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Supercooled Goldstone Bosons at the QCD Chiral Phase Transition
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We discuss a universal nonequilibrium enhancement of long-wavelength Goldstone bosons induced by
quenches to the broken phase in Model G—the dynamical universality class of an O(4) antiferromagnet
and the chiral phase transition in QCD. Scaling arguments for the coarsening dynamics describing the
formation of the chiral condensate predict a parametric enhancement in the infrared spectra of Goldstone
bosons, a prediction confirmed by stochastic simulations of the transition. The details of the enhancement
are determined by the nonlinear dynamics of a superfluid effective theory, which is a limit of Model G
reflecting the broken O(4) symmetry. Our results translate to a parametric enhancement of low-momentum
pions in heavy-ion collisions at the LHC, which are underpredicted in current hydrodynamic models

without critical dynamics.
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Introduction—Experiments at the Relativistic Heavy lon
Collider (RHIC) and the Large Hadron Collider (LHC)
have provided compelling evidence that high-energy
heavy-ion collisions create an extended space-time region
of quark-gluon plasma (QGP) [1]. QGP is the high-temper-
ature phase of quantum chromodynamics (QCD) where the
approximate chiral symmetry of the QCD Lagrangian is
restored [2]. As the QGP rapidly expands and cools, the
system returns to the hadronic phase, where quarks and
gluons are confined and chiral symmetry is spontaneously
broken. This transition is a smooth crossover [3,4] but lies
close in parameter space to a second-order critical point. In
the chiral limit, where the up and down quark masses
vanish, the transition is second order [5—-8] and believed to
belong to the universality class of an O(4) antiferromagnet.
Near this critical point, both the correlation length &£ and the
relaxation time 7z o & grow, giving rise to universal
dynamics. As the QCD medium expands and cools, this
universal dynamics controls both the formation of the chiral
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condensate (the order parameter of the chiral transition) and
the production of soft pions (the Goldstone modes of the
transition).

Many years ago the dynamical universality class of chiral
QCD was identified as “Model G” in the classification
scheme of Halperin and Hohenberg [9]. Early studies
speculated that the rapid expansion of the QGP could lead
to the formation of a disoriented chiral condensate [9-12],
but these predictions were never experimentally confirmed
[13—16]. In the intervening years, hydrodynamic models for
heavy-ion collisions achieved remarkable success in describ-
ing the bulk properties of these collisions, placing tight
constraints on QGP transport properties [1]. Nevertheless, a
persistent tension between hydro models and increasingly
precise data on the yield of low-momentum pions suggests
that the hydrodynamic description of the QGP is incomplete
[17-24]. Moreover, recent progress in lattice QCD has
highlighted the significance of the O(4) critical point to
real-world QCD, reviving interest in chiral critical dynamics
and its potential phenomenological signatures [25-33].

With this context, we study the coarsening dynamics
describing the formation of the chiral condensate after a
quench from the restored to the broken phase in Model G.
Because of distinctive reversible couplings (i.e., Poisson
brackets) between the O(4) order parameter and QCD’s
conserved charges, coarsening in this model is markedly
different from other previously studied critical models such
as Model A and Model B [34,35]. Indeed, these couplings
cause the Goldstone modes to behave like pseudoparticles
that propagate ballistically over many correlation lengths
before diffusing back into the medium. This separation of

Published by the American Physical Society


https://orcid.org/0000-0003-2893-7682
https://orcid.org/0009-0005-0651-2490
https://ror.org/02hpadn98
https://ror.org/02ex6cf31
https://ror.org/04jr1s763
https://ror.org/04jr1s763
https://ror.org/038t36y30
https://ror.org/05njb9z20
https://ror.org/05qghxh33
https://crossmark.crossref.org/dialog/?doi=10.1103/wyn4-ncdc&domain=pdf&date_stamp=2025-12-12
https://doi.org/10.1103/wyn4-ncdc
https://doi.org/10.1103/wyn4-ncdc
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

PHYSICAL REVIEW LETTERS 135, 242303 (2025)

scales leads to a parametric enhancement over equilibrium
of the infrared spectrum Goldstone bosons, which persists
after the quench for a parametrically long time compared to
7g. We verify these predictions through comprehensive
stochastic simulations of instantaneous quenches in Model
G, described in detail in our companion paper [36]. The soft
pion enhancement is a rigorous prediction of QCD close to
the chiral phase transition, and it is a prediction with
tantalizing phenomenological implications.

