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Abstract
Suppose that 𝑥, 𝑦 are elements of a finite group 𝐺 lying
in conjugacy classes of coprime sizes. We prove that
⟨𝑥𝐺⟩ ∩ ⟨𝑦𝐺⟩ is an abelian normal subgroup of 𝐺 and, as
a consequence, that if 𝑥 and 𝑦 are 𝜋-regular elements
for some set of primes 𝜋, then 𝑥𝐺𝑦𝐺 is a 𝜋-regular con-
jugacy class in 𝐺. The latter statement was previously
known for 𝜋-separable groups 𝐺 and this generalisation
permits us to extend several results concerning the com-
mon divisor graph on 𝑝-regular conjugacy classes, for
some prime 𝑝.
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1 INTRODUCTION

Let 𝐺 be a finite group, 𝐻 ⩽ 𝐺 and 𝑥 ∈ 𝐺. Then, 𝑥𝐻 = {𝑥ℎ ∣ ℎ ∈ 𝐻} is the set of 𝐻-conjugates of
𝑥 and 𝑥𝐺 is the conjugacy class of 𝑥. Analysis of the set cs(𝐺) of the conjugacy class sizes of 𝐺 is a
well-established research theme as it can reveal structural information about the group 𝐺. In this
paper, we consider the case where 𝐺 has a pair of non-trivial conjugacy classes of coprime sizes.
Our original motivation is outlined below, but a key step in reaching our goal was the following
theorem, which we anticipate is of independent interest.

Theorem A. Suppose that 𝐺 is a finite almost simple group. Then, 𝐺 does not have two non-trivial
conjugacy classes of coprime sizes.

As might be expected, our proof of Theorem A (and thus all of our main results) relies on the
classification of finite simple groups.
If a group 𝐺 has conjugacy classes 𝑥𝐺 and 𝑦𝐺 of coprime sizes then 𝐺 = 𝐶𝐺(𝑥)𝐶𝐺(𝑦) (see

Lemma 2.2), so to eliminate an almost simple group 𝐺 it is sufficient to show that 𝐺 is not a
product of centralisers. In the simple case, this is Szép’s conjecture [27] which states that no non-
abelian finite simple group 𝐺 has such a factorisation. This was proved by Arad and Fisman in
[16, Theorem 1]. In our case, we employ a variant of this result due to Gill, Giudici, and Spiga in
[17] which determines all triples (𝐺, 𝑥, 𝑦) with 𝐺 almost simple such that 𝐺 = 𝐶𝐺(𝑥)𝐶𝐺(𝑦) (see
Table 1) provided the socle of𝐺 is not PΩ+

𝑛 (𝑞)with 𝑛 ⩾ 8 even. To prove TheoremA, we show that
the candidates for 𝑥 and 𝑦 in Table 1 do not have coprime class sizes. In the remaining case where
the socle of 𝐺 is PΩ+

𝑛 (𝑞), a close analysis of the possibilities for 𝑥 and 𝑦 again yields no examples.
Using TheoremA, we obtain our first main result which gives structural information about any

finite group containing non-trivial conjugacy classes of coprime sizes.

TheoremB. Suppose that𝐺 is a finite group and 𝑥, 𝑦 ∈ 𝐺 are in conjugacy classes of coprime sizes.
Then, the normal subgroup ⟨𝑥𝐺⟩ ∩ ⟨𝑦𝐺⟩ is abelian. Furthermore, we can write

⟨𝑥𝐺⟩ ∩ ⟨𝑦𝐺⟩ = (⟨𝑥𝐺⟩ ∩ 𝑍(⟨𝑦𝐺⟩))(𝑍(⟨𝑥𝐺⟩) ∩ ⟨𝑦𝐺⟩).

TABLE 1 An excerpt from [17, Table 1] containing the cases where 𝐺 = 𝐶𝐺(𝑥)𝐶𝐺(𝑦).

𝐬𝐨𝐜(𝑮) 𝒙 𝒚 Remarks
PSL𝑛(𝑞) graph aut. order dividing 𝑞 − 1 𝑛 ⩾ 4 even

𝐶PGL𝑛(𝑞)
(𝑥) ≅ PGSp𝑛(𝑞) (𝑛 − 1)-dim. eigenspace

PSU𝑛(𝑞) 𝐶𝑌(𝑥) ≅ PSp𝑛(𝑞) order dividing 𝑞 + 1 𝑛 ⩾ 4 even
𝑥 ∈ PΓU𝑛(𝑞) ⧵ PGU𝑛(𝑞) (𝑛 − 1)-dim. eigenspace |𝐺 ∶ 𝑌| even

PSp𝑛(𝑞) 𝑥 ∈ PGSp𝑛(𝑞) ⧵ PSp𝑛(𝑞) order 𝑟, transvection 𝑞 odd, 4 ∣ 𝑛
𝐶𝑌(𝑥) ≅ PSp𝑛∕2(𝑞

2).2 |𝐺 ∶ 𝑌| even
PΩ−

𝑛
(𝑞) graph aut. order dividing 𝑞 + 1 𝑛∕2 odd

𝐶𝑌(𝑥) ≅ Ω𝑛−1(𝑞) if 𝑞 odd no eigenvalue in 𝔽𝑞

𝐶𝑌(𝑥) ≅ Sp𝑛−2(𝑞) if 𝑞 even
PΩ𝑛(𝑞) 𝐶𝑌(𝑥) ≅ PΩ−

𝑛−1
(𝑞).2 order 𝑟, unipotent 𝑛 ≡ 1 (mod 4)

𝑥 ∈ SO𝑛(𝑞) ⧵ Ω𝑛(𝑞) 𝐶𝑌(𝑦) ≅ 𝐸
𝑚(𝑚−1)∕2+𝑚
𝑞 ∶ Sp𝑚(𝑞) SO𝑛(𝑞) ⩽ 𝐺

Note: In all cases 𝑥 has order 2.
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GROUPS WITH CONJUGACY CLASSES OF COPRIME SIZES 3 of 13

Recall that a component of a finite group 𝐺 is a quasisimple subnormal subgroup. As a
consequence of Theorem B, we also obtain the following theorem.

