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Abstract In this note we mainly study the fine Jordan—Chevalley decomposition: a
refinement of the classical Jordan—Chevalley decomposition of a matrix and we pay a
particular attention to the field of the coefficients of the matrix. Moreover we obtain
some further additive and multiplicative decompositions of a matrix under suitable
conditions.
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Introduction

Aim of this note is to present some decomposition formulas for a square matrix M
starting from the classical Jordan—Chevalley decomposition (or SN decomposition).
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Some of such formulas are well-known at least in ordinary real and complex cases.
We set and, when possible, extend them in a coherent and self-contained context by
paying attention to the properties of the field K of the coefficients of M.

In Sect. 1 we redraft the well-known additive Jordan—Chevalley decomposition of
M as sum of its semisimple part S(M) and of its nilpotent part N (M) (Theorem 1.6).
We construct the matrix S(M) (andso N(M) = M —S(M)) as function of its Frobenius
covariants (Definition 1.1) and of the eigenvalues of M. The Frobenius covariants of
S (M) are polynomial functions of M uniquely determined by M itself which we obtain
by means of a suitable Bézout’s identity (Proposition 1.5). We prove that an arbitrary
matrix is semisimple if and only if it has a Frobenius decomposition, i.e. it is linear
combination of its Frobenius covariants with nonzero pairwise distinct coefficients
(Proposition 1.9). The matrices S(M), N (M) have coefficients in K, the fixed field
of Aut (IF/K), where [ is the spitting field of the minimal polynomial of M.

In Sect. 2 we decompose S(M) in a unique way as sum of a finite number of
suitable semisimple matrices S;(M)’s with coefficients in K, called unbreakable.
Each S;(M) is again a polynomial function of M and it corresponds to a distinct
irreducible component over K of the minimal polynomial of M or, equivalently, to
a distinct orbit of the action of Aut(F/K) on the spectrum of M (Definition 2.2,
Proposition 2.3, Remark 2.6).

In correspondence to each S; (M) we determine a suitable nilpotent matrix N; (M)
with coefficients in KT. Such matrices, whose sum is N (M), are polynomial functions
of M, uniquely determined by suitable conditions (Notations 2.4, Proposition 2.7).

Putting together these two decompositions, we get the additive fine Jordan—
Chevalley decomposition of M (Definition 2.8), which seems to refine the Jordan—
Chevalley decomposition.

Aim of Sect. 3 is to obtain the analogous of Schwerdtfeger’s formula and of
Sylvester’s formula, which hold in real and complex cases and allow to express the
image of a matrix under an analytic function f by means of the derivatives of f, of the
eigenvalues and of the Frobenius covariants of the matrix. This is fully obtained when
f is a polynomial, while, to guarantee the convergence of f as a series, we assume
that the field K is a complete valued field with respect to a non-trivial absolute value
(Proposition 3.2). The formula, we get, allows to identify easily the semisimple part
and the nilpotent part of the image of the matrix. Finally we sketch how to get its fine
components (Remark 3.4).

Section 4 is devoted to real closed fields, generalizing the real field. In particular we
prove that if M is a nonsingular matrix, then it has a unique complete multiplicative
Jordan—Chevalley decomposition, which expresses M as a product of three pairwise
commuting matrices which are polynomial expressions of M: a diagonalizable matrix
over K with strictly positive eigenvalues, a semisimple matrix with eigenvalues of norm
1 and a unipotent matrix (Proposition 4.2). We conclude the section by proving, over
the algebraic closure of such fields, the existence and the uniqueness of a coordinate-
free version of the Singular Value Decomposition of a matrix (Propositions 4.8 and
4.10).
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1 Jordan—Chevalley decomposition

In this paper K denotes an arbitrary fixed field, K its algebraic closure, M, (K) the
K-algebra of square matrices of order n with coefficients in K and [, the identity
matrix of order n.

Definition 1.1 (a) The spectrum, Sp(A), of a matrix A € M, (K) is the set of all
eigenvalues of A in K and Sp*(A) is the set of nonzero elements of Sp(A).

(b) We recall that a matrix A € M,,(K) is semisimple if it is diagonalizable over K
or equivalently if it is diagonalizable over the splitting field of its minimal polynomial.

(c) We say that a non-empty family of matrices Ay,..., A, € M, (K) \ {0} is a
Frobenius system, if A;A; = §;; A; for every i, j (;; is the Kronecker symbol).

(d) We call Frobenius decomposition of A € M,,(K) any decomposition

A= Zf’zlx,A

where Ay,..., A, € M,,(K) \ {0} form a Frobenius system and A1,...,A, € K\
{0} are pairwise distinct. In this case, the matrices Ay, ..., A, are called Frobenius
covariants of A (see for instance [3], p. 403).

Lemma 1.2 Let A € M,(K) and assume that it has a Frobenius decomposition

= lezl MiA;. Then
(a) XK'= ImAL @ ImA, @ ---® ImA, ® KerA;
(b) the distinct nonzero eigenvalues of A in K are Ay, ..., A, (hence A #0);

() Ker(A — \iI) = Im(A;) for every i, Ker(A) = Im(I, — Zf’zl A;) and so
A is semisimple;
(d) 0 is an eigenvalue of A if and only ile.p:l rk(A;) <n.

Proof These facts are standard and their proofs can be found for instance in [11]
Ch.2. O

Lemma 1.3 Ler Ay,...,A; € M,(K) \ {0}, [ > 1, and assume that, for every i,
A = Zf’zl kiinj is a Frobenius decomposition of A; with Sp™*(A;) N Sp*(A;1) = 0
for every i ;é i’

Then Zl 1 A,]A,] is a Frobenius decomposition of Zl 1 A; if and only if
Ai Ay —Oassoonas1 £

Proof One implication is trivial.

Assume now that A; A;; = 0 for every i # i’ and remember that from the previous
Lemma we have: K = ImAj1 @ ---® ImA;p, @ KerA; forevery i.