O(4) antiferromagnet (Model G)—We briefly review
Model G [37] and refer the reader to our companion paper
[36] and previous works [27]. Model G captures the
dynamics of an O(4) local order parameter (¢, Py, P-,
¢3) coupled to partially conserved axial charges n4 and
conserved vector charges nf,, which can be combined in an
antisymmetric O(4) tensor n,, with ng, =n} and
Ne g, = et n’{}. In equilibrium, the fields are distributed
according to the following Landau-Ginzburg free energy:

W)= [ (3900 9,4 U@) + om0

1

V() =y mid? + (6 ) (1b)

The dynamics is governed by the following equations of
motion (EoM):

1 oH
by = Dot
2P =05,

atnt/zb +V- (v¢[a¢b]) = 00v2

Opa + +6,. (2a)

oH
5nab

+0.E,. (2b)

The left-hand side of Eq. (2) has a Poisson bracket structure
and encodes the ideal superfluid dynamics discussed below.
The right-hand side encodes the dissipative dynamics with
the relaxation coefficient I'j and conductivity o,. Finally, the
noise terms, 6 and E, reproduce the fluctuation-dissipation
theorem.

At fixed coupling 1, the model has a critical mass m?; for
example, for A = 4, m% = —4.811 [30,38]. For m(z) > m%,
the O(4) symmetry remains unbroken, and the mean value
of the order parameter ¢, (the chiral condensate in QCD)
vanishes. For m3 < m2, the O(4) symmetry is spontane-
ously broken to O(3), producing a condensate, (¢h,) =
Geqhta (With n,n, = 1), and three pion Goldstone modes
7(t,x) = (7, 7o, m3) describing the fluctuations of ¢, (, x)
orthogonal to n, and the direction of ¢,(,x).

In the broken phase, the magnitude of the order param-
eter ¢, is approximately constant, and the left-hand side of
Eq. (2) describes the coupling between conserved charges
and Goldstone modes. When the dissipative terms are
neglected, the resulting coupled equations correspond to an
ideal non-Abelian superfluid, reflecting the breaking of
O(4) symmetry [26,39]. The ideal superfluid theory

depends on just two parameters: f2 = ¢ ¢, and the
susceptibility y;, both of which can be determined from
Euclidean measurements in lattice QCD [40-42].

A linearized analysis of the superfluid equations (includ-
ing dissipation) yields the pion dispersion relation w(k) =
vk — iD k* /2 with v> = f?/y, [43]. Thus, the propagation
of long-wavelength pions is characterized by two time-
scales: a “ballistic” timescale 1/(vk) and a “diffusive”
timescale 1/(Dk?).

Even near the critical point, these timescales remain
parametrically separated for k¢ < 1. Matching the hydro-
dynamic pion effective field theory (EFT) to the underlying
critical theory gives v ~ E2~4/2 ~ £/7,, where £ is the
diverging correlation length and 7 ~ £4/2 is the relaxation
time of the order parameter [44]. Meanwhile, the diffusion
constant scales as D, ~ &/t [43].

Thus for large systems with L > £ and k ~ 1/L, there are
two parametrically separated timescales:

Ip E%NTR (%) (3)

L? L\?
w=p,(e) o

and the hierarchy 7 < fp < 1 holds near the critical point.
As we will see, when the system undergoes an instantaneous
quench from the symmetric to the broken phase, the
hierarchy of timescales leads to a strong enhancement of
the infrared spectrum of the Goldstone modes (pions).
Quenches and scaling analysis—We consider the setup
shown in Fig. 1. The system begins in thermal equilibrium
atT > T, (m} > m2, red-dashed potential) and is suddenly
quenched into the broken phase at T < T, (m§ < m?, blue
potential), with the quench tuned so that the correlation
length £ remains the same before and after the quench. The
postquench field configuration is unstable. In a region of

and

FIG. 1. Tllustration of instantaneous quenches in Model G. Left:
at every point in space, the effective potential of the theory
suddenly changes from a convex potential to a double-well
potential. After a time of order 7y, the field locally reaches a new
minimum in field space, leading to many small randomly oriented
domains shown in the right panel. Right: the domains merge in a
time ¢ ~ L /v with coarsening dynamics given by the superfluid
limit of Model G (see text).

