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Abstract
As inherently transparentmodels, classification trees play a central role in interpretable
machine learning by providing easily traceable decision paths that allowusers to under-
stand how input features contribute to specific predictions. In this work, we introduce
a new class of interpretable binary classification models, named Pareto-optimal trees,
which aim at combining the complementary strengths of Optimal Classification Trees
with Hyperplane-based splits (OCT-H) and Support Vector Machines (SVM). We
formulate a bi-objective mixed-integer quadratic optimization problem, whose non-
dominated solutions represent trade-offs between these two different classification
techniques. To further enhance robustness and performance, we propose the Pareto
forest, an ensemble method based on the Pareto-optimal trees, aggregated through
majority voting. Extensive experiments on benchmark datasets demonstrate that our
models can outperform standard methods such as CART and OCT, underscoring
the improvements gained through the bi-objective perspective. In particular, Pareto-
optimal trees unify the ability ofOCT-H and SVMwithin a single framework, resulting
in enhanced classification performance relative to either method alone. Embracing a
multiobjective perspective allows the construction of multiple “high quality" trees.
Our comparison between Pareto forests and random forests shows that building shal-
low ensembles from a small number of such optimized trees outperforms relying on
a large set of random trees with variable depth.
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1 Introduction

Interpretability, robustness and reproducibility are nowadays important requisites
demanded to machine learning methods provoked by known biases and lack of trans-
parency of some of the methodologies appearing in the last decade [1].

To achieve interpretability, various techniques have been explored. Onewidely used
approach is feature selection, which involves identifying a smaller subset of relevant
features without compromising predictive performance. By reducing the number of
parameters, the resulting models become more transparent and easier to understand,
thus enhancing their explanatory power. Another approach involves using models that
are inherently interpretable, meaning that significant parts of their prediction process
can be independently understood. Additionally, some methods define interpretability
as the ability for the model’s construction to be fully replicated and understood by
humans [2, 3]. A clear example is shallow Decision Trees, which, due to their limited
depth, are easily visualized and interpreted–even by users without technical expertise
in the underlying algorithms. A similar feature appears in baggingmethods, as random
forest, where using a large number of trees of different depth makes those methods
hardly interpretable even for educated experts in machine learning.

Classification methods are designed to accurately predict the class of new obser-
vations based on a sample used to construct a corresponding classification rule. In
recent years, a growing number of contributions has established the use of Mathemat-
ical Programming—that is, optimization models formulated to minimize or maximize
an objective subject to logical or numerical constraints—in developing classification
models, see e.g. [4–7]. Furthermore, Mathematical Programming has proven to be a
versatile and effective framework for incorporating interpretability into classification
models [8]. Usually, each methodology is based on a different rationale trying to focus
at (at times, to optimize) a differentmetric. In all cases, themetrics used aremeaningful
but each one adapts better to the corresponding methodology. For instance, maximiz-
ing margin in support vector machine (SVM) or misclassification rate in Classification
Trees (CT) or baggingmethods. Needless to say, combining these principles may offer
a way to benefit from both, making this integration an appealing idea worth exploring.

In this paper, we want to elaborate into this direction combining two supervised
classification methods based on different rationale, namely optimal classification trees
and support vector machines. This is done by solving a newly defined bi-objective
optimization model: we propose a new class of classification trees based on the non-
dominated outcomes with respect to the above mentioned two methods, SVM and
OCT, that we call Pareto-optimal trees. Furthermore, we exploit the coverage of our
classifiers over the Pareto front, to present another new forest classifier, the Pareto
forest, that exploits the non-dominance of our Pareto trees to produce shallow and
interpretable forests. The goal is to gain from the characteristics of the two methods
to assess the issues of robustness and interpretability.

Classification Trees (CT), first introduced by Ref. [2], use a hierarchical structure
of nodes to guide observations from a root node to terminal leaves, where class labels
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are assigned. These paths are determined based on optimization criteria applied to the
predictor variables in the training data. The resulting classification rules are intuitive
and easily interpretable through the sequence of splits made at each node.

The original CART algorithm proposed inRef. [2] constructs the tree using a greedy
approach. Starting at the root with the entire training set, it iteratively splits the data by
minimizing an impurity measure, forming two child nodes at each step. This process
continues until a stopping condition is met. Similar greedy strategies are used in other
well-known methods like ID3 [9] and C4.5 [10]. Traditional tree-based classification
methods often produce overly deep and complex trees, which can lead to overfitting
and reduced interpretability. This issue is typically addressed through pruning, which
balances the reduction in impurity with the added complexity of the tree. Recent
advances in optimization techniques, along with the flexibility of these models, have
led to the successful application of optimization-based approaches in supervised clas-
sification [5, 11]. Remarkably, [12] introduced the concept of Optimal Classification
Trees (OCT), framing the tree construction process as a Mixed-Integer Linear Pro-
gramming problem to find globally optimal solutions. In contrast to the standardCART
approach, OCT builds the tree by solving a single optimization problem taking into
account (in the objective function) the complexity of the tree, avoiding post pruning
processes. Moreover, every split is directly applied in order to minimize the misclas-
sification errors on the terminal nodes. In the following, we distinguish between OCT,
i.e. the model that allows for axis-aligned splits, and OCT-H, the multivariate OCT,
i.e. the model that optimizes hyperplane-based splits.

