UNIVERSITA
DEGLI STUDI

FIRENZE

FLORE
Repository istituzionale dell'Universita degli Studi
di Firenze

An algebraic approach to the reconstruction of uniform hypergraphs
from their degree sequence

Questa ¢ la Versione finale referata (Post print/Accepted manuscript) della seguente pubblicazione:

Original Citation:

An algebraic approach to the reconstruction of uniform hypergraphs from their degree sequence / Michela
Ascolese; Andrea Frosini; Elisa Pergola; Simone Rinaldi; Laurent Vuillon. - In: THEORETICAL COMPUTER
SCIENCE. - ISSN 0304-3975. - ELETTRONICO. - 1020:(2024), pp. 114872.0-114872.0.
[10.1016/j.tcs.2024.114872]

Availability:
This version is available at: 2158/1388192 since: 2024-09-21T15:21:547

Published version:
DOIl: 10.1016/j.tcs.2024.114872

Terms of use:

Open Access

La pubblicazione & resa disponibile sotto le norme e i termini della licenza di deposito, secondo quanto
stabilito dalla Policy per I'accesso aperto dell'Universita degli Studi di Firenze
(https://www.sba.unifi.it/upload/policy-0a-2016-1.pdf)

Publisher copyright claim: _ . _ o
Conformita alle politiche dell'editore / Compliance to publisher's policies

Questa versione della pubblicazione & conforme a quanto richiesto dalle politiche dell'editore in materia di
copyright.
This version of the publication conforms to the publisher's copyright policies.

(Article begins on next page)

12 January 2025



An algebraic approach to the reconstruction of uniform hypergraphs
from their degree sequence

Michela Ascolese®*, Andrea Frosini®, Elisa Pergola®, Simone Rinaldi®, Laurent Vuillon®

@ Dipartimento di Matematica e Informatica, Universita degli Studi di Firenze, Firenze, Italy
b Dipartimento Ingegneria dell’Informazione e Scienze Matematiche, Universita di Siena, Siena, Italy
¢ Université Savoie Mont Blanc, CNRS, LAMA, 73000 Chambéry, France

Abstract

The reconstruction of a (hyper)graph starting from its degree sequence is one of the most relevant
among the inverse problems investigated in the field of graph theory. In case of graphs, a feasible
solution can be quickly reached, while in case of hypergraphs Deza et al. (2018) proved that the
problem is NP-hard even in the simple case of 3-uniform ones. This result opened a new research line
consisting in the detection of instances for which a solution can be computed in polynomial time.
In this work we deal with 3-uniform hypergraphs, and we study them from a different perspective,
exploiting a connection of these objects with partially ordered sets. More precisely, we introduce a
simple partially ordered set, whose ideals are in bijection with a subclass of 3-uniform hypergraphs.
We completely characterize their degree sequences in case of principal ideals (here a simple fast
reconstruction strategy follows), and we furthermore carry on a complete analysis of those degree
sequences related to the ideals with two generators. We also consider unique hypergraphs in D¢*?,
i.e., those hypergraphs that do not share their degree sequence with other non-isomorphic ones. We
show that uniqueness holds in case of hypergraphs associated to principal ideals, and we provide
some examples of hypergraphs in D**! where this property is lost.

Keywords: Hypergraph; Degree sequence; Reconstruction problem; Partially ordered set.

Math subject classification: 05C65, 05C99, 06A06, 06A99.

1. Introduction

The retrieval of information about a combinatorial object from quantitative information about
its shape and topology is one of the main topics in the wide area of inverse problems. In case
the investigated objects are graphs, the problem becomes even more interesting due to their wide
range modelling capability. In particular, starting from a well known characterization by Erdés and
Gallai [7] in 1960, subsequent research concentrated on exploiting the information about (simple)
graphs that can be retrieved from their degree sequences. Several other characterizations of graphs’
degree sequences appeared in literature: in [13], seven of them are listed and proved to be equivalent,
leading to a constructive proof of the Erdds-Gallai’s theorem. Moving from these results, various
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fast algorithms have been provided to reconstruct one of the graphs associated to a given degree
sequence. On the other hand, it remains a fascinating problem to determine the number of different
graphs (up to isomorphism) sharing the same degree sequence. In particular, it is of primary
relevance to study those properties that guarantee uniqueness of the degree sequences, so detecting
subsets of degree sequences that fully characterize isomorphic graphs.

As one can easily realize, when we pass from graphs to hypergraphs the task of characterizing the
degree sequences and the related reconstruction problem becomes much harder. Surprisingly, while
many necessary conditions have been provided for an integer sequence to be the degree sequence of
a k-uniform hypergraph (k-uniform meaning that each hyperedge has cardinality k), most of them
generalizing the Erdgs and Gallai’s theorem, few sufficient conditions have been determined. As
an example, relying on two well known theorems by Havel and Hakimi ([11, 12]), the authors of [4]
set a lower bound on the length of a sequence in order to be k-uniform, according to its maximum
value and to the maximum difference between its elements. This result has been later extended
using a different perspective [5, 9, 10], providing a polynomial time strategy to determine one of
the hypergraphs of the related instances.

The problems of characterizing and reconstructing k-uniform sequences remained open until 2018,
when Deza et al. proved them to be NP-hard [6] even in the simplest case of 3-uniform hypergraphs.
As a consequence of this result, the research moved its focus on the investigation of relevant sub-
classes of k-uniform degree sequences that can be efficiently detected and that gain back the unique-
ness property. These studies open broad perspectives not only to define ad hoc P-time reconstruction
strategies for subclasses of k-uniform degree sequences, but also to generate and enumerate them.
In this work we frame the target by continuing the study of a specific class of unique 3-uniform
degree sequences, indicated as D, first defined in [2] and then extended in [3]. Specifically, we go
deeper in the investigation of the link between the elements of D and the ideals of the poset 7,
obtained by triplets of integers with the coordinate-wise ordering. This identification also allows to
extend the class D and find new properties of the involved hypergraphs. So, we provide a complete
characterization of those sequences that correspond to the principal ideals of the poset and, as an
immediate consequence, we obtain a fast reconstruction algorithm for them. Then, we shift to the
study of the ideals with two generators: also in this case, we carry on a complete study and we
spot the first cases of ideals that do not correspond to any element of D. In these cases also the
uniqueness property is not guaranteed any more, and we provide some sufficient conditions leading
to such situations.

The paper is organized as follows: in Section 2, we briefly recall some basic notions of graph theory
and order theory, and we introduce the degree sequences object of our study. In Section 3, we
consider the degree sequences of hypergraphs associated to the principal ideals of the poset 7,. We
show their uniqueness and provide a fast reconstruction strategy for the corresponding realization.
Section 4 is dedicated to the study of those hypergraphs that are in bijection with the ideals of the
poset T, having two generators. We provide several combinatorial properties on these ideals and
we show that in this case we can find hypergraphs which are not in D, thus losing the uniqueness
property. Therefore, we investigate some necessary and/or sufficient conditions to ensure that
the hypergraphs associated with two generators ideals have the uniqueness property. Finally, we
conclude showing possible future developments of our research in Section 5.



