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DOUBLE LAYER CONCENTRATION AND HOMOGENIZATION
FOR THE HEAT DIFFUSION IN A COMPOSITE MATERIAL

MicOL AMAR, AFSHEEN AYUB AND ROBERTO GIANNI

We investigate the possibility of deriving “nonstandard” transmission conditions,
across a sharp contact interface, for a heat equation (in its static, i.e., elliptic,
counterpart), by means of a concentration approach performed on a composite
“thick” interface separating two thermally conductive media. Subsequently, a
homogenization limit is performed via two-scale asymptotic expansions on the
system of equations thus obtained.

1. Introduction

In the literature, many models describing the evolution of the temperature across
an interface have been studied. For example, if the contact between the two media
is deemed to be “thermally perfect”, we have that the temperature u and its flux
AVu - v are continuous across the interface I' (where A is the conductivity and
v is the unit normal vector to I"). On the other hand, if the thermal contact is

“imperfect”, we have the well-known Newton boundary conditions, in which the

heat flux is continuous across I while the temperature u is not. Namely we have
[AVu -v] = AV .y — APV p =0 onT,
[u] = uOut — uint = AOuty/,0ut, , — Aintvuint v onT,

where [ - ] denotes the jump across I'.

Similar models appear in the context of electrical conduction where, denoting by
u the potential, the current j (the flux of u) is continuous across a capacitor, while
the time derivative of the potential jump is proportional to the flux (see, for instance,
[5; 6; 7; 8; 10; 13; 15; 26]); namely

0
[AVu-v]=0 and % = A"'Vy®t.y onT.
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102 MICOL AMAR, AFSHEEN AYUB AND ROBERTO GIANNI

Going back to heat conduction, we see that, in recent years, different models
to describe the thermal behavior of the interface I" have appeared ([19; 20; 22;
24; 25; 29]). In particular, in [2; 3] the temperature is continuous across I" but
the flux is not. This is due to the fact that the jump of the flux [AVu - v], i.e., the

“missing energy”, is transported along the interface which is assumed to be “highly

conductive” and, therefore, it appears as a source term for a differential equation,
satisfied on I', governed by the Laplace—Beltrami operator.

Previous models, where the interface represents the mathematical approximation
of a physical membrane having a very small thickness, are usually obtained via
concentration or suitable Taylor expansions. Similar techniques were used by some
of the authors in [4; 6; 9] to derive models to describe the behavior of active
interfaces for electrical conduction and heat diffusion. In particular, in [6], it
has been proven that a thick interface in which diffusion occurs with transversal
diffusivity vanishing as the thickness n of the interface goes to zero leads to a model
for which the flux is continuous but the unknown « has a jump across I". On the
other hand, in [4], it is assumed that the transversal diffusivity remains stable while
the tangential one tends to infinity, as 1 tends to zero, leading to a model where
the heat flux is discontinuous, while « is continuous on I' and satisfies a diffusion
equation whose source term is just the jump of the flux.

It is, therefore, natural to investigate if it is possible to conceive particular
structures for a “fat” (N-dimensional) interface that, via concentration (letting the
thickness of the interface go to zero), give rise to a new set of interface conditions,
in which both the temperature and its flux are discontinuous across I' (see, for
example, [27]).

Motivated by the previous considerations, we study, in this paper, the con-
centration limit of a problem in which two different media are separated by a
composite thick interface made of two materials with dissimilar physical properties.
In this structure, the two materials are disposed in such a way that one of them is
encapsulated in the other and, as the thickness goes to zero, in the internal material
the tangential diffusivity stays stable and the transversal one goes to zero, while in
the external material the transversal diffusivity remains stable and the tangential one
goes to infinity. In the concentration limit, we obtain a problem in which both the
state variable u and its flux are discontinuous across the limiting sharp interface I.
However, besides the jump operator [ -], the new average operator { -}, where
{f} = fint4 fout (with the usual meanings of the superscripts), appears and plays
a relevant role in this new model. In fact, on I" the jump of the flux [AVu - v] is the
source term of a Laplace—Beltrami equation for {u}, while [«] solves a diffusion equa-
tion still involving the Laplace—Beltrami operator having as a source term {AVu - v}.

In this framework, it is worthwhile to recall [11], in which the concentration is
performed for a similarly layered interface, with the difference that the roles of
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CONCENTRATION FOR HEAT DIFFUSION IN COMPOSITE MATERIAL 103

the external and the internal layer are interchanged. It turns out that, as expected,
in the spatially one-dimensional case (i.e., when the interface is just a point), our
concentrated model reduces to the well-known Newton model for imperfect thermal
contact.

The system of PDEs associated to the quoted model is well posed (see Section 3)
and it is possible to find a reasonable energy estimate for it, thus providing a further
physical validation of our problem.

We stress the fact that our concentration limit is performed under the simplifying
assumption that the thick interface, as well as the sharp one, is flat. Once we have
obtained the concentrated model, we consider a composite medium €2 having a
microstructure constituted by an array of periodic cells, with a very small charac-
teristic dimension &, made up of two different materials Q" and Qo separated
by an (N —1)-dimensional interface ', acting according to the concentration limit
equations found before. Therefore, in the spirit of homogenization, we proceed
to perform the limit ¢ — O for this new set of equations. The homogenization
limit will be done via formal two-scale expansions, following the technique devised
by Bensoussan, Lions and Papanicolau in [14]. As done in other papers (see,
for instance, [6; 13; 15; 16]), we consider a hierarchy of different scalings of
the physical constants present in our system of equations. Essentially, we will
study three different scalings m = —1, 0, 1 (see 3-1), which, in accordance with
the previous literature, are the main ones, and we will prove that, only in the
case m = —1, the macroscopic model preserves memory of the complete physical
structure of the interface. This seems to be the correct physical scaling leading to
the more relevant model, which describes the problem under investigation.

The problem here studied is, up to our knowledge, mathematically new and
quite interesting, since it provides a new mechanism by which heat is transmitted
through an (N —1)-dimensional interface. However, in the engineering literature,
similar problems, involving simultaneously the jump, the average and the Laplace—
Beltrami operators acting both on the solution and on the flux, have already appeared
(see, for instance, [18; 27; 28]). With respect to such models, not fully studied
from a rigorous mathematical point of view, the concentration procedure formally
provided in this paper (as well as the homogenization one) can be made rigorous
(see [11; 12]). This fact gives the novelty and the relevance of the present paper
and also hints at possible applications of the models contained therein to real-life
problems.

The paper is organized as follows. In Section 2, we recall the main properties
of the tangential operators, state our geometrical settings and introduce the proper
functional spaces needed in the sequel. Section 3 is devoted to the well-posedness
of the microscopic problems considered in this paper. In Section 4, in a simpler
two-dimensional flat geometry, we formally derive the microscopic model via a



1/,

PROOFS - PAGE NUMBERS ARE TEMPORARY

104 MICOL AMAR, AFSHEEN AYUB AND ROBERTO GIANNI

1 concentration procedure. Finally, in Section 5, by means of the two-scale expansion
7 technique, we perform the homogenization limit of our model for three different
53 scalings.