Support Vector Machines (SVM), introduced by Cortes and Vapnik [13], builds
classifiers by means of a separating hyperplane with large margin between classes.
This hyperplane is obtained by solving a Non Linear Problem (NLP), in which the
goal is to separate data by their two classes, maximizing the margin between them
and minimizing the misclassification errors. Beyond the standard NLP formulation,
several SVM variants can be modeled and solved via mixed-integer linear program-
ming (MILP), using alternative losses or metrics. In Ref. [14], it is shown that feature
selection can be embedded directly into SVM training through concave minimization,
leading to formulations solvable by global optimization orMILP-basedmethods.More
recently, in Ref. [15] tighter big-M values for MILP models of SVMs with ramp loss
have been derived, significantly improving tractability.

The main difference between SVM and Classification Trees: SVM accounts for
misclassification errors based on distances (to the separating hyperplane), i.e., the
closer to the correct side of the separating hyperplane, the better, whereas in CT all
misclassified observations are equally penalized.

Recent work has focused on improving the efficiency of training Optimal Clas-
sification Trees (OCTs). Several algorithms based on dynamic programming have
been proposed to construct OCTs and enhance them with additional features [16–18].
Ref. [19] introduced a bi-objective optimization approach that incorporates nonlinear
classification metrics as alternatives to traditional accuracy, and also supports sparse
models. Other optimization techniques have also been explored, including Constraint
Programming [20] and SAT-based approaches [21, 22]. Additionally, Refs. [23, 24]
proposed alternative integer programming formulations that use significantly fewer
decision variables compared to the original OCT model by Ref. [12].
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Combining Support Vector Machines (SVM) with classification tree methods to
build enhanced classifiers is not a new idea; a related approach was proposed by Ref.
[25]. However, their method integrates margin maximization into the greedy CART
framework by sequentially optimizing over fixed assignments of observations to tree
leaves. More recently, Ref. [26] combines CT and SVM into a mathematical program
to correct label noise and minimize misclassification error. In Ref. [27], OCT and
SVM are also combined to incorporate maximum margin multivariate hyperplanes
nested within a binary tree structure. Another extension of using margin in OCTs can
be found in Ref. [28].

Our new approach is to incorporate in the combination of OCT-H with SVM a
multiobjective point of view. We have exploited the properties of Pareto solutions
of multiobjective optimization to develop novel supervised classification tools that
enhance flexibility in classification and provide a range of robust classifiers based on
non-dominance properties of Pareto outcomes of associated bi-objective programs.
The classification tree is constructed to minimize the complexity of the tree (assuring
interpretability) and also the misclassification risk (assuring predictive power) and
support vector machines are applied at the root node aiming at helping the posterior
classification at the branching nodes of the tree to globally improve the misclassifi-
cation error of the different classes. We are proposing a new classifier that merges
the rationale of these two well-known classifiers: SVM and OCT-H, which gives rise
to a new one in a multiobjective way. Models are linked in the features space but
each one searches for good solutions with respect to their own loss functions. The
two methodologies work jointly since the models are not separable and must classify
the same elements on the same features space. Our rationale captures the goodness of
SVM and OCT-H blending the two classifiers and jointly optimizing their two penalty
functions. The reader should observe that if one would have introduced SVM splits at
all the tree branching nodes the resulting classifier would have been a different form of
classification tree with SVM splits (rather than the standard ones); but not a classifier
that inherits Pareto properties from SVM and OCT-H as we were looking for.

Our claim is that by obtaining non-dominated classifiers with respect to the OCT-
H and SVM principles one can get a range of different classifiers catching different
insights of the sample data that will inherit the good properties of the two base clas-
sifiers.

This bunch of treeswill be used to identify the “best” one to reducemisclassification
or to be combined in a Pareto forest based ensemble classifier.

Ensemble methods in supervised classification boost performance by combin-
ing multiple models–called base learners–to make a stronger, more reliable overall
model. Choosing between different methods, as bagging, boosting, stacking, or vot-
ing, depends on the base learners’ bias, the available computational resources, and
the desired model performance. Each technique brings its own trade-offs in accuracy,
complexity, and interpretability. In our approach, we have chosen hard voting as the
method to combine our Pareto-optimal trees into forests and making final predictions
bymajority vote (classification). Our goal is to reduce variance and to avoid overfitting.

The contributions of the paper can be summarized as follows.
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• Combining the rationale of two different classifiers, namely OCT-H and SVM, to
obtain non-dominated classifiers with respect to them.

• Boosting the classification power of OCT-H by enforcing a maximum margin
separation of data at the root node.

• Obtaining a meaningful representation of the Pareto front of (OCT-H)-SVM clas-
sifiers to catch insights reducing misclassification error. Thus proposing a new
classification tree called Pareto-optimal tree.

• Proposing a new bagging method, namely the Pareto forest. This method builds a
forest based on our Pareto-optimal trees that profits from their improved perfor-
mance.

• Showing improved performance of our methods over existing ones on a number
of standard datasets from the literature.

• Gaining insights on how shallow Pareto forests of limited depth can capture the
data structure without resorting to randomization and large number of trees and
variable depth.

The rest of the paper is organized as follows. The next subsection is devoted to
highlight our contribution. In Sect. 2 a bi-objective mixed-integer quadratic problem
is presented, that integrates in a single mathematical program, the classification capa-
bilities of OCT-H and SVM. Adopting a multi-objective optimization approach allows
the generation of multiple “optimal" classification trees, referred to as Pareto-optimal
trees, that in turn allow the definition of a more informative forest, presented in Sect. 3.
Section4 presents our numerical results. First, in Sect. 4.1, we report the performance
of the Pareto-optimal trees on eight real-world binary classification datasets. Then,
in Sect. 4.2, we evaluate the performance of the resulting Pareto forests, highlighting
their strong performance in comparison to random forest. Finally, Sect. 5 concludes
the paper.