2. Basic notions and definitions

In this paper we consider a specific class of 3-uniform hypergraphs that can be read as the class
of ideals of a partially ordered set. For this reason, we start this section introducing some basic
concepts and definitions in both the fields of graph and order theory, and we fix the notation we
are going to use.

A hypergraph H is defined as a pair of sets H = (V, E), with V' = {vy,...,v,} the set of vertices
and £ C P(V)\ {0} the multiset of hyperedges (from now on edges), where P(V') denotes the power
set of V. A hypergraph is called k-uniform if every edge contains exactly k vertices, counted with
repetitions, and it is said to be simple if there are no repeated edges and if the vertices in each edge
are all distinct. In other words, no parallel edges and no loops occur in the set £. From now on we
only consider those hypergraphs that are simple and k-uniform, and with no isolated vertices. We
further fix the value k = 3.

For each vertex v € V, we define its degree as the number of edges that contain v. Consider-
ing the list of the degrees of all vertices, arranged in non increasing order, the degree sequence
of the hypergraph is defined. We denote such integer sequence as m = (m1,...,7,), and we say
that a hypergraph H realizes m if 7 is its degree sequence. We further adopt the standard expo-
nential notation 7 = (77*,752%,...,7%m) to denote the a;-times repetition of the value m;, with
ie{l,...,m}.

We now recall some basic notions of order theory. For a complete overview the reader is addressed
to [14]. Given a set of elements A and < a reflexive, antisymmetric, and transitive relation (i.e.,
an order relation), the couple P = (A, <) is defined as a partially ordered set, briefly poset. We
underline that, in general, two elements in A can be non comparable w.r.t. =<. A subset of A
such that each couple of its elements is not comparable is called an antichain. An order ideal is a
down-set I defined as follows: whenever x € I, if y € A is such that y < z, then y € I too. Given
an element x € A, it generates the principal ideal [{z} = {y € A st. y < a2}, and x is defined
as its generator. If A is a finite set, any union of ideals of A is still an ideal, and can always be
obtained as the finite union of principal ideals, I =[{z1,..., 2} =l{x1} U---U [{z,,} for some
T1,...,Tm. An element m € I is mazimal if there is no a € I such that m < a. The maximal
elements of an ideal I constitute an antichain, and it is known that the antichain of its maximal
elements generates an ideal I.

We now introduce a particular poset that allows us to define a bijection between its elements and
the hyperedges of a 3-uniform hypergraph. Then, starting from its ideals, we define a subclass of
hypergraphs with appealing properties and structure, already introduced in [3].

Given an integer n > 3, we define §2,, as the set of triplets (a1, as2,a3) with a; € {1,...,n} and
1<a; <ay <az <n. If we consider a set of vertices V = {vy,...,v,}, it is clear that there exists
a bijection between the elements of the set ), and the edges of a 3-uniform hypergraph defined
on the vertices in V: the triplet (a1,as2,as) can be interpreted as the hyperedge composed by the
vertices (Vay,Vay, Vag ), and vice versa. Then, any subset of (), is a simple 3-hypergraph. We define
an order relation on €2,, as follows:

(CLl,CLQ,CLg) j (bl,bg,bg) if and only if a; S bl with 7 € {1,2,3},

and call T, = (Qy, =) the poset of triplets thus defined. Borrowing the notation from [3], we call
T, the set of the ideals of T,,, and D** the set of degree sequences realized by the hypergraphs in
T., that turns out to be the set of degree sequences that is the object of our study. Next section is
devoted to the study of the peculiarities of this class.



Remark 1. From the point of view of the poset T,, if the hypergraph H is represented by the ideal
Iy, then the entries of its degree sequence m = (m1,...,7,) are exactly the number of occurrences
of the elements 1,...,n in the triplets of 1.

2.1. Representing ideals of T, as 3-uniform hypergraphs

The definition of the class D% actually starts from the NP-completeness proof in [6], where the
reduction of the NP-complete 3-partition problem to the problem of deciding if an integer sequence
is realized by a hypergraph, leads to the definition of a binary matrix with a very nice structure,
that is interpreted as the incidence matrix of a hypergraph. In 2021, a generalization of this class of
hypergraphs led to the definition of the class D,, [2], here recalled. Starting from a non-increasing
integer sequence s = (s1,...,Sy,), with n > 3 and composed both of positive and negative numbers,
it is possible to define a 3-uniform and simple hypergraph H as follows: the edge (v;,v;,vy) is in
H if and only if s; + s; + s, > 0. We call 7(*) the degree sequence realized by H, and D,, the set
of all the hypergraphs that are obtained through this construction.

Example 1. The degree sequence 1'% = (50,44, 37,31, 31, 26, 26, 20, 20, 15, 15,9) can be obtained
starting from the integer sequence s = (4,3,2,1,1,0,0,—1,—1,—-2,—2,—-3).

The class D = |J,,~3 D» has been studied in depth in [1, 2, 3, 8], and the following properties have
been detected:

Theorem 1 (|2]). Given a degree sequence () = (7‘(53), e ,7r,(f)) obtained from an integer sequence

s, if there exists an index i < n s.t. m; = w11, then there exists an integer sequence s’ s.t. s = sj
and 76 = (o).

Theorem 2 ([2]). If 7(8) is a degree sequence obtained from an integer sequence s, then there exists
one only 3-uniform hypergraph (up to isomorphism) realizing 7)),

As a consequence, we use the notation D to indicate both the set of the degree sequences and the
set of the related hypergraphs.

Property 1 ([2, 3|). Given a degree sequence ') and H the (unique) hypergraph realizing it, if
the edge (v;,vj,v;) € H, then (v;,vj,vp) € H for all j+1 < k' <k.

Proposition 1 ([3]). Let H be a hypergraph in D,, and E its edge set. Then, E is an ideal in T,.

The previous results can be summarized as follows: the degree sequences of the class D are unique
(Theorem 2), and the edges of the unique hypergraph realizing them, seen as triplets of the poset
T, are a downward closed set with respect to the chosen order, namely, they are ideals of 7,
(Property 1 and Proposition 1). In particular, D,, C D&** [3]. We underline that the inclusion is
strict, as well as the uniqueness property can be lost when moving from D to Dt (see Examples 2
and 3).

Example 2. The degree sequence m = (49,49, 34, 34,30, 30,24, 24,18,18,13,13) is realized by the
ideal I =1{(4,6,10),(2,8,12)}. However, no integer sequence s exists such that T = 7(5) (see the
proof given in Example 9).

Example 3. The degree sequence m = (30,24,18,18,15,13,10,9,8,5) is realized by both the ideals
L =1{(1,6,10),(2,5,9),(2,6,7),(3,4,8)} and I =}{(1,7,9),(2,4,10),(2,5,8),(4,5,6)}, but the

corresponding 3-hypergraphs are not isomorphic. Therefore, the uniqueness property is lost for .



From now on, we focus our attention on the wider class DS, whose elements are the degree
sequences of the ideals of 7,. Our final goal is to study combinatorial properties of degree sequences
realized by ideals, when the number of generators of the ideal is fixed, and to determine a possible
characterization of those sequences that preserve or lose the uniqueness property when moving from
D to DL,

3. Principal ideals of 7T, and their combinatorial properties

As a starting point, we consider the easiest case of principal ideals, i.e. those ideals generated by a
single element of 7,,, and we study the degree sequences of the related hypergraphs. The structure
of these down-sets is very simple, and a complete analysis can be carried on. From now on, the
number of vertices of the hypergraph, n, will be fixed. We denote by g = (a,b,¢) € €, the unique
generator of the ideal Iy =|{(a,b,c)}, and 7, the degree sequence of the associated hypergraph.