Theorem C. Suppose that 𝐺 is a finite group and 𝑥, 𝑦 ∈ 𝐺 lie in conjugacy classes of coprime sizes.
Assume that 𝐾 is a component of 𝐺 or 𝐾 = 𝑂𝑟(𝐺) for some prime 𝑟. Then, ⟨𝐾𝐺⟩ is centralised by 𝑥
or by 𝑦. In particular, if 𝐺 is almost simple then 𝑥 = 1 or 𝑦 = 1.

Our originalmotivation relates to the common divisor graph Γ(𝐺), which is a useful tool devised
to explore the arithmetical structure of cs(𝐺). The vertex set of Γ(𝐺) is cs(𝐺) ⧵ {1}, and distinct
vertices are adjacent if and only if they are not coprime integers. The definition of this graph is
inspired by a closely related graph introduced in [9] by Bertram, Herzog and Mann: their graph
has as vertex set the non-central conjugacy classes of 𝐺, with two of them adjacent if and only if
their sizes are not coprime. It is worth pointing out that this last graph and Γ(𝐺) have the same
number of connected components. Furthermore, the connected components have the same diam-
eter (except when 𝐺 has at least two non-central conjugacy classes of the same size and this size
is coprime with any other class size; see Section 8 of [22]). As an immediate application of the
aforementioned result of Arad and Fisman, it is noted in [9] that Γ(𝐺) is complete for simple
groups 𝐺. Now, our Theorem A generalises it by showing that Γ(𝐺) is complete if 𝐺 is an almost
simple group.
Recall that, for a set of primes 𝜋, we say that an element is 𝜋-regular if its order is not divisible

by any prime in 𝜋, and a conjugacy class is 𝜋-regular if it consists of 𝜋-regular elements. If such
an element is {𝑝}-regular for some prime 𝑝 then we write 𝑝-regular for simplicity. Consider the
induced subgraph Γ𝑝(𝐺) of Γ(𝐺) defined on the 𝑝-regular conjugacy classes of 𝐺. This graph is
also closely related to a graph that has been studied extensively over the years (mainly by Beltrán
and Felipe, see [4–7]) with a convenient summary found in [8]. It is important to remark that
the graphs Γ(𝐺) and Γ𝑝(𝐺) share many properties, including upper bounds on both the number
of connected components and their diameters. Nevertheless, these properties are not immediate
consequences of the fact that Γ𝑝(𝐺) is a subgraph of Γ(𝐺). We also note here that if 𝑝 does not
divide |𝐺| then Γ𝑝(𝐺) is the same as Γ(𝐺), so results for Γ𝑝(𝐺) are, in fact, generalisations of the
corresponding results for Γ(𝐺).
The local structure of 𝐺 has been used to determine many properties of Γ𝑝(𝐺), but much of

the corresponding analysis has been restricted to the case where 𝐺 is 𝑝-soluble. A core lemma
in the proofs of many of these results is [23, Lemma 1 (2)] which says that if 𝐺 is 𝑝-soluble then
the product of two 𝑝-regular classes of coprime sizes is itself a 𝑝-regular class. In many cases, this
is the only use of the 𝑝-solubility hypothesis. The initial motivation of this paper was to remove
the dependency on 𝑝-solubility from these results by generalising [23, Lemma 1 (2)] so that they
hold for all finite groups. This is achieved in our final main result which follows from Theorem B
and settles a conjecture stated in [26]. In fact, we demonstrate it in full generality for 𝜋-regular
conjugacy classes.

Theorem D. Let 𝐺 be a finite group and 𝜋 be a set of primes. If 𝑥 and 𝑦 are 𝜋-regular elements of
𝐺 whose conjugacy classes have coprime sizes, then 𝑥𝐺𝑦𝐺 is a 𝜋-regular conjugacy class.

Finally, as alreadymentioned in [26, Remark 2.2], TheoremD implies that several results in the
literature concerning graphs defined on 𝑝-regular conjugacy classes in 𝑝-soluble groups remain
valid even when removing the assumption of 𝑝-solubility. In Section 4, we will present a detailed
discussion of these generalisations.
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4 of 13 CAMINA et al.

2 PRELIMINARIES

All groups considered hereafter are assumed to be finite. The greatest common divisor of two
positive integers 𝑎 and 𝑏 is denoted by (𝑎, 𝑏). For a set of primes𝜋, a𝜋-number is a natural number
whose prime divisors all lie in𝜋. We denote by𝜋′ the set of primes not in𝜋. The largest𝜋-number
that divides the positive integer 𝑛 is denoted by 𝑛𝜋. For an integer 𝑛, we define 𝜋(𝑛) to be the set
of prime divisors of 𝑛 and for a finite group 𝐺 we use 𝜋(𝐺) to denote 𝜋(|𝐺|).
The following well-known lemma will be used throughout the paper, often without reference.

We include its proof for completeness.

Lemma 2.1. Let 𝐺 be a finite group, 𝑁 a normal subgroup of 𝐺, and 𝑥 ∈ 𝐺. Then, |𝑥𝑁||(𝑥𝑁)𝐺∕𝑁|
divides |𝑥𝐺|.

Proof. We have that |𝐺 ∶ 𝑁𝐶𝐺(𝑥)| = (|𝐺||𝐶𝑁(𝑥)|)∕(|𝑁||𝐶𝐺(𝑥)|) = |𝑥𝐺|∕|𝑥𝑁| is an integer as
𝑁𝐶𝐺(𝑥) is a subgroup of 𝐺. Since 𝐶𝐺(𝑥)𝑁∕𝑁 ⩽ 𝐶𝐺∕𝑁(𝑥𝑁), we have that |(𝑥𝑁)𝐺∕𝑁| divides |𝐺 ∶

𝑁𝐶𝐺(𝑥)|. □

We also highlight the following key fact which is essentially [9, Lemma 1].

Lemma 2.2. Suppose that 𝐺 is a finite group and 𝑥, 𝑦 ∈ 𝐺 are such that (|𝑥𝐺|, |𝑦𝐺|) = 1. Then,
for any 𝑟 ∈ 𝜋(𝐺), at least one of 𝐶𝐺(𝑥) and 𝐶𝐺(𝑦) contains a Sylow 𝑟-subgroup of 𝐺. In particular,
𝐺 = 𝐶𝐺(𝑥)𝐶𝐺(𝑦) and, further, (𝑥𝑦)𝐺 = 𝑥𝐺𝑦𝐺 .

