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CR-Submanifolds of Almost Hermitian Manifolds.
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In memory of Franco Tricerri

Sunto. — In questo lavoro si studia la geometria delle CR-sottovarietd di va-
rietd quasi-hermitiane. In particolare, si studiano accuratamente le CR-
sottovarietd a curvatura di Levi identicamente nulla.

Introduction.

Suppose S is a real submanifold of an almost hermitian manifold
(M,g). We say that S is a CR-submanifold of M if the dimension of
the CR-tangent space 3,(S)=T4(S) NJT,(8) is constant, for all
peS. Note that the hypersurfaces and the J-invariant submanifolds
are particular CR-submanifolds. Our definition of CR-submanifold
is classical in complex analysis and does not make use of the metric g
of M. Another definition of CR-submanifold due to Bejancu ([B))
makes explicit use of the metric tensor g: it is less general than our
definition; however also in this case hypersurfaces and J-invariant
submanifolds are considered as CR-submanifolds.

CR-submanifolds are studied enough in the case that M,g) is a
kahler manifold. See, for instance, [P1], [P2]), [CH2] for the study of
CR-submanifolds in our sense and[B], [CH1], [D] for the study of
CR-submanifolds in the sense of Bejancu. In this paper (M,g), in
general, is not kihler. We examine the case of some classes of almost
hermitian manifolds, which generalize the kahler case. In particular
the more interesting results are obtained for CR-submanifolds of
quasi kihler, semi-kéhler, G and W, ® W, ® Wy -manifolds. (See
[G-H] for the definitions.)

After a first introductive section, in section 2 we express the
Levi form of a CR-submanifold in terms of second fundamental form
of S and covariant derivative of the kihler form of (M, g), and we
give, in some particular cases, integrability conditions for the Levi
distribution p— 9¢,(S). In this setting we generalize a theorem due
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to A. Gray. In [G2] he proved that, in the nearly kiihler manifold S 6,
there exist no J-invariant submanifolds of real dimension 4. We ob-
tain the same result for all manifolds of class &;, whose torsion num-
ber is 2 (cf. Proposition 8). In section 3 we define the Levi curvature
of a CR-submanifold and we study especially those CR-submani-
folds whose Levi curvature vanishes, as, for instance, J-invariant
submanifolds or, more in general, Levi-flat CR-submanifolds. At
last in section 4 we give some inequalities for the scalar curvature of
a CR-submanifold.

1. - Preliminaries.

1. In this paper we shall consider an almost hermitian manifold
(M, g) of real dimension 2% =4, having J as almost complex strue-
ture. We shall denote by (M) the C*(M)-module of the tangent
vector fields on M, and by N the torsion of J. We recall that, for
every X,Ye (M), we have

NX,Y)=[JX,JY] - [X,Y] - JIX,JY] - JIJX,Y].
We know that N is an antisymmetric tensor and that
N(JX,Y)=N(X,JY)=-JN(X,Y), VX, Yey(M).

From this relationship, if pe M and IT p is a J-invariant subspace of
T,(M) of real dimension 2, we obtain

(1) S

A famous theorem of Newlander-Nirenberg asserts that J is a
complex structure (i.e. (M, g) is an hermitian manifold) if and only if
N=0.

We shall denote by V the Levi-Civita connection of (M, g) and by
O the kihler form defined by the following formula:

&(X,Y) = % 9(JX,Y), VX,Yex(M).

The following equalities hold true:
@ (VX 1),2)=
3d9(X,Y,Z) - 8d¥(X,JY,JZ) + %g(N(Y,Z),JX) =2Ve(X,Y,2),

VX, Y,Z e (M),
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3) 3dd)(X,Y,Z)=X%ZV¢(X,Y,Z), VX,Y,ZeX(M)
(where o denotes the cyclic sum).

We recall that g is said to be a kihler metric (and (M, g) a kéhler
manifold) if N =0 and d® =0, or, equivalently by (2) and (3), ifVJ=0
or Vo =0.