2 The bi-objective optimal tree problem

It is the purpose of this work to build Pareto-optimal decision trees, being a trade-off
among different classification techniques. A major advantage of decision trees lies
in their interpretability, which is particularly valuable in fields like healthcare, where
transparency is often favored over potentially more accurate but relatively uninter-
pretablemodels.Given a training datasetmade ofn observations (xi , yi ), i = 1, . . . , n,
each with p features xi ∈ R

p and a label yi ∈ {1, . . . , K }, decision trees recursively
partition the feature space and assign a label to each resulting partition. The tree is
made of nodes, divided into branch and leaf nodes. In branch nodes, a split with certain
parameters at ∈ R

p and bt , is applied. If aTt xi < bt , then sample i will follow the
left branch from the node, otherwise it will follow the right one. In leaf nodes the
samples are collected: all the samples that end up in the same leaf are classified with
the same class label. Once the decision tree is built, namely once parameters at ∈ R

p

and bt ∈ R are determined for each branch node and class labels are assigned to leaf
nodes, the tree can be used to classify new samples according to the splits and labels:
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the new sample will follow a unique path within the tree based on the splitting rules,
ending up in a leaf node that will predict its class label.

In this work, we aim at combining multivariate optimal classification trees and
support vector machines, defining a bi-objective mixed-integer model for binary clas-
sification. Multi-objective optimization is an area of decision making concerned with
mathematical programming problems that involve more than one conflicting objective
function. Unlike single-objective optimization, where the goal is to detect a single opti-
mal solution, multi-objective optimization typically looks for the set of non-dominated
points, also called Pareto front. Each non-dominated point represents a different com-
promise, where improving one objective would lead to the deterioration of at least one
other.

Starting from the mixed-integer linear model proposed in Ref. [12]—also called
Optimal Classification Tree with Hyperplane-based splits (OCT-H)—and the classical
�2-regularized, �1-loss linear SVM problem [13], we propose a bi-objective mixed-
integer convex quadratic model to train classification trees. Our model simultaneously
minimizes the objective functions of theOCT-HandSVMproblem, denotedby fOCT H

and fSV M , respectively, and includes all the constraints of each single-objectivemodel,
denoted by XOCT H and XSVM , respectively, plus some linking constraints that applies
at the root node. Note that SVM is not an inherently interpretable classifier. However,
by incorporating the SVM objective in a bi-objective formulation, we ensure that the
final model remains interpretable—since the decision structure is still provided by the
OCT tree—while simultaneously benefiting from the predictive guidance offered by
the SVM component. A presentation of the OCT-H and SVM models is reported in
the Appendix.

At a high level, the bi-objective model looks as follows:

min ( fOCT H (L, s), fSV M (ω, ξ))

s. t. (L, s, A, b) ∈ XOCT H

(ω, ω0, ξ) ∈ XSVM

b0 = ω0
a0 j = ω j j = 1, . . . , p,

(Pareto-OCT)

where fOCT H (L, s) and fSV M (ω, ξ) are the objective functions of the OCT-H and
SVM problem and the sets XOCT H and XSVM are the feasible set of the two models,
respectively. Each non-dominated point of (Pareto-OCT) defines a Pareto-optimal
classification tree. Let T ∈ N be the set of nodes of a Pareto-optimal tree with TB
being the subset of branch nodes and TL being the subset of leaf nodes. Variables
Lt , t ∈ TL represent the optimal misclassification loss in each leaf node, while
variable s jt , j = 1, . . . p; t ∈ TB represents the number of features used at each
split. Matrix A has |TB | rows, each of them being variable at ∈ [−1, 1]p defining the
splits at the branch nodes together with bt ∈ [0, 1]. Note that we follow the rationale
in Ref. [12] for the definition of multivariate decision trees. We recall that while
OCT restricts each split to a single feature (axis-aligned), multivariate OCT (denoted
by OCT-H) relaxes this constraint and optimizes hyperplane-based splits, thereby
increasing flexibility at the cost of additional computational complexity. allowing
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at ∈ [−1, 1]p . Variables ω ∈ R
p and ω0 ∈ R define the SVM hyperplane, while

variables ξi ∈ R, i = 1, . . . , n quantifies the degree of misclassification or margin
violation from the SVM hyperplane.

The root node in (Pareto-OCT) is indicated by t = 0 ∈ TB . The split applied
at the root node of each Pareto-optimal classification is defined by aT0 j x ≤ b0 with
b0 = ω0 and a0 j = ω j j = 1, . . . , p. This implies that each non-dominated point of
(Pareto-OCT) is a tree having the split at the root node being a compromise between
the split applied by support vector machines and the one from optimal classification
trees.

The complete formulation of our model is as follows.

min ( fOCT H (L, s), fSV M (ω, ξ))

s. t. Lt ≥ Nt − Nkt − n(1 − ckt ), k = 1, . . . , K , ∀t ∈ TL , (1a)
Lt ≤ Nt − Nkt + nckt , k = 1, . . . , K , ∀t ∈ TL , (1b)

Lt ≥ 0, ∀t ∈ TL , (1c)

Nkt =
∑

i : yi=k

zi t , k = 1, . . . , K , ∀t ∈ TL , (1d)

Nt =
n∑

i=1

zit , ∀t ∈ TL , (1e)