2. Notation and preliminaries

Notation. We will assume that @ C R (N > 3) is a bounded open set with smooth
boundary 9€2.

The sets Cf (2), with k € N (CZ°(R2), respectively), will denote the subset of
o the functions belonging to the standard space C*(Q) (C*°(R), respectively) with
— compact support in Q.

o Also, H{(Q), H (2) and H IOC(Q) will denote the usual Sobolev spaces.

o Since, in the sequel, we will also deal with periodic functions, we recall here
T the main associated functional spaces. Let Y = (0, 1)V be the reference unit cell
o in RY. We will denote by Cper(Y ) the set of the Y -periodic functlons in C*(RY),
o by Lper(Y ) the set of the Y-periodic functions in Lp ([R{N ) and by H__ (Y) the set
— of the Y-periodic functions in 1Oc([RN ).

o Finally, C will be a strictly positive constant, which may vary from line to line.

per

. Tangential differential operators. We recall that for a function ¢ € C'(Q) and a

201/2g smooth surface § C  C R, the tangential gradient VZ¢ on S is the projection of

391/,

2 V¢ on the tangent hyperplane to S, that is,
22

23 VB¢ :=Vop—(n-Vo)n, (2-1)

24

25 where n is the normal unit vector to S and V is the classical gradient.

26 For a vector-valued function ® € C'(R), the tangential divergence of ® on § is
27 defined as
28 div® @ :=div(® — (n- ®)n)

% =divd — (n- V®)n; — (diva)(n - ),

31 where, taking into account the smoothness of S, the normal vector »n can be naturally
32 defined in a small neighborhood of S as Vd/|Vd|, where d is the signed distance
33 from S.

34 For ascalar function ¢ € C?(£2), the Laplace—Beltrami operator A ¢ is defined as
35

36 ABp :=divB(VBp) = Ap—n'V?pn—(n-Ve¢)divn )
7 = (8ij —ninj)0jp — (ni0i$)(d;n;),

38

g where §;; is the Kronecker delta and, as usual, we sum with respect to repeated

40 indices. Here, V2¢ denotes the Hessian matrix of ¢.
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3
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4
5
6
7
5 Figure 1. Micro- and macroscopic view of the periodic structure
9 in the connected-disconnected geometrical settings.
10
11 Werecall that, if S is a regular surface with no boundary, i.e., S = @, we have
12 .
2. f divB ® do =0, (2-3)
13 s

14 Geometrical settings. The typical periodic geometrical settings are displayed in
15 Figures 1 and 2 and, in this section, we give their detailed formal definitions. Assume
16 that E is a periodic open subset of RV such that E 4 z = E for all z € ZV . For the

17 sake of simplicity, assume that the boundaries of  and E are of class C*°. Set
18

o EM™:=ENY, E™:=Y\E, T[:=9JENY,

20 5o that Y is the union of the two disjoint open subsets E™™ and E°" and the common
2! boundary T'.
22 Lete € (0, 1] be the small parameter accounting for the micro length-scale, which

23 will converge to zero. We define

24

o Qint:= QN eE to be the the inner conductive phase;

26 o QM= Q\¢E = Q\Eint to be the the outer conductive phase;

27 o Ty :=3QMNQ = QI NQ to be the the interface between the two conductive

28 phases,

29

30

31
32

— T
33

34

35

— out
36 E

37

38

39 Figure 2. Micro- and macroscopic view of the periodic structure

40 in the connected-connected geometrical settings.
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so that
int t
Q= Q;" UQS“ UT,.

We assume also that Q" is connected at each step & > 0, whereas Q" will be
connected or disconnected. Indeed, we will consider the following two situations.

E does not touch the boundary of the unit cell Y (see Figure 1). Here, the domain 2
is the union of the connected domain Q9%, the disconnected domain Q" and the
common boundary I';. We also assume that the cells intersecting the boundary 92
do not contain any inclusion, so that we have dist(I';, dQ2) > C ¢, for some suitable
11 constant Cy > 0 independent of .

2
3
4
5
6 Connected-disconnected case: We assume that TNdY = &, that is, the boundary of
7
8
9
0

12 Connected-connected case: We assume that 0ENY # @, but [0ENY|y_; =
0 (where |-|y—; denotes the (N —1)-dimensional Hausdorff measure). In this
situation, we stipulate that £ int - prout’ Qig‘“, and Q" are connected and, without
any loss of generality, that they have Lipschitz continuous boundary (at least for a
suitable choice of a subsequence ¢, — 0). In this case, at each level ¢ > 0, we have
'7_ that both 92N IQ™ and dQ N IR are nonempty (see Figure 2).

% Finally, let v be the normal unit vector to I' pointing into E°", extended by

19 periodicity to the whole of RY, so that v (x) = v(%) denotes the normal unit vector

B
% to I'; pointing into Q.

21

22 The space 7’-25’ »($2). We introduce here the proper functional setting for the &-

23 microscopic problem we will analyze. For this purpose, given a function u defined

24 in , we denote by u™™ and u®" the restriction of u to Q" and QO%, respectively,

25 and, with abuse of notation, we use the same symbols also for the corresponding

26 traces on I';. We denote by [u] the jump of u across the interface I, i.e.,

27

28

% and, similarly, {u} denotes the sum of the two potentials «™ and u°" at the interface

30 Iy, i.e.,
% {M} — uout + Mil’lt‘ (2_5)

33 The same notation will be used for other quantities. Let us remark, for later use, that
34

» u™ = 1w} +u]) and u™=I{u}—[u)).

[M] — MOllt _ Mim, (2_4)

* Definition 2.1. For a given ¢ € (0, 1] and m = —1, 0, 1, let us define
37

£ r}’_\[(g),m(Q) = {M — (uint,uout) . uint = Hl(Qisnt)’ uout c HI(Q(S)IR),
[ul € L*(Ty), VE[ul € L*(Ty), {u} € L*(Ty),
40 VP u} e L*(Te),u=0o0n0Q} (2-6)



1Y/,

201/,

3
39%/2

PROOFS - PAGE NUMBERS ARE TEMPORARY

CONCENTRATION FOR HEAT DIFFUSION IN COMPOSITE MATERIAL 107

; endowed with the norm

2 2 . 2 2 g™ 2
- ||u||7’?[8m(9) = ”VMHLZ(QiSm) + ||VM”L2 Qout) + _” [M] ||L2(F )

+ —|| VAl o, + S5 = v ) o, @D

Clearly, (2-7) defines a norm. Indeed, the positive l—homogenelty and the triangle
inequality are straightforward. On the other hand, when ||u| |778 @ = 0, it follows

that Vi = 0 and, then, u is constant in Q" and Q. However, from [u] =0 on T
and u = 0 on 0€2, we conclude that ¥ = 0 in the whole of .
The norm defined above is associated with the scalar product given by

S (Q)=/, w.deer/ vu.wdHﬂ/ (] [v] do

B 2 /VB[u] VB [v]do + &£ /vB{u} VB{vldo, (2-8)

— forany u,v € ’HO m(§2).
E Notice that the space ’HO n (§2) coincides with the space of the piecewise H - !