It is easy to check that, VX, Y,Z e (M), we have:

(4) Vo(X,Y,2)= - V¥(X,Z,Y),
(5) V¥(X,Y,2) + VO(X,JY,JZ) =0,
6 VIX,Y,Z)- V(t( JX,JY,Z) =

V&(Y,X,Z) - VO(JY,JX,Z) + %g(Z,JN(X, ).

In particular, from the above relationships, we deduce that (¥, g) is
an hermitian manifold if and only if V&(X,Y, Z)=V9(JX,JY,Z), for
every X,Y,ZeX(M).

We define the Lee form o of (M, g) by the formula

o2 = - LoD, VEex M),
where & is the codifferential operator. We recall that
2n
D(X) = —22,VIE;, E,X), VXeXM),
1

where {E\,...,Ez,} is an orthonormal frame.
At last the Lee field B of (M, g) is defined by the equality

o(Z)=g(B,2), VZexXM).

2. In [G-H] Gray and Hervella have introduced, in a natural
way, sixteen classes of almost hermitian manifolds. We recall the
definitions of those classes which we shall use in the sequel. Thus, if
we denote by X, Y, Z generic vector fields on M, an almost hermi-
tian manifold (M, g) is said to be

nearly kihler if V®(X,X,Y)=0 (or equivalently if d®=V®),
quasi kihler if VO(X,Y,Z) + V&( JX,JY,Z)=0,
semi kdhler if 0=0,
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of class W, if

VOX,Y,2) = — ot {g(X, V)Ol(Z) - g(X, Z) aU(Y) -

9X,JY)0(JZ) + 9(X,JZ) 6D( JY)},

of class W, W, dW, if

_1 .
2(n —1)

19X, Y)80(Z) - 9(X, Z) 50(Y) - 9(X,JY) 80(JZ) + g(X, ] Z) 00 IV},

of class G, if VO(X,X,Y) =V JX,JX,Y) (or equivalently if
g(N(X,Y),X)=0).

It is easy to check, for instance, that nearly kéihler = quasi
kdhler, quasi kihler = semi kihler, quasi  kihler =
w,ew,ew,, W, = W, ®W,®W,, hermitian = ‘1, nearly
kibler = g@,.

Moreover it is well known that, if » =2, W, = class of hermitian
manifolds, whereas if n >3, we have W, = class of locally conformal
kéhler manifolds.

VO(X,Y,Z) + V&(JX,JY,Z) = —

3. Let us consider now a CR-submanifold S (in the sense of com-
plex analysis) of an almost hermitian manifold (M, g). Then, at every
point p of the real submanifold S, it is defined the CR-tangent space
I6(8) =T,(8) N JT,(S) as the maximal J-invariant subspace of the
tangent space T, (S). By definition of CR-submanifold of M, the com-
plex dimension of I (8S) is constant, for all pe S, and it is called the
CR-dimension of S. It is easy to see that every hypersurface of
(M, g) is a CR-submanifold of CR-dimension 7% — 1. If, for all peS,
I6(8) =Ty(S), S is called a J-invariant submanifold of M. In this
paper the CR-dimension of S will be always denoted by », whereas
the real dimension of S will be denoted by m. The distribution
P—9G,(8) is called the Levi distribution of S. Moreover we denote
by & the second fundamental form of S in M, by R (R) the Riemann
curvature tensor of S (resp. M), by = (%) the scalar curvature of S
(resp. M), by K (K) the riemannian curvature of the two-plans of S
(resp. M), by 5 the Ricei tensor of M and by H the mean curvature of
S in M.

It is clear that we have the following decomposition:

T(M)|s=30S) ®OS) ®T(S)* ,
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where 3((S) is the CR-tangent bundle of S, O(S) is the subbundle of
T(S) orthogonal to 3((S), and T(S)' is the normal bundle to S.
Thus, if V is a section of T(M)|s, we have V=VC+V°+V*,
where VCeaS), V°e0O(S), V* e T(S)*.
We set

X(S) = {tangent vector fields of class C* on S},
AC(S) = {Xex(S): X,9,(S), VpeS},
2(8) = {Xe X(S): X, €0,(S), VpeS},

Xt (S) = {normal vector fields on S}.

