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The probability distribution of a sequence X = (X1, X3, ...) of random variables is
determined by its predictive distributions P(X; € -) and P(X,,H €| Xq,... ,Xn), n>1.
Motivated by applications in Bayesian predictive inference, in Berti et al. (2020), a class
¢ of sequences is introduced by specifying such predictive distributions. Each X € ¢
is conditionally identically distributed. The asymptotics of X € C is investigated in this

MSC: paper. Both strong and weak limit theorems are provided. Conditions for X to converge
60G25 a.s.,, and for X not to converge in probability, are given in terms of the predictive
60G09 distributions. A stable CLT is provided as well. Such a CLT is used to obtain approximate
62F15 credible intervals.
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1. Introduction

Throughout, (S, B) is a measurable space and X, the nth coordinate projection on S°, namely, X,(s) = s, for each
n > 1 and each sequence s = (51, ..., Sy, ...) € S*. To avoid needless technicalities, S is assumed to be a Borel subset of
a Polish space and B the Borel o-field on S. Moreover, P denotes the collection of all probability measures on B.
Following Dubins and Savage (1965), a strategy is a sequence o = (o, 01, .. .) such that

e 09 € P and o, = {o,(x) : x € S"} is a collection of elements of P;
e The map x — o,(x)(B) is B"-measurable for fixed n > 1 and B € B.

Here, oy should be regarded as the marginal distribution of X; and o,(x) as the conditional distribution of X1 given that
(X1, ..., Xs) = x. The probabilities oy and o,(x) are also called the predictive distributions of the sequence (X,).
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According to the Ionescu-Tulcea theorem, for any strategy o, there is a unique probability measure P on (S*°, B*)
satisfying

P(X; €)=09 and P(Xpi1 €| (X1,...,Xn) =X) = op(x)

for all n > 1 and P-almost all x € S™. Such a P is denoted as P, in the sequel.

The Ionescu-Tulcea theorem plays a role in Bayesian predictive inference. In fact, in a Bayesian framework, to make
predictions on (X,) the statistician needs precisely a strategy o. At each time n > 1, having observed (X1, ..., X;) = x, the
next observation X, is predicted through the predictive distribution o,(x). This procedure makes sense, for any strategy
o, because of the lonescu-Tulcea theorem.

1.1. Standard and non-standard approach for exchangeable data

In Bayesian predictive inference, the data sequence (X;) is usually assumed to be exchangeable. In that case, there are
essentially two procedures for selecting a strategy o. Following Berti et al. (2020), we call them the standard approach
(SA) and the non-standard approach (NSA). This terminology is adopted just for the sake of clarity and its only possible
motivation is that SA is much more popular than NSA.

According to SA, to obtain o, the statistician should:

(i) Select a prior 7, namely, a probability measure on P;
(ii) Calculate the posterior of  given that (Xi, ..., X;) = x, say m,(X);
(iii) Evaluate o as

oo(B) = / p(B)m(dp) and oy(x)(B) = / p(B) wn(x)(dp) for all B € B.
P P

Steps (i)-(ii) are troublesome. To assess a prior 7 is clearly hard. But even when 7 is selected, to evaluate the posterior
T, may be not straightforward. Frequently, 7, cannot be written in closed form but only approximated numerically.

On the other hand, SA is not motivated by prediction alone. Another motivation, possibly the main one, is to make
inference on other features of the data distribution, such as a mean, a quantile, a correlation, or more generally some
random parameter (possibly, infinite dimensional). In all these cases, the posterior 7, is fundamental. In short, SA is a
cornerstone of Bayesian inference, but, when prediction is the main target, is possibly quite involved.

On the contrary, NSA entails assigning o, directly, without passing through = and 7. Merely, instead of choosing 7 and
then evaluating 7, and o, the statistician just selects his/her predictive distribution o,,. As noted above, this procedure
makes sense because of the lonescu-Tulcea theorem. See Berti et al. (1997, 2009, 2020), Cifarelli and Regazzini (1996), de
Finetti (1937), Dubins and Savage (1965), Fortini et al. (2000), Fortini and Petrone (2012), Hahn et al. (2018), Hill (1993)
and Lee et al. (2013).

NSA is in line with de Finetti, Dubins and Savage, among others. Pitman’s work should be mentioned as well; see
e.g. Pitman (1996, 2006). Moreover, NSA has been recently adopted in Hahn et al. (2018) to obtain a fast online Bayesian
prediction via copulas.