242303-2



PHYSICAL REVIEW LETTERS 135, 242303 (2025)

size £ (several correlation lengths long), fluctuations of the

locally averaged order parameter ¢, are of order ~+/y/¢*,
where y ~ £27" is the chiral susceptibility. These fluctuations
seed the instability, and the local order parameter finds a new
equilibrium value 5., ~ &~(4=2+1)/2 on a short timescale ~z.
At this point, many small, randomly oriented domains have
formed. On a longer timescale  ~ L /v, these domains begin
to grow and merge. Since this growth time ¢tz ~ L /v is much
longer than the relaxation time 7y, the superfluid (hydro-
dynamic) limit of Model G provides an appropriate dynami-
cal description of the condensate growth. We will now
elaborate on this picture.

As a proxy for the global condensate, we focus on
“magnetization” M, (t) = ¢,(t,k = 0), which is the zeroth
mode of the Fourier transformed order parameter
da(t.k) = (1/V)>., e **¢,(¢,x). In addition, we con-
sider the three pion fields z (¢, k), which are projections of
¢, (t,k) orthogonal to M,. In particular, we study the
nonequilibrium evolution of the following equal-time two-
point correlation functions:

Go(1) = (M, ()M (1)), (5)

B <
B

Il
=

a

3
Gon(1.k) = gz () (1K), (6)

=1

Our companion paper details these definitions [36].

At late times, when the quasiparticle approximation is
valid, the classical pion fields can be treated as fluctuations
around a global condensate,

(VZ1/Geg) 7’ (1.x) =Y afe @btk ) (k)Y + c.c.
k

(7)

The leading factor ,/y;/6q canonically normalizes the
pion field to match the quasiparticle description [36]. Then,
X1G (1. k) /52, 2 n, (1. k)/w(k) estimates the soft-pion
yield, n,(t,k) =>",(|a;|*)/3. Below we will compare
G, to equilibrium, G,,/Gzrr ~n,(t,k)/nz (k), finding a
soft-pion enhancement postquench. In the future, the
stochastic field configurations at late times can be precisely
matched onto a Boltzmann description [26].

In Fig. 2, we provide a qualitative summary of the
nonequilibrium time evolution of G,,(z, k) based on the
following scaling discussion of Gy () and then G, (7, k). At
early times, the order parameter forms small domains in a
time ~7g. Domain alignment and the accompanying mag-
netization growth take place over the ballistic timescale
tp > 7p,1.e. the time needed to propagate across the volume.
Finally, when the magnetization equilibrates M, ~ Geqny»
Gy(t) approaches Vo3, /4 ~ E71(L /&), Having identified
the timescales and asymptotes, we formulate a scaling form

~ 1/(kg)°
é

ké <1

equilibrium
~1/(k&?

~ 7R/ (KE)?
Diffusive

~ TR ~ /K¢
Initial conditions Ballistic

FIG. 2. Schematic time evolution of the pion-pion correlator
G,.(t,k) at small momenta k< 1, following a symmetric
quench at t = 0 from the restored to the broken phase in three
dimensions (d = 3). The system first relaxes locally for ¢ ~ zg,
seeding local condensate domains and setting the initial con-
ditions for correlator growth. Pions of size 1/k> & then
propagate ballistically over time ¢~ 7zx/(ké) ~1/vk, and the
condensate domains grow to size ~1/k. This coarsening dynam-
ics in d=3 enhances G,, by ~1/ké over equilibrium
Gy ~ 71/ (k&)?. Finally, the pion correlator returns to equilib-
rium (the dashed line) via diffusion for t ~ 7/ (k&)

for the nonequilibrium evolution of the correlation function
G, for intermediate times 7 K t ~ tp K tp:

Go(t.&.L) = &(L/&)'F(vt/L.E/L). (8)

So far, since v ~ /7y, this is a simple rewrite of the usual
statement of the dynamical scaling hypothesis, where all
times are scaled by 7z o £ and all lengths are scaled by &.
Now, however, for L — oo and vt/ L fixed, we expect F to be
a regular function as £/L — 0 and the /L dependence can
be dropped:

Go(t.¢8.L) = &7(L/&)"F (vt/L). ©)

This is a scaling prediction for the nonequilibrium evolution
of condensate growth. In an overlap region between early and
ballistic times 7z < t < 15, Gy must be independent of
system volume, so F(vt/L)  (vt/L)“ and the magnetiza-
tion grows as a power law, G, o &7 (t/75)%.