Fix anindex i’ € {1,...,1},anindexm € {1, ..., p;} and a vector w € K"

Fori # i’ wehave: 0 = A; A (A w) = Zh,k AindikAinAi(Appmw) =

D o Ainhir mA,hA, m(Airmw) = D) Ainkitm Ain (Airmw), hence from the decom-
positions of K" above, we get: A,hklrm in(Ajnpw) = 0 forevery h € {1,..., p;}.
So AipAjryw = 0 for every w € K" , being AjpAiy, # 0. Hence {A;;} is a Frobenius
system and we can conclude because the 1;;’s are nonzero and pairwise distinct. O
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Notations 1.4 (and remarks) (a) Next M will be always a fixed matrix in M, (K)
with minimal polynomial

m(X) =mi O - -m (X))

where (1, ..., ur > 0andm(X), ..., m,(X) are mutually distinct irreducible poly-
nomials in K[ X] of degrees d1, ..., d, respectively.

Note that 0 is an eigenvalue of M if and only if one of the polynomials m; (X)’s is
X. From now on, in this case (after reordering) we assume that m, (X) = X.

(b) We denote by [ the splitting field of m(X) and by K the fixed field of the group
Aut (F/K) (the group of automorphisms of I fixing each element of K).

Of course: K € K' € F C K and inclusions are generally strict.

Moreover K = KT (i.e. F/K is a Galois extension, see for instance [7] Ch. VI §1)
if and only if each polynomial m; (X) is separable over K (i.e. its roots in K are all
distinct). This is always true if K is perfect, e.g. in case of characteristic 0 (see for
instance [6] p.26 and p.58).

Note that, by Jordan canonical form, M is semisimple if and only if yu; = --- =
wr =1and K = KT,

(c) We denote by A;1, ..., Ajp, the p; distinct roots of m; (X) (in [F).

We recall that, if P(X) € K[X] is irreducible over K, the subset of K of all its
distinct roots is said to be a conjugacy class over K. Therefore A;1, ..., A;y, form a
conjugacy class over K.

By the assumption in (a), if 0 is eigenvalue of M, then p, = 1 and A,; = 0. Hence
Sp(M) and Sp*(M) are both disjoint union of conjugacy classes over K.

Note that A;; # A;/js as soon as (i, j) # (i’, j) and moreover we have p; < d;,
generally without equahty because the polynomials m;(X)’s are not supposed to be
separable.

Every element of Aut(F/K) acts as a permutation on the sets of roots of each poly-
nomial m;, so every ¢ € Aut(F/K) induces a permutation ai(p oneachset{l,..., p;},
i=1,...,rsuchthat p(A;;) = Aot (i)

Polynomials in F[X], which are invariant under the action of Aut(F/K) on their
coefficients, are actually in K[ X].

We can factorize m(X) = [];_, H?i:l(X — ;)™ for suitable integers n; > ;.

The exponent n; is equal to u;, if m; (X) is a separable polynomial; otherwise the

characteristic of K is positive and 77_ is a power of it. In all cases the power 5; of

(X — 4;;) is independent of j (see for instance [7] pp.284-285).

(d) For every i, we denote g; (X) = FI(X Aij) and g(X) =[]/, & (X).

The polynomials g; and g are invariant under the action of the group Aut(F/K)
(because the coefficients of each g; are elementary symmetric functions of the roots
Ail, - -5 Aip;), so they belong to K[ X].

We remark that, if I’ /IL is any normal finite-dimensional extension, then the orbit
of every o € I/ under the action of Aut(I'/LL) coincides with the conjugacy class of
o over LL (this is a consequence for instance of [6] Thm.21 p.24).

Since F is a normal finite-dimensional extension of both K and K and Aut (F /K) =
Aut (F/KT), the conjugacy classes of & over K and over K overlap.
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Therefore, forevery i, the set {A;1, . .., Aip, } is a conjugacy class over K too, hence

gi is irreducible as element of K'[X] and pi is the degree of each A;; on K.
. m(X) :
(e) Finally we pose G;;(X) = m = ]—[h#i mp (X)Hh ]—[k#j(X — A"

foreveryi = 1,...,r and every j = 1,..., p; and we observe that G;;(X) has
coefficients in K(A;1, ..., A;p;) € F.

Proposition 1.5 Assume the same notations as in 1.4. (a) There is a unique set of
polynomials {B;;(X) :i =1,...,r, j =1,..., pi} in F[X] such that

Bij(X) e K(Aj1 ..., Lip))[X], deg B;j(X) < n; foreveryi, j and
r Pi . . .
E i E jleij(X)Gij(X) = 1 (Bézout’s identity).

(b) Foreveryi =1,...,rand j = 1,..., p;, the polynomial
Cij(X) = B;;(X)G;;(X)

isin KA1 ..., Aip)[X] € F[X] and satisfies deg C;j(X) < deg m(X).
Moreover the family of matrices Cij(M) € M,(F) (i =1,...,r, j=1,...,0)
is a Frobenius system with

r Pi
Zizlzj:lcij(M) =1,.

Proof Since G;;(X) and (X — A;;)" are polynomials with coefficients in

K(Ai1, ..., Aip;) and have greatest common divisor equal to 1, there exist, uniquely
determined, B;;(X), L;j(X) € K(%;1 ..., Aip;)[X] such that

Bij(X)Gij(X) + Lij(X)(X — A;))" = 1, deg(B;j) < n; and deg(L;j) <
deg(Gij) = deg(m) — n;, forevery i, j.

So (X — A;;)" divides B;;(X)G;;(X) — 1. On the other hand (X — A;;)" divides
B (X)Gpr(X) as soon as (h, k) # (i, j) and so Zh’k By (X)Gpr(X) — 11is divided
by every (X — A;;)" and hence by m(X).

Butdeg(Y),  Bue(X)G(X) — 1) < deg(m(X)) ands0 Y, ; Bux(X) G (X) =
1.

For the uniqueness of the polynomials B;;(X)’s, assume that certain polynomials
A;j(X)’s satisfy the same properties of the B;;(X)’s. Hence Zh,k A (X)Gpe(X) =
Aij(X)Gij(X) + Z(h,k);ﬁ(,',j) Apk(X)Gprp(X) = 1 and deg(Aij) <ni.

Since (X — A;;)™ divides Z(h,k);ﬁ(i,j) Apk(X)Gpi(X), we can write

Aii(X)Gi;(X) + L:j(X)(X — )»,'j)m = 1 withdeg(A;;) < n; and

deg(L;j) < deg(G;j) = deg(m) — n; and we conclude (a) by the uniqueness
above recalled.

For (b) we remark that Zi’ j Cij(M) = I, is a direct consequence of (a).