K∑

k=1

ckt = lt , k = 1, . . . , K , (1f)

aTmxi + μ ≤ bm + (2 + μ)(1 − zit ) i = 1, . . . , n, ∀t ∈ TB , m ∈ L(t) (2)

aTmxi ≥ bm − 2(1 − zit ) i = 1, . . . , n, ∀t ∈ TB , m ∈ R(t) (3)
∑

∀t∈TL
zit = 1 i = 1, . . . , n (4)

zit ≤ lt ∀t ∈ TL (5)
n∑

i=1

zit ≥ Nminlt ∀t ∈ TL , (6)

p∑

j=1

â j t ≤ dt , ∀t ∈ TB (7a)

â j t ≥ a jt , ∀t ∈ TB , j = 1, . . . , p (7b)
â j t ≥ −a jt , ∀t ∈ TB , j = 1, . . . , p (7c)

−s j t ≤ a jt ≤ s j t , ∀t ∈ TB j = 1, . . . , p (8a)
s j t ≤ dt , ∀t ∈ TB j = 1, . . . , p (8b)

p∑

j=1

s j t ≥ dt , ∀t ∈ TB , (8c)

−dt ≤ bt ≤ dt , ∀t ∈ TB , (9)
dt ≤ dp(t), ∀t ∈ TB\{1}, (10)

zit , lt , ckt ∈ {0, 1}, i = 1, . . . , n, k = 1, . . . , K , t ∈ TL ,

dt , s j t ∈ {0, 1}, j = 1, . . . , p, t ∈ TB .
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yi (ω
T xi + ω0) ≥ 1 − ξi i = 1, . . . , n (SVM-1a)

ω ∈ R
p, ω0 ∈ R, (SVM-1b)

ξi ∈ R
+, i = 1 . . . , n. (SVM-1c)

b0 = ω0 (split-root-1)
a0 j = ω j j = 1, . . . , p (split-root-2)

As already mentioned, our bi-objective mixed-integer convex quadratic model needs
to include all the constraints of both the OCT-H and the SVM models. The con-
straints from (1a) to (10) are those from the OCT-H model (2), while the constraints
(SVM-1a),(SVM-1b) and (SVM-1c) are those from the SVM model (3). The last
two constraints, (split-root-1) and (split-root-2), are included to impose that the split
applied at the root node is a compromise between the split applied by support vector
machines and the one from optimal classification trees. Note that by these two con-
straints, the SVM split is defined having ω0 ∈ [0, 1] and ω j ∈ [−1, 1], j = 1, . . . , p,
while in the original model (3) the split is defined with ω0 ∈ R and ω ∈ R

p.
To compute the non-dominated points of a multi-objective optimization problem,

various methods have been proposed in the literature [29]. In the specific case of
multi-objectivemixed-integer quadratic problems exact approaches have been recently
proposed (see e.g. [30–32]). However, our aim is not that of approximating the com-
plete Pareto from of our model and these methods turn out to be too expensive in
our context. Therefore, we opt to detect a finite number of Pareto-optimal decision
trees employing the weighted sum method, a classical approach which belongs to the
class of scalarization techniques. As the name suggests, in the weighted sum method,
the objective functions are combined using non-negative weights, and the resulting
scalar function is minimized over the feasible set. It can be shown that, if the weights
are strictly positive, any optimal solution of the scalarized problem corresponds to
a nondominated point of the original multi-objective problem (Theorem 3.6 in Ref.
[29]).

Hence, in order to get a Pareto-optimal tree, we address a number of instances of
the following single-objective model

min �1 fOCT H (L, s) + �2 fSV M (ω, ξ)

s. t. (L, s, A, b) ∈ XOCT H

(ω, ω0, ξ) ∈ XSVM

b0 = ω0
a0 j = ω j j = 1, . . . , p,

(Pareto-OCT�)

being �1, �2 > 0. As further trees to consider, we also compute the trees obtained from
Pareto-OCT�, setting �i to zero, i ∈ {1, 2}. If we set �1 = 0 (keeping �2 > 0), we
obtain a tree where at the root node, the split is taking into account only the influence
of the SVM objective function, while if we set �2 = 0 (keeping �1 > 0) only the
influence of the OCT-H objective function is taken into account. When addressing a
bi-objective problem, choosing the weights in such a way, is equivalent to computing
its ideal point. Furthermore, it can be shown (Theorem 3.4 in Ref. [29]) that these trees

123



Pareto-optimal trees and Pareto forest: a bi-objective…

areweakly nondominated points for (Pareto-OCT),meaning that there is no other point
that is strictly better in both objectives.

3 Building ensembles from Pareto-Optimal Classification Trees:
Pareto Forests

Introduced in Ref. [33], the random forest algorithm has proven to be a highly effec-
tive and widely applicable method for both classification and regression tasks. By
building an ensemble of randomized decision trees and combining their predictions,
the technique delivers strong performance, particularly in scenarios where the number
of variables exceeds the number of observations. In addition to its robustness, the
algorithm is scalable to large datasets, adaptable to specialized learning problems, and
provides useful insights through variable importance measures.

In order to aggregate predictions from multiple decision trees a voting technique is
used. Voting allows to combine the predictions of multiple classifiers for every given
data point. In particular, we take into account the hard voting technique. In this case,
the set of classifications for a given data point is taken as an input. The output of
the process is a classification choice for the data point made by selecting the class
with the most occurrences in the set of classification choices taken as an input. For
example, if four different classifiers are considered and if three of them assign class
0 to a data point and the remaining one makes a different prediction, the data point is
classified as 0. In other words, the class which is most frequently assigned to a data
point is the hard voting classification output. In case of a tie, where the two classes (or
more, in case of general classification problems) receive the same number of votes, the
algorithm typically resolves it by assigning the class label that appears most frequently
in the training dataset. It has been shown that random forest algorithm leverages the
collective decision-making of the trees, reducing the impact of individual errors and
improving overall predictive accuracy. The diversity among trees, introduced through
random feature selection, ensures that the ensemble benefits from varied perspectives,
making majority voting a robust and effective strategy for classification tasks.

