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Abstract 

 
BSTRACT 
 
 
 

 
In the last thirty years, the aerodynamic nonlinearities related to the slow variation of the angle of attack 

produced by large-scale atmospheric turbulence and their impact on the buffeting response of long-span 
suspension bridges have been a hot topic in wind engineering research. Self-excited forces accounting for such 
an effect of turbulence have been crucial in predicting the dynamic response of bridge sectional models and 
long-span suspension bridges subjected to multi-harmonic gusts and the turbulent wind, respectively. Despite 
several nonlinear aerodynamic models produced by the scientific community throughout the last years, only 
few studies on full suspension bridges nonlinear buffeting response in realistic turbulent flows are available. 
This doctoral work addresses this topic, aiming to enlarge the understanding of the effects of turbulence on the 
suspension bridge buffeting response. 

The first contribution of this work concerns nonlinear aerodynamic load modelling. Indeed, large-scale 
atmospheric turbulence produces large-amplitude low-frequency fluctuations of the angle of attack that can 
significantly change the self-excited and the external buffeting forces acting on a bridge deck. Assuming that 
the angle of attack varies slowly compared to the bridge motion, a time-variant linear model relying on Roger’s 
rational function approximation (RFA) of the force transfer function is proposed for modelling self-excited 
forces. In particular, an existing model is improved by a flexible fitting of the RFA directly in the multivariate 
space of reduced velocity and angle of attack. Another contribution of the present work is setting up an 
experimental procedure based on bi- or multi-harmonic forced-vibration tests to underscore the variation of 
magnitude and phase of self-excited forces under a time-variant angle of attack. These wind tunnel tests also 
allowed a sound experimental validation of the proposed model, considering two quite different bridge deck 
cross-sections as case studies. Aerodynamic derivatives for various angles of attack were measured to 
determine the model parameters. Despite its simplicity, the model yields accurate results up to relatively fast 
variations of the angle of attack, and it can reproduce the complicated behaviour of the self-excited forces 
revealed by the experiments. The model performance strongly depends on the goodness of the RFA-based 
fitting of aerodynamic derivatives, and the excellent results obtained were possible thanks to the high flexibility 
of the proposed method. Then, the nonlinear external buffeting forces are formulated to achieve a reasonable 
compromise between the conflicting needs of modelling both nonlinear and unsteady effects of wind velocity 
fluctuations. 

Then, the proposed 2D RFA model for self-excited forces and the nonlinear buffeting forces are incorporated 
into a stochastic time-variant state-space framework to assess the nonlinear buffeting response of a suspension 
bridge. The most important feature of this model is the modulation of the self-excited forces due to the spatio-
temporal fluctuation of the angle of attack produced by low-frequency turbulence. Such an angle of attack 
accounts for the spatial wind correlation along the bridge girder. The model is applied to the Hardanger 
Bridge in Norway, considering different wind conditions. Indeed, the aerodynamic derivatives of this bridge 
deck cross-section present a strong dependence on the mean angle of attack. Moreover, a novel approach is 
suggested, diversifying the cut-off frequencies for the considered input motion components in the self-excited 
forces. In the wake of this, the thesis also investigates the sensitivity of the response statistics to the model cut-
offs used to separate the low-frequency and the high-frequency turbulence band. The results emphasise the 
significant impact on the buffeting response and flutter stability of considering time-variant self-excited forces, 
though in specific cases the classical linear time-invariant approach is found to provide accurate predictions 
of the bridge vibrations. 
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1 Introduction 
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1.1 General overview 

Nowadays, the awareness about the risk concerning the natural disaster and the effects 

produced from the latter in an economic and social environment is highly increased. 

Therefore, several organisations were established to monitor the international situation, 

allowing the public administrations to improve their response in case of emergency, or better, 

to plan preventive measures to minimise the risk.  

According to the "Centre for Research on the Epidemiology of Disaster" (CRED), the most 

significant natural disasters include windstorms. Indeed, a natural disaster report is published 

every year in which many statistical pieces of information are furnished. In 2019, there were 

90 windstorms around the world (Fig.1), causing 2525 deaths, involving 32.8 million people 

and provoking 90 billion dollars of loss, placing itself in the second position as economic 

losses produced. Moreover, the hazard increases for several reasons (climate changes, 

structures susceptibility and others), and there is evidence that human activities play a crucial 

role in all this. In such a scenario, humanity advances and always more resources are invested 

in technologic innovations, structures, and infrastructure that must coexist with natural 

catastrophic events such as a windstorm.  

 

Figure 1: Economic losses (billion US$) by disaster type: 2019 compared to 2008-2018 annual 
average (image taken from Centre for Research on the Epidemiology of Disasters). 

As regards wind and structures, the human need to aim aloft more and more in the field of 

constructions led to design structures being increasingly slender thanks to technological 

innovation in materials and numerical calculation. However, this has increased the 

susceptibility of these structures to wind excitation. Indeed, slender structures highlight the 

natural oscillation frequency in the same range in which the fluctuating part of the wind 
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velocity shows most of the energy. This overlap may produce dynamic excitation that must 

be correctly evaluated and absorbed by the structures. 

Skyscrapers and suspension bridges employ the upper limit of innovative technologies and 

slenderness. Indeed, the wind-induced dynamic response assessment represents a primary 

condition during the concept of these structures. The wind-induced response depends on the 

load and structural characteristics, but in some cases, it might also depend on their mutual 

influence. Indeed, when a structure is remarkably flexible, the forces produced by the 

motion, commonly called self-excited forces, are not negligible compared to the inertia and 

elastic ones. The branch of knowledge that includes such phenomena is called aeroelasticity. 

The aeroelastic phenomena were well known in the aeronautical field but at 10 am on 7th 

November 1940, there was an event that captured the attention of civil engineers, the collapse 

of the suspended-span bridge over the original Tacoma Narrows (Washington, USA). Under 

a modest wind speed, the Tacoma bridge started to oscillate in torsion up to the collapse, 

which happened one hour and ten minutes later (Fig.2). The cause of the collapse was 

attributed to a phenomenon of self-excited vibration due to fluid-structure interaction 

commonly known as torsional flutter (Bisplinghoff, 2013; Fung, 2008). The bridge had been 

designed for a very high static wind speed, but the self-excited forces produced by the 

structural motions had not been considered in the design.  

  

Figure 2: The collapse of the Tacoma Narrows Bridge on 7th November, 1940 (photos taken from 
The Seattle Public Library) 

After the Tacoma bridge collapse, the aeroelasticity of structures has made progress in 

leaps and bounds. The scientific community started investigating such problems through 

experimental, theoretical, and numerical methods, producing many scientific publications. 
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Nowadays, suspension bridge cross-sections are designed with innovative shapes to mitigate 

catastrophic aeroelastic phenomena such as torsional divergence, galloping, coupled flutter, 

and others. The wind effects are increasingly a concern for bridge designers due to high 

flexibility that penalise structural stiffness and damping. Indeed, despite the technological 

advancement in designing and erecting suspension bridges, other unexpected wind-induced 

vibrations occurred in the last thirty years. An exemplifying case is the one of the Storebælt 

Bridge (Larsen et al., 2000), where, during the final phases of girder erection, the suspension 

spans of the bridge highlighted unacceptable vortex-induced oscillations. The wind tunnel 

tests on the Storebælt Bridge cross-section did not highlight this problem for the service 

wind velocity range, which was mitigated by devising guide vanes (Fig. 3) with a consequent 

cost increase. Vortex-induced oscillations do generally not cause significant stresses, but if 

the wind speed for their onset is sufficiently low, as in this case, they may occur frequently 

and produce fatigue damages (Pasto, 2005). 

 

Figure 3: Arrangement of the guide vanes along with the bottom/lower side panel joint of the 
Storebñlt suspension bridge girder cross-section (drawing taken from Larsen et al., 2000). 

Despite the vortex-induced vibration, usually connected to the bridge serviceability and 

fatigue limit state, design stresses are related to the static and fluctuating wind velocity 

effects. The static force produced by steady wind produces significant stresses in all the 

structural elements. In particular, the drag component is the most important one since it 

provokes the horizontal deflection of the bridge girder, which usually provides the most of 

the girder design stresses. For this reason, it is crucial to achieve low drag forces in bridge 

decks; then, streamlined box girders are encouraged to be developed. On the other hand, the 

fluctuating part of the wind velocity, produced by the wind gustiness commonly known as 

buffeting (chapter 2), results in a random loading of the structure. When bridge structures 

are exceptionally slender, the aeroelastic self-excited forces may substantially change the 

structure's dynamic features, affecting the bridge buffeting response (coupled buffeting). 

Moreover, such aeroelastic effects produce divergent oscillations when the mean wind 
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velocity reaches a critical value, leading to modes where the aerodynamic damping cancels 

the structural one (Hopf bifurcations such as galloping and flutter). 

Generally, suspension bridges are designed without considering any interaction between 

self-excited and buffeting forces, which are determined separately and then linearly 

superposed. However, for some bridge cross-sections, it has been seen that the incoming 

turbulence wind can change the bridge aerodynamic characteristics, affecting the flow 

structure along the girder and then the self-excited forces. It has been seen as such a nonlinear 

aerodynamics interaction may induce stabilising or destabilising effects in bridge buffeting 

response, pushing the development of the current linear aerodynamics which has 

successfully served thus far. The bridge buffeting response in turbulence flow has been a hot 

topic in wind engineering research in the last thirty years, since the effects produced by the 

above-mentioned mutual interaction are still controversial and uncleared. This work aims to 

explore this topic from both experimental and numerical points of view. 

1.2 Motivation and contributions of the present research work 

During the last years of the 20th century, human ingenuity has achieved crossings 

employing suspension bridges with main spans of about 2000 m (e.g. Akashi Bridge, having 

main spans of 1991 m). Nowadays, in the 21st century, the Turkish Çanakkale 1915 Bridge 

(with a main span of 2023 m) slightly overcomes this limit. Presumably, the number of 

super-long-span suspension bridges will increase in the next years, as suggested by Messina 

and Gibraltar Strait crossing projects (3300 m and 3500 m, respectively), and the even more 

ambitious Norwegian infrastructure project Ferjefri E39. Here, the Norwegian government 

has exhibited the desire to have a continuous highway along the west coast, between 

Kristiansand and Trondheim, which is dominated by a complex terrain due to fjord and 

mountains. Currently, in the Coastal Highway E39, seven ferries operate in the crossing of 

the fjords, returning in an extended trip of approximately 21 hours. Replacing the ferries 

with fixed links will halve the travel time, with substantial economic impacts. However, the 

typical complex terrain condition of the Norwegian fjords makes this challenging. Indeed, 

the fjords crossing are usually longer than 2000 m with deep water not allowing mid-

supports. 

For this reason, other innovative crossing solutions are still under evaluation, such as multi-

span suspension bridges with floating towers, floating pontoon bridges or submerged 
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floating tunnels. The fjord crossings are listed in Table 1, with the bridge solutions 

considered by the Norwegian Public Road Administration (NPRA). It can be stated that 

suspension bridges (bolded in Table 1) are considered a viable solution for many reported 

crossing and, if realised, they will probably break the world record by a significant margin. 

Table 1: List of fjord crossings in Ferry-Free E39 Project 

Fjord crossing  Length (km) Depth (m) Considered solution 

Halsafjorden 2 600 single-span susp. bridge/floating pontoon 

bridge/ submerged floating tunnel/ multi-span 

susp. bridge with floating pylons 

Julsundet 1.6 600 single-span susp. bridge 

Vartdalsfjorden 2.1 600 single-span susp. bridge/floating pontoon bridge 

Sulafjorden 2.8 500 single-span susp. bridge/ multi-span susp. 
bridge/ multi-span susp. bridge with floating 

pylons/ floating pontoon bridge 

Nordfjorden 1.5 500 single-span susp. bridge 

Sognefjorden 3.7 1250 single-span susp. bridge/ submerged floating 
tunnel/ floating pontoon bridge/ multi-span 

susp. bridge with floating pylons 

Bjørnafjorden 5 600 multi-span susp. bridge with floating towers 
/floating pontoon bridge/ submerged floating 

tunnel 

Langenuen 1.3 500 single-span susp. bridge 

 

For these cutting-edge constructions, bridge buffeting response to turbulent wind governs 

the structural design, and then the uncertainty associated with the aerodynamic load must be 

handled with care, as it significantly affects the overall structural reliability. Furthermore, 

additional complications arise due to the peculiar fjord terrain morphology, which may 

induce high turbulence conditions combined with inclined mean wind speeds (Cheynet et 

al., 2020; Fenerci et al., 2017) or even a non-uniform mean wind velocity along the bridge 

girder (Ren et al., 2021). 

The current study aims at assessing the bridge buffeting response in turbulent flow, trying 

to consider the influence of the incoming turbulent flow on the self-excited forces produced 

by the bridge motion. The aerodynamic load will also have to account for self-excited force 

modulation according to the spatial correlation of the wind velocity fluctuations. Hence, a 

nonlinear model for aerodynamic load in turbulent flow is proposed, validated, and finally 

applied to the case of the full structure of the Hardanger Bridge, Norway. 
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Particular attention has been paid to assessing the model capability in reproducing the 

mutual interaction between large-scale turbulence and self-excited forces. For this purpose, 

numerical results are validated with a new wind tunnel experimental test that can reproduce 

this physical interaction in a readable and straightforward way. 

Finally, the resulting aerodynamic load is implemented in a scheme for analysing nonlinear 

bridge buffeting response in a turbulent flow. Such a numerical framework is finally applied 

to the case of the Hardanger Bridge, Norway, loaded by different turbulent wind conditions. 

This part of the work aims to enhance the understanding of nonlinear bridge buffeting 

response in real turbulent flow, being only few cases documented in the literature, with often 

controversial results. 
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CHAPTER 2 
 
 

 

2 Coupled buffeting: linear models 

 
 

 
 
 

 This chapter briefly describes the mile-stones linear models in bridge 
buffeting. The first part introduces the linearised dynamic equation of a 
bridge structure in generalised coordinates. In the second part, the 
aerodynamic wind load is determined by linearising the nonlinear quasi-
steady model, and the linear unsteady buffeting and self-excited forces 
formulations are presented. Finally, the most used framework for assessing 
the linear bridge buffeting response is reported and discussed underlying 
pros and cons.     
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2.1 A brief literature overview 
 

As introduced in the preliminary section of this manuscript, buffeting load is due to the 

turbulence in the incoming wind. For most structures, buffeting does not need to be treated 

as an aeroelastic phenomenon since the effects of the structural motion are small with respect 

to those of the wind gust. However, flexible structures such as slender towers or suspension 

bridges, once excited by the gust loading, undergo significant vibrations that interact with 

the flow and may affect the structural response. In these cases, bridge aeroelasticity plays a 

crucial role in modelling long-span bridge buffeting response, and therefore the correct 

modelling of buffeting and self-excited forces in turbulent flow is crucial.  

Over the past, several schemes have been proposed to model the bridge behaviour from the 

aerodynamic and aeroelastic perspectives. Davenport, 1962, introduced the first approaches 

where, based on the theory of random vibration, the stochastic dynamic response of a bridge 

deck under random turbulence loading was conducted through spectral analysis in the 

frequency domain. For the buffeting forces, Davenport considered unsteady effects through 

the so-called aerodynamic admittance functions and joint acceptance functions, whereas a 

quasi-steady approach was adopted for the self-excited forces. Later, Scanlan and Tomko, 

1971, introduced one of the works that can be considered one of the most important schemes 

to pave the way towards modern bridge aerodynamics and aeroelasticity introducing the 

frequency-dependent aerodynamic derivatives (section 2.3). Scanlan's theory includes the 

fluid memory effect in modelling the self-excited forces that prove crucial in buffeting and 

flutter stability assessments for long-span suspension bridges. In such early practices, a 

mode-by-mode approach was used where the modal responses contributions were combined 

by a modal combination approach, such as the square-root-of-sum-of-squares (SRSS) (Lin 

and Yang, 1983; R H Scanlan, 1978). These approaches do not consider the modal coupling 

effects because most practical long-span bridges engineering problems are likely damping-

driven from torsional motion. Chen et al. (2001) highlighted the crucial role of the 

aerodynamic coupling among modes in estimating bridge buffeting response, especially 

when mean wind velocity increases. Among the others, Chen and Kareem (2008), Katsuchi 

et al. (1999) and Øiseth et al. (2010) also showed that multimode effects might be either 

stabilising or destabilising. During the 1990s, other linear unsteady models in the frequency 

domain were used to evaluate the coupled bridge buffeting response (Agar, 1989; Jain et al., 

1996; Katsuchi et al., 1999).  
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Frequency domain approaches are proved to be reliable and computationally efficient; on 

the other hand, they show a set of limitations due to their intrinsic linear nature. Over the 

past 20 years, time-domain approaches have been widely used in flutter and coupled 

buffeting response assessment of suspension bridges. Chen et al. (2000) first introduced the 

multimodal flutter and coupled buffeting analysis, where the state-space formulation was 

used to model wind forces and structure features. Here, the unsteadiness contributions related 

to bridge motion were approximated with rational functions and implemented as additional 

aeroelastic states. Such a scheme allows assessing the critical flutter velocity through the 

eigenvalue analysis of the state matrix without using any iterative procedures compared to 

the frequency domain analysis. In Salvatori and Spinelli (2006), the pre-and post-critical 

behaviour in bridge buffeting response was investigated considering the geometric 

nonlinearities of the structure. Recently, Xu et al. (2017) used the time-domain approach to 

estimate the long-term extreme load effects on the Hardanger bridge (Norway) due to wind. 

Lately, linear buffeting response and flutter stability of long-span bridges has also been the 

object of an international benchmark organised by the International Association for Bridge 

and Structural Engineering (https://iabse.org/Committees/Technical-Groups/Task-

Groups/Task-Group-31), where the problem has been addressed with an increasing level of 

complexity (Diana, Stoyanoff, Aas-Jakobsen,…, Hernandez, et al., 2020; Diana, Stoyanoff, 

Aas-Jakobsen, …, Hernández, et al., 2020). 

A brief review of milestones on linear models is presented in this chapter. In particular, the 

numerical schemes provided by this chapter are intended to pave the way for the next chapter 

on nonlinear buffeting response models, which are the main topic of this work. 

2.2 Linear dynamic modelling of suspension bridge structures 

The problem of modelling the dynamics of these nonlinear structures has been faced in the 

literature with a continuous (e.g. see Abdel-Ghaffar, 1982; Lacarbonara and Arena, 2008) 

or, more often, with a discrete approach using the finite element method (e.g. Agar, 1989; 

Namini, 1992; Øiseth et al., 2012; Salvatori and Spinelli, 2006). In this work, suspension 

bridge response is considered in the sub-critical condition, and then the structure is supposed 

to undergo a regime of small oscillations. In this case, the suspension bridge model can be 

considered linearised around the bridge service conditions, accounting for the cables 

geometric nonlinearity produced by the self-weight.  
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Under these simplified assumptions, suspension bridge dynamics can be described through 

a second-order differential equation with respect to time in generalised coordinates through 

a certain number of modes shapes to reduce the expressional complexity. Then, by carrying 

out a modal analysis of the suspension bridge around the deformed configuration under self-

weight (or self-weight and static wind load), the bridge cross-section global displacement 

vector 𝐫 can be expressed as the sum of the products of selected natural mode shapes, 𝛟 (𝑥), 

and the corresponding principal coordinates, 𝛈 (𝑡): 

 
Figure 4: Sketch of the reference system for global deflections of the bridge cross-section. 

𝐫(𝑥, 𝑡) = 𝚽(𝑥)𝛈(𝑡)                                                                                                                      (2.2.1) 

where  

𝐫(𝑥, 𝑡) = [𝑦  𝑧  𝜃]    

𝚽 = [𝛟  … 𝛟 ] ∈ ℝ ×    ;   𝛟 = 𝜑    𝜑    𝜑    ;   𝛈 = 𝜂 … 𝜂  

where  𝜑 , 𝑗 ∈ {𝑦, 𝑧, 𝜃} denotes the horizontal, vertical and torsional modal displacements 

along the girder, while 𝑥 represents the axial coordinate. 𝑁  represent the number of 

modes considered in the calculation. On the other side, the fluid system is considered through 

the actions exchanged along the body interface due to fluid-elastic interactions. In this 

section, the flow-induced loads will be considered a system of external forces applied along 

the girder and then considered in generalised coordinates. Accordingly, the modal 

transformation introduced in Eq. 2.2.1, the modal wind load vector can be expressed as: 

𝐪 = ∫ 𝚽
ℓ

𝐪𝑑𝑥 ∈ ℝ                                                                                                         (2.2.2) 

where ℓ means that the integral is extended over the entire length of the bridge deck. 
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Moreover, the cross-wind component can be neglected since the suspension bridge girder is 

a line-like structure. The equation of motion  can be written in the modal space as follows: 

𝐌�̈� + 𝐂�̇� + 𝐊𝛈 = 𝐪(𝑉 , 𝑢, 𝑤, �̈�, �̇�, 𝛈)                                                                                     (2.2.3) 

Here, 𝐌, 𝐂 and 𝐊 are the generalised mass, damping and stiffness diagonal matrices. Once 

the number of modal shapes is decided to reproduce the structural motion well, the bridge 

buffeting response can be determined by solving Eq. 2.2.3.  

Now, the problem is how to model the load 𝐪 and to choose the methodology to solve the 

equation of motion that can be solved in the frequency or time domain. Generally, such 

choices are linked since nonlinear aerodynamic models can only be considered in the time 

domain. 

2.3 Conventional aerodynamic linear approaches 

There are four primary wind-induced force contributions for long-span bridges: a time-

independent part due to the mean wind velocity, a fluctuating part due to the turbulent wind 

field, self-excited forces generated by the motion of the structure and forces due to vortex 

shedding. In a linearised model, these forces are uncoupled and then considered separately.  

In order to figure out the origin of the first three contributions (the vortex shedding 

phenomena is not dealt with in this thesis), let us start from a simple nonlinear theory. 

2.3.1 Quasi-steady model 

The quasi-steady theory, first introduced in wind engineering to study the galloping 

phenomenon on bluff cylinders (Parkinson and Brooks, 1961), is central to a large class of 

aerodynamic and aeroelastic analysis schemes. In this model, the structural motion is 

described as a succession of steady configurations, and the wind-induced forces acting on 

the structure at a specific instant are equal to those obtained when the body moves with 

constant translational and rotational velocities, whose value is equal to the real instantaneous 

ones. This theory is usually applied in aeroelasticity when the time needed by the fluid 

particles to travel the bridge width (𝐵/𝑉 , where 𝐵 represents the bridge girder width and 

𝑉  the mean wind velocity) is small compared to the period of oscillation of the structure 

(2𝜋/𝜔). Moreover, such a model considers that the size of flow disturbances are larger than 

the deck width, and the fluid particle does not notice the history of body motion as it passes 

through it; then, the so-called fluid memory effects are negligible (Bisplinghoff et al., 2013; 
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Miyata et al., 1995; Zasso et al., 1999).  

Now considering the reference system in Fig. 5, the wind forces can be expressed as: 

 

Figure 5: Sketch of the reference system for bridge displacements, forces and wind velocities. 

𝐪 = 𝜌𝐵𝑉
cos(𝛼) − sin(𝛼) 0
sin(𝛼) cos(𝛼) 0

0 0 1

𝐶 (𝛼 + 𝜃 + 𝜃 )

𝐶 (𝛼 + 𝜃 + 𝜃 )

𝐵𝐶 (𝛼 + 𝜃 + 𝜃 )
                                                 (2.3.1) 

𝑉 = (𝑉 + 𝑢 − �̇�) + 𝑤 − �̇� + 𝛽𝐵�̇�                                                                                  (2.3.2) 

𝛼 = atan
̇ ̇

̇
   ,   𝑖 ∈ {𝐷, 𝐿, 𝑀}                                                                                      (2.3.3) 

𝑉  is the relative wind velocity, 𝜃  is the static rotation of the bridge, and 𝛼 is the 

instantaneous angle of attack due to turbulence. 𝐶 , 𝐶  and 𝐶  are the drag, lift and moment 

aerodynamic coefficients, normalised with the deck width, which are usually measured with 

static wind tunnel tests. 𝛽  is the distance from the shear centre to the downwash point, 

defining the angle of attack associated with the angular velocity. Different procedures have 

been developed in the literature to evaluate this parameter introduced by Irwin et al. (1978). 

Diana et al. (1993) showed that this point can be different for drag, lift, and torque force and 

identified by measuring the bridge cross-section aerodynamic derivatives (section 3.2). 

When bridge cross-section is very streamlined, the evaluation of 𝛽  coefficients can be made 

analytically by assuming the airfoil aerodynamic behaviour. In such a case, Theodorsen, 

(1979), provided the theoretical solution of the airfoil based on the potential flow theory, 

according to which the downwash position of the lift force is at  𝛽 = 𝐵/4 while for the 

torque moment 𝛽 = 0 (the along wind component is identically zero for the airfoil). 
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The main attractive feature of this force formulation in its nonlinear form is the ability to 

evaluate the wind load as a function of the effective angle of incidence between the flow and 

the structure. 

If the fluctuating part of the wind velocity is small with respect to the mean wind velocity 

and the structure undergoes small oscillations, the quasi-steady theory can be linearised as 

follows: 

𝑉 ≅ 𝑉 + 2𝑉 𝑢 − 2𝑉 �̇� = 𝑉 1 + +
̇

                                                                       (2.3.4) 

𝛼 ≅ −
̇

+
̇
                                                                                                                     (2.3.5) 

Then expanding the static coefficients in Taylor's series around the static equilibrium 

position (𝜃 ), keeping the linear term and neglecting the products of small quantities as 

high-order infinitesimals, after some manipulation, the aerodynamic force vector 𝐪  can be 

written as follows: 

𝐪 =

𝐶̅

𝐶̅

𝐵𝐶̅
+      

2𝐶̅ 𝐶̅ − 𝐶̅

2𝐶̅ 𝐶̅ + 𝐶̅

2𝐵𝐶̅ 𝐵𝐶̅

𝑢
𝑤

+       

0 0 𝐶̅

0 0 𝐶̅

0 0 𝐵𝐶̅
𝐫 +

2𝐶̅ 𝐶̅ − 𝐶̅ 𝛽 (𝐶̅ − 𝐶̅ )

2𝐶̅ 𝐶̅ + 𝐶̅ −𝛽 (�̅� + 𝐶̅ )

2𝐵𝐶̅ 𝐵𝐶̅ −𝛽 𝐵𝐶̅
�̇�                                         (2.3.6) 

𝐪 = 𝐜𝐅 + 𝐂𝐅𝐯 + 𝐊 𝐫 + 𝐂 �̇� = 𝐪 + 𝐪 + 𝐪                                                   (2.3.7) 

where 

𝐶̅ =  𝐶̅ (𝜃 )   ,   𝐶̅ =     , 𝑖 ∈ {𝐷, 𝐿, 𝑀}        

𝐜𝐅 =

𝐶̅

𝐶̅

𝐵𝐶̅
   ;    𝐂𝐅 =

2𝐶̅ 𝐶̅ − 𝐶̅

2𝐶̅ 𝐶̅ + 𝐶̅

2𝐵𝐶̅ 𝐵𝐶̅
   ;    𝐯 = [𝑢   𝑣]   

𝐊 =

0 0 𝐶̅

0 0 𝐶̅

0 0 𝐵𝐶̅
   ;    𝐂 =

2𝐶̅ 𝐶̅ − 𝐶̅ 𝛽 𝐵(𝐶̅ − 𝐶̅ )

2𝐶̅ 𝐶̅ + 𝐶̅ −𝛽 𝐵(𝐶̅ + 𝐶̅ )

2𝐵𝐶̅ 𝐵𝐶̅ −𝛽 𝐵 𝐶̅
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In Eq. (2.3.7), it is now possible to identify the aerodynamic forces as the superposition of 

mean, buffeting and self-excited contributions. Moreover, self-excited contributions can be 

written as added aerodynamic stiffness and damping matrices and, once projected onto the 

vibration modes, moved to the left side of the equation of motion (Eq. 2.2.3). 

Although the quasi-steady force model can physically interpret the fluid-structure 

interaction phenomena, it wholly neglects the unsteady fluid memory effects. Indeed, 

unsteadiness produces in-phase and quadrature contributions depending on the frequency of 

body motion (Theodorsen, 1935; Wagner, 1924) or gust oscillation (Davenport, 1962; 

Küssner and Schwarz, 1940; Sears, 1941). Neglecting such effects can lead to a wrong 

evaluation of the flutter threshold and bridge buffeting response (as shown, e.g., in Øiseth et 

al., 2010).  

2.3.2 Unsteady linear models for self-excited forces 

Since the pivotal failure of the Tacoma Narrows Bridge in 1940, suspension bridge 

aeroelasticity has drawn remarkable attention in structural engineering and physics, 

launching the modern era of bridge aeroelasticity. The analogy with the aeroelastic 

behaviour of the airfoil, well known in the aeronautic field, has widely been used in the 

literature to study the flutter behaviour of bridge structures but with inaccurate results. Bleich 

(1949) used the Theodorsen theory to a truss-stiffened cross-section in order to evaluate its 

flutter behaviour. This direct application of Theodorsen theory failed since, based on the 

potential flow theory, the Kutta-Joukowsky (Fung, 2008; Theodorsen, 1935) boundary 

condition was assumed but was not respected due to the flow separation from the sectional 

surface over a significant amount of its boundary. Over the same period, empirical 

formulations based on the bridge structural properties were introduced to assess critical 

flutter wind velocity without considering the flow (e.g., Frandsen, 1966; Selberg, 1961). 

Among these, Selberg's formula has widely been used for flutter stability assessment at 

preliminary stages, whose estimation can be considered satisfactory for streamlined bridge 

cross-sections. 
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Figure 6: Scanlan convention of forces and displacements. 

In such a scenario, due to the complexity of the flow structure around the bluff bodies, 

Pugsley et al. (1949) stated that wind-bridge interaction should be investigated with an 

experimental approach. In the wake of this, Scanlan and co-workers introduced the semi-

empirical formulation for self-excited forces (Scanlan and Tomko, 1971), which is the base 

of the current bridge aeroelastic analysis. This linearised model considers the unsteadiness 

due to fluid memory and assumes small-amplitude motion. In such a framework, the 

principle of superposition holds.  

Therefore, considering the reference system of Fig. 6, it is possible to write self-excited 

drag, lift and moment harmonic motion with circular frequency 𝜔 in the following way: 

𝑞 = 𝜌𝑉 𝐵[𝐾𝑃∗ ̇
+  𝐾𝑃∗

̇
+ 𝐾 𝑃∗𝜃 + 𝐾 𝑃∗ + 𝐾𝑃∗ ̇

+ 𝐾 𝑃∗ ]                            (2.3.8) 

𝑞 = 𝜌𝑉 𝐵[𝐾𝐻∗ ̇
+  𝐾𝐻∗

̇
+ 𝐾 𝐻∗𝜃 + 𝐾 𝐻∗ + 𝐾𝐻∗ ̇

+ 𝐾 𝐻∗ ]                          (2.3.9) 

𝑞 = 𝜌𝑉 𝐵 [𝐾𝐴∗ ̇
+  𝐾𝐴∗

̇
+ 𝐾 𝐴∗ 𝜃 + 𝐾 𝐴∗ + 𝐾𝐴∗ ̇

+ 𝐾 𝐴∗ ]                      (2.3.10) 

𝑃∗, 𝐻∗ and 𝐴∗ with 𝑗 ∈ {1, 2, … 6}, are the dimensionless aerodynamic derivatives, which 

depend on the reduced frequency of oscillation 𝐾 = 𝜔𝐵/𝑉 ; 𝐵 represents the width of the 

bridge section. It is worth noting that Scanlan's formulation is formulated in a mixed domain 

since terms depending on time and frequency coexist. Moreover, the extension to real bridge 

decks is possible through the so-called strip-theory assumption (e.g. Fung, 2008). The Eqs. 

(2.3.8-9-10) considers a three degrees of freedom formulation for self-excited forces. Here, 

the aerodynamic derivatives are usually determined with forced vibration tests (Cao and 

Sarkar, 2012; Diana et al., 2015; Sarkar et al., 2009; Siedziako et al., 2017) due to the 

complexity to reproduce significant self-excited force for free sway motion 
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(BogunovićJakobsen and Hjorth-Hansen, 1995; Brownjohn and Jakobsen, 2001). Further 

information about aerodynamic derivatives identification will be provided in Chapter 4. 

The approach based on aerodynamic derivatives has been widely used to consider 

unsteadiness due to motion in bridge dynamic response. Over the past, aerodynamic 

derivatives have been represented according to different conventions. Before the 2000s, self-

excited forces were primarily referred to as the Scanlan convention (Scanlan and Tomko, 

1971). This allows a direct interpretation of the flutter derivatives in terms of transfer 

functions. In contrast, the resolution is lost at low reduced velocities as the coefficients have 

to be null at 𝑉 = 0, and the diagrams are useless in this range. Moreover, Scanlan's model 

for self-excited forces has a problematic physical interpretation of the unsteady aerodynamic 

forces since all the coefficients, even if referred to very different sections, show 

superimposed prevailing linear and quadratic trends with the reduced velocity. This 

shortcoming was solved by Zasso (1996), who combined the generality of the Scanlan 

approach and the physical interpretation provided by the quasi-steady theory.  

Concerning the possible conventions for the aerodynamic derivatives, those proposed by 

Scanlan and Zasso are for sure the most used, but many others can be found in the literature 

(Caracoglia, 2000; Jensen and Höffer, 1998). 

Before the 2000s, frequency domain self-excited forces were primarily used to assess 

bridge flutter stability and coupled buffeting response given it facilitates in modelling force 

unsteadinless (Ge and Tanaka, 2000; Jain et al., 1996; Katsuchi et al., 1998; Katsuchi et al., 

1999; Øiseth et al., 2010). Self-excited forces in the frequency domain can be obtained 

through the Fourier transform of Eqs. (2.3.8-9-10) as follows: 

𝐪 = 𝜌𝐵𝑉 𝐾

(𝑖𝑃∗ + 𝑃∗) (𝑖𝑃∗ + 𝑃∗) 𝐵(𝑖𝑃∗ + 𝑃∗)

(𝑖𝐻∗ + 𝐻∗) (𝑖𝐻∗ + 𝐻∗) 𝐵(𝑖𝐻∗ + 𝐻∗)

𝐵(𝑖𝐴∗ + 𝐴∗ ) 𝐵(𝑖𝐴∗ + 𝐴∗ ) 𝐵 (𝑖𝐴∗ + 𝐴∗ )

𝑌(𝜔)
𝑍(𝜔)
Θ(𝜔)

                              (2.3.11) 

𝐪 = 𝐆(𝐾)𝐑(𝐾)                                                                                                                      (2.3.12) 

Here, 𝐑(𝐾) ∈ ℝ ×  is the Fourier transform of the displacement vector 𝐫(𝑡), 𝐪 (𝐾) =

𝑞   𝑞   𝑞  is the vector of self-excited forces in the frequency domain, 𝐆(𝐾) ∈ ℝ ×  

is the system transfer function matrix, and 𝑖 the imaginary unit.  

Self-excited forces can also be expressed in the time domain, following the analogy with 

the lift formulation for the airfoil (Fung, 2008; Jones, 1940; Wagner, 1924). The equivalent 

scheme in the time domain for the bridge section was first proposed by Scanlan et al. (1974). 



 

 
18 Niccolò Barni 
 

Here, a nonlinear least square technique is used in defining the indicial functions starting 

from the knowledge of the aerodynamic derivatives. In Bucher and Lin (1988), the rational 

function approximation is used to evaluate the indicial functions. A remarkable contribution 

to the validity of the indicial function is provided by Caracoglia and Jones (2003a, b), that 

shortly afterwards proposed a methodology for the direct extraction of the indicial functions 

from wind tunnel test. In Chen and Kareem (2002), a comprehensive comparison between 

indicial and impulsive response functions is reported, pointing out the equivalence between 

those formulations. Several formulations, not very different, are available in the literature 

(Borri and Costa, 2004; Borri and Höffer, 2000; Costa and Borri, 2006). 