If (i, j) # (h, k), then Cij(M)Cpi(M) = B;j(M)Bp(M)Gij(M)Gpi(M) = 0,
because G;;(X)Gpi(X) is a multiple of the minimal polynomial of M.
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Finally C;j(M) = Cij(M)I, = Cij(M)[ Y., Cik(M)] = Cij(M)* and the
assertion is proved. O

Theorem 1.6 [Additive Jordan—Chevalley decomposition] Let M € M, (K), A;; be
the distinct eigenvalues of M as in Notations 1.4 and the matrices C;j(M)’s as in 1.5.
Then the matrices

ro b
S(M) =" "%;Cij(M) and N(M) = M — S(M)
i=1 j=1

are polynomial expressions of M and have coefficients in K, S(M) is semisimple,
N (M) is nilpotent, S(M)N (M) = N(M)S(M) and of course M = S(M) + N(M).

Moreover if M = S + N is any decomposition with S € M,,(K) semisimple,

N e M,,(K) nilpotent and SN = NS, then S = S(M) and N = N(M).

Proof Note that if ¢ € Aut(F/K) and ol.‘p is the permutation induced by ¢ on
{L,....pi}, i = 1,...,r, then ¢(B;; (X)) = Bial_w(j)(X) (we still denote by ¢ its
natural extension to F[X]).

Indeed from the equality 1 = > ";_, ?i:] Bij(X)G;j(X) we get:

t=o =¢ (3 D0 By0GH(0) =3 3" 0By (X)e(Gij (X)).

Now ¢(G;; (X)) = G; o j)(X ), because ¢ acts as a permutation, hence

L= X0 e(Bi) (X))G; 5y (X) and @(B;; (X)) = B; 5 (X) by unique-
ness of B;;’s in 1.5 (a).

In particular every ¢ € Aut(IF/K) satisfies: ¢(C;;(X)) = C; in(j)(X) for every
i, j, because ¢ preserves the product.

Now let us consider the polynomial S(X) = ;_, ?i:] 2i;Cij (X).

For every ¢ € Aut(F/K), we get (S(X)) = > i, Zfi:] )L,-in(j)Ci U’_w(j)(X) =
S(X),s0 S(X) € K'[X] being fixed by each ¢ € Aut(F/K).

This implies that N(X) = X — S(X) € K'[X] and that the matrices S(M) and
N(M) (in M,,(K")) commute, because they are polynomial expressions of M.

S(M) is diagonalizable over [F by 1.2 and 1.5 (b).

To prove that N (M) is nilpotent, we remark that, by the properties of the matrices
Cij(M)’s, we have:

= st = [3, M = ahcion]
=2, M =L " Ciy(M)
= (D2, (M = iy 1) By (1) ) )

= 0 assoonas h > max{ni, ..., n:}.
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Finally if S(M) + N(M) = S + N, then S(M) — S = N — N(M). The condition
SN = NS implies that the matrices S and N commute with M and so also with
S(M) and N(M). Hence S and S(M) have a common basis of eigenvectors in Kn, SO
S(M) — S is semisimple. Since N — N (M) is nilpotent, we conclude that S(M) — S =
N—-NWM)=0. O

Definition 1.7 The matrices S(M) and N (M) of the previous Theorem are said to be
the semisimple part and the nilpotent part of M respectively and the decomposition
M = S(M) + N (M) is said to be the (additive) Jordan—Chevalley decomposition (or
(additive) SN decomposition) of M.

Remark 1.8 We denote by r’ the integer v’ = r when M is nonsingular and r’ = r — 1
otherwise. Remembering 1.4, if S(M) # 0, we can write the semisimple part of M as

r’ pi . ..
S(M) = Zizlzjzl)»ijcij(M), with A;; # Ofor everyi, j.

This decomposition is a Frobenius decomposition of S(M) and the matrices C;; (M)
withi =1,...,r and j = 1,..., p;, are Frobenius covariants of S(M).

Proposition 1.9 A matrix A € M,(K) \ {0} has a Frobenius decomposition if and
only if it is semisimple.

If this is the case, the Frobenius decomposition and, so, the Frobenius covariants
are uniquely determined.

Proof Indeed the first part follows directly from 1.8 and from 1.2.

For the uniqueness, if A = Z{’:] AiA; is a Frobenius decomposition of A, then
from 1.2 the coefficients A;’s are necessarily the non-zero distinct eigenvalues of A
and from the properties of the A;’s, arguing as in [1] Thm. 2.2, we get the matricial
system

P
D ArAp=A"1<m<p,
h=1

whose associated matrix has non-zero determinant, because it is equal to the Vander-
monde determinant of A1, ..., A, multiplied by A1 - - - 1 ,. Hence the A;’s are uniquely
determined. O

Remark—Definition 1.10 (a) Note that the matrix M is not nilpotent if and only if
S(M) # 0. In this case we refer to the Frobenius covariants of S(M) also as Frobenius
covariants of M.

(b) The matrices M and S(M) above have the same distinct eigenvalues, so if M is
nonsingular, then S(M) is nonsingular too.

In this case we get easily the equality S(M)~! = Y7_, Z?izl )\l.;lCij (M); this
gives the Frobenius decomposition of the matrix S(M)~! which results polynomial
in M.

@ Springer



392 Sdo Paulo J. Math. Sci. (2017) 11:385-404

Moreover from the additive decomposition M = S(M) + N(M), we get the
multiplicative Jordan—Chevalley decomposition (or multiplicative SN decomposition)
M = S(M)U (M) with UM) = (I, + S(M)"'N(M)) € M,(K") unipotent and
S(M), U(M) polynomials in M (and therefore commuting).

Finally S(M), U (M) are the unique matrices with coefficients in K such that M =
S(M)U (M), S(M) semisimple, U (M) unipotent and S(M) U(M) = U(M) S(M)
(see for instance [5] Lemma B p.96).

By the way we note that in general S(M)" = Yo ff:] Af'j Cij(M) for every
h € N and that, if M is nonsingular, then the same formula holds for every h € Z.

2 Fine Jordan—Chevalley decomposition

Remark 2.1 Let S be a semisimple square matrix with coefficients in a generic field
L and F be the splitting field of its minimal polynomial. Since S is semisimple, its
minimal polynomial has no multiple root in F (i.e. it is separable over L). Hence
/L is a Galois extension (see for instance [6] Part I, §5) and so the fixed field LY of
Aut (F/L) is exactly L.