It is our purpose to build ensembles of trees using a number k ofPareto-optimal trees,
combined bymeans of the hard voting technique described above. The value of k can be
decided in advance, although different values of k can also be tested. Given a finite set
of nondominated points of the bi-objective model (Pareto-OCT), i.e. a set of Pareto-
optimal trees, all possible combinations of k ≥ 2 trees are considered, generating
what we call a Pareto forest. More specifically, we first build a number ntrees ≥ k
of Pareto-optimal trees by solving model (Pareto-OCT) considering ntrees different
values for the vector � = (�1, �2) in the objective function. Afterwards, we build
Pareto forest classifiers combining k out of ntrees trees by means of the hard voting
technique described above. In particular, we consider all possible subsets of k Pareto-
optimal trees computed excluding the trees obtained from � = (1, 0) and � = (0, 1),
as they represent the solutions of OCT-H’s model and the Pareto-optimal tree adopting
exclusively the SVM splits at the root node, respectively. The resulting Pareto forest
classifier will be the one built from the subset of k Pareto-optimal trees attaining the
highest level of accuracy. Our purpose in exploring the possibility of building Pareto
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Table 1 Details on the UCI repository [34] datasets used in our experiments

Dataset Number of datapoints Number of features

Breast Cancer (Diagnostic) 569 30

Breast Cancer (Original) 683 9

Heart Disease 270 13

Ionosphere 351 33

Parkinsons 195 22

Connectionist Bench (Sonar, Mines vs. Rocks) 208 60

SPECTF Heart 267 44

Tic-Tac-Toe Endgame 958 27

forests is to verify if our approach can benefit in terms of accuracy and robustness from
building ensembles of Pareto-optimal trees. This matter will be discussed in Sect. 4.2.
We further remark that, after having trained ntrees Pareto-optimal trees, the operation
of building a Pareto forest comes at a negligible computational cost. In fact, to build a
Pareto forest, it is sufficient to combine the labels that every tree in the corresponding
ensemble of size k assigns to each data-point by means of the described hard voting
technique.

4 Numerical experiments

In this section, we report the results of the numerical experiments conducted in order
to analyze the performances of the classification trees obtained addressing our bi-
objective model. In particular, Sect. 4.1 focuses on analyzing the accuracy of the
classifiers induced from a number of Pareto-trees, while Sect. 4.2 shows the results
obtained by building ensembles of Pareto Trees, namely Pareto forests, as described
in Sect. 3.

Eight real-life datasets for binary classification taken from the UCI Repository [34]
have been considered and we report their details (name, number of observations n and
number of features p) in Table 1. For the datasets including categorical data, we treated
ordinal attributes as numerical ones, while we applied the standard one-hot encoding
for nominal features. Furthermore, we normalized the feature values of each dataset
to the 0-1 interval. In our experiments, each dataset has been divided in training (80%)
and test (20%) sets.

Given a dataset and a classification rule, we define the out of sample accuracy A as

A = number of correctly classified observations

number of test observations
· 100.

We aim at showing that the computed Pareto-optimal trees or, in other words, com-
bining OCT-H and SVM through our bi-objective model, yields classifiers that are
more accurate with respect to optimal classification trees. Moreover, we want to show
that building ensemble of Pareto-optimal trees may improve the performance of single
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Pareto-optimal trees and that the obtained Pareto forests favorably compare—in terms
of accuracy—to random forests, still gaining in interpretability.

All the experiments were run on a machine mounting an Intel(R) Xeon(R) Gold
5218 CPU running at 2.30GHz.

4.1 Pareto-optimal Trees’performances

In order to compute different Pareto-optimal trees, we considered eleven different
values for the vector � in the weighted-sum model (Pareto-OCT�), namely we set
�1 ∈ {0, 0.1, 0.2, . . . , 0.9, 1} and �2 = 1−�1. The depth of the trees is fixed to D = 2
and the minimum number of observations per leaf node, Nmin , is set to 5% of the
number of datapoints.

For each �, model (Pareto-OCT�) requires the tuning of two different hyperpa-
rameters, specifically α for fOCT H (L, s) and r for fSV M (ω, ξ). The tuning process
is carried out by means of a 4-fold cross-validation, considering α ∈ {10i : i =
−5, . . . , 5} and r ∈ {10i : i = −5, . . . , 5}.

Note that also � is a hyperparameter of model (Pareto-OCT�). Indeed, as done
for α and r , a tuning of � is performed by considering the specified set of values.
Naturally, a larger set of candidate values could be considered, which would result in
a greater number of Pareto-optimal trees and potentially lead to improved classification
performance.

We compare the computed Pareto-optimal trees with other classifiers: SVM,CART,
OCT and OCT-H.We use CART’s implementation provided by the scikit-learn
[35] Python library while SVM’s, OCT’s and OCT-H’s models as well as our model
(Pareto-OCT�) have been coded in Python and solved using Gurobi [36]. The hyper-
parameter tuning for these classifiers is performed the same way as for Pareto-optimal
trees, namely the α giving the highest average accuracy in the k-fold cross validation is
chosen for OCT and OCT-H and the same is done for r in SVM’s model. Furthermore,
in order to achieve a fair comparison, a depth D = 2 has been considered also for the
other tree-classifiers. Where it applies (i.e. for all classifiers but CART) a time limit
of 60 s has been set for the cross-validation and a time limit of 600s has been imposed
to solve the related optimization models.