In this section, self-excited forces in the time domain are expressed in terms of 

convolutional integrals (Chen and Kareem, 2002): 

𝐪 = 𝜌𝑉 ∫ 𝐘(𝑡 − 𝜏) 𝐫(𝜏)𝑑𝜏                                                                                             (2.3.13) 

𝐘(𝑡 − 𝜏) =

𝑌 (𝑡 − 𝜏) 𝑌 (𝑡 − 𝜏) 𝑌 (𝑡 − 𝜏)

𝑌 (𝑡 − 𝜏) 𝑌 (𝑡 − 𝜏) 𝑌 (𝑡 − 𝜏)

𝑌 (𝑡 − 𝜏) 𝑌 (𝑡 − 𝜏) 𝑌 (𝑡 − 𝜏)

  

𝐘 is the aerodynamic impulsive response functions matrix. The convolutional integrals imply 

that self-excited forces evaluated at a specific time 𝑡 have memory of the effects produced 

by the structural motion up to 𝑡.  

It is worth remembering that linear assumptions are still valid in this formulation, then, the 

amplitudes of oscillation have to be small, and the impulsive response functions are not 

affected by possible changes in the aerodynamics of the bridge section due to the angle of 

attack. 

The impulsive response functions are determined through specific wind tunnel tests 

(Caracoglia and Jones, 2003a) or, more often, by using some mathematical relationship 

between the impulse response functions defined in the time-domain and the aerodynamic 

derivatives in the frequency domain. Such mathematical schemes are based on rational 

function approximations. Indeed, as the frequency domain force parameters (aerodynamic 

derivatives) usually are known only at a limited number of discrete values of the reduced 

frequency, it is not possible to quantify the impulse response functions directly through the 

inverse Fourier transformation of the above relationship. Rational functions provide a 

continuous transfer function approximation with the reduced frequency. Over the past, many 

rational function approximations have been proposed (Karpel and Strul, 1996; Liu and Ge, 
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2012; Øiseth et al., 2011; Tiffany and Adams, 1988). Roger’s (Roger, 1977) rational function 

approximation is probably the most used (Bucher and Lin, 1988; Chen and Kareem, 2002; 

Øiseth et al., 2011), and it is here reported to obtain the transfer function in the Eq. (2.3.12): 

𝐆(𝐾) =  𝜌𝑉 𝐀 + 𝐀 𝑖𝐾 + 𝐀 (𝑖𝐾) + ∑ 𝐀                                                 (2.3.14) 

Here 𝐀 ∈ ℝ × , 𝑘 ∈ {1, 2, … , 𝑁}, and 𝑑 , 𝑙 ∈ {1, 2, … , 𝑁 − 3} represents unknown 

coefficients that are usually determined by a nonlinear curve fitting to the experimental data 

of the aerodynamic derivatives. 𝑁 − 3 is the number of aeroelastic states. The real part of 

the transfer functions corresponds to the aerodynamic derivatives related to displacements 

and rotation, while the imaginary part corresponds to the derivatives associated with 

velocities and angular velocity. This gives the following relation with the aerodynamic 

derivatives: 

𝐊 =
𝐆( )

=
𝐀

− 𝐀 + ∑ 𝐀                                                                  (2.3.15) 

𝐂 =
𝐆( )

=
𝐀

+ ∑ 𝐀                                                                            (2.3.16) 

𝐊  and 𝐂  ∈ ℝ ×  are obtained directly from the aerodynamic derivatives measured for 

different reduced velocities. 𝐀  represents the added mass, which is neglected here, as usual 

in wind engineering applications. Further information about rational function coefficients 

optimisation is reported in Øiseth et al. (2011).  

Once the rational function coefficients are identified, the aerodynamic transfer function can 

be expressed into the Laplace domain introducing the dimensionless parameter 𝑠 = . The 

inverse Laplace transform converts the self-excited forces in the time domain as follows: 

𝐪 (𝑡) =  𝜌𝑉 𝐀 𝐫(𝑡) + 𝐀 �̇�(𝑡) + 𝐀 �̈�(𝑡) + ∑ 𝐀  𝛌                              (2.3.17) 

𝛌 = ∫ exp − (𝑡 − 𝜏) �̇�(𝜏)𝑑𝜏                                                                                     (2.3.18) 

The obtained expression is a superposition of linear components that can be physically 

interpreted. The first three coefficients 𝐀 , 𝐀  and 𝐀  represent the non-circulatory 

aerodynamic stiffness, damping and mass while 𝛌  are the so-called memory terms that 

consider the influence of structural motion history expressing the aeroelastic forces through 
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structural velocity terms �̇�(𝑡). In other words, such a term is the aerodynamic delay 

representing the transient effect related to the adjustment time of the aerodynamic field 

produced by a change in body configuration.  

Self-excited forces can now be directly determined by solving the convolutional integral in 

Eq. (2.3.18). However, the convolutional integral in Eq. 2.3.18 is computationally 

demanding when the resolution of the discretisation increases (more degrees of freedom or 

higher time resolution). As shown by several authors (e.g., Chen et al., 2000b; Høgsberg et 

al., 2000; Mishra et al., 2008), these integrals can be modelled by first-order differential 

equations, which can be obtained by taking the derivative of Eq. (2.3.18) with the Leibniz 

rule:  

�̇� = − 𝛌 + �̇�(𝑡)                                                                                                                (2.3.19) 

Eq. (2.3.19) provides the additional equation for the unknown aeroelastic states 𝛌 . Finally, 

self-excited forces can be obtained from the linear system composed by Eqs. (2.3.17) and 

(2.3.19). In matrix form, one can write: 

�̇� = 𝐃 𝚲 + 𝐄 �̇�

𝐪 = 𝜌𝑉 𝐀 𝐫 + 𝐀 �̇� + 𝐀 �̈� + 𝐐 𝚲
                                                (2.3.20)-(2.3.21) 

where: 

𝐃 = −
𝑑  𝐈

⋱
𝑑  𝐈

   ;    𝐄 =
𝐈
⋮
𝐈

  

𝐐 = [𝐀 … 𝐀 ]   ;    𝚲 = [𝛌  𝛌 … 𝛌 ]   

Here each identity matrix I has the same number of rows and columns as the number of 

degrees of freedom considered, namely three in the case of the sectional model (Fig. 6), 

while 𝐃 ∈ ℝ ∙( ) × ∙( ), 𝐐 ∈ ℝ  × ∙( ), 𝐄 ∈ ℝ ∙( ) ×  and 𝚲 ∈ ℝ ∙( ) × . It is 

worth remembering that both the matrix 𝚲 and the displacement vector 𝐫 are functions of the 

deck girder coordinate (𝑥) when the self-excited forces are applied to the entire deck girder. 

2.3.3 Unsteady linear models for buffeting forces 

Buffeting forces are generally modelled according to the nonlinear or linearised quasi-

steady theory so that the turbulence load does not depend on the frequency. In contrast, gusts 

induced load are closely related to the frequency of gust fluctuations as shown by the first 
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studies on the airfoil cross-section. Küssner (1940), in the time domain and Sears (1941), in 

the frequency domain, provided the analytical expression of the lift force generated by a 

sharp-edge gust (see R. Bisplinghoff et al., 2013) and a sinusoidal vertical gust (see Fung, 

2008), respectively. In these conditions, the superposition principle is considered for 

different sharp-edge gusts at different frequencies, and then the airfoil theory has been 

applied to obtain the so-called Sears function. Later, Liepmann (1952) applied Sears function 

to the statistical buffeting analysis of thin airfoils, which was extended to buffeting analysis 

of bridges by Davenport (1962). Davenport first introduced six aerodynamic admittance 

functions relating to drag, lift and moment forces to longitudinal and vertical gusts. In the 

case of bluff bodies, aerodynamic admittance aims to describe the relationship between the 

fluctuation of input gusts with those of output forces, acting as a filter. Davenport's 

admittance function tends to one at low frequencies and for small bodies. The low-frequency 

gusts are nearly fully correlated and fully envelope the bridge cross-section. For high 

frequencies, the gusts are ineffective in producing resulting forces on the structure due to 

their lack of correlation, and the aerodynamic admittance tends to zero. 

Over the past, the aerodynamic admittance function of bridge cross-sections has been 

measured experimentally in several ways (Bogunović and Hjorth-Hansen, 1995; Diana et 

al., 2002; Kawatani and Kim, 1992; Larose, 1999). The bridge design process is often 

focused on evaluating the flutter critical velocity, then the measurement of the aerodynamic 

admittance function is usually not planned during the wind tunnel campaign. For this reason, 

several analytical investigations on the possible existence of phenomenological relationships 

between buffeting and self-excited parameters are available in the literature. Indeed, the 

aerodynamic admittance function has been determined using the aerodynamic derivatives in 

several works (Bruno et al., 2004; Hatanaka and Tanaka, 2002; Scanlan and Jones, 1999). 

Subsequently, the unsteadiness of the buffeting load has also been extended to the time 

domain, where some authors explored the possibility to use indicial functions (Borri and 

Costa, 2004; Costa and Borri, 2006; Scanlan, 1984, 1993). 

According to the linearised quasi-steady model, the buffeting forces can be written in the 

frequency domain as follows: 
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𝐪 =

2𝐶̅ 𝐶̅ − 𝐶̅

2𝐶̅ 𝐶̅ + 𝐶̅

2𝐵𝐶̅ 𝐵𝐶̅
∘

𝜒 (𝑓) 𝜒 (𝑓)

𝜒 (𝑓) 𝜒 (𝑓)

𝜒 (𝑓) 𝜒 (𝑓)

𝑈(𝑓)

𝑊(𝑓)
= 𝐁 ∙ 𝐆𝐯                           (2.3.22) 

𝐁 = 𝐂𝐅 ∘ 𝛘(𝑓)   ;    𝐆𝐯 = F [v] = F [𝑢(𝑡)  𝑤(𝑡)]     

where 𝛘 is the admittance function matrix 𝜒 , 𝑖 ∈ {𝐷, 𝐿, 𝑀} and 𝑗 ∈ {𝑢, 𝑤}, ∘ stands for the 

Hadamard product, 𝑓 is the wind fluctuation frequency, and the other symbols have the same 

meaning previously explained. F  denotes the Fourier transform. 

Similar to the self-excited force formulation, the buffeting forces can be expressed in terms 

of convolutional between the aerodynamic impulsive functions and fluctuating wind 

velocities: 

𝐪 = 𝜌𝑉 ∫ 𝐛 (𝑡 − 𝜏)𝐯(𝜏) 𝑑𝜏                                                                                            (2.3.23) 

𝐛 =

𝑏 , (𝑡 − 𝜏) 𝑏 , (𝑡 − 𝜏)

𝑏 , (𝑡 − 𝜏) 𝑏 , (𝑡 − 𝜏)

𝑏 , (𝑡 − 𝜏) 𝑏 , (𝑡 − 𝜏)

  

Here 𝑏 ,   𝑖 ∈ {𝐷, 𝐿, 𝑀} and 𝑗 ∈ {𝑢, 𝑤} represent the impulsive functions. Therefore, the 

frequency-dependent buffeting forces can be extended to the time domain comparing the 

Fourier transform of the buffeting forces in Eq. (2.3.23) with those reported in Eq. (2.3.22):  

F 𝐛𝜒 = 𝐵/𝑉𝑚 𝐁𝜒                                                                                                                      (2.3.24) 

In the wake of the rational function approximation of self-excited forces, an alternative 

expression of admittance functions in the time domain was proposed in Chen and Kareem 

(2003). Since the aerodynamic admittance function is usually determined from wind tunnel 

tests performed at discrete values of the reduced frequency, as in the case of aerodynamic 

derivatives, it can be approximated in terms of rational functions: 

𝛘(𝐾) = 𝐂 + ∑
𝐂  

                                                                                                         (2.3.25) 

where 𝐂 ∈ ℝ × , ℎ  and 𝑛 are rational function approximation parameters to be treated and 

determined as those in Eq. (2.3.14) from the experimental aerodynamic admittance function. 

The aerodynamic admittance matrix is extended into the Laplace domain and, according to 

Eqs. (2.3.23) and (2.3.25), allows defining of the unsteady buffeting load in the time domain: 
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𝐪 (𝑡) = 𝐂𝐅 ∘ 𝐂 𝐯(𝑡) + ∑ 𝐂 [𝐯(𝑡) + ∫ exp − (𝑡 − 𝜏) 𝐯(𝜏)𝑑𝜏]      (2.3.26) 

= 𝐂𝐅 ∘ 𝐂 + ∑ 𝐂 𝐯(𝑡) + ∑ 𝐂 ∫ exp − (𝑡 − 𝜏) 𝐯(𝜏)𝑑𝜏      (2.3.27) 

𝐪 (𝑡) = 𝐂𝐅 ∘ 𝐂 + ∑ 𝐂
𝐮( )

+ ∑ 𝐂 𝛙(𝑡)                                             (2.3.28) 

Where the aerodynamic state vector 𝛙(𝑡) can be derived according to the Leibniz rule 

leading to the following expression: 

�̇�(𝑡) =  − 𝛙(𝑡) + 𝐯(𝑡)                                                                                                     (2.3.29) 

Finally, the unsteady buffeting load is obtained by solving the system of first-order differential 

equations composed of the equations Eqs. (2.3.28) and (2.3.29).  

2.3.4 Linear buffeting response 

The previous sections have shown how the wind-induced effects on bridge cross-sections 

have been modelled so far, according to the linear assumption in the aerodynamic and 

structural behaviour. In this section, the most common approaches to determine suspension 

bridge buffeting response are described in both frequency and time domains. Moreover, the 

pros and cons of linear models are pointed out to lay the ground for the next section on 

nonlinear buffeting response. Before starting, it is helpful to remind the underlying 

assumptions of the above described linear model for wind loads: 

- The amplitude of the structural oscillations is small, and buffeting and self-excited 

forces can be linearised around the static position of the bridge (i.e., the aerodynamic 

derivatives do not depend on the vibration amplitude, the geometrical nonlinear 

stiffness provided by the cables is considered only up to the dead load equilibrium 

position or, at most, dead load and static wind load); 

- The effects of turbulence in changing the aerodynamic behaviour of the bridge cross-

section is not taken into account (consequently, wind gusts and self-excited forces 

do not influence each other). 

2.3.4.1 Coupled buffeting response in the frequency domain 

This section shows the linear framework to assess bridge coupled buffeting response in 

generalised coordinates according to the traditional multimode theory (Jain et al., 1996). 
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Buffeting and self-excited forces are modelled according to Eqs. (2.3.22) and (2.3.11), 

respectively. The equation of motion in the frequency domain is given by the Fourier 

transform of Eq. (2.2.3): 

𝐌𝐆�̈� + 𝐂 − 𝐂 𝐆�̇� + 𝐊 − 𝐊 𝐆𝛈 = 𝐆𝐪                                                                            (2.3.30)  

where 𝐆𝛈 is the Fourier transform of the displacement response in generalised coordinates, 

𝐂  and 𝐊  are the generalised aerodynamic damping and stiffness matrices obtained from 

Eq. (2.3.11) and consist of a set of bridge section aerodynamic derivatives: 

𝐂 = 𝜔

𝑃∗ 𝑃∗ 𝐵𝑃∗

𝐻∗ 𝐻∗ 𝐵𝐻∗

𝐵𝐴∗ 𝐵𝐴∗ 𝐵 𝐴∗

   ;   𝐊 = 𝜔

𝑃∗ 𝑃∗ 𝐵𝑃∗

𝐻∗ 𝐻∗ 𝐵𝐻∗

𝐵𝐴∗ 𝐵𝐴∗ 𝐵 𝐴∗
                             (2.3.31) 

The frequency-domain representation of the generalised buffeting load 𝐆𝐪  is simply 

obtained by the modal projection of the force provided by Eq. (2.3.22): 

𝐆𝐪 = ∫ 𝚽
ℓ

𝐁 𝐆𝐯 𝑑𝑥 ∈ ℝ                                                                                      (2.3.32) 

where ℓ means that the integral is extended over the entire length of the bridge deck. 𝑁  

stands for the number of modes considered to describe the dynamics of the bridge. 𝐆𝐯 is the 

frequency representation of the turbulence components 𝑢 and 𝑤. The following expression 

provides the cross-spectral density matrix of the generalised buffeting load: 

S𝐪 (𝜔) = ∫ ∫ 𝚽 (𝑥 )
ℓℓ

𝐁 (𝜔)S𝐯(∆𝑥, 𝜔)𝐁∗ (𝜔)𝚽(𝑥 )𝑑𝑥 𝑑𝑥                                             (2.3.33) 

S𝐯(∆𝑥, 𝜔) =
𝑆 𝐶 (𝜔, ∆𝑥) 𝑆 𝐶 (𝜔, ∆𝑥)

𝑆 𝐶 (𝜔, ∆𝑥) 𝑆 𝐶 (𝜔, ∆𝑥)
                                                                   (2.3.34) 

where * stands for the conjugate of the matrix, 𝑆  and 𝑆 , 𝑖, 𝑗 ∈ {𝑢, 𝑤}, are the one-point 

auto and cross-spectra of turbulence, respectively, while  𝐶  and 𝐶  are the two-point 

normalised cross-spectra. For further information about modelling an atmospheric turbulent 

wind field, see Appendix A. In the cross-spectral density matrix S𝐯, the diagonal terms 

denote the two-point cross-spectral densities for a given turbulence component, whereas the 

cross-terms denote the two-point cross-spectral densities of different turbulence 

components. 

Finally, the spectral density matrix of the generalised displacement response can be 

obtained by the well-known frequency response equation for a random process (e.g. see 
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Wirsching et al., 2006): 

S𝛈(𝜔) = 𝐇𝛈 (𝜔)S𝐪 (𝜔)𝐇𝛈
∗(𝜔)                                                                                         (2.3.35) 

Here 𝐇𝛈  represents the mechanical admittance matrix, then 𝐇𝛈 is the mechanical 

impedence function of the dynamic system: 

𝐇𝛈(𝜔) = −𝐌𝜔 + 𝐂 − 𝐂 𝑖𝜔 + 𝐊 − 𝐊                                                                           (2.3.36) 

The root-mean-square (RMS) of the displacement response can be evaluated by integrating 

the response spectra and multiplying the result for the modal matrix as follows: 

S𝐫(𝑥, 𝜔) = 𝚽(𝑥) ∫ S𝛈(𝜔)𝑑𝜔 𝚽 (𝑥)                                                                              (2.3.37) 

2.3.4.2 Coupled buffeting response in the time domain 

The time-domain results are also obtained using still-air vibration modes as generalised 

coordinates. The memory effect for the self-excited forces is handled through rational 

functions, as discussed in section 2.3.2. 

This approach has been discussed in detail in Øiseth et al. (2012) for a beam element (Chen 

et al., 2000b, 2000a, 2001).  

In analogy with the above frequency domain scheme, the equation of motion in generalised 

coordinated can be expressed in the time domain as follows: 

𝐌�̈�(𝑡) + 𝐂�̇�(𝑡) + 𝐊𝛈(𝑡) = 𝐪 + 𝐪                                                                                         (2.3.38) 

Unlike the procedure introduced in section 2.3.2 for self-excited forces, the transfer 

functions defined through rational functions are converted to the state-space formulation 

directly in generalised coordinates in the presented framework. This procedure allows for a 

more efficient calculation of the unknown aeroelastic states that, in this case, are not 

depending on the bridge girder coordinate (𝑥). Then, the generalised self-excited forces are 

projected onto the modal space as follows:  

𝐪 = 𝜌𝑉 ∫ 𝚽
ℓ

𝐀 𝚽𝛈 + 𝐀 𝚽�̇� + ∑ 𝐀 𝚽 ∫ exp − (𝑡 − 𝜏) �̇�(𝜏)𝑑𝜏  𝑑𝑥  
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= 𝜌𝑉 𝐀 𝛈 + 𝐀 �̇� + ∑ ∫ 𝚽 𝐀 𝚽𝑑𝑥
ℓ

 𝛌   

= 𝜌𝑉 𝐀 𝛈 + 𝐀 �̇� + ∑ 𝐀  𝛌                                                                               (2.3.39) 

Here, the additional aeroelastic states  𝛌  it is only a function of time and can be determined 

in analogy with the same procedure shown in section 2.3.2 (Eq. 2.3.19): 

�̇� = − 𝛌 + �̇�(𝑡)                                                                                                                (2.3.40) 

The same can be performed for the buffeting forces: 

𝐪 = ∫ 𝚽
ℓ

𝐛 (𝑡 − 𝜏)𝐯 (𝜏)𝑑𝜏                                                                                         (2.3.41) 

𝐛  is the inverse Fourier transform of 𝐁 . The integral (2.3.41) can be efficiently calculated 

through the Fast Fourier Transform (FFT). Indeed, the convolution integral can be solved by 

taking the FFT of the turbulence wind vector 𝐯, then calculating 𝐁 F (𝐯), and finally taking 

the inverse Fourier transform of it. It is crucial to keep in mind that it is a strict requirement 

that the real part of 𝐁  has to be symmetric and an asymmetric imaginary part. Otherwise, 

the buffeting force's imaginary part will not be zero. 

The Eqs. (2.3.38)-(2.3.39)-(2.3.40) and (2.3.41) can be carried in the state-space 

formulation through 𝛄 = 𝛈, 𝛄 = �̇� and 𝛄 =  𝛌 , 𝑙 ∈ {1, 2, … , 𝑁 − 2} and reported in the 

following compact form: 

�̇�
�̇�

�̇�
=

𝟎 𝐈 𝟎
−𝐌 𝐊 − 𝐊 −𝐌 𝐂 − 𝐂 𝐌 𝐐

𝟎 𝐄 𝐃

𝛄
𝛄

𝛄
 +

𝟎
𝐌 𝐪

𝟎
                       (2.3.42) 

were 

𝐃 = −
𝑑  𝐈

⋱
𝑑  𝐈

 ∈ ℝ ∙( ) × ∙( )  ;    𝐄 =
𝐈
⋮
𝐈

∈ ℝ ∙( ) ×   

𝐐 = [𝐀 … 𝐀 ] ∈ ℝ  × ∙( )  

𝛄 (𝑡) = [𝛄 ⋯ 𝛄 ] ∈ ℝ ⋅( )∙   

Each identity matrix 𝐈 has the same number of rows and columns as the number of 

generalised coordinates used in the analysis. The dynamic response of the system can then 

be obtained by solving the equation above by numerical integration. 



 

 
Niccolò Barni  27 
 

 
 

 
 
 
 
 
 
 
 

CHAPTER 3 
 
 

 

3 Coupled buffeting: nonlinear models 

 
 

 
 
 

 This chapter presents and deeply discusses the nonlinear aerodynamic 
force models available in the literature to assess the bridge buffeting 
response. First, the nonlinear aerodynamic force models available in the 
literature are reported together with the numerical framework to assess the 
bridge response in turbulent flow. Here, particular attention has been paid 
to describing models capability to reproduce aerodynamic nonlinearities. 
The last part regards more general nonlinear aerodynamic load models, 
which might be used in bridge buffeting response. These are briefly 
discussed to figure out problems and potentialities. 

. 
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3.1 An overview 

The wind load models presented so far underline the inability to consider the influence of 

incoming wind turbulence on the unsteadiness produced by fluid memory effects. Indeed, 

the quasi-steady model cannot account for any fluid-memory effects. On the other side, 

linearised unsteady models invoke the assumption of small oscillations around the static 

equilibrium position, then changes in bridge cross-section aerodynamic due to large-scale 

incoming turbulence cannot be considered.  

Nevertheless, in some cases, a nonlinear dependence of self-excited forces on motion 

amplitude is observed even for relatively small oscillations, in particular for bluff (e.g., 

Mannini et al., 2016) and multicellular cross-sections (e.g., Skyvulstad et al., 2021). Indeed, 

a linearised model could account for linear memory effects (e.g. a harmonic motion produces 

a harmonic self-excited force) but cannot correctly simulate the hysteresis due to bridge 

motion-wind interaction (e.g. sub or superharmonics at the motion frequency). Besides, the 

linearised scheme cannot predict the potential existence of limit cycle oscillation (LCO) 

(Tang and Dowell, 2002), which is a unique feature of nonlinear systems.  

 

Figure 7: The instantaneous angle of the attack recorded in the Hardangerfjord on 29th January 2016 
during the extratropical cyclone "Storm Tor" at 75 m above sea level. The mean wind speed was 
almost 30 m/s. A nearly constant mean angle of attack of about 2.5 deg was measured during the 
storm (Fenerci and Øiseth, 2018). The time history has also been processed with a low-pass filter 
with a cut-off frequency of 0.05 Hz (represented by the thick red line). 𝑉 , 𝑢 and 𝑤 in the ordinate 
axis represent the mean wind velocity and the horizontal and vertical fluctuating wind velocities, 
respectively. 

Several studies (Argentini et al., 2020; Diana et al., 2013; Diana et al., 2008, 2010; Diana 

and Omarini, 2020) have also demonstrated that the aeroelastic behaviour of most bridge 

cross-sections is significantly affected by a variation of the mean angle of attack. This feature 

is extremely important because large-scale turbulence is able to produce large slow 
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variations of the angle of attack with significant correlation along the girder (Bocciolone et 

al., 1992; Fenerci and Øiseth, 2018; Ren et al., 2021). As an example, a time history of the 

angle of attack due to turbulence, measured by the Hardanger Bridge monitoring system 

during an extratropical cyclone (Fenerci and Øiseth, 2018), is reported in Fig.7. Low-

frequency fluctuations up to about 8 deg are visible in this 10-minute recording of fluctuating 

wind. How the angle of attack affects aerodynamic forces and important this feature is for 

bridge buffeting response are still open issues. In addition, self-excited forces are functions 

of the fluctuating random wind field, making linear models inappropriate and buffeting 

response prediction challenging. 

Prof. Diana and co-workers first recognised this problem and suggested a nonlinear 

aerodynamic force model denoted as "band-superposition" (Diana et al., 1995). In this 

approach, the atmospheric turbulence spectrum is divided into low-frequency and high-

frequency ranges, which are sequentially solved with different approaches and then 

superposed to obtain the total bridge buffeting response (sections 3.2 and 3.3). In the wake 

of this, Chen and Kareem (2001, 2003) proposed a model where the parametric dependence 

on the slowly-varying angle of attack is modelled through a time-variant impulsive response 

function (section 3.4). The nonlinear rheological model introduced by Diana et al. (2008, 

2010) is supposed to be able not only to account for the effect of large variations of the flow 

incidence but also to reproduce the nonlinear dependence of the self-excited forces on the 

amplitude of oscillation. Later, Diana et al. (2010) modified the model, reproducing the 

hysteretic loops through high-order polynomial functions and its derivatives of the angle of 

attack (section 3.5). 

For the sake of completeness, it is worth remarking that more general models have also 

been proposed during the last years to consider all the nonlinearities mentioned above in a 

single framework. A nonlinear state-space model for aerodynamic loads was conceived by 

(Zhou et al., 2018, 2019). In this case, many parameters appear in the nonlinear differential 

equations to reproduce the aerodynamic nonlinearities (section 3.6.3). Wu and Kareem 

(2011) developed an artificial neural network to model nonlinear aerodynamic forces, where 

the layers are trained to reproduce the hysteretic behaviour of the aerodynamic forces with 

the angle of attack (section 3.6.1). The Volterra series, successfully used either in frequency 

(Carassale et al., 2014; Carassale and Piccardo, 2010) or in the time domain (Denoël and 

Carassale, 2015; Skyvulstad et al., 2021b; Wu and Kareem, 2013a, 2014) for general 
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nonlinear modelling, accounting for the nonlinearities in quasi-steady and unsteady force 

contributions through the superposition of convolution integrals of various orders (section 

3.6.2). 

Despite the relatively large number of nonlinear aerodynamic models, applications to the 

buffeting response of realistic suspension bridges are scarce, and the actual impact of the 

aerodynamic nonlinearities associated with the slow variation of the angle of attack is still 

unclear. Indeed, in several works in the literature, the measured dynamic response of a bridge 

sectional model subjected to low- and high-frequency gusts reproduced by an active 

generator system is compared to the results of band-superposition models (e.g. Argentini et 

al., 2020; Diana et al., 2013; Diana and Omarini, 2020). These types of analyses are useful 

to highlight the nonlinear features of the aerodynamic forces and to assess the performance 

of the proposed models; however, they cannot be considered conclusive to understand the 

nonlinear bridge buffeting problem, since many effects, and in particular, the partial 

spanwise correlation of flow velocity fluctuations, are not taken into account. Conversely, 

Chen and Kareem (2003) apply their model to a three-span suspension bridge with a main 

span of 2000 m, referring to the aerodynamic properties of the proposed Messina Strait 

Bridge cross-section (Diana et al., 1995; Zasso et al., 1999) (section 3.4.2). In this case, the 

results reveal that the aerodynamic nonlinearities appreciably affect the bridge buffeting 

response only if a very high turbulence intensity is considered, thus confirming the efficacy 

of the traditional linear aerodynamic force model. In contrast, a marked difference between 

linear and nonlinear models in both buffeting response and flutter critical wind velocity is 

shown by Zhou et al. (2019), who determine the root mean square of the response of the 

Xihoumen Bridge in a smooth and turbulent flow. Finally, some interesting results have 

recently been presented by Ali et al., (2021), who couple a nonlinear band-superposition 

approach with a Volterra model (section 3.6.2).  

In this chapter, some of the aforementioned nonlinear schemes have been briefly examined 

to realise the current state of the art on this topic. In contrast, much more attention has been 

paid to those fundamentals to pave the way for the aerodynamic force and nonlinear 

buffeting response model proposed in chapters 4 and 5, respectively.  
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3.2 Modified quasi-steady model 

As clearly shown in the previous chapter, an obvious shortcoming of the quasi-steady 

models is the fact that it ignores the unsteady effects, which makes this model reliable only 

for a high value of the reduced velocity (𝑉 > 10, according to Diana et al., 1995). In order 

to partially overcome this weakness, a corrected quasi-steady model has been proposed by 

Diana and co-workers (Diana et al., 1993). Here, an equivalent linearisation at each reduced 

frequency is performed, introducing correction coefficients to account for the unsteady 

effects depending on the reduced frequency.  

𝐪 (𝑥, 𝑡) = 𝜌𝐵𝑉 (𝑥, 𝑡)

𝐶∗ (𝜓 )

𝐶∗(𝜓 )

𝐵𝐶∗ (𝜓 )
                                                                                    (3.2.1) 

𝐶∗(𝜃, 𝜃 ) = 𝐶∗(𝜃 ) + ∫ 𝐾∗ 𝑑𝜓   ;    𝑖 ∈ {𝐷, 𝐿, 𝑀}                                                                 (3.2.2) 

𝜓 = 𝛼 + 𝜃 + 𝜃                                                                                                                        (3.2.3) 

where 𝐶∗(𝜃 ) are the static coefficients evaluated at the equilibrium position of the bridge, 

𝑉  is the relative mean wind velocity according to Eq. (2.3.2) and 𝜓  is the angle of attack 

defined differently for drag, lift and moment forces accordingly to the Eq. (2.3.3). 𝐶∗(𝜃, 𝜃 ) 

are the corrected aerodynamic coefficients where the 𝐾∗ coefficients are defined through the 

aerodynamic derivatives. Only the one related to the lift force is reported here for the sake 

of brevity: 

𝐾∗ =
∗

+ 𝐶
 

=
( ) ∗  

                                                                 (3.2.4) 

This correction coefficient can be easily derived by comparing the linearised self-excited 

forces in Eq. (2.3.6) and those according to Scanlan's formulation in Eq. (2.3.8-9-10).  

The modified quasi-steady approach clearly interprets the physic of the phenomenon and 

accounts for the nonlinear dependence on the angle of attack and constant unsteady effects 

associated with a given reduced frequency. In contrast, some practical shortcomings are 

present, making it challenging to apply in bridge buffeting response assessment. The time 

integration of the dynamic equation leads to the problem of updating the values of 

aerodynamic derivatives with the reduced velocity. Indeed, it is impossible to discern the 

different contributions to the angle of incidence coming from the different frequencies 
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involved in the motion of the deck and the turbulence of the wind. The Authors partially 

overcame this problem by choosing a unique value of the reduced velocity, which 

corresponds to the central frequency of the range where the eigenfrequencies mainly 

contribute to the structural dynamic behaviour. 

3.3 Band superposition approach 

3.3.1 The nonlinear aerodynamic force model 

As clearly described above, the modified quasi-steady approach can consider the variation 

of the aerodynamic forces with the angle of attack, but the effects of the aerodynamic delay 

are not represented exhaustively. In particular, the dependence of the forces on the motion 

frequency is only associated with a single reduced velocity. In order to overcome this 

problem, Diana and co-workers (Diana et al., 1995; Diana et al., 2002; Diana et al., 2005) 

proposed the "band-superposition" approach. The basic idea was a decomposition of the 

structural response into components associated with different frequencies. Accordingly, the 

turbulence wind spectrum is divided into several bands, corresponding to one low-frequency 

range, identified as "zero-band", and several high-frequency sub-ranges, as reported in Fig. 

8. 

 

Figure 8: Wind bands representation according to the "band-superposition" model. 

The "zero band" represents the slowly varying wind components, where the deck motion can 

be considered quasi-static. This range is chosen where the aerodynamic derivatives in 

Zasso’s representation (Zasso, 1996) can be considered independent of the reduced 

frequency. In this range, the modified quasi-steady theory can be appropriately used to 

evaluate the correction coefficients at the first cut-off frequency between band zero and one. 

The remaining spectrum is divided into many sub-ranges that are still evaluated with the 

modified quasi-steady theory, linearising the solution around the slowly-varying angle of 
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attack obtained by the low-frequency response and wind velocity fluctuations. Here, the 

correction coefficients are evaluated at the representative frequency of each range (e.g. the 

central frequency of each band). This procedure allows following the variability of the 

aerodynamic coefficient with the reduced frequency.  

Formally, the band superposition model can be considered as a moving linearisation of the 

nonlinear aerodynamic forces around the slowly varying angle of attack: 

𝐪 = 𝐪 (𝑢 , 𝑤 , 𝐫 , �̇� ) +
𝐪

𝐫 𝐫 𝐫 ,𝐯 𝐯
𝐫𝐯 +

𝐪

�̇� �̇� �̇� ,𝐯 𝐯
�̇�𝐯 +

𝐪

𝐯 𝐫 𝐫 ,𝐯 𝐯
∆𝐯                   (3.3.1) 

The first term represents the low-frequency aerodynamic force, while the ones between the 

square brackets are the Jacobian matrices. 𝐫𝐯 and ∆𝐯 represents all the high-frequency bridge 

response and wind-velocity fluctuation, respectively. 

Diana et al. (2005), and Diana et al. (2002), improved this scheme by introducing the 

complex form of the aerodynamic admittance function in the high-frequency aerodynamic 

forces. Here, the mathematical formulation of the high-frequency terms introduced in Eq. 

(3.3.1) was directly expressed as a function of aerodynamic derivatives and complex 

aerodynamic admittance function: 

𝐪

𝐫 𝐫 𝐫 ,𝐯 𝐯
𝐫𝐯 = 𝜌𝑉 𝐵 ∑

𝑝 ,
∗ 𝑝 ,

∗ 𝑝 ,
∗ 𝐵

ℎ ,
∗ ℎ ,

∗ ℎ ,
∗ 𝐵

−𝑎 ,
∗ 𝐵 −𝑎 ,

∗ 𝐵 −𝑎 ,
∗ 𝐵

𝐫                                            (3.3.2) 

𝐪

�̇� �̇� �̇� ,𝐯 𝐯
�̇�𝐯 = 𝜌𝑉 ∑

⎣
⎢
⎢
⎢
⎡−𝑝 ,

∗

,

−𝑝 ,
∗

,

𝑝 ,
∗ 𝐵

−ℎ ,
∗

,

−ℎ ,
∗

,

ℎ ,
∗ 𝐵

𝑎 ,
∗

,

𝐵 𝑎 ,
∗

,

𝐵 −𝑎 ,
∗ 𝐵

⎦
⎥
⎥
⎥
⎤

�̇�𝐢                                      (3.3.3) 

𝐪

𝐯 𝐫 𝐫 ,𝐯 𝐯
∆𝐯 = 𝜌𝑉 𝐵 ∑ 𝛘 𝛼                                                                                     (3.3.4) 

𝛘 =

⎣
⎢
⎢
⎢
⎡(𝐶̅ − 𝐶̅ ) 𝛼 Re(𝜒 ) +

̇
Im(𝜒 )

(𝐶̅ + 𝐶̅ ) 𝛼 Re(𝜒 ) +
̇

Im(𝜒 )

𝐵𝐶̅ 𝛼 Re(𝜒 ) +
̇

Im(𝜒 ) ⎦
⎥
⎥
⎥
⎤

         

The square brackets in the Eqs. (3.3.2) and (3.3.3) represent the aerodynamic stiffness and 

damping matrices, respectively, where the aerodynamic coefficients 𝑝 ,
∗ , ℎ ,

∗  and 𝛼 ,
∗  𝑘 ∈

{1, … ,6} are the aerodynamic derivatives (Zasso, 1996) evaluated at each high-frequency 
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band. According to the modified quasi-steady theory, these coefficients also vary with the 

slowly-varying angle of attack 𝛼 , obtained from Eq. (2.3.3) for the zero band. 𝑛 is the 

number of high-frequency bands. 𝛘  represents the complex aerodynamic admittance 

matrix, defined as a superposition of "in phase" and "quadrature" contributions. The latter 

allows considering phase-lag effects and establishes a dependence of the buffeting force on 

the wind turbulence angle and its derivative with respect to time. 