If XeX(S) and £t (S) we set JX=PX + FX, JE=1I£ + f£, where
PX, tte X(S), and FX, freX* (S).
It is easy to check that PO(S)cO(S), O(S)NJO(S)= {0},
HT(S)H)=0(8).
‘ Moreover

(7)  Flog: 0(S)—>FO(S)

and  t|pe: FO(S)—>O0(S) are isomorphisms .

2. — The Levi form of a CR-submanifold.

1. Let S be a CR-submanifold of an almost hermitian manifold
(M, 9) and let peS. In accordance with [P2] we define the Levi form
of S at p, L,: 3,(S) X .%,,(S)—)O,,(S)%C, by the formula

L,(X,,Y,) =ReLy(X,, Y,) +iImLy(X,, Y,) =
[X, - JYP +i[X,Y]S, where X,YeXS(S).

Clearly L, is well defined. In order to simplify the notations, in the
sequel we shall omit the point p. We remark that, if we denote by =
the natural projection of T(M) onto T(M)/T(S), the form G=
woF oReL coincides with the Levi form introduced by Hermann
in[H]. From (7), it is clear that G and Re L are equivalent. It is
straightforward to check that L is a R-bilinear map, C-antilinear in
the second argument, whose imaginary part Im L is antisymmetric,
but, in general, L is not a sesquilinear hermitian form on 3(S).



1020 DONATO PERTICI

In fact the following holds true:

PROPOSITION 1. — The following statements are equivalent:
a) L is a sesquilinear hermitian form,
b) Re L is symmelric,
¢) N(X,Y)* =0, for all X,YeXC(S).

Proor. — The equivalence of a) and b) is trivial. We have
NX, V) =0« J(X,JY] +[JX,YDeXS) <
[X,JY]+[JX,Y]eX(S) « Re L(Y,X) =Re L(X,Y)

and this proves the equivalence of b) and ¢). q.ed.
Taking into account the above proposition and (1) we get

PROPOSITION 2., — The Levi form L of S is always a sesquilinear
hermitian form if one of these statements holds true:

a) (M,g) is an hermitian manifold;
b) 8 is a J-invariant submanifold of M;
¢) CR-dimS=1.

The CR-submanifold S is said to be Levi-flat if L=0 (at every
point), or equivalently if the Levi distribution of S is integrable. It
is clear that S is Levi-flat if and only if L is a sesquilinear hermitian
form such that L(X,X) =0, for every Xe XC(S). Obviously every J-
invariant submanifold is Levi-flat.

Instead the CR-submanifold S is said to be strictly Levi-convex if
L(X,X)=0< X=0 (at every point of S). Note that this definition is
weaker than strongly pseudoconvexity introduced in[H], even
though they coincide for dim O(S) =1 or CR-dim S=1.

2. We will prove now the following (cf.[H], [P1],[P2])

PROPOSITION 3. — Let V be any symmetric affine connection on
the almost hermitian manifold (M,g). If we denote by h the second
fundamental form of S in M with respect to V, we have

(8) FReL(X, )=

(VJ(X,JY) = VJJY, X1 +h(JX,JY) + KX, Y),
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(9) FImLX,Y)=
[VJ(Y,X) - VIX, DI + WX, JY) - MJX,Y), VX, YexX ().

PROOF. — Let X, Ye aC(8). If we denote by V' the connection on
S induced by V, from the Gauss formula we get

VJ(X,Y) =VgJY — JVx Y =V JY — JV3Y + R(X,JY) - J(X,Y).

Taking into account that also V' is symmetrie, we obtain, by equaliz-
ing the normal components of the above equality:

10) (VX DI* =X,JY) - fX,Y) - FVyX — FIX,Y].

Because % is a symmetric bilinear form, we have

FVX=[JVy X1 - [JRX, D]* = [VyJX - VI, 01 - fuX,Y) =
WY, JX) — [VJ(Y, 1 - fuX,Y).