— functions in Q" and Q°", with zero boundary value, whose traces on I'; from Qint
18

o and Q" belong to the space H L(T,), where

20 H'(T,)={veL*T:): VBve L I,)).

2 We recall also that, for u € 7-[0 . (£2), the following Poincaré inequality holds

22
— (see [23, Lemma 6 complemented with Lemma 4] for the connected-disconnected

; case, and [1, Lemma A.4] for the connected-connected case):

2 2 2 2 2
25 ||u||L2(Q) S C(“VMHLZ(qut) + ”Vu”LZ(Qigm) +8|| [u] “LZ(FE)) S C ”u”ﬁ(s) (DK (2'9)

26
5, where the constant C is independent of ¢.

g Lemma 2.2. For any fixed ¢ € (0, 1] and m = —1, 0, 1, the space i\lam(Q) is a
29 Banach space.

2— Proof. Consider an arbitrary Cauchy sequence (u,) in 7—[0 (2). From the in-
— equahty (2-9), it follows that (¥") and (u°") are Cauchy sequences in H'(QI™)

g and H'(Qo), respectlvely Thus, they converge in such spaces to u*in and u*ow,
w respectively, and, hence, u* = (u™*n, y*t) has null trace on 9€2, as a consequence
. of the fact that the sequence (u,,) satisfies the same property.

o In particular, u'™ — ¥ and u%" — u*o« strongly in L?(T,); thus, [u,] — [u*]
g and {u,} — {u*} strongly in L?(Ty).

—  Also, the sequences (V5u ln‘) and (VBu outy are Cauchy sequences in L*(T,):

38
o hence, there exist two limit vectors '™ and £°" such that

20 VB 5 ¢ and  VEuO — ¢ strongly in L3(T). (2-10)
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. It remains only to prove that ¢ = VBy*int and ¢ = VBy*ou_ respectively. For
» every vector function ® € C°(£2), we have

3 . . .
— / ¢ b do <—/ VB @ do = —f W div® @ do — — [ divE @ do.
re re Ie Le

% This implies that u*n € H'(I'y) and ¢ = VBy*in_ Clearly, the same holds for ¢°%
— and VBy*o In particular, we obtain VZ[u,] — V28[u*] and VB{u,} — VB {u*},

% which completes the proof. ]

9 For later use, let us also define the periodic version of the previous space as

% izper(Y) = {l/l — (uint’ MOut) . Mint c Hl (Eint)’ uOut e Hl (Eout)’

per per

o [u] € Hpo (D), {u} € Hpey (D)}, (2-11)

13 Here and in the following H! (E™) (leer(E outy and H! ("), respectively) denotes

per per _

™ the space of the Y-periodic functions belonging to H,. (E) (H. (RV\ E) and
1 H! QE), respectively).

16

loc

. 3. Position and well-posedness of the problem 5,

18
19 The e-microscopic model, which we are interested in, is given by

20

= —div(A,Vu™) = f in Qn, (3-1a)
21

.. —div(A,Vu™) = f in Q" (3-1b)
23 Be:q —ye™ AP} = [A Vi, - v,) on [, (3-1¢)
2 ae"u]— pe" 2 AP U] = {AVu, v} on Ty, (3-1d)
2 us =0 on 9€2, (3-1e)

26

o, where a, B, y are strictly positive constants. The source term f € L?(2) and the
25 diffusivity matrix A, is given by A (x) = A() where A is a measurable, Y -periodic
29 Symmetric matrix satisfying

% M < (A)E, ) < Al¢|> forae. yeY andany ¢ € RV, (3-2)
32 where 0 < A < A < +00 are suitable constants. The physical meaning of the
33 constants y, B, a is inherited from the one of the corresponding constants in
34 problem (4-1), describing the heat distribution in the case where a thick membrane is
35 present and such quantities represent the tangential (8 and ) and the transversal («)
36 diffusivities, which can be experimentally measurable (see, for instance, [17; 21]).
37 On the other hand, the mathematical description of our problem is given by an
38 elliptic equation in each phase SZ};“ and Q2", complemented with a homogenous
30 Dirichlet boundary condition on 9. The thermal potentials #™ and u"* of the
40 two phases are coupled by means of two interface conditions: the jump of the
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; flux of the solution u, is assumed to be proportional to the Laplace—Beltrami of
~, the sum {u.} of the traces of the two potentials at the interface, whereas the jump
3 [u.] of the solution across the interface is governed by an equation involving the
~, Laplace—Beltrami operator and having as a source the sum of the two fluxes from
5 the external and from the internal phase. Note that, if § =y = 0, conditions (3-1c)
s and (3-1d) reduce to the well-known Newton boundary conditions, describing the
~, imperfect thermal contact (see, for instance, [5; 23; 26]). On the other hand, if
g o — +00, we get the static counterpart of the problem studied in [3].

5 In the following, we will consider the problem B, for different scalings of the
10 parameter &, by taking into account the exponents m = —1, 0, 1. This is consistent
11 with what has been done, for instance, in [6; 7; 8; 10; 13; 15; 16], where it has been
1> proved that the only relevant cases, from the point of view of the homogenization,
13 appear when m € [—1, 1]. In this situation, only three different regimes are possible,
12 Which are precisely m = —1, m € (—1, 1) (that is, m =0, in our case where we adopt
15 the two-scale expansion technique) and m = 1. The different scalings in conditions
16 (3-1c)—(3-1d) are due to a homogeneity argument, since the Laplace—Beltrami is a
17 second-order operator, while the jump [ - ] is a zero-order one.

15 Since problem (3-1a)—(3-1e) is not standard, at the end of this section we will state
10 and prove an existence and uniqueness result, starting from its weak formulation.

g Definition 3.1 (weak solution of B,). We say that u, € 7/-28’,”(82) is a weak solution
21 of the problem B, given by (3-1a)—(3-1e), if

/ A Vul™. V<pdx+/ AV V(pdx+a7/ 1] [¢] do
24

; / VB(u,]- v [w]do+y—/ VA {u,} - vB{go}do—/ fodx, (3-3)

— for every test function ¢ € ’HO m(§2). O
27

-5 Proposition 3.2. Ifu, € 7—[0’ n(§2) is a weak solution of problem (3-1), then there
59 exists a constant C (independent of €) such that

30

g Proof. By choosing ¢ = u, in the weak formulation (3-3), recalling (3-2), using
33 Young’s inequality and the Poincaré inequality (2-9), we get