From our point of view, NSA has essentially three merits. Firstly, it requires to place probabilities on observable facts
only. The value of the next observation X, is actually observable, while 7 and 7, (being probabilities on P) do not deal
with observable facts. Secondly, when prediction is the main target, NSA is much more direct than SA. In this case, why to
select the prior 7 explicitly? Rather than wondering about 7, it looks reasonable to reflect on how the next observation
Xnt1 is affected by (X, ..., Xy). Thirdly, NSA is especially appealing in a nonparametric framework, where selecting a
prior with large support is usually difficult.

1.2. Predictive inference with conditionally identically distributed data

If (X,,) is required to be exchangeable, however, NSA has a gap. Given an arbitrary strategy o, the Ionescu-Tulcea
theorem does not grant exchangeability of (X,,) under P,. Therefore, for NSA to apply, one should first characterize those
strategies o which make (X,,) exchangeable under P,. A nice characterization is Fortini et al. (2000, Theorem 3.1). However,
the conditions on o for making (X,) exchangeable are quite hard to be checked in real problems. This is one reason for
NSA has not yet been developed. Another reason is the lack of constructive procedures for determining o. It is precisely
this lack which makes SA necessary for prediction, even if analytically more involved.

To bypass the gap mentioned in the above paragraph, the exchangeability assumption could be weakened. One option
is to assume (X,,) conditionally identically distributed (c.i.d.), namely, X, ~ X; and

P(Xce | X1,....%) =P(Xnt1 €| X1,.... Xy) as.forallk>n>1.

Roughly speaking, the above condition means that, at each time n, the future observations (X : k > n) are identically
distributed given the past. Such a condition is actually weaker than exchangeability. Indeed, by a result in Kallenberg
(1988), (X,) is exchangeable if and only if is stationary and c.i.d.

There are at least three reasons for taking c.i.d. data into account.
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(j) It is not hard to characterize the strategies o which make (X;) c.i.d. under P,; see Berti et al. (2012, Theorem 3.1).
Therefore, unlike the exchangeable case, NSA can be easily implemented.
(jj) C.i.d. sequences behave asymptotically much in the same way as exchangeable ones; see Section 2.1.
(jjj) A number of meaningful strategies cannot be used if (X,) is required to be exchangeable, but are available if (X;,)
is only asked to be c.i.d. A trivial example is the strategy (2) reported below. Various other examples are in Airoldi
et al. (2014), Bassetti et al. (2010) and Berti et al. (2020).

Motivated by (j)-(jjj), in Berti et al. (2020), a few strategies o which make (X,) c.i.d. are introduced. One of such
strategies is the following.

Fix og € P, a constant qo € [0, 1] and the measurable functions q, : S* — [0, 1]. Foralln > Tand x = (xq, ..., x,) € S",
define
n—1 n—1 n—1
on(X) =00 [ [ @i+ 81— dn-1) + Y 81 —ain) [ [ g (1)
i=0 i=1 j=i
where g; is a shorthand notation to denote q; = qij(x1, . .., x;) and dy, is the unit mass at x;.

If o is the above strategy, (X;) is c.i.d. under P,. Note also that
On1(X,y) = qu(X) on(X) + {1 — qa(x)} 8, foralln>0,xeS"andy€S.
Thus, when a new observation y becomes available, o, 1(x, y) is just a recursive update of o,(x). Further, if oy vanishes
on singletons,
n—1
an :PG(X,,H #Xiforalli<n|(Xy,...,Xp) :x)
i=0
and this equation may help to attach the g; some interpretation.

More importantly, choosing ¢; suitably, various real situations can be modeled by o. For instance, if ¢ € (0, 1) is a
constant and q; = q for each i > 0, one obtains

n
on(x) = q"o0 +(1—q) Y _q" "8 (2)
i=1
see also Airoldi et al. (2014) and Bassetti et al. (2010). Roughly speaking, this choice of ¢ makes sense when the statistician
has only vague opinions on the dependence structure of the data, and yet he/she feels that the weight of the ith observation
x; should be a decreasing function of n — i. In this case, o,(x) is not invariant under permutations of x, so that (X,) fails to
be exchangeable under P,.