By substituting in (10) we obtain

11 [VJ(X,Y) - VY, X1 =h(X,JY) - mJX,Y) - FIX,Y].

Because FIX,Y]=FImL(X,Y), we get (9).
Instead if we replace Y with —JY in (11), we get (8).
q.ed.

The formulas (8) and (9) are simplified if VJ is a symmetric ten-
sor, but in this case it is necessary for (M, g) to be hermitian. In fact
the following formula holds true:

(12) N(X,Y)=VJ(X,JY) - VJ(JY,X) +
VJ(JX,Y) - VJ(Y,JX), VX, Yex(M),

for any symmetric affine connection V on M.

3. Henceforward we shall consider only the Levi-Civita connec-
tion V on the almost hermitian manifold (M, g). From (8) then we
obtain

(18) FReL(X,Y)=

[VJ(X,JY) - VJ(JY, X} + (JX,JY) + (X, Y), VX, YeX®(S).
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Thus if ZeX* (S), from (2) and (5), we get
g(VI(X,JY) = VJ(JY,X),Z) =2{V(X,Y,JZ) + VO(JY,JX,JZ)}
and then, from (13), we obtain

PROPOSITION 4. — Let S be any CR-submanifold of an almost her-
mitian manifold (M,g). We have '

(14) ¢(FReL(X,Y),2)=g(M(JX,JY) + WX, Y),Z) +

2{VO(X,Y,JZ) + VN(JY,JX,JZ)}, VX, YeXC(S), VZex*(S).

In particular S is Levi-flat if and only if N(X,Y)" =0, VX,Ye
xC(8) and

(15) g(W(JX,IX) + WX, X),Z) +2{VPX,X,JZ) +

VO(JX,JX,JZ)} =0, VXe xXC(8), VZex* (S).
Suppose now that (M, g) is quasi kiihler. Since V&(JY,JX, JZ) =
- Vo(Y,X,JZ), VX,Y,Z e (M), from Proposition 4 we obtain

PROPOSITION 5. — Let S be any CR- submanifold of a quasi kdhler
manifold. We have, ¥X,Y e XC(8), VZex* (8),

(16) g(FReL(X,Y),Z)=
g(h(JX,JY) + KX, Y),Z) + 2{VO(X,Y,JZ) — V(Y,X,JZ)} .

In particular S is Levi-flat if and only if N(X,Y)* =0, VX,Ye
xC(S) and

1n MJX,JX) + h(X,X) =0, VXex®(S).

The formula (17) permits to extend to quasi kihler case some results
obtained in the kihler case (cf.[P1],[P2]).
Among others, we can prove

PROPOSITION 6. — Let (M,g) denote a quasi kdhler manifold.

a) Let S be a Levi-flat CR-submanifold of M. Then, if = is a J-
invariant 2-section of S we have K(r) < K(n) and the equality holds
if and only if h|,x.=0.

b) Let S be a CR-submanifold of M such that K > K, for every
J-invariant 2-section of S. Then S is strictly Levi-convex.

¢) Let S be a Levi-flat CR-submanifold of M such that m <
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2r+1. If K <0 we have t<0. If S is any hypersurface of M -and p is
positive (semi) definite, we have t<7 (resp. T<7T).

d)y If r=1 and m =8, any CR-submanifold S of M is strictly
Levi-convex if K<0 and ©>0, or, in the case n=2, if p is positive
(semi) definite and t=7 (resp. 7>7).

4. Suppose now that S is CR-submanifold of a manifold (M, g) of
class ;.

If CR-dim S =2, we observe that
(18) NX,1)¢=0, VX,YeX(S).

If X and Y are C-dependent vectors this follows from (1). On the
contrary if X,Y,JX,JY generate 90(S), we have, since (M, g) is of
class G,

9N (X, Y),X)=g(N(X,Y),Y)=0;
moreover
gN(X,Y),JX) = g(N(X,JY),X) =0

and also g(N(X,Y),JY)=0. Thus we obtain N(X, )¢ =0.
From (15) and (18) it follows easily

PROPOSITION 7. — A CR-submanifold of CR-dimension 2 of a
manifold of class & is Levi-flat if and only if we have N(X,Y) =0,
VX,YexC(S) and

g((JX,JX) + X, X),Z) +4V0(X,X,JZ) =0,

VXexC(8) and VZex* (S).