3.3.2 Nonlinear bridge buffeting response 

The nonlinear bridge buffeting response can be obtained through a two-step integration. 

First, the low-frequency response is found by integrating the dynamic equation subjected to 

the zero band load:  

𝐌�̈� + 𝐂�̇� + 𝐊𝐫 = 𝐪 (𝑢 , 𝑤 , 𝐫 , �̇� )                                                                                       (3.3.5) 

Then, the slowly-varying angle of attack needed to obtain the high-frequency load can be 

found, andthe corresponding bridge buffeting response is determined by integrating the 

following equation of motion: 

𝐌�̈�𝐯 + 𝐂 −
𝐪

�̇� �̇� �̇� ,𝐯 𝐯
�̇�𝐯 + 𝐊 −

𝐪

𝐫 𝐫 𝐫 ,𝐯 𝐯
𝐫𝐯 =

𝐪

𝐯 𝐫 𝐫 ,𝐯 𝐯
∆𝐯                            (3.3.6) 

Finally, the total response of the structure is obtained by superposing the responses due to 

each subrange:  

𝐫 = 𝐫 + 𝐫 + 𝐫 + ⋯ + 𝐫 = 𝐫 + 𝐫𝐯                                                                                       (3.3.7) 

Some experimental tests were carried out at Politecnico di Milano to underline the 

nonlinear features related to the influence between large-scale turbulence, idealised as a 

slowly varying angle of attack, and unsteady aerodynamic forces. In Diana et al. (2005), the 

nonlinear aerodynamic forces and buffeting response of a fixed and elastically suspended 

model section (Messina bridge cross-section) have been measured and compared with the 

numerical simulations. Thanks to an active turbulence generator system (Diana et al., 2002), 

this model section was forced by single- or bi-harmonic vertical gusts at different frequencies 

and with different amplitudes. Such an active turbulence generator is able to produce fully 

correlated sinusoidal gusts, which are particularly suitable to underlined aerodynamic 

nonlinearities if these are present.  

 



 

 
Niccolò Barni  35 
 

Experimental results showed strong nonlinear effects, as highlighted by the super-

harmonics in the aerodynamic force spectra due to a single harmonic of the input turbulence. 

Moreover, severe response amplifications at the natural frequencies are shown. The latter 

can be ascribed to the effects of angle of attack variation on the unsteady forces. The 

comparison between experimental and numerical results clearly shows that the band-

superposition approach can reproduce a nonlinear mutual influence effect for high reduced 

velocities. In contrast, the modified quasi-steady theory miscalculate the model response 

related to low values of the reduced velocity (zero band contributions). 

This model represents a step forward in the application of the modified-quasi-steady 

approach, allowing considering both the variation of the angle of attack, the unsteady effects 

and the influence that the first has on the second ones. However, some practical issues remain 

in applying this scheme to a real bridge buffeting response. Indeed, many bands need to be 

considered for all the most important mode contributions, each one associated with a single 

reduced velocity, thus increasing the numerical complexity. Moreover, the band-

superposition model has not been extended for considering the spanwise correlation of the 

slowly-varying angle of attack along the bridge girder, making it suitable only for model 

section applications, where a perfectly correlated turbulent wind field is considered. 

3.4 The nonlinear buffeting response based on impulsive functions 

3.4.1 Nonlinear aerodynamic model based on impulsive functions 

In the wake of the band superposition model proposed by Diana et al. (1995), a new 

nonlinear aerodynamic force model has been proposed by Chen and Kareem (2001, 2003). 

These works represent an essential contribution to nonlinear bridge buffeting response 

assessment since they provide the first sound formulation of the nonlinear unsteady 

aerodynamic forces in the time domain. In this approach, the nonlinear unsteady 

aerodynamic forces are modelled based on static coefficients, flutter derivatives, and 

admittance functions. 

The basic idea is to separate the effective angle of attack into low-frequency (𝛼 ) and 

high-frequency (𝛼 ) components.  

𝛼(𝑡) = 𝛼 (𝑡) + 𝛼 (𝑡)                                                                                                            (3.4.1) 

Once again, it is assumed that both the structural and the turbulent wind low-frequency 

components contribute to changing the deck section global aerodynamic behaviour, affecting 
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the corresponding high-frequency components. According to this angle of attack 

decomposition, the nonlinear aerodynamic forces are linearised around the low-frequency 

angle of attack: 

𝐪 ≅ 𝐪 (𝛼 ) +
𝐪

𝛼 = 𝐪 + 𝐪 + 𝐪                                                              (3.4.2) 

The nonlinear aerodynamic forces are then approximately expressed in terms of the sum of 

the low- and high-frequency components. The low-frequency force component is expressed 

as a nonlinear function of the low-frequency angle of attack based on the quasi-steady theory 

as reported in Eqs. (2.3.1), (2.3.2) and (2.3.3). Similarly to the band-superposition approach, 

Chen and Kareem also model the low-frequency force component with the quasi-steady 

theory due to its validity at high-reduced velocity (unsteady fluid memory effects are minor). 

The main differences between the two models are in how high-frequency force components 

are modelled.  

As shown by Eq. (3.4.2), the high-frequency components of the aerodynamic forces are 

expressed by a linearization around the low-frequency effective angle of attack 𝛼  and 

further separated into self-excited and buffeting force components, as in the case of linear 

aerodynamic forces. It is worth underlining that the small oscillation assumption around the 

low-frequency angle of attack is invoked here. 

Accordingly, high-frequency aerodynamic forces are evaluated by means of time-variant 

convolutional integrals according to Eqs. (2.3.13) and (2.3.23): 

𝐪 = 𝜌𝑉 ∫ 𝐘(𝛼 , 𝑡 − 𝜏) 𝐫 (𝜏)𝑑𝜏                                                                                  (3.4.3) 

𝐪 = 𝜌𝑉 ∫ 𝐛 (𝛼 , 𝑡 − 𝜏)𝐯 (𝜏) 𝑑𝜏                                                                                (3.4.4) 

where 𝐫  and 𝐯  are the high-frequency bridge response and fluctuating wind velocity 

components, respectively. Unlike the high-frequency aerodynamic forces according to 

Diana’s model, the time-variant impulsive response function allows a continuous 

relationship between structure response frequency or wind velocity fluctuation frequency 

and unsteady forces. The time-variant nature of these impulsive functions derives from their 

quasi-static modulation with 𝛼 . 

Now suppose that at least the experimental aerodynamic derivatives data for different 

angles of attack are provided; the time-variant impulsive response functions for self-excited 

forces were determined using the rational functions (section 2.3.2). For each angle of attack, 
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the rational function approximation coefficients were evaluated according to the procedure 

described in section 2.3.2. The corresponding values for intermediate angles of attack were 

obtained by polynomial interpolation of the rational function coefficients with the angle of 

attack. 

It is worth pointing out that the rational function coefficients in Eq.(2.3.14) here depend on 

the low-frequency angle of attack. In order to obtain the Eq. (3.4.3) from Eq. (2.3.14), the 

variation of those coefficients must be slow compared to the bridge motion, so to be 

considered quasi-steady in the Fourier anti transformation. The authors satisfied this 

assumption by choosing the first bridge natural frequency as a cut-off between the high-

frequency and low-frequency angle of attack. As it is clear from the nonlinear model 

presented so far, a key point is defining a representative time history of the angle of attack 

due to large-scale turbulence that modulates self-excited and buffeting forces. This has 

always been done by low-pass filtering the turbulence spectrum, but how to choose the cut-

off frequency remains controversial, given that, as noted by Baro (2011) and Wu et al. 

(2013), the model predictions are significantly affected by this parameter. 

3.4.2 Nonlinear time-variant buffeting response 

The nonlinear bridge buffeting response is finally obtained as summarized by the 

framework in Fig. 9. In particular, once the static bridge response due to the mean wind has 

been obtained, a dynamic response analysis follows. 

 

Figure 9: Nonlinear buffeting response framework developed by Chen and Kareem (2003). 
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A multivariate autoregressive scheme (AR methods) is used to generate the time histories 

of the turbulent wind field with a prescribed cross-power spectral density matrix. Then, the 

simulated time-histories are separated into low- and high-frequency components with a 

digital filter. The equation of motion was finally solved by a Newmark Beta step-by-step 

integration method where at each step, the low-frequency components of response and the 

angle of attack are calculated. These are then used to determine the aerodynamic 

characteristics for the calculation of high-frequency force components. An iterative 

calculation is necessary for low- and high-frequency responses since the nonlinear 

aerodynamic forces depend on the bridge response. As suggested by the authors, this 

problem can be overcome by neglecting the bridge background response, usually negligible 

for long suspension bridges.  

This nonlinear framework was finally applied to a long-span suspension bridge with a 2000 

m main span (for further information, see Chen and Kareem, 2003). Different turbulence 

intensities and static rotations of the main girder were considered in such analysis, providing 

essential information in the nonlinear bridge buffeting response. From the results reported, 

it was possible to observe that aerodynamic nonlinearities might influence the buffeting 

response and the flutter threshold, presenting stabilizing effects, especially for the torsional 

response in this particular case study. This result was not surprising since the aerodynamic 

derivative associated with aerodynamic damping in torsion (𝐴∗ ) decreased for angles of 

attack different from zero for the bridge cross-section considered. It is essential to point out 

that if the static rotation due to mean wind is negligible and the turbulence intensity is not 

very high, the classical linear models can still provide reliable estimates of the buffeting 

response (linear and nonlinear bridge responses are almost coincident). 

It is worth noticing that the most crucial feature of this nonlinear framework regards the 

modulation of the aerodynamic force characteristics by the spatiotemporally low-frequency 

variations of the angle of attack. This feature significantly reduces the nonlinear effect in the 

bridge buffeting response compared to what observed in a perfectly correlated turbulence 

wind condition like those reproduced in wind tunnel tests on the model section (Diana et al., 

2005, 2008, 2010; Diana and Omarini, 2020).  
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3.5 Rheological model 

3.5.1 The aerodynamic hysteretic loop representation 

The above band-superposition models consider both nonlinear quasi-steady and unsteady 

(fluid memory) effects related to the low-frequency angle of attack variation. However, 

linear assumptions are evoked in modelling the high-frequency unsteady forces, renouncing 

to consider the nonlinearities related to the high-frequency motion amplitude. Indeed, it is 

worth remembering that aerodynamic derivatives and admittance function, well known 

linear frameworks, are in these frameworks used to model time-variant unsteady features 

with the angle of attack in the high-frequency force components. 

Experimental studies have shown a nonlinear dependence of self-excited forces on motion 

amplitude even for relatively small oscillations, particularly for bluff (e.g., Mannini et al., 

2016) and multicellular cross-sections (e.g., Skyvulstad et al., 2021b). Generally, a nonlinear 

relation between motion and self-excited forces occurs when the amplitude of high-

frequency motion increases (Diana et al., 2008, 2010; Gao and Zhu, 2017; Gao et al., 2018; 

Gao and Zhu, 2015). Indeed, when a strong boundary layer separation occurs, the effects of 

the vorticity produced cannot be entirely captured by a proportional relation between force 

and motion. These nonlinearities are associated with the so-called high-order fluid-memory 

effects that generally occur from a certain amplitude depending on the bridge cross-section 

shape (in general, the more bluff is the cross-section, the more precocious these effects 

occurs).  

With the aim to involve the high-order fluid memory effects, Diana and co-workers (Diana 

et al., 2008) proposed a fully nonlinear model commonly called the “rheological model”. 

Here the aerodynamic forces measured on deck sections were compared with the hysteretic 

effects measured on the mechanical systems as a function of the instantaneous angle of 

attack. Formally, the rheological model can be interpreted as follows: 

𝐪 = 𝑔(𝑉 , Ψ)                                                                                                                         (3.5.1) 

Ψ = 𝜃 + 𝛼                                                                                                                                   (3.5.2) 

Where 𝑔 represent a nonlinear operator, 𝛼 is the angle of attack defined in Eq. (2.3.3). Ψ 

represent the equivalent angle of attack, which is the unique independent variable of the 

system for a fixed mean wind velocity. The numerical model used to express the nonlinear 

operator 𝑔 consists of a mechanical system whose components are springs, dampers, 
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Coulomb friction elements and other mechanical parts that are interconnected and that react 

against the imposed motion. These mechanical systems aim to model the different 

aerodynamic force features (e.g. the delay between force and motion).  

The hysteretic representation of the aerodynamic forces is an efficient tool to represent the 

aerodynamic forces behaviour. Such a representation provides a clear picture of the main 

characteristics of the aerodynamic forces with the angle of attack (Fig. 10). The area enclosed 

by the loop represents the energy released to or extracted from the oscillating body by the 

flow, depending on the sign of the force phase shift; the projection of the semi-major axis of 

the ellipse onto the ordinate axis represents the force amplitude, while its inclination gives a 

measure of the average gradient of the force with respect to the motion, which is associated 

with aerodynamic stiffness. If memory effects were negligible, the hysteresis loop would 

tend to the relevant pattern of the static force coefficient. 

 

Figure 10: Aerodynamic hysteretic loop. 

A time-domain representation of the rheological model has been introduced in Diana et al., 

(2010), where the aerodynamic hysteretic loops were modelled as a combination of a 

nonlinear polynomial function of Ψ and Ψ̇ and rheological elements. For brevity, only the 

moment coefficient is reported here combined with the model scheme in Fig. 11. 

𝐶 Ψ, Ψ̇ = 𝐶 (Ψ) + 𝛽 + 𝛽 Ψ + 𝛽 Ψ̇ + 𝛽 Ψ + 𝛽 ΨΨ̇ + 𝛽 Ψ + 𝛽 Ψ Ψ̇                 (3.5.3) 
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Figure 11: Rheological scheme for nonlinear aerodynamic forces (figure taken from Diana et al., 
2010) 

Where 𝐶  is the moment static coefficient, 𝛽  are the constant parameter used to fit the 

hysteretic loop. However, this polynomial function can only reproduce a symmetric 

hysteretic loop with the pattern of the static coefficients. High-order fluid memory effects 

might occur for some bridge cross-section and angle of attack amplitude, leading to a 

distortion of the hysteretic loop. Then, in order to reproduce the asymmetric behaviour that 

might occur in the experimental measures, a viscous element with negative (or positive) 

dumping is turned on when specific conditions of Ψ and Ψ̇ are satisfied. This nonlinear 

rheological model reproduces complex hysteretic loop patterns, but any physical meaning 

can be allocated to model coefficients. Moreover, the reduced velocity is not considered in 

Eq. (3.5.3), making this suitable only for reproducing the nonlinear aerodynamic features 

related to a single reduced velocity (similarly to the modified quasi-steady model). In light 

of this, such a model could be used in nonlinear bridge buffeting response assessment 

following the band-superposition approach (section 3.3.1). 

Diana et al. (2013) introduced the reduced velocity in the rheological model, making the 

latter an alternative to the time-variant impulsive response function (Chen and Kareem, 

2003) in modelling the high-frequency aerodynamic forces. Indeed, the rheological model 

parameters were identified starting from the aerodynamic derivatives and admittance 

function for different mean angles of attack. As an example, the self-excited aerodynamic 

moment induced by a high-frequency torsional motion of the deck can be expressed as:  
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𝑀 (𝑉 , 𝛼 , 𝜃 ) = 𝜌𝑉 𝐵 𝑎∗(𝛼 ) − 𝑎∗(𝛼 ) 𝜃 = 𝜌𝑉 𝐵 [𝑇 (𝑉 , 𝛼 )]𝜃   (3.5.4) 

Where 𝑇 (𝑉 , 𝛼 ) is the corresponding aerodynamic transfer function between moment 

coefficient and torsional displacement 𝜃 . A clear example of how to identify the 

mechanical system to reproduce the transfer function is reported in Diana and Omarini 

(2020). 

It is worth pointing out that the transfer function 𝑇  does not depend on the amplitude of 

motion; then, only the dependence concerning the reduced velocity 𝑉  and the low-frequency 

angle of attack 𝛼  can be considered by the model. Therefore, the model cannot involve the 

high-order fluid memory effects. On the other hand, the experimental tests performed in 

Diana et al., (2013), have clearly shown the reliability of the rheological model to reproduce 

the mutual influence between the low-frequency angle of attack and the high-frequency 

aerodynamic unsteady forces.  

Diana and Omarini introduced the most recent version of the band superposition. In this 

work, the rheological model identification has been made clear, as well as the equations of 

the nonlinear aerodynamic forces in both low- and high-frequency ranges. Moreover, a state-

space formulation of the rheological model is reported, written and discussed here. The 

rheological expression of self-excited force consists of a superposition of oscillators with 

different orders: 

 

Figure 12: Rheological model: motion induce forces scheme 
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𝐪 = 𝐪 + 𝐪 + 𝐪                                                                                                                 (3.5.5) 

𝐪 = 𝐌𝐫𝐫�̈� + 𝐂𝐫𝐫�̇� + 𝐊𝐫𝐫                                                                                                            (3.5.6) 

𝐪
𝟎

=
𝐌𝐫𝐫 𝟎

𝐌𝛍𝐫 𝟎
�̈�
�̈�

+
𝐂𝐫𝐫 𝐂𝐫𝛍

𝐂𝛍𝐫 𝐂𝛍𝛍

�̇�
�̇�

+
𝐊𝐫𝐫 𝐊𝐫𝛍

𝐊𝛍𝐫 𝐊𝛍𝛍

𝐫
𝛍                                                      (3.5.7) 

𝐪
𝟎

=
𝐌𝐫𝐫 𝟎

𝐌𝛈𝐫 𝐌𝛈𝛈

�̈�
�̈�

+
𝐂𝐫𝐫 𝐂𝐫𝛈

𝐂𝛈𝐫
𝟐 𝐂𝛈𝛈

�̇�
�̇�

+
𝐊𝐫𝐫 𝐊𝐫𝛈

𝐊𝛈𝐫
𝟐 𝐊𝛈𝛈

𝐫
𝛈                                                (3.5.8) 

Where 𝐌 ,𝐂 , 𝐊  are the mass, damping and stiffness matrices of the rheological oscillators 

identified from the aerodynamic derivatives. 𝐫 is the bridge motion vector, 𝛍 and 𝛈 represent 

the additional degrees of freedom related to the first and second-order oscillator, 

respectively. The apex in each term represents the order of the oscillator. It is worth noticing 

that the system of rheological equation Eqs. (3.5.5-8) strongly resemble the state-space 

formulation introduced in section 2.3.2 Eqs. (2.3.20)-(2.3.21) where the additional degrees 

of freedom stands for the additional aeroelastic states. The higher number of coefficients 

considered in the rheological model increases flexibility in fitting the experimental data. In 

contrast, the traditional physic interpretation of Roger rational function coefficient is not 

preserved. A similar approach can be used for the turbulent-dependent aerodynamic forces 

𝐪  (Diana and Omarini, 2020). 

3.5.2 Band-superposition with rheological model 

The analytical framework to assess the nonlinear bridge buffeting response is summarized 

in Fig. 12. As for the previous band-superposition models, a two-step integration is still 

necessary to solve the problem since the low-frequency response determines the high-

frequency aerodynamic forces. In contrast, the state-space formulation of the equation is 

used to solve the high-frequency range, which is a more efficient method than integrating 

the convolutional integral as performed in Chen and Kareem, (2003). Another difference is 

choosing the cut-off frequency used to divide the input turbulence wind spectra, chosen at 

the reduced velocity where the aerodynamic coefficients attain a constant value (Diana et 

al., 2013; Diana et al., 2002; Diana and Omarini, 2020).  

Diana and co-workers have applied the band-superposition model (Fig. 13) to reproduce 

the nonlinear buffeting response of elastically suspension bridge model sections (Diana et 

al., 2013; Diana and Omarini, 2020). The nonlinear effects produced by the interaction 

between the low-frequency angle of attack and the high-frequency response were evident in 
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the experimental tests performed, and the numerical prediction results were satisfactory. In 

particular, linear models appears inappropriate in modelling the model section buffeting 

response. This result seems controversial compared to Chen and Kareem (2003) outcome 

about the nonlinear bridge buffeting response assessment, where nonlinear effects were 

minimal for a standard incoming turbulence wind field. In the thesis author’s opinion, such 

a results discrepancy can be attributed to the perfect correlation of the low-frequency angle 

of attack variation along the model section reproduced in the experimental tests, which tends 

to magnify the nonlinear effects. 

 

Figure 13: Nonlinear buffeting response framework developed by Diana et al. (2013) (scheme taken 
from Diana et al., 2013). 

Although this model has shown to be a valid alternative to the convolutional approach, 

some shortcomings are present in the applicability of assessing real suspension bridge 

buffeting response. Indeed, as the authors themselves have explained (Argentini et al., 2014), 

the effect of the spatial correlation of the turbulent wind fields still needs a deep 

investigation, together with a computationally more efficient implementation of the band-

superposition approach for multi-degrees of freedom system. 
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3.6 Advanced nonlinear aerodynamic force models 

Thus far, nonlinear aerodynamic models are available with partial ability to take nonlinear 

effects into account. In particular, nonlinearities related to the motion amplitude are 

challenging to consider together with the aerodynamic effects due to variations in the angle 

of attack.  

In the light of the above, the nonlinear reduced-order models (e.g., Dowell and Hall, 2001; 

Lucia et al., 2004; Tang and Dowell, 2002) have been rapidly developed over the last two 

decades. Some of those have been successfully applied in reproducing nonlinear features in 

the aerodynamic load. Among them, the artificial neural network (Wu and Kareem, 2011) 

and the Volterra models (Carassale et al., 2014; Carassale and Piccardo, 2010; Denoël and 

Carassale, 2015; Wu and Kareem, 2013a, 2014) have shown the most promising results. 

Additionally, more general parametric models have also been proposed during the last years, 

such as the nonlinear state-space model for aerodynamic loads conceived by Zhou et al., 

(2018, 2019).  

As the work presented in this thesis is not based on the above nonlinear aerodynamic load 

frameworks, these models are briefly described in this section for completeness. Indeed, 

more attention has been paid to describing the virtue and vices of such advanced models in 

nonlinear buffeting response assessment. See the references reported for further information 

about the model’s whole mathematical formulation and numerical identification.  

3.6.1 Artificial neural network 

The artificial neural network takes a part of the nonparametric model family and is a 

mathematical tool with an extremely high capability to mimic the structure and functionality 

of a biological neural network. Such a model has indeed the ability to take into account the 

relative contributions of different inputs individually. Thus it offers a high versatility in 

reproducing the nonlinear behaviour of bluff-body aerodynamics. 

Over the past, several authors have used artificial neural networks in reproducing material 

hysteretic behaviours with satisfactory results (Veeramani et al., 2009). Here, such an 

approach is used to reproduce the hysteretic nonlinear behaviour between the input angle of 

attack and the aerodynamic load in the wake of Diana and co-workers contribution (Diana 

et al., 2010). Indeed, the artificial neural network model represents a step forward since it 

can be easily expanded from a single input (e.g. the angle of attack) into several input 

parameters by introducing neuron layers and weights (Fig.14). This high increase flexibility 
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in reproducing nonlinear behaviour in the hysteretic loop. 

 

Figure 14: Neural network scheme for modelling hysteretic nonlinearity (scheme taken from Wu 
and Kareem, 2011). 

Generally, the network comprises three basic layers: input, hidden, and output (Fig. 14). 

The data-driven model (hidden layer) is obtained by input-output information that 

automatically captures the aerodynamic and aeroelastic features of the system. Then, the 

contributions of the aerodynamic force (static, self-excited and buffeting forces) are unified 

in defining the input-output transfer function.  

The number of neurons in the hidden layer and their mutual connections to the input and 

output layers are crucial in constructing a proper network configuration. The input and output 

information could be obtained through the bridge aerodynamics analysis (wind tunnel tests, 

CFD simulation), while the number of neurons in the hidden layer are challenging to 

determine. Indeed, the hidden layer and its connections with the input and output layers are 

generally constructed through a trial and error process leading to a not optimal time-

consuming configuration. Wu and Kareem, (2011), successfully optimised the hidden layer 

composition using the cellular automata scheme (for further information about the cellular 

automata scheme, see Galván et al., 2000; Wu and Kareem, 2011).  

In Wu and Kareem, (2011), a model section nonlinear buffeting response has been solved 

using the artificial neural network approach. In this work, the structural response acceleration 

at time instance 𝑡  was expressed as a nonlinear function of many inputs as follows: 

�̈� = 𝐑 + 𝑔 (𝐫, �̇�, �̈�, 𝑉 , 𝑢, 𝑤)  ,   𝑖 ∈ {𝐷, 𝐿, 𝑀}                                                                         (3.6.1) 

Where 𝑔  represents the unknown nonlinear excitation force functions involving wind 
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fluctuation, structural motion and mean wind velocity. It is worth noticing that the 

modification of the instantaneous angle of attack results from a composition of these terms 

(Eq. 2.3.3). The other variables have the same meaning above introduced. 𝐑  denote the 

restoring force functions that are considered to be a function of several unknown quantities 

which can be expressed through the nonlinear differential equation from Smyth et al. (2002).  

�̇� = F (𝐑 , 𝐫, �̇�)                                                                                                                       (3.6.2) 

F  are unknown nonlinear functions that might be enriched adding, for instance, the 

amplitude of motion, the mean angle of attack and others to the list of variables. Then, 

assuming a constant division of the sampling time such that 𝑡 − 𝑡  can be taken as a 

constant ∆𝑡, one has the first-order forward difference equation: 

�̇� =
𝐑 𝐑

∆
                                                                                                                              (3.6.3) 

After some mathematical manipulations, the acceleration response can be expressed as: 

�̈� = ℚ (𝐫 , �̇� , �̈� , 𝑉 , 𝑢 , 𝑤 , 𝑉 , 𝑢 , 𝑤 )                                                               (3.6.4) 

The core of the methodology is in estimating the unknown nonlinear function ℚ . These 

automatically combine the aerodynamic transfer function and structural response into one 

black-box nonlinear filter. Further details in how these nonlinear functions are determined 

are reported in Wu and Kareem, (2011). 

The artificial neural network scheme has a significant computational advantage compared 

to the other reduce-orders models (e.g. CFD simulations, Volterra series). Indeed, once the 

training phase is completed (and the functions ℚ  are known), the output of the simulated 

system could be obtained through a simple arithmetic operation with any desired input 

information. Moreover, unlike those models that utilize the concept of dynamic angle of 

attack (Chen and Kareem, 2003; Diana et al., 2008, 2010, 2013; Diana and Omarini, 2020), 

the model proposed by Wu and Kareem can incorporate the effects of bridge deck motions, 

angles of attack of wind and turbulence individually and the effects related to the amplitude 

of responses could be straightforwardly incorporated. On the other hand, the nonparametric 

nature of the model does not allow any physical interpretation. Moreover, implementing the 

artificial neural network of a real nonlinear bridge buffeting response assessment is still an 

open issue. Indeed, the high number of input parameters needed to consider the spanwise 

wind correlation leading an extremely high number of neurons and connections, making the 
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training challenging. 

3.6.2 Volterra models 

Volterra models are well-known mathematical tools used in describing nonlinearities. The 

basic premise of the latter is that a general nonlinear time-invariant system can be modelled 

as a sum of multidimensional convolutional integrals of increasing order. In particular, for 

bridge aeroelasticity, the effects of fluid memory dissolve with the time-scale, then a 

truncated Volterra series may be used (Boyd and Chua, 1985). The high order convolutional 

integrals are then used to model the high-order fluid memory effects allowing us to consider 

the unsteadiness related to the motion amplitude.  

Over the past, these models have been used in the frequency (Carassale et al., 2014; 

Carassale and Piccardo, 2010) or in the time domain (Denoël and Carassale, 2015; Wu and 

Kareem, 2013a, 2014) to reproduce linear and nonlinear (high-order) unsteady effects in 

aerodynamic forces. For the sake of continuity with the previous nonlinear model presented, 

the Volterra model in the time domain is briefly discussed here to point out the actual 

progress in using such an approach in nonlinear buffeting response assessment.  

According to the Volterra models, the bridge deck response 𝐫(𝑡) subjected to a generic 

input 𝐪 can be represented as follows (Rugh, 1981): 

𝐫(𝑡) = 𝐇 + ∫ 𝐇 (𝑡 − 𝜏)𝐪(𝜏)𝑑𝜏 + ∑ ∫ … ∫ ∫ 𝐇 𝑡 − 𝜏 , … , 𝑡 − 𝜏 𝐪(𝜏 ) … 𝐪 𝜏 𝑑𝜏   
(3.6.5) 

where 𝐇  means steady-state term satisfies the initial system condition; h1 represents the 

first-order kernel that describes the system's linear behaviour. 𝐇  the higher-order terms 

representing nonlinear behaviour existing in the system, and 𝑃 denotes the nonlinear degree 

of the Volterra model. The first-order kernel 𝐇  can be associated with the matrix 𝐘 or 𝐉 in 

the Eqs. (2.3.13) and (2.3.23), respectively.  

The problem is then reduced in identifying the Volterra model’s kernels analytically (Li 

and Kareem, 1990; Marzocca et al., 2000; Silva et al., 2001; Tognarelli et al., 1997; Wu and 

Kareem, 2013a) or by system identification techniques, where the discrete-time model is 

utilized rather than the continuous-time model. In such a case and if we assume to a second-

order truncated system, the system response described in Eq. (3.6.5) can be expressed in a 

discrete-time domain as follows: 
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𝐫(𝑛) = 𝐇 + ∑ 𝐇 [𝑛 − 𝑘]𝐪[𝑘] + ∑ ∑ 𝐇𝟐[𝑛 − 𝑘 , 𝑛 − 𝑘 ]𝐪[𝑘 ]𝐪[𝑘 ]                 (3.6.6) 

Where the integer 𝑛 indicates the time step, 𝑀 indicates the dynamic order of the Volterra 

model, which stand for the duration of the fluid memory effects in the bridge aerodynamic 

system. Many coefficients (kernels) increase the computational effort and require more 

input/output data for statistical confidence in the unknown coefficients. These can be 

reduced by eliminating the insignificant kernels (Schetzen, 1965) or performing a sparse 

interpolation scheme to create an ad hoc recreation procedure for the introduced kernel terms 

(Wu and Kareem, 2014). In the case of bridge aeroelasticity, these strategies are usually 

supported by physical consideration based on the analytical impulsive response function 

obtained for an airfoil (R. Bisplinghoff et al., 2013; Küssner and Schwarz, 1940). Recently, 

a parameterized kernel using basis filters have been performed by the Laguerre expansion 

(Marmarelis, 1993) in Skyvulstad, et al., (2021b).  

Many authors have tried to identify Volterra models kernels starting from specific wind 

tunnel tests (Skyvulstad et al., 2021a) and experimental aerodynamic coefficients such as 

aerodynamic derivatives (Ali et al., 2021; Wu and Kareem, 2014). Skyvulstad et al., (2021a) 

tested a twin-deck bridge cross-section, showing strongly nonlinear features in the drag 

aerodynamic forces. In this case, the third-order kernels were necessary to well-capture the 

nonlinearities of the aerodynamic forces. Indeed, when the bridge cross-section shows a 

strongly nonlinear behaviour with the amplitude of motion, the third-order kernels need to 

be added in the Volterra series simulation (Wu and Kareem, 2014). Volterra models have 

proved suitable for reproducing nonlinear aerodynamic forces related to the high-order fluid 

memory effects, which cannot be considered with the moving linearization models (Chen 

and Kareem, 2003; Diana et al., 1995; Diana et al., 2013).  

On the other hand, only one application for assessing the nonlinear buffeting response is 

available in the literature (Ali et al., 2021). In such a work, the nonlinear buffeting response 

of the Akashi Kaykio Bridge was performed in nonstationary wind conditions and compared 

with in-field measurements. According to the band-superposition scheme, the Volterra 

models were used to evaluate the high-frequency aerodynamic forces. As clearly shown in 

Table 3 Ali et al., (2021), (reported in Table 2), Volterra models strongly improve the bridge 

response estimated with linear models; however, the results showed by the band 

superposition approach with time-varying impulsive response functions (Chen and Kareem, 

2003) are still satisfactory. In contrast, it is interesting to underline the small amplitude of 
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the low-frequency angle of attack obtained through a digital low-pass filter at the first bridge 

natural frequency (Fig. 15). In such a range, the 𝐴∗  aerodynamic derivative does not vary 

with the angle of attack. This indicates that the nonlinear effects related to the mutual 

influences between large scale turbulence and high-frequency bridge response should not 

affect the accuracy of the nonlinear model prediction. Then we can conclude that the 

improvement showed by using the nonlinear schemes is mainly related to the nonstationary 

variation of the mean wind velocity and the nonlinear high-order effects.  

Table 2: Comparison of standard deviations of simulated and measured buffeting responses in time-
domain, using typical linear, nonlinear (Chen and Kareem., 2003), and hybrid Volterra FD models 
(Ali et al., 2021). 

Response Measurement Linear Nonlinear Hybrid Volterra 

Lateral [m] 

Err [%] 

0.5350 0.357 

33.27 % 

0.451 

15.72 % 

0.601 

-12.33 % 

Vertical [m] 

Err [%] 

0.1188 0.151 

-27.35 % 

0.142 

19.68 % 

0.138 

-16.26 % 

Torsional [rad] 

Err [%] 

3.3846 4.489 

-32.64 % 

3.615 

-6.816 % 

3.506 

-3.61 % 

 

On the other hand, an additional remark can be made. As already said in section 3.4 for 

Chen’s model, the first natural frequency is a precocious cut-off for very long suspension 

bridges, which might keep out some well-correlated gusts. Looking at the behaviour of the 

𝐴∗  for the Akashi Bridge, an increment of the aerodynamic damping in torsion for angles of 

attack different from zero is shown. This reserve of positive damping might be activated by 

considering in some way more gust contributions in the definition of the slowly-varying 

angle of attack, reducing the torsional response and improving the accuracy of bridge 

response prediction. 

 

Figure 15: low-frequency component of the instantaneous angle of attack (figure taken from Ali et 
al., 2021). 
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Volterra models are generally showed high potentiality in reproducing nonlinear behaviour 

in bridge aeroelasticity thanks to their extreme flexibility. In contrast, the computational 

burdening in considering high-order fluid memory effects in bridge response seems not 

worth the trouble compared to the weakly nonlinear model based on the time-varying 

impulsive function. Further investigations on the effects of high-order fluid memory in the 

sub-critical bridge buffeting response are necessary. 

3.6.3 Nonlinear state-space model 

The last approach presented in this chapter deals with the nonlinear parametric model 

proposed by Zhou et al., (2018, 2019). Such a scheme has the ambition to model both the 

nonlinear buffeting response in a sub-critical condition and the nonlinear post-critical 

buffeting response. In the second work (Zhou et al., 2019), the nonlinear vortex induces 

vibration in vertical and torsional directions has been included in the aerodynamic forces 

formulation.  