Property 2. If g = (a,b,c) is the generator of a hypergraph H € I, on n vertices, then ¢ = n.

This is trivial from the definition of ideals as down-sets and the condition of having exactly n no
isolated vertices in H.

Proposition 2. Let g = (a,b,n) € Q,. The cardinality of the related principal ideal I, is

|@y:%w2+&p—Mn—3#+ﬁmy—%—3n+m.

a b n

It easily follows from the definition of principal ideal and the computation of | [{g}| = Z Z Z 1.

i=1 j=i+1 k=j+1
Given the generator g, we can now compute all the elements of the ideal I, =|{g}, as well as the
occurrences of the numbers 1,... n in its triplets. In other words, we can immediately retrieve the
degree sequence of the hypergraph H, associated to I, (see Remark 1).
For each number ¢ € {1,...,n}, we count the number of occurrences of i in the triplets of I, in
first, second and third position, respectively. Summing up, we get the value 7; for each vertex of
the hypergraph.

Lemma 1. Let g = (a,b,n) € Q,. The number of occurrences of i, with i € {1,...,n}, as first
element of a triplet in I, is

i

1=

2

M iflgiga’
0 ifa+1<i<n.

Proof. By definition of |{(a,b,n)}, it is clear that any number greater than a cannot be the first
element of any triplet in I,. If i < a, the number of occurrences as first element is given by the
number of triplets of kind (7, s,t) with i+ 1 < s <band s+ 1<t <n, ie.,

b n
0=y Y1

s=i+1t=s+1

from which the thesis follows. O



Lemma 2. Let g = (a,b,n) € Q,,. The number of occurrences of i, with i € {1,...,n}, as second
element of a triplet in I, is

(i—1)(n—i) ifl<i<a,
o= a(n —1) ifa+1<i<hb,
0 ifb+1<i<n.
Proof. By definition of |{(a,b,n)}, it is clear that any number grater than b cannot be the second

element of any triplet in I,. Given ¢ € {1,...,n}, the number of occurrences as second element is
given by the number of triplets (s,i,t), with 1 < s <min{i —1,a} and i+ 1 < ¢ < mn, i.e.,

min{i—1,a} n

Oh= > > L
s=1

t=1i+41

We have to distinguish two cases in the first sum, when i < a or not. Replacing and solving the
calculations lead to the thesis. O

Lemma 3. Let g = (a,b,n) € Q,,. The number of occurrences of i, with i € {1,...,n}, as third
element of a triplet in I, is

1. 3. . .
512—§z+1 if 1 <i<a,

O} = { “2izazs) ifa+1<i<b,
efbel b+ 1<i<n
Proof. Given i € {1,...,n}, the number of occurrences of i as third element is given by the number

of triplets of kind (s, ¢,4), with 1 < s < min{i — 2,a} and s+ 1 <t < min{i — 1,b}, i.e,,

min{i—2,a} min{i—1,b}

05 = ;; > oL

t=s+1

We have to distinguish more cases to correctly choose the indices of the two sums: if i < a + 1,
then it follows i — 1 < b, since a < b by definition. Then the sums stop with indices s =i — 2 and
t =i —1, respectively. If a +1 < ¢ < b+ 1, then a < i — 2 and the sums stop with indices s = a
and t = ¢ — 1, respectively. Finally, if ¢ > b+ 1 we reach s = a and ¢t = b. Replacing and solving
the calculations lead to the thesis.

Notice that the limiting cases i = a+ 1 (or i = a + 2, equivalently) and ¢ = b+ 1 can be arbitrarily
included in the intervals we analyzed, since they describe the cases in which we get min{a,a} and

min{b, b}. O
We are now able to compute the degree sequence of the hypergraph I, simply summing up the
values Of, O% and O} given in Lemmas 1, 2 and 3, with i € {1,...,n}.

Theorem 3. Let g = (a,b,n) € Q,,. The i-th entry m; of the degree sequence my = (m1,...,my) of
the hypergraph defined by I, is



(b—1)(2n—b—2)

. if1<i<a,
m = e@nad) ifa+1<i<b, (1)
a2b—a=1) ifb+1<i<n.

Proof. The proof easily follows from Lemmas 1, 2 and 3, since to get each value m; it is sufficient
to sum the occurrences of the number ¢ in the triplets of I,, that is m; = O} + O3 + O3, for all
i €{1,...,n}. We have to distinguish three cases according to the different values of i:

i) IflSiﬁa,thenm:w+(i71)(n—i)+%i2—%i+lzw.

ii) Ifa+1<i<b, then m =0+ a(n — i)+ 22e=3) — e@n-a=3)

i) If b+1<i<n, then 7, = 0+ 0 + 22zazl) _ alboa”l)

We point out the non-trivial fact that, in all the three cases above, the value m; does not depend
on %. 0

Corollary 1. The degrees of the vertices associated to a principal ideal can assume at most three
distinct values.

This is a straightforward consequence of Theorem 3. In particular, if we denote these values as
P = w, Py = M and p3 = %, four different cases can be distinguished:
i) p1 = ps = ps3, that realizes if and only if a = n — 2 and b = n — 1. In this case, the degree
sequence is constant and equal to m = (p7);

il) p1 # pe = ps, that realizes if and only if b = n — 1 and a < n — 2. In this case, the degree

sequence has two distinct entries and is equal to m = (p§,p5~);

iii) p1 = pa # ps, that realizes if and only if b = a + 1 and b < n — 1. In this case, the degree
sequence has two distinct entries and is equal to ™ = (pl{,pg_b);
iv) p1 # p2 # ps, that realizes in all the other cases, i.e., when no consecutive elements are present
in the triplet of the generator. In this case, the degree sequence has three distinct entries and
is equal to 7 = (p§, p5 %, pa—").
We also highlight that, given a degree sequence 7 with (at most) three distinct entries, we can
immediately check if there exists a principal ideal realizing it. It is sufficient to solve the following
system of equations to get the values a and b of a possible generator:
b— —b—
L= ( 1)(2; 2)7
pp = 2=, (2)

1 < a < b < n integer numbers.

Theorem 4. If it exists, the solution of (2) is unique.



Proof. First of all, we notice that the two equations in (2) can be solved independently as quadratic
equations in b and a, respectively. We show the uniqueness of the solution for the value b, obtained
by solving the quadratic equation

b+ (1—2n)b+2n+2p; —2=0,

whose solutions are by » = %. By imposing the condition b < n — 1, we reach the inequality
+v/A < —1, that is satisfied for —v/A only. It follows that the unique admissible solution, if it is
an integer, is the value b = M.

The case for the value a can be treated similarly. O

Remark 2. Theorem 4 shows that there is only one principal ideal realizing m, but does not
guarantee the uniqueness of the solution for the reconstruction problem. As a matter of fact, the
same degree sequence could also be realized by a different ideal with a higher number of generators,
or by a hypergraph that is not in the class Z,.