As another example, take a constant ¢ > 0 and define q; = ; ﬁic Then, formula (1) yields the predictive distributions
of a Dirichlet sequence, i.e.
Coo + Z?:l dx;
op(x) = ——=—=——.
n+c

Various other examples of strategies which can be written by (1), including generalized Polya urns and species sampling
sequences, are obtained in Berti et al. (2020).

1.3. Main results

Obviously, if a strategy o is used to make predictions, a meaningful information is the asymptotic behavior of the data
sequence (X,) under P,. This paper investigates the asymptotics of (X, ) under P, when o is given by (1). Our main results,
formally stated in Section 3, are a strong limit theorem, a stable CLT and some of its consequences. Here, we briefly sketch
such results.

Consider the probability space (S*°, B*, P, ), where o is given by (1), and define

Q= qna(X1, .-, Xiz1)-
The strong limit theorem is

e X, converges a.s. whenever o < Q, < 8 a.s. for all n, where 0 < @ < 8 < 1 are constants;
e X, does not converge even in probability whenever oy is non-degenerate, Q, > 0 for allnand »_,(1—Q,) < oo ass.

Thus, it may be that X, is non-trivial and yet it converges a.s. This is a big difference with respect to the exchangeable
case. In fact, an exchangeable sequence Y, converges in probability if and only if Y, = Y; a.s. for each n. Overall, this
greater flexibility of c.i.d. sequences, with respect to the exchangeable ones, may be useful in real problems.

Let us turn to the stable CLT. We first recall that stable convergence is a strong form of convergence in distribution;
see Section 2.2. In particular, stable convergence implies convergence in distribution.
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Suppose S = R (so that the X, are real valued) and E(X?) = [ t? og(dt) < co. Since (X,) is c.i.d. under P,,
1T e as 1y as
EZX,-—>V and EZX‘ 2y
i=1 i=1
for some random variables V and V*; see Section 2.1. Define
1 « 1 «
Xn =~ ,X]:Xi’ L=~ z;(x,-—xn)z and L=V*—V?%= lim L.
1= 1=

Also, denote by A(0, b) the Gaussian law with mean 0 and variance b > 0 (where N(0, 0) = §p). In this notation, the CLT
is:

e Suppose Q; < Qu41 a.s. for all n. Then,

V(X = V) 22 A0, 1)

provided (at least) one of the following two conditions is satisfied:

- > 21T —Qull < oo, where || - || denotes the sup-norm, namely
I1T—=Qull = sup [1—gn_1(x)l;
xeRn—1

- S C Ris a bounded subset and )", {1 — E(Q,)} < oc.

In a Bayesian framework, the limit V of the sample means can be seen as a random parameter (see Section 2.1) and
the above CLT can be used to make inference on V. In particular, it allows to build (approximate) credible intervals for V.
In fact, since convergence is stable, one obtains

\/ﬁ (Yn - V) stably

=0 ———— — N(0, 1)

VL
whenever Q; > 0, op is non-degenerate and the assumptions of the CLT are satisfied. Therefore, for a € (0, 1) and large
n, an approximate (1 — «)-credible interval for V is X;, £ u,/2 4/Ly/n where u,; is the quantile of order (1 — o/2) of the
standard normal distribution. See Example 7 for details.
Finally, under the same assumptions of the CLT, we also prove that

— bl
Jn [xn — E(Xa1 | X1, - ,xn)] 2 A0, L).
2. Preliminaries

From now on, (§2, A, P) is a probability space, (Y, : n > 1) a sequence of S-valued random variables on (£2, A, P), and
Fo=1{0,2}, Fo=oY1,...,Yn).
Moreover, a kernel on S (or a random probability measure on S) is a map K : £ — P such that w — K(w)(B) is

A-measurable for fixed B € B.

2.1. Conditionally identically distributed random variables

As recalled in Section 1.2, (Y;) is c.i.d. if
P(Yee | Fo) =P(Yns1 €| Fn) as.forallk>n=>0.

C.i.d. sequences have been introduced in Berti et al. (2004) and Kallenberg (1988) and then investigated in various papers;
see e.g. Airoldi et al. (2014), Bassetti et al. (2010), Berti et al. (2009, 2012, 2013, 2020), Cassese et al. (2019) and Fortini
et al. (2018).

The asymptotic behavior of a c.i.d. sequence (Y,) is similar to that of an exchangeable one. We support this claim by
three facts.