The base idea stands in modelling the nonlinear aerodynamic force as a general nonlinear 

differential equation represented in a state-space formulation as follows: 

𝐪 𝛟(𝑡), 𝐱(𝑡), 𝑝 = 𝐪 (𝑉 , 𝛼) + 𝐪 �̇�, �̇�, �̇� + 𝐪 (�̈�) + 𝐪 (𝑉 , 𝛼, 𝛟)

𝑔𝛟 𝛟(𝑡), �̇�(𝑡), 𝐱(𝑡), 𝑝 = 0
 (3.6.7)-(3.6.8) 

where 𝐪  represents output aerodynamic forces, and 𝐱 represents input variables. 𝐪  is the 

wind-induced stationary force, 𝐪 is the wind-induced dynamic force due to the structural 

motion and incoming airflow, 𝐪  is the aerodynamic inertia force, and 𝐪  is the unsteady 

aerodynamic force associated with the internal state variables 𝛟(𝑡) as the aerodynamic 

memory effects. 𝑝 and 𝑝  denote parameters in 𝐪  and 𝑔𝛟, respectively. �̇� and 𝑔𝛟 are 

assumed to be first-order ordinary differential equations since any high-order can be reduced 

into first-order nonlinear governed by the evolution of 𝛟 under given initial conditions and 

input histories.  

The nonlinear aerodynamic force model (NAFM, Zhout et al., 2018) and the general 

nonlinear aerodynamic force model (GNAFM, Zhout et al., 2019) involve many parameters 

identified here using CFD simulations. Once identified, such a nonlinear state-space model 

should consider all the aerodynamic nonlinearities mentioned so far. However, the 

complexity in considering the spanwise correlation in modulating the unsteady effects lead 

to assuming them as perfectly correlated along the bridge girder.  
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The model was applied to assess the nonlinear buffeting response of the Xihoumen 

Suspension Bridge, and the numerical results were compared with real measurement data. 

As shown in Zhou et al. (2018), the model can reproduce the nonlinear hysteretic behaviour 

of the aerodynamic forces shown in the numerical CFD simulations, and the LCO is fully 

formed in the post-critical regime. In contrast, a marked difference between linear and 

nonlinear models in both buffeting response and flutter critical wind velocity is shown by 

Zhou et al. (2019), who determine the root mean square of the response of the Xihoumen 

Bridge in a smooth and turbulent flow. Nevertheless, the numerical results show poor 

agreement when compared with the experimental data obtained with a full bridge aeroelastic 

model (Ge et al., 2009). In particular, the torsional response in turbulent flow is significantly 

overestimated by the numerical simulations. This might be due to the perfect correlation in 

the nonlinear self-excited forces (𝐪 ) which could lead to increasing the unstabilised 

nonlinear effects. 

3.7 Nonlinear frameworks for bridge buffeting response: a summary 

As appears from this literature overview, the aerodynamic nonlinearities for bridge 

structures are generally related to the slow variation of the angle of attack produced by large-

scale atmospheric turbulence, the dependence of the amplitude of motion (e.g., high-order 

fluid memory effects) and, consequently, the realization of LCO in a post-critical bridge 

response. The impact on the buffeting response of long-span suspension bridges has been a 

hot topic in wind engineering research, which seems not to be solved entirely for different 

reasons. 

It has been seen that the aerodynamic forces accounting for such an effect of turbulence 

have been crucial in predicting the nonlinear dynamic (sub-critical) response of bridge 

sectional models subjected to multi-harmonic gusts (Diana et al., 2005, 2010; Diana and 

Omarini, 2020). The proposed “band superposition” (e.g., Diana et al., 2010) models 

addressed such a problem correctly. Indeed, band-superposition schemes have shown that 

the aerodynamic force linearization around a slowly-varying angle of attack correctly 

interprets the physics of the mutual influence between large-scale turbulence and 

aerodynamic forces at the frequency of bridge motion. Chen and Kareem (2001, 2003) 

extended the band-superposition approach for real bridge nonlinear buffeting response 

assessment in this wake. It is worth noticing that the aerodynamic forces in the latter were 
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not experimentally validated, but essential information about the nonlinear buffeting 

response of bridge structure has been provided in this work.  

Conversely, such frameworks cannot consider nonlinear effects related to the amplitude of 

structural motion due to their intrinsic linear nature for a fixed angle of attack. Moreover, 

the cut-off frequency used in defining the slowly-varying angle of attack is controversial, 

leading to different model section responses for different cut-off choices (Baro, 2011; Wu 

and Kareem, 2013b). Aiming to fill this gap, fully nonlinear models are evoked. The 

scientific community answered this need with four different fully nonlinear approaches, 

namely Rheological, Artificial neural network, Volterra, and nonlinear parametric state-

space models that have not proven conclusive for different reasons. Nonlinear Rheological 

models are able to consider all the nonlinearities related to a variation of the angle of attack, 

even related to bridge motion, but the reduced frequency dependence can only be considered 

in a discretized way. This weakness makes it challenging to be used in a real bridge buffeting 

response due to the complexity of considering many bands for accounting for all the most 

important modes contributions, each associated with a single reduced velocity effect. 

Moreover, such a model has not been extended for considering the spanwise correlation of 

the slowly-varying angle of attack along the bridge girder, making it suitable only for model 

section application where a perfect correlated turbulent wind field input is considered for a 

discreet and small number of sinusoidal gusts in input with known amplitude and frequency 

of fluctuation. Similar features might be conferred to the artificial neural network model. 

This model improves the accuracy of nonlinear aerodynamic forces fitting by introducing 

different weights to the various components of the angle of attack. However, no real bridge 

applications are present in the literature, and the effects of spanwise correlation in 

modulating nonlinearities seem challenging to be considered. In contrast, promising results 

have been shown by the hybrid Volterra model. Indeed, this model has proven to be usable 

for a real bridge nonlinear buffeting response assessment (even for nonstationary winds), but 

further information about the effects of considering the high-order nonlinearities in the high-

frequency aerodynamic forces are evoked.  

Generally, only a few studies about full suspension bridges in realistic turbulent flows are 

available, and the nonlinear bridge buffeting response assessment is usually are not simple 

to be identified, implemented and finally interpreted, especially for practical uses.  
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CHAPTER 4 
 
 

 

4 The nonlinear aerodynamic load model 

 
 

 
 
 

 Chapter 4 is structured in three main parts. A nonlinear aerodynamic 
force model is proposed in the first part and a procedure to determine its 
parameters. Specific wind tunnel tests are required to investigate time-
variant self-excited forces, identify the model parameters, and validate it. 
Such experiments are introduced in the second part. Finally, results in 
terms of aerodynamic derivatives for a range of mean angles of attack, 
identified model parameters, as well as measured and predicted force 
features are reported for two bridge sections in the third part. The chapter 
ends with some conclusions. 
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4.1 Introduction 
 

Although the linearised models introduced in chapter 2 cannot reveal wind-induced 

behaviours completely, they have been proven reasonable accurate for bridge 

aerodynamic/aeroelasticity studies for some turbulence wind conditions and bridge cross-

sections. Nevertheless, the ever-increasing suspension bridge dimensions, nonstationary 

wind events and diversity in the surrounding conditions may challenge the validity of linear 

or quasi-steady schemes. In such a scenario, there is a need to reconsider the current 

paradigms of the wind load models and improve the understanding of the structure 

aerodynamics and the resulting load effects. With this aim in mind, many nonlinear 

approaches have been proposed and summarized in chapter 3. Such models aim to include 

the aerodynamic nonlinearities in the numerical framework to assess the bridge dynamic 

response in a turbulent flow.  

It is clear from this literature overview that the problem considered has been remarkably 

attracting the attention of researchers in the last quarter of a century; nevertheless, for 

different reasons, none of the approaches proposed seems to be conclusive.   

4.2 Time-variant aerodynamic forces 

The wind action consists of a time-independent part due to the mean wind velocity, a 

fluctuating part due to the turbulent wind field and the vortex shedding, and self-excited 

forces generated by the motion of the structure. As we have seen in chapter 2, in a linearised 

model, these forces are uncoupled and then considered separately. Chapter 3 shows that this 

assumption is not generally valid since these contributions may influence each other. Indeed, 

while small-scale turbulence is known to be able to alter the bridge section wake 

characteristics (e.g., Bearman and Morel, 1983; Mannini et al., 2017; Scanlan and Lin, 

1978), large-scale incoming flow velocity fluctuations can effectively change the 

instantaneous angle of attack, which may influence the aerostatic and buffeting loads and 

above all the aerodynamic effects of the bridge motion. Accordingly, for a given mean wind 

speed 𝑉 , the load vector nonlinearly depends on turbulent flow velocity fluctuations and 

bridge motion: 

𝐪 = 𝐟 (𝑢, 𝑤, 𝐫, �̇�)                                                                                                                        (4.2.1) 

where 𝐟  is a general nonlinear operator. As shown in Fig. 1, 𝑢 and 𝑤 are respectively 
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horizontal and vertical turbulence components; 𝐫 = [𝑦  𝑧  𝜃]  again represents the vector of 

the degrees of freedom of the bridge cross-section, where the displacement in the girder’s 

spanwise direction is disregarded. 

 

Figure 16: Illustration of the reference system for bridge displacements, forces and wind velocities. 

The quasi-steady theory may modulate the aerodynamic force as a nonlinear function of 

instantaneous angle of attack and relative flow velocity based on the static force coefficients. 

This approach is simple, but it cannot consider the unsteady effects due to fluid memory. To 

overcome this problem, following a band-superposition framework, bridge response and 

incoming turbulence can be split into low- and high-frequency ranges. Then, the nonlinear 

aerodynamic force can be linearised around the slowly-varying components of the 

independent variables, as in Diana et al., (1995) and Chen and Kareem, (2001, 2003), 

yielding: 

𝐪 ≅ 𝐪 𝑢, 𝑤, 𝐫, �̇� +
𝐪

𝐫 𝐫 𝐫,�̇� �̇�
,

 (𝐫 − 𝐫) +
𝐪

�̇� 𝐫 𝐫,�̇� �̇�
,

 �̇� − �̇� +
𝐪

𝐫 𝐫,�̇� �̇�
,

 (𝑢 − 𝑢) +

𝐪

𝐫 𝐫,�̇� �̇�
,

 (𝑤 − 𝑤)                                                                                                                (4.2.2) 

The operator tilde indicates a low-pass filter applied to a certain quantity (∙), so that (∙) −

(∙)̃ denotes the attendant high-frequency component. The terms in square brackets represent 

Jacobian matrices. Indeed, it is worth noting that the dependence of the self-excited forces 

is on the low-frequency effective angle of attack 𝛼 , rather than on 𝐫, �̇�, 𝑢 and 𝑤, where:  

𝛼 = atan
 ̇ ̇

̇
                                                                                                                  (4.2.3) 

It is worth underlining that Eq. (4.2.2) is equivalent to the one introduced in section 3.3 [Eq. 
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(3.3.1)]. 

In the present study, the contribution of low-frequency bridge motion to the angle of attack 

that modulates the self-excited forces is neglected, in the same way as several previous 

studies (e.g., Chen and Kareem, 2003; Diana et al., 2013; Wu and Kareem, 2013b). However, 

the acceptability of this assumption will be verified a posteriori (Chapter 5). Consequently, 

the wind load vector is modelled as the sum of two contributions: 

𝐪 ≅ 𝐪 + 𝐪                                                                                                                            (4.2.4) 

where 

𝐪 = 𝐪 (𝑢, 𝑤) +
𝒒

,

∙ (𝑢 − 𝑢) +
𝒒

,
∙ (𝑤 − 𝑤)                                     (4.2.5) 

𝐪 =
𝒒

𝐫 ,
∙ 𝐫 +

𝒒

�̇� ,
∙ �̇�                                                                                (4.2.6)  

𝐪  represents the external force due to steady and fluctuating wind velocity components, 

while 𝐪  denotes the self-excited forces. Under the previously mentioned assumption, the 

effective slowly-varying angle of attack simplifies in 𝛼 ≅ 𝛼, where: 

𝛼 = atan
 

                                                                                                                         (4.2.7) 

As will be discussed in Sections 4.2.1 and 4.2.2, the moving linearisation in Eq. (4.2.6) 

allows for the modulation of the self-excited forces according to the large-scale incoming 

turbulence. Moreover, the one for the external forces in Eq. (4.2.5) allows considering both 

the nonlinearities related to the low-frequency wind velocity fluctuations and the unsteady 

effects associated with the high-frequency ones. 

4.2.1 2D Rational function approximation for self-excited forces (𝒒𝒔𝒆) 

As introduced in chapter 2, the self-excited forces are commonly expressed through 

aerodynamic derivatives as Scanlan and Tomko, (1971), suggested. This linearised model 

considers the unsteadiness due to fluid memory and assumes small-amplitude motion. In 

such a framework, the principle of superposition holds, and the transfer function between 

forces and bridge motion is expressed as Eq. (2.3.12). 

In contrast, when the aerodynamic derivatives vary with the angle of attack, self-excited 

forces become nonlinear. However, in the spirit of the approaches by Diana et al., (1995), 

and by Chen and Kareem, (2001, 2003), assuming a slowly-varying angle of attack 𝛼, the 
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self-excited forces can be linearised around it, thereby maintaining the proportionality with 

respect to the motion components (or at least to the high-frequency ones). Then, the transfer 

function maintains the simple form valid for a linear system, but it becomes a function of 

both reduced frequency and angle of attack. Therefore, self-excited forces can be expressed 

in the frequency domain as follows: 

𝐪 (𝐾, 𝛼) = 𝐆(𝐾, 𝛼)𝐔(𝐾)                                                                                                          (4.2.8) 

𝐆(𝐾, 𝛼) = 𝜌𝑉 𝐾

(𝑖𝑃∗ + 𝑃∗) (𝑖𝑃∗ + 𝑃∗) 𝐵(𝑖𝑃∗ + 𝑃∗)

(𝑖𝐻∗ + 𝐻∗) (𝑖𝐻∗ + 𝐻∗) 𝐵(𝑖𝐻∗ + 𝐻∗)

𝐵(𝑖𝐴∗ + 𝐴∗ ) 𝐵(𝑖𝐴∗ + 𝐴∗ ) 𝐵 (𝑖𝐴∗ + 𝐴∗ )

                                      (4.2.9) 

Here, 𝐔(𝐾) ∈ ℝ ×  is the Fourier transform of the displacement vector 𝐮(𝑡), 𝐪 (𝐾, 𝛼) =

𝑞   𝑞   𝑞  is the vector of self-excited forces in the frequency domain, 𝐆(𝐾, 𝛼) ∈

ℝ ×  is the system transfer function matrix, and 𝑖 the imaginary unit. In Eq. (4.2.9), the 

aerodynamic derivatives 𝑃∗(𝐾, 𝛼), 𝐻∗(𝐾, 𝛼) and 𝐴∗(𝐾, 𝛼) depend on both reduced 

frequency of oscillation 𝐾 and instantaneous slowly-varying angle of attack 𝛼. 

The system transfer functions are known from experiments only for a limited number of 

reduced frequencies and angles of attack. In contrast, continuous functions of both variables 

are required to include self-excited forces in a time-domain buffeting problem. To this end, 

the commonly used rational function approximation (RFA) introduced by Roger, (1977), can 

be applied by replacing its coefficients with polynomial functions of the slowly-varying 

angle of attack. The ensuring multivariate rational function approximation can be visualised 

as a surface, and the deriving model is therefore called the 2D RFA model: 

𝐆(𝐾, 𝛼) =  𝜌𝑉 𝐀 (𝛼) + 𝐀 (𝛼)𝑖𝐾 + 𝐀 (𝛼)(𝑖𝐾) + ∑ 𝐀 (𝛼)
( )

                  (4.2.10) 

𝐀 =

𝑔 ,  𝑔 ,  𝐵𝑔 ,  

𝑔 ,  𝑔 ,  𝐵𝑔 ,  

𝐵𝑔 ,  𝐵𝑔 ,  𝐵 𝑔 ,  

   ;    𝑑 = 𝑟                                                        (4.2.11) – (4.2.12) 

𝐀 ∈ ℝ × , 𝑘 ∈ {1, 2, … , 𝑁}, and 𝑑 , 𝑙 ∈ {1, 2, … , 𝑁 − 3}, represent the rational function 

coefficients, which are here polynomial functions of the slowly-varying angle of attack, 

𝑔 (𝛼) and 𝑟 (𝛼), being 𝑛 and ℎ the degrees of the polynomials. 𝑁 − 3 is the number of 

aeroelastic states considered.  

The transfer function 𝐆 is normally used in frequency-domain buffeting calculations, but 
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the dependence on the slowly-varying flow angle of attack 𝛼 makes necessary a time-domain 

approach. To this end, one can take the inverse Fourier transform of Eq. (4.2.10). 

Considering 𝐀  and 𝑑  as frozen-time functions of the angle of attack, the following 

expression of the self-excited forces is obtained: 

𝐪 (𝑡, 𝛼) =  𝜌𝑉 𝐀 (𝛼)𝐫(𝑡) + 𝐀 (𝛼)�̇�(𝑡) + 𝐀 (𝛼)�̈�(𝑡) + ∑ 𝐀 (𝛼) 𝛌    

(4.2.13) 

𝛌 = ∫ exp −
( )

(𝑡 − 𝜏) �̇�(𝜏)𝑑𝜏                                                                                   (4.2.14) 

Here, 𝛌 ∈ ℝ ×  is an additional state variable. Then, using the Leibniz rule, it is possible to 

derive from Eq. (4.2.14) the same differential equation valid for linear theory [Eq. (2.3.18)], 

but with slowly-varying coefficients: 

�̇� = −
( )

𝛌 + �̇�(𝑡)                                                                                                             (4.2.15) 

Finally, self-excited forces can be obtained from the linear time-variant system composed 

by Eqs. (4.2.13) and (4.2.15). In matrix form, one can write: 

�̇� = 𝐃 𝚲 + 𝐄 �̇� 

𝐪 = 𝜌𝑉 𝐀 𝐫 + 𝐀 �̇� + 𝐀 �̈� + 𝐐 𝚲
                                                (4.2.16) - (4.2.17) 

where: 

𝐃 = −
𝑑 (𝛼) 𝐈

⋱
𝑑 (𝛼) 𝐈

   ;    𝐄 =
𝐈
⋮
𝐈

                                                               (4.2.18) 

𝐐 = [𝐀 (𝛼) … 𝐀 (𝛼)]   ;    𝚲 = [𝛌  𝛌 … 𝛌 ]                                                             (4.2.19) 

Here each identity matrix I has the same number of rows and columns as the number of 

degrees of freedom considered, namely three in the present sectional model case (Fig. 2), 

while 𝐃 ∈ ℝ ∙( ) × ∙( ), 𝐐 ∈ ℝ  × ∙( ), 𝐄 ∈ ℝ ∙( ) ×  and 𝚲 ∈ ℝ ∙( ) × . 

Clearly, the equations can easily be generalized to the case of a generic number of degrees 

of freedom. Eqs. (4.2.16)-(4.2.17) represent a time-domain state-space formulation of the 

self-excited forces, which is particularly convenient to solve buffeting problems as shown in 

section 2.3.4.2. The model parameters variation with a slow-varying angle of attack allows 

updating the aeroelastic behaviour of the bridge cross-section to the instantaneous 
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aerodynamic condition during the time. 

It is clear from the comparison of Eqs. (4.2.9) and (4.2.10) that the latter provides a 

continuous approximation of the aerodynamic derivatives as a function of both reduced 

frequency of oscillation and angle of attack. In particular, each component of 𝐀  refers to a 

pair of aerodynamic derivatives, while 𝑑  is the same for all of them. The latter assumption 

may limit the fitting capability of the model but reduces the number of parameters (in total 

9 ∙ 𝑁 ∙ (𝑛 + 1) + (𝑁 − 3) ∙ (ℎ + 1) instead of 9 ∙ [𝑁 ∙ (𝑛 + 1) + (𝑁 − 3) ∙ (ℎ + 1)]). 

Nevertheless, if necessary to better fit the experimental data, this assumption can easily be 

removed, slightly complicating the state-space system by considering a matrix instead of 𝑑 , 

in a similar way to 𝐀 . It is also worth noting that, maintaining the form of the transfer 

function introduced by Roger, the various terms in the equations have a clear physical 

interpretation. 

The model proposed by Chen and Kareem, (2001), requires determining the RFA 

parameters for each set of aerodynamic derivatives associated with a given angle of attack. 

Then, a polynomial function of the angle of attack is employed to consider the variation with 

the angle of attack of each parameter. However, this two-step approach is challenging since 

the coefficients might exhibit strong variations with the angle of attack. In particular, it can 

be difficult to obtain a good model when the aerodynamic derivatives show large gradients 

in the 𝛼 direction. In contrast, in the 2D RFA model proposed in this work, a surface is used 

to approximate the aerodynamic derivatives directly as a function of reduced frequency of 

oscillation and angle of attack. This ensures that accurate interpolations of the experimental 

data are achieved (see section 4.2.6). 

Finally, it is useful to remind the underlying assumptions of the proposed 2D RFA model: 

 The angle of attack varies slowly compared to the vibration of the structure so that 

its effects on the self-excited forces can be addressed in a quasi-steady manner; 

 The amplitude of the structural oscillations is small, and the self-excited forces can 

be linearised for each angle of attack to be considered (i.e., the aerodynamic 

derivatives do not depend on the vibration amplitude); 

 For any angle of attack, the pattern of the aerodynamic derivatives can be well 

approximated by a system transfer function having Roger’s form [Eq. (4.2.10)]. 

4.2.2 Buffeting force model 

The input force vector 𝐪  aims to model the load due to the static and the fluctuating part 
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of the wind velocity. As shown in Eqs. (4.2.5) and (4.2.7), such a vector is obtained 

linearising the aerodynamic forces around the low-frequency velocity fluctuations 𝑢 and 𝑤, 

and neglecting the contribution of the bridge motion to the slowly-varying angle of attack. 

Consequently, this load vector does not depend on the state variables of the dynamical 

system and is therefore fully “external”. In order to derive it, let us first refer to the nonlinear 

external force vector based on the quasi-steady theory. According to the reference system 

for forces and displacements shown in Fig.1, one can write: 

𝐪 (𝑡) = 𝜌𝐵𝑉 (𝑥, 𝑡)
cos(𝛼) − sin(𝛼) 0
sin(𝛼) cos(𝛼) 0

0 0 1

𝐶 (𝛼 + 𝜃 )

𝐶 (𝛼 + 𝜃 )

𝐵𝐶 (𝛼 + 𝜃 )
                                        (4.2.20) 

𝑉 (𝑡) = (𝑉 + 𝑢) + 𝑤    ;    𝛼(𝑡) = atan                                                   (4.2.21)-(4.2.22) 

𝑉  is the relative wind velocity, 𝜃  is the static rotation of the bridge; 𝐶 , 𝐶  and 𝐶  are 

the drag, lift and moment aerodynamic coefficients (normalised with the deck width 𝐵), 𝛼 

is the instantaneous angle of attack due to turbulence. In order to make the calculations 

simpler, the static force coefficients are written in a reference frame fixed to the undeformed 

bridge deck section: 

𝐪 (𝑡) = 𝜌𝐵(𝑉 + 𝑢) 𝐂 (𝛼, 𝜃 )                                                                                         (4.2.23) 

𝐂 (𝛼, 𝜃 ) =

𝐶 (𝛼, 𝜃 )

𝐶 (𝛼, 𝜃 )

𝐵𝐶 (𝛼, 𝜃 ))

    

𝐶 = sec (𝛼)[𝐶 (𝛼 + 𝜃 ) cos(𝛼) − 𝐶 (𝛼 + 𝜃 ) sin(𝛼)]  

𝐶 = sec (𝛼)[𝐶 (𝛼 + 𝜃 ) sin(𝛼) + 𝐶 (𝛼 + 𝜃 ) cos(𝛼)]  

𝐶 = sec (𝛼)𝐶 (𝛼 + 𝜃 )  

Then, according to the dynamic linearisation reported in Eq. (4.2.5), incorporating some 

unsteady effects, the external force vector 𝐪  can finally be expressed as follows: 

𝐪 = 𝜌𝐵(𝑉 + 𝑢) 𝐂 (𝛼, 𝜃 ) + 𝜌𝐵(𝑉 + 𝑢) 𝐂 (𝛼, 𝜃 ) ∘ ∫ 𝐉(𝛼, 𝑡 − 𝜏) ∘ 𝐕(𝑥, 𝜏)𝑑𝜏 𝟏 
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(4.2.24) 

𝐉(𝛼, 𝑡) = F    𝟏

𝜒 (𝛼, 𝐾) 𝜒 (𝛼, 𝐾)

𝜒 (𝛼, 𝐾) 𝜒 (𝛼, 𝐾)

𝜒 (𝛼, 𝐾) 𝜒 (𝛼, 𝐾)

  

𝐕(𝑥, 𝑡) =
𝑢 − 𝑢 𝑤 − 𝑤
𝑢 − 𝑢 𝑤 − 𝑤
𝑢 − 𝑢 𝑤 − 𝑤

   ;    𝟏 =
1

1
   

𝐂 ′(𝛼, 𝛼 ) =

2𝐶 (𝛼, 𝜃 ) − 𝐶 (𝛼, 𝜃 ) sin(𝛼) cos(𝛼) 𝐶 (𝛼, 𝜃 ) cos (𝛼)

2𝐶 (𝛼, 𝜃 ) − 𝐶 (𝛼, 𝜃 ) sin(𝛼) cos(𝛼) 𝐶 (𝛼, 𝜃 ) cos (𝛼)

𝐵 2𝐶 (𝛼, 𝜃 ) − 𝐶 (𝛼, 𝜃 ) tan(𝛼) 𝐵 2𝐶 (𝛼, 𝜃 ) tan(𝛼) − 𝐶 (𝛼, 𝜃 ) cos (𝛼)

  

𝐶 , 𝐶  and 𝐶  are the first derivatives of the static force coefficients with respect to the 

angle of attack; the operator ∘ stands for the Hadamard product; F    𝟏
denotes the inverse 

Fourier transform; 𝜒 ,  where 𝑖 ∈ {𝑦, 𝑧, 𝜃} and 𝑗 ∈ {𝑢, 𝑤}, are the aerodynamic admittance 

functions; 𝐾 = 𝜔𝐵/𝑉  denotes the reduced frequency, being 𝜔 a generic circular frequency 

of the turbulent fluctuations. 

The vector 𝐪  consists of two contributions. The first term, proportional to 𝐂 (𝛼, 𝜃 ), is 

treated with the nonlinear quasi-steady theory, as unsteady effects are expected to be modest 

for low-frequency flow velocity fluctuations; in contrast, these components are very 

energetic, so that it may be important to take into account the quadratic contribution of the 

longitudinal velocity fluctuations; the nonlinear pattern of the force coefficients may also 

impact the aerodynamic load due to the large excursions of the flow angle of attack. On the 

other hand, the term proportional to the Jacobian matrix 𝐂 (𝛼, 𝜃 ) accounts for the unsteady 

effects through the impulsive response function matrix 𝐉, since these are relevant for high-

frequency wind velocity fluctuations. The linearity of this second term is a reasonable 

approximation, given that the velocity fluctuations in this frequency range are not very 

energetic. The matrix 𝐉 is calculated as the inverse Fourier transform of the aerodynamic 

admittance functions, which transfer in the frequency domain fluctuating wind velocities 

into linearised buffeting forces per unit span. The impulse functions can also take into 

consideration the parametric dependence on the slowly-varying angle of attack, based on 

measurements of the aerodynamic admittance functions for various angles of attack. 

Though the focus of the present work is on the influence of large-scale turbulence on self-

excited forces, it must be emphasised that the model proposed here for the external wind 

load is a good trade-off between the conflicting needs of modelling nonlinear and unsteady 
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effects of wind velocity fluctuations. The core of this compromise is the choice of the cut-

off frequency in the turbulence spectra, which will be better discussed in the next chapter. 

4.3 Wind tunnel tests: 2D RFA model identification 
 

4.3.1 Motivations for these tests 

The wind tunnel tests were carried out at NTNU, Trondheim (Norway), in two different 

testing campaigns. The first tests campaign was performed between October 28th - 1st 

November 2019 and 26th -29th November 2019, while the second between 28th October and 

5th November 2020. The first purpose of these experimental campaigns was to obtain a set 

of aerodynamic derivatives for different angles of attack for two utterly different bridge 

cross-sections. Such coefficients were then used to identify the 2D RFA approximation for 

both case studies. The choice of the cross-sectional geometries, namely the Hardanger 

Bridge characterised by a classical hexagonal single-box girder and a typical twin-deck 

cross-section profile (Fig. 17), is because they are typical for medium-long span suspension 

bridges. NTNU provided both bridge sectional models. Another point discussed in the 

following is the supposed linearity of self-excited forces with respect to the amplitude of the 

motion for different angles of attack, which is still an open issue in bridge aeroelasticity, as 

clearly underlined in chapter 3.  

The second and fundamental motivation for these tests was to provide a sound validation 

of the time-varying self-excited forces obtained according to the 2D RFA model. With this 

aim in mind, a new aeroelastic test was proposed and performed to obtain time-variant self-

excited forces modulated by a perfectly correlated variation of the angle of attack. Then, the 

validity of slow-variation of the angle of attack was investigated to understand how slow the 

low-frequency variation must be compared to the bridge motion to make the 2D RFA model 

work. Indeed, it is worth remembering that this is one of the model main assumptions, which 

allows for Fourier antitransform Eq. 4.2.10, leading to Eq. 4.2.13. 
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Figure 17: Sketch of the Hardanger Bridge (Section 1) and twin-deck (Section 2) sectional models. 

4.3.2 Fluid Mechanics Laboratory and wind tunnel  

Experiments were carried out in the wind tunnel of the Fluid Mechanics Laboratory at the 

Norwegian University of Science and Technology in Trondheim, Norway. The wind tunnel 

(Fig. 18) is a low-speed, closed-circuit facility, and it is equipped with a 220 kW motor that 

can generate a maximum wind speed of 30 m/s. It has a closed test section, 11 m long, 2 m 

high and 2.7 m wide. The velocity profile is approximatively uniform, and the flow is 

characterised by a low free-stream turbulence intensity, around 0.2%. 

A static pitot probe [Fig. 18(b)] was used to measure the wind velocity during the wind 

tunnel experiments. The static pitot probe was placed 2.5 m in front of the wind tunnel inlet 

and 5.7 m from the section model during the wind tunnel tests. 



 

 
Niccolò Barni  65 
 

   

Figure 18: (a) Wind tunnel in fluid mechanics laboratory at NTNU, Trondheim (Norway). (b) The 
pitot probe was used to measure the wind velocity during the wind tunnel experiments. 

4.3.3 Experimental set-up 

For the static and aeroelastic tests discussed herein, the following instruments are adopted: 

 One Pitot probe (Fig. 18); 

 2 or 4 six strain-gauges load cells; 

 Two 3-degrees of freedom actuators; 

 Data acquisition and control system; 

The two bridge deck sectional models shown in Fig. 17 were considered as case studies in 

the experimental campaign. The first one reproduces the geometry of the Hardanger Bridge 

deck. The second one is a typical twin-deck profile. The two geometries are representative 

of possible alternative solutions, and, as will be evident later, they exhibit a quite different 

aerodynamic behaviour. Fig.2 shows all the non-structural details considered in the wind 

tunnel tests, such as barriers and aerodynamic appendices. The 1:50 scale model of the 

Hardanger Bridge deck is 2680 mm long (L), 366 mm wide (B) and 65 mm deep (D). It is to 

note that the section is not perfectly symmetric, and only the configuration where the 

pedestrian lane is upstream has been considered in the present work. The twin-deck model 

is 2620 mm long, 780 mm wide and 70 mm high. This model could be assembled with three 

different widths (780, 840 or 900 mm), and the 780 mm configuration was chosen to make 

it similar to the Xiohumen Bridge (see Fig.17). The models are made of Gurit PVC60, a low-

density material (60 kg/m3), and their mass is 5.45 kg for the Hardanger Bridge and 11.33 

kg for the twin-deck. The models were made as light as possible to reduce the inertia forces, 

Fan Actuators 

Inlet 

Test 
section 

(a) (b) 

Pitot 
probe 
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which should not be dominant over wind-induced forces. The stiffness of the models is 

provided by one aluminium pipe with an outer diameter of 40 mm for the Hardanger Bridge 

and two aluminium pipes with an outer diameter of 50 mm for the twin-deck. The pipes have 

a wall thickness of 1 mm. Henceforth, for the sake of brevity, the Hardanger Bridge and the 

twin-deck cross-sections will be denoted as Section 1 and Section 2, respectively.  

 

Figure 19: View of the connection of the sectional models to the force measurement system and the 
actuators: (a) Hardanger Bridge and (b) twin-deck model. 

The models were mounted horizontally in the wind tunnel and connected to ATI FT-

Gamma 9105 six-component high-frequency force balances (one for Section 1 and two for 

Section 2, see Fig. 3). These load cells were used to measure the wind-induced forces in the 

model section. According to the strip theory assumption for bridge type structure, the needed 

degrees of freedom can be reduced at two shear components (drag and lift) and one moment 

(torque). The two ATI FT-Gamma 9105 load cells used in the measurements can record 

forces up to 65 N and moments of up to 5 Nm and be supplied by ATI Industrial Automation. 

Each load cell records six voltage signals, later transformed into forces/moments using a 

calibration matrix. The load cells are placed between the section model and actuator (Fig. 

19), then bolted on one side to the actuators, while a clamp mechanism is used to connect to 

the section model in the front of the load cell. When four load cells are used (Fig. 20), the 

measured forces are transformed to the centre of rotation of the model. The sampling 

frequency used for the signal acquisition was 200 Hz. The lowest natural frequencies of the 

models (associated with the first vertical bending vibration mode) were 11.42 Hz for Section 

1 and 13.92 Hz for Section 2.  

 

(b) (a) 
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Figure 20: Four load cells set up for measuring forces on twin-deck bridge cross-section. 

The actuators (Fig. 21) can move the model according to a given time series in the 

horizontal (sway) and/or vertical (heave) directions, as well as rotate it about its longitudinal 

axis (pitch). The maximum possible horizontal and vertical displacements are ±10 cm, 

whereas the maximum rotation is ±90 deg. Servomotor encoders recorded the actual 

displacements and rotations of the section models during the experiments.  

It is also possible to note that the ends of both models are very close to the wind tunnel 

walls, which then confine the flow and act as end-plates. For further details regarding the 

wind tunnel instrumentation, see Siedziako et al., (2017). 

Actuator 
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Figure 21: Hardanger Bridge sectional model with the two actuators. 

4.3.4 Aerodynamic static coefficients 

4.3.4.1 Experimental test description 

Actuators allow two different procedures to determine the aerodynamic static coefficients 

pattern with the angle of attack. The commonly used angle of attack step by step might be 

performed, where force time histories are recorded at each angle of attack statically imposed 

by the actuators. This procedure is reliable since it can be compared with most static wind 

tunnel tests used to determine static coefficients, but it is time-consuming. This work 

determines the aerodynamic static coefficients by applying a quasi-steady pitching motion 

time-history to the model. Compared to an angle of attack step by step strategy, this allows 

faster determining the static coefficient trend. In contrast, the period needed to complete a 

pitching oscillation has to be designed slow enough to be considered quasi-static (no fluid 

memory effects). The analogy with the airfoil is used for that since both bridge cross-sections 

are fairly streamlined. Then Theodorsen’s (1934) self-excited forces are used to determine 

how small the reduced frequency should be to achieve a circulatory function almost equal to 

one (at least for the lift and moment components).  

