:
Eo" =0, (&w.5))" = WP -1, ij=ag, (63)

where &,(¢) is assumed zero from Eq. (51). The matrix expressions for the drift th) and diffusion ]Dg.” terms in Eqgs. (62) and (63)
are:

2c
w D((xh) oz @
D" = = 0 , 64
DY _4aNC" W ap [ g, 12 (64)
Pa ps(MR, ~ ¢,R,T? 4
and
0
0 0 /
Do = w )= o Din . (65)
0 Dy D! Lps(T) 1
KT (W’l)*RvT

To the system described in Eq. (62) is associated a general Fokker—Planck formulation (as in Eq. (1)) in terms of the probability dis-
tribution function P,(«, ¢, 1), which describes the probability of finding a crystal of habit # with effective area a and supersaturation
@ at time t:

9Py == DM, P, —0, (Dfp") P,,) +DMa2 P, (66)

As seen in Section 2, this equation can be associated with a U(1) symmetry for individual habits. To extend this equation to a system
of multiple, interrelated habits, we can use the results obtained for the SU(2) ® U(1) group in order to generalize it into the compact
form of new FP system equations for the four habits:

9,P, = - DPa,P, -0, (Dg')Ph) +D0R2 Pyt gy I + 6510, h=1....4. (67)

The key innovation introduced by Eq. (67) lies in the presence of the two additional integral operator terms 1’(,” and 1;12), which
are linear and quadratic in the coupling constant g, respectively.® These terms encapsulate the mutual influence between the
probability distributions of different crystal habits, and are defined as:

I;,] . g.1) =

{S§‘~2)(<p, N+ F"@n+G6P@p) h=a=123, ©8)

h=4.

3 The integral operator terms I are defined in Section 2.2 and in Appendix B.

10
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The explicit forms of the Sflm), F;l‘z), and GE,"Z) terms are detailed below. These expressions involve cross-integrals of the probability
functions and their derivatives and reflect the nontrivial correlations arising among the different habits of the system.

SO(@.1) = €4pe / da [ PE(9, Py) — (0, P)(DE' P) + (D P, = D)9, P)o, (D P, = D)9, Py)
- (0,0 B, D)0, p)) (DR |
FD(@.0) = €gpe / dg | P.0,P) = @, P)(DS'P, = D)0, P)(D P, = D'f)ay P 69)

b b) b) (b,
x(0,(0” P, ~ D)0, P,)) - (a/(D; P, ~Di0)0,P)) (DO, - D)0, P.) ]

GD(a, ) = €4 / dt [(Df”PB _ Dgi)ach)(at(DEb)pb - Dﬁjvajp,,)) - (a,.(Dl(b)pb - Df_f)ajp,,)) Pc]

SP(p.1) = / da (P,P(D® — D@)) P,

b b,
FH(Z)(a, nH= /dw [ Pb(Pa(D(b)Pb -D®¥y Pb)) - P[,(D(“)Pu -DW,y ,P)+ (D; )Pb - D;k)ak Py) x 70)
b b
X((Dﬁ.a)Pa - ]D);“)amPa)(D(b)Pb -D®g Py — (D; )Pb - D; )() Pb)(D(a)Pa -D@ a;oPa)> ]

P, p) = / dr [(Df’”P,, -DYo, P, (P,(D®P, - D20, P,) - P(DPP, - Df.f;amp,,))]

These new terms represent the novel contribution introduced in this model. The resulting system of equations is not analytically
solvable and requires numerical simulations, which are not analyzed in this work. In this generalization of the equations, the
coupling constant g, acts as a mediator of the “strength” of these new terms. As discussed in previous sections, when considering
multiple habits, we can introduce a total probability function, denoted by P, as the sum of the individual probabilities, subject to
the normalization condition:

+oo +oo 4 1 +o0 +00
/ / Pla.g.0)dadp = 3 7 / / Py(a..ndadp =1, (71)
—1 0 h=1 -1 0

and that it will be preserved over time:

d 4 +o0 +o0
— Z/ / Py(a,p,t)dadp =0, (72)
dt - 0

This ensures that the probabilistic structure of the model is internally consistent and conserved. The time integral of each probability
field will indicate the percentage contribution with which the four habits developed. In this way, the highest value represent the
predominant habit among those assumed by scientific community for cirrus cloud modeling. Mixed shapes, such as cupped columns,
cupped rosettes, could be considered as particular cases of the habit probability values, but their evaluation is beyond of the scope of
this work. Therefore, for example, a long column cupped will be considered simply as a column, a large plate with a small columnar
body will be treated as a plate and a cupped rosette as a rosette. This simplification is justified as it allows to mimic the radiative
transfer inside cirrus clouds and manage the cirrus cloud physics.

5. Conclusions

In this paper, we propose a novel theoretical framework for modeling the growth dynamics of ice crystal habits in ice clouds,
focusing on the depositional regime. Using tools from classical field theory and gauge symmetry, we developed a heuristic extension
of the standard Fokker-Planck formalism to describe the evolution and interaction of the four primary ice crystal habits commonly
used to model the ice clouds microphysics: droxtals, plates, columns, and rosettes.

Starting from a field theory framework with a U(1) gauge symmetry, which allows the derivation of the standard Fokker—Planck
equation, we heuristically extended the formalism to a non-Abelian gauge symmetry described by the group SU(2) ® U(1). This
extension leads to a system of coupled Fokker-Planck equations that simultaneously governs the growth dynamics of the four primary
crystal habits.

In this model, the SU(2) sector governs the interactions and transitions among more complex habits (columns, plates, and rosettes)
while the U(1) component describes droxtals, which dominate early-stage nucleation and growth under very low-temperature
conditions.

At the current stage, the droxtal field is dynamically decoupled from the other components, and the full SU(2) ® U(1) symmetry
remains preserved. However, a natural extension of the framework involves the introduction of interaction terms between the U(1)
and SU(2) subspaces. These terms would enable continuous transitions among all crystal habits, effectively modeling the evolution
from initial nucleation to more developed morphologies. Such interactions would explicitly break the original gauge symmetry,
which would then survive only as a residual structure under specific thermodynamic conditions. The detailed formulation of these
symmetry-breaking mechanisms is left for future work.

A key feature of this theoretical construction is the emergence of a new source term in the coupled Fokker-Planck equations.
This term governs transitions within the SU(2) subspace and encapsulates the influence of habit interactions on the overall growth

11
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dynamics. The solutions to these equations describe the temporal evolution of probability distributions for each crystal habit, as
functions of relevant atmospheric parameters such as supersaturation and the effective surface area of the ice crystals.

We emphasize again that the purpose of this work is not to provide an exact model capable of predicting every possible ice
crystal morphology. Rather, our aim is to build a tool that can support radiative transfer simulations by assessing which crystal
types, among those typically assumed in ice cloud modeling, are most likely to form under specific atmospheric conditions. In this
way, the study provides the theoretical basis for such applications, with the long-term goal of enhancing the representation of cirrus
clouds and their radiative impact in climate models.

An essential next step will be the numerical resolution of the proposed system of coupled stochastic equations, which do not
admit closed-form analytical solutions. Numerical simulations will be key for comparing model predictions with in-situ and satellite
observations of ice crystal habit distributions, as well as for estimating the coupling constants g, associated with habit interactions.
The study of the constant coupling represents a further future objective, with the aim of quantifying it and assessing the potential
existence of different thermodynamic regimes.