Proof. The first claim is clear from the hypothesis, and that𝐺 = 𝐶𝐺(𝑥)𝐶𝐺(𝑦) follows from the fact
that these centralisers have coprime index and for 𝐻, 𝐾 ⩽ 𝐺 we have |𝐻𝐾| = |𝐻||𝐾|∕|𝐻 ∩ 𝐾|.
Now, let g , ℎ ∈ 𝐺 and write gℎ−1 = 𝑎𝑏 for some 𝑎 ∈ 𝐶𝐺(𝑥), 𝑏 ∈ 𝐶𝐺(𝑦). Then,

𝑥g𝑦ℎ = (𝑥gℎ−1𝑦)ℎ = (𝑥𝑎𝑏𝑦)ℎ = (𝑥𝑏𝑦𝑏)ℎ = (𝑥𝑦)𝑏ℎ

as required. □

Lemma 2.3. Let 𝐺 be a finite group, let 𝜋 ⊆ 𝜋(𝐺) be a set of primes and let 𝑋 ⩽ 𝐺 be a 𝜋-separable
subgroup of 𝐺. Suppose further that 𝑥, 𝑦 ∈ 𝐺 are 𝜋-regular elements of 𝐺 with (|𝑥𝐺|, |𝑦𝐺|) = 1. If
𝑥𝐺 ∩ 𝑋 ≠ ∅ ≠ 𝑦𝐺 ∩ 𝑋, then 𝑥𝑦 is also 𝜋-regular.

Proof. Set 𝐿 = 𝑥𝐺 and 𝐾 = 𝑦𝐺 . Assume that 𝑎 ∈ 𝐿 ∩ 𝑋, 𝑏 ∈ 𝐾 ∩ 𝑋. Then by [19, Theorem 6.3.6]
there exists a Hall 𝜋′-subgroup𝐻 of𝑋 such that 𝑎𝑋 ∩ 𝐻 ≠ ∅ ≠ 𝑏𝑋 ∩ 𝐻. Letting 𝑢 ∈ 𝑎𝑋 ∩ 𝐻 ⊆ 𝐿 ∩

𝐻 and𝑤 ∈ 𝑏𝑋 ∩ 𝐻 ⊆ 𝐾 ∩ 𝐻, since𝐻 consists of𝜋-regular elements, we have that 𝑢𝑤 is𝜋-regular.
As𝐾𝐿 is a conjugacy class by Lemma 2.2, and contains 𝑢𝑤, we conclude that 𝑥𝑦 is 𝜋-regular. This
proves the lemma. □

Lemma 2.4. Let𝐺 be a finite groupwith 𝑥, 𝑦 ∈ 𝐺 such that𝐺 = 𝐶𝐺(𝑥)𝐶𝐺(𝑦). Suppose that𝐶𝐺(𝑦) ⩽

𝐻 ⩽ 𝐺 and 𝑥𝐺 ∩ 𝐻 ≠ ∅. Then, ⟨𝑥𝐺⟩ ⩽ 𝐻.

Proof. We may assume that 𝑥 ∈ 𝐻. Then, 𝑥𝐺 = 𝑥𝐶𝐺(𝑥)𝐶𝐺(𝑦) = 𝑥𝐶𝐺(𝑦) ⊂ 𝑥𝐻 ⊂ 𝐻, as required. □
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GROUPS WITH CONJUGACY CLASSES OF COPRIME SIZES 5 of 13

The following lemma collects information we require from [17, Theorem 1.1].

Lemma 2.5. Suppose that 𝐺 is an almost simple group whose socle 𝑌 is not isomorphic to PΩ+
𝑛 (𝑞)

for 𝑛 ⩾ 8. Assume that 𝑥, 𝑦 ∈ 𝐺 are such that𝐺 = 𝐶𝐺(𝑥)𝐶𝐺(𝑦). Then, (𝐺, 𝑥, 𝑦) is recorded in Table 1
(up to swapping 𝑥 and 𝑦).

We use the below lemma to avoid some difficulties with small cases in Theorem A.

Lemma 2.6. Suppose that 𝐺 is an almost simple group with socle Sp4(2)′, G2(2)
′, 2F4(2)′, 2G2(3)

′

or Ω+
𝑛 (2) for 𝑛 ∈ {8, 10, 12}. Then, 𝐺 does not have a pair of non-trivial conjugacy classes of

coprime sizes.

Proof. This can be verified directly by computing the conjugacy class sizes inGAP [28] orMAGMA
[12]. □

3 PROOF OF THEMAIN RESULTS

In this section, we present the proofs of Theorems A to D. We begin with Theorem A as it is the
key ingredient in the proofs of the other three.

Theorem A. Suppose 𝐺 is a finite almost simple group. Then, 𝐺 does not have two non-trivial
conjugacy classes of coprime sizes.

Proof. Suppose that the statement is false, so 𝐺 is an almost simple group not covered by
Lemma 2.6 and we have non-trivial elements 𝑥, 𝑦 ∈ 𝐺 such that (|𝑥𝐺|, |𝑦𝐺|) = 1. Then, 𝐺 =

𝐶𝐺(𝑥)𝐶𝐺(𝑦) by Lemma 2.2. Since 𝐶𝐺(𝑧) ⩽ 𝐶𝐺(𝑧
𝑛) for any 𝑛 ∈ ℕ and 𝑧 ∈ 𝐺, we may assume that

𝑥 and 𝑦 have prime order. By [16, Theorem B], 𝐺 is not a simple group. Let 𝑌 = 𝐹∗(𝐺) be the
generalised fitting subgroup of 𝐺. By [17, Theorem 1.1 and Table 1], 𝑌 is a group of Lie type
defined in some characteristic, 𝑟 say. Let 𝑅 ∈ Syl𝑟(𝐺). By Lemma 2.2, we may suppose that 𝑦
centralizes 𝑅. Then, because of Lemma 2.6, we may apply [24, Lemma D.25] to obtain 𝑦 ∈ 𝑌.
Thus, 𝑦 ∈ 𝐶𝑌(𝑅 ∩ 𝑌). Since 𝑅 ∩ 𝑌 = 𝑂𝑟(𝑁𝑌(𝑅 ∩ 𝑌)) = 𝐹∗(𝑁𝑌(𝑅 ∩ 𝑌)) by [18, Corollary 3.1.4], we
have 𝐶𝑌(𝑅 ∩ 𝑌) = 𝐶𝑌(𝐹