To spread light on the doubt raised in the previous remark, we can actually show the uniqueness
of the degree sequences realized by principal ideals. To this aim, we go back to the definition of
the class D,,, and we show that principal ideals can be always realized starting from an integer
sequence s. Then, uniqueness follows from Theorem 2.

Theorem 5. Given an integer sequence ™ = (m1,...,my,), if there ezists a principal ideal I, € T,
realizing m, then w is unique.

Proof. We simply show that the degree sequences realized by principal ideals are in the class D,,,
providing an integer sequence s = (s,..., S,) from which it is possible to compute them. To this
aim, we study three different cases, according to the number of different values in each degree
sequence, and then we define the related sequences s.

1. All vertices have the same degree, # = (p™). In this case, 7 is realized by a principal ideal if
and only if p = % (see Theorem 3 and Corollary 1), that is, 7 is the degree sequence
of the complete 3-uniform hypergraph on n vertices, H =|{(n — 2,n — 1,n)}. The same
hypergraph can be obtained starting from the integer sequence s = (1").

2. The vertices take two distinct values, 7 = (p*, ¢"~®). Two further cases occur:

i) q= and so x = a and p = w, see Corollary 1. We also remind that
such a solution is unique, since we are assuming that there exists a principal ideal realizing

the sequence (Theorem 4). We show that the integer sequence s = (1%,0" %) realizes

7, ie., ™ =70 = (ﬂs), . .,777(18)). It is sufficient to show that 7758) —pand 7% = ¢.

The vertex vy always appears in the first position of an edge, and the only edges of the
hypergraph containing it are those ones satisfying the inequality 1 + s; + s, > 0. The
couple (s;, s;) can be equal to (1, 1), (1,0) or (0,0). There are (*;')+(a—1)(n—a)+("3*)

possible choices in total, that is, 7*) = % =p.

z(2n—x—3)
2

Similarly, the vertex v,, only appears as third element of an edge, in those ones satisfying
the inequality s; + s; + 0 > 0. In this case, we have (3) + a(n — a — 1) possible choices

for the couple (s;, s;), corresponding to (1,1) and (1,0), that is, ) = q.



i) p= w, and so z = b and q = @ (see Corollary 1). Also in this case such

a solution is unique, since we are assuming that there exists a principal ideal realizing
the sequence (Theorem 4). Using the same argument of the previous point, it is possible
to show that m = 7(*) choosing s = (20, —17?).

3. The vertices take three distinct values, 7 = (p*,q¥,r" *7¥). Again from Theorem 2 and

a(2n—a—3)
2

Corollary 1, we immediately argue x = a, y = b—a, p = %2"472), q= and

r o= % In this case, the candidate sequence s is s = (2¢,0°7% —1"7%). As shown
before, we can immediately verify that 7.*) = p and ') = r. The last value to be computed

is then the degree of the vertex v,1, that can appear in the second or third position of an
edge of the hypergraph we obtain from s. It appears in the second position if and only if
the inequality s; + 0 4 s; > 0 holds, i.e., when (s;, s5)=(2,0) or (2,—1). The possibilities
are a(b —a — 1) + a(n — b). Regarding the third position, being v,41 the first vertex that
corresponds to a value 0 in s, we only have to consider the couples (s;, s;) = (2,2), that are
exactly (;) Summing up, we get 775(31 =an—a—-1)+ (‘2‘) = ¢, that concludes the proof.
Since m € D,, in all cases, we conclude from Theorem 2 that such sequences have a unique realization.
O
A straightforward consequence of this uniqueness result is the definition of a fast strategy for the
reconstruction of the degree sequences associated to principal ideals: given an integer sequence with
(at most) three distinct entries, m = (p*, ¢¥,r*), from the values x,y and z we are able, if possible,
to find the candidate generator, g = (z,x + y,x + y + z), and then compare the degree sequence of
I, =l{g} with the input sequence m, see Example 4.

Example 4. Let us consider the integer sequence m = (492,19%13%) of length n = 12. Looking
at its repetitions, namely the values x = 2, y = 6 and z = 4, we arque that, if © is associated to
a principal ideal, its generator must be g = (2,8,12). Indeed, the value x = 2 coincides with the
number of the first equal degrees, while y = 6 = b — a allows to deduce b = 8. Finally, the length
n = 12 of the sequence trivially gives information about the last entry of the candidate generator.
Since the hypergraph associated to I, ={(2,8,12)} has degree sequence equal to m, the (unique)
solution to the reconstruction problem is given.

4. Ideals generated by two (uncomparable) elements of 2,

In this section, we consider those hypergraphs associated to ideals obtained from two generators,
91 = (a,b,c) and go = (d, e, f), where we assume that:

i)l<a<b<c<nandl<d<e< f<n,
ii) at least one between ¢ and f, or both, is equal to n. We assume w.l.g. f =n,
iii) g1 and g2 are uncomparable in Ty,.

Proposition 3. Let g1 = (a,b,¢) and g2 = (d, e, f) be two uncomparable elements of Ly, Iy, 6, =1
{91, 92} and 7y, 4, the associated degree sequence. It holds

Tg1,92 = Tg1 + Mgy — Tmin{gi,g2}>

where min{g, g2} = (min{a, d}, min{b, e}, min{c, f}).



Proof. By definition, the principal ideal generated by the triplet min{g;, go} corresponds to the
intersection I, N I;,. Then, by the inclusion-exclusion principle, we immediately get I, 4, =
Iy, U (Ig, \ Imin{g,,g2})> and so the thesis.

Then, degree sequences associated to ideals with two generators can be studied using the results
we obtained for principal ideals, in particular Eq. (1), as well as the inclusion-exclusion principle.
Differently from the case of principal ideals, we now have to consider the mutual order of the
elements of g1 and go to compute their minimum, ¢, = min{g1, g2}. We provide a complete
analysis of all the possible cases, as well as the corresponding degree sequence g, 4,, through a
graphic representation of the triplets of generators. Referring to Eq. (1), we denote with pq, pa, ps
the entries of 7,4, , with ¢1, g2, g3 the entries of 7,,, and with r1, 72,73 the entries of m,_, . Finally,
for the sake of simplicity, we first assume a, b, ¢, d, e, n to be all distinct; the case in which repetitions
are present will be detailed later.

Theorem 6. Given gi,g2 € Qy,, we can explicitly compute the degree sequence w4, 4, Tealized by
191792 :¢{91’92}'

Proof. Let be g1 = (a,b,c) and go = (d, e, n). We have to consider the mutual order of the elements

a,b,c,d,e € {1,...,n}, that has to be chosen such that g; and g, are uncomparable as elements of
the poset T,. Altogether, five cases may occur, and for each of them we provide the related degree
sequence 7y, g, = (m1,...,m,). The proof directly follows from Proposition 3 and Theorem 3. The

latter allows to compute the degree sequences 71, 72 and Tpyin{g, g0} Starting from g; and go. In
particular, when applying Theorem 3, the first generator is considered as an element of 7., as well
as the triplet min{gy, g2}. It is sufficient to compute the value p; 4+ ¢; — i, in each interval, properly
choosing the indices 1, j, k, for each case. A visual representation of such computation is shown in
Figures 1, 2, 3, 4 and 5, one for each possible case.