(k) If S = R (so that the Y, are real valued) and E{|Y;|} < oo, then

n
% ViV oand E(Yaur | Fa) <>V
i=1
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for some real random variable V. Note that, since (Y2) is still c.i.d., if E(le) < oo there is a random variable V* such
that

7ZY2 5 v*oand E(YZ, | F) =5 VN

(kk) Let up, = % Zi:l dy, be the empirical measure. There is a kernel 1 on S satisfying

wun(B) —> w(B) as n — oo for every fixed B € B.
As a consequence, for fixed n > 0 and B € 3, one obtains

E{uu(B) | Fa} = li'?E{um(B) | Fa} = P(Yns1 € B| 7) as.

In other terms, as in the exchangeable case, the predictive distribution P(Y,11 € - | %) can be written as E{u(-) | 7}
(kkk) (Yy) is asymptotically exchangeable, in the sense that
(Yn, Yng1....) = (Y, Y5, ...) indistribution, as n — oo,

where (Y,) is an exchangeable sequence. Moreover, (Y,) is directed by the kernel u of (kk), namely
k
P(Y; €By,....Y; €B) = E“_[M(Bi)} forallk>1andB,, ..., B € 5.
i=1

The kernel u is a meaningful random parameter, even if it does not completely determine the probability law of (Y);
see Berti et al. (2020, Section 8). In fact, «(B) is the long run frequency of the events {Y, € B}. On noting that

P(Yar1 € B| Fu) = E{u(B) | Fu} —> u(B),

1(B) can be also regarded as the asymptotically optimal predictor of the event {the next observation belongs to B}. In
addition, p is the directing measure of the exchangeable limit sequence (Y,’). Therefore, as in the exchangeable case, it
may be reasonable to make inference on p. Similar considerations can be repeated for the random variable V involved in
(k). In fact, if S = R and E{|Y;|} < oo, V agrees with the mean of u, that is, V(w) = ft,u(a)) dt) for almost all w € £2.

2.2. Stable convergence

Let K be a kernel on S. Say that Y, converges stably to K if

P(Yp - | H) “S E(K(-) | H)  forall H e A with P(H) > 0.

In particular, if Y, — K stably, then Y, converges in distribution to the probability measure E (K (-)) (just let H = £2).

In case S = R, a remarkable kernel is M(0, L) where L is any real non-negative random variable on (2, A, P). (Recall
that, for each b > 0, N(0, b) denotes the Gaussian law with mean 0 and variance b). The next corollary provides conditions
for stable convergence toward a kernel of this type.

Corollary 1. Let (Y,) be a c.id. sequence of real random variables such that E(Yf) < oo. Define Z, = E (YrH»] | fn),
Yo=1Y%_ Yeand V = lim,Y,. Suppose that

(a) fE{max1<k<n k|Zi—1 — Zkl} — 0,
() 130 Vi —Zis + kZir — 20} =5 F,
() VNE{supyznlZi_1 — Z| } — O,
() n Y y(Zit — ZP —> G,
where F and G are real non-negative random variables. Then,
stably

(Vo —2Z) Y A0, F) and (Y, — V) 2 A0, F +G).

Proof. This is a straightforward consequence of Berti et al. (2011, Theorem 1). O
3. Results

We begin with introducing a sequence (Y, : n > 1) of S-valued random variables whose predictive distributions agree
with (1).

Fix o9 € P, a constant qo € [0, 1] and the measurable functions g, : S™ — [0, 1], n > 1. Moreover, on some probability
space (£2, A, P), take random variables (T, : n > 1) and (U;; : j € N, 1 <i <j) such that
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e (T,) is an i.i.d. sequence of S-valued random variables with T; ~ oy;
e (U;;) is an i.i.d. array of [0, 1]-valued random variables with U; ; uniformly distributed on [0, 1];
e (T,) is independent of (U;;).

Using (T,) and (U;;) as building blocks, define (Y,) as follows. Let Y; = T;. At step 2, let Q; = qo and define Y, =T or
Y, = Y; according to whether U;; < Q; or Uy 1 > Q. At step n + 1, after Yy, ..., Y, have been defined, let

Qiy1 =qi(Y1,...,Y;) fori=0,...,n—1
and then define

Yn+l = In41 if Ui,n < Qz for all i,
Yo=Y if U > QandUj, <Q forsomeiandallj>i.

The predictive distributions of such (Y,) are actually given by (1).