∗(𝑁𝑌(𝑅 ∩ 𝑌))) = 𝑍(𝑅 ∩ 𝑌), we have that 𝐶𝑌(𝑅) ⩽ 𝑍(𝑅 ∩ 𝑌). Therefore,
𝑦 ∈ 𝑍(𝑅) ∩ 𝑌 ⩽ 𝑍(𝑅 ∩ 𝑌). Furthermore, by Lemma 2.1 we have that 𝑥 ∉ 𝑌.
If 𝑌 ≇ PΩ+

2𝑚
(𝑞) with 𝑚 ⩾ 4, then Lemma 2.5 provides a list of the possibilities for an almost

simple group 𝐻 and non-trivial elements 𝑎, 𝑏 ∈ 𝐻 satisfying 𝐻 = 𝐶𝐻(𝑎)𝐶𝐻(𝑏). There are five
families of groups to consider, listed in Table 1. We claim that in all cases the class sizes in Table 1
are not coprime. Since 𝑥 ∈ 𝐺 ⧵ 𝑌 has prime order, Lemma 2.5 implies 𝑥 has order 2 andwe already
know 𝑦 ∈ 𝑍(𝑅) ⩽ 𝑍(𝑅 ∩ 𝑌). The only case which matches this requirement is line 3 of Table 1
since in lines 1, 2 and 4 𝑦 is not an 𝑟-element and, in line 5, 𝑦 does not lie in the centre of a Sylow
𝑟-subgroup. In the situation of line 3, 𝑟 is odd, 𝑌 ≅ PSp2𝑚(𝑞) with 𝑚 even and 𝑦 is the image
of a transvection on the natural module 𝑉 for Sp2𝑚(𝑞). Since Sp2𝑚(𝑞) acts transitively on the
one-dimensional subspaces of 𝑉, and since the number of these subspaces is even, we conclude
that 𝐶𝐺(𝑦) has even index in 𝐺. Hence, 𝐶𝐺(𝑥) contains a Sylow 2-subgroup of 𝐺 by Lemma 2.2.
However, from line 3 of Table 1 we see that 𝐶𝑌(𝑥) ≅ PSp𝑚(𝑞

2).2 and can directly compute that
this has even index in 𝑌 and thus 𝐶𝐺(𝑥) has even index in 𝐺, a contradiction. We conclude that
𝑌 ≅ PΩ+

2𝑚
(𝑞) for𝑚 ⩾ 4 and 𝑦 ∈ 𝑍(𝑅) ⩽ 𝑍(𝑅 ∩ 𝑌).
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6 of 13 CAMINA et al.

Define𝑀 = 𝐶𝑌(𝑦) and note that 𝑅 ⩽ 𝐶𝐺(𝑦). If 𝑥 has order 𝑟, then we may assume that 𝑥 ∈ 𝑅.
But then 𝑥 centralises 𝑦 and we obtain 𝑌 ⩽ ⟨𝑥𝐺⟩ ⩽ 𝑁𝐺(⟨𝑦⟩) from Lemma 2.4. Since ⟨𝑦⟩ is not
normal in 𝑌, this is impossible. Hence, 𝑥 does not have order 𝑟.
Let 𝐻̂ = CO+

2𝑚
(𝑞) be the conformal orthogonal group of + type with natural module 𝑉 and

𝑌 = Ω+
2𝑚
(𝑞) ⩽ 𝐻̂. Notice that taking a preimage 𝑦 of 𝑦 in 𝐻̂ of order 𝑟 we obtain a decomposition

𝑉 = [𝑉, 𝑦] + 𝐶𝑉(𝑦)with𝑊 = [𝑉, 𝑦] a totally singular 2-space (see, e.g., [25, Lemma 14.33 vi)]). In
particular, 𝑀̂ stabilises a totally singular 2-space of 𝑉.
In what follows, note that we use Lemma 2.6 to sidestep the fact that 26 − 1 has no primitive

prime divisor [29]. Let 𝑀2 ⩽ 𝑌 be such that 𝑀2 ≅ Ω−
2𝑚−2

(𝑞) and 𝑀2 fixes pointwise a two-
dimensional subspace𝑉2 of− type. Then,𝑀2 contains a cyclic subgroup of order 𝑞𝑚−1 + 1 acting
irreducibly on 𝑉⟂

2
(see [20, Satz 3]). Let 𝛼 be a primitive prime divisor of 𝑞2𝑚−2 − 1. Similarly, we

have a subgroup 𝑀4 ≅ Ω−
2𝑚−4

(𝑞) of 𝑌 which fixes pointwise a four-dimensional subspace 𝑉4 of
− type and contains a cyclic subgroup of order 𝑞𝑚−2 + 1. Let 𝛽 be a primitive prime divisor of
𝑞2𝑚−4 − 1. Let 𝐴 ∈ Syl𝛼(𝑀2) and 𝐵 ∈ Syl𝛽(𝑀4). Then, 𝐴 acts irreducibly on 𝑉⟂

2
and centralises

𝑉2, and similarly 𝐵 acts irreducibly on 𝑉⟂
4
and centralises 𝑉4. In particular, neither 𝐴 nor 𝐵

stabilise a totally singular 2-space. Hence, 𝑀 does not contain a Sylow 𝛼- or 𝛽-subgroup of 𝐺.
Moreover, 𝑌 has a subgroup isomorphic to GL𝑚(𝑞) which, in turn, contains a cyclic subgroup of
order 𝑞𝑚 − 1. Let 𝛾 be a primitive prime divisor of 𝑞𝑚 − 1. Then, we may choose an element 𝑤 of
order 𝛾 which acts with two irreducible composition factors each of dimension𝑚 on 𝑉. In partic-
ular, 𝑤 is not conjugate into𝑀. Hence,𝑀 does not contain a Sylow 𝛾-subgroup of 𝑌. Therefore,
we may assume ⟨𝐴, 𝐵,𝑤⟩ ⩽ 𝐶𝑌(𝑥).
Assume for a moment that 2𝑚 = 8 and that 𝑥 has order 3. Then, as 𝑥 does not have order 𝑟,