In the following, for each dataset, we report in separate tables the accuracy of the
Pareto-trees obtained, together with the time needed to solve (Pareto-OCT�) and—in
case the time limit is reached—the gap from the optimal solution. In particular, for each
couple of weights (�1, �2), we report the accuracy obtained, the Time (in seconds), the
optimality gap (Gap) and the hyperparametersα and r . A dash (-) indicates that the time
limit of 600s was reached while solving (Pareto-OCT�). The highest level of accuracy
obtained for the specific dataset is highlighted in bold font. Note that a Pareto-optimal
tree obtained with (�1, �2) = (1.0, 0.0) is equivalent to the original OCT-H, i.e. the
tree obtained solving (2), while the Pareto-optimal tree with (�1, �2) = (0.0, 1.0) uses
the SVM split at the root node, having ω ∈ [−1, 1]p and ω0 ∈ [0, 1].

In Table 2, we report the Pareto-optimal trees computed for the datasets Breast
Cancer (Diagnostic) and Breast Cancer (Original). The best accuracy attained for
Breast Cancer (Diagnostic) is 99.12 and is obtained with the Pareto-optimal trees

123



M. De Santis et al.

having (�1, �2) = (1.0, 0.0), (0.9, 0.1), (0.5, 0.5). For Breast Cancer (Original) the
best accuracy is 98.54 and is obtained for (�1, �2) = (0.2, 0.8), (0.1, 0.9). Note
that in the case of Breast Cancer (Original) the best accuracy is obtained solving
problem (Pareto-OCT�) to optimality.

In Table 3, we report the Pareto-optimal trees computed for the datasets Heart
Disease and Ionosphere. The best accuracy attained for Heart Disease is 83.33 and it
is obtained with the Pareto-optimal trees having (�1, �2) = (0.7, 0.3) and (�1, �2) =
(0.1, 0.9). In both cases, the global optimumofmodel (Pareto-OCT�) is reachedwithin
the time limit. For Ionosphere the best accuracy is 91.55, also obtained by solving
to optimality model (Pareto-OCT�) within the time limit, with weights (�1, �2) =
(0.9, 0.1) and (0.7, 0.3).

In Table 4, we report the Pareto-optimal trees computed for the datasets Parkinsons
and Connectionist Bench (Sonar, Mines vs. Rocks). For Parkinsons the Pareto-optimal
tree obtained with weights (�1, �2) = (0.8, 0.2) could reach an accuracy of 100. For
Connectionist Bench (Sonar, Mines vs. Rocks) the best accuracy reached by the Pareto-
optimal trees computed is 71.43, obtained considering 6 different weights (�1, �2).

In Table 5, we report the Pareto-optimal trees computed for the datasets SPECTF
Heart andTic-Tac-Toe Endgame.Model (Pareto-OCT�) for the SPECTFHeart dataset
could be solved to global optimality for each setting of the weights (�1, �2), as a Gap
= 0.0 is always obtained within the time limit. In this case, all Pareto-optimal trees
computed could reach an accuracy of 85.19. For the Tic-Tac-Toe Endgame dataset,
the best accuracy reached is 98.44, obtained for (�1, �2) = (1.0, 0.0) and (�1, �2) =
(0.9, 0.1).

In Table 6, the best accuracy obtained out of the eleven Pareto-optimal trees com-
puted is compared with the accuracy obtained with SVM, CART, OCT and OCT-H,
for each dataset. Note that, except for the Parkinsons dataset, this best accuracy is
not achieved by a single value of (�1, �2), suggesting that there is no clear preference
between SVM and OCT-H for a given dataset. We denote by PT any of the Pareto-
Optimal trees able to reach the best accuracy and we highlight in bold font the highest
level of accuracy reached. We can notice that PT is giving a tree able to achieve the
best accuracy among the approaches compared on all data sets except for the Con-
nectionist Bench (Sonar, Mines vs. Rocks) and for the Tic-Tac-Toe Endgame datasets.
This suggests that our model can outperform standard methods, after a tuning of the
hyperparameter �, that clearly comes with a computational time burden. An upper
bound on the time required for tuning the hyperparameters of OCT and OCT-H is
|A| · k · T Lh , where A = {α1, . . . , αn} is the set of possible values for the α coeffi-
cient in the complexity term of the objective function, k is the number of folds for the
k-fold cross validation procedure and T Lh is the time-limit for the optimization. On
the other hand, the upper bound on the time required for hyperparameter tuning of a
set of Pareto-optimal trees is |A| · |L| · |R| · k · T Lh . Here, A, k and T LH have the
same meaning as above, while R = {r1, . . . , rm} denotes the set of possible values
for the r parameter in fSV M and L is the set of selected � vectors, that is the number
of Pareto-optimal trees considered. Regarding upper bounds for the training time, we
impose a time limit of T Lt for OCT and OCT-H, whereas training the set of Pareto-
optimal trees requires |L| · T Lt , being T Lt the time-limit for the optimization in the
training.
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4.2 Pareto forests’performances

We build Pareto forests considering all possible subsets of 2, 3, 4 and 5 Pareto-optimal
trees, computed as detailed in Sect. 3. In building our forests, we exclude the trees
obtained from � = (1, 0) and � = (0, 1), representing the solutions of OCT-H’s
model and the Pareto-optimal tree adopting exclusively the SVM splits at the root
node, respectively.