1. Case d < a < b < e < ¢ < n. The degree sequence is

{e=1)@n—e-2) if1<i<d,
(b—l)(20—b—22)+2d(n—c) fd+1<i< a,
B a(2c—a—3%+2d(n—c) fat+1<i< b7
T = a(2b7a71);2d(n7b71) ifhr1<i<e,
a(2b7a712)+2d(efb) if e +1 S i S ,
d(2e—d-1) ifc+1<i<n.

2

Its computation is shown in Fig. 1.
2. Case d < a < b < c¢ < e<n. The degree sequence is

(e=1)(n—e-2) if1<i<d,
(b—l)(2c—b—22)+2d(n—c) fd+1<i<a,
- a(20—a—3%+2d(n—c) ifat+1<i<b
T = a(2b—a—1)—52d(n—b—1) ifhr1<i<e,
d@n—d—3) ife+1<i<e,
w ife+1<i<n.

Its computation is shown in Fig. 2.

10



b—1)(2c—b—2 a(2c—a—3 a(2b—a—1
pr = NEbn) ey py = A2 |

i . T i ; = 1

a b % c
1) (2o f d2n—d—3 ; Ld2ed

a= ( il)( ;w )  p= (2n 24 i) f @ :id(zf 2(1 1) ‘
T T H H T H 1

d 3 3 e 3 n
- (b—%l)(Zr—b—Z) _ d@b-d-1)
—2 : : : !

d b c

Figure 1: The figure schematically shows the positions of the elements of g1, g2 and gmin incase d < a <b<e <
¢ < n, as well as the computation of the values of 7 in the distinct intervals.

b—1)(2c—b—2 a(2c—a—3 2b—a—1
pi= (b-1)2e-t-2) m= >‘ py = 82 )‘
I T T T 1 .
‘ la ib ic
S)(2n—e—2 f d2n—d—3 f d(2e—d—
‘{h:((‘x;z ) . (2n=d-3) re (2e-a 1>‘
f T ; T 1
d e n
"= (b71)(?;‘—b—2) ry = 4{(2(-;173) = (1('2);;41—1) ]
I T T 1
d b c

Figure 2: The figure schematically shows the positions of the elements of g1, g2 and gyin in case d < a < b < ¢ <
e < n, as well as the computation of the values of 7 in the distinct intervals.

3. Case d < a < e <b<c<n. The degree sequence is

(bfl)(2c7b72)2+2(671)(n7c) if1<i<d,
(bfl)(207b722)+2d(n7c) ifd+1<i<a,
- a(207a73%+2d(nfc) fatl<i<e,
P deses) if e+1<i<b,
a2b-al) ifb+1<i<e,
U2e—d=1) ifet+1<i<n.

Its computation is shown in Fig. 3.
4. Case d < e < a <b<c<n. The degree sequence is

(b—l)(2c—b—2)2+2(e—1)(n—c) lflgléd,
(b—l)(2c—b—22)+2d(n—c) ifd+1<i< e,
o (6=1)(Ze=b-2) ife+1<i<a,
P A2esesd) if a+1<i<b,
uZb-a1) ifb+1<i<e,
d2e-d-1) ifet1<i<n.

Its computation is shown in Fig. 4.
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_ (0=D(2e=b-2) a(2c—a—3) _a(2b—a—1)

L = p=""5 L =T
w ; ! ; 1 !
‘ a 3 0 c
r—il 2n—e—2 d(2n—d—3 d(2e—d—
‘q1:< ;><21 ) g < Aoy | gy = et | |
T T H T H f 1
d e : n
L (Ql)(z(ﬁq) — d(2e—d—3)
fh= e L - | : 1
d e c

Figure 3: The figure schematically shows the positions of the elements of g1, g2 and gmin incase d < a <e < b <
¢ < n, as well as the computation of the values of 7 in the distinct intervals.

b—1)(2c—b—2 o a(2e—a=3 _ a(2b-—a—1
‘ pl:( )(Zr ) p27% 1)3*%
f ; ; T T 1
a ‘b c
‘—il 2n—e—2 d(2e—d—1
qlz(‘:)<2" ) : 3(13:( = )i ‘
T I i H 1
d ®= 11(271;d—5{) n
eﬁil 2c—e—2 d(2 —d—i
‘,.1:< i><'2 ) | ry = 42 f) ;
T o] T
d = d 2d e c

Figure 4: The figure schematically shows the positions of the elements of g1, g2 and gmin incase d < e <a <b <
¢ < n, as well as the computation of the values of 7 in the distinct intervals.

5. Case a < d < e <b<c<n. The degree sequence is

(bfl)(2c7b72)2+2(671)(n7c) fl<i<a
(e-1)@n—e-2) ifa+1<i<d,
d@n—d-3) ifd+1<i<e,
T = 2a(c—e—1)-5d(2e—d—1) fe+tl1<i< b,
2a(b—e)+62i(2€—d—1) fhb+1<i< ¢,
U2e—d=1) ife+1<i<n.

Its computation is shown in Fig. 5.
O

Corollary 2. The degrees of the vertices associated with an ideal with two generators can assume
at most siz distinct values.

The result is clear since we explicitly computed 7, 4, for all possible cases in Theorem 6. Actually,
the number of distinct values can decrease to five, four or three, depending on the values of a, b, ¢, d
and e, particularly if there are repetitions or consecutive elements. This can be clearly seen in the
equation that defines m;, where the number of cases may decrease.

Remark 3. A result similar to Corollary 2 also holds in case of principal ideals, where the number
of distinct degrees can decrease to two, if two entries of the generator are consecutive numbers, or
to one, if the triplet is composed by three consecutive numbers.

12



b—1)(2c—b—2 a(2c—a—3 2b—a—1
‘111:7( ‘)(2 ) 1)2:7( D) ) Psiin(); )

a b c
e—1)(2n—e—2 d(2n—d—3 2e—d—1
L I g5 = 40 | |
T H T I i H 1
od e : : n
 (dD)@e—e=2) i a(2c-a-3) o al2e—a-1)
U e S e 1
a e c

Figure 5: The figure schematically shows the positions of the elements of g1, g2 and gmin in case a < d < e < b <
c < n, as well as the computation of the values of 7 in the distinct intervals.

Example 5. Let I be the ideal generated by the two triplets g1 = (1,7,9) and g2 = (2,6,10) (case
a<d<e<b<c) The associated degree sequence is 7y, 4, = (32,30, 15,15,15,15,11, 10, 10,9),
with sixz distinct entries. If we slightly modify the triplets of generators, by allowing consecutive
elements, for example choosing ¢f = (1,7,8) and g4 = (2,3,10), we get an ideal I' whose degree
sequence turns out to be (25,15,15,7,7,7,7,7,3,3), where the number of distinct entries is lowered
to four.

Remark 4. In case of two generators, the number of distinct elements in m cannot be less than
three. This directly follows from the uncomparability of g1 and go in T,,.

We now proceed in the study of the sequences given by two generators, and, in particular, we
determine the cases where the related degree sequences preserve uniqueness.