𝑟 ≠ 3. If 𝑥 acts as a graph automorphism then 𝐶𝑌(𝑥) ≅ G2(𝑞) by [18, Table 4.7.3A] which does not
have order divisible by 𝛾 = 𝛽. If 𝑥 acts as a field automorphism, then 𝑥 normalises a long root
subgroup as does𝑀 and this contradicts Lemma 2.4. If 𝑥 acts as a graph-field automorphism then
by [18, Proposition 4.9.1 (a) and (e)] 𝐶𝑌(𝑥) ≅

3D4(𝑞
1∕3) and has order not divisible by 𝛾. Thus,

when 2𝑚 = 8, 𝑥 does not have order 3.
Let 𝑚 ⩾ 4 and suppose that 𝑥 acts on 𝑌 as either a field automorphism or a graph-field auto-

morphism. Since 𝑥 does not have order 𝑟, conjugacy of such automorphisms is the subject of [18,
Proposition 4.9.1]. In particular, we see that 𝑥 normalises a conjugate of 𝑍(𝑅 ∩ 𝑌) and this leads
to a contradiction via Lemma 2.4.
Thus, 𝑥 acts as an inner-diagonal or graph automorphism of 𝑌. Then, as 𝑥 does not have order

3 when 2𝑚 = 8, 𝑥 is an involution. Since 𝑥 does not have order 𝑟, we have 𝑟 is odd. So, conjugating
by the triality automorphism if necessary, we may find some 𝐺 ⩽ 𝐻̂ such that 𝐺 projects onto 𝐺
and 𝑌 = Ω+

2𝑚
(𝑞).

Let 𝑥 ∈ 𝐻̂ be an element in the preimage of 𝑥 chosen to have minimal order. Thus, 𝑥 is a 2-
element. As 𝛼, 𝛽 and 𝛾 are coprime to |𝑍(𝐻̂)|, 𝑥 commutes with 𝐴, 𝐵 and 𝐶. Furthermore, the
choice of𝐴, 𝐵 and𝐶 implies that𝐶𝑌(𝑥) acts irreducibly on𝑉. If 𝑥 is an involution, then 𝑥 ∈ 𝑍(𝐻̂),
a contradiction. Hence, 𝑥 has order at least 4.
Suppose that 𝑥 leaves a totally singular 2-space invariant. Then, 𝑁⟨𝑌,𝑥⟩(𝑊) ∩ 𝑥𝐺 ≠ ∅, and so

Lemma 2.4 yields that 𝑌 ⩽ ⟨𝑥𝑌⟩ leaves𝑊 = [𝑉, 𝑦] invariant, a contradiction. Hence, 𝑥 does not
leave a totally singular 2-space invariant.
We now consider all of the possibilities for 𝑥. Since 𝑥 is an involution and 𝑟 is odd, we may

use [13, Table B.10] (and the additional description provided in [13, 3.5.2]) for a description of the
possibilities for 𝑥. Since 𝑥 has order at least 4, we know that it is not one of the involutions listed
in [13, 3.5.2.1 to 3.5.2.6, 3.5.2.14].
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GROUPS WITH CONJUGACY CLASSES OF COPRIME SIZES 7 of 13

From [13, 3.5.2.7, 3.5.2.11 and 3.5.2.15], we see that |𝐶𝑌(𝑥)| is not divisible by both 𝛼 and 𝛽. So,
these cases cannot be candidates for 𝑥. Finally, the description provided in [13, 3.5.2.10, 3.5.2.12]
shows that these possibilities for 𝑥 leave a totally singular 2-space invariant and so these also
cannot be𝑥. The involutions listed in [13, 3.5.2.16] are conjugate into PGO+

2𝑚
(𝑞) by the triality auto-

morphism and so these cases can be excluded. This completes the investigation of all possibilities
for 𝑥 and 𝑦, thus 𝑌 cannot be isomorphic to PΩ+

2𝑚
(𝑞). □

We also have the following as a corollary.

Corollary 3.1. Suppose that 𝐺 is a finite group with a unique minimal normal subgroup 𝑁 and
that 𝑥, 𝑦 are non-trivial elements of 𝐺. If 𝑁 is non-abelian, then |𝑥𝐺| and |𝑦𝐺| are not coprime. In
particular, Γ(𝐺) is complete.

Proof. Suppose for a contradiction that |𝑥𝐺| and |𝑦𝐺| are coprime.Write𝑁 = 𝑇𝑠 = 𝑇1 ×⋯ × 𝑇𝑠 for
𝑠 ⩾ 1 and 𝑇 a non-abelian simple group. Let 𝑟 ∈ 𝜋(𝑁). By Lemma 2.2, we may assume that 𝐶𝐺(𝑥)

contains 𝑅 ∈ Syl𝑟(𝑁). Since each 𝑇𝑖 intersects 𝑅 non-trivially we see that 𝑥 must normalise each
𝑇𝑖 . Assume that 𝑦 does not centralise any non-trivial Sylow subgroup of 𝑁. Then for any prime
𝑡 ∈ 𝜋(𝑁) we have that 𝐶𝐺(𝑥) contains a Sylow 𝑡-subgroup of 𝑁. In particular, 𝑥 ∈ 𝐶𝐺(𝑁) = 1, a
contradiction. Therefore for some 𝑡 ∈ 𝜋(𝑁) we have that 𝑦 centralises a Sylow 𝑡-subgroup of 𝑁
and so 𝑦 normalises every 𝑇𝑖 .
Let𝑀 =

⋂𝑠
𝑖=1 𝑁𝐺(𝑇𝑖) ⊴ 𝐺. Then, 𝑥, 𝑦 ∈ 𝑀 and |𝑥𝑀| and |𝑦𝑀| are coprime by Lemma 2.1. By

replacing 𝑥 and 𝑦 by suitable 𝐺-conjugates if necessary, neither 𝑥 nor 𝑦 centralises 𝑇1. Let 𝜃 be
the projection from𝑀 toAut(𝑇1). Then, |𝜃(𝑥)𝜃(𝑀)| and |𝜃(𝑦)𝜃(𝑀)| are coprime by Lemma 2.1. This
contradicts Theorem A. □

With this corollary in mind, we can now prove Theorem B.