34

; )" ”vua ||L2(thquut) + O{ ” [ua] ||L2(F )

g +ﬁ ” VB[MS]”LZ(F ) V—”V {MS}”LZ(F )
37

58 5/_ AEVug-Vugdx+oz—/ [ue]? do
leuggul 2 T,

39

40

m+2
el do +y = [ 1V} P do
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1 2 2
11/2i =< g ||f||L2(Q)+8 ”ue”Lz(Q)
2 1 2 2 2
3 = g ”f”LZ(Q) + Cs (”vué‘l|L2(Q§mUqut) +e& “ [ub‘] ”LZ(FS))
4 1 2 2 2
? S g ”f”LZ(Q) + C8 (“vus”LZ(QigntUqut) + 8m ” [ué‘] ||L2(F€))’
6
~, where § > 0 can be chosen arbitrarily. Thus, by choosing Cé = min(%, %), we obtain
8
Y 2
i ||u€||7’_28m(s2) = ”VuellLZ(thUQout) + || [ue] ”LZ(F )
10 '
— B B
i ”V [us]”LZ(F )+ ”v {ué‘}”LZ(F )
2
13
14 . .
— where C is independent of ¢. This completes the proof. (]
15

201/,

391/,

— Remark 3.3. By taking into account (3-4) and the Poincaré inequality (2-9), it
; follows that there exists a function ug € L2(S2), such that, up to a subsequence,
o Ue — ug weakly in L*(Q), as ¢ — 0. Our interest will be the characterization of
o such a limit u#¢ as the solution of a suitable differential problem.

o Equation (3-4) also implies that there exists a constant C > 0, independent of ¢,
o such that

23 _m
o |1y < €, Nl gri@eny < 5 uelll 2,y < Ce™ 2,
- +2 m+2

25 IVE el o, < Cem 2 IV el o, < Ce™ 2 O

26

27 The last part of this section will be devoted to prove the existence and uniqueness

28 of the solution u, € 7/-\187m(Q) of the problem (3-1) for any fixed ¢. To this end, let
29 us take € = 1 and rewrite the problem B, as

30

31 —div(AVy™) = f in Qi (3-5a)
2 —div(AVu®™) = f in Qout, (3-5b)
z% B:{ —yABlu)=[AVu -v]+g onT, (3-5¢)
35 afu]l — BAB[u]={AVu-v}+h onT, (3-5d)
36 u=0 on <. (3-5¢)

37

g Here, Q™ and Q°" denote the two phases and I is the interface between them;
9 g, he L*(I) are given source terms (in problem (3-1) they are assumed to be
40 identically zero).
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1 Following (3-3), the rigorous weak formulation of (3-5a)—(3-5e) is

1/—
2 [ Awim-wdH/ Aw"ut-WdHﬂ/ [u] [v] do
i th Q(yul 2 r
. +ﬁ/ VE[u]- VB [v]do +Z/ VB ) VB {v) do
o 2.Jr 2 Jr
. :/ fvdx+1/g{v}da+1/h[v]da, (3-6)
2 Q 2Jr 2Jr
7 o~

e for every test function v € H(£2). Here, the space 7/—20(52) is defined analogously
e to (2-6) as

E QO(Q) = {M — (l/tim, uout) | uint c Hl(Qim), uout c Hl(Qout)’
11 [u] € L*(I"), VB[u] € L*(I), {u} € L*(I"),

12 VB{u} e L*(T), u=00n3Q}. (3-7)

13 ~ ~
—  Let us define the bilinear form b : Ho(2) x Ho(2) —> R as

14

5 b(u, v) ::/_ Awi“‘-wi“‘dx+f AVuO‘"-VvO‘“dx+%/ [u] [v] do
le Qoul F

16

- + 8 [ VPl VP ido +L [ V- VP ydo, (3-8)

18
o where «, B, y and A are defined above and (3-2) is in force. It is not difficult to

— see that the bilinear form b(u, v) is symmetric, continuous and coercive.

20
201/, —

9l

21 Theorem 3.4 (existence and uniqueness result for problem (3-5)). Let A € L*°(Q2)
2 be a symmetric matrix satisfying (3-2), o, B,y > 0, f € L*(Q) and g, h € L*(I").
23 Then, problem (3-6) admits a unique solution u € Ho(S2).

2% Proof. Clearly, the weak formulation (3-6) can be written as
25

o b(u,v) = (F,v) forall veHy(RQ), (3-9)

2" where b(u, v) is the symmetric, continuous and coercive bilinear form defined in

28 (3-8) and

29

- (F,v) = /vadx—i—%/rg{v}da—l—%/rh[v]do* for all v € Ho(Q)

31

. is a linear and continuous functional. Hence, existence and uniqueness of a solution

L UE ﬂo(Q) of problem (3-6) is a direct consequence of the Lax—Milgram lemma. [J

* 4. Concentration

35

g We will formally derive problem (3-1) through a concentration limit of a more
37 realistic problem in which the two different diffusive phases are separated by a fat
38 membrane having its own diffusion properties. More precisely, the fat membrane
39 is assumed to be made of an internal material of thickness 2§, having a stable

ZE diffusivity in the tangential direction and a very low diffusivity (of order §) in the
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Qout qQout out
o— 542y & s Q
2 d+n
- )
3 ~ } n—0 r } §—>0 -
T = 5 -8
—85—n r
- =8-2 r
5 n o ré+2n - .
N Qﬁn QS Qint
6
7 . .
— Figure 3. Concentration: first  — 0, then § — 0.
8
9

10 orthogonal direction, which is surrounded by an external material of thickness 27,
11 having a stable diffusivity in the orthogonal direction and a very high diffusivity (of
12 order 1/n) in the tangential direction. Since the ratio 8, 1 between the characteristic
13 dimension of the separating membrane and the characteristic dimension of the
14 microstructure is very small, we will let it go to zero, in order to approximate the
15 physical model with a simpler mathematical description, in which the membrane is
16 replaced by a thin interface.
17 To this end, let us introduce the following geometrical setting. In order to avoid
15 technical difficulties, we assume to be in a bidimensional flat geometry, where
; Q= (0, 1) x (=1, 1) and we have three different physical phases: Qg,‘; QO‘“ which,
201,20 in the limit 5, § — 0, become Q™ and Q°", respectively, and I'**7 Wthh in the
21 limit n, § — 0, becomes I". More precisely,

22

- 1) )
- sz:szg;;uszg;‘ur”u@r NQ),

gwhere
% Q5 =10, 1) x (§+n, 1),
2 Q““ O, 1) x (=1, =8 —mn),

27

2 P =0, 1) x (=8 = 1.8+ m) =T x (=8 = 1.8 +1),

2 with I'= (0, 1) x {0}. We also set Q" = (0, 1) x (=1, =8), Q"' = (0, 1) x (8, 1),

P8 = (0,1) x (=8,8) =T x (=8, 9), r5+2ﬂ—(01)x(5—2n5+2n)_
31

= F x (=8 — 21, 8 +2n) and ['*" ;= ['%+27\ ['5+1 (see Figure 3). Finally, we define
32

53 o TV =T x (0,8 +1),
e P x (=5 —1,0),
35

36 °F+=FX(5+77,5+277),
T e T =T x (=8 —2n, -5 — 1),
38
Lo 9" = ((0, 1) x (1)U (0, 1) x {=1}),
39°/2—

20« dQN = ({0} x (=1, D) U ({1} x (=1, ).
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Let us consider, as a model case, the elliptic problem
—div(A"Vu™) = f inQ,
u™ =0 on dQP, 4-1)
u?® periodic on dQb",
where f € L?(2) and
A" in T8Hn\ I3,
A =14% inT?, (4-2)
. int out
A In an U an R

with A given in (3-2),

_(B/m O s_ (B O
A”_< 0 a) and A _(0 ot8)’ 4-3)
and o, 8 > 0.