4.1. Three distinct values degree sequences

In order to have a reduced number of distinct values in the degree sequence 7y, 4,, we need to reduce
the number of different intervals in [1,n] where the value 7; changes. To this aim, it is sufficient
to choose uncomparable triplets g; and g, where some entries are repeated and/or consecutive.
Considering all the cases listed in Theorem 6, we obtain the following:

Theorem 7. The degree sequence mq, 4, has exactly three distinct entries if and only if g1 and go
are chosen as follows:

i) g1 = (a,n—1,n) and go = (d,d+ 1,n), with a < d, or
ii) g1 = (a,a+1,a+2) and go = (d,n — 1,n), with d < a, or
i) g1 = (a,a+ 1,0+ 2) and g2 = (d,d+ 1,n), with d < a.

Proof. According to the computations in the proof of Theorem 6, to reduce the number of distinct
degrees in 7y, 4, it is sufficient to add consecutive or equal elements in the triplets of generators.
An exhaustive search of all possible choices of uncomparable generators leads to the thesis. O

Theorem 8. Let w be an integer sequence with exactly three distinct entries. If w is realized by an
ideal of T, with two generators, then w is unique.

Proof. The proof follows the same argument used in Theorem 5. We provide the sequence s for all
the possible cases listed in Theorem 7:

13



i) The sequence s = (3%, 29— —17=d=1) realizes the degree sequence in case
H :\l/{(a7 n— 17 TL), (da d+ 17 Tl)}
ii) The sequence s = (59, 19+2=4 _2n=a=2) realizes the degree sequence in case
H :i/{(aﬂa + 1,(1 + 2)? (dvn - 17”)}
iii) The sequence s = (2¢+1 1974+l _3n=a=2) reglizes the degree sequence in case
H =l{(a,a+1,a+2),(d,d+1,n)}.

The computation of the degree sequences from the sequences s determined above concludes the
proof. O

4.2. Four distinct values degree sequences

When increasing the number of distinct degrees from three to four, similar results can be achieved.

Theorem 9. The degree sequence 7y, 4, has ezactly four distinct entries if and only if g1 and g2
are chosen as follows:

i) g1 = (a,n—1,n) and go = (d,e,n), witha <d<e—1, or

ii) g1 = (a,b,n) and go = (d,d+ 1,n), with a < d < b, or

iii) g1 = (a,a+ 1,a+2) and g2 = (d,e,n), with d < a <e, or

w) g1 = (a,b,b+1) and go = (d,n — 1,n), with d < a < b, or
(d,d+1,n), with d < a, or
)

a,b,b+1) and go = (d,d+ 1,n), with a < d, or

vi) g1 =

vii) g1 = (a,a+ 1,¢) and g2 = (d,d + 1,n), with d < a, or
(d,d+ 1,n), with d < a, or

a,a+1,¢) and go =

(
(
(
( )
v) g1 = (a,b,b+1) and g5 =
( )
(
i) g1 = (
(

ir) g1 = (a,b,b+1) and go = (a,a+ 1,n), with a+1 < b.

Proof. Also in this case, an exhaustive search on the different cases presented in the proof of
Theorem 6 leads to the thesis. O

Remark 5. Differently from the case in which the distinct degrees are only three, now the triplets
of generators can share some elements. In particular, a = d can hold under certain assumptions on
the order of the elements, as shown in case ix).

Theorem 10. Let 7y, 4, be an integer sequence with exactly four distinct entries. If w is realized
by an ideal of T, with two generators, then m is unique.

Proof. Also in this case, the thesis is achieved by showing that there exists a sequence s for each
possible case from ) to iz):

D) s=(3%2479,0°7¢, —17¢),
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s = (4 72d+1—a’ _lb—d—l7 _2n—b).

i) (
iii) s = (67,19+27d —gema=2 _gn=e)
iV) s = (7d7 1a—d’ 0b+1—a7 _3n—b—1)‘
V) s = (3d+1 19— d—1 Ob+1 a 4n—b—1).
Vl) s = (3(17 2d+1—u,7 _1b—d’ _2n—b—1).
Vll) s = (5(17 1a+17d’ _1e—a— 1 _9n— c)
viil) s = (44+1 20-d _ge—a=l _gn—c)
) (

s = (4,0, —1b~a, —3n=b=1),

The computation of the degree sequences from the provided s shows that mg, 4, = 7(8) for each
case, leading to the thesis. O

4.8. Five distinct values degree sequences

The analysis of the hypergraphs related to degree sequences g, 4, with five distinct values reveals
some interesting aspects. In particular, we spot some cases for which it is not possible to find an
integer sequence s yielding a hypergraph realizing 7, 4,, and this provides the first cases of elements
in D¢** \ D. Furthermore, also establishing the uniqueness of 7, 4, becomes an issue, even if this
property is not always lost, but only in some cases.

Theorem 11. The degree sequence my, 4, has exactly five distinct entries if and only if g1 and go
are chosen as follows:

i) g1 = (a,b,n) and g2 = (d,e,n), witha <d <e <b, or

ii) g1 = (a,b,b4+1) and go = (d,e,n), withd <a<b+1<e, or

iii) g1 = (a,b,b+ 1) and go = (d,e,n), withd <a<e<b+1, or

) )
) )

i) g1 = (a,b,b+1) and go = (d,e,n), withd < e < a, or
) )

a,b,b+1 , witha <d<e<b, or

v) g1 =

a,a+1,¢) and go = (d,e,n), with d < e < a, or

(
(
and go = (d, e,n
vi) g1 = (d,
(d,
(d

viti) g1 = (a,a+1,¢) and g2 = ,withd<a<c<e, or

)
e,n), withd <a<e<ce, or
7evn)

)

iz) g1 = (a,b,¢) and g2 = (d,n — 1,n), with d < a, or

d,d+1,n), withd <a <b, or
)

a,b,c) and go = (
a,b,c) and g2 = (d,d+ 1,n),
) (

z) g1 =

zi) g1 = witha <d<b—1, or

(
(
(
(
(
( )
vii) g1 = (a,a+1,¢) and go =
(
(
(
(
(

a,b,c) and g = (d,b,n), with d < a and at most two consecutive elements in g1, or

zii) g1 =
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ziii) g1 = (a,b,n) and go = (d,e,n), with d < a < b < e and no consecutive elements in g1 and gs,
or

ziv) g1 = (a,b,c) and g2 = (a,e,n), with e < b and no consecutive elements in g1 and ga.

Proof. Again, an exhaustive search on the different cases presented in the proof of Theorem 6 leads
to the thesis. O

Remark 6. Also in this case, we notice that the two generators can contain repeated entries. In
particular, we can have a = d or b = e, under certain assumptions on the order of the elements, as
it is shown in cases xii) and xiv).

Theorem 12. Let 7y, 4, be an integer sequence with exactly five distinct entries. If the generators
g1 = (a,b,¢) and g2 = (d,e,n) are such that b # e, then my, 4, is unique.