Definition 2.2 We say that a semisimple matrix S € M,,(LL) is unbreakable over 1L,
if, whenever S = A 4+ B with A, B € M, (L) semisimple matrices, AB = BA =0
and Sp*(A) N Sp*(B) =@, then A=0or B =0.

Proposition 2.3 Let S € M, (L) be a semisimple matrix.

(1) S is unbreakable over 1L if and only if S = 0 (i.e. Sp™(S) = 0) or Sp*(S)
consists in a single conjugacy class over L.

(2) If Sp*(S) consists of | > 1 conjugacy classes, then there exist | unbreakable
semisimple matrices, Sy, ..., S; € M,(IL) \ {0}, such that S = S + - - - + S; and, for
everyi # j, SiS; = 0and Sp*(S;) N Sp*(S;) = 0.

(3) If S # 0, its decomposition in unbreakable semisimple matrices stated in (2)
is unique up to the order of the matrices S;’s and we refer to it as the unbreakable
semisimple decomposition of S and to matrices S;’s as the unbreakable semisimple
components of S.

Proof Assume that S = A + B with A, B € M, (L) semisimple matrices, AB =
BA = 0 and Sp*(A) N Sp*(B) = P with A # 0and B # 0. Let A = le a;A;
and B = Z?:l B; B be their Frobenius decompositions. Since Sp*(A) N Sp*(B) =
?, by 1.3 we get that Y7, o A; + Z(JZ:] B, B; is the Frobenius decomposition of
S = A + B. In particular, by 1.2, oy and f; are both eigenvalues of S with distinct
conjugacy classes over LL: indeed the class of &1 in contained in Sp*(A) and the class
of B; in contained in Sp*(B). This concludes part “if” of (1).

Now if § is semisimple and nonzero, then we can consider its Frobenius decom-
position: Zi:l ;.)i:l 4ijCij, where C;;’s are the Frobenius covariants of S and
{Ait, ..., Aip;}, 1 <1 < I, are the [ conjugacy classes of nonzero eigenvalues of
S.

For every i we denote: S; = f’: 1 AijCij. These matrices have coefficients in L.

For, since [F/LL is a Galois extension, it suffices to check that every S; is Aut (F/L)-
invariant.
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Arguing as in the proof of 1.6, if ¢ € Aut(IF/LL) and oiw, 1 <i <1, 1is the per-
mutation induced by ¢ on {1, ..., p;}, then p(4;;) = )\miw(j) and ¢(Cjj) = C; of ()"
Hence ¢(S;) = Z?i:l Aio?(j)Cio?(j) = Si and therefore §; has coefficients in L.

These matrices are unbreakable because of part “if” of (1), while the remaining
properties follow easily from the properties of C;;’s and from 1.2. This completes part
(2).

Part “only if” of (1) is a direct consequence of (2).

For (3),let S = S| +- - -4, be another decomposition with every S; € M, (IL)\ {0}
semisimple and unbreakable over IL and such that, for every i # j, Sl.’ S} = 0 and
Sp*(s)H N Sp*(S}) = .

By 1.3, the sum of the Frobenius decompositions of the matrices S} ’s is the Frobe-
nius decomposition of S. But each matrix §’; is unbreakable and, by (1), it is uniquely
determined by a conjugacy class over L. of nonzero eigenvalues of S. Since the same
fact holds for the matrices S;’s, by uniqueness of the Frobenius decomposition of S,
we get that / = I” and, up to change order, S; = S/ for every i. O

Notations 2.4 [and remarks] (a) Remembering the same notations as in 1.4, in the
remaining part of this section we assume that the fixed matrix M € M, (K) is not
nilpotent; this is equivalent both to S(M) # 0 and to r’ > 1 (remember 1.8).

(b) By 1.2, the eigenspace in K", relative to the eigenvalue A;; of S(M), is
Im C;j(M). Hence K' = ®_, @7’;1 Im C;j (M) as vector spaces over K (remember
that, by 1.2 (¢), if A,; = 0, then Im C,1(M) = Ker S(M)).

(c) If the polynomials C;;(X)’s are as in 1.5, we define the polynomials

Pi
Si(X) =Y 2i;Cij(X)

j=1

foreveryi =1,...,r and

Pi
Ni(X) =) (X = 2;j)Cij (X)
j=1

foreveryi =1,...,r

and the related matrices S; (M) and N; (M).

We note that Zf’: 1 AijCij(M) is the Frobenius decomposition of S; (M) and that
N; (M1 = Zj?f:l(M — Aij 1) Cij(M) = 0, because fo:] (X — 2N Cij(X) is
multiple of the minimal polynomial m (X) of M. Moreover each N; (M) is a polynomial
expression of M of degree at most deg (m(X)).

Proposition 2.5 (a) For every i, S;(X) and N;(X) have coefficients in K,
deg(S; (X)) < deg(m(X)), deg(N;(X)) < deg(m(X)) and

S(M) =) Si(M), N(M) =) Ni(M).
i=1

i=1
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(b) For all admissible indices i, h, [, ifu € Im Cpy(M), we have: S; (M)u = SipApniu
and N;i(M)u = i, N (M)u.

©) Si(M)S;(M) =0assoonasi # j.

(d) Ker S(M) = Ker M,

(e) If r > 2, the minimal polynomial of each S; (M) is X g; (X).

Proof The polynomials have coefficients in K': indeed, arguing as in 1.6, they are
Aut(F/K)-invariant. The inequalities on the degrees follow from the degrees of
Cij(X)’s (remember 1.5). The additive decompositions of S(M) and N (M) follow
from the definitions. This concludes (a).

We get (b) by multiplying S;(M) and N; (M) on the right with an element of the
form u = Cj;(M)v and by remembering the definitions and the properties of the
involved matrices. Again a direct computation allows to get (c).

Assertion (d) is trivial, when M is nonsingular. Otherwise we have: A, = 0, p, = 1
and r’ = r — 1. In this case we want to prove that there exists a matrix W such that
S(M) = WM"_ This implies that Ker M € Ker S(M).

We have:

m(X) = [1‘[;:1] [T - Amﬂ X",

r—=117Pn

1l 2 (X = Apr)™

so  Gij(X) = i I(Xl_l}v')m r
ij

T T2 (X = a)™
(X — i)™

for every i < r — 1, we can conclude that G;; (M) = W;; (M)M"r.