Clearly, for 1, § fixed, due to the ellipticity of the matrix A", problem (4-1)
admits existence and uniqueness of a solution u”® € H'!(2), complemented with
the required boundary conditions. Its weak formulation is given by

AVu™ . Veodx dy+é _u™ g dxdy
n

1"5‘*"1\1"5

+05/F3+n\1?8u3’890y dx dy+ﬁ/r5u2’5<px dx dy+a6/rl§u;’5<py dxdy
= [ fodxdy, @4
Q

for every ¢ € H!(Q), periodic in the horizontal direction and with null trace
on dQ"P.
In order to pass to the limit, first for  — 0 and then for § — 0, we consider

the following test function ¢ (x, y) = ¢ (x) ¥ (y), where ¢ € C 10,1)is a periodic
function and v is defined as
Y1) in Qi T,
(Y1 (=8) = Y1 (=8 — 2n) ZECHD 4y (=8) in T,
¥ (—8) in 27\ 18,
V() = § ((2(8) — Y1(=8)) 5 + LOTNED in I?, 4-5)
¥2(5) in I\ T2,
(Y28 +21) — Y2(8) =2 + 42 (8) in T,
¥2(y) in QU \ Y,
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1 Using such a test function in (4-4) and letting first  — 0 and then § — 0, we get

T
2 AV Vg dx dy
3 @A U QeI
s =0, / . _AVY -Vedxdy
i (Q:Sm U qut)\l—vﬁ
5 ﬂ)/ AVu-Vodxdy
7 le Qoul
B - /Q AWMV (¢y) dx dy + /QMAWOut -V (pi) dx dy:
9
10 (2) /~3 AV Vg dx dy 2% 0,
o rury
12 since [T = |T57] ~ 0, Y1(=8) — Y1 (=8 — 27) — 0 and (8 +211) — Y2(8) — O,
13 while Vu? is bounded in LZ(Qlnt U QO‘“) because of a standard energy estimate;
14
5 @ B uledrdy TR [ i 99 do
16
W =2 u;‘“qsxwl (0) do,
= ﬁ/ WMo dx dy 1=2% ,3/ W (x, 8) v (8) do
o n i Ity ©
§—0

201/ % B [ u g (0) do
21
22 1,8 _
- 4) oz/FHn\ﬁuy pydxdy =0,

24 gince ¢ is independent of y;

25

- ,8
o O B ulPecdxdy

T =B k(W) =y (—8) S+ ROENED) 178 (/) 2% 0
28 re 2

% (6) ouS/Faug"s(py dxdy =0 a(S/ u ¢W dxdy

n _a ' s

5 =2 [ oW =y (=) ( [ ubdy)do
= =2 2 [ @0@2(0) = viO)[u) do
i

5 (7) [orededy 225 [ fopidrdy+ [ fovndxdy.

36

;7 Combining the previous results, we arrive at

B AVE™. Vo, dx dy+/ AVu®™ -V, dxdy
391/ 39 th Qout

Nl

20 +,3fru;max¢1 do+ﬂ/r 19,0 do + %/r[u] [¢] do
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1 =/, AVu™. Vo, dxdy—l—/ AVu®" Vo, dxdy
- th Quut
+,8/ u;ntax{w}_ax[(p] da+ﬁf ugUtax{qj}"’ax[go] d0'+g/ [M] [(p]d(f
r 2 r 2 2Jr
:/_ AVu™. Vo, dxdy+/ AV . Ve dx dy
an[ Qou[
+ 8 [ VP VPlgldo +£ [ VPu) - VPig)do + % [ llpldo
2Jr 2Jr 2Jr

=f. for dxdy+f fe2dxdy, (4-6)
th Qnut

o where we define ¢; = ¢y;, i =1, 2. A standard localization procedure leads from
o (4-6) to problem (3-5), with y =B and g =h =0.

12

13 5. Homogenization of the problem B,

o Following the ideas in [14], we will study the homogenization limit for the prob-
® lem B, introduced in Section 3, by using the formal two-scale asymptotic expansion
o technique. As ¢ — 0, we will find three different macroscopic models, corresponding
I to the different scalings, which can be compared, for instance, with the models
% obtained in [6;7; 8; 10; 13; 15; 16; 26] in the framework of electrical conduction

19 . . .
— or heat diffusion. More precisely, we have three cases:
20

2l e« m = —1: the macroscopic model consists of a monodomain governed by an

22_elliptic equation whose diffusion matrix keeps memory of the geometry and all
23 the physical properties of the microscopic structure; i.e., the two phases E'™ and
2% E°U and the interface I' (through the transversal diffusion coefficients « and the

2> tangential diffusion coefficients 8 and y) play an active role in the limit model.

26

57 ¢ m=0: the macroscopic model consists of a monodomain governed by an elliptic
55 €quation whose homogenized diffusion matrix does not keep any memory of the
5o Physical properties of the interface I" and, in the connected-disconnected geometrical
5o setting, not even of the phase £ intHence, in the homogenization of problem (5-21)
5; below, only the geometry of the microscopic structure plays a role, i.e., the presence
5, of the interface affects the cell function, which is not continuous across I, but «, 8

33 and y are not involved.

3% e« m = 1: the macroscopic model is a bidomain system, where, in the limit, only the
35 geometry and the transversal diffusion « play a role, while the tangential diffusion

36 coefficients B and y do not.
37

38 Following the standard technique, we set

9
a0 e (x, ) = uo(x, y) +eur(x, y) +e2ua(x, y) +-- -, (5-1)
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1 where u;,i =0,1,2,..., are assumed to be Y-periodic with respect to the second

ol 27, variable y. Analogously, we have

3

- luel= [uol+elurl+&[ugl+- -+ and  {ue}={uo}+e{ur}+&*{uz}+--- . (5-2)

5 As a consequence, the total spatial derivatives become

6

k2 V=V,+1v, div=div,+div,, (5-3)

- & &

8

— 1 1, .. .

D and A" = S AT+ (divy V7 divy Vi) + A7 (5-4)

10

T Inserting the previous expansion in (3-1) and matching the corresponding powers

o of ¢, we arrive at the expansions for the problems corresponding to m = —1, 0, 1.