Lemma 2. Y; ~ op and

n
P(Yos1 €| Fn) —Uol_[Qz+3Yn (1-Q +Zsy,<1— wJ]e
i=1 Jj=i+1
a.s. for each n > 1 (recall that 7o = {#, 2} and F, =0o(Yy,...,Ys)).
Proof. It is clear that Y; = Ty ~ 0¢. Fixn > 1, B € B, and let
Gn = O(Y], R 5 Ul,n» ey Un,n)7 Ap = {Ui,n < Q; for all l}

Since A, € G, and T, is independent of G,,

P(An O (Yos1 € B} | 7) = E(lAnP(Tn+1 €B|Gy) | ]-'n)

Similarly,
P(Unn > Qn, Yny1 € B| -Fn) = 1B(Yn)P(Unn > Q| J'—n) = dy,(B)(1—Qn) as.
Finally, ifi < nand A;, = {Uj, > Q;and U;, < Q; for j=i+1,..., n}, one obtains
P(Ain N {Yair € BY | Fn) = 1Y) P(Ain | ) = 8,(B)(1 — Q ﬂ Q as O

Jj=i+1
One consequence of Lemma 2 is that

P((YL Ya,...) € ) = Pg((Xl,Xz, e )

where the strategy o is given by (1). Since (X;) is c.i.d. under P, (by Berti et al., 2020) it follows that (Y;) is c.i.d. as well.
More importantly, to fix the asymptotic behavior of (X;) under P,, we may work with (Y;,).
Our first result is the following.

Theorem 3. Ifa < Q, < B as. for each n, where 0 < @ < 8 < 1 are constants, then Y,, converges a.s.
Proof. Since S is a Borel subset of a Polish space, each probability measure on B is tight. Hence, by Berti et al. (2006,

Theorem 2.2), it suffices to show that f(Y,,) converges a.s. for each bounded continuous function f : S — R.
Fix a bounded continuous f : S — R and define A = E{f(Ym41) | Fn} — f(Yi). Then,

m m—1
=i =ffdao [TQ+F0m)X1—Qn)+ > FYi(1 - H Q — f(Ymy1)
Q1 i=1 i=1 =it
= E{f(ym-H) | ]:m} _f(ym+l) = Am +f(Ym) _f(ym+1)-

Summing overm =1, ...,n,
n—1

Ani1/Quit + ) A1 /Quir = Y A+ F(Y1) = f(Yni)

m=1
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or equivalently
Y An(1/Qn = 1) = =Ane1/Qusr + Ay +F(Y1) = f(Yay):

Next, since (Yy) is c.i.d. and Q; is Fj_;-measurable, then
1 1 1 1
E{a (gDl - 1)} =£fa (g~ (g~ VEA A} =0

for all i < j. Therefore,

E[(é An (é - 1))2} = éE[A,zn (é -1’}

Further, since « < Q,, < B a.s., one obtains

n

O S by = Soel 7] = ()

m=2

- E{(— é’: T4 +f(Y1)—f(Yn+1)> } < (Z%Nf' +4 suplfl) :

Hence, E{}_p2, A2} = Y o2, E(A2) < o0, 50 that 4, = 0.To conclude the proof, recall that E{f(Ya1) | Fn} —> Vf
for some real random varlable Vf; see Section 2.1. Therefore, f(Yy) 25 Vi, O

As an example, Theorem 3 implies that Y;, converges a.s. when the strategy o is given by (2) (i.e., when Q,, = ¢ for all
n and some constant 0 < q < 1).

In Theorem 3, the Q, are separated from 0 and 1 and Y, converges a.s. Things change drastically if Q, approaches 1
quickly enough.

Theorem 4. Y, does not converge in probability provided oy is non-degenerate, Q, > 0 for all n and )", (1 — Q,) < o0 a.s.

Proof. Let d be the distance on S. It suffices to show that d(Y,, Y,+1) does not converge to 0 in probability. Since oy is
non-degenerate, there is € > 0 such that P(d(Tl, T;) > e) is strictly positive. Define

H, = {Ui, < Q; for eachi < n and U;,—; < Q; for each i < n}.