TheoremB. Suppose that𝐺 is a finite group and 𝑥, 𝑦 ∈ 𝐺 are in conjugacy classes of coprime sizes.
Then, the normal subgroup ⟨𝑥𝐺⟩ ∩ ⟨𝑦𝐺⟩ is abelian. Furthermore, we can write

⟨𝑥𝐺⟩ ∩ ⟨𝑦𝐺⟩ = (⟨𝑥𝐺⟩ ∩ 𝑍(⟨𝑦𝐺⟩))(𝑍(⟨𝑥𝐺⟩) ∩ ⟨𝑦𝐺⟩).

Proof. Set 𝐾 = ⟨𝑥𝐺⟩ and 𝐿 = ⟨𝑦𝐺⟩. We first show that 𝑇 = 𝐾 ∩ 𝐿 is soluble. To do this, by
Lemma 2.1, we may assume for the remainder of this paragraph that the largest soluble nor-
mal subgroup of 𝐺 is trivial and show that 𝑇 = 1. Let 𝑁 be a minimal normal subgroup of
𝐺. Then, 𝑁 is non-abelian as 𝐺 has no soluble normal subgroups. Hence, 𝑁𝐶𝐺(𝑁)∕𝐶𝐺(𝑁) is
non-abelian and is the unique minimal normal subgroup of 𝐺∕𝐶𝐺(𝑁). Applying Corollary 3.1
yields either 𝐾 ⩽ 𝐶𝐺(𝑁) or 𝐿 ⩽ 𝐶𝐺(𝑁). Hence, 𝑇 ⩽ 𝐶𝐺(𝑁) for all minimal normal subgroups
𝑁 of 𝐺. Since 𝐹(𝐺) = 1, 𝐹∗(𝐺) is the product of the minimal normal subgroups of 𝐺 and so
𝑇 ⩽ 𝐶𝐺(𝐹

∗(𝐺)) = 𝑍(𝐹∗(𝐺)) = 𝑍(𝐹(𝐺)) = 1.
We now show that 𝑇 is abelian. Since 𝑇 is soluble, 𝐹∗(𝑇) = 𝐹(𝑇). Let 𝑟 ∈ 𝜋(𝐹(𝑇)). Then, by

Lemma 2.2 either 𝑥 or 𝑦 centralises 𝑂𝑟(𝑇). Since 𝑂𝑟(𝑇) is normal in 𝐺, we have that 𝑂𝑟(𝑇) is
centralised by 𝐾 or by 𝐿 and so is centralised by 𝑇. Since 𝐹(𝑇) = ⟨𝑂𝑟(𝑇) ∣ 𝑟 ∈ 𝜋(𝑇)⟩, we deduce
that 𝑇 ⩽ 𝐶𝑇(𝐹(𝑇)) = 𝑍(𝐹(𝑇)) is abelian, and, in fact 𝑇 = (𝑇 ∩ 𝑍(𝐾))(𝑇 ∩ 𝑍(𝐿)) = (𝐾 ∩ 𝑍(𝐿))(𝐿 ∩

𝑍(𝐾)). □
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8 of 13 CAMINA et al.

Theorem B has the following direct consequence.

Corollary 3.2. Suppose that 𝐺 is a finite group and 𝑥, 𝑦 ∈ 𝐺 are in conjugacy classes of coprime
sizes. If ⟨𝑥𝐺⟩ ⩾ ⟨𝑦𝐺⟩, then ⟨𝑦𝐺⟩ is abelian.

Before we prove Theorem C, we give an example which provides an instance of Corollary 3.2
yet shows that we cannot expect to show that ⟨𝑥𝐺⟩ ∩ ⟨𝑦𝐺⟩ is central in both ⟨𝑥𝐺⟩ and ⟨𝑦𝐺⟩.

Example 3.3. Suppose that 𝐺 = Alt(4). Then, the elements of order 2 are in a conjugacy class of
size 3 and the elements of order 3 are in conjugacy classes of size 4.

Theorem C. Suppose that 𝐺 is a finite group and 𝑥, 𝑦 ∈ 𝐺 lie in conjugacy classes of coprime sizes.
Assume that 𝐾 is a component of 𝐺 or 𝐾 = 𝑂𝑟(𝐺) for some prime 𝑟. Then, ⟨𝐾𝐺⟩ is centralised by 𝑥
or by 𝑦. In particular, if 𝐺 is almost simple then 𝑥 = 1 or 𝑦 = 1.

Proof. If𝐾 = 𝑂𝑟(𝐺), the result follows from Lemma 2.2. If𝐾 is a component of𝐺, [3, (31.4)] yields
that every normal subgroup of𝐺 either centralises𝐾 or contains ⟨𝐾𝐺⟩. In particular, if neither ⟨𝑥𝐺⟩
nor ⟨𝑦𝐺⟩ centralise𝐾, we must have that ⟨𝐾𝐺⟩ ⩽ ⟨𝑥𝐺⟩ ∩ ⟨𝑦𝐺⟩. However, ⟨𝑥𝐺⟩ ∩ ⟨𝑦𝐺⟩ is abelian by
Theorem B. This contradiction proves that at least one of ⟨𝑥𝐺⟩ or ⟨𝑦𝐺⟩ centralises ⟨𝐾𝐺⟩. □

Given Theorem C, the following observation is immediate.

Corollary 3.4. Let𝐺 be a finite group and suppose 𝑥, 𝑦 ∈ 𝐺 lie in conjugacy classes of coprime sizes.
If𝑁 is a minimal normal subgroup of 𝐺 then at least one of 𝑥 or 𝑦 centralises𝑁.

We conclude this section by observing that Theorem D follows from Theorem B.

Theorem D. Let 𝐺 be a finite group and 𝜋 be a set of primes. If 𝑥 and 𝑦 are 𝜋-regular elements of
𝐺 whose conjugacy classes have coprime sizes, then 𝑥𝐺𝑦𝐺 is a 𝜋-regular conjugacy class.