Hence we get the desired assertion with W = er;ll j?f:l LijBij(M)W;j(M).

For the opposite inclusion we have: MC,1 (M) = S(M)C,1 (M) + N(M)Cr1 (M)
and so MC,1(M) = N,(M)C,1(M). Hence M""C,.1(M) = (MC,i(M))" =
N, (M)" C,1(M) = 0since N,(M) is nilpotent of order n,. We can conclude because
ImCi(M) = Ker S(M), by 1.2.

Finally 1.2 implies that, for every index i, the set of all eigenvalues of S; (M)
is {Ai1, ..., Aip;, 0}, because r > 2, and that S; (M) is semisimple, so its minimal
polynomial is Xg; (X). This concludes (e). O

Since the fractions W;;(X) =

are actually polynomials

Remark 2.6 If S(M) € M,(K" \ {0} is the (nonzero) semisimple part of M, then
Si(M), ..., S (M) € M,(K") \ {0} are the unbreakable semisimple components
of S(M). Each matrix S;(M) is a polynomial expression of M of degree at most
deg(m(X)) — 1. This fact follows directly by 2.3.

Proposition 2.7 Let N (M) be the nilpotent part of M. Then the matrices Ny(M), . . .,
N, (M) are in M,,(K") and are uniquely determined in M, () by the conditions:

(@ N(M) =N (M) + -+ N (M);

(b) Ny(M)S;(M) =0as soonash #1;

(c) foreveryh = 1,...,r', there is a matrix Wy, € M, (K) such that

Np(M) = WM™,
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Proof Standard computations show that the matrices Nj,(M)’s satisfy (a) and (b).

Part (c) is trivial, if M is nonsingular. Otherwise, as in the proof of 2.5 (d), for every
h <r', we have Gj,; (M) = Wy (M)M".

Hence, after posing W), = Z?:] (M — Apjly)Bpj(MY)Wy; (M), we get Ny(M) =
W;, M and this concludes (c).

Now let Ny, ..., N, be matrlces in M, (K) satisfying (a), (b), (c).

From the decomposmon K' = =@, 69[ ( Im Cpy(M) of 1.2 and 2.5 (b), it suffices
tocheck that N;v = §;, N(M)v forevery v € Im Cp;(M) and for all admissible indices
h,i,l.

Assume first that &7 < r’, so Ay # 0. Then 8;, N(M)v = (SihN(M)Sh(M)AL =

hl

v v v v
Sin[N1SH(M)— + -+ + N Sp(M) —]1 = 8inNpySp (M) — = N; Sp(M) — = N;v
Ahl Ahl Ahl Ahl

as requested, by condition (b). This completes the proof in case of r' = r.

Assume now that ¥’ =r — 1,80 p, = 1, A,y =0and Im C,{ (M) = Ker S(M) =
Ker(M") by 1.4 and 2.5 (d).

Let v € ImC,i(M) i.e. M"v = 0. The condition (c) gives that N;(M)v =
Nijv = 0 foreveryi <r' =r — 1, hence N; = N;(M) for every i < r — 1. Since
Ni+--+N, = Ny(M)+---+N,.(M), we getalso that N, = N, (M), as requested.O0

Remark—Definition 2.8 The previous results assert the existence and the uniqueness
of the decompositions S(M) = S1(M) +---+ S (M)and N(M) = Ny(M) + - -- +
Ny (M).

We call the consequent decomposition

M=S85M)+--+ S M)+ N(M)+ -+ N (M)

the fine Jordan—Chevalley decomposition (or fine SN decomposition) of M and
the matrices S; (M)’s and Nj,(M)’s the fine components respectively of S(M) and of
N(M).

When 0 is an eigenvalue of M (sor' =r — 1, p, = 1 and A, = 0), we agree that
also the null matrix S, (M) = A,1Cr1(M) = 0 is a fine component of S(M). Hence
the fine components of S(M) and of N (M) are always r. This agreement will allow
to simplify the language and the statements of the next section. Indeed every S; (M)
and every N; (M) corresponds to a conjugacy class over K of eigenvalues of M.

3 A Schwerdtfeger-type formula

Remark—Definition 3.1 (a) An absolute value over K is a function |.| : K — R
x — |x| such that

|x| > 0 for every x € K and |x| = 0 if and only if x = 0;

|x + y| < x|+ |y| for every x, y;

|xy| = |x]||y| for every x, y.

We call such a pair (K, |.|) a valued field. We refer for instance to [10] Ch.III, Ch.IV
and to [7] Ch.XII for more information.
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In particular we recall that we can define an absolute value over every field, by
putting |x| = 1 for every x # 0, this is called trivial absolute value.

The absolute value of a valued field always extends in a unique way to its completion
(with absolute value denoted again by |.|). Therefore it is not restrictive to assume that
the valued field is already complete. Moreover if the absolute value is not trivial and
the valued field is complete, then it extends in a unique way to its algebraic closure.
We denote the extended absolute value by the same notation.

Finally a non-trivial absolute value over a complete valued field K is constant on
every conjugacy class over K (see for instance [7] Ch.XII Prop. 2.6).

(b) Let (K, |.|) be acomplete valued field endowed with a non-trivial absolute value.
We can consider on M, (K) any norm, ||.||, which is compatible with the absolute value,
i.e. [[AA| = |A||A|l for every A € K and every A € M, (K).

The restriction of this norm to M, (K) is equivalent to every other norm over M, (K)
and induces the product topology of M,, (K), viewed as a product space (see for instance
[7]1 Ch.XII Prop.2.2). Hence M, (K) is a complete metric space.

If the above norm over M, (K) is submultiplicative (i.e. || AB|| < || A|| || B|| for every
pair of matrices A, B), then, arguing as in [4] pp.347-3438, standard computations show
that if 2 € K is any eigenvalue of A € M, (K), then |A| < ||A| and moreover it is
possible to prove that the spectral radius of A is

o(A) = inf{||A] : |.|l' is a submultiplicative norm on M, (K) compatible with
L1}

(c) Let (K, |.]) be a complete valued field endowed with a non-trivial absolute
value. Let f(X) = 2310:0 a, X", a,, € K be a series, to which we can associate
the real series 2310:0 |an | X™, whose radius of convergence, Ry € R U {+00}, is the
supremum of the real numbers ¢ > 0 such that |a,, |t is upper bounded.