As a first comparison, we consider random forests of 2, 3, 4 and 5 trees of depth
D = 2. We report in Table 7 the results obtained on each dataset, considering the
Pareto forests attaining the highest level of accuracy. As before, we highlight in bold
font the highest level of accuracy reached. In the last column of the table, we report
the difference between the accuracy of the Pareto forest and the highest accuracy
achieved by any individual Pareto-optimal tree. A negative value therefore indicates
that the ensemble performs worse than the best single tree. We observe that for the
datasets Breast Cancer (Diagnostic), Breast Cancer (Origin), and Parkinsons, using
an ensemble of Pareto-optimal trees can result in a lower accuracy than the best
individual classifier.However, in all three cases, the accuracy of the ensemble remained
above 97. For all the other datasets, there is at least one ensemble of Pareto-optimal
trees that outperforms the best individual tree. Moreover, except for the Connectionist
Bench (Sonar, Mines vs. Rocks) dataset, the Pareto forests consistently achieve higher
accuracy than the random forests.

As a second experiment, we compare our Pareto forests, with random forests made
of 100 trees, letting internal algorithm to decide the depth of the trees. The results of
this experiment on each dataset are reported in Table 8, where we consider the best
forest among the Pareto forests obtained before. The best Pareto forest consistently
achieves the highest level of accuracy. It is worth noting that the Pareto-optimal trees
used in our experiments have a fixed depth of D = 2. These results suggest that shallow
forests composed of Pareto-optimal trees—even with limited depth—can capture the
underlying data structure more effectively than random forests composed of a much
larger number of trees with variable depths.

5 Conclusions

In thiswork,we introduced the Pareto-optimal trees, a new class of interpretable binary
classification models that combine the strengths of Optimal Classification Trees with
Hyperplane-based splits (OCT-H) and Support VectorMachines (SVM). By formulat-
ing a bi-objective mixed-integer quadratic optimization problem, we propose a way to
compute classifiers being trade-offs of the two techniques. Indeed, each Pareto-optimal
tree represents a nondominated solution of such bi-objective problem, where the split
at the root node is a compromise between the split applied by SVM and the one from
OCT-H. Identifying the Pareto-optimal tree giving the best accuracy means tuning the
hyperparameter controlling how SVM and OCT-H are combined. This clearly comes
with a computational time burden. Our experiments across a range of benchmark
datasets demonstrate that Pareto-optimal trees achieve performance comparable to or
better than standard methods such as CART and OCT, while maintaining a shallow
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Table 7 Comparison between Pareto forests and random forests, with 2,3,4 and 5 trees and depth D = 2

Random forest Pareto forest
Dataset # of trees Accuracy Accuracy (Acc PF–Acc PT)

Breast Cancer (Diagnostic) 2 85.09 99.12 0

3 94.74 99.12 0

4 94.74 99.12 0

5 95.61 98.25 −0.87

Breast Cancer (Original) 2 95.62 98.54 0

3 97.08 97.81 −0.73

4 94.89 97.81 −0.73

5 94.89 97.81 −0.73

Heart Disease 2 77.78 83.33 0

3 70.37 87.04 3.71

4 74.07 87.04 3.71

5 83.33 87.04 3.71

Ionosphere 2 87.32 91.55 0

3 83.1 95.77 4.22

4 84.51 95.77 4.22

5 88.73 95.77 4.22

Parkinsons 2 87.18 100 0

3 82.05 100 0

4 89.74 100 0

5 87.18 97.44 −2.56

Conn. Bench (Sonar, Mines vs. Rocks) 2 61.9 71.43 0

3 64.29 76.19 4.76

4 78.57 76.19 4.76

5 66.67 76.19 4.76

SPECTF Heart 2 85.19 85.19 0

3 85.19 85.19 0

4 85.19 85.19 0

5 85.19 85.19 0

Tic-Tac-Toe Endgame 2 67.19 98.44 0

3 67.71 99.48 1.04

4 67.19 99.48 1.04

5 67.71 99.48 1.04

Bold values indicate the best performances obtained

and interpretable structure. This shows the power of using Pareto solutions of our
bi-objective model, able to include the ability of two classifiers.

Furthermore, we proposed the Pareto forest, an ensemble method that aggregates
subsets of Pareto-optimal trees. Results show that Pareto forests often outperform ran-
dom forests—even those built withmanymore trees and variable depth—underscoring
the benefit of optimizing for model quality rather than relying on randomization. We
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Table 8 Comparison between the best Pareto forest (among those with 2,3,4 and 5 trees and depth D = 2)
and random forests with 100 trees and variable depth

Dataset Accuracy
Random forest Pareto forest

Breast cancer (diagnostic) 98.25 99.12

Breast cancer (original) 97.81 97.81

Heart Disease 83.33 87.04

Ionosphere 91.55 95.77

Parkinsons 89.74 100

Conn. Bench (Sonar, Mines vs. Rocks) 73.81 76.19

SPECTF Heart 85.19 85.19

Tic-Tac-Toe Endgame 73.44 99.48

Bold values indicate the best performances obtained

want to underline that our approach can be extended to deal with general classification
problems, combining multiclass SVM with multiclass classification trees. Further-
more, the proposed multi-objective approach could be used combining OCT-H with
any other classification model, as long as a suitable mathematical programming for-
mulation models such technique.
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Appendix A

A.1: Multivariate optimal classification trees

In Ref. [12] a mixed-integer linear (MILP) model to train classification trees has been
introduced. We present a concise introduction to the model, without attempting to
cover all details. Given a maximum depth D, an optimal decision tree with such depth
will have T = 2(D+1) − 1 nodes, indexed by t = 1, . . . , T and divided—as already
mentioned—into branch nodes (TB) and leaf nodes (TL ). For each branch node t ∈ TB ,
variables at ∈ [−1, 1]p and bt ∈ [0, 1] are introduced to represent the multivariate
split, with constraints (2) and (3) enforcing this structure. Constraints (7a)-(7c) are
also related to the splits at a branch node and are modeling that

∑p
j=1 |a jt | ≤ dt ,

being dt a binary variable indicating whether node t applies a split. Note that this
allows the option of not splitting at a branch node, by setting at = 0 and bt = 0.
Constraints (8a) are there to properly introduce the binary variables s jt , to track if the
j th feature is used in the t th split. Constraints (8b)-(8c) ensure that the values of s jt
and dt are compatible. Constraints (9) are introduced for the multivariate split, since
at ∈ [−1, 1]p . The hierarchical structure of the tree and in particular restricting a
branch node from applying a split if its parent does not also apply a split is ensured
by constraint (10).