B Case m = —1. We consider the problem (3-1) for m = —1, namely

14

15 —div(A:Vue) = f in Qint, (5-5a)

106 —div(A;Vu,) = f in Q", (5-5b)

. Qe { —yeABlu.) = [AcVus - ;] on T, (5-5¢)

18

o Lluc] — BeAPlue] = {AVug v} on Ty, (5-5d)
201/25 ue =0 on 92 (5-5e)

21
o Terms of order ¢ 2. By comparing the corresponding coefficients of the terms of

. order £ 2, from the asymptotic expansion of (5-5a) and (5-5b) and, similarly, the

v coefficients of order ¢! in (5-5¢) and (5-5d), we get

25 ~div, (AVyui™) =0 in EMn (5-6a)
2 0 —divy (AV,ud") =0 in E°U, (5-6b)
27 0 N

o —y A5 {uo} = [AVyug - v] onT, (5-6¢)
2 aluo) — BAL [ug]l = {AVyug-v} onT. (5-6d)

o By a standard energy estimate for problem (5-6), we get
31

32 up(x,y) =uo(x) forae.(x,y)eQxY. (5-7)

33
32 Terms of order e~'. By comparing the coefficients of ¢! in (5-5a) and (5-5b) and

35 of €% in (5-5¢) and (5-5d), and using (5-7), we obtain

zi —div, (AV,ul™) = div, (AV,u) in EM, (5-8a)
;

B Q- —divy (AVyui™) = divy (AVyuo) in E°", (5-8b)
I 1. )
301/, 22 —y (50w} +divy VE{uo)) = [A(Vyu1 + Veug)-v] onT,  (5-8¢)

40 afuy] — BAS[ur] = {A(Vyu1 4 Viug) - v} onl.  (5-8d)
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1 Cell function. By following the classical approach, the solution of (5-8) can be

2 expllcltly factorized in terms of V,u( and the cell function xo = (x2 IREEE X/QV ) €
3 ?{per(lz) as

11—

I _ ~ N Buo(x)

s ur(x, y) = —xo(y) - Vxuo(x) +u(x) = XQ(Y) +u(x), (5-9)
6

- where, as usual, without loss of generality, we can assume u(x) = 0. Here, xo =
o ( XS‘ X&‘“) is a vector function, having components XQ = ( XJ mt, oA Om) with null
~, mean average over ¥ and, for j = 1,2, ..., N, satisfying the cell problem

10 —div, (AVy(x} My =0 in E™, (5-10a)
11

o —div, (AV, (x5 —y;) =0 in E°%, (5-10b)
13 —yAB(x} — ;) =[AVy(xh,—y)-v]  onT, (5-10c)
14 ; ; ‘

— alxyl—BAT XS ={AVy (x5 —yj)-v} onT. (5-10d)

15

E In (5-10c), we use (5-13) and (5-14) below. The well-posedness of problem (5-10)
17 can be easily obtained as done in Theorem 3.4, but in a periodic setting.

18 0

o Terms of order ¢”. By comparing the coefficients of order ¢ in (5-5a), (5-5b) and

— of order ¢ in (5-5¢), (5-5d), we obtain

20

GGy —divy (AV,ull) = f +div, (AV,ul™) :
o y Y - in EM™, (5-11a)
< +div, (AVyu;™) +dive (AViup)
23 .
o —divy (AVyud™) = f +divy, (AV,u™) in E (5-11)
. o, + divy (AVyu ™) + divy (A Viuo) ’
® —y (A% uz) +div? V) +divE VE{ui} + A2 {uo})
=2 y x Ty y X * nl, (5-11¢)
2 =[A(Vyuz + Vyuy) - v]
28 B - BwB - BoB
28 — v v
. alus] ﬂ(Ay (] +divy Vi {ui]+divy Vy [u1]) onT, (5-11d)
i ={A(Vyuz + Vyuy) - v}

30

31 where we have taken into account (5-7): [ug] = 0 and, then, Af [ug] =0
32

53 Derivation of the homogenized equation. We will attain the limiting equation for
3, Uo as a compatibility condition for (5-11). To begin, let us integrate (5-11a), (5-11b)
55 by parts, respectively, in E int and in E°. By adding the two contributions, we find
36 / [AVyuy - v]do = / fdy+ / div, (AV,u™) dy

r Y Elnl

37

38 + / divy (AV,uS™) dy + / divy (AV,ui™) dy
39 Eoul int
1/, "~
o + / dive (AV,uS™y dy + [ div, (AV,u0) dy
PR EOut Elnt UEOUt
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zfyfa’y—/r[AVyu]-v]da

2
= +/ | div, (AVyu1) dy +/ | div, (AV,u0) dy.
2 Eml UEoul Eml UEoul
? Then, using (5-11c¢), we obtain
o —divx<f | AV, 1o+ Vyul)) dy — y/ AB{us)do
7 Eml UEoul r
8 - y/ div® VB {u,) do — y/ div® V2 {u,} do — y/ ABlugydo = ¥,
— r r r
9
10 which becomes the homogenized equation
11
o —divi( [ AoV dy+y [ (VY do ) = £, (5-12)
13
1, after having taken into account that

B /AB{uz}dozo and / divB VB{u,} do = 0.
16 r Y r 7
" Inserting now, in the homogenized equation (5-12) above, the factorization for u;

18 given in (5-9) and recalling that

19

201/, —

391/,

20 VHui} = Vylur} — - Vy{urho

2t = —Vy{xo}Viuo+ (V : (vy{XQ}VxMO))V

22

o =—(I —v®v)Vy{xo}Vsto = =V {x0}Vruo, (5-13)
o VE{uo} =2V2u,

5 =2(Vyutg — (v - Vxug)v)

. =2(I = v ®v) Vst = Vy (y}Vauo, (5-14)
27

28 We arrive at

29 T B

- f= —dlv((/EmUEmA(l —Vyxo)dy + y/r VE(y - XQ}dU)Vuo)

31 = —diV(AQVu()).

32
33 Here, the homogenized matrix is given by

» A
35 =

* " From (5-15) and the definition of the cell function x¢o in (5-10), we obtain that

> the homogenized matrix Ag depends on the geometry and the whole physical
* properties of the microstructure, described by A, «, 8, y.

_ By, _ ]
AV 0 = x)dy +y [ VEy =Xl do. (5-15)

40 Theorem S.1. The homogenized matrix Ag is symmetric and positive definite.
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1 Proof. First, we obtain

11/27
2 i j
? /EimUEmltAvy (XJQ N yj) . Vy)’i dy - /;ii"‘uE"“‘ (Avy(yj a XJQ))i dy SR
Zand
T [V -y Vo =2 [ VExG -y Vivido
i =2 [ VE(xL -y} (e —viv)d
- /F y{xg. yj}-(ei —viv)do
0 =2 [ (V] ixb—yihido. (5-17)
10

1; after having taken into account that the tangential gradient and the normal v have
1> nhull scalar product. Hence, we can write (Ag);; as

- J Y By, J By,
o Lo AV e =3 Vayidy =2 [ VP =y VY i) o, (5-18)
i,int i,out

. By taking x5 and x5 as test functions in (5-10a) and (5-10b), respectively,
g integrating by parts, summing the resulting equations and using (5-10c) and (5-10d),
— we get

19

o g AV Q=) Vixgdy + 5 /r [x4] [xo]do

B Bp.J By i 4 By J _ By i
2 +5/Fvy [xb1- v [Xg]da—i-E/FVy b=y} VEixbdo. (5-19)