Ultimately, this work outlines a new path for embedding field-theoretic principles into the modeling of ice crystal growth. Given
the central role of cirrus clouds in the Earth’s radiation budget, covering over 30% of the planet and representing a major source
of uncertainty in current climate models, developing accurate theoretical tools to capture their micro-physical behavior is critical.
By bridging the language of gauge theory with the structure of stochastic growth equations, this study lays the groundwork for a
more physically predictive description of ice clouds within the broader context of climate modeling.
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Appendix A. A primer on gauge symmetries for habit dynamics

The purpose of this Appendix is to provide a brief, self-contained introduction to the concepts of gauge symmetry and Lie
groups [52], specifically tailored to their application in our model of ice crystal habit evolution. This Appendix is intended as a
primer for readers less familiar with the topic; readers expert in quantum field theory may wish to skip this section.

The generators of the special unitary group SUN), T, satisfy the Lie algebra commutation relations:

[Ta’ Tb] = ifabcTc ’ fabc = _fbac ’ (73)

where f,,, are the antisymmetric structure constants of the group. It is a Lie group of dimension N2 — 1, which corresponds to
the number of independent generators required to define any transformation within the group. In the particular case of SU(2) the
generators of the group are the well known Pauli matrices ¢ (T% = ¢9/2, with a =,1,2,3) and the structure constants are the
completely anti-symmetric Levi-Civita tensors e, (i.e f . = €450)-

More clearly, an element U of SU(N) in a given representation can be written as:

N2-1
Us=exp|i ) 60,T,], (74)
a=1

where the T, are the generators of the group. The generic element U could be for instance the generator of a local gauge
transformation as defined in (and below) Eq. (24). Notice that for the sake of simplicity in the text we omitted the summation
symbol for repeated indices. In the fundamental representation, the T, are N x N Hermitian matrices:

Th =T

a a

Tr(T,) = 0. (75)
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The traceless condition follows from the constraint det U = 1. The generators satisfy the normalization condition also:
THT,Ty) = 36, 76)
Additionally, the generators satisfy the Jacobi identity:
(o, [Ty, TN + [T, [T, T, 1) + [T, [T,, T, 11 = O, (77)
which implies the following relation for the structure constants:
SapeSeae + Focefade + FeaeSoae = 0- (78)
In particular, for N=2 (i.e for SU(2)) the following explicit relation holds for the structure constants
€abe €pim = OamBer = BarBem - 79)
In the adjoint representation of SU(N), the generators are represented as (N> — 1) x (N> — 1) matrices:
(Tfiadj)>bc =—ifu. (80)
This representation acts naturally on the Lie algebra itself.
Appendix B. Explicit calculation of the integral operators
In Section 2.2 we introduced the integral operators () which denote the interaction or mixing between the different habits. Here

we report on the explicit calculation when the actual form of the A u fields (see Eq. (32)) is taken into account. In order to proceed
it is more convenient to take the alternative definition for these integral operators:

IO = £, TOAP, A% i=1,2. (81)
Therefore the explicit expression of the integral operators in term of the 4, fields is

1 = fue [0 (a5 (04— 0ta3) =0, (a147)] . (82)

9= 7, / A" fyp AL AL A (83)

We start discussing the first order integral operator / ;” which takes the explicit form:

1D = £ /de [A;(dVAZ’) - (O”A;:)AZ] . (84)
We then split into spatial and the temporal components as:

=7 / dx [A;(af Al - (aMA‘;)Ai] + Fane / dr [A;(a,Ag) - (dMAZ)AS] . (85)
Writing explicitly the components u = 0,i = 1,2, 3 and we find four integrals:

10 :fabc/ [AC(a Al)— (0, A) )A’] +fabc/dx" (450" 4D) — (0,4 AL

M W
1 17 (86)
+ fabe / dr [AS(0,AL) — (0, AD)A%] + fope / dt [A5(0,A9) — (3,49 A% ,

) a
Illl IIV

where the integral I;llg vanishes. The remaining integrals are explicitly given below when we consider the explicit expression for
the A, fields given in Eq. (32),

= abc/dxi [(D = DX 0, Po) (0(DY,, Py = Dy 0,Py))