If the centre of rotation corresponds to the geometric centre of the airfoil, Self-excited 

forces produced by an airfoil pitching motion 𝜃 can be expressed according to the 

Theodorson theory (Theodorsen, 1935): 
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𝑞 , (𝑡, 𝑘, 𝑉 ) = 𝜋𝜌𝑏 𝑉 �̇� + 2𝜋𝜌𝑏𝑉 𝐶(𝑘) 𝑉 𝜃 + �̇�                                                            (4.3.1) 

𝑞 , (𝑡, 𝑘, 𝑉 ) = −
̈
+ 𝜋𝜌𝑏 𝑉 �̇� + 2𝜋𝜌𝑏𝑉 𝐶(𝑘) 𝑉 𝜃 + �̇�                                    (4.3.2) 

Here 𝑘 =  is the reduced frequency of motion and 𝜔 is the circular frequency of motion 

and 𝑏 = 𝐵/2  is the half-chord of the flat plate. The airfoil quasi-steady self-excited forces 

can be expressed by assuming the circulatory function equal to one. Moreover, since 

aerodynamic static coefficients are usually determined with a fixed model section, the 

contributions proportional to the angular velocity �̇� have to be negligible. Based on these 

assumptions, the reduced frequency of pitching motion has to be chosen as the one that 

makes Eqs. (4.4.1)-(4.4.2) approach the following: 

𝑞 , (𝑡, 𝑉 ) = 2𝜋𝜌𝑏𝑉 𝜃 = 𝜌𝐵𝑈  (2𝜋𝜃)  →   𝐶 (𝜃) = (2𝜋𝜃) ;  
( )

= 2𝜋                        (4.3.3) 

𝑞 , (𝑡, 𝑉 ) = 𝜌𝑏 𝑉 𝜃 = 𝜌𝐵 𝑉 𝜃   →   𝐶 (𝜃) = 𝜃 ;  
( )

=                            (4.3.4) 

The experimental campaign on both bridge cross-sections is performed with a mean wind 

speed of 6 - 12 m/s. According to the unsteady self-excited force formulas, 6 m/s represent 

the worst condition in terms of discrepancy with the quasi-steady theory. The maximum 

range of angle of attack investigated is ±10 deg. Then, considering both model sections 

width, the hysteretic loops (chapter 3) associated with different reduced frequencies can be 

plotted with the static coefficients (Fig. 22). In Fig. 22, 𝐶 , 𝐶  and 𝐶 , 𝐶  represent 

the non-dimensional unsteady and quasi-steady hysteretic loops. After a period of 100𝜋 s, 

the effects related to the unsteady effects and angular velocity are almost null. However, an 

airfoil has a different behaviour than the bridge cross-section since strong boundary layer 

separation may occur, especially for high values of the angle of attack. Moreover, even the 

small oscillation hypothesis is not satisfied by this experimental test. For the sake of 

prudence, a period of oscillation equal to 𝑇 = 360 s is chosen for both bridges. Fig. 23 

reports the resulting time histories of motion used to determine the static coefficients. As 

deeply explained in chapter 3, the hysteresis loop denotes the presence of a phase shift 

between the force and the instantaneous angle of attack. If the force and the instantaneous 

angle of attack were perfectly in-phase, the hysteresis loop would appear as a simple line 

equal to the static coefficient trend. This implies that the motion frequency used leading to 

the proper behaviour. 



 

 
70 Niccolò Barni 
 

The definition of the aerodynamic force coefficients is reported in Eqs. (4.3.5)-(4.3.7). 

𝐶 =    ;    𝐶 =    ;    𝐶 =                                               (4.3.5)-(4.3.6)-(4.3.7) 

where 𝑄   𝑖 ∈ {𝐷, 𝐿, 𝑀} are the instantaneous total drag, lift and moment, respectively. These 

forces are represented according to the force reference shown in Fig. 17. 𝐿 is the section 

model length, and 𝐷 is the height. The static test performed are finally summarized in Table 

3. 

 

 

Figure 22: Aerodynamic hysteretic loop of an airfoil with 𝐵 = 0.366 m (a) and 𝐵 = 0.780 m 

(b).  
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Figure 23: Time history of pitching motion imposed by the actuators to determine the static 
coefficients. 

Table 3: Overview of the characteristics of the forced-vibration tests to identify aerodynamic derivatives. [x] 

indicates ill-posed experimental tests. 

Section 1 (Hardanger Bridge) Section 2 (twin-deck) 

Range of 𝜽 [deg] Range of 𝑽𝒎 [m/s] Range of 𝜽 [deg] Range of 𝑽𝒎 [m/s] 

[+8, -8] 8 [+6, -6] 6,8 [x] 

[+8, -8] 10 [+6, -6] 10 

[+10, -10] 10 [+7, -7] 12 

 

4.3.4.2 Results 

The static aerodynamic coefficients as a function of the angle of attack were measured in 

the range -10 deg to +10 deg for Section 1 and -7 deg to +7 deg for Section 2 (Table 3). A 

different range of angles was chosen due to the occurrence of strong vibrations for any mean 

wind velocity tested for Section 2 when the angle of attack reached -7.5 deg. The same 

phenomenon occurred even for lower angles of attack for 6-8 m/s (Fig. 24). In the author’s 

opinion, Section 2 vibrations were due to the peculiar vortex shedding phenomena typically 

observed for twin-deck bridge cross-sections (e.g. see Nieto et al., 2010; Nieto et al., 2018). 

In this case, the vortices detached from the first deck hit the second one, inducing a severe 

buffeting response on the model section. This phenomenon also influenced the range of 

angles of attack where aerodynamic derivatives could be determined (section 4.3.5).  
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Figure 24: Vortex induced vibration on twin-deck cross-section. The black line represents the 
moving mean value, while the grey line measures the entire non-dimensional force signal. 

The results are reported in Fig. 25(a)-(b), where one can appreciate, for Section 1, the linear 

trend of both lift and moment coefficients up to angles of attack of about 5 deg. In contrast, 

the lift and moment coefficients trend is more nonlinear for Section 2. As usual, for most 

bridge cross-sections, both bridges show a nonlinear drag for the entire set of angles of 

attack. These results might indicate the occurrence of aerodynamic derivatives dependence 

with the angle of attack where the static coefficients show a nonlinear trend (Diana et al., 

2010), which is the effect we are more interested in. Moreover, the hysteresis loops do not 

show any phase lag (loop area), confirming the goodness of the frequency used for the 

imposed pitching time histories.  

It is worth noting that the Reynolds number has a negligible influence on the aerodynamic 

forces, at least in the range or mean wind velocities tested. The only noteworthy differences 

can be observed in the Section 1 drag coefficient, where some discrepancies occur for 

negative values of the angle of attack. Such differences can be ascribed to a small 

repeatability problem due to the load cells warm-up conditions; the two measurements at 10 

m/s were performed at the beginning and end of the wind tunnel test day.  



 

 
Niccolò Barni  73 
 

 

 

Figure 25: Stati coefficients obtained for Section 1 (a) and Section 2 (b) at different mean wind 
velocities. 

The previously shown load-cell measurements can also be plotted as a Power Spectral 

Density of the signal to locate the model natural frequency and, if visible, the Strouhal peak. 

Therefore, considering what is reported in UNI ENV 1991-2-4b, Appendix C regarding the 

Strouhal number, it is possible to estimate a range of frequencies where the Strouhal peak 

should be. For the monocellular bridge deck (twin-decks are not available), the Strouhal 

number to belong to the following range 𝑆 = 0.083 ÷ 0.154 (codes reported the Strouhal 

number as a function of the aspect ratio). Therefore, considering the height of the section 

with and without the barriers, it can be possible to determine such range as follow: 

𝑓 . =
𝑆 , 𝑉 ,

𝐷
= 0.083 ∙

8

0.09
  ;   

𝑆 , 𝑉 ,

𝐷
= 0.154 ∙

10

0.067
= [7.37 Hz; 22.98 Hz] 

𝑓 . =
𝑆 , 𝑉 ,

𝐷
= 0.083 ∙

10

0.12
  ;   

𝑆 , 𝑉 ,

𝐷
= 0.154 ∙

12

0.07
= [6.91 Hz; 26.4 Hz] 

Unfortunately, the spectra in Fig. 26 cannot be used to measure the shedding frequencies 

and, therefore, to determine the Strouhal number because only the natural frequencies of the 

model are visible.  
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Figure 26: Power spectral density of the total vertical force. 

Finally, the static aerodynamic coefficients are interpolated with a polynomial function of 

the angle of attack (Fig. 27) and used for the numerical simulation presented in the next part. 

  

Figure 27: Static aerodynamic coefficients for the Hardanger and the twin-deck bridge sections, 
defined coherently with Eqs. (4.4.5)-(4.4.7), replacing the relative velocity and the time-dependent 
angle of attack with the corresponding steady values. 

4.3.5 Aerodynamic derivatives for different angles of attack 

4.3.5.1 Experimental test description 

The first forced-vibration tests were carried out to identify the aerodynamic derivatives of 

both bridge sections for various angles of attack, which are necessary to estimate the 2D 
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RFA model parameters. Harmonic motions in sway, heave and pitch were separately 

imposed to determine the complete set of aerodynamic derivatives. The oscillation amplitude 

was set to 𝑦/𝐵 = 𝑧/𝐵 = 0.04 for the heave and sway for Section 1 and to 𝑦/𝐵 = 𝑧/𝐵 =

0.032 for Section 2. The pitching amplitude was 𝛼 = 2 deg for both models. These 

oscillation amplitudes are inspired by experimental tests on bridge cross-sections similar to 

those considered in this work [e.g. Siedziako et al., (2017) for the Hardanger bridge and 

Antonsen and Røstbakken, 2019 for the twin-deck]. Table 1 gives an overview of these 

experiments. 14 and 16 combinations of oscillation frequencies and wind velocities were 

considered in the two case studies to cover a wide range of reduced frequency (indeed, the 

reduced wind velocity 𝑉 = 2𝜋/𝐾 = 𝑉 𝑓𝐵⁄ , where 𝑓 is the imposed frequency of vibration, 

is referred here instead of reduced frequency, as it is more common in bridge aerodynamics). 

20 periods of oscillation were considered for each pair of wind velocity and vibration 

frequency. In Fig. 28, an example of applied time histories of motion for determining the 

aerodynamic derivatives at zero angle of attack is reported. Each column represents a single 

test that provides the aerodynamic derivatives related to a specific degree of freedom (e.g. 

𝑃∗, 𝑃∗, 𝐻∗, 𝐻∗, 𝐴∗  and 𝐴∗  for a pitching motion). The static angle of attack is set up by 

imposing a constant rotation to the model section before applying sinusoidal motions (Fig. 

29).  

   

Figure 28: The motion time histories separately applied to the model section to determine the 
aerodynamic derivatives at 0 [deg]. 



 

 
76 Niccolò Barni 
 

 
Figure 29: Time histories of pitching motion applied to the model section to determine the 
aerodynamic derivatives at 6 [deg]. 

There are several alternative methods for identifying aerodynamic derivatives from forced 

vibration test data. In general, aerodynamic derivatives are obtained by studying the 

amplitude and phase lag angle between the self-excited forces and the motion of the section 

(Lee et al., 2009; Matsumoto et al., 1993, 1996; Neuhaus et al., 2009; Sarkar et al., 2009). 

Another option is studying the complex Fourier amplitudes of the self-excited forces and 

how these are related to the aerodynamic derivatives (Chen et al., 2005; Siedziako et al., 

2016). Fourier transform techniques are straightforward, but in some cases, they result in 

significant estimation errors because of the uncertainties in the phase angle estimate (Cao 

and Sarkar, 2012) or, as reported by (Han et al., 2014), because of spectral leakage caused 

by the frequency domain truncation.   

This work determined the aerodynamic derivatives by least-squares fitting of the time 

histories of measured self-excited forces, using the procedure explained in Siedziako et al. 

(2017). Such a method determines the aerodynamic derivatives through a least-square fitting 

of the force time-histories suggested by Han et al. (2014). According to the previous 

formulation of the transfer function between the self-excited forces and the model motion 

(Eq. 2.3.11), it is possible to define the self-excited forces as follow: 

𝐐 (𝑡, 𝐾, 𝑉 ) = 𝐗𝐄                                                                                                                      (4.3.8) 

where:  
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𝐐 =

𝑄 , , 𝑄 , , 𝑄 , ,

⋮
𝑄 , ,

⋮
𝑄 , ,

⋮
𝑄 , ,

   ;    𝐗 =

⎣
⎢
⎢
⎡
�̇� �̇� �̇� 𝑦 𝑧 𝜃

�̇� �̇� �̇� 𝑦 𝑧 𝜃
⋮

�̇�
⋮

�̇�
⋮

𝜃
⋮

𝑦
⋮

𝑧
⋮

𝜃 ⎦
⎥
⎥
⎤

                  (4.3.9)-(4.3.10) 

E = 𝜌𝑉 𝐵

⎣
⎢
⎢
⎢
⎢
⎢
⎡

𝐾 𝑃∗/𝑉 𝐾 𝐻∗/𝑉 𝐵𝐾 𝐴∗ /𝑉

𝐾 𝑃∗/𝑉

𝐵𝐾 𝑃∗/𝑉

𝐾 𝑃∗/𝑉

𝐾 𝑃∗/𝐵

𝐾 𝑃∗

𝐾 𝐻∗/𝑉

𝐵𝐾 𝐻∗/𝑉

𝐾 𝐻∗/𝑉

𝐾 𝐻∗/𝐵

𝐾 𝐻∗

𝐵𝐾 𝐴∗/𝑉

𝐵 𝐾 𝐴∗ /𝑉

𝐾 𝐴∗ /𝑉

𝐾 𝐴∗

𝐵𝐾 𝐴∗ ⎦
⎥
⎥
⎥
⎥
⎥
⎤

                                                                 (4.3.11) 

Here, 𝐐 , ,  are the self-excited forced measured with 𝑖 ∈ {𝑦, 𝑧, 𝜃} and 𝑗 ∈ {1, … , 𝑛} number 

of time histories considered. The 𝐄 matrix coefficients can be determined, minimizing the 

sum of squares: 

𝐄 =  (𝐗 𝐗) 𝐗 𝐐                                                                                                                  (4.3.12) 

All the measurements were repeated for a wide range of mean angles of attack, as reported 

in Table 4.  

Finally, additional tests (Tab.5) were carried out halving the motion amplitude (𝑦/𝐵 =

𝑧/𝐵 = 0.02 for the heave and sway in the case of Section 1, 𝑦/𝐵 = 𝑧/𝐵 = 0.016 in the case 

of Section 2, and 𝜃 = 1 deg for the pitch in both cases), considering mean rotations of the 

model of 4 and 6 deg for Section 1, and -5, 0 and 5 deg for Section 2. This experiment aims 

to assess the validity of the linear assumption for self-excited forces at a given angle of 

attack, which stands behind the concept of aerodynamic derivatives. Indeed, when massive 

separation occurs, either for a bluff bridge deck cross-section or for a quasi-streamlined 

profile at a high angle of attack, a nonlinear dependence of self-excited forces on motion 

amplitude can be expected even for relatively small oscillation amplitudes (Mannini et al., 

2016). For this reason, such experimental tests were carried out for the angles of attack for 

which massive flow separation is expected or the static force coefficients show a nonlinear 

trend.  
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Table 4: Overview of the characteristics of the forced-vibration tests to identify aerodynamic 
derivatives. 

 Section 1 (Hardanger Bridge) Section 2 (twin-deck) 

Amplitude of sway motion 15 mm 25 mm 

Amplitude of heaving motion 15 mm 25 mm 

Amplitude of pitching motion 2 deg 2 deg 

Flow velocities 8 and 10 m/s 10 and 12 m/s 

Oscillation frequencies 0.5, 0.8, 1.1, 1.4, 1.7, 2.0, 2.5 Hz 0.5, 0.8, 1.1, 1.4, 1.7, 2.0, 2.5, 2.8 Hz 

Mean angles of attack −8, −6, −4, −2, 0, 2, 4, 5, 6, 8 deg −5, −4, −2, 0, 2, 4, 5 deg 

Reduced velocity range 8.74 to 54.64 4.57 to 30.77 

 

Table 5: Overview of the characteristics of the additional forced-vibration tests to check the validity 
of linear assumptions. 

 Section 1 (Hardanger Bridge) Section 2 (twin-deck) 

Amplitude of sway motion 7.5 mm 12.5 mm 

Amplitude of heaving motion 7.5 mm 12.5 mm 

Amplitude of pitching motion 1 deg 1 deg 

Flow velocities 10 m/s 12 m/s 

Oscillation frequencies  0.8, 1.1, 1.4, 1.7 Hz 0.5, 0.8, 1.1, 1.4, 1.7, 2.0, 2.5, 2.8 Hz 

Mean angles of attack 4, 6 deg −5, 0, 5 deg 

Reduced velocity range 16.07 to 34.15 5.50 to 30.77 

 

It is worth noticing that the self-excited forces are only a part of the forces recorded by the 

load cells during the experimental above tests described. Indeed, the total force affecting the 

model section can be resume as follow: 

𝐐 (𝐫, �̇�, �̈�, 𝑉 , 𝑢, 𝑤) = 𝐐 + 𝐐 (�̈�) + 𝐐 (𝑉 , 𝑢, 𝑤) + 𝐐 (𝑉 , 𝐫, �̇�) + 𝐐 (𝑉 ) + 𝒏   (4.3.13) 

Here, 𝐐  is the force due to the dead load of the model section, 𝒏 the measured surrounding 

noise. These forces are principally due to the experimental setup. Moreover, 𝐐 , 𝐐 , 𝐐  are 

the wind-induced forces (buffeting, self-excited and mean wind-induced forces, 

respectively). 𝐐  are the inertia forces due to the moving body. With the aim to isolate the 

self-excited forces, steady forces are removed by deducting the mean value of the time 

history. Then, buffeting forces can be neglected since the experimental tests were carried out 

in the smooth flow. A “Wind-No Wind” approach was applied in this study to remove the 

inertia forces. The recorded still-air time series with only the history of motion can be 

subtracted directly from the in-wind time series. Finally, the noise was removed through a 

standard MATLAB low-pass filter.  
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4.3.5.2 Results 

In order to set up the 2D RFA model, aerodynamic derivatives are determined for different 

mean angles of attack. According to the aerodynamic derivatives framework, when the 

section model undergoes small oscillations around a steady position, self-excited forces can 

be expressed as a sinusoidal function with a certain delay between forces and motion. This 

assumption is usually valid for streamlined bridge cross-sections like those considered (at 

least for the lift and moment forces); however, bridge section aerodynamics generally 

worsen when road details (e.g. vehicles or wind barriers) or significant static rotation are 

present. Based on that, it is worth checking if the measured self-excited forces can be 

adequately modelled according to Scanlan’s linear formulation. The time-histories of self-

excited forces measured at 0 deg static rotation for Section 1 and Section 2 are reported in 

Figs. 30-31. For both bridge cross-sections, horizontal low-frequency (0.5 Hz) fluctuation 

produce really small self-excited forces, poorly captured by the aerodynamic derivative 

identification algorithm. In Fig. 30, Section 1 shows sinusoidal self-excited forces, well 

captured by the model. Indeed, only small higher-order nonlinearities (sub- or 

superharmonic superposed to the one at the frequency of motion) can be underlined in the 

drag self-excited forces when applied to the heave and pitch motion. Section 2 also shows 

sinusoidal self-excited forces, but quite severe higher-order nonlinearities occur in the drag 

force when a pitching motion is applied. Here, it is clear that higher-order harmonic 

contributions are superposed to the principal one, disturbing the sinusoidal pattern. This 

behaviour can be underlined using the Fast Fourier Transform (FFT). In Fig. 32, self-excited 

force Fourier transformation is shown in real and imaginary parts when Section 2 undergoes 

a 0.5 Hz pitching motion. Here, a non-negligible first-order superharmonic at 1 Hz is present 

in the drag force in real and imaginary parts. Similar effects have also been highlighted by 

Skyvulstand et al. (2021a) for a different twin-deck bridge cross-section, where some 

nonlinear high-order effects were shown in the moment force. Clearly, these effects cannot 

be considered by the linear model, which can only consider magnitude and phase-lag 

proportional to the frequency of motion. In contrast, superharmonics in lift and moment self-

excited forces are missing, confirming the validity of the aerodynamic derivative framework 

for such bridges. In Appendix B, the self-excited force time histories for the static rotations' 

highest positive and negative values are reported in Figs. 75, 76, 77 and 78. Here, linear 

assumptions are still valid since only minor higher-order effects occur in the self-excited 

forces produced by horizontal motion. In contrast, drag self-excited force due to a pitching 

motion is even more sinusoidal than for the zero angle of attack configuration. 
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Figure 30: Section 1 self-excited forces measured (thin red line) associated with drag, lift and 
moment and pitching motion. These time histories are reported at three different frequencies motion 
(columns). The black dashed line represents the fit associated with the aerodynamic derivatives 
identification model. The model section is statically rotated of 𝜃 = 0 deg and the mean wind 
velocity is 𝑉 = 10 m/s.  
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Figure 31: Section 2 self-excited forces measured (thin red line) associated with drag, lift and 
moment and pitching motion. These time histories are reported at three different frequencies motion 
(columns). The black dashed line represents the fit associated with the aerodynamic derivatives 
identification model. The model section is statically rotated of 𝜃 = 0 deg and the mean wind 
velocity is 𝑉 = 12 m/s. 
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Figure 32: Real and imaginary part of the self-excited force Fourier transformation. Self-excited 
forces are related to a Section 2 pitching motion with a 0 deg static angle of attack. 

With the aim to make the figures clear and to focus on the most critical aerodynamic 

derivatives, a selection of aerodynamic derivatives for both Section 1 and Section 2 is 

reported in Fig. 33 (the complete set of experimental data is available in Figs. 79 and 80, 

Appendix B). In the plots, the aerodynamic derivatives are multiplied by either K or K2 to 

highlight unsteady effects and quasi-steady limits. The aerodynamic coefficients for both 

bridge sections show a strong dependence on the mean angle of attack. This nonlinearity is 

particularly evident for positive flow incidences in the case of Section 1 (Hardanger bridge), 

while different values of the aerodynamic derivatives are obtained in the whole range of 

angles of attack in the case of Section 2 (twin-deck). These results remind of the behaviour 

observed by Diana et al. (2004) for the Messina Strait Bridge, which is characterised by a 

multiple-box deck cross-section, and by Diana et al. (2020) for the Third Bosphorus Bridge, 

which exhibits a deck girder with a fairly streamlined single-box cross-section. In particular, 

in the present case, for both section geometries, the important coefficient 𝐴∗  even changes 

sign and reaches positive values for Section 1 (it is worth reminding that, in a single-degree-

of-freedom system, the aerodynamic damping in torsion is directly proportional to 𝐴∗ ). This 

feature underscores the importance of a model that can account for such nonlinearities. 

Fig. 33 shows that, for Section 1, the aerodynamic derivatives are independent of the 

vibration amplitude, even at a relatively high angle of attack, at least up to the considered 

maximum amplitude of oscillation. In contrast, at zero and for negative angles of attack, 

Section 2 shows a significant dependence on the amplitude of the pitching motion (for -5 
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deg, 𝐴∗  doubles when the amplitude of oscillation is halved). In a buffeting response 

assessment, this effect is supposed to lead to an inaccurate evaluation of the aerodynamic 

damping in torsion for negative angles of attack, and therefore it would require a detailed 

study. Nevertheless, this is an inborn problem of the underlying linearised aerodynamic 

derivative model, and its solution is out of the scope of the present work. In the validation 

study (section 4.4), this issue will be by-passed setting in the experiments the same motion 

amplitude employed to identify the aerodynamic derivatives. 

 

 

Figure 33: Aerodynamic derivatives associated with pitching motion, reported as a function of reduced wind 
velocity for various mean angles of attack. Empty markers refer to an amplitude of motion that is halved 
compared to solid markers (𝜃 = 1 deg instead of 2 deg). 
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4.3.6 2D RFA model identification 

The coefficients of the polynomial functions of the angle of attack, appearing in the 2D 

RFA model, need to be determined through a nonlinear least-squares fitting, minimising a 

residue function. The residue is defined as the 2-norm of the difference between the 

experimental data in terms of aerodynamic derivatives for different mean angles of attack 

and the associated components of the calculated 2D RFA transfer function: 

min
,

‖𝐑(𝐾, 𝛼)‖                                                                                                                          (4.3.14) 

where: 

𝐑(𝑉 , 𝛼) =
𝐑𝐊

𝐑𝐂
=

𝐊 − 𝐊

𝐂 − 𝐂
                                                                                     (4.3.15) 

𝐊  and 𝐂 ∈ ℝ ×  represent the aerodynamic stiffness and damping matrices, 

which can be derived from Eq. (4.2.10): 

𝐊 =
𝐆( , )

=
𝐀 ( )

− 𝐀 (𝛼) + ∑ 𝐀 (𝛼)
[ ( ) ]

                                     (4.3.16) 

𝐂 =
𝐆( , )

=
𝐀 ( )

+ ∑ 𝐀 (𝛼)
( )

[ ( ) ]
                                                     (4.3.17) 

𝐊  and 𝐂  ∈ ℝ ×  are obtained directly from the aerodynamic derivatives measured for 

different mean angles of attack and reduced velocities. 𝐀  represents the added mass, which 

is neglected here, as usual in wind engineering applications. In order to make the residue as 

small as possible, we suggest a Trust-Region algorithm (Coleman and Li, 1994, 1996), since 

bounds are necessary to ensure that the parameters 𝑑  are positive, in agreement with Roger's 

theory. 

Aerodynamic derivatives for different mean angles of attack were approximated with 2D 

rational functions based on 5th-order polynomials for all 𝐀  and 𝑑  parameters. Therefore, 

228 coefficients were determined, allowing for high accuracy in the experimental data 

fitting. Figs. 34 and 35 compare the reproduced aerodynamic derivatives and the measured 

experimental values, demonstrating a generally excellent agreement for all the aerodynamic 

derivatives. Indeed, the fitting accuracy make worse only where the aerodynamic derivatives 

show extremely scattered experimental data (𝑃∗, 𝐻∗ and 𝐴∗  for Section 1, 𝑃∗ for Section 2).  

A comparison between the aerodynamic derivatives fitting obtained according to Chen and 
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Kareem, (2003), and the one proposed here is shown in Table 6. According to Chen and 

Kareem’s model, Section 1 aerodynamic derivatives fit can be considered satisfactory in 

terms of determination coefficient 𝑅 , since the experimental data show a smooth behaviour 

with the angle of attack (see also Section 1 in Fig. 36 and Fig. 81 in Appendix B). In contrast, 

model results considerably worsen for scattered experimental data sets, showing many non-

physical peaks. Consequently, several aerodynamic derivatives highlight bad results for 

Section 2 (experimental data fit according to Chen and Kareem’s model are provided in Figs. 

82 and 83, Appendix B). Above all, the crucial coefficient 𝐴∗  displays an 𝑅  coefficient 

equal to only 73% in Fig. 36. This problem is partially overcome by reducing the order of 

the polynomial approximation from 5th  to 2nd, still maintaining high estimation errors where 

scattered aerodynamic derivatives are present. In the author’s opinion, this problem can be 

attributed to the two-step fitting procedure. Indeed, it is worth remembering that the model 

proposed by Chen and Kareem (2003) requires determining the RFA parameters for each set 

of aerodynamic derivatives associated with a given angle of attack. RFA parameters are then 

approximated with a polynomial function of the angle of attack. This two-step approach is 

questionable since the polynomial approximation returns the best fit of the RFA coefficients 

with 𝛼, which may not correspond to the best fit for the experimental data. In the proposed 

2D RFA model, a two-dimensional surface is used to approximate the aerodynamic 

derivatives directly as a function of reduced frequency of oscillation and angle of attack. 

This ensures that accurate interpolations of the experimental data are achieved, as confirmed 

by Table 6 for these case studies. 
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Figure 34: 2D rational function approximation of the measured aerodynamic derivatives for Section 1. 𝑅 =

1 −
∑ ( )

∑
 is the coefficient of determination, where 𝑥  is the measured value, 𝑦  is the value predicted by 

the approximation, and 𝑁  is the number of experimental data considered. The first set of nine coefficients 
represents the aerodynamic stiffness, while the others nine are the aerodynamic damping. The 2D rational 
functions are based on 5th-order polynomials for all 𝐀  and 𝑑  parameters. 
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Figure 35: 2D rational function approximation of the measured aerodynamic derivatives for Section 
2. The 2D rational functions are based on 5th-order polynomials for all 𝐀  and 𝑑  parameters. 
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Figure 36: 2D rational function approximation VS Chen and Kareem 2003 fit of the measured aerodynamic 
derivatives related to a pitching motion.  
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Table 6: 2D rational function approximation VS Chen and Kareem, (2003), fit of the measured 
aerodynamic derivatives. 𝑛 and ℎ represent the degrees of polynomial approximation according to 
Eq. (4.2.10). 

Aerodynamic 
derivatives 

Section 1 
𝑹𝟐 [%] 

Section 2 
𝑹𝟐 [%] 

Eq. (4.2.10) 𝑛 = ℎ = 5 Eq. (4.2.10) 𝑛 = ℎ = 2 Eq. (4.2.10) 𝑛 = ℎ = 5 
C-K (2003) 2D RFA C-K (2003) C-K (2003) 2D RFA 

𝑷𝟏
∗  55 81 52 -8 85 

𝑷𝟐
∗  81 97 93 70 100 

𝑷𝟑
∗  100 100 100 100 100 

𝑷𝟒
∗  86 93 -23 -204 42 

𝑷𝟓
∗  -124 98 98 94 100 

𝑷𝟔
∗  -435 67 94 91 97 

𝑯𝟏
∗  87 99 96 86 100 

𝑯𝟐
∗  95 98 92 37 100 

𝑯𝟑
∗  100 100 100 99 100 

𝑯𝟒
∗  16 67 96 68 100 

𝑯𝟓
∗  73 99 99 99 100 

𝑯𝟔
∗  85 96 93 81 97 

𝑨𝟏
∗  97 99 99 95 100 

𝑨𝟐
∗  87 98 92 73 100 

𝑨𝟑
∗  100 100 100 100 100 

𝑨𝟒
∗  76 71 89 46 97 

𝑨𝟓
∗  96 99 99 99 99 

𝑨𝟔
∗  84 87 85 87 87 

 
Finally, in order to set up the nonlinear quasi-steady model recalled in section 2.2.3 and 

use it for comparison in section 4.4, the coefficients 𝛽 , 𝛽  and 𝛽  are calculated according 

to Diana et al. (1993), based on the flutter derivatives for a null angle of attack. The results 

are shown in Fig. 37. For Section 1, the downwash position is always upstream of the cross-

section rotation centre but very close to it for the lift force; in contrast, for the drag force and 

the aerodynamic moment, the reference downwash is close to the quarter-chord point 

(slightly upstream for the aerodynamic moment). For Section 2, the downwash position is 

downstream of the cross-section rotation centre for the drag and lift forces, in particular for 

the lift, it is in the neighbourhood of the quarter-chord point, and for the drag, it is 

significantly downstream of the cross-section trailing edge. Conversely, the moment force 

coefficient is upstream and coincide with the leading edge. It is also to note that these 

coefficients approximately show an independence of the reduced velocity (quasi-steady 

limit) only for values of 𝑉  higher than about 20 and 15 for Section 1 and Section 2, 

respectively. This observation is confirmed by the results reported in Fig. 33 for mean angles 

of attack in the range -8 to 4 deg for Section 1 and -4 to 5 deg for Section 2. In contrast, even 

higher reduced wind velocities have to be attained to observe a quasi-steady behaviour for 
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mean flow incidences of 6 and 8 deg for Section 1 and -5 deg for Section 2. This important 

result is not surprising if one considers the theoretical results for a thin flat plate reported in 

Bisplinghoff et al., (2013), and Mannini and Bartoli, (2008). In particular, it is clearly shown 

in the former reference (p. 272) that, according to Theodorsen's theory, the fluid-memory 

effect in terms of phase shift of self-excited lift with respect to heaving motion is maximum 

for a reduced velocity of about 20. 

  
Figure 37: Trend of the parameters indicating the reference downwash position for drag, lift and moment, 
obtained considering the aerodynamic derivatives at zero mean angle of attack. 

4.4 Wind tunnel tests: model validation 

4.4.1 Bi- and multi-harmonic tests 

Some specific experimental tests were devised to investigate the effects on self-excited 

forces of a slow variation of the angle of attack, to validate the model proposed in section 

4.2.1, and to quantify the improvement compared to classical linear time-invariant models. 

Coherently with the previous model formulation, a basic two-dimensional problem is 

addressed here. The basic idea is to produce a time-variant flow incidence in the simplest 

possible way, that is through the movement itself of the sectional model. Moreover, based 

on the classical concept that turbulent gusts can be represented as a superposition of 

harmonic waves of all wavelengths, a simple angle of attack varying sinusoidally is 

considered here. Therefore, a high-amplitude low-frequency sinusoidal pitching motion was 

superposed to a low-amplitude high-frequency sinusoidal swaying, heaving or pitching 

motion, as shown in Fig. 38(a). The former component (denoted as 𝛼), mimics the slowly-

varying angle of attack, which is due to large-scale turbulence in realistic applications, while 

the latter (denoted as 𝑦, 𝑧 and 𝜃) represents the bridge deck vibration. For our purpose, the 

low-frequency motion is supposed to be equivalent to an oscillating flow, provided that it is 
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slow compared to the high-frequency vibration, and the inertial effects can then be neglected 

(as experimentally shown, for instance, in Diana et al., 2013). However, this is also the basic 

assumption standing behind the proposed mathematical model. Despite that, obviously the 

low-frequency motion also produces a low-frequency self-excited force contribution (see 

Fig. 38(b) and 38(d)) that cannot be present in the results of the mathematical model, which 

accounts for the low-frequency pitching motion just as the input slowly-varying angle of 

attack. Nevertheless, this effect does not undermine the analysis of self-excited forces and 

the validation of the model, since the low-frequency contribution in the forces is well 

separated from the high-frequency one and can easily be removed by means of high-pass 

filtering (Fig. 38(c) and 38(d)). In Fig. 38 and in the remainder of the thesis, the filtered 

quantities will be denoted by a hat symbol. Diana et al., (2013), conducted experimental tests 

with a similar purpose, but in that case, the low-amplitude sinusoidal motion of the bridge 

model was accompanied by a low-frequency sinusoidal wind gust produced by an active 

turbulence generator. This procedure, though closer to the engineering problem we are 

dealing with (self-excited forces on a bridge deck in the presence of a low-frequency 

variation of the angle of attack due to turbulent fluctuations), requires a more complicated 

experimental apparatus. It is also more uncertain since it is challenging to generate a 

perfectly correlated sinusoidal wind gust. In contrast, the procedure outlined here is 

straightforward, and the theoretical condition for model validation is reproduced with high 

accuracy. 
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Figure 38: Time histories of driven oscillations (a), measured aerodynamic forces (b), filtered aerodynamic 
forces (c), and power spectral density (PSD) of forces (d) for the bi-harmonic test #9 of Table 7. A zero-phase 
Butterword high-pass digital filter of order 19 has been used to process the measured forces, setting the cut-off 
frequency 𝑓  at 0.2 Hz. 
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Table 7: Overview of bi- and multi-harmonic forced-vibration tests. y, z and θ indicate the sway, heave and 
pitch degrees of freedom, respectively. 𝐴  and 𝐴  indicate the low-frequency and high-frequency motion 
amplitudes. The mean wind speed was 8. 

 

Model 
Sections 

Tests 
𝑽𝒓,𝑳𝑭 𝑨𝑳𝑭 𝑽𝒓,𝑯𝑭 𝑨𝑯𝑭 𝑽𝒓,𝑳𝑭/𝑽𝒓,𝑯𝑭  

𝜶 𝜶 𝒚 𝒛 𝜽 𝒚/𝑩 𝒛/𝑩 𝜽 𝒚 𝒛 𝜽 

Section 1 

(Hardanger) 

1 
437.2 

(0.05 Hz) 
6 - - 

12.9 
(1.7 Hz) 

- - 2 - - 33.9 

2 
437.2 

(0.05 Hz) 
6 - - 

8.7 
(2.5 Hz) 

- - 2 - - 50.3 

3 
437.2 

(0.05 Hz) 
8 - - 

12.9 
(1.7 Hz) 

- - 2 - - 34.0 

4 
437.2 

(0.05 Hz) 
8 - - 

8.7 
(2.5 Hz) 

- - 2 - - 50.3 

5 
218.6 

(0.10 Hz) 
6   

12.9 
(1.7 Hz) 

  2   17 

6 
218.6 

(0.10 Hz) 
6   

8.7 
(2.5 Hz) 

  2   25.0 

7 
437.2 

(0.05 Hz) 
6 

54.6 
(0.4 Hz) 

18.2 
(1.2 Hz) 

8.7 
(2.5 Hz) 

0.04 0.04 2 8.0 24.0 50.0 

8 
218.6 

(0.10 Hz) 
6 

54.6 
(0.4 Hz) 

18.2 
(1.2 Hz) 

8.7 
(2.5 Hz) 

0.04 0.04 2 4.0 12.0 25.0 

 

The underlying assumption of the 2D RFA model, namely that the angle of attack varies 

slowly compared to the motion of the bridge, is respected if the ratio of the reduced velocity 

associated with the low-frequency motion (𝑉 , ) to that associated with the high-frequency 

motion (𝑉 , ) is sufficiently high. In order to understand the limit of validity of this 

assumption, several bi-harmonic tests were carried out for different values of 𝑉 , /𝑉 , . 