Let peM and X,eT,(M). We set i(X,)=dimg {Y,eT,(M):
N(X,,Y,) =0}. #(X,) is even and >2. Moreover if (M, g) is hermitian
we have #(X,) =2n.

We define the torsion number of (M, g) at p setting

t, =sup {#(X,): X, e T,(M) — {0}},
and the torsion number of (M,g) setting
t=sup {t,: peM}.

From Proposition 7 it follows easily
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PROPOSITION 8. ~ Let (M,g) be an almost hermitian manifold of
class G,. If, for some pe M, we have t, =2, then there exist no Levi-
flat CR-submanifolds through p of CR-dimension 2. In particular
if t=2, there exist no Levi-flat CR-submanifolds of (M, g) of CR-di-
mension 2.

5. It is well-known (cf.[CA] and[G1]) that, using the Cayley
numbers, we may define a vector product X in R7 and that, by this
vector product, we may introduce an almost complex structure J on
every orientable hypersurface M of R”. These hypersurfaces, en-
dowed with the metric induced by euclidean metric of R7, are al-
ways semi kéhler ([G3]). Moreover the sphere S is a nearly kihler
manifold (and then also of class G;).

PROPOSITION 9. — The torsion number t of S is 2.

PROOF. — Let peS® and X, e T,(S%) — {0}. We shall prove that
#X,) =2. Suppose that N(X,,Y,) =0. From (6) and formulas which
are proved in[G1] we obtain (1 /4) JN(X,Y) =tangential part of X X
Y, VX, Yex(S*).

Then X, X Y, =Av,, where AeR and v is a normal versor of S°.
From the table of multiplication of x (cf.[CA]) we obtain easily that
Y, is a linear combination of X, and JX,. Thus #(X,) =2.

q.ed.

From Propositions 8 and 9 we deduce a Gray’s theorem ([G2]), which
we express in the following way

PROPOSITION 10. ~ In S® there exist no Levi-flat CR-submani-
Jolds of CR-dimension 2.

6. Suppose now that (M, g) is of class W,. In particular (M, g) is
hermitian. We obtain if X,YeX¢(S) and Ze X" (8),

2{VO¢(X,Y,JZ) + VO(Y,X,JZ)} =
~ —L—g(X, V) a0 JZ) = g(X, V) (B, 2) .
From this equality and (14) we have

PRroOPOSITION 11. — Let (M, g) be of class W, and let S be a CR-sub-
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manifold of M. We have, VX,Y e X¢(8),
19) FReL(X,Y)=WJX,JY) + K(X,Y) +g(X,Y)B* .

In the same way, we can prove that if (M, g) is of class W, W, ® W,
only, formula (19) holds for X=Y.

3. — The Levi curvature of a CR-submanifold.

1. Now and later on we shall denote by V1,...,V,,JV1, ...,JV, an
orthonormal frame of X€(S) and by p1,...;®tm—2- a1 orthonormal
frame of 3°(S).

We define now the complex mean curvature H C and the orthogo-
nal mean curvature H® of the CR-submanifold S setting

He=1 {%h(vi,vi) n h(.m-,m},

m—2r
0= LS hwims
H= o Sih(uige).

It is easy to check that H C and H® are well defined. Moreover we
have H=H¢ + H°.
We say that S is C-minimal if H®=0.

2. Let us define a normal vector field 8 on S, setting, for all
Wext (S),

98, W) = %{éivm,vhm) ¥ va)(m,m,m)}.

We can easily verify that 3 is well defined.

We observe that, if (M, g) is quasi kdhler, we have £=0, for
every CR-submanifold of M. The normal field 8 is related to the Lee
field B of M, as it is shown by the following Propositions.