We call R the radius of convergence of f.

Now let Q2 7k be the set of matrices A € M, (K) such that p(A) < Ry.

We remark that €2 s g can be characterized as the set of matrices A € M,,(K) such
that there exists a submultiplicative norm ||.|| on M,,(K), compatible with |.|, such that
IAll < Ry.

Moreover 2 7 is an open subset of M, (K) and,if M € Q 7k, then both semisimple
and nilpotent parts of M and their related fine components belong to 2 7 k.

Again, if M € Q K, then the series f (M) converges to a matrix in M, (K), being
this last complete. Moreover if X is an eigenvalue of M, then X is in the splitting field,
I, of the minimal polynomial of M, which is complete, because it is a finite extension
of K (see for instance [7] Ch.XII Prop.2.5)and A € Dy = {a € F : |a| < Rr}. Hence
f(X) is a convergent series to an element of [F.

(d) We can write any polynomial f(X), having coefficients in any field K, as series
with infinite null coefficients. In this case we agree that the radius of convergence of
fis Ry =+00,50 Qs = M,(K)and Dy =F.

(e) Let f(X) = ZZ,O:O am X™ be either a polynomial over any field K or a series,
having coefficients in a complete valued field K endowed with a non-trivial absolute
value.

We denote by R its radius of convergence and by @ (X) the functions of the same
type of f(X), given by
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(}) times

——
Dp(X) = Zm - (k)amX”’_k, where ('Z) =14 ---4 1 (1 the unity in K).
Standard computations show that
(i) the radius of convergence of every @ (X) is at least Ry and ®o(X) = f(X);

o 1 d*
(ii) if char (K) = 0, then @ (X) = T aXF — f(X) foz every k > 1;
(iii) if char(K) is positive, then ®;(X) = T kaf(X) for every 1 < k <

char(K),

where the k-th derivative denotes the series obtained by differentiating &k times
term-by-term.

With same notations and the same arguments as in (c) and (d), by (i) we get that
@4 (1) is a convergent series in I, for every k > 1 and every A € Dy.

Proposition 3.2 With the same notations as in 1.4 and in 3.1, let f(X) be either a
polynomial over any K or a series over K supposed to be a complete valued field with
respect to a non-trivial absolute value.
If M € Qg and A is an eigenvalue of M (so it belongs to the splitting field F of the
minimal polynomial of M), then f(M) € M, (K) and ®; (1) € F, for every k > 0.
Furthermore:

ropi ni—1
fon=3%"%" Z@M,)(M ijl)* | Cij(M).

i=1 j=1 | k=0
The semisimple and the nilpotent parts of f (M) are respectively:
r Pi
SUM) =37 ¥ [Gi)Cii(M)
r pi i
and  N(FMD =D 37 > PeCip)(M = i 1) Cij (M.

Proof The first part of the statement has been already proved in 3.1.

To complete the proof and to simplify the notations, we agree that A7, = 0 for
every integer s < 0 when A,.; = 0.

Remembering the properties of the C;;(M)’s in 1.5, since

r pi
M=3" > Gijh+ (M =i 1))Ciy (M),
) mo(m —k k
we have: M™ = Zi’j [Zk:()(k))»?} (M — xijly) ] Cij(M).

After posing () = 0 for k > m, so ®x(X) = Y o (’]':)amX”"k, we can write:

m=1

m o0 m m—
M™" = Zi,j [Zk=0<k>xij kv — )Lijln)k] Cij(M).
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Therefore:

FOD = fOL =Y anmm =3 % [ (’Damxg’.—k M

m=1 k=0 i,j Lm=l1
k
—hijly) ]Cij(M)

=> {Z amxg?;} Cij(M)
i

m=1

+ Z Z |:Z (l;:)am)h?;ki| (M — % 1,)*Ci; (M)
k=1 i,j Lm=1
=D (@o(hij) = FO)Cij(M)
iJ
+y [Z Oy (hij) (M —Aijln)k} Cij (M)
i,j Lk=1

= Z |:Z q)k()\.ij)(M - )\'ijln)k:| Cij(M) - f(o)]n-

i,j Lk=0

k=0

Hence: f(M) =3 [Z”"‘lm(wm - Aijmk} Cij (M),

because (M — A 1,)" G;;(M) = 0 by definition of G;; in 1.4.
We conclude by remarking that for k = 0 we get the semisimple part, while the
remaining part is the nilpotent one. O

Remark 3.3 With the same notations as above if M is semisimple then
T pi
FM) =% F(ij)Cij(M).
i=1 j=1
Indeed, if M is semisimple, then n; = 1 for every i.
In real and complex cases the above formula reduces to Sylvester’s formula, while
the more general formula
roopi mi—l
FM) =3 " dp(hij)(M — 1 1) Cij (M)

i=1 j=1 k=0

reduces to Schwerdtfeger’s formula (see for instance [3] Ch. 6).
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Remark 3.4 Let f(X) and M be as in 3.2.

While S(M) = YI_ Si(M) = Y, % 14;jCij(M) gives both the fine
Jordan-Chevalley decomposition and the Frobenius decomposition of S(M), from
the expressionZL1 f’z 1 f(Xij)Cij (M), we cannot directly deduce the analogous
decompositions of S( f(M)); nevertheless both decompositions can be deduced from
it.

For the Frobenius decomposition of S(f(M)), if the f(A;;)’s are not pairwise
distinct, we can sum the different C;; (M)’s with the same coefficients f(4;;)’s to get
the desired Frobenius covariants as suitable sums of the Frobenius covariants of M.

For the fine Jordan—Chevalley decomposition of S( f(M)) we remember that each
fine component of the semisimple part of a matrix corresponds to a conjugacy class
over K of eigenvalues of the matrix.

Since F is a finite normal extension of K, the conjugacy class over K of every
element of I is contained in ' and moreover the conjugacy class over K of every
element of Dy is contained in D .

Aut(F/K) acts transitively over each conjugacy class over K contained in [ as
observed in 1.4 (d).

Since f commutes with every element of Aut(IF/K), f maps conjugacy classes
over K, contained in D, onto conjugacy classes over K, contained in F. However
different conjugacy classes can be mapped by f into the same conjugacy class.

If two such conjugacy classes are mapped by f onto the same conjugacy class, we
say that the corresponding fine components of S(M) are f-equivalent.