Proof. Assume 𝑥, 𝑦 ∈ 𝐺 have coprime class sizes and 𝑥 and 𝑦 are 𝜋-regular for a set of primes
𝜋. Then, [𝑥, 𝑦] ∈ 𝑆 where 𝑆 is the largest soluble normal subgroup of 𝐺 by Theorem B. Hence,
⟨𝑥, 𝑦⟩𝑆∕𝑆 is abelian and ⟨𝑥, 𝑦⟩𝑆 is soluble. Now, Lemma 2.3 shows that 𝑥𝐺𝑦𝐺 = (𝑥𝑦)𝐺 is a 𝜋-
regular conjugacy class. This proves Theorem D. □

4 SOME CONSEQUENCES OF THEOREMD

As mentioned in Section 1, for 𝑝 a prime, several published results concerning graphs associ-
ated with 𝑝-regular conjugacy classes of a group have been proved assuming that the group
is 𝑝-soluble. In many cases, this assumption was used only to ensure that the product of two
𝑝-regular conjugacy classes of coprime sizes is itself a 𝑝-regular conjugacy class. Now, as a
consequence of Theorem D, these results can be extended. In this final section, we collect the
corresponding generalisations.
In [23], Lu and Zhang introduced the graph Δ𝑝(𝐺) on the set of 𝑝-regular conjugacy class sizes

of a finite group 𝐺. The vertices of Δ𝑝(𝐺) are the prime numbers that divide the size of some 𝑝-
regular conjugacy class, and an edge joins two vertices 𝑟 and 𝑠 whenever their product 𝑟𝑠 divides
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GROUPS WITH CONJUGACY CLASSES OF COPRIME SIZES 9 of 13

the size of some 𝑝-regular conjugacy class. In [21], Iranmanesh and Praeger observed that there
is a close connection between Δ𝑝(𝐺) and Γ𝑝(𝐺) which is illuminated by considering the bipartite
divisor graph. This graph has vertices, the disjoint union of the vertices of Δ𝑝(𝐺) and Γ𝑝(𝐺), and
a prime 𝑟 is joined to |𝑥𝐺| if 𝑟 divides |𝑥𝐺|. Consideration of this graph makes it clear that Δ𝑝(𝐺)

and Γ𝑝(𝐺) have the same number of connected components and the diameters of these connected
components differ by at most 1 (this has previously been noted by Lewis [22, Corollary 3.2]).
This first corollary is an extension of the main results in [4, 5, 23] and, in particular, generalises

[4, Theorem 4] and [5, Theorem A] for Δ𝑝(𝐺), and [4, Theorems 1,2,3] for Γ𝑝(𝐺).

Corollary 4.1. Let 𝐺 be a finite group and 𝑝 be a prime. Then, the graphs Δ𝑝(𝐺) and Γ𝑝(𝐺) are
either connectedwith diameter atmost three or have exactly two connected components, both ofwhich
are complete.

Proof. It is sufficient to adapt the proof of [23, Lemma 1] and all the results in [4, 5], taking into
account Theorem D. □

We also provide a generalisation of [7, Theorem 2] to use in the proofs of Corollaries 4.3 and
4.5.

Corollary 4.2. Suppose that 𝐺 is a finite group. Let 𝐵 be a 𝑝-regular conjugacy class of maximal
size and write

𝑀 = ⟨𝐷 ∣ 𝐷 is a 𝑝-regular conjugacy class and (|𝐷|, |𝐵|) = 1⟩.

Then,𝑀 is an abelian 𝑝′-subgroup of 𝐺. Furthermore, 𝑍𝑝′ = 𝑍(𝐺) ∩ 𝑂𝑝′(𝐺) ⩽ 𝑀 and 𝜋(𝑀∕𝑍𝑝′) ⊆

𝜋(|𝐵|).

Proof. This follows as the proof of [7, Theorem 2] since it only requires [23, Lemma 1] and this
holds for an arbitrary finite group by Theorem D. □

A group 𝐺 is called a quasi-Frobenius group if 𝐺∕𝑍(𝐺) is a Frobenius group. In this context, we
refer to the preimages in 𝐺 of the Frobenius kernel and of Frobenius complements of 𝐺∕𝑍(𝐺) as
the kernel and complements of 𝐺, respectively.
The next result extends [4, Theorem 5].

Corollary 4.3. Let 𝐺 be a finite group and 𝑝 be a prime. Suppose that Γ𝑝(𝐺) is not connected.

i) If 𝑝 does not divide any vertex of Γ𝑝(𝐺), then 𝐺 = 𝑃 × 𝐻 where 𝑃 ∈ Syl𝑝(𝐺) and 𝐻 is a
𝑝-complement of 𝐺 which is a quasi-Frobenius group with abelian kernel and complements.

ii) If 𝑝 divides some vertex belonging to the connected component which does not contain the largest
size of a 𝑝-regular class, then 𝐺 is 𝑝-nilpotent and the normal 𝑝-complement of 𝐺 is a quasi-
Frobenius group with abelian kernel and complements.

Proof. For part (i) we apply a result of Camina [14, Lemma 1] to see that the Sylow 𝑝-subgroup
𝑃 is a direct factor of 𝐺. This replaces [4, Proposition 2]. Then, application of [4, Proposition 3]
proves (i).
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10 of 13 CAMINA et al.

Part (ii) follows as in the proof of [4, Theorem 5] using 𝐾1 = 𝑀 of Corollary 4.2 and applying
[4, Proposition 3]. □

Remark 4.4. Suppose that Γ𝑝(𝐺) is not connected. Let us denote by 𝑋1 and 𝑋2 its two (complete)
connected components and assume that 𝑋2 contains a 𝑝-regular class of maximal size. In this
situation, the previous result shows that when either 𝑝 does not divide any vertex of Γ𝑝(𝐺), or 𝑝
divides some vertex in 𝑋1, then 𝐺 is soluble.
This leaves the possibility that 𝑝 divides some vertex in𝑋2. This case was analysed in [7], where

it was proved that if 𝐺 is 𝑝-soluble then it is soluble. However, we cannot immediately employ
Theorem D to remove the 𝑝-solubility hypothesis in this situation (see [7, Theorem 9, Corollary
10, Theorem 12]) and so whether the solubility conclusion extends to an arbitrary finite group
remains an open question.

The methods and results developed for Γ𝑝(𝐺) in [4] have been used by the same authors in
[6] to study the structure of a 𝑝-soluble group 𝐺 in a range of different arithmetic situations for
the set of sizes of its 𝑝-regular conjugacy classes. We state next the corresponding generalisations,
removing the 𝑝-solubility assumption of 𝐺 by virtue of Theorem D.