23
-, By adding (5-18) and (5-19), we get

25

— J . J .
w A= [ AV (=) Yy =y dy

- +5 [ xdixbldo + £ [ Vg1 VPGl do

" +L [ Vb =) Vb~ v do. (5-20)

30

31

20
201/,— 0=
21

which immediately gives the symmetry of Ag. To prove the ellipticity, we consider

32 N N . .
w XAyt = [ Y AV G- Vs & g8y dy
— ij=1 E™MUE i,j=1
3 o N _ _
35 +5 > [éinQ][ijé]dU
6 Ty i=1
— BN e .
& +5 [ X VPExb) Vbl do
3 i,j=1
., 39 y N OB i B J
Y2 - +Ef1__z Viléixg—&iyit-Vy{§jxg—&jyjtdo

- i,j=1
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! A (V1 vl [ s a

1Y/2 5 = /Ei“‘uE"“‘ i:l( )Xgét elél)‘ y+2ﬁ)i§$z[X9]‘ o
3 B u By, il 4 ul By.i 2
= +2 [ X 6vPid| do+ [ | &viug—w| do
4 2Jrlig 2JrliS
o N . 2 N , 2
; =4[ Xbsi—eso| dy+ [T (Vxbgi—eis| dy)
- i=1 i=1
. > 0.
£
% In order to conclude, we exploit the periodicity of xgo, which implies that the
10 Jast inequality is actually strict for any & € RN with |£] = 1. Then, the thesis is
11 achieved. ([l
12

E Case m = (0. We consider the problem (3-1) for m = 0, namely
14

o —div(A;Vu,) = f in Qint (5-21a)
6 —div(A;Vuy) = f in Qo (5-21b)
. Re:y —ye’sP{ug) = [A:Vu, - v] on T, (5-21c)
- alus] — Be* AP [us] = (A Vu, - v} on Ty, (5-21d)
19

o u, =0 on 4%, (5-21e)

201/5—

21 and proceed as in case m = —1. Thus, for the terms of order £ ~2, we get

22

. ~div,(AV,uly =0 in E™, (5-22a)
24 - —divy(AV,ud™) =0 in E°%, (5-22b)

0 -

. [AVyup-v] =0 onT, (5-22¢)
26

e {AVyup-v}=0 onT, (5-22d)

28 which corresponds to two independent homogenous Neumann problems in E™™ and
2% E°Ut respectively, with periodic boundary condition on d E™N3Y and d E®“tN Y,

3% 5o that
31 . '
2 ug'(x) ae.in Qx EM (5-23a)
. uo(x, ) =1 , out
33 uy (x) ae.in Qx E°% (5-23b)
34
35 On the other hand, for the terms of order £~ we obtain
? —divy (AV,u'™) = div,(AV,ui)  in E™, (5-24a)
8 R —div,(AV, u‘f‘“) = diVy(Aqugut in E°%, (5-24b)
N 1:

391/23 [A(Vyui +Vyug) -v]=0 onT, (5-24¢)

40 aluo] = {A(Vyuy + Viug) - v) onT. (5-24d)



PROOFS - PAGE NUMBERS ARE TEMPORARY

CONCENTRATION FOR HEAT DIFFUSION IN COMPOSITE MATERIAL 121

E By integrating (5-24b) in E°" and taking into account (5-24¢) and (5-24d), we have
14/o—

0:/ (AV,u, - v)"“tdo—F/ (AV,ug - v)do =%/ [uol do
r r r

2
3
4
5
~,_ which proves that [1] = 0. Thus, we get ug"(x) = u‘m(x) =up(x) = up(x, y) ae.
~,in Q x Y. It follows that (5-24d) can be rewritten as

8

9

{A(Vyu; +Vyiup)- v}=0 on . (5-25)

=

0

11 Then, the system (5-24a)—(5-24¢) and (5-25) turns out to be a decoupled pair of
12 standard Neumann problems. Therefore, we can factorize u; (up to an irrelevant

13 additive function of x, which will, therefore, be taken equal to 0) as
14

15
16 1 (x, ¥) = —xm(y) - Varto(x) = — x4y (v )3”0(X)
17 J

17

3 where x 1 = ( X/l\% X)) Y — RY is a Y-periodic vector function such that th

~ and x 3y have null mean average in E int and E°%, respectively, and satisfy the cell

o0l /27 problem
21

22

(5-26)

- —div, (AV, (™ —y)) =0 in E™, (5-27a)
2 —divy (AV, (x4 = y;) =0 in EO, (5-27b)
. (AV,(Xhy = yi) - »)™=0 onT, (5-27¢)
? (AVy(Xh =) - V)™ =0  onT. (5-27d)

28
2o Notice that, again, (5-27) is a system of two decoupled Neumann problems in E™
30 and E°", respectively; therefore, its well posedness is a classical matter.

31 Finally, for the terms of order eV, we obtain

32

33 —div, (AV,ul) = £ +div, (AV,u™) in B (5.280)
34 + divy (AVy ™) 4 div, (AV, u0) ’
35 . .
36 —div, (AV,u3") = f +div, (AV, i) in E%, (5-28b)
— Ry +div (AV,u7™) +div, (AV,ug)
37
3 —y (AN {ur} 4+ dive V2 {uo}) =[A(Vyur +Veur) vl onT,  (5-28¢)
39 B . B oB

301,00 afui] = (AVTur] +divy Vi {uol) i
£ = (A(Vyur 4 Vo) vy O O280
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1 As above, the limiting equation is obtained integrating (5-28a), (5-28b) by parts
~, in E™ and in E°, respectively, and by adding the two contributions. Thus, we find

3
—/[Av},uz.u]do:f fdy+/_ divy (AV,up) dy
i r Y ElnlUEOI.lt
+f, divx(Avyul)der/, div, (AV,ug) dy
Emt U Eout Elnt U] Eout
:/fdy—/[Aqul-v]da
Y I
+/_ divx(AVyul)dy+/_ div, (AV, 1) dy.
Elnl U E()th Emt U Eoul

[l ]~ T]o e

o By taking into account condition (5-28c), the previous equation turns into the

11 .
— homogenized one

12

3 f =—div, ( [ pon AVt + Vi) dy), (5-29)

14

15 where we have used that
16

v /FAf{ul}do—:o and /Fdivaf{uo}dozo.
18

o Finally, inserting in (5-29) the factorization of u; given in (5-26), we arrive at

20

o1 f=—div ((/EimUEomA(l = Vyxam) dy)V“0> = —div(Am Vuo),

22 where A, is given by
23

2 Am= [ AU = V() dy. (5-30)
. EMUE
26 As in the previous section, A ¢ can be rewritten in the more meaningful form

27

. (A = [

AVy O = 310 - Ve O = 3 d. 5-31
Eint U Eout y(XM y-]) y(XM yl) y ( )

29
— which immediately gives the symmetry. The positive definiteness of A is a

. standard matter in the literature (see, e.g., [1, Section 1] and [9, Proof of Lemma 4.7.],
. for the same idea applied in a different framework).