Tables 7 and 8 summarise the bi- or multi-harmonic experiments considered. In all the tests, 

the amplitude of the low-frequency motion is fairly large, compatibly with the available 

aerodynamic derivative data, but remains in a range of angles of attack due to turbulence 

reachable in realistic buffeting problems. It is worth noticing that for Section 1, tests #3 and 

#4 are characterised by a higher amplitude of motion. These tests were performed to 

highlight self-excited force nonlinearities with the angle of attack according to the strong 

variation shown by the aerodynamic derivatives between +5 and +8 deg.  
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Table 8: Overview of bi- and multi-harmonic forced-vibration tests. y, z and θ indicate the sway, 
heave and pitch degrees of freedom, respectively. 𝐴  and 𝐴  indicate the low-frequency and high-
frequency motion amplitudes. The mean wind speed was 12 m/s. 

Model 
Sections 

Tests 
𝑽𝒓,𝑳𝑭 𝑨𝑳𝑭 𝑽𝒓,𝑯𝑭 𝑨𝑯𝑭 𝑽𝒓,𝑳𝑭/𝑽𝒓,𝑯𝑭  

𝜶 𝜶 𝒚 𝒛 𝜽 𝒚/𝑩 𝒛/𝑩 𝜽 𝒚 𝒛 𝜽 

Section 2 

(Twin-deck) 

1 
154 

(0.10 Hz) 
5   

9.1 
(1.7 Hz) 

  2   17 

2 
154 

(0.10 Hz) 
5   

6.2 
(2.5 Hz) 

  2   25 

3 
76.9 

(0.20 Hz) 
5   

9.1 
(1.7 Hz) 

  2   8.5 

4 
76.9 

(0.20 Hz) 
5   

6.2 
(2.5 Hz) 

  2   12.5 

5 
30.8 

(0.50 Hz) 
5   

9.1 
(1.7 Hz) 

  2   3.4 

6 
30.8 

(0.5 Hz) 
5   

6.2 
(2.5 Hz) 

  2   5 

7 
15.4 

(1.00 Hz) 
5   

9.1 
(1.7 Hz) 

  2   1.7 

8 
15.4 

(1.00 Hz) 
5   

6.2 
(2.5 Hz) 

  2   2.5 

9 
154 

(0.10 Hz) 
5  

9.1 
(1.7 Hz) 

  0.032    17 

10 
76.9 

(0.20 Hz) 
5  

9.1 
(1.7 Hz) 

  0.032    8.5 

11 
30.8 

(0.50 Hz) 
5  

9.1 
(1.7 Hz) 

  0.032    3.4 

12 
15.4 

(1.00 Hz) 
5  

9.1 
(1.7 Hz) 

  0.032    1.7 

13 
154 

(0.10 Hz) 
5 

17.1 
(0.9 Hz) 

9.6 
(1.6 Hz) 

6.2 
(2.5 Hz) 

0.032 0.032 2 deg 9 16 25 

14 
76.9 

(0.20 Hz) 
5 

17.1 
(0.9 Hz) 

9.6 
(1.6 Hz) 

6.2 
(2.5 Hz) 

0.032 0.032 2 deg 4.5 8.0 12.5 

15 
30.8 

(0.50 Hz) 
55 

17.1 
(0.9 Hz) 

9.6 
(1.6 Hz) 

6.2 
(2.5 Hz) 

0.032 0.032 2 deg 1.8 3.2 5 

16 
15.4 

(1.00 Hz) 
5 

17.1 
(0.9 Hz) 

9.6 
(1.6 Hz) 

6.2 
(2.5 Hz) 

0.032 0.032 2 deg 0.9 1.6 2.5 

17 
154 

(0.10 Hz) 
5 

9.1 
(1.7 Hz) 

9.1 
(1.7 Hz) 

9.1 
(1.7 Hz) 

0.032 0.032 2 deg 17 17 17 

18 
76.9 

(0.20 Hz) 
5 

9.1 
(1.7 Hz) 

9.1 
(1.7 Hz) 

9.1 
(1.7 Hz) 

0.032 0.032 2 deg 8.5 8.5 8.5 

19 
30.8 

(0.50 Hz) 
5 9.1 

(1.7 Hz) 
9.1 

(1.7 Hz) 
9.1 

(1.7 Hz) 
0.032 0.032 2 deg 3.4 3.4 3.4 

20 
15.4 

(1.00 Hz) 
5 

9.1 
(1.7 Hz) 

9.1 
(1.7 Hz) 

9.1 
(1.7 Hz) 

0.032 0.032 2 deg 1.7 1.7 1.7 

 

In Table 8, a wider range of results are reported for Section 2 compared to Section 1. This 

choice stems from the fact that this second bridge deck geometry exhibits a stronger 

nonlinear behaviour with the angle of attack, and then nonlinearities are more easily 

observed for slight variations of the latter. Here, a selection (reported in green in Tables 7 

and 8) of bi- and multi-harmonic test results is reported and discussed, aiming to emphasise 

essential features of the time-variant self-excited forces and compare them with those 

predicted by the numerical model. Moreover, Section 2 will be discussed first, since a 

broader range of test cases is available. 

The model only vibrates in pitch in tests #3, #4, #5 and #7 of Table 8, and #3, #5 and #9 in 
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Table 7. The first two (#3, #4 in Table 8) present the same 𝑉 ,  but different 𝑉 , . Tests #5 

and #7 in Table 8 represent the most challenging condition available in terms of the reduced 

velocity ratio (𝑉 , /𝑉 ,  ). In contrast, test #3 in Table 7 represents a less challenging case 

study, where the assumption of slowly-varying angle of attack is undoubtedly respected. A 

bi-harmonic case study where a high-frequency heave motion and the usual low-frequency 

pitching motion are superposed is provided in tests #10 Table 8. Tests #18 in Table 8 and #8 

in Table 7 superpose a low-frequency sinusoidal pitching motion to high-frequency 

sinusoidal motions in all three degrees of freedom. These tests aim at verifying the validity 

of the superposition principle under a slowly-varying angle of attack, when the bridge 

vibration involves different motion components and more than one mode.  

4.4.2 Self-excited force analysis and model validation 

Figs. 39, 40, 41(a) and 42 show the results concerning the third bi-harmonic test described 

in Table 2. The sectional model (Section 2) undergoes a high-frequency pitching motion 

characterised by a reduced velocity 𝑉 , = 9.1 and an amplitude of 2 deg. Such a motion 

is superposed to a low-frequency pitching vibration characterised by an eight-time higher 

reduced velocity, 𝑉 , = 76.9, and an amplitude of 5 deg, which produces a slow variation 

of the angle of attack. 

 

Figure 39: Time histories of high-pass filtered self-excited forces for Section 2 associated with pitching motion 
(bi-harmonic forced-vibration test #3 in Table 8: 𝑉 , = 9.1, 𝑉 , /𝑉 , = 8.5). 
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Fig. 39 shows the time histories of self-excited force coefficients during one period of low-

frequency oscillation. The non-stationary behaviour of the forces is apparent. In particular, 

the sensitivity to the slowly-varying angle of attack is dramatic for the drag force both in 

terms of amplitude and phase lag. However, when 𝛼 becomes negative, a significant 

amplitude change and phase shift is also observed for the lift force and, slightly less when 𝛼 

becomes positive, for the torque. Such a behaviour can be explained if one considers the 

strong variation with the mean angle of attack of the aerodynamic derivatives associated 

with stiffness (for the amplitude) and damping (for the phase lag) reported in Fig. 33(b). 

Indeed, 𝑃∗ decisively changes sign and becomes negative for negative angles of attack; 

therefore, the drag force quickly passes from being nearly in phase with the motion to being 

nearly in phase opposition. A consequence of this evident transition (see Fig. 39) is the strong 

amplitude modulation of the drag force. This effect can also be detected in the force 

spectrum, which assumes a pitchfork shape (see Fig. 38(d)), where the external peaks 

correspond to the sum and the difference of the frequencies of the fast (bridge vibration) and 

slow motions (slowly-varying angle of attack). On the other hand, one can notice that 𝐴∗  

exhibits the smallest relative variation with the angle of attack, and this reflects on the less 

evident amplitude change in the time history of the aerodynamic moment. The lift force 

anticipates the motion (negative aerodynamic damping associated with positive values of 

𝐻∗) for positive angles of attack, while it seems to slightly lag the motion for negative ones 

(positive aerodynamic damping associated with negative values of 𝐻∗). However, it is 

difficult to appreciate and quantify the phase shift in a time-history representation; therefore, 

a detailed study of amplitude and phase variation with the angle of attack is postponed to the 

analysis of Figs. 40, 41 and 12. Nevertheless, it is clear from Fig. 39 that the 2D RFA model 

is able to reproduce very well the time histories of all self-excited forces. In contrast, the 

linear time-invariant (LTI) model, though it considers fluid-memory effects, cannot take into 

account any time-variation of amplitude and phase of the self-excited forces, relying on the 

linearisation around a null angle of attack. 

Fig. 40 compares the results of the experimental measurements with the predictions of 2D 

RFA model, nonlinear quasi-steady model and classical linear time-invariant model (LTI), 

in terms of the spectrogram module of self-excited forces. Such a representation highlights 

the evolution with time of the frequency distribution of the power of the considered force 

signal. Looking at the experimental results reported in the left column of the figure, the 
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energy associated with all self-excited forces is concentrated around the frequency of the 

“fast” motion but slowly varies with the angle of attack (i.e., with the low-frequency motion). 

Therefore, as said for Fig. 39, a nonstationary behaviour is shown during a cycle of low-

frequency pitching oscillation. This time-dependence of self-excited forces is particularly 

evident in the drag and lift components, the spectrogram showing a sort of energy “bubbles”. 

The magnitude of lift and moment is low (even minimum in the case of moment) when the 

slowly varying angle of attack is maximum (+5 deg, around 33 s in the timeline). In contrast, 

their magnitude is maximum for the minimum value of the angle of attack (−5 deg, around 

36 s). The behaviour is quite different for self-excited drag, whose maximum magnitude is 

attained for both positive and negative peaks of the slowly varying angle of attack. The 

inspection of the diagrams in the second to the fourth columns of Fig. 40 reveals that the 2D 

RFA model captures the magnitude pattern of self-excited forces very well. In contrast, the 

agreement with experiments is worse for the quasi-steady nonlinear model. This is not 

surprising since such a model cannot reproduce any fluid-memory effects, which are 

definitely non-negligible at a reduced velocity of almost 9, as shown by the aerodynamic 

derivatives reported in Fig. 33(b) (at 𝑉 = 9.1 they are still far from the quasi-steady limit). 

Finally, the linear time-invariant model obviously cannot predict any slow variation with 

time of the magnitude of self-excited forces. If, on the one hand, the spectrogram is a good 

instrument to underline nonstationary behaviours in the self-excited force signal, on the other 

hand, it allows only a qualitative assessment and no information about the phase is provided. 

 
Figure 40: Spectrogram of self-excited forces (bi-harmonic forced-vibration test #3 in Table 8: 𝑉 , = 9.1,

𝑉 , /𝑉 , = 8.5, 𝛼 = 5 deg). The three rows of figures refer to high-pass filtered drag, lift and moment, 
respectively. 
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Figure 41: Instantaneous amplitude and phase lag of self-excited forces associated with pitching motion for 
Section 2. The bi-harmonic forced-vibration test #3 (𝑉 , = 9.1, 𝑉 , /𝑉 , = 8.5) (a) and test #4 (𝑉 , =

6.2, 𝑉 , /𝑉 , = 12.5) (b) of Table 8 are considered here. 
 

Fig. 41 shows the time-evolution of the instantaneous amplitude and phase lag of the self-

excited forces for tests #3 and #4 (Section 2). These results were derived from the analytic 

signals obtained by the Hilbert transform of the force coefficient time histories. 

Instantaneous amplitude and phase lag were low-pass filtered with a cut-off suitably lower 

than the high frequency of the forced motion (e.g. 1 Hz in fig. 41) in order to remove small 

unphysical oscillations. The self-excited drag force magnitude varies even by a factor of 

about 6 during a cycle of oscillation of the angle of attack. The variations are smaller but 

still significant for lift and moment (in the considered test cases, up to about 70% for the lift 

coefficient and 47% for the moment coefficient). However, such a representation is 
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particularly useful to understand the aerodynamic damping evolution; indeed, a negative 

phase lag means that the force anticipates the motion and corresponds to negative 

aerodynamic damping. The inspection of the instantaneous phase of the drag force confirms 

previous considerations based on the time history of Fig. 39. Indeed, the phase lag is nearly 

constant and relatively small (between about -15 and -20 deg) for positive angles of attack 

and not far from 180 deg (between about -165 and -175 deg) for negative angles of attack. 

It is to note that the jump in the phase lag occurs when the angle of attack is close to zero, 

coherently with the sign change in the slope of the static drag coefficient (Fig. 27(b)). As to 

the measured lift and moment, Fig. 41(a) shows that the latter is always anticipated by the 

motion while lift force only when the slowly-varying angle of attack is above about -2.5 deg. 

For a flow incidence of 5 deg, the lift force is about 24 deg ahead of the motion while the 

moment advantage is strongly reduced, moving from 22 deg (at 5 deg flow incidence) to 14 

deg. These results are in agreement with the trend of the aerodynamic derivatives 𝐻∗ and 𝐴∗  

(Fig. 33(b)). It is also clear from this analysis that some negative (or positive) mean angles 

of attack could reduce the aerodynamic damping in torsion, encouraging the occurrence of 

torsional and coupled flutter instability for a relatively low reduced wind velocity. 

Nevertheless, when the angle of attack is slowly-varying, it is not easy to say a priori if 

unstable oscillations have enough time to build up. In any case, this interesting problem will 

be better underlined in the next chapter. 

Considering now the predictions of the mathematical models, it is clear from Fig. 41(a) 

that the 2D RFA model is able to follow very well the pattern of both instantaneous 

amplitude and phase lag determined from experiments. Therefore, it captures the important 

changes in the aerodynamic stiffness and above all in the aerodynamic damping of the 

system, which are crucial for buffeting response assessment. On the other hand, as previously 

noted, the linear time-invariant model cannot reproduce amplitude and phase lag variations, 

relying on the linearisation around a null angle of attack. In effect, the predictions of the LTI 

model coincide with the experimental results only when the slowly-varying angle of attack 

is close to zero. 

Fig. 41(b) shows the instantaneous amplitude and phase lag of the self-excited forces for a 

lower value of the reduced wind speed (6.2 instead of 9.1). From the comparison with Fig. 

41(a), it is possible to highlight an increase of the instantaneous amplitude of the forces for 

positive values of 𝛼, and a slight reduction for negative angles of attack. The variations in 
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the instantaneous phase lag are particularly evident in the moment force, where the 

instantaneous phase plot results shifted to almost 8 deg. Again, the 2D RFA model provides 

results in good agreement with the experimental evidence, while the linear time-invariant 

model mispredicts the self-excited force behaviour when the angle of attack moves away 

from zero.  

 

 

 

Figure 42: Self-excited drag, lift and moment coefficients against high-frequency pitching angle for three 
different phases of the slowly-varying angle of attack for Section 2 (test #3 of Table 8: 𝑉 , = 9.1,

𝑉 , /𝑉 , = 8.5). The light grey line in the background indicates the complete force pattern measured in the 
wind tunnel during one 𝛼 cycle of oscillation. 
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To further compare the behaviour of the 2D RFA model with experiments and introduce 

another point of view in the analysis of self-excited forces, hysteresis loops obtained by 

plotting the force coefficients against the high-frequency pitching motion are shown in Fig. 

42. As explained in chapter 3, Such a representation is often used in literature since it 

provides a clear picture of the main characteristics of self-excited forces. For the sake of 

reminding, the area enclosed by the loop represents the energy released to or extracted from 

the oscillating body by the flow, depending on the sign of the force phase shift; the projection 

of the semi-major axis of the ellipse onto the ordinate axis represents the force amplitude, 

while its inclination gives a measure of the average gradient of the force with respect to the 

motion, i.e. the aerodynamic stiffness. If memory effects were negligible, the hysteresis loop 

would tend to the relevant pattern of the static force coefficient (see also Diana et al., 2008, 

2010). In this figure and in the following ones of the same type, the three columns refer to 

representative phases of the angle of attack oscillation, namely those associated with 

maximum (nose-up), minimum (nose-down) and zero incidence. The force coefficients are 

plotted against the high-frequency motion for a full period of it, in the neighbourhood of 

each of the three phases considered for the low-frequency motion. These diagrams 

emphasise the strong dependence of the self-excited forces on the slowly-varying angle of 

attack, in terms of both amplitude and phase, in agreement with previous instantaneous 

amplitude and phase lag plots (Fig. 41(a)). The slope of the major axis of the ellipses is 

consistent with that of the static coefficients (Fig. 27(b)). Nevertheless, the aerodynamic 

derivatives associated with the aerodynamic stiffness at a reduced wind speed of 9.1 are still 

far from the quasi-steady limit, especially for a non-null angle of attack (see 𝐾 𝑃∗, 𝐾 𝐻∗ 

and 𝐾 𝐴∗  in Fig. 33(b)); consequently, the fluid-memory effects are able to significantly 

influence the gradients of the forces with the rotation of the section. The area enclosed by 

the loops is coherent with the values of the aerodynamic derivatives associated with the 

aerodynamic damping in pitch at the considered reduced wind speed, namely 𝑃∗, 𝐻∗ and 𝐴∗  

(Fig. 33(b)). In particular, it is reasonable that the broadest hysteresis loops are those for 𝛼 =

5 deg, and that the area enclosed is quite small for the lift coefficient, especially for 𝛼 = 0 

deg, given the small values of the aerodynamic derivative 𝐻∗, which implies a small phase 

shift with respect to the pitching motion. It is also to note that the hysteresis loops are often 

slightly different from perfect ellipses, thus meaning that the self-excited forces are affected 

by some small higher-order nonlinear effects (Diana et al., 2008, 2010; Wu and Kareem, 
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2011). In addition, some ellipses are not perfectly closed (see, for instance, the lift coefficient 

for 𝛼 = 0 and -5 deg). This can be explained by the fact that the aerodynamic derivatives 

related to aerodynamic damping in pitch present large gradients with the angle of attack (see, 

for instance, 𝐻∗ in Fig. 33(b)), and this is able to non-negligibly change the area of the loop 

during a period of high-frequency motion due to the associated variation of 𝛼. The force 

representation of Fig. 42 also tells about the sign of the energy exchange between the 

mechanical system and the fluid system. A clockwise direction of travel of the hysteresis 

loop means that the associated self-excited force pumps energy into the oscillating system 

(destabilising role), while a counterclockwise direction of travel means that it removes 

energy from it (stabilising role). It is possible to observe that drag and lift release energy to 

the oscillating system for the angles of attack 0 deg and 5 deg, while they have a stabilising 

effect for -5deg (except for the drag, the hysteresis loops of which are always travelled 

clockwise). Such behaviour is in agreement with the previous analysis of the instantaneous 

phase lag of the aerodynamic forces (Fig. 41(a)) and with the sign of the aerodynamic 

derivatives 𝑃∗, 𝐻∗ and 𝐴∗  (Fig. 33(b)). 

Fig. 42 also highlights that the 2D RFA model is able to reproduce accurately the 

complicated time-variant behaviour of the self-excited forces, which can be captured only 

by a time-variant model. In contrast, the linear time-invariant model fails in reproducing the 

behaviour observed in the experiments. As expected, the best results are obtained for a null 

angle of attack, but the low-frequency motion is already too fast here for the LTI model to 

give a good agreement with the experimental data. This fact stresses the importance of using 

either a nonlinear or a linear time-variant model to accurately predict the self-excited 

behaviour of a bridge subjected to a time-varying angle of attack. Nevertheless, among the 

nonlinear approaches, the simple quasi-steady (QS) model is not able to follow the 

experimental results, providing reasonable results only in few cases. In particular, the quasi-

steady model predicts a small phase lag of the self-excited forces. This is due to the fact that, 

despite the nonlinear relation between forces and motion components (Eqs. (2.3.1)-(2.3.3)), 

for the pitching rotation the term proportional to �̇� in Eq. (2.3.3) is almost entirely entrusted 

with the force phase lag. When these contributions are small, the quasi-steady model tends 

to provide forces either in phase or in phase opposition with the motion. Moreover, this term 

is independent of the slowly-varying angle of attack and relies on the coefficients 

𝛽 , 𝛽  and 𝛽 , which are usually estimated based on the aerodynamic derivatives measured 
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for a null angle of attack. The area enclosed by the hysteresis loops reflects this misprediction 

of the phase shift between the quasi-steady forces and the motion, and denotes a poor 

estimate of the aerodynamic damping of the system. It is to note that the broad hysteresis 

loops obtained with the QS model for the drag coefficient comply with the large value of 𝛽  

(Fig. 37(b)). Though not reported here for the sake of brevity, in general the accuracy of the 

quasi-steady nonlinear model is not satisfactory for heaving vibrations either. The 

spectrogram and the hysteretic loops plot of tests #4 Tab.8 are provided in Appendix B (Figs. 

85 and 86). 

 
Figure 43: Time histories of high-pass filtered self-excited forces for Section 2 associated with pitching motion 
(bi-harmonic forced-vibration test #5 in Table 8: 𝑉 , = 9.1, 𝑉 , /𝑉 , = 3.4). 

Fig. 43 shows again the time histories of self-excited force coefficients during one period 

of angle-of-attack oscillation, but this time a more challenging condition for the model is 

considered. Indeed, a low reduced velocity ratio of low-frequency to high-frequency pitching 

motion (𝑉 , /𝑉 , = 3.4) is set. In this case, the low-frequency angle of attack is not 

supposed to be properly "slowly-varying" compared to the high-frequency motion; thus, one 

of the basic underlying assumptions of the 2D RFA model might be violated, and the 

accuracy of the predictions is expected to degrade significantly. In spite of these 

considerations, the agreement between the force patterns predicted by the 2D RFA model 

and those measured in the wind tunnel is definitely satisfactory, though some first 
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deterioration of model accuracy can be appreciated compared to test #3 (Fig. 41(b)). In 

particular, the improvement with respect to the classical linear time-invariant approach is 

still absolutely remarkable. 

 

Figure 44: The module and imaginary part of fast Fourier transformation of high-pass filtered self-
excited forces for Section 2 associated with pitching motion (bi-harmonic forced-vibration test #5 in 
Table 8: 𝑉 , = 9.1, 𝑉 , /𝑉 , = 3.4). 

Unfortunately, when the high- and low-frequency ratio is small, the ability of the Hilbert 

transform to reproduce the instantaneous amplitude and phase lag is dramatically reduced. 

Then, being the signal magnitude and phase directly related to the module, real and 

imaginary part of the FFT of the self-excited forces, this tool is here used alternatively to the 

Hilbert transformation. Unlike the Hilbert one, the Fourier transform cannot follow the 

amplitude and phase trend of a phenomenon over time. However, the FFT provides all the 

information present in the signal, so amplitude and phase modulations will result in spectral 

contributions at frequencies other than the carrier [e.g. the pitchfork in Fig. 38(d)]. Therefore, 

if a model well reproduces the significant components of the FFT, it can also follow force 

amplitude and phase trends over time. 

As previously shown by the spectra in Fig. 38(d), both module and imaginary parts of the 

FFT of the self-excited forces show nonlinear effects in Fig. 44. These nonlinearities still 

assume a pitchfork shape, where the external peaks correspond to the sum and the difference 

of the frequencies of the fast (bridge vibration) and slow motions (slowly-varying angle of 
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attack). This effect is particularly evident in the drag force, where the module and imaginary 

part of the pitchfork is higher than the one at the frequency of fast motion. The module of 

drag force FFT also shows a small super-harmonic of the frequency of motion, which is 

usually associated with higher-order fluid memory effects (Diana et al., 2004). A 

nonnegligible pitchfork can also be observed in both module and imaginary parts of the lift 

force spectrum, while only minor effects are present in the moment component. The 2D RFA 

model can capture well the nonlinear pitchfork effects in both module and imaginary parts, 

legitimizing the accuracy in reproducing the self-excited force signal shown in Fig. 43. In 

contrast, super-harmonics of the frequency of motion cannot be considered by the proposed 

2D RFA model; then, a fully nonlinear model should be considered when these effects are 

not negligible like in this case study. As expected, the LTI model can only reproduce 

contributions at the fast motion frequency, which does not always correspond to the 

experimental values (see, for instance, the lift force in Fig. 44). This result also suggests that 

both module and imaginary parts at the fast motion frequency might be linear and nonlinear 

contributions.  

 
Figure 45: Time histories of high-pass filtered self-excited forces for Section 2 associated with pitching motion 
(bi-harmonic forced-vibration test #7 in Table 8: 𝑉 , = 9.1, 𝑉 , /𝑉 , = 1.7). 
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These results are crucial because they suggest that the assumption of slowly-varying angle 

of attack can be interpreted loosely, thus making the 2D RFA model widely applicable in 

engineering practice. However, a significant relative increase of the frequency of the slowly-

varying angle of attack may cast doubt on the full equivalency of the oscillation of the 

sectional model and that of the fluid, invoked here for the experimental validation of the 2D 

RFA model. Despite this consideration, the 2D RFA model has finally been tested in a really 

challenging condition where the slow-motion is only 1.7 times the fast one. Once again, the 

2D RFA model results can be considered satisfactory. In Figs. 45 and 46, the agreement 

between the force patterns predicted by the 2D RFA model and those measured in the wind 

tunnel is undeniable, and only minor deteriorations of model accuracy are shown compared 

to test #5 (Figs. 43 and 44).  

 
Figure 46: The module and imaginary part of fast Fourier transformation of high-pass filtered self-excited 
forces for Section 2 associated with pitching motion (bi-harmonic forced-vibration test #7 in Table 8: 𝑉 , =

9.1, 𝑉 , /𝑉 , = 1.7). 

Similar analyses have also been performed by superimposing to the low-frequency pitching 

motion (slowly-varying angle of attack) a high-frequency heaving motion (Figs. 47, 48 and 

88, 89 in Appendix B). In Fig. 48, the self-excited drag force magnitude varies even by a 

factor of about three during a cycle of oscillation of the angle of attack, which is half the 

variation highlighted for the pitching motion. This result is not surprising if one compares 

the aerodynamic derivatives 𝑃∗ and 𝑃∗ (Fig. 80 in Appendix B): 𝑃∗ varies much more with 

the angle of attack than 𝑃∗. The same reasoning can be done for 𝐴∗  and 𝐴∗  for the moment 
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force, while the lift force amplitude variation is similar according to 𝐻∗ and 𝐻∗ at 9.1 reduced 

velocity. The instantaneous phase of the drag force shows that the force anticipates the 

motion (the phase lag is -22 deg) for negative angles of attack and are not far from 90 deg 

(88 deg) for positive angles of attack. Coherently with test #3 in Fig. 41(a), the jump in the 

phase lag occurs when the angle of attack is close to zero. As to the measured lift, Fig. 48 

shows that the latter always anticipates the motion with a large variation of the phase lag 

with the angle of attack (between 85 deg at +5 deg flow incidence to 116 deg at -5 deg), 

while only small phase lag variations are shown by the moment force. Such results can be 

explained again by looking at the aerodynamic derivatives 𝐻∗ and 𝐴∗  (Fig. 80 Appendix B). 

The predictions of the proposed model are still excellent in both amplitude and phase. Only 

some minor differences can be underlined in the moment phase-lag. On the other hand, the 

LTI model obviously shows only time-invariant features, as already discussed for test #3. 

The spectrogram and the hysteresis loop plots are reported in Figs. 88 and 89 Appendix B. 

 
Figure 47: Time histories of high-pass filtered self-excited forces for Section 2 associated with heaving motion 
(bi-harmonic forced-vibration test #10 in Table 8: 𝑉 , = 9.1, 𝑉 , /𝑉 , = 8.5). 
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Figure 48: Instantaneous amplitude and phase lag of self-excited forces associated with heaving motion for 
Section 2. The bi-harmonic forced-vibration test #10 (𝑉 , = 9.1, 𝑉 , /𝑉 , = 8.5) of Table 8 is considered 
here. 

 
Figure 49: Instantaneous amplitude and phase lag of self-excited forces associated with pitching motion for 
Section 1. The bi-harmonic forced-vibration test #3 of Table 7 (𝑉 , = 12.9, 𝑉 , /𝑉 , = 34) is considered 
here. 

Furthermore, in order to assess the validity of the proposed model also for a quite different 

bridge section, the outcome of the experiments carried out for a second geometry, namely a 

single-box girder profile (Hardanger Bridge, denoted as Section 1), is discussed here. In 

particular, the results of test #3 of Table 7 are shown in Fig. 49. The instantaneous amplitude 

and phase lag are, once again, in agreement with the trend of the aerodynamic derivatives 

reported in Fig. 33(a). In particular, limiting the discussion only to the moment coefficient, 

the instantaneous amplitude increases for negative angles of attack and decreases for positive 
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ones, coherently with the trend of 𝐴∗ . In contrast, the instantaneous phase lag becomes 

negative (negative aerodynamic damping) when 𝛼 gets larger than about 5 deg, that is when 

𝐴  takes positive values (see Fig. 6(a)). The 2D RFA model can reproduce such behaviour 

with high accuracy, similar to all the other tests mentioned above. In contrast, the linear time-

invariant model generally provides good results only for a null angle of attack (although 

either the amplitude or the phase of some self-excited force components is also correctly 

captured for negative angles of attack). Given the higher reduced velocity ratio of this test 

case (𝑉 , /𝑉 , = 34.0), this time the hysteresis loops of drag, lift and moment (Fig. 90 in 

Appendix B) are well predicted by the LTI model in the neighbourhood of a null angle of 

attack. This confirms the validity of the linearised approach in the neighbourhood of a given 

mean incidence. Fig. 49 also reports the prediction of the nonlinear quasi-steady model. 

Compared to the other tests, a high reduced velocity ratio and considerable value of high-

frequency motion reduced velocity is considered in test 3, Table 7, entailing advantageous 

conditions for operating a quasi-stationary approach. Despite this consideration, the quasi-

steady model yields a constant and very small phase shift of the self-excited forces because 

the absolute values of the coefficients 𝛽𝐷, 𝛽L and 𝛽𝑀 are rather small (Fig. 37(a)), and the 

magnitude trend is well captured only for negative values of the angle of attack. 

Finally, two specific experiments (tests #18 and #8 of Table 8 and 7, respectively) are 

carried out to test the 2D RFA model under multiple motion components. In these cases, the 

sectional models are forced to oscillate simultaneously in the three degrees of freedom of 

sway, heave and pitch. Test #18 refers to Section 2 and considers the same motion frequency 

for all degrees of freedom (1.7 Hz), corresponding to a reduced wind velocity of 9.1. The 

“slow” pitching oscillation has a frequency of 0.2 Hz, leading to a reduced velocity ratio of 

8.5 (the same as in tests #3 and #4 of Tab. 8). Conversely, test #8 refers to Section 1 and is 

characterized by multi-harmonic motion components: the reduced velocity ratio is equal to 

25.1 for the pitching motion (2.5 Hz), 12.0 for the heaving motion (1.2 Hz) and 4.0 for the 

swaying motion (0.4 Hz). This case study derives from a realistic estimation of relevant 

frequency components of vertical turbulence fluctuations and vibration mode frequencies 

for the Hardanger Bridge (see Øiseth et al., 2010 or the next chapter for the natural 

frequencies of the Hardanger Bridge). Fig. 50(a)-(b) shows the time histories of the self-

excited force coefficients for Section 2 and Section 1 during one period of angle-of-attack 

oscillation, while Figs. 51 and 52 show the self-excited force patterns against the pitching 
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and the heaving motion, respectively. In Fig. 50(a)-(b), the 2D RFA self-excited forces 

prediction well agrees with those obtained in the wind tunnel tests, showing only minor 

differences in the lift and drag force estimation for both bridge cross-sections. In the 

hysteresis loops, the force traces reported in Fig. 51 are not closed due to the strong 

sensitivity to the angle of attack of the aerodynamic derivatives around a null flow incidence 

(Fig. 33(b)). In contrast, the patterns in Fig. 52 do not form closed loops because the three 

motions have different periods, which are not multiple one of the other. Based on Fig. 50, 

one can conclude that, in both cases, the 2D RFA model is able to accurately predict the 

remarkable variation of the self-excited forces with the slowly-varying angle of attack. These 

results prove the validity of the superposition principle in this time-variant framework. 

  
Figure 50: Time histories of high-pass filtered self-excited forces for Section 2(a) and Section 1(b) associated 
with three degrees of freedom motion (multi-harmonic forced-vibration test #18(a) and #8(b) in Tables 8 and 
7: 𝑉 , , =  𝑉 , , =  𝑉 , , = 9.1, 𝑉 , /𝑉 , , = 𝑉 , /𝑉 , , = 𝑉 , /𝑉 , , = 8.5 (a) and 𝑉 , , =

8.7, 𝑉 , , = 18.2,  𝑉 , , = 54.6, 𝑉 , /𝑉 , , = 4.0, 𝑉 , /𝑉 , , = 12.0, 𝑉 , /𝑉 , , = 25.0 (b)). 
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Figure 51: Self-excited drag, lift and moment coefficients against high-frequency three degrees of freedom 
motions for three different phases of the slowly-varying angle of attack for Section 2 (test #18 in Table 8: 
𝑉 , , =  𝑉 , , =  𝑉 , , = 9.1, 𝑉 , /𝑉 , , = 𝑉 , /𝑉 , , = 𝑉 , /𝑉 , , = 8.5).  
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Figure 52: Self-excited drag, lift and moment coefficients against three degrees of freedom motion for three 
different phases of the slowly-varying angle of attack for Section 1 (test #8 of Table 7: 𝑉 , , = 8.7, 𝑉 , , =

18.2,  𝑉 , , = 54.6, 𝑉 , /𝑉 , , = 4.0, 𝑉 , /𝑉 , , = 12.0, 𝑉 , /𝑉 , , = 25.0). 
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4.5 Conclusion 

The wind tunnel tests carried out in the present chapter confirmed that the self-excited 

forces for a bridge deck are strongly influenced by a large-amplitude slow variation of the 

angle of attack (as already shown by many authors, such as Diana et al., 2004; Diana et al., 

2010 and others), which can realistically be produced by large-scale atmospheric turbulence. 

In effect, the analysis of the experimental data for two very different bridge sections revealed 

dramatic changes in the amplitude and phase of the forces while the flow incidence is varied. 

The aerodynamic derivatives clearly suggest this dependence, highlighting, for instance, 

negative aerodynamic damping in torsion for certain ranges of positive angles of attack when 

the Hardanger bridge cross-section is considered. 

In the present chapter, the time-variant linear model proposed by Chen and Kareem, (2001), 

was improved, yielding the so-called 2D RFA model, which was set up and validated. 

Assuming the Hardanger Bridge deck and a twin-deck section as case studies, the model was 

demonstrated to predict efficiently and accurately the time-variant behaviour of the self-

excited forces due to a slowly-varying angle of attack. 

In contrast, the nonlinear quasi-steady model was generally found to fail in reproducing the 

complicated characteristics of the aerodynamic forces due to the large effect of fluid 

memory. This is coherent with the fact that the aerodynamic derivatives for both the 

Hardanger Bridge and the twin-deck section attain the quasi-steady limit only for relatively 

high reduced velocities.  

Bi-harmonic (or multi-harmonic) forced-vibration wind tunnel tests proved to be an 

effective tool for studying the phenomenon and validating the model. The actual validity of 

the basic assumption of a slowly-varying angle of attack was particularly concerning. Indeed,  

it is supposed to hold for very slow oscillations of the flow incidence, but this could not be 

taken for granted for fluctuation frequencies of practical interest. The experiments showed 

that, for both case studies considered, the proposed model provides results in good agreement 

with the experiments even for a ratio of the reduced velocities associated with the low-

frequency and the high-frequency motions (the former mimickings the time-variant angle of 

attack and the latter the bridge deck vibration) as low as 1.7. To a certain extent, this is 

beyond expectations, and it represents one of the most important results of the work, as it 

suggests the applicability of a relatively simple time-variant linearised model for practical 

applications in bridge engineering. 
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Moreover, since the good results obtained with the 2D RFA model support the possibility 

of addressing the angle of attack due to large-scale turbulence in a quasi-steady manner, the 

fact of having in the engineering practice a broad-band variation of the flow incidence 

instead of a sinusoidal one does not seem to represent an issue. 