ProposiTioN 12. — If (M,g) is of class W, @ W, D W,, then for
every CR-submanifold S of M we have B=B*.
PROOF. — We have, if Wed* (S)

1
(n—-1)

g(BW)=- o(JW)=g(B,W) and then g=B*. q.ed.
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PROPOSITION 18. — Let (M,g) be an almost hermitian manifold
of dimension 2n. If S is a CR-submanifold of M of CR-dimension
n — 1, we have B=B* . In particular if (M, g) is semi kihler we have
B=0.

Proor. - Let WeX'(S), W=0. Since r=n-1, V,,...,
Voo, W/ W, dVy, ...V, _ 1, J(W/|WI]) is an orthonormal frame of
T(M)|s. Then

9B, W) = — —L00(JW) = g(8,W) +

2 w W w W

Vo , AW + VO T =  JW | L =g(8, W),
n—l[ (w1 w1 7) ¥ (Vg g )] o
from (4) and (5). Then we deduce that 3=B" . The second part of the
Proposition follows from the fact that B=0 in every semi kihler
manifold. q.e.d.

3. We define now the Levi curvature £ of the CR-submanifold S
setting

L= L(V,,V;) = ;iReL(Vvi;I/i)-
1
From (14) we obtain

PROPOSITION 14. - For any CR-submanifold S of (M,g) we
have

(20) Fe=mH® +3.

From (7) and (20) we deduce that the definition of € is indepen-
dent of the orthonormal frame V7, ..., V, since H€ and B are well de-
fined. Moreover from (20) we obtain that £ vanishes identically on S
if and only if H®= —(r/m)B.

A non-trivial example of CR-submanifold with vanishing Levi
curvature is the following: consider a totally geodesic hypersurface
N of an oriented even dimensional riemannian manifold (M, g); then
the bundle Z|y over N obtained by restricting to N the Twistor
Space Z of (M, g) (endowed with its standard almost hermitian met-
ric) is a hypersurface of Z, whose Levi curvature vanishes identical-
ly, even though it is not Levi-flat. Note that, in general, Z is not
hermitian. For instance, since S is a totally geodesic hypersurface
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of S* with canonical metric, we have that Z(S*)|gs is a compact hy-
persurface of CP?=Z(S*) (endowed with the Fubini-Study metric)
with vanishing Levi curvature.

4. From Propositions 12 and 13 we deduce

PROPOSITION 15. — Let (M, g) be an almost hermitian manifold of
dimension 2n and suppose that S is a CR-submanifold of M of CR-
dimension n — 1 whose Levi curvature vanishes identically. Then S
is C-minimal if and only if it is tangent to the Lee field of M. In
particular a J-invariant submanifold of dimension 2n — 2 is mini-
mal if and only if it is tangent to the Lee field of M.

COROLLARY. — Every CR-submanifold of CR-dimension n —1 of
a semi kdhler manifold (M,g) of dimension 2n, whose Levi curva-
ture vanishes identically, is C-minimal. In particular every J-in-
variant submanifold of (M,g) of dimension 2n — 2 is minimal.

PROPOSITION 16. — Let (M,g) be of class W, ©W,® W, and sup-
pose that S is a CR-submanifold of M, whose Levi curvature vanish-
es identically. Then S is C-minimal if and only if it is tangent to
the Lee field of M. In particular a J-invariant submanifold of (M, g)
is minimal if and only if it is tangent to the Lee field of M
(cf.[D], [C-MD.

COROLLARY. — A CR-submanifold of a quasi kdhler manifold
(M,g), whose Levi curvature vanishes identically, is C-minimal.
In particular every J-invariant submanifold of (M,g) is minimal
(cf. [G1]).