We have identified a significant time region
T K t ~ tp <K tp, where the condensate grows significantly
following a quench. Since the relevant times 7> £/v are
large compared to the relaxation time 7, this is a hydro-
dynamic regime with locally broken symmetry. However,
dissipation does not become important until late times  ~ fp,.
Therefore, the appropriate hydrodynamic description is
given by the ideal superfluid equations discussed above.
In the future, these superfluid equations can be simulated
directly to determine condensate growth. Although similar to
coarsening in other critical systems [35], the linear growth of
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domain size in time uniquely reflects the superfluid limit of
Model G.

A similar scaling analysis can be applied to the pion
correlation function G,,(¢,k) in (6). Consider a regime
where £ < 1/k ~ L. For times ¢t < tg, all four components
of ¢,(t,k) are uncorrelated and should behave similarly
[see Fig. 1(b)]. We therefore expect the pion correlator to
scale similarly to Gy, though the numerical result depends
on kL, G, (t,& k,L) = &1(L/&)?F (vkt, kL). Here, in
analogy with (9), the residual k¢ < 1 dependence has been
dropped, while keeping vkt ~ 1 fixed. In an overlap region,
1/L < k< 1/&, the correlation function must become
volume independent and we expect that F(vkt, kL) sim-
plifies to F(vkt)/(kL)“. Thus, in infinite volume, the time
evolution of the soft pion correlator takes a simple non-
equilibrium scaling form

Gra(t, £, k) = E71(kE) ™ F (vkt) (10)

for the extended temporal range 7z Kt ~ tp <L 1p.

The scaling arguments can also be extended to a small but
finite pion mass m, incorporating explicit symmetry break-
ing. The scaling form becomes G,,(t,& k, L,m)=
EN(L)E)F (vmt, kL, mL). Assuming that F is volume
independent for momenta such that /L < k < m < 1/¢
immediately implies that

Grnlt.E k) = E7(mE) U F(ome). (1)

The effects of the nonequilibrium dynamics are striking.
Noting that the late-time equilibrium pion correlator is
Gax(&, k) ~ E71/[(kE)* + (m&)?] [27], Egs. (10) and (11)
imply a parametric enhancement over the equilibrium
values for d = 3:

Gr(t.K) { 1/k¢,

(k) 1ok 1/ méE, k<m’

k>
" (12)

This is the key result of our analysis. We predict that during
sudden quenches to the broken phase, the infrared spectrum
of Goldstone bosons (pions) is parametrically enhanced
relative to equilibrium for a significant period of time,
TR Lt~ 1p K tp; see Fig. 2.

Numerical simulations—The scaling predictions can be
tested by numerical simulations of (2a) and (2b). The
details are reported in the accompanying work [36]. In
Figs. 3 and 4, we confirm the nonequilibrium time
evolution from our dynamic scaling analysis of the mag-
netization and pion correlation functions. Figure 3 shows
the evolution of the condensate, estimated from /(M?),
following an instantaneous symmetric quench from t? to
—t2. Here t, = (m} — m2)/|m2| is the reduced temperature
and the correlation lengths in these quenches scale as & ~
[t,|~ with v = 0.7377(41) [45]. Our scaling analysis is
confirmed by the data collapse in the lower panel, where
time is scaled by the ballistic time 7z = L/v and the

0.35 , : :
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— L/E=13
09 1 2 3 4
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FIG. 3. The chiral condensate (estimated by /(M ,M,)) versus
time following a symmetric quench, t — —t9, for several reduced
temperatures t'. The upper panel shows the raw data, while the
lower panel shows the data with the x and y axes rescaled by L/v
and &, respectively. The data collapse [up to &(t)/L correc-
tions] confirms the nonequilibrium scaling predictions of (9).

condensate is scaled by 6,,. Violations from scaling come
from finite volume corrections which distinguish

(M,M,) from G, [45]. [In practice, the finite-size
corrections to the magnetization can be parametrized as

MM ) o % Geq(1+0.7068/L) [36]. ]

The nonequilibrium evolution of G, (¢, k) is shown in
Fig. 4. The top panel shows the raw data for quenches with
different initial t? at fixed k = 2z/L. Quench temperatures
starting farther from 7, have smaller ¢ and corresponding
k&, and are more enhanced. After rescaling time with vk
and the pion correlator with k&/Gyy, the data show good
collapse for 1 < tvk <4, confirming the nonequilibrium
scaling in (10) and implying a soft-pion enhancement.
After the initial growth, G,, relaxes slowly toward equi-
librium on a diffusive timescale ¢, and the nonequilibrium
scaling no longer applies.