It is also important to stress that the capability of the model to reproduce the experimental 

results is closely related to the quality of the fitting of the aerodynamic derivatives by means 

of the 2D rational function approximation. Indeed, the excellent results obtained could only 

be possible thanks to the high flexibility of the proposed method. 
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CHAPTER 5 
 
 

 

5 Nonlinear bridge buffeting response: a novel 

framework 

 
 

 
 
 

 In the first part of the present chapter, a new numerical model for 
nonlinear buffeting response assessment is proposed and discussed. This 
model is based on the time-variant aerodynamic force model proposed in 
chapter 4. Then, the problem of the cut-off frequency that stands behind the 
idea of band-superposition approach is addressed, and a new filtering 
methodology for defining the slowly-varying angle of attack is proposed. 
Finally, the proposed model is used in assessing the nonlinear buffeting 
response of the Hardanger Bridge structure. For the sake of comparison, 
different input turbulent wind fields and cut-off frequencies are considered 
in the calculations. 

. 
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5.1 Introduction 

The literature review in the chapter 3 has shown as the impact of the aerodynamic 

nonlinearities related to the slow variation of the angle of attack produced by large-scale 

atmospheric turbulence on the buffeting response of long-span suspension bridges have been 

a hot topic in wind engineering research. Self-excited forces accounting for such an effect 

of turbulence have been crucial in predicting the dynamic response of bridge sectional 

models subjected to multi-harmonic gusts. In contrast, only few studies on full suspension 

bridges in realistic turbulent flows are available. To fill this gap, the 2D RFA model for self-

excited forces, introduced and experimentally validated in chapter 4, is in chapter 5 

incorporated into a stochastic time-variant state-space framework to assess the nonlinear 

buffeting response of a suspension bridge. The most important feature of this model is the 

modulation of the self-excited forces due to the spatio-temporal fluctuation of the angle of 

attack produced by low-frequency turbulence. The nonlinear external buffeting forces 

formulated in section 4.2.2 are used to load the bridge structure. The model is applied to the 

Hardanger Bridge in Norway, considering different wind field conditions. Indeed, the 

aerodynamic derivatives of this bridge deck cross-section present a strong dependence on 

the mean angle of attack. The results emphasise the significant impact on the buffeting 

response and flutter stability of considering time-variant self-excited forces, though in 

specific cases the classical time-invariant approach is found to provide accurate predictions 

of the bridge vibrations. Finally, this chapter investigates the sensitivity of the response 

statistics to the model cut-offs used to separate the low-frequency and high-frequency 

turbulence bands. 

5.2 2D RFA model applied to an MDOF system 

Here, the time-variant self-excited force model (section 4.2.1) is extended to the case of a 

three-dimensional linearised bridge structure, characterised by 𝑁  vibration modes and 

exposed to a partially-correlated random wind field. Indeed, by carrying out a modal analysis 

of the suspension bridge in the neighbourhood of the deformed configuration under self-

weight (or self-weight and static wind load, see section 2.2), the nodal displacement vector 

𝐫 can be expressed as the sum of the products of selected natural mode shapes, 𝛟 (𝑥), and 

the corresponding generalised coordinates, 𝛈 (𝑡) (see section 2.2): 
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𝐫(𝑥, 𝑡) = 𝚽(𝑥)𝛈(𝑡)                                                                                                                    (5.2.1) 

𝚽 = [𝛟  … 𝛟 ] ∈ ℝ ×    ;   𝛟 = 𝜑    𝜑    𝜑    ;   𝛈 = 𝜂 … 𝜂  

Where  𝜑 , 𝑗 ∈ {𝑦, 𝑧, 𝜃} denotes the horizontal, vertical and torsional modal displacements 

along the girder. 𝑁  represent the number of modes considered in the calculation. 

Accordingly, the modal wind load vector can be expressed as: 

𝐪 = 𝐪 + 𝐪 = ∫ 𝚽
ℓ

(𝐪 + 𝐪 )𝑑𝑥 ∈ ℝ                                                               (5.2.2) 

Where ℓ means that the integral is extended over the entire length of the bridge deck. 𝐪  

and 𝐪  are obtained accordingly to the equation introduced in sections 4.2.1 and 4.2.2, 

respectively. Then, the equation of motion can be written in the modal space as follows: 

�̈� = −𝐌 𝐂 + 𝐂 (𝛼) �̇� − 𝐌 𝐊 + 𝐊 (𝛼) 𝛈 + 𝜌𝑉  𝐌 ∫ 𝚽 ∑ 𝐀 (𝛼) 𝛙 𝑑𝑥
ℓ

+

𝐪  (5.2.3) 

where 

𝐂 = − 𝜌𝑉 ∫ 𝚽 𝐀 (𝛼)
ℓ

 𝚽𝑑𝑥 ∈ ℝ ×   

𝐊 = − 𝜌𝑉 ∫ 𝚽 𝐀 (𝛼)
ℓ

 𝚽𝑑𝑥 ∈ ℝ ×   

𝐌, 𝐂 and 𝐊 ∈ ℝ ×  represent the structural mass, damping and stiffness matrices in 

generalised coordinates (see Eq. 2.2.3), respectively; while 𝐂 , 𝐊  are the generalised 

aerodynamic damping and stiffness matrices. 𝐪  is the external force vector in generalised 

coordinates. Therefore, considering modal expansion in Eq. (5.2.1) and applying a state-

space transformation through 𝛄 = 𝛈, 𝛄 = �̇� and 𝛄 =  𝛙 , 𝑙 ∈ {1, 2, … , 𝑁 − 2}, the 

following system is obtained: 

⎩
⎪
⎨

⎪
⎧

�̇� = 𝛄

�̇� = −𝐌 𝐂 + 𝐂 (𝛼) 𝛄 − 𝐌 𝐊 + 𝐊 (𝛼) 𝛄

+ 𝜌𝑉  𝐌 ∫ 𝚽 ∑ 𝐀 (𝛼) 𝛄 𝑑𝑥
ℓ

+ 𝐌 𝐪

�̇� = −𝑑 (𝛼)  𝛄 + 𝚽𝛄

                          (5.2.4) – (5.2.5) – (5.2.6) 

The additional aeroelastic state vectors 𝛄  depend on the position 𝑥 along the deck 

through the angle of attack 𝛼(𝑥, 𝑡). Therefore, to solve the problem, 𝛄  need to be 
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discretised. In particular, considering 𝑁  equispaced points along the girder (see Fig. 53, 

though it is not strictly necessary that the chosen points are equispaced), such that 

|𝑥 − 𝑥 | = ∆𝑥 is sufficiently small to properly account for the loss of correlation of the 

random wind field, the integral in Eq. (5.2.5) can be approximated according to the square 

rule integration, as follows: 

∫ 𝚽(𝑥) ∑ 𝐀 (𝛼(𝑥, 𝑡)) 𝛄 (𝑥, 𝑡)𝑑𝑥
ℓ

≅ ∑ 𝚽(𝑥 ) ∑ 𝐀 (𝛼(𝑥 , 𝑡)) 𝛄 (𝑥 , 𝑡) ∆𝑥 
(5.2.7) 

 

Figure 53: Sketch of the bridge structure (Hardanger Bridge) and discretisation of the deck girder. 

Hence, an aeroelastic state vector 𝛄 (𝑥 , 𝑡) ∈ ℝ  is obtained for each of the 𝑁  nodes, in 

which the deck is discretised. It is worth emphasising here that the modal projection of the 

aerodynamic load, together with the dependence of the aeroelastic state vectors and the 

various aerodynamic coefficients on the local flow characteristics along the deck, allows 

taking into account the effect of the partial correlation of the random wind field on the 

modulation of the self-excited forces due to the variation of the angle of attack. 

The integral in Eq. (5.2.7) can be expressed as the product of a block matrix 𝐐 (𝑡) and a 

column vector 𝛄 , which includes all the additional aeroelastic states: 

𝛄 (𝑡) = 𝛄 (𝑥 , 𝑡) ⋯ 𝛄 (𝑥 , 𝑡) ⋯ 𝛄 𝑥 , 𝑡 ⋯ 𝛄 𝑥 , 𝑡 ∈ ℝ ⋅( )∙   

Finally, the system of equations Eq. (5.2.4)-(5.2.5)-(5.2.6) can be written as a linear time-

variant state-space model, as follows: 
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�̇�
�̇�

�̇�
=

𝟎 𝐈 𝟎
−𝐌 𝐊 + 𝐊 −𝐌 𝐂 + 𝐂 𝐌 𝐐

𝟎 𝚵 𝐆

𝛄
𝛄

𝛄
 +

𝟎
𝐌 𝐪

𝟎
                     (5.2.8) 

where: 

𝐐 (𝑡) = 𝜌𝑉  ∆𝑥  𝐙(𝑥 , 𝑡) ⋯ 𝐙 𝑥 , 𝑡 ∈ ℝ  ×[ ⋅( )∙ ]  

𝐙(𝑥 , 𝑡) = 𝚽(𝑥 ) 𝐀 𝛼(𝑥 , 𝑡) ⋯ 𝚽(𝑥 ) 𝐀 𝛼(𝑥 , 𝑡) ∈ ℝ  ×[ ⋅( )]   

𝐆 (𝑡) = −

𝐃(𝑥 , 𝑡)

⋱
𝐃 𝑥 , 𝑡

∈ ℝ[ ⋅( )∙ ]×[ ⋅( )∙ ]  

𝐃(𝑥 , 𝑡) =

𝑑 𝛼(𝑥 , 𝑡)  𝐈

⋱
𝑑 𝛼(𝑥 , 𝑡)  𝐈

∈ ℝ[ ⋅( )∙ ]×[ ⋅( )]  

𝐁 = [𝟎 𝐌 𝟎] ∈ ℝ [ ⋅( )∙ ]×   

𝐈 ∈ ℝ  ×  is the identity matrix. In compact form, one can write: 

�̇�(𝑡) = 𝛀(𝑡)𝛄(𝑡) + 𝐁𝐪 (𝑡)                                                                                                     (5.2.9) 

𝐁 = [𝟎 𝐌 𝟎] ∈ ℝ [ ⋅( )∙ ]×  is the input matrix, 𝛄 ∈

ℝ ∙ ⋅( )∙  is the state vector, while 𝛀(𝑡) ∈ ℝ[ ∙ ⋅( )∙ ]×[ ∙ ⋅( )∙ ] 

is the time-variant state matrix. Clearly, the complexity of the problem slightly grows with 

the number of modes, but are the number of additional aeroelastic states and nodes used to 

discretise the bridge deck that rapidly increase the cost of the computation. 

The dynamic response of the bridge can be obtained by numerically solving Eq. (5.2.9). 

This can efficiently be done by transforming it into a discrete-time state-space equation, 

given the sampling rate 1/∆𝑡: 

𝛄(𝑠 + 1) = 𝛀 (𝑠)𝛄(𝑠) + 𝐁 (𝑠)𝐪 (𝑠)                                                                                  (5.2.10) 

where: 

𝛀 (𝑠) = 𝑒𝛀( ∆ )∆    ;    𝐁 (𝑠) = [𝛀 (𝑠) − 𝐈]𝛀(𝑠∆𝑡)                                                (5.2.11) - (5.2.12) 

𝑠 is an integer-valued variable (the discrete-time index), 𝛀  is the discrete-time state matrix, 

and 𝐁  is the discrete-time input matrix. 



 

 
120 Niccolò Barni 
 

The model described above is similar to the one presented by Chen and Kareem, (2003), 

though it is based on a slightly different conception and approximation of the transfer 

functions associated with the self-excited forces, as diffusely explained in chapter 4. 

Moreover, the key aspect related to how the spatial variation of the angle of attack is 

accounted for in the modulation of the self-excited forces is explicitly reported in the present 

model formulation. Also, Chen and Kareem, (2003), used a Newmark Beta step-by-step 

integration to solve the differential equations, while a time-variant state-space formulation 

is obtained here, allowing for a computationally more efficient response calculation. 

Finally, it should be noted that, in the case of a nonlinear structure, the self-excited forces 

according to Eqs. (4.2.6)-(4.2.8) must directly be implemented in a finite-element model 

(e.g. Salvatori and Spinelli 2006).  

5.2.1 Cut-off frequencies 

A crucial point in the load model that was presented in section 5.2 is the choice of the cut-

off frequency that defines the slowly-varying angle of attack due to turbulent fluctuations, 

on which the self-excited forces parametrically depend according to the 2D RFA model. The 

underlying assumption is that the oscillations of the angle of attack are “slow” compared to 

the bridge motion. In this respect, Chen and Kareem, (2003), fixed the cut-off frequency at 

the first natural frequency of the bridge. Nevertheless, for a long-span suspension bridge, the 

first natural frequency can be rather low, and many well-correlated turbulent fluctuations 

may be lost in the definition of the effective angle of attack. To partially overcome this 

problem, a different cut-off is proposed here for the self-excited force components associated 

with lateral, vertical and torsional motions, leading to three different slowly-varying angles 

of attack, denoted as 𝛼 , 𝛼  and 𝛼 , respectively. These time histories are used to modulate 

𝐀  and 𝑑  coefficients in Eqs. (4.2.6) and (5.2.3), as follows: 
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𝐀𝑙(𝑥𝑘, 𝑡) =

⎣
⎢
⎢
⎢
⎡ 𝑎𝑙,𝐷𝑦

𝜁
𝛼𝑦(𝑥𝑘, 𝑡) 𝑎𝑙,𝐷𝑧

𝜁
𝛼𝑧(𝑥𝑘, 𝑡) 𝐵𝑎𝑙,𝐷𝜃

𝜁
𝛼𝜃(𝑥𝑘, 𝑡)

𝑎𝑙,𝐿𝑦
𝜁

𝛼𝑦(𝑥𝑘, 𝑡) 𝑎𝑙,𝐿𝑧
𝜁

𝛼𝑧(𝑥𝑘, 𝑡) 𝐵𝑎𝑙,𝐿𝜃
𝜁

𝛼𝜃(𝑥𝑘, 𝑡)

𝐵𝑎𝑙,𝑀𝑦
𝜁

𝛼𝑦(𝑥𝑘, 𝑡) 𝐵𝑎𝑙,𝑀𝑧
𝜁

𝛼𝑧(𝑥𝑘, 𝑡) 𝐵2𝑎𝑙,𝑀𝜃
𝜁

𝛼𝜃(𝑥𝑘, 𝑡)  ⎦
⎥
⎥
⎥
⎤

                       (5.2.13) 

𝐆 (𝑡) = −

𝐃(𝑥 , 𝑡)

⋱
𝐃 𝑥 , 𝑡

∈ ℝ[ ∙( ) ∙ ] × [ ∙( ) ∙ ]                               (5.2.14) 

𝐃(𝑥 , 𝑡) =

𝐝 𝛼(𝑥 , 𝑡)

⋱
𝐝 𝛼(𝑥 , 𝑡)

∈ ℝ[ ∙( ) ∙ ] × [ ∙( )]  

𝐝  (𝑥 , 𝑡) =

⎣
⎢
⎢
⎡𝑑 𝛼 (𝑥 , 𝑡)  

𝑑 𝛼 (𝑥 , 𝑡)

𝑑 𝛼 (𝑥 , 𝑡) ⎦
⎥
⎥
⎤
  

Therefore, specific rational function lag coefficients have to be introduced in the matrix 𝐃 

for each degree of freedom to account for different slowly-varying angles of attack, and the 

diagonal block elements of the matrix change from 𝑑 𝐈 to 𝐝 . This procedure is equivalent 

to convolute a bridge motion component with an impulsive function that parametrically 

depends on an angle of attack that varies more slowly than the considered motion, as required 

by the model assumptions. At the same time, it allows including for the vertical and above 

all for the torsional motion the contribution to the modulating angle of attack of as many 

wind velocity fluctuation components as possible (considering that the frequency of the first 

lateral mode is usually lower than that of the first vertical mode, and the latter is lower than 

the frequency of the first torsional mode). This novel approach complies with the presence 

of coupling force terms, but it may present some shortcomings. First, the background 

response of the bridge to turbulent wind occurs at very low frequency, so that the attendant 

self-excited forces are modulated by an angle of attack that varies faster than the motion. 

However, this does not seem a big problem because the background response is generally 

significantly smaller than the resonant one for long-span bridges. Moreover, the most 

important effect of the self-excited forces is the aerodynamic damping, which clearly does 

not affect the background response. The second issue is the mode coupling, which is 

responsible for the appearance in the generalised coordinate associated with a certain mode 

of frequency components corresponding to other modes. This may imply the violation of the 
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basic assumption of the 2D RFA model, but it is not particularly worrying. Indeed, this 

phenomenon usually becomes significant only close to the flutter instability, and its 

substantial effect will be the appearance of torsional mode frequency contributions in the 

first lateral and vertical modes, which still complies with the assumption of a slow variation 

of the angle of attack (since the first torsional mode usually presents a higher frequency than 

the first lateral and vertical modes). Even the fact that still-air modes may not be pure does 

not represent a problem, since normally it is the torsional mode that also exhibits a lateral 

contribution, which again does not violate the basic assumption of the model. However, in 

particular cases one may also consider the possibility to fix a unique cut-off frequency lower 

than any natural mode frequency. 

As for the specific cut-off frequencies, it is worth reminding that in chapter 4, the 2D RFA 

model was validated through multi-harmonic wind tunnel experiments up to a frequency 

ratio of the bridge motion to the modulating angle of attack of 1.7. As previously said, the 

correct choice of the cut-off frequency is still an open issue for any band-superposition 

model, and clearly this point requires further study. Nevertheless, the goal here is to assess 

the impact of a time-variant model of self-excited forces on the buffeting response of a real 

suspension bridge; therefore, a “conservative” assumption is made, fixing the three cut-offs 

at the natural frequencies of the first lateral, vertical and torsional modes of the structure. 

However, the sensitivity of the results to this choice will also be investigated, reducing the 

cut-off values to 2/3 of the natural frequencies (≈ 1/1.7). 

Another cut-off frequency that has to be set in the model is the one that defines the low-

frequency turbulent fluctuations around which the dynamic linearisation of the external force 

vector is carried out in Eq. (4.2.5). This choice stems from a trade-off between considering 

nonlinear aerodynamic effects, which are expected to be larger for low-frequency wind 

velocity fluctuations, and unsteady effects, which are more important for high-frequency 

velocity components; therefore, there is no physical reason why this cut-off should be the 

same as for time-variant self-excited forces. Moreover, in the present work, we are mainly 

interested in assessing how this choice weighs on the effects of a time-variant model for the 

self-excited forces. Therefore, low- and high-frequency ranges of wind velocity fluctuations 

were fairly arbitrarily separated based on the reduced frequency for which the square 

modulus of the aerodynamic admittance function takes a value of 0.9. The reduced frequency 

associated with a value of 0.8 was also assumed in a parametric study.  
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5.3 Case study 

5.3.1 The Hardanger Bridge 

The model previously introduced is applied to evaluate the wind-induced dynamic response 

of the Hardanger Bridge. This structure crosses the Hardanger Fjord and is characterised by 

a 1310 m long main span and two 186 m high reinforced concrete towers (see the sketch in 

Fig. 16). It is the largest Norwegian bridge (the third one in Europe). It is a prominent 

example of a wind-sensitive structure due to the slender deck shape and the surrounding 

environmental conditions that promote the occurrence of strong winds perpendicular to the 

bridge axis. The girder is a 3.2 m high and 18.3 m wide steel single-box deck composed of 

orthotropic plates. It supports only one traffic lane in each direction, with an additional lane 

for bicycles and pedestrians. The deck is supported by 130 hangers and two main cables 

spaced 14.5 m apart. The latter are composed by 19 strands made of 528 galvanised wires 

with a diameter of 5.3 mm. A sketch of the deck cross-section is reported in Fig. 1. Further 

information about the Hardanger bridge can be found in Fenerci et al., (2017). 

The same finite-element model employed in Fenerci et al., (2017), was used here to obtain 

the mode shapes and the natural frequencies of the Hardanger bridge. The model was realised 

in ABAQUS by the Norwegian Public Road Administration. The first 100 natural 

frequencies and the corresponding mode shapes were found by solving a classical eigenvalue 

problem. The modal analysis was performed after applying the dead load, accounting for the 

geometrical nonlinear stiffness provided by the cables. The first 26 modes are listed in Table 

9. The buffeting calculations are performed with 12 modes (1 to 7, 12 to 15, and 17), and the 

shapes of the most important ones for the dynamic response are shown in Fig. 54. However, 

it was preliminarily verified that no significant difference in the results is observed if all the 

deck modes up to the first antisymmetric torsional one (mode 26) are included in the 

analyses. A structural modal damping ratio of 0.5% is considered for all modes. 

In the analyses discussed in section 5.4, only the wind action on the deck is considered, 

neglecting then the aerodynamic load on the cables and the pylons. 
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Table 9: Overview of the first 20 modes of the Hardanger Bridge. 

Mode Frequency [Hz] Antinodes Dominant motion 

1 0.050 1 Symmetric lateral 

2 0.098 2 Antisymmetric lateral 

3 0.110 2 Antisymmetric vertical 

4 0.140 3 Symmetric vertical 

5 

6 

0.169 

0.197 

3 

2 

Symmetric lateral 

Symmetric vertical 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

0.210 

0.225 

0.232 

0.233 

0.245 

0.272 

0.283 

0.330 

0.360 

0.373 

0.392 

0.394 

0.406 

0.407 

0.433 

0.461 

0.497 

0.504 

0.515 

0.524 

4 

- 

- 

4 

3 

5 

4 

6 

1 

- 

5 

7 

4 

- 

5 

8 

- 

- 

- 

2 

Antisymmetric vertical 

Cables 

Cables 

Antisymmetric lateral 

Symmetric lateral 

Symmetric vertical 

Antisymmetric lateral 

Antisymmetric vertical 

Symmetric torsional 

Cables 

Symmetric lateral 

Symmetric vertical 

Antisymmetric lateral 

Cables 

Symmetric lateral 

Antisymmetric vertical 

Cables 

Cables 

Cables 

Antisymmetric torsional 
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Figure 54: Mode shapes used in the buffeting analysis. 

5.3.2 Turbulent wind field generation 

The calculation of the nonlinear buffeting response of the bridge through the proposed 

model requires that the time histories describing the random wind field at the site of the 

structure are available. These were artificially generated based on the specifications provided 

by the Norwegian Public Road Administration handbook N400 for bridge design (Statens-

Vegvesen, 2009), the wind tunnel tests in Sætran and Malvik (1991) and the field 

measurements data in Harstveit, (2007). In particular, the specified turbulence intensities in 

the along-wind and vertical directions are 𝐼 = 13.7% and 𝐼 = 7%, respectively. For the 

turbulent wind spectra (𝑆 , 𝑆 ), the N400 recommends to use the Kaimal’s form (Kaimal et 

al., 1972): 

𝑓𝑆 /𝜎 = 𝛿 𝑓 / 1 + 1.5𝛿 𝑓
/

,    𝑓 = 𝑓𝐿 /𝑉 ,    𝑖 = 𝑢, 𝑤                                                     (5.3.1) 

where 𝑓 is the frequency (in Hz); 𝜎  the variance of 𝑢 and 𝑤 velocity components; 𝐿 =

360 m and 𝐿 = 21 m are the integral length scales of horizontal and vertical turbulence. 

𝛿 = 6.8 and 𝛿 = 9.4 are the spectral parameters. Finally, the document defines the two-

point normalised cross-spectra according to Davenport, (1961), namely: 
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𝐶 (𝑓, ∆𝑥) = exp −𝐾
∆

  ,  𝑖 = 𝑢, 𝑤                                                                                      (5.3.2) 

where 𝐾 = 10 and 𝐾 = 6.5 are the decay coefficients, and ∆𝑥 is the spanwise separation 

between the two points considered. 

Based on the wind field measurements reported in Fenerci et al., (2017), and the recordings 

during the so-called Tor Storm (29-30th January 2016) available in Fenerci et al., (2018), an 

upward inclination of the mean wind velocity between 2 and 2.5 deg with respect to the 

horizontal plane can normally be observed in the Hardanger Bridge site. For this reason, a 

mean angle of attack 𝛼 = 2.5 deg is considered herein in the baseline calculations. 

20 one-hour long time series of the wind velocity components at 100 points along the bridge 

girder were obtained by Monte Carlo simulations. In particular, the weighted-amplitude 

wave superposition method proposed by Shinozuka, (1972), and Shinozuka and Jan, (1972), 

was adopted. A sampling frequency of 6 Hz was chosen (corresponding to a time step of 

0.167 s). The time series of velocity fluctuations at point 𝑘 can then be obtained by: 

𝜀 (𝑡) = √2∆𝜔 Re ∑ ∑ 𝐿 (𝜔 ) exp 𝑖(𝜔 + 𝜙 )ℵ                                                    (5.3.3) 

where 𝜀 ∈ {𝑢, 𝑤} represents a turbulent wind velocity component, 𝜙  is the uniformly 

distributed random phase difference between the harmonic components, and ∆𝜔 is the 

frequency resolution (equal to 2𝜋/3600 rad/s in the present case); 𝜔  is the central circular 

frequency of the 𝑚-th frequency band of the spectra; ℵ is the number of frequency bands in 

which the spectra are subdivided, and Re(⋅) indicates the real part of a complex number. 

𝐿 (𝜔 ) denotes the elements of the lower triangular matrix 𝐋(𝜔 ) obtained by factorising 

the cross-spectral density matrix according to the relation: 

𝐒(𝜔 ) = 𝐋(𝜔 )𝐋∗(𝜔 )                                                                                                             (5.3.4) 

𝐒(𝜔 ) =

𝐒 … 𝐒

⋮ ⋱ ⋮
𝐒 … 𝐒

∈ ℝ ×   

𝐒 (𝜔 ) =
𝑆 (𝜔 )𝐶 𝜔 , |𝑥 − 𝑥 | 0

0 𝑆 (𝜔 )𝐶 𝜔 , |𝑥 − 𝑥 |
   𝑖, 𝑗 ∈ {1, … , 𝑁 }  

where the elements of the matrix 𝐒  represent the cross-spectral density functions of the 

fluctuating velocity components between different points along the bridge deck. The auto-
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spectra and normalised cross-spectra of the simulated time histories of wind velocity 

fluctuations are plotted in Fig. 55 together with the target functions, exhibiting a very good 

agreement. For further information about turbulence wind field numerical simulation, see 

Appendix A. 

 

 

Figure 55: Auto-spectral density (a) and normalised cross-spectra (b) averaged over 20 simulated 
time series, plotted against the associated target functions. The normalised cross-spectra are shown 
for three differently spaced pairs of points. The mean wind velocity is 50 m/s. 

5.3.3 Aerodynamic coefficients 

In order to apply the 2D RFA model for the self-excited forces (section 4.2.1) and the 

nonlinear model for the external forces (section 4.2.2), both static coefficients and 

aerodynamic derivatives of the deck section need to be identified for different mean angles 

of attack through static and aeroelastic wind tunnel tests (sections 4.3.4, 4.3.5, 4.3.6). The 

(a) 

(b) 
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static aerodynamic force coefficients of the Hardanger Bridge section are here recalled in 

Fig. 56 for convenience.  

 

Figure 56: Static aerodynamic coefficients for the Hardanger Bridge deck section. 

The aerodynamic derivatives measured for different mean angles of attack are approximated 

with 2D rational functions consisting of 𝑁 = 4 terms, adopting 5th-order polynomials for 

all 𝐀  and 𝑑  parameters. Therefore, 228 coefficients were determined, ensuring high 

accuracy in the experimental data fitting. The 2D RFA approximation is carried out 

considering 11 angles of attack (namely, 8, 7, 6, 5, 4, 2, 1, 0, -2, -4, -6, and -8 deg), in a 

reduced velocity range up to 55. In the calculations, when the slowly-varying angle of attack 

falls outside this range, the 2D RFA coefficients are kept equal to the values corresponding 

to either +8 deg or -8 deg. As an example, the measured aerodynamic derivatives 𝐻∗, 𝐻∗, 𝐴∗  

and 𝐴3
∗  are reported in Fig. 57 together with the 2D rational function approximations for the 

given angles of attack. Two important features can be highlighted in Fig. 57. First, the 

aerodynamic coefficients show a strong dependence on the mean angle of attack. This 

nonlinearity is evident for positive flow incidences, in a similar way to what already 

observed in the literature [e.g., Diana et al., (2004) for the Messina Strait Bridge; Diana and 

Omarini, (2020), for the Third Bosphorus Bridge]. In particular, for the Hardanger Bridge 

the important coefficient 𝐴∗ , which is directly related to the aerodynamic damping in torsion, 

even turns from negative to positive values (i.e., the aerodynamic damping becomes 

negative) for mean angles of attack larger than about 4 deg. This feature clearly emphasises 

the importance of a model that accounts for such a nonlinearity. Secondly, it is to remark 

that the capability of the 2D RFA approximation to reproduce the experimental data is clearly 

satisfactory. 
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Figure 57: Aerodynamic derivatives 𝐻∗, 𝐻∗, 𝐴∗  and 𝐴∗ , reported as functions of the reduced wind 
velocity 𝑉  =  𝑉 /𝐵𝑓, being 𝑓 the motion frequency, for various mean angles of attack (see Eqs. 
2.3.8-2.3.10 chapter 2 for the reference frequency-domain expression of self-excited forces). 

As already outlined in Section 4.2.2, the dependence on the mean angle of attack of the 

aerodynamic admittance functions could also be accounted for in the model. Nevertheless, 

given that the focus of the work is mainly on the impact on the buffeting response of the 

parametric dependence of the self-excited forces on the angle of attack due to large-scale 

turbulence, and in the absence of specific wind tunnel tests, the simple aerodynamic 

admittance function introduced by Davenport (1962) for a theoretical flat plate is adopted 

here (with a decay factor equal to 7), disregarding the slowly-varying angle of attack. The 

specific choice of the Davenport's function is motivated by the fact that it has already widely 

been used in previous studies on the Hardanger Bridge (Øiseth et al., 2010), as well as in the 

IABSE TG 3.1 benchmark (Diana et al., 2019, 2021). The aerodynamic admittance function 

can be used in an efficient way in Eq. (4.2.17) through the Fast Fourier Transform (FFT). 

Indeed, the convolution integral can be solved by taking the FFT of the simulated wind time 

series, then calculating |𝜒|F (𝐕), and finally taking the inverse Fourier transform of it. In 

this approach, the phase lag between the buffeting forces and the wind velocity fluctuations 

is neglected; indeed, Davenport, (1962), only provides the square modulus of the 

aerodynamic admittance function, and a null imaginary part is then assumed.  

5.3.4 Overview of the numerical analyses 

The baseline buffeting calculations are carried out for the typical turbulent wind field 

expected at the site of the Hardanger bridge (𝛼 = 2.5 deg, 𝐼 = 13.7%, 𝐼 = 7%; see 
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Section 3.2). To determine the parametric modulation of the self-excited forces, the angle of 

attack is processed with a zero-phase Butterworth low-pass filter of order 27, and the cut-off 

frequencies are set equal to the natural frequencies of the first lateral, vertical and torsional 

modes of the bridge. As anticipated in section 5.2.1, the cut-off frequency needed to evaluate 

the external force vector is the one associated with the reduced frequency for which the 

square modulus of the aerodynamic admittance function takes a value of 0.9, that is 𝐾 =

0.046. Parametric studies are also performed for the same turbulent flow, either setting the 

cut-off frequency for the self-excited forces to 2/3 of the bridge natural frequencies or fixing 

the cut-off frequency for the external forces to a value such that the square modulus of the 

aerodynamic admittance function is equal to 0.8. For each test case, the buffeting response 

obtained with time-variant self-excited forces is compared to that provided by a traditional 

linear time-invariant model. 

The second part of the analysis is devoted to understanding in which conditions the time-

variant model of self-excited forces can significantly affect the buffeting response of a 

structure such as the Hardanger Bridge. Therefore, different turbulent wind fields are 

envisaged. First, the same characteristics of turbulence are considered, but a null mean 

inclination of the flow is assumed (𝛼 = 0 deg), which is expected to reduce the impact on 

the self-excited forces of the vertical wind velocity fluctuations, especially in terms of 

negative aerodynamic damping in torsion. Finally, a horizontal mean wind velocity is 

associated with turbulence fluctuations of double intensity, so to simulate a suspension 

bridge erected in a very rough terrain, where the modulation of self-excited forces is 

expected to be magnified. A summary of the analyses is reported in Table 10. In all cases, 

the buffeting response is calculated for a mean wind velocity ranging between 20 and 70 

m/s. The same time step used to generate the turbulent wind velocity random field (Δ𝑡 =

0.167 s) has been used to solve the equations; it has also been verified that the calculated 

bridge response is independent of the time-step size. 

A final remark is needed for the static rotation of the bridge deck due to wind (𝜃 ). For a 

mean wind speed of 65 m/s, the maximum value at midspan is smaller than 0.7 deg, which 

is not negligible but rather small compared to the mean wind inclination of 2.5 deg 

(moreover, the latter is constant along the bridge girder). Therefore, in the present case its 

role is deemed minor, and the slight additional complication to include its contribution in the 

definition of the time-variant self-excited forces is waived. However, since the static rotation 
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along the bridge girder is mainly nose-up, as it will be clear in the following, including it in 

the analysis is expected to slightly enhance the effects of the nonlinear modulation of the 

self-excited forces to incoming turbulence. It is also worth noting that the static rotation of 

the deck is indeed negligible for a horizontal mean wind flow, given that the aerostatic 

moment coefficient is practically null in this case (see Fig. 56). 

Table 10: Overview of all the case studies considered in the numerical analysis. 𝐾   is the reduced 
frequency of turbulent fluctuations for which the square modulus of the aerodynamic admittance 
function takes a value of either 0.8 (𝐾 = 0.101) or 0.9 (𝐾 = 0.046). 𝑓  𝑗 ∈ {𝑦, 𝑧, 𝜃} are the cut-
off frequencies that determine the slowly-varying angle of attack parametrically affecting the self-
excited forces.  

Case study 
𝐼  𝐼  𝛼  𝑓  𝑓  𝑓  𝐾  

% % deg Hz Hz Hz  

1 13.7 7 2.5 0.050 0.110 0.360 0.046 

2 13.7 7 2.5 0.033 0.073 0.240 0.046 

3 13.7 7 2.5 0.050 0.110 0.360 0.101 

4 13.7 7 0 0.050 0.110 0.360 0.046 

5 27.4 14 0 0.050 0.110 0.360 0.046 

5.4 Discussion of results 

5.4.1 Baseline case study 

Fig. 58 reports the lateral, vertical and torsional buffeting response of the bridge deck 

midspan section in terms of root mean square (RMS) of the oscillations, considering the first 

three case studies in Table 10. The bridge response obtained for the linear time-variant 

(LTV) self-excited force model is compared to the one referring to a traditional linear time-

invariant (LTI) model and to the results of a calculation without self-excited forces (denoted 

as "no 𝐪 " in the figure). The latter confirms the key role played by motion-induced forces 

in long-span bridge buffeting, often reducing lateral and vertical vibrations and magnifying 

the torsional one at high wind speed. Full-scale monitoring data for the Hardanger Bridge in 

similar turbulent wind conditions (Fenerci and Øiseth, 2018) are also reported in the figure; 

although the measurements are available up to about 30 m/s only, a good agreement with the 

results of the calculations can be remarked. 
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Figure 58: RMS of the buffeting response for the midspan bridge deck section. The first three cases 
reported in Table 10 are considered. The vertical arrows denote the first wind speed for which a 
divergent response is obtained. 

The difference between linear time-invariant and time-variant models is insignificant for a 

low wind velocity (say, before about 30 m/s). However, some differences appear in the 

torsional response for a high wind velocity. Indeed, time-variant self-excited forces increase 

the RMS of the torsional vibration by about 25% and 180% at 40 and 50 m/s, respectively. 

This increment is due to the reduction in the aerodynamic damping in torsion, which depends 

on the coefficient 𝐴∗ . As shown in Fig. 57, this aerodynamic derivative increases for positive 

angles of attack, even assuming positive values for incidences larger than about 4 deg, thus 

significantly reducing the total damping in the torsional modes. To highlight this aspect, Fig. 