Therefore every fine component Sy ( f (M)) of S(f(M)) is sum of terms of the type

7:1 f(ij)C;j(M), where the sum is extended to all indices, i, corresponding to the
fine components of S(M) of a given f-equivalence class.

Analogously every fine component Ny, (f(M)) of N(f(M)) is sum of terms of the
type ;?i:] iy Pehi) (M — Ay 1,)¥C;j(M), where again the sum is extended to
all indices, i, corresponding to the fine components of S(M) of a given f-equivalence
class.

4 Some consequences on real closed fields

Remark—Definition 4.1 (a) A field K is said to be a real closed field if it can be ordered
as field and no proper algebraic extension of K can be ordered as field.

Of course any ordered field has characteristic 0.

It is known that if K is a real closed field, then it has a unique order (as field) and
that two equivalent characterizations of being a real closed field are:

(i) v/—1 ¢ K and K(v/—1) is algebraically closed;

(i1) K admits an order as field such that its positive elements have square root in K
and any polynomial of odd degree in K[X] has a root in K.

Note that, as in the ordinary real case, K = K(x/—1) and the irreducible polynomi-
als in K[ X] have degree at most 2. Moreover if A = a+b+/—1isrootof h(X) € K[X],
then also its conjugate A =a — b/—1 is root of h(X).

We refer for instance to [7] Ch.XI §2 and to [9] Ch.15 for more information.
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(b) Let K be a real closed field. The K-norm of an element A = a + b/—1 € K =
K(+/—1) is the unique positive square root of a? + b* € K, we denote by Nk (A).

The norm is strictly positive as soon as A # 0.

Standard computations show that, as in ordinary real case, every element A € K\ {0}

can be written as A = Ng (L)

A
, where N (1) is a strictly positive element of K
Nk (2)

and Nk (

e

Proposition 4.2 Assume that K is a real closed field. Let M = S(M) + N(M) €
M, (K) be a matrix with its additive Jordan—Chevalley decomposition.
(a) The Frobenius decomposition of S(M) is

!

s1+52 r
S(M) = Z[m Cit (M) + 2 CoMD1+ Y viCa(M) — Y yiCa(M),
h=1 i=s1+1 i=s1+s2+1
where the y;’s are strictly positive elements of K for everyi = s1+1,...,r/, the Aj1’s

are inK\Kand Cpo(M) = Cpi (M) foreveryh =1, ..., s
(b) Moreover, if M € GL,,(K), then there is a unique way to write

M = AXU

as product of three mutually commuting matrices with coefficients in K, with A
diagonalizable over K and strictly positive eigenvalues, ¥ semisimple and eigenvalues
of norm 1 and U unipotent.

In particular we have:

51 r’

A =" NeOuDICn (M) + Cra(M)] + Z yiCin (M),
h=1 i=s1+1

S1+s2

Y = 3 C()+’X—C(M)+ZC(M)
P NK(K l) hl N ()\ ) h2 et il

r

- > Can

i=s1+s2+1
(henceS(M) = AX) and
U=1,+SM)"'NM).

The matrices A , ¥ and U are polynomial functions of M.

Proof Part (a) follows from 1.6 and from the fact that the irreducible polynomials in
K[X] have degree at most 2.

For (b): by 1.10 we have M = S(M)U (M) = S(M)(I,, + S(M)™'N(M)) (with
all factors which are polynomials in M), where S(M) has the expression in (a). Now,
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for every h, we write: A1 = Ng(Xp1) , where Nk (A1) is a strictly positive

Ahl
Ng(An1)

A .
h ) = 1 ; so, by standard computations, we get the

. Nk (A1) o .
equality M = AXU with A, X, U satisfying the requested properties.

For the uniqueness, assume that M = A’Y'U’ is another decomposition with the
expected properties. Since A’, ¥/, U’ are pairwise commuting, each one commutes
with M and so with any polynomial expression of M (as A, ¥ and U). Moreover
A’Y is semisimple, so from the uniqueness of the multiplicative Jordan—Chevalley
decomposition: U = U’ and AZ = A’Y.Now A~'A’ = ¥ ¥'~!. By commutativity,
the left side is a diagonalizable matrix with strictly positive eigenvalues, while the right
side is a semisimple matrix with eigenvalues of norm 1. Since the unique positive
element of K with norm 1 is 1 itself , both products are the identity matrix. O

element of K and Ny (

Remark—Definition 4.3 1f K = R, the decomposition M = AXU in 4.2 (b) is well-
known (see for instance [2] pp. 430-431). Hence, following the usual terminology, we
refer to M = AXU as the complete multiplicative Jordan—Chevalley decomposition
of M also in case of any real closed field.

Note that, when K = R, part (b) of the previous Proposition implies that every
matrix of G L, (R) can be written in a unique way as product of a real matrix similar to
a positive definite symmetric matrix, of a real matrix similar to an orthogonal matrix
and of a real unipotent matrix, where the three matrices are pairwise commuting.

Definition 4.4 Let K be real closed, so K = K(+/—1). As in the ordinary real case
we say that a matrix A € M, (K) is normal (respectively hermitian) if AA* = A*A
(respectively A = A*) where A* is the transpose conjugated matrix of A (if A €
M, (K), then A* is simply the transpose of A).

Remark 4.5 Asin the ordinary real and complex cases we can define a positive definite
.. —>n .. .
hermitian product over K by < z,w >p»= z*w and a positive definite scalar

product over K" by < z, w >gn = zTw for all z, w (column) vectors in K" and in K"
respectively.

As noted in [7] p.585, the ordinary spectral theorems are valid if K is real closed.
Hence a matrix A € M, (K) is normal if and only if there exists an orthonormal basis
of K" of eigenvectors of A and a matrix A € M, (K) is symmetric if and only if there
exists an orthonormal basis of K" of eigenvectors of A.

Lemma 4.6 Let K be a real closed field and A € M, (K) \ {0}. Then

(1) A is normal if and only if it is semisimple and its Frobenius covariants are
hermitian matrices;

(i1) A is hermitian if and only if it is semisimple, its Frobenius covariants are
hermitian matrices and its eigenvalues are in K.