5. Suppose now that (M, g) is a complete, simply connected al-
most hermitian manifold, with sectional curvature K=<0. From a
theorem due to O’Neill[0], in M there exist no compact C-minimal
CR-submanifolds of CR-dimension >0. Thus, from (20), we ob-
tain ,

PROPOSITION 17. — Let (M, g) a complete, simply connected 2n-di-
mensional almost hermitian manifold with sectional curvature
K<0. Then

a) In M there exist no compact CR-submanifolds of CR-dimen-
sion n — 1 tangent to the Lee field of M, whose Levi curvature van-
ishes identically. In particular there exist no compact J-invariant
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(2n — 2)-dimensional submanifolds tangent to the Lee field
of M.

b) If (M, g) is of class W, B W, @ Wy, in M there exist no compact
CR-submanifolds of CR-dimension >0, tangent to the Lee field of
M, whose Levi curvature vawishes identically. In particular there
exist no compact J-invariant submanifolds (of dimension > 0) tan-
gent to the Lee field of M.

4. - The scalar curvature of a CR-submanifold.

1. In this section we will extimate the scalar curvature t of a
CR-submanifold (cf.[P1] and[P2]). We have, taking the Gauss for-
mula into account,

»

T= El:i,k{R(VDVkIVi!Vk) + ZR(‘IZ’ JVkr‘/i’ JVk) +R( JI/iv JVk, JVi9 JVk)} +

r m=—2r m—2r

221:1' 21:s{R(‘/iyy's’Ifiyf‘s)+R(J-Vinu's’JVvinus)}+ ;s,lR(f"s’H'lyf"s’#l)=

r

;i,k{R(‘/thJ/i,Vk) +2~R(Vu Jkavvi’ JVk)+R(JI/“ JVk; JVL'! JVk)} +

r m-—2r

221:1' ES{R(V},#S,W,M) + R(JVi, e, IVios)} +

m—2r

_ m—2r
21: s,lR(;“svf"l’(/'s’#l) +m? ”H”2 - 21: 3,1 ”h’(i"'su""l)"2 -
Zie{ IRV, VI + 210V, VI + RV, TV} —

r m=—2r
23 2, (Vi w) I + IRV )P}

If S is any hypersurface of (M, g), denoting by v a normal versor of S
in M, the above equality becomes

T=1—25(v,v) + (2n — DA(|H|?*- |H°|*) -

(S v Vol 2lcv vl +

BTV, TV + 22 [V, + "h(JVi’P*l)HZ}'
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Since |H|2 - ||H®|2=|HC > + 29(H ¢, H") = 29(H, H) — |HC |]%,
and 2n—1)HC=F£—- (n—1)B* (from (20) and Proposition 13),
we get

@21) t=7-2(v,v) +2(2n - Dg(JL,H) -
2(2n —1)(n - 1)g(B* ,H) — |Fe|? -

(m—12|B* | +2(n —1)g(JL,BY) —

(S I VlP-+ 2l VI +

||h(JVi,JVk)||2+2§1:i IB(Vi, )1 + ||h(JVz,#1)||2}-
From this relationship we get

PROPOSITION 18. — Let S be any hypersurface of a 2n-dimensional
almost hermitian manifold (M,g), whose Levi curvature vanishes.
- We have

r<7—25(v,v) — 2(2n — 1)(n — 1) g(B* ,H) — (n — 12 ||B*|?
and the equality holds if and only if h|ss) x 1) =0.

_ 2. Suppose now that m < 2r+ 1 and that the sectional curvature
K of (M, g) is <A. Then it is easy to check that

r<(m?-m)A+m?(|H|*~ [H°[?),
and then, from (20), as above we get
22) r<s(m?-m)A+2mg(JE,H) -
2mrg(, H) — |FL|? - B[ + 2rg(J£,8).

It follows

PROPOSITION 19. — Let S be a CR-submanifold of an almost
hermitian manifold (M,g), whose Levi curvature vanishes. If m <
2r+1 and K< A, we have

< (m?®—m)A — 2mrg( 8, H) — r* ||Bl% .



1030

DONATO PERTICI

In particular if (M,g) is of class W, @ W, ® W, or ifr=n—1, we

have

[B]

[CA]

[CH1]
[CH2]

[C-M]

(D]

[G1]
[G2]
[G3]

[G-H]

[H]
[0]
(P1]

[(p2]

< (m?—-m)A - 2mrg(B*+ ,H) —r2||B*|?.
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