Corollary 4.5. Let 𝐺 be a finite group and 𝑝 be a prime. Denote by 𝑚 and 𝑛 the two largest sizes
of 𝑝-regular conjugacy classes of 𝐺 and assume 𝑚 > 𝑛 > 1. Suppose further that (𝑚, 𝑛) = 1 and 𝑝
does not divide 𝑛. Then, 𝐺 is soluble, and the following hold:

i) The set of sizes of the 𝑝-regular conjugacy classes of 𝐺 is {1, 𝑛,𝑚}.
ii) A 𝑝-complement of 𝐺 is a quasi-Frobenius group with abelian kernel and complements.

Furthermore, its set of class sizes is {1, 𝑛,𝑚𝑝′}.

Proof. The proof runs as in [6, Theorem A] with the following modifications. First of all, [6, Lem-
mas 1 and 2] are true generally by TheoremD, and the same holds for [6, Theorem 3]which should
be replaced by Corollary 4.2. Now, Steps 1 to 8 of [6, Theorem A] can be mimicked. Step 9 can be
proved without taking a 𝑝-complement of 𝐶𝐺(𝑎), since one can simply work with each Sylow 𝑟-
subgroup of 𝐶𝐺(𝑎) for each prime 𝑟 ≠ 𝑝. Finally, Step 10 can also be proved without the initial
sentence, where a 𝑝-complement of 𝐺 is taken. □

Corollary 4.6. Let 𝐺 be a finite group and 𝑝 be a prime. Suppose that the sizes of the 𝑝-regular
conjugacy classes of𝐺 are {1,𝑚, 𝑛}, with (𝑚, 𝑛) = 1. Then, 𝐺 is soluble, and the 𝑝-complements of 𝐺
are quasi-Frobenius groups with abelian kernel and complements. Moreover, the set of class sizes of
a 𝑝-complement of 𝐺 is {1,𝑚𝑝′ , 𝑛𝑝′ }.

Proof. We can argue as in [6, Corollary B], but taking into account that [4, Theorem 5] can be
replaced by Corollary 4.3, and [6, Theorem A] by Corollary 4.5. □

Corollary 4.7. Let 𝐺 be a finite group and 𝑝 be a prime. If the set of sizes of non-central 𝑝-regular
conjugacy classes of𝐺 is of the form {𝑛, 𝑛 + 1,… , 𝑛 + 𝑟} for suitable integers 𝑛 and 𝑟, then𝐺 is soluble
and one of the following holds:

i) 𝑟 = 0, 𝑛 = 𝑝𝑎 for some positive integer 𝑎, and 𝐺 has abelian 𝑝-complements.
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ii) 𝑟 = 0, 𝑛 = 𝑝𝑎𝑞𝑏 where 𝑞 ≠ 𝑝 is a prime, 𝑎 ⩾ 0, 𝑏 ⩾ 1, and 𝐺 = 𝑃𝑄 × 𝐴 with 𝑃 ∈ Syl𝑝(𝐺), 𝑄 ∈

Syl𝑞(𝐺) and 𝐴 ⩽ 𝑍(𝐺). Moreover, if 𝑎 = 0 then 𝐺 = 𝑃 × 𝑄 × 𝐴.
iii) 𝑟 = 1 and any 𝑝-complement of 𝐺 is a quasi-Frobenius group with abelian kernel and comple-

ments. Further, if 𝑝 does not divide 𝑛 then 𝐺 is 𝑝-nilpotent and if, in addition, 𝑝 does not divide
𝑛 + 1 then 𝐺 = 𝑃 × 𝐻, where𝐻 is the 𝑝-complement of 𝐺.

Proof. We follow the proof of [6, Theorem C], but replacing [6, Theorem 6] by [1, Theorem A],
[6, Corollary B] by Corollary 4.6, [6, Lemma 7] by [14, Lemma 1], and again [4, Theorem 5] by
Corollary 4.3. □

We also include the following statement, which extends [6, Theorem D] to the general case.
However, note that an elementary induction argument and Burnside’s theorem yield that a
group in which every 𝑝-regular conjugacy class of 𝐺 has prime power size is soluble. Thus, our
contribution is just to record the result for an arbitrary finite group.

Corollary 4.8. Let𝐺 be a finite group and𝑝 a prime. Every𝑝-regular conjugacy class of𝐺 has prime
power size if and only if 𝐺 is soluble and one of the following holds:

i) 𝐺 has abelian 𝑝-complements. This occurs if and only if the size of every 𝑝-regular conjugacy
class is a power of 𝑝.

ii) 𝐺 is nilpotent with abelian Sylow 𝑟-subgroups for all primes 𝑟 distinct from 𝑝 and from some
prime 𝑞 ≠ 𝑝. This occurs if and only if the size of every 𝑝-regular class is a power of 𝑞.

iii) 𝐺 = 𝑃 × 𝐻, where 𝑃 ∈ Syl𝑝(𝐺) and 𝐻 is a 𝑝-complement of 𝐺. Furthermore, 𝐻 is quasi-
Frobenius with abelian kernel and complements, and the set of conjugacy class sizes of 𝐻 is
{1, 𝑞𝑠, 𝑟𝑡} for positive integers 𝑠, 𝑡 and for some primes 𝑞 ≠ 𝑟, both distinct from 𝑝. This occurs
if and only if the set of sizes of the 𝑝-regular conjugacy classes is exactly {1, 𝑞𝑠, 𝑟𝑡}.

□
To close, as mentioned in [26, Remark 2.2], the main result of that paper holds for an arbitrary

group 𝐺 as a consequence of Theorem D.

Corollary 4.9. Let 𝐺 be a finite group and 𝑝 be a prime. Then, Γ𝑝(𝐺) is a 𝑘-regular graph for some
integer 𝑘 ⩾ 1 if and only if it is a complete graph with 𝑘 + 1 vertices.

As indicated in Section 1, the above results can be regarded as generalisations of the correspond-
ing results for Γ(𝐺); in fact, it is enough to apply them with a prime 𝑝 not dividing the order of 𝐺
to recover the main results of [2, 9–11, 15].
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