Since (Qq, ..., Q) is a function of (Yy, ..., Yo_1), then (T, T;41) is independent of H,. Hence,

P(d(Yn, Yop1) > e) > P(Hn N {d(Ty, Tasr) > e}) = P(d(Ty, Ty) > €) P(Hy)

n n—1
=p(m.T) > e E{[Ta [}
i=1 =1
Finally, Q, > O for all n and Zn(l — Q) < oo a.s. implies that ]_[1721 Q; a3 Q, where Q is a random variable such that
Q > 0 a.s. Therefore,
limian(d(Yn, Yoir) > e) > P(d(Ty, To) > €) E(Q?) > 0. O
n

We next turn to the CLT. Suppose S = R (so that the Y, are real valued) and E(le) < 00. Define Y, = % Zle Y; and
Zn = E(Yn+1 | }‘n). Since (Yy) is c.i.d., there are random variables V and V* such that

v, v, z, 25 v, ZYZ S5 v*oand E(YZ, | Fa) =5 VR

Some CLT’s for dependent data are concerned with
G = \/E(?n _Zn) and Wy = \/ﬁ(?n - V);
see e.g. Berti et al. (2004, 2009, 2011, 2012). Note that, in the special case where (Y;) is i.i.d. (namely, when Q, = 1 for
all n) one obtains C, = W, = /n (Y, — E(Y1)).
Theorem 5. Suppose S = R, E(Y?) < 00, and Qq < Quy1 a.s. for all n. Define L = V* —V? = lim, 1 3% (Y; — Y,)% Then,

G Y A0, 1) and W, % A0, 1)
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provided (at least) one of the following two conditions is satisfied:

e > 11— Qull < oo, where || - || denotes the sup-norm;
e S C Ris a bounded subset and Y_, {1 — E(Q,)} < o0

Proof. By Corollary 1, it suffices to prove conditions (a)-(d) with F =L and G = 0.
First note that Q,Z,_1 = Z, — Y,(1 — Q,) a.s., which in turn implies
Zn _Zn—l :(1 _Qn)(Yn_Zn—l) a.s.

Since Q, < Qu41 a.s. for all n, one also obtains

n(1—0Q,) <j(1-0Qx +Zl— Q;) as.foreachj<n.
i=j+1

Next, suppose Y, [I1 — Qu|l < oc. Fix j < n. Since
E{(Ya — Zoa )} = E(Y)) — E(Z7_)) < E(Y;) = E(YD),

one obtains

2 E{(Zy — 2V} = E{(n(l — Qu)(Yy —Zn_l))z}

<e[(i1-a)+ Y (1-0) (h-z i)

i=j+1

<W=Q)+ Y (1= Q)IPE{(Ya —Zy 1)}
i=j+1
2y ) - 2
Evpfin-ai+ Y 1-ail.
i=j+1
Therefore,

limsup n* E{(Z, — Z,-1)°} < E(Y7) [ E ||1—Q||] for each j.
n
i=j+1

Thus, 3, |1 — Qull < oo yields lim, n® E{(Z, — Z,—1)*} = 0, which in turn implies

Efn Y @ - zk)z} =n Y E{Z 21V

k>n k>n
_nZ—k - Z1)’} — 0.
k>n

Hence, condition (d) holds with G = 0. Conditions (a) and (c) can be checked in a similar way. In fact,

1 21
- E{ max k|Z_; — zk|] <- E{ max K (Ze_; — z,()2}
n 1<k<n n 1<k<n

1 n
<= > KRE{(Z1 -2} — 0 and

2

nEfsupizi s -z} < nEfsup@s - 27 | <E[n Y@ - 202} —o.
k>n k>n

= = k>n

As to condition (b), first note that
1 - 2 as. * 2
=Y (e—2Zir) SV -vi=L
n

Hence, (b) holds with F = L since lim, n? E{(Z, — Z,_1)*} = 0.
This concludes the proof if ), |1 — Q|| < oo. If S C R is bounded, say S C [a, b], essentially the same argument
applies. But in this case, since

|Zn_Zn—1|:(1_Qn)|Yn_Zn—1|f(b_a)(l_Qn) a.s.,
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the condition >, |1 — Q4| < oo can be weakened into ), {1 — E(Qq } < o0. More precisely, arguing as above,

> {1 = E(Q))} < oo implies lim, n {1 — E(Q,)} = 0 and limy n(Z, — Z,_1) & 0, which in turn imply conditions (a)~(d)
withF=Land G=0. O

From a Bayesian point of view, the limit V of the sample means can be seen as a random parameter (see Section 2.1)
and Theorem 5 may be exploited to make inference on V. To this end, we first highlight a consequence of Theorem 5.