Proof. The proof follows the same argument used in Theorem 5. We provide the sequence s for all
the possible cases i) — xi) and xiii) — ziv):

i) s=(6%49"2,0°79, —2b=¢ —3n=b),

i) s = 6d71a—d’0b+1—a’_2e—b—17_3n—e)‘
s = (79,3074, 0°7e, —10+1e —gn—b-l),
5d7 3efd’ 1a—e, 0b+ka7 _6n7b71)'
7a,6d—a’_1e—d)_3b+1—e,_4n—b—1)_

4d7 3e—d’ 211-&-1—6’ _2c—a—17 _6n—c).

9d7 2a—d’ Ob—a’ _lc—b’ _411—0)'

— 4d+1 3a—d—1 Ob—a _2c—b _7n—c)_

V)

4(17 2d+1—a’ _lb—d—l7 _2c—b7 _3n—c).

(

(

(

(

(

(

5 = (5d73€7d7 2a+1767 _307%17 )

(

(

(

(

xiii) s = (67,4974, 0b—2, —2¢7b _3n—e),
(

)
)
)
)
)
)
viil) s = (6%, 10+17d, —1emel _gee _gnc),
)
)
)
)
)

4(1, Oefa, 71b7€’ 72c7b’ 73nfc)‘

The computation of the degree sequences from the provided s concludes the proof. O
The case zii) in Theorem 11, i.e. when b = e, is harder to analyze. Indeed, in such situation the
sequence m,, 4, may or may not belong to D. We present in the following example that both cases
are feasible:

Example 6. The following degree sequences are realized by ideals whose generators are as in case
xii) of Theorem 11, and one only belongs to the class D:

T = (34,28,28,23,23,9,9,9,9,9,4,4) is realized by the ideal Iy =1{(3,5,10),(1,5,12)} and can
be obtained starting from sy = (5,3,3,2,2,—4,—4, -4, —4,—4,—6, —6).
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mo = (30,22,22,17,17,17,12,12,5,5) is realized by I> ={(3,6,8),(1,6,10)} and does not admit
any generating sequence s.

To prove that my belongs to Dt \ D we proceed by contradiction, assuming the existence of a
generating sequence s such that mo = 78). By Theorem 1, we can find a sequence s with the form
s = (s1,83,88,82,53,). Since the triplets (1,7,8),(2,3,10) and (4,5,6) do not belong to Iy, the
following inequalities hold: sy + 2sg < 0, 2s3 + s19 < 0 and 3s¢ < 0. Summing up, we find that
0 > (s1+ s6 + s10) + 2(s3 + s + ss), in contradiction with the fact that the generators of I are
edges of the hypergraph.

In Example 6 we show that mo ¢ D by contradiction, making considerations about feasible in-
equalities in case a sequence s exists. Such inequalities can be generalized obtaining the following
sufficient condition:

Lemma 4. Let 7y, 4, be the degree sequence associated to I =|{g1,g2}, with g1 = (a,b,¢), g2 =
(d,b,n) and d < a. Ifb>a+ 3 and a > d + 2, then 7, 4, € D'\ D.

Proof. By contradiction, if a sequence s realizing 7y, 4, exists, by Theorem 1 and Theorem 6 it is

of kind s = (54,5079, 577 s¢=b s7=¢) and the following inequalities hold:

54+ 2s. < 0. We remind that b < ¢ — 1, otherwise only four distinct values are present in 7y, 4,,
because of the presence of consecutive numbers in g; (Theorem 9). As a consequence, the
triplet (d,c — 1, ¢) corresponds in s to the elements sy + s. + s, whose sum is negative since
the edge is not part of the hypergraph (the triplet is not comparable both with g; and go in
T.).

284 + $n < 0. Again, the elements in s corresponding to the triplet (a — 1,a,n) are s, + s, + Sn,
being a > d + 2 by hypothesis, and the sum is negative since the triplet is not comparable
with the generators in 7.

3sp < 0. In this case, we refer to the triplet (b — 2,b — 1,b), corresponding to s, + s + 3 since
b > a+ 3 by hypothesis. Again, the corresponding edge is not part of the hypergraph since it
is not comparable with the two generators of the ideal.

Summing the members of the three inequalities we reach a contradiction with the hypothesis that
Sq + Sp+ S¢ >0 and sq + sp + 55, > 0. O

Remark 7. Actually, it is possible to show that g, 4, is in the class D in the following cases:
b < a+3: it is realized by the sequence s = (59,3974 2b=a _4c=b _gn—c),
b>a+3 andd=a— 1: it is realized by the sequence s = (9¢,6,00=2, —5¢=b —77=¢),

Thus, we reach the complete characterization of the sequences with five distinct values in D:

Theorem 13. Let 7y, 4, be a five distinct values degree sequence realized by an ideal with two
generators. Then, g, 4, € D'\ D if and only if g1 = (a,b,¢) and g = (d,b,n), with b > a + 3
and a > d+ 2.
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4.4. Siz distinct values degree sequences

Let us now consider the general case of two generators that provide a six different values degree
sequence. We start by showing two examples of degree sequences having six different values and
associated with two generators: the first one which admits a sequence s and the second one which
does not. Moving from the examples, we characterize the degree sequences 7y, 4, Which do not
admit a sequence s. For the remaining cases, we provide a general form for one of the related
sequence s, so obtaining their uniqueness.

Example 7. Let us consider the siz distinct values sequence mq, 4, = (14,10,8,8,7,6,4), whose
generators are g1 = (2,4,6) and go = (1,5,7). To guess a possible sequence s such that g, 4, =
) we explicitly write the inequalities derived from the presence in the hypergraph 1y, g, of the
edges (1,5,7) and (2,4,6), and of their intersection (1,4,6). Thus we deduce s1 + s5 + s7 > 0,
So+ 84+ 8¢ > 0 and s; + s4 + s¢ > 0. On the other side, (2,4,7), (2,5,7), (3,4,6), (2,5,6) and
(1,6,7) are not in Iy, 4,. Thus, we compute the inequalities sy + s4 + s7 < 0, so + 55 + 57 < 0,
s34+ 84+ 56 <0, so+ 55+ 56 <0 and s1 + s¢ + s7 < 0. By testing the previous inequalities, we are
able to guess a generating sequence s satisfying them, i.e., s = (5,3,0,0,—1,—2, —3).

Example 8. Now, let w4, 4, = (41,35,35,23,23,21,21,15,15,15,4,4) be the sequence whose gen-
erators are g1 = (3,7,10) and go = (1,5,12). Assuming there exists an integer sequence s such
that mg, g, = 7T(S), we compute the two inequalities s; + s5 + s12 > 0 and s3 + s7 + s19 > 0. In
the opposite, the triplets (1,9,10), (1,7,12), (2,3,12) and (4,5,7) are not in the ideal [{g1,92}
Thus, we compute the inequalities s1 + sg + s10 < 0, s1 + 87+ s12 < 0, s2 + s3 + s12 < 0 and
s4 + 85 + s7 < 0. By construction of s, we have s; > s3 > S5 > 87 > 89 > S19 > S12. This ordering
implies s1 + s10 4+ 510 < 0, s1 + 87+ 512 <0, s34+ 83+ s12 < 0 and s5 + s5 + sy < 0. By summing,
we get 0 > 281 + 283 + 285 + 257 + 2510 + 2812 = 2(81 + S5 + s12) + 2(83 + 87+ S10), in contradiction
with the fact that s1 + s5 + s12 > 0 and s3 + s7 + s10 > 0. In conclusion, there is no sequence s
from which it is possible to compute mg, g, .