Proof Let A1, ..., As; be the nonzero distinct eigenvalues of the normal matrix A #
0 of multiplicity ny, ..., ng respectively and choose a set of orthonormal (column)
eigenvectors v;j, 1 < i < s, 1 < j < n;, such that every v;; is an eigenvector
associated to the eigenvalue A;. It is easy to check that A = ) 7 _, Zl;’:l Aivij vi*j =
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Yi1 AiAi, where every A; = 301,
M, (K) and A; A}, = 8;,A;. So by 1.9 the matrices A;’s are the Frobenius covariants
of A.

For the converse, if A = Z‘;:l A A; is the Frobenius decomposition of A with A;’s
hermitian matrices, then A* = Y?_ 1;A; and so AA* = A*A =) 7_, Ng(Ai)2A;.

For part (ii), an implication follows by remarking that hermitian matrices are also
normal and that their eigenvalues are in K. The other implication follows directly from
the properties of the Frobenius decomposition. O

v;j v;‘j = A} is a nonzero hermitian matrix in

Definition 4.7 A non-empty family of matrices Ay, ..., A, € M, (K) \ {0} is said to
be an SVD system, if

ATA; = A,-A; = 0 foreveryi # j;

A;ATA; = A; forevery i.

We call singular value decomposition of A € M, (K) (shortly SVD) any decompo-
sition

p
A= ZO’,‘A,‘,
i=1

where Ay,..., A, € M, (K) \ {0} form an SVD system and o7 > --- > 0, > 0 are
elements of K.

Proposition 4.8 Assume that K is a real closed field.
Every matrix A € My, (K) \ {0} has an SVD: A = Z _10iA
If A € M,,(K) \ {0}, then we can take every A; in M, (K).

Proof The matrix A*A is hermitian positive semidefinite with non-negative eigen-
values in K. Note that Ker(A*A) = Ker(A). Indeed, if w € Ker A*A, then
0 =< A*Aw, w >pr=< Aw, Aw >g", SO Aw = 0 and w € Ker A. The other
inclusion is trivial. Hence A # 0 implies A*A # 0 and so there exists a nonzero
eigenvalue of A*A. Up to reordering, we can assume that the strictly positive eigen-
values are A1 > --- > A, (of multiplicity ny, ..., n, respectively), with p > 1, and
we denote by o; the unique strictly positive square root of A;, fori =1, ..., p.

As in 4.6, we consider a set of orthonormal (column) eigenvectors of A*A given by
{vij : 1 <i<p,1=<j<n;}and, if necessary, we complete it to an orthonormal
basis of K by means of an orthonormal basis {wy, ..., w,} of Ker(A*A).

Since these vectors form an orthonormal basis, we have I, = }; ; vijvf; +

> ww)
Therefore A = Z  Avjvr 5 =3, J,Z H ” = f’:laiAi with

Av;jvl
i ” . It is easy to check that this is an SVD decomposition of A.

A=Y o
Finally, if A € M,(K) \ {0}, we can consider ATA and the correspond-
ing orthonormal ba51s of K”. Hence analogously we get: A = Z P Avjjv;. =

”” P o A; with A; Aviv M, (K
202 =) i 0iA; wi —le - € M,(K). a
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Remark—Definition 4.9 Note that in the previous proof the coefficients o;’s are the
positive square roots of the nonzero eigenvalues of A*A (or of ATAf A € M, (K)).
As in real and complex cases, we call them singular values of the matrix A (see for
instance [4] Thm.2.6.3 and [8] Thm. 3.4).

If A is normal, then, as in the proof of 4.6, we get that the singular values of A
are the distinct elements of the form Nk (XA;), where A; runs over the set of nonzero
eigenvalues of A.

The above decomposition is unique, as precised in the following

Proposition 4.10 Let K be a real closed field and A = Zle oiAi € M, (K)\ {0} be
a matrix with its SVD constructed in 4.8. Let A = Z?:] 7; B; be any other SVD of A.
Then g = p and, for every i, t; = o; and B; = A;.

Proof Step 1. K" = (@1_Im BY) & Ker A.

Indeed for every v € K" we get that v — Z;I'=1 B;‘.‘B jv is an element of Ker A
by standard applications of the properties of SVD systems and this allows to get that
K'= (Z‘;Z1 Im B}) + Ker A.

It 2?21 B;‘.‘ vi+w = 0withw € Ker A, then for every h the SVD properties give:
B;‘:A(Z;I.:l B;v.,' +w) = 74 Bjvy = 0 with 7, > 0, so Bjv;, = 0 for every & and so
w = 0 and the sum is direct.

Step 2. We have g < p, every 1}, is a singular value of A and

Im B} C Ker(A*A —t21y,).

For, it suffices to remark that, for every &, we have B, # 0 and A*AB;v = r}% Bjv
forevery v € K" and this follows again by the same properties.

Step 3. We have: ¢ = p and, forevery h, 1, = o and Im B} = Ker(A*A— rﬁln).

By step 1 we have n = :.]:1 dim(Im B) + dim(Ker A). By step 2 and by
Ker(A*A) = Ker(A) we have:

n<Y1 dim(A*A —1?1,) + dim Ker(A*A — 01,)

< Zf:] dim(A*A —al.zl,,) +dim Ker(A*A—01I,) = n, (the last equality because
A*A is diagonalizable over K).

Hence all inequalities are actually equalities and this is possible only if step 3 holds.

Step 4. We have B, = A, for every h.

It suffices to check the equalities on the vectors of the same orthonormal basis of

eigenvectors of A*A denotedby {v;; : 1 <i < p, 1 =<j=<n}U{w,...,w,}inthe
proof of 4.8. The properties of SVD systems give that, for every i, B, A*A = o}%Bh
ByA*A
and so By, = h 5— - Hence Ayw; =0 = Bjw; forevery h, j.
%

By step 3, for every i, j thereis u;; € K" such that vij = Bluij.
Bhi Shi

Now, for every h,i, j, Apv;j = ﬂAvhj = ﬂAB;’;uhj and this last is easily
0 on

h
reduced to By, Bl.*u,- i = Bjyv;j. This concludes the proof. |

Remark—Definition 4.11 As shown above, every matrix A € M, (K) \ {0}, where K
is a real closed field, has a unique SVD: A = Zf: 1 0iA; and the values o;’s are the
singular values of A. We call the matrices A;’s the SVD components of A.
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By 4.8, the SVD components of A have coefficients in K as soon as A has coeffi-
cients in K.
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