In the model, further indicator variables are introduced: zit indicates whether the
sample xi is in node t , while lt indicateswhether leaf t contains any sample. Constraints
(4), (5) and (6) are modeling the fact that each sample should be assigned to exactly
one leaf node and that each leaf node should contain at least Nmin samples. Binary
variables ckt are introduced to track the prediction of each node and the optimal
misclassification loss in each node Lt is modeled by the constraints (1a)-(1f). Given
a baseline accuracy L̂ , obtained by simply predicting the most popular class for the
entire dataset, the objective functionof themodelminimizes aweighted combination—
controlled by the parameter α > 0—of the misclassification error and the number of
features used at each split, the latter represented by the variables s jt . The objective
function in the model is then defined as

fOCT H (L, s) = 1

L̂

∑

∀t∈TL
Lt + α

∑

t∈TB

p∑

j=1

s jt

We report the complete model in the following:

min fOCT H (L, s)

s.t. Lt ≥ Nt − Nkt − n(1 − ckt ), k = 1, . . . , K , ∀t ∈ TL , (1a)

Lt ≤ Nt − Nkt + nckt , k = 1, . . . , K , ∀t ∈ TL , (1b)

Lt ≥ 0, ∀t ∈ TL , (1c)

Nkt =
∑

i : yi=k

zit , k = 1, . . . , K , ∀t ∈ TL , (1d)
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Nt =
n∑

i=1

zit , ∀t ∈ TL , (1e)

K∑

k=1

ckt = lt , ∀t ∈ TL , (1f)

aTmxi + μ ≤ bm + (2 + μ)(1 − zit ), i = 1, . . . , n, ∀t ∈ TB, m ∈ L(t),
(2)

aTmxi ≥ bm − 2(1 − zit ), i = 1, . . . , n, ∀t ∈ TB, m ∈ R(t),
(3)

∑

t∈TL
zit = 1, i = 1, . . . , n, (4)

zit ≤ lt , ∀t ∈ TL , (5)
n∑

i=1

zit ≥ Nminlt , ∀t ∈ TL , (6)

p∑

j=1

â j t ≤ dt , ∀t ∈ TB, (7a)

â j t ≥ a jt , ∀t ∈ TB, j = 1, . . . , p, (7b)

â j t ≥ −a jt , ∀t ∈ TB, j = 1, . . . , p, (7c)

− s jt ≤ a jt ≤ s jt , ∀t ∈ TB, j = 1, . . . , p, (8a)

s jt ≤ dt , ∀t ∈ TB, j = 1, . . . , p, (8b)
p∑

j=1

s jt ≥ dt , ∀t ∈ TB, (8c)

− dt ≤ bt ≤ dt , ∀t ∈ TB, (9)

dt ≤ dp(t), ∀t ∈ TB \ {1}, (10)

zit , lt , ckt ∈ {0, 1}, i = 1, . . . , n, k = 1, . . . , K , t ∈ TL ,

dt , s jt ∈ {0, 1}, j = 1, . . . , p, t ∈ TB .

A.2 Support vector machines

Support vector machines (SVMs) are a class of supervised learning algorithms widely
used for classification and regression (we refer to Refs. [37, 38] as classical refer-
ences). In a binary classification problem, an SVM attempts to find the hyperplane
that best divides the given dataset into two classes. The optimal hyperplane is the one
that maximizes the margin, i.e. the distance between the hyperplane and the nearest
data points from each class, known as support vectors. To be more precise, given n
observations {(xi , yi ) ∈ R

n × {−1, 1}, i = 1, . . . , n}, the classical �2-regularized,
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�1-loss linear SVM problem, looks for (ω∗, ω∗
0) ∈ R

n × R solution of the following
convex quadratic optimization problem:

min fSV M (ω, ξ) = 1

2
||ω||22 + r

n∑

i=1

ξi

s. t. yi (ω
T xi + ω0) ≥ 1 − ξi i = 1, . . . , n (3a)

ω ∈ R
p, ω0 ∈ R, (3b)

ξi ∈ R
+, i = 1 . . . , n. (3c)

In this model, margin violations are penalized linearly through the �1-loss function∑n
i=1 ξi , where each variable ξi quantifies the degree of misclassification or margin

violation for sample i . Specifically, from constraint (3a), we observe that if ξi ∈
(0, 1], the sample lies within the margin remaining correctly classified. If ξi > 1, the
sample is misclassified. The regularization parameter r > 0 plays a crucial role in
balancing two competing objectives in the optimization: maximizing the margin (via
minimizing ||ω||22) and minimizing the classification error (via penalizing

∑n
i=1 ξi ).

A larger value of r emphasizes error minimization, potentially at the cost of a smaller
margin, while a smaller value of r prioritizes margin maximization, possibly allowing
more misclassifications.
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