Remark 8. We point out a subtle difference between the entries of the two generators in Example 7
and those in Example 8: in the first case, the values of the union of the entries of the two generators
are fairly close (they almost form an interval since the element 3 is missing), whereas in Ezample 8
the entries are at least at distance two apart.

As witnessed in Example 8, also in case of six distinct values in the degree sequence g, g4, finding
a generating sequence s is not always possible. Even worst, we have no explicit clue about the
uniqueness property of the sequence. In the sequel, we will carry on the analysis of the six valued
degree sequences obtained from two generators according to the mutual positions of the entries of the
generators. By Theorem 6, we know that five cases only are possible, when the non comparability
of the generators is required. In particular, we will show that for three of them the degree sequences
belong to the class D, thus obtaining their uniqueness as a direct consequence. In the remaining
two cases nothing can be said, in general (see Example 9).

Theorem 14. Let 7y, 4, be a siz distinct values degree sequence with generators g1 = (a,b,c)
and go = (d,e,n). The uniqueness of g, 4, s guaranteed only if either d < a < b < ¢ < e, or
d<e<a<b<cor finally, a <d<e<b<ec.

Proof. Let g1 = (a,b,c) and g2 = (d,e,n) be two non comparable elements in 7, that generate a
six valued degree sequence 7, 4,. By Theorem 6, it holds that there are no consecutive numbers
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in each generator. Five different cases arise according to the mutual positions of the entries of ¢;
and go, that we group in two situations. On one hand, the proof follows the same argument used
in Theorem 5, and we provide the sequence s realizing 7, 4, (this holds for three out of five cases).

i) Cased < a<b<c<e Wehaver,, , =), with s = (10%,207¢ b=¢ —1¢7b —ge—c _gn—e),
ii) Cased < e <a<b<c Wehaver, 5, = 79, with s = (64,579, 497¢ b=e —3¢=b —10n—°).
iii) Casea <d<e<b<c Wehaver,, , =(®) with s = (82,6979,0°7¢, —30—¢ —4c=b _5n—c),

Note that these are three out of the five cases presented in the proof of Theorem 6. For the remaining
two cases, d < a<e<b<candd<a<b<e<c,itis not possible to establish if they are in the
class D or D*** \ D, see Example 9. O

Remark 9. We notice that the two cases d < a<e<b<candd<a<b<e<c are similar to
case xii) in Theorem 11, where d < a < b = e < ¢, that is exactly the case in which the associated
degree sequences can both belong to the class D or D¢\ D.

Example 9. We provide an ezample of non-unique, and so without a generating sequence s, degree
sequence associated to an ideal with two generators. We are in the third case presented in Theorem 6,
namely d < a < e < b < ¢, and we consider m; = (41,35, 35,23,23,21,21,15,15,15,4,4) the degree
sequence of the hypergraph I, =1{(3,7,10),(1,5,12)}. We can construct a second 3-hypergraph
H, realizing 7, removing from I the edges (1,4,12), (1,5,12), (2,7,9), (3,7,10) and then adding
(1,7,12), (2,3,12), (1,9,10), (4,5,7). The degree sequence does not change, since we remove and
add the same number of elements in the triplets, and the two hypergraphs are not isomorphic.
Indeed, H loses the structure of ideal in Tio.

On the other hand, the degree sequence mo = (11,10,8,7,5,5,2) realized by I =1{(2,4,6),(1,3,7)}
is in the class D, and can be obtained starting from the integer sequence s = (4,3,1,0,—2,—2, —4).

Similarly, if we move to the case d < a < b < e < ¢, the degree sequence w3 = (20, 15,10, 10, 10,9, 8, 5)
associated to I3 =1{(2,5,7),(1,6,8)} is equal to '), choosing s = (7,4,0,0,0, -2, —3, —4), while
the sequence T4 = (30,20,20,17,17,13,10, 10,5, 5) realized by I, =1{(3,5,8), (1,6,10)} is in Deyt \
D. The proof is analogous to that one presented in Example 6: if such a sequence s exists, then
s1+ 283 <0, 253+ s10 < 0 and 2s5 + s¢ < 0, since (1,7,8), (2,3,9) and (4,5,6) are not edges of
the hypergraph. It follows (s1 + s¢ + s10) + 2(s3 + s5 + sg) < 0, in contradiction with the values in
the triplets of generators.

Similarly to case zii) in Theorem 11, if there is enough distance between the values in the triplets
of generators we can ensure that no integer sequence s realizing the degree sequence 7y, 4, exists.
The following result is a simple generalization of Lemma 4:

Theorem 15. Let g, 4, be the degree sequence associated to I =1{g1, g2}, with g1 = (a,b,c) and
g2 = (d,e,n). Then, 74, 4, € D'\ D if one of the following cases occur:

i)d<a<b<e<candc>e+2,a>d+2,b>a+2, or
i) d<a<e<b<candc>b+2,a>d+2,b>e+2.

Proof. The proof is analogous to the proof presented in Lemma 4. If a sequence s realizing 7, 4,
exists, we have:
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i) sq+2s. <0, 2s,+5, <0and 2sp+s. < 0, whose sum contradicts the fact that s, +s,+s. > 0
and sg + Se + s, > 0.

i) sq+2s. <0, 2s,+8, <0and 2s,+s. < 0, whose sum contradicts the fact that s, +s,+s. > 0
and sg + Se + s, > 0.

This reasoning holds each time we have enough equal elements in the sequence s. O

5. Conclusions and open problems

In this study, we consider an algebraic approach to the reconstruction of 3-uniform hypergraphs
from their degree sequences. The problem is known to be NP-hard, so we consider a relevant
subclass of degree sequences D that has been defined in [2] and then extended to D! in [3], with
the perspective of defining on them a fast reconstruction strategy. Remarkably, the class D has the
uniqueness property, i.e., each of its elements is associated to one single 3-uniform hypergraph (up
to isomorphism).

In this paper, we show how to associate to each element of D" an ideal of the poset 7, of triplets
on n integer numbers, and then we study the reconstruction problem according to the number of
generators of the ideals. We provide a complete characterization of the degree sequences related to
ideals having one or two generators. In the last case, we spot the first cases where the uniqueness
property is lost.

Several open problems arise concerning both computational and combinatorial aspects of this re-
search. A first step ahead will be the characterization of the six distinct values degree sequences
that are not unique, and that belong to D¢** \ D. Moving from these first cases, we aim at charac-
terizing the unique degree sequences related to generic ideals. The final goal would be to use the
detected algebraic properties to define a fast reconstruction strategy for the elements of De*?,

On the other side, from a more combinatorial perspective, we can formulate some interesting enu-
meration problems concerning our investigation. For instance, given the number n, we would like to
count the number of different degree sequences in D,, determined by the ideals of 7,. This number
is clearly less than the total number of ideals, but results are known only for small values of n or
for a fixed (small) number of generators.

Furthermore, it is still unknown the range of distinct values that a degree sequence of D¢*! can
have when varying the number of generators of the associated ideal. So, one can think of defining
a hierarchy on D*** according to the distinct values in the degree sequences and then enumerate
them according to such parameter.
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