33 Remark 5.2. Notice that, as remarked at the beginning of Section 5, the homoge-
34 nized matrix A ¢ does not depend on the physical properties of the interface I (it
35 does not involve the coefficients «, 8, v). The presence of the interface has only
36 the effect to produce a discontinuity across I" of the cell function x4, i.e., only the
37 geometry of I' has an influence on the limiting equation.

38 In the connected-disconnected case, it can be easily seen that

9
a0 xlﬁ(y)=y—IEmtI*l/Eimydy,
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" so that the homogenized matrix A x4 reduces to
1Y—
Avi= [ L AVGEE =9 V300 = ) dy:

that is, the physical properties of the inner phase (as well as the ones of the interface)
do not play any role in the macroscopic model. ([

2
3
n
5
6
7 Case m =1. We consider the problem (3-1) for m = 1, namely
8
9
10
1

—div(A.Vu,) = f in QI (5-32a)

—div(A:Vu,) = f in Qo", (5-32b)

Se:} =yl ABluy) = [A.Vug - 1] on I, (5-32¢)

12 aelus] — B3 APlus] = {AVu, -v,} on T, (5-32d)
B u, =0 on 9€2. (5-32e)
= Proceeding as in the previous cases m = —1, 0, we obtain, for the terms of order

— &7 2 the same problem (5-22), so that (5-23) is in force. On the other hand, for the

o term of order ¢!, we obtain

g —divy(AVyulm) =div,(AV, u‘m) in E, (5-33a)

9 —divy (AVyud™) = divy (AV,ug™)  in EO, (5-33b)
02 S LAV + Vo) - v] = 0 onT, (5-33¢)

o {A(Vyui 4+ Viug) - v} =0 onT. (5-33d)

23 Again, the previous system is the same decoupled pair of standard Neumann
24 problems given in (5-24a)—(5-24c) and (5-25). Therefore, (up to irrelevant additive

25 functions of x, which will, therefore, be taken equal to 0) we can factor u;(x, y) as
26

2 wi(x ) = — X (y) - Veud'(x)  in E™, (5-34a)
28 — X ) - Veud™ (x)  in EO, (5-34b)
% where x4 is the Y-periodic solution of the cell problem (5-27) having null mean
; average in E'™ and E°, separately.

32 Terms of order ¢°: By comparing the coefficients of £° in (5-32a), (5-32b) and of
33 ¢ in (5-32¢), (5- 32d) we obtain

i —div, (AV,ull) = £+ div, (AV,ui™
® + divy (AV, ™) + divy (A Vi
36

in EM (5-35a)

e —divy (AV,us") = f +divy (AV,us™) ,

37 . y y*2 y 1 out _

il T dive (AV,ud™) + divy (AV,ugy MET (5-350)
391/2£ [A(Vyuz + Veup) - v] =0 onl,  (5-35¢)

40 aluo] = {A(Vyur + Veuy) - v} onT, (5-35d)
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1 where we have used (5-23), which implies Af[uo] =0 and Af{uo} = 0. Taking

v/ 27, into account that (5-35¢) implies
- {A(Vyuz + Veur) v} = 2(A(Vyuz + Vyuy) - v)™,
", we can rewrite (5-35d) as
o % [uo] = (A(Vyuz + Vyup) -v)® on T. (5-36)
7

E Formal derivation of the homogenized equation. To attain the limiting equation for
9 ug as a compatibility condition for (5-35), let us integrate (5-35a), (5-35b) by parts
10 in E int and in E°%, separately. We find
11 . .
o —/ (AVyup - v)"do = / fdy +/ (AV,u; -v)™ do
- r Elnl r
B [ v AV dy+ [ divi(AVLE) dy,
14 Emt Emt
15 and
16
17 \/l;(Avyuz.v)Outdo-:AOUIfdy—ﬁ(Aqul'v)Outdo.
18 4 / divy (AV,u™) dy + / divy (AV,ud™) dy.
19 Eoul Eoul

201 /zﬂ Hence, by taking into account the interface conditions (5-35¢) and (5-36), we find
21
22 —% - [Mo] do’ = |Eint| f —|— diVx ( /’EimA(vyuilnt + qu})nt) dy),
23
I % /1" [ugldo = |E0ut| f +div, ( /EoutA(Vyu(l)ut + qugut) dy).

% Finally, by inserting the factorization of u; given in (5-34), we get

7 p1EM = =div(( [ AU =) dy) Valt) = €7 o)

28 . .

2 = —div(A}; Vug") — 2 IT| [uo).

30 o (5-37)
FIE™ = =div(( [ AU =V, 0 dy) - Vug™) + & 7 [uo]

31 Eoul

I = —div(AUVud") + %‘ IT| [uo],

33

- where the homogenized matrices are defined as

2 oaf= [ AUVadiondy and A= [ AG-ViRiondy. (538

37 Notice that the homogenized matrix A ¢ defined in (5-30) can be written as Ay =
38 AW + AQY and that AT}, AQY can be written in the more meaningful form

39
391/, — j ~
&y (A1) = [ AV =3 VG = o) . (5-39)



1/,

201/,

391/,

PROOFS - PAGE NUMBERS ARE TEMPORARY

CONCENTRATION FOR HEAT DIFFUSION IN COMPOSITE MATERIAL 125

; and, in the connected-connected case,

2

o (AR = fEimAVy(xﬁm — ¥ VGt = v dy, (5-40)

_* which immediately give the symmetry (we recall that in the connected-disconnected

5 case Aij\‘}l = 0). The positive definiteness of A‘/’\‘/‘f and, in the connected-connected

6 case, also of A‘j{‘/‘l, is a standard matter, as in the previous subsection.

7
"5 Remark 5.3. The system (5-37) describes a bidomain model, where two overlap-

"5 ping macroscopic functions uy" and ud™ appear. In the connected-connected case,

1o such a bidomain model is described by a coupled system of two elliptic equations.
11 On the other hand, in the connected-disconnected geometry, as recalled above,
1> Al{ =0 and the system (5-37) describing the bidomain model becomes

13 1
= —Z 0| [uo] = fIE™|,
14 2

15 —div(ARGVug" () + 5 T [uol = fIE™),

16

17 which can be rewritten as

8 —div(AY Vud" (x)) = f, (5-41)

19

— int __out | 2 |Eim| 5-42
20 uy = Uy —i-am I ( )
g

22 More precisely, we obtain a decoupled system, where ug" is determined by a stan-
23 dard elliptic equation (see (5-41)), in which the homogenized matrix depends only

24 on the physical properties of the external phase, while u})‘“ is explicitly computed

25 by means of ud" in (5-42). Note that the internal phase is involved only through its
26 measure, while its physical properties have no relevance in the macroscopic model.
27 Finally, we remark that in the connected-disconnected case, the solution ugm of
28 the leading phase of the bidomain system coincides with the homogenized limit u(

20 obtained in the case m = 0, when the same geometrical setting is considered. U

** Remark 5.4. Notice that, as in case m = 0, § and y do not play any role in the
2 homogenized limit. The only physical property of the interface which plays a role

32 . . D
— in the limit is «, i.e., the transversal heat diffusivity. O
33
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