Much more can be said about the dynamics of instanta-
neous quenches. We refer the reader to the accompanying
paper for additional results on the evolution of fluctuations
parallel to M, (the sigma) and detailed mean-field compu-
tations of Gy(r) and G, (¢, k) [36].
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FIG. 4. Pion-pion correlator versus time at k = 27/ L following
a symmetric quench t¥ — —t? for several initial reduced temper-
atures t?. The upper panel shows the raw data, while the lower
panel shows the data with the x and y axes rescaled by vk and
k&/ Gz, respectively. The data collapse at intermediate times in
the lower panel supports the nonequilibrium scaling in (10) and
implies that G,,(t, k) is parametrically enhanced by ~1/k¢& at
these times. At late times, the scaled correlators thermalize and
the scaled correlators do not collapse.

Discussion—The chiral phase transition in QCD sponta-
neously breaks O(4) ~ SU(2), x SU(2), symmetry below
T .. The dynamic critical behavior describing the transition
between the restored and broken phases (which resembles
the transition between a normal and superfluid) belongs to
the universality class of Model G [37]. Below 7. the
hydrodynamic description in the chiral limit incorporates
the Goldstone modes (the pions), forming a non-Abelian
superfluid [39].

For the case of instantaneous quenches to the broken
phase, we use generic scaling arguments and explicit
numerical simulations to understand the nonequilibrium
dynamics of two-point correlation functions and conden-
sate growth following a quench (see also the companion
paper [36]). The key result of our analysis is that at
intermediate ballistic times, the infrared spectrum of the
pion correlation function is parametrically enhanced over
its equilibrium expectation; see Eq. (12).

Preliminary work shows that this qualitative prediction is
robust to explicit symmetry breaking, i.e., a small pion
mass. We have also relaxed the quench setup by sweeping
the temperature through the phase transition at a finite rate,
and we are finding similar results. If real-world QCD lies
outside the O(4) scaling window [31,46], exhibiting only
broken chiral symmetry and a moderately light pseudo-
Goldstone mode, the qualitative reasons for the enhanced
pion yield remain intact. Indeed, as described above (see
Fig. 1), the condensate growth and the pion enhancement
are driven by the superfluid dynamics of the pion EFT, after
being seeded with random small domains induced by the
quench. Critical scaling determines the temperature
dependence of the EFT parameters and the initial domain
size and is essential for the data collapse seen in Fig. 4. But
the enhancement is more general, requiring only some
random seeds and the applicability of the hydrodynamic
pion EFT (with some parameters) at later times.

These results should be a strong motivation for future
heavy-ion experiments, such as ALICE3 [47], to carefully
measure the yield and correlations of low momentum pions
with p of order the pion mass. Of immediate relevance is the
current measured yield of soft pions, which rises above
baseline hydrodynamic expectations for pr < 400 MeV and
reaches a ~50% enhancement near py ~ m, [24]. A key
difficulty for current hydrodynamic models, which currently
do not include the dynamics of chiral symmetry breaking, is
the lack of a soft momentum scale that would produce a
deviation from equilibrium only at small momentum.

Our simulations are an idealization of heavy ion collisions
and real-world QCD. Here we considered only instantaneous
quenches in the chiral limit, noting that these simplifying
features can be relaxed in future studies [48]. Our Letter is
part of a broader effort to understand the universal properties
of nonequilibrium critical systems. However, the analysis
naturally explains why low-momentum pions should be
preferentially enhanced relative to equilibrium, provided
the expansion of a heavy ion collision through the chiral
transition is sufficiently rapid and the real-world pion mass is
sufficiently light. An essential next step is to implement the
stochastic Model G dynamics within realistic hydrodynamic
codes and with pion masses and chiral parameters motivated
by lattice QCD and other studies [5,31,41,46]. This would
quantify whether the nonequilibrium critical dynamics
analyzed rigorously here (in a specific setup and limit of
QCD) can account for the observed low pr excess in heavy
ion collisions.
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