(87)
(a (D), P, Dgif)anp,,))(p() ) D(C)akpc)],
0= g / [pz(a P,) - (0,P,)(D, P. ]D);’;)akpc)], (88)
1
0 = o / dt [(Dé‘) P, = DI 0, P, (D}y, Py =Dl 0, ) — (0,(D), P, D;’b)a,Pb))Pc] . (89)

The expression of the second-order integral operator > cannot be further simplified in the general SU(N) case (see Appendix A).
However, since in Sections 3 and 4 the specific case N = 2 is considered (more precisely, SU(2) ® U(1)), we report in the final
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part of this Appendix only results valid when the SU(2) group is taken into account (note that for the integral Ié” it is sufficient
to impose f,,. = €,.). In this case, we can exploit the useful identity e, €y, = 8461 — 6416.m (defined in Appendix A), which
simplifies the integral I as follows:

19 = —¢y, / dx" ey, Aly AY A = / A (AR A — AP AY) dx, . (90)

Note that we have considered the sum only for b # a because for b = a the integrals goes to zero. Again we can split the integral
into the spatial and in the temporal components:

/A”b(AgA”’ - AMP ALy dx; + / Ay (AR A% — AP A0 di (on
We can explicit the index x4 =0,/ = 1,2,3 and we find four integrals:

/ [A;5(A7 A — ATP AD)] dx' + / [App(A2 AT — A% A)] dx'
.

<

el @
I 17 (92)
+ / [Ajp(ALA% — AP AD)] di + / [App(ATA% — A% AD)] dr .

2) ()]
i Iy

The integrals Iﬁj is zero because the term in parentheses vanishes. The other integrals, after several calculations, are explicitly given
below.

@ _ . " . . _ ,
17 = / dx! [(D(b)P,, — Dy 0 Py) ( (D, P, = )10, P)(D,, P, = D} 0, P,)

_ _ (93)
~ (D), P, =~ D/"9, P,)(Dj, P, = D" 3,P, )] ,
@ . . ) ‘ ,
2= / dx' [ Py(Pu(D}, P, = Dik 0, P) = Py(Dl, P, = DIk 0 P)] 94)
> . . . , . .
19 = / dr [(D;b)P,] ~ D% 0 P,) (P(D}, P, ~ D0, P,) ~ P(Di, P, ~ D;;")amp,,))] . (95)
Appendix C. Noether current and conserved habit charge
The Noether current associated to a global symmetry for the SU(N) theory defined in Section 3 can be obtained as follows:
oL
iHa 5(a)Ab — fabe puv.b gc , %
/ 0(0,Ab) " ! v (96)

with f?¢ the SU(N) structure constants. In the U(1) case, the structure constants are vanishing and therefore the associated charge
is identically zero.
In the specific case of the SU(2) group we have:
_or
90, Ab)

j*e 8@WAD = e Frvb AT (97)

and the corresponding charges are obtained by the three dimensional integral of the temporal component of j*“:
0,= /d3xj3 = /d3xeachb(’iA; = /d3x€abc (0°AL — 0" AY — gprepg AG ALY AL
= / & e (0° (DY Py =Dl 0Py ) = 0'Py ) (D P =Dy 0, P ) + (98)
. 2 . .
3 i 1 i L i 1
- gH/d x (Pa (Dl P~ DI 0,P.) = (D, P, =D 0P, ) P (DL P, —D(c)ajpc)> :
A physical interpretation of the concept of habit charge within our model could be the following. The habit charge associated
with the three SU(2) generators quantifies the tendency of a given habit to transform into another. The higher the habit charge,
the greater the probability for that habit to change morphology. Its conservation imposes a “selection rule” on which habits can
interact and transform into each other.
In contrast, the shape associated to U(1) is characterized by a vanishing habit charge. This implies that the corresponding habit
does not spontaneously evolve into other shape, unless a mixing term is explicitly introduced in the Lagrangian, as discussed in
Section 3.

Data availability
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