Vit (Va-v)
JIn

stably

Theorem 6. Let L, = 1 31 (Y; — Y,)? and Ry = 1,50 . Then, — N(0,1) provided Q; > 0, og is

non-degenerate, and the conditions of Theorem 5 are satisfied.
Proof. Suppose first L > 0 a.s. Let K be the kernel on R? given by

K(A x B) = §;(A)N(0, L)(B) for all Borel sets A, B C R.

bl . .
Then, (L,, W) —> K since L, L% I and W, 4 N(0, L); see Berti et al. (2011, Lemma 1). Fix H € A with P(H) > 0 and
define the function

FxY) = To.00®) % for all (x,y) € R2.
The set of discontinuity points of f is D = {(x, y) € R? : x = 0} and
E(K(D)|H) =P(L=0|H)=0.
Therefore,
P(Ro€ | H) = P(f(Ln Wa) € - | H) "% E(K(f € )| H).
Finally, since L > 0 a.s. and K(f € -) = A/(0, 1)(-) on the set {L > 0}, one obtains
E(K(f Y H) - E(K(f €)1 | H) — N0, 1)(-).

It remains to show that L > 0 a.s. Under each of the conditions of Theorem 5, one obtains _,,(1—Qy) (1+|Ya|+Y?) < 00
a.s. Therefore,

o0 o0 o0
VELmE(Yan | F)=E(Y) [J@+ ) vi(1-Q) [T @ and
i=1 i=1 k=i+1
o0 o0 o0
v*‘”nmE( Y2, | Fa) = E(Y) ]‘[ Z (1-a) J] @
i=1 i=1 k=i+1

In other terms, L = V* — V2 agrees with the variance of the kernel
(o] o0 (o]
p=oo [TQ+) 8 (1-Q) [T Q.
i=1 i=1 k=i+1

Moreover, ]_[?il Q > Oas.dueto ) (1—Q;) < ocand Q, > Q; > O for all n as. Thus, L > 0 a.s. follows from og
non-degenerate. O

Among other things, Theorem 6 can be used to obtain credible intervals.

Example 7 (Credible Intervals for V). Fix a € (0, 1) and define

I,,(Ol) = (?n — Ug/2 +/ Ln/na ?n + Ug/2 v/ Ln/n)

where u,/, is the quantile of order (1 — a/2) of the standard normal distribution. Under the assumptions of Theorem 6,
limP<V € Ih(a) | H) = limP(—tyjs < Ro < Ugpp |H) =1—a
n n

for each H € A with P(H) > 0. Therefore, for large n, I,(«) is an approximate (1 — «)-credible interval for V.

It is worth noting that I,(«) is an approximate credible interval conditionally on every fixed H € A with P(H) > 0.
In principle, one could profit of this fact by choosing some H related to the inferential procedure. An example could be
H = {F € A}, where F is a vector of covariates and A any measurable set. If P(F € A) > 0, then I,(«) is an approximate
(1 — «)-credible interval for V conditionally on F € A, namely, P(V € l(a) | F e A) is close to 1 — « for large n. Similarly,
given B € B, another option could be H = {V € B} or even H = {F € A, V € B} provided P(H) > 0.
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Finally, we briefly discuss some of the assumptions made in the previous results.

Remark 8. In Theorem 3, the assumption Q, > « a.s. for all n can be weakened into lim inf, E(Q,;Z) < o0. Instead,
o < Q, < B as. cannot be replaced by o < E(Q,) < B. As an example, fix B € B with oy(B) € (0, 1) and define

a=(1/2)00(B)+ 0o(B°), Qi =1, Qu=1(1/2)1y,ep; + lyy,¢5 forn > 1.

Then, Y, = T, a.s. for all n on the set {Y; ¢ B}. However, T,, does not converge in probability since (T;) is i.i.d. and o is
non-degenerate. Therefore, Y, fails to converge in probability, even if E(Q,) = « € (0, 1) for all n > 1.

Similarly, in Theorem 5, Q; < Qn+ a.s. cannot be weakened into E(Q,) < E(Qu+1). However, Theorem 5 admits a few
alternative versions. One of these versions is the following. If S C R is a bounded subset, E{sup,1 n(l— Qn)} < 00 and

L
n(1—Q,) —> M, for some random variable M, then

stably stably

G X a0, (1= MPL) and Wy ™ n (0, ((1— M)? +M?)L).

For instance, letting M = 1, such a version applies to Dirichlet sequences (i.e., Q; = %).
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