59 shows the time histories of the angle of attack due to turbulence (red line, low-pass filter 

of Eq. (4.2.7)) for the midspan bridge section, after low-pass filtering at the first lateral, 

vertical and torsional mode natural frequencies. Clearly, there are many time frames in which 

the slowly-varying angle of attack associated with the pitching motion (𝛼 ) leads to negative 

aerodynamic damping in torsion. In contrast, the angles of attack obtained setting the cut-off 

at the first lateral or vertical mode frequency (𝛼  and 𝛼 ) are much lower, stressing the 

relevance of using a multiple cut-off frequency approach. 

In contrast, the LTV model does not affect the torsional response at low wind speed; this 

is not surprising since 𝐴∗  is expected to assume large positive values for high angles of attack 
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only when the reduced wind speed is higher than about 6 (corresponding to about 40 m/s for 

the first torsional mode). In the LTI model, only the aerodynamic derivative 𝐴∗  associated 

with the mean wind angle of attack (2.5 deg in the present case) is relevant; therefore, 

negative and relatively small (in magnitude) values of the coefficient are considered in the 

calculations, the self-excited forces having then a small effect on the torsional response of 

the bridge up to wind speeds close to the flutter instability threshold. As for the lateral and 

vertical vibrations, Fig. 58 suggests that the variation of aerodynamic damping and stiffness 

due to turbulence-induced modulations of the self-excited forces is not enough to influence 

the dynamic response of the Hardanger Bridge. It is also worth noting that the partial 

correlation of the wind velocity fluctuations and then of the slowly-varying angle of attack 

is absolutely pivotal. Indeed, though not reported here for the sake of brevity, the impact on 

the bridge buffeting response of a time-variant model of self-excited forces would be much 

more pronounced for a two-dimensional test case. The LTV response at a mean wind 

velocity of 50 m/s is close to the instability condition, and then the following figures are 

reported up to  47.5 m/s to focus on pure buffeting response. 

 
Figure 59: Time histories of the slowly-varying angle of attack for a given point along the bridge 
girder, either produced by turbulence only [𝛼, obtained by low-pass filtering Eq. (4.2.7)] or 
accounting also for the low-frequency vibration of the bridge deck [𝛼 , obtained by low-pass filtering 
Eq. (4.2.3)]. In the three frames, from top to bottom, the filter cut-off is set to the first lateral, vertical 
and torsional mode natural frequency, respectively. The background grey line denotes the unfiltered 
angle of attack due to turbulence. The horizontal dashed line denotes the mean flow incidence, 
whereas the dash-dot one indicates the angle of attack beyond which the aerodynamic derivative 𝐴∗  
approximately changes sign, from negative to positive, in the range of reduced wind speed of interest 
for the bridge response. 
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Fig. 60 shows the distribution of the RMS of the response along the bridge deck for three 

mean wind speeds (30, 40 and 47.5 m/s). One can remark that the pattern of the second-order 

statistic for the lateral vibrations is flattened by the contribution of the second mode (the 

antisymmetric mode 2, see Table 9 and Fig. 54), in addition to the prominent contribution of 

the first mode (the symmetric mode 1). As expected, the RMS of the vertical vibrations does 

not exhibit the maximum at midspan due to the excitation of both the first antisymmetric 

mode (mode 3) and the symmetric modes 4 and 6. In contrast, the pattern of the RMS of the 

torsional response follows the shape of the first torsional mode (the symmetric mode 15) and 

is also slightly influenced by the torsional component of the lateral mode 17. 

 

Figure 60: Comparison of the RMS distribution along the deck of lateral, vertical and torsional 
vibrations for LTI and LTV models at different mean wind velocities. 

The natural modes contributions to the Hardanger Bridge buffeting response can also be 

highlighted through the power spectral density of the vibrations of mid-and quarter-span 

deck sections reported in Fig. 61. These spectra allow quantifying the relative weight in the 

response of the different modes, and they substantially corroborate the deductions made from 

Fig. 60. The figure also confirms that the time-variant modelling of the self-excited forces 

only affects the torsional response. In particular, the LTV model leads to a higher and sharper 

peak associated with the first torsional natural frequency, which clearly reflects a reduction 

of damping, gradually more pronounced when the mean wind speed increases. In contrast, 

the time-variant formulation of the self-excited forces does not significantly affect the 

aerodynamic stiffness, since the torsional frequency is equally reduced compared to still air 

according to LTI and LTV models. It is also to note that a small torsional mode contribution 
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appears in the lateral and vertical responses of the bridge deck. The importance of this 

aeroelastic mode coupling grows with the mean wind velocity and is enhanced by the time-

variant formulation of the self-excited forces, but it is not able to visibly affect the RMS 

values of lateral and vertical vibrations (see Figs. 58 and 60). 

 

Figure 61: Comparison of power spectral densities of lateral, vertical and torsional response of the 
mid- (a) and quarter-span (b) bridge section for LTI and LTV models at different mean wind 
velocities. 

Fig. 62 shows the time histories of the nondimensional self-excited forces and dynamic 

response components at the midspan bridge section for a mean wind speed of 47.5 m/s. By 

comparing the self-excited forces according to LTI and LTV models (Fig. 62(a)), it is evident 

that all of the components are significantly influenced by the slow variation of the angle of 

attack. Nevertheless, in terms of dynamic response of the bridge, Fig. 62(b) confirms that 

only the torsional component is significantly affected. Indeed, the difference in the horizontal 

and vertical self-excited forces obtained with LTI and LTV models can mainly be ascribed 

to aeroelastic mode coupling, which induces a component at the torsional mode frequency 

in the horizontal and vertical self-excited forces. Nevertheless, unless these mode coupling 

effects are so pronounced to importantly modify the mode shapes, which usually occurs close 

to the flutter instability, these force contributions, though large, do not significantly alter the 

bridge response, as already shown in Fig. 61. 
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Figure 62: Time histories of nondimensional horizontal, vertical and torsional self-excited forces 
(a), as well as of lateral, vertical and torsional bridge response (b). Results obtained by LTI (in grey) 
and LTV (in red) models are compared for a mean wind speed of 47.5 m/s. 

The RMS offers a direct and simple measure of the magnitude of the structural dynamic 

response; nevertheless, in engineering practice, the extreme values of the vibration are of 

greater interest. When the response is Gaussian (linear system forced by Gaussian 

processes), all the information about extreme values is provided by the power spectral 

density, but this is not supposed to be the case here. Indeed, though the turbulent fluctuations 

are assumed to be Gaussian, the nonlinearity of the external force [Eq. (4.2.7)] and the 

modulation of the self-excited forces by the low-frequency turbulent components (the latter 

only for the LTV model), in general, lead to a non-Gaussian response. Nevertheless, Fig. 63 

shows that the response obtained with the LTI model of self-excited forces is always 

approximately Gaussian. In contrast, with the LTV model, the torsional response complies 

with a Gaussian distribution at 30 and 40 m/s, but it is clearly non-Gaussian at 47.5 m/s. This 

result suggests that the non-Gaussianity of the response increases with the mean wind 

velocity and is ascribable to the time-variant nature of the self-excited forces. 
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Figure 63: Probability density function (PDF) and Gaussian fit of the midspan bridge section 
torsional response obtained for LTI and LTV models and three mean wind speeds. 𝜎  represents the 
standard deviation of the Gaussian distribution. 

Consequently, the bridge response was calculated for 20 sets of one-hour-long time 

histories of the turbulent velocity fluctuations, and the maximum vibration of a given deck 

section was collected for each set. A Gumbel probability distribution was successfully fitted 

to the obtained data, as shown in Fig. 64(a) for the midspan section. Then, Fig. 64(b) 

confirms that the nonlinearity due to the parametric dependence of self-excited forces on 

turbulent fluctuations does not change the probability density functions of the peak lateral 

and vertical responses. In contrast, the probability distribution of the torsional response 

changes between LTI and LTV models not only in terms of position parameter but also of 

scale parameter. In particular, the latter increases for the time-variant model of 8% at 30 m/s 

and even 627% at 47.5 m/s. From the practical engineering point of view, an increase of both 

the position and the scale parameters should imply a significantly higher design value of the 

oscillation amplitude. Therefore, the impact of the LTV model on the bridge response is even 

more pronounced than what is simply suggested by the analysis of the RMS of the vibrations.  
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Figure 64: Distributions of the extreme values of lateral, vertical and torsional response of the 
midspan bridge section, obtained for LTI and LTV models and three mean wind speeds. (a) Fitting 
of a Gumbel probability distribution to the numerical data (P denotes the probability of non-
exceedance); (b) estimated Gumbel probability density functions (PDF) for the response maxima. 𝜆 
and 𝛾 represent the position and scale parameters of the Gumbel distribution, respectively. 

In the formulation of the model, the contribution to the slowly-varying angle of attack of 

the low-frequency oscillations of the bridge deck was neglected (see Section 4.2). The 

sensibleness of this simplification can be verified a posteriori once the buffeting response 

has been calculated. To this end, Fig. 59 compares the time histories of the effective angle 

of attack for the midspan bridge section obtained by low-pass filtering Eq. (4.2.3) with that 

due to turbulence only [according to Eq. (4.2.7)], considering the cut-off frequencies 

associated with the first lateral, vertical and torsional modes (the low-pass filtering operation 

always excludes the resonance response contributions to the angles of attack). When the 

filter cut-off is set equal either to the first lateral or to the first vertical mode frequency (𝛼 ,  

and 𝛼 , , respectively), the bridge deck motion contributions are negligible. In contrast, 

setting the filter cut-off equal to the first torsional mode, 𝛼 ,  is slightly different from 𝛼 , 

especially when the latter takes small values. Nevertheless, assuming that the self-excited 

forces are modulated by the effective angle of attack and repeating the calculation, it was 

possible to verify that the difference between α and α  is negligible for practical applications, 

even if the mean wind speed considered in Fig. 59 (47.5 m/s) is close to the flutter instability 

onset. 

Returning to Fig. 58, it is important to remark that the time-variant self-excited forces also 
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reduce the flutter stability limit of the Hardanger Bridge by almost 20%. A few examples of 

a non-negligible variation of the critical wind speed in turbulent flow can be found in the 

literature. In some cases, this increase or reduction of the stability may partly be ascribed to 

the nonlinear effect discussed here (Davenport, 1971; Diana et al., 1993b; Hirai et al., 1967; 

Scanlan, 1997). A significant impact of turbulence on the flutter boundary has also been 

observed in Chen and Kareem (2003), though in that case the modulation of the self-excited 

forces had a stabilising effect. This is due to the aerodynamic derivative 𝐴∗  considered in 

that work, which shows a pronounced decrement (the aerodynamic damping in torsion 

increases) for negative angles of attack, while it is almost constant for positive incidences 

(see Fig. 4 in Chen and Kareem, 2003). In contrast, in a similar way to the Hardanger Bridge 

(Fig. 57), 𝐴∗  often increases for bridge cross-sections when a positive rotation occurs (see, 

e.g., the Taihong Bridge in Lie et al., 2020; the Third Bosphorus Bridge in Diana and 

Omarini, 2020; the Izmit Bay Bridge in Argentini et al., 2020; the twin-deck bridge in 

chapter 4), potentially playing a destabilising role. 

A rigorous study of the stochastic stability of a dynamical system like the present one, 

parametrically modulated by a random process (the slowly-varying angle of attack), is 

beyond the scope of this work. Nevertheless, such a problem can simply be outlined here by 

looking at the time-evolution of the largest real part of the state-matrix eigenvalues (Fig. 65). 

Clearly, when the mean wind velocity exceeds 40 m/s, the real part of the most unstable 

eigenvalue starts assuming positive values from time to time. This propensity of the system 

to instability becomes more and more persistent in time for higher wind speeds. It is also 

worth noting that in the present case the flutter instability involves the symmetric modes and 

presents pronounced multimodal features. 
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Figure 65: Time evolution of the largest real part of the eigenvalues of the state matrix in Eq. (5.2.8) 
for different mean wind velocities. The figure has been obtained by considering a single artificially-
generated random wind field (see Section 5.3.2) for each value of 𝑉 . 

The connection between the most unstable state-matrix eigenvalue and the bridge response 

can be underlined, for instance, by comparing their time histories for some wind velocities. 

Fig. 66 shows the time history of midspan bridge response for the samples exhibiting the 

maximum torsional response obtained at 40 and 47.5 m/s and the corresponding time 

evolution of the largest real part of the eigenvalues of the state matrix. When the latter 

becomes strongly positive for a long enough time, a severe local increment of the torsional 

bridge response occurs, as clearly shown between 1000 and 1500 s at 47.5 m/s. This effect 

is still present at 40 m/s but less severe due to the increased stability of the time-variant 

dynamic system. Clearly, response samples with very large torsional response are 

encountered even more often for a wind speed of 50 m/s. 
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Figure 66: Comparison between the time evolutions of the largest real part of the eigenvalues of the 
state matrix in Eq. (5.2.8) and the middle-span bridge maximum peak response samples for 40 and 
47.5 m/s. 

Finally, in order to understand the influence on the bridge response of the cut-off 

frequencies used to separate the turbulence bands in the time-variant model of self-excited 

forces and in the external force model, the calculations were repeated for the case studies 2 

and 3 in Table 10. Fig. 58 shows that, when the cut-off frequency associated with the external 

force is increased (case study 3), the RMS of the oscillations remains practically unchanged, 

except for a small increase in the vertical response. However, the most important result for 

the present work is that the change in the cut-off does not affect the difference in the results 

obtained with LTV and LTI models. Conversely, the scenario is different if one changes the 

cut-off frequencies used to define the slowly-varying angle of attack that modulates the self-

excited forces (case study 2). Indeed, the reduction of these cut-off frequencies to 2/3 of the 

natural frequencies of the first lateral, vertical and torsional modes attenuates the oscillations 

of the slowly-varying angle of attack. Consequently, the aerodynamic derivative 𝐴∗  takes 

positive values less frequently than before, and this reduces the LTV torsional response by 

about 3.6% at 40 m/s and 31% at 50 m/s. These results confirm the previously mentioned 

sensitivity to the cut-off frequency of any band-superposition model; nevertheless, the 

response variation is not dramatic in the present case. 

5.4.2 Additional cases 

Fig. 67 compares the RMS of the buffeting response of the Hardanger Bridge for the 

baseline case study and for those denoted in Table 10 as case studies 4 and 5, where the wind 
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mean angle of attack and the turbulence intensity are varied. When the mean flow incidence 

is null, the buffeting response according to the LTI model is very close to the baseline one, 

due to the only slight variation of the aerodynamic derivatives between 0 and 2.5 deg. In 

contrast, the difference between case studies 1 and 4 is apparent when the LTV model is 

applied. A null wind mean angle of attack reduces the RMS of the torsional response by 5% 

at 40 m/s and 165% at 50 m/s. Indeed, for 𝛼 = 0 deg, the slowly-varying angle of attack 

only seldom takes high positive values leading to negative aerodynamic damping in torsion. 

This also reflects on the flutter stability threshold, which is significantly delayed in case 

study 4 and nearly coincides with the critical wind speed for the LTI model. Clearly, in this 

case the traditional model for self-excited forces is adequate to predict the buffeting response 

of the bridge structure. 

Finally, case study 5 simulates a condition where the wind mean angle of attack is null but 

the turbulence intensity is very high, twice the one expected at the Hardanger Bridge site. In 

this case, obviously, both LTI and LTV buffeting responses significantly increase. 

Nevertheless, the oscillations of the slowly-varying angle of attack grow as well, implying 

longer excursions in ranges associated with negative aerodynamic damping in torsion. 

Consequently, compared to the traditional approach, the time-variant model of self-excited 

forces increases the torsional response by 23% at 40 m/s and by 116% at 50 m/s, while the 

flutter critical velocity is reduced by about 20%. Some minor differences can also be 

observed in the lateral response. 
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Figure 67: RMS of the buffeting response for the midspan deck section. The first and the last two 
cases reported in Table 10 are considered. The vertical arrows denote the wind speed for which the 
response for the baseline test case was found to be divergent. Obviously, when the LTI model is 
applied, the cut-off frequencies reported in Table 10 are not necessary for the calculation. 

5.5 Conclusions 

This chapter aims to understand and quantify the impact of the large-scale turbulence-

induced modulation of self-excited forces on the buffeting response of a full suspension 

bridge subjected to a realistic turbulent wind field. A time-variant model of self-excited 

forces based on the 2D rational function approximation is first extended to the case of a 

complex three-dimensional structure immersed in a partially-correlated random wind field 

and then applied to the case study of the Hardanger Bridge. The main conclusions of the 

study are summarised here below. 

 The parametric dependence of the self-excited forces on the angle of attack can have a 

significant influence on the buffeting response and flutter stability of a suspension bridge 

(e.g., the flutter stability threshold is reduced by about 20%), provided that the 

aerodynamic derivatives significantly vary with the mean flow incidence. This nonlinear 

feature can be crucial when high turbulence intensity is expected at the bridge site or, as 

in the case of the Hardanger Bridge, when a non-null mean wind angle of attack is 

possible due to the complex terrain. 

 In some cases, especially for low turbulence intensity and horizontal mean wind 
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direction, the classical linear models can still provide reliable estimates of the buffeting 

response. 

 The effect of a time-variant model for self-excited forces is even more pronounced if one 

considers the probability distribution of the response maxima instead of simply the 

second-order statistics of the vibrations. This is particularly important from the practical 

engineering point of view, since the peak values of the buffeting response are of interest 

for the structural design.  

 A key role is played by the partial correlation of the angle of attack that modulates the 

self-excited forces, which is accounted for by the proposed model. Indeed, the impact on 

the buffeting response of a time-variant model for self-excited forces would be much 

higher in case of perfectly coherent turbulent fluctuations. 

 As for any band-superposition model, the results are sensitive to the cut-off used to 

separate low-frequency and high-frequency turbulent fluctuations. In this respect, the 

first bridge natural mode frequency does not seem a conservative choice, since it 

excludes relatively large and correlated fluctuations of the angle of attack that can 

produce non-negligible variations of the self-excited forces. A novel approach is then 

suggested, diversifying the cut-off frequency based on the considered input motion 

component in the self-excited forces. Moreover, in the present analysis, a reduction of 

33% of the cut-off frequencies did not produce any dramatic change in the results.  

 A limited change in the cut-off frequency associated with the external force model has a 

nearly negligible influence on the results and does not affect the difference in the 

response obtained with either a time-variant or a traditional approach.  

Finally, a nonlinear buffeting response model accounting for the parametric dependence of 

self-excited force on the angle of attack is recommended for the wind-resistant design of 

long-span suspension bridges, especially when the aerodynamic derivatives strongly depend 

on the flow incidence.  
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General conclusions and future developments 
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This doctoral work deals with the effects of atmospheric turbulence in suspension bridge 

buffeting response. The main effort has been devoted to proposing a bridge buffeting model 

that allows considering the nonlinear effects induced by the large scale (low-frequency) 

turbulence in a simple and easily interpretable way. 

First, a nonlinear aerodynamic load model is proposed. This model assimilates and 

improves the preceding nonlinear model proposed by Chen and Kareem (2001, 2003) in 

reproducing the time-variant nature of the self-excited forces with the angle of attack 

produced by large scale turbulence. The 2D RFA self-excited forces obtained accordingly 

are experimentally validated for the first time with a novel procedure that involves bi-

harmonic (or multi-harmonic) forced-vibration wind tunnel tests. These proved to be an 

effective tool for studying the phenomenon and validating the 2D RFA model which has 

proven to work for two utterly different bridge cross-sections. In the future, it could be 

interesting to apply this model to other case studies to confirm the reliability observed in this 

work. Furthermore, the actual validity of the basic assumption of a slowly-varying angle of 

attack behind the 2D RFA model might be stressed by reducing the ratio of the reduced 

velocities associated with the low-frequency and high-frequency motions tested up to 1.7. 

Within the proposed aerodynamic load model, the nonlinear external forces are formulated 

as a compromise to consider both nonlinear and unsteady effects of wind velocity 

fluctuations. Unfortunately, compared to the aerodynamic derivatives, the time-variant 

aerodynamic admittance function with the angle of attack was not included in the studied 

example for the lack of experimental data. However, it can be incorporated immediately in 

the analysis when the latter becomes available. 

The proposed nonlinear aerodynamic load model is successfully extended to the case of a 

complex three-dimensional structure immersed in a partially-correlated random wind field 

and then applied to the case study of the Hardanger Bridge. This application allows us to 

understand and quantify the impact of the large-scale turbulence-induced modulation of self-

excited forces on the buffeting response of a full suspension bridge subjected to a realistic 

turbulent wind field which was the main scope of this work. Results have clearly shown that 

the modulation of the self-excited forces with the angle of attack might be crucial in 

predicting bridge buffeting response for some wind conditions, exhibiting a substantial 

response increase and a stability reduction concerning the coupled flutter phenomenon. This 

suggests a compelling need of assimilating such effects into conventional calculations for 
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designing large suspension bridges. The proposed nonlinear buffeting framework shows a 

simple mathematical formulation, suitable for practical engineering applications.  

As a future development, the 2D RFA model might be easily adapted to determine the 

buffeting response of a bridge subjected to a nonstationary wind event. Moreover, the 

stochastic nature of the dynamic problem underlined in chapter 5 suggests additional studies 

about the stochastic stability of the system.  

Although this work is only a step towards the ambitious goal of accounting for turbulence-

induced nonlinearities in bridge buffeting response, it shows all the difficulties that must be 

overcome, and it paves the way for a possible simple approach to model this complex 

phenomenon.  
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Appendix A: Turbulent wind field modelling 

 
 

 
 
 

 In Appendix A, the fundamentals of wind engineering used in this Thesis 
are briefly reviewed. The flow properties in the atmospheric boundary layer 
are recalled, with particular consideration for the mathematical 
description of the velocity field and its numerical simulation. Finally, some 
of the turbulence wind field generation used in chapter 5 are reported and 
described. 
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Wind mathematical modelling 

The wind is the moving of air masses caused by the uneven heating of the Earth’s surface. 

From the meteorological point of view, the phenomenon is very complex and is affected by 

many factors (for an overview, see, e.g. Simiu and Yeo, 2019). In the engineering field, only 

the principal features of the phenomenon need to be modelled. 

At a certain height, the motion of air relative to the Earth’s surface is independent of the 

friction with the ground and is determined only by the pressure gradient and by the inertial 

effects due to Earth’s rotation (‘centrifugal’ and Coriolis forces). The wind velocity may be 

assumed horizontally homogeneous and stationary at these heights, called gradient velocity.  

Earth’s surface exerts upon the moving air a horizontal drag force, which retards the flow 

and produces a turbulent mixing throughout a region of the atmosphere called the 

atmospheric boundary layer, whose depth ranges from a few hundred meters to some 

kilometres, depending on the gradient velocity and on the roughness of the terrain. This 

effect also affects the mean wind velocity profile, which increases with the height above the 

terrain in the atmospheric boundary layer. The mean wind variation with the height is called 

wind profile.  

In wind engineering, we are interested in the effects of wind on civil structures; therefore, 

a mathematical description of the flow within the boundary layer is required. Since wind 

velocity varies in space and time in a complex, random way, it is described statistically. In 

order to avoid unnecessary complications which are out of this work, the following 

assumptions have been made in the turbulence wind field mathematical modelling: 

 A geostrophic wind height, where wind conditions are independent of the distance 

with the ground (the existence of gradient wind velocity); 

 The wind is stationary and ergotic, and a 10-minutes observation period is applied 

for calculating the mean wind velocity. In this period, the wind velocity may 

typically be considered stationary; 

 The wind direction does not change according to the height above the ground. 

Of course, the velocity also varies in direction. In a given location, for topographic and 

orographic reasons (vicinity of the sea, presence of mountain ranges, and others), the 

probability of a given mean wind velocity is not the same in all directions. Detailed 

information can be obtained only through on-site measurements and is usually presented 

through directional probability diagrams (e.g. Fig. 5 in Aksel et al., 2017 for the Hardanger 
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Bridge site). It is worth mentioning that wind velocity direction might affect the structural 

aerodynamic, stability, and response, and it can be considered with different strategies (e.g.  

Scanlan, 1993, 1999; Xu and Zhu, 2005). In contrast, this effect is not considered in this 

work and then will not be treated.  

A right-handed Cartesian coordinate system {𝑋, 𝑌, 𝑍} is introduced, with the X-axis in the 

direction of the mean wind velocity, positive along with wind, and the Z-axis vertical, 

positive upwards. The velocity at the time 𝑡 is decomposed as (Fig. 68) 

 

Figure 68: Wind velocity components 

𝑉 (𝑍) + 𝑢(𝑋, 𝑌, 𝑍, 𝑡)   in the X-direction 

𝑣(𝑋, 𝑌, 𝑍, 𝑡)   in the Y-direction 

𝑤(𝑋, 𝑌, 𝑍, 𝑡)   in the Z-direction 

Where 𝑉  is the mean wind velocity, which depends only on the height from the ground Z; 

𝑢, 𝑣 and 𝑤 are the zero mean fluctuating components of wind velocity, which are treated as 

stationary stochastic processes. A sketch of possible wind velocities in the wind direction at 

a specific time is shown in Fig. 69. 
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Figure 69: Simultaneous wind velocities in the wind direction at different heights above the ground. 

Mean wind velocity 

The boundary layer can be considered divided into two different reasons. The dominant 

length scale measures surface roughness in the lower part, while a large scale in the upper 

part is close to the gradient velocity. A simple expression for the mean wind velocity in the 

lower region can be obtained by using a dimensional analysis: 

𝑉 (𝑍) = ∗ ln                                                                                                                          (A.1) 

Where 𝑢∗ is the friction velocity defined as 𝑢∗ =  being 𝜏  the shear stress at the ground 

surface, 𝜅 ≅ 0.4 is the von Karman constant and 𝑍  the roughness length of the terrain. 

Eurocode 1 uses the logarithmic profile for the mean wind velocity of 200m above the 

ground. Codes provide the friction velocity as a function of the location, i.e., region, height 

above sea level, distance from the sea, orography, topography, and roughness category of 

terrain. In codes and standards (e.g. Eurocode 1; Istruzioni CNR, 2018), a reference velocity 

is usually provided, which is a characteristic of the location site and is defined as the 

maximum mean wind velocity in 10 minutes, at 𝑍 = 10 m, on flat and homogeneous terrain 

with roughness length 𝑍  =  0.05 m, with a return period of 50 years. The roughness length 

𝑍  can be interpreted as the size of the characteristic vortex, which is formed due to friction 

between the air and the ground surface. According to Eq. (A.1), 𝑍  is the height at which the 

mean wind velocity is zero. Overwater, as is the case of most suspended-span bridges 

crossing straits, estuaries and fjords, the roughness length depends on the wind velocity since 

the wind interacts with the water surface by inducing waves, representing an increased 

roughness.  
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Fluctuating velocity 

A Gaussian distribution is usually used to model the fluctuating wind velocity components. 

As clearly suggested by Fig. 69, the standard deviation tends to be zero, close to the gradient 

velocity (at the top of the boundary layer). Experimental studies show as the standard 

deviation is almost constant at the typical height of the civil structures, then it can be assumed 

as independently on the height and approximated with: 

𝜎 = ∗    ;    𝜎 = 0.75𝜎    ;    𝜎 = 0.50𝜎                                                                                   (A.2) 

The intensitive of turbulence is expressed by the ratio between the standard deviation and 

the mean wind velocity: 

𝐼 = = 1/ ln (𝑍/𝑍 )                                                                                                                 (A.3) 

The integral length scale of turbulence measures the average size of vortexes in every 

direction. For instance, the integral scale in the along-wind direction 𝐿  describe the average 

turbulence component 𝑢 measured in the direction X, and it is typically defined as: 

𝐿 = ∫ 𝜆 (𝑍, 𝑟 )𝑑𝑟                                                                                                                    (A.4) 

Where  

𝜆 (𝑍, 𝑟 ) = lim ∫ 𝑢(𝑋, 𝑌, 𝑍, 𝑡) ∙ 𝑢(𝑋 + 𝑟 , 𝑌, 𝑍, 𝑡)𝑑𝑡                                                           (A.5) 

Is the cross-correlation function between the turbulence component 𝑢 in two points separated 

by a distance 𝑟  in the X-direction. In the same way, it is possible to define all the 9-

components of integral length scales (see, e.g. Eurocode 1; Istruzioni CNR, 2018).  

The power spectral density function describes the energy distribution of wind velocity 

fluctuation. Many empirical expressions are available in the literature; here, only some of 

them are reported for brevity. The one proposed by Von Karman, (1948): 

𝑆 =
( . ) /                                                                                                                        (A.6) 

Where 𝑘 = . The one proposed by Davenport, 1967: 
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𝑆 =
( ) /                                                                                                                            (A.7) 

Where 𝑘 = , 𝐿 = 1200m. 

One of the most uses formulations for practical problems is the Kaimal spectrum (Kaimal 

et al., 1972):  

𝑆 =
( ) /     𝑖 ∈ {𝑢, 𝑣, 𝑤}                                                                                                              (A.8) 

Here the 𝑎  Ai coefficients are determined to fit best the experimental data provided by 

experimental or in-field measurements. This spectrum is also used from Eurocode 1 and 

Italian CNR Guidelines, which suggests the following parameters: 

𝑆 =
.

( . ) /    

𝑆 =
.

( . ) /                                                                                                          (A.9)-(A.11) 

𝑆 =
.

[ . ( ) / ]
  

Where 𝜎  are assumed constant up to 200m and provided by the Eq. (A.2). In chapter 5, 

the Kaimal spectrum is used by the N400 (Statens-Vegvesen, 2009) to model the turbulence 

wind field of the Hardanger bridge side. In this case, turbulence intensities in the along-wind 

and vertical directions were 𝐼 = 13.7% and 𝐼 = 7%, respectively, the integral length 

scales 𝐿 = 360 m and 𝐿 = 21 m and the 𝑎  parameters were 𝑎 = 6.8 and 𝑎 = 9.4. For 

the sake of comparison, the horizontal turbulence wind spectra of von Karman, Davenport 

and CNR are reported together with N400 (for the Hardanger site) in Fig. 70. The first three  

spectra are calculated at 𝑍 = 70 m from the sea level, with 𝑍 = 0.01  and a mean wind 

velocity. The mean wind velocity is 𝑉 = 30 m/s.  
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Figure 70: Spectra of the longitudinal turbulence component according to literature and code 
referments and the one measured on the Hardanger bridge side. 

It is also worth pointing out that the increment of velocity with the height leads to positive 

vertical gust transport of an air particle in a position with an increased average longitudinal 

velocity; this results in a negative longitudinal velocity fluctuation. This translates into a 

negative cross-correlation, usually neglected in practical application.  

Fluctuating turbulence wind velocity is a multi-correlated stochastic process in space and 

time. Indeed, two-point statistics are related by a normalised cross-spectrum for different 

frequencies. This dependence is due to the spatial dimension of the vortices in the wind field. 

The cross-spectra 𝑆  describes the spatial distribution of the turbulence wind components, 

which can be expressed by considering the turbulence wind velocity in two different points 

𝑃 = {𝑋 , 𝑌 , 𝑍 } and 𝑃 = {𝑋 , 𝑌 , 𝑍 } as follows: 

𝑆 = Coh 𝑆 𝑆     𝑖 ∈ {𝑢, 𝑣, 𝑤}                                                                                     (A.12) 

Where Coh  is the normalised cross-spectra which is usually expressed with an 

exponential form (Davenport, 1962): 

Coh 𝑖 = exp −
𝒓

                                                                                                             (A.13) 

Here 𝐫  represents the distance between A and B. 𝐶is a non-dimensional exponential decay 

that determines the spatial extent of the correlation in the turbulence wind field. On the other 

hand, experimental pieces of evidence have shown that the exponential decay 𝐶 is different 

for each wind velocity component and spatial direction, and an extended version was 
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proposed by Davenport (1977): 

Coh = exp −
( | |) ( | |) ( | |)

                                                    (A.14) 

The 𝐶  coefficients 𝑖 ∈ {𝑢, 𝑣, 𝑤} ;  𝑅 ∈ {𝑋, 𝑌, 𝑍} are determined experimentally and control 

the decay correlation on the turbulence components with the distance between two points. 

Some reference values for the 𝐶  coefficients are provided by codes such as Eurocode 1 and 

others. 

 

Figure 71: Wind velocities in the A and B points. 

Numerical generation of the multi-correlated turbulence wind field 

The stochastic space and time-domain simulation of a process 𝐯 implies the extraction of a 

single point or simultaneous multiple point time series from available frequency-domain 

cross-spectral information about the process. The process may own coherent or non-coherent 

properties in space and time. For a non-coherent process, there is no statistical connection 

between the simulated time series occurring at various positions in space, and thus, the 

simulations are treated as a representation of independent single point time series. Non-

coherent simulations are firstly discussed in this section. Coherent processes are statistically 

connected between each spatial representative within a set of M simulated time series. In our 

case, there will be a certain statistics connection between the instantaneous velocities 𝐯 (𝑡), 

𝑚 = 1,2, … , 𝑀 that matched the spatial properties of the wind field. Different methodologies 

have been proposed to numerically simulate the turbulence wind field (e.g. Borri and Pastò, 

2006; Facchini, 1996; Iannuzzi and Spinelli, 1986 and others). Here the simulation procedure 

proposed by Shinozuka (Shinozuka and Jan, 1972) is presented. 
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Simulation of a single point time series 

This section presents a single point simulation of a generic stochastic process 𝐯. Let 𝑆𝐯(𝜔) 

be the single point auto spectral density of an arbitrary stochastic variable 𝐯(𝑡) with zero 

mean for simplicity. The time-domain representation of 𝐯(𝑡) can be obtained by dividing 

𝑆𝐯(𝜔) into 𝑁 subblocks along the frequency axes, each one centred at 𝜔  (𝑘 = 1,2, … , 𝑁) 

and covering a frequency segment of Δ𝜔 , see Fig. 72. 

 

Figure 72: Spectra density function decomposition 

The 𝑆𝐯(𝜔 ) is the variance of each harmonic component per frequency segment given by: 

𝑆𝐯(𝜔 ) =                                                                                                                              (A.15) 

A times series representative of 𝐯 is then obtained by: 

𝐯(𝑡) = ∑ 𝑐 cos (𝜔 𝑡 + 𝛹 )                                                                                                  (A.16) 

From Eq. (A.15) it is possible to obtain the sinusoidal amplitude 𝑐 : 

𝑐 = [2Δ𝜔 ∙ 𝑆 (𝜔 )] /                                                                                                             (A.17) 

Then the generated time history can be finally obtained from: 

𝐯(𝑡) = ∑ 2Δ𝜔 ∙ 𝑆 (𝜔 ) cos (𝜔 𝑡 + 𝛹 )                                                                          (A.18) 

𝛹  is an arbitrary phase angles between zero and 2π, one for each harmonic component. The 

variance of 𝐯 is ∑   which in the limit of 𝛥𝜔 →  0 and 𝑁 →  ∞. 
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𝜎𝐯 = lim
 → 

 → 

∑ = ∫ 𝑆𝐯(𝜔)𝑑𝜔                                                                                          (A.19) 

Then if the discretization is sufficiently fine, the variance of the simulated representative, 

𝐯(𝑡) , is close enough to the variance of the parent variable. Obviously, simulation accuracy 

depends on the discretization fineness. Let 𝜔  be the upper cut-off frequency, beyond which 

there is none or only negligible spectral information about the process. Assuming constant 

frequency segments: 

Δ𝜔 =                                                                                                                                        (A.20) 

then each simulated time series will be periodic with period: 

𝑇 = 2𝜋𝛥𝜔                                                                                                                                    (A.21) 

Thus, time series will be obtained if they are generated with a time step: 

Δ𝑡 ≤                                                                                                                                        (A.22) 

Simulation of spatially non-coherent time series 

The procedure presented above is not applicable if we wish to simulate multiple point time 

series whose spatial properties are expected to be distributed according to certain coherence 

properties. Let us assume to simulate the turbulence wind components for a bridge structure. 

In this case, the transversal component of fluctuating wind velocity (𝑣) can be neglected, 

and the spatial properties are described by the bridge girder coordinate (see Fig. 53):  

𝐯(𝑥, 𝑡)     ;     𝐯 =
𝑢
𝑤

                                                                                                                  (A.23) 

As well as assumed in chapter 5, the cross spectra between the two components 𝑢 and 𝑣 is 

negligible. Let Coh𝐯 𝐯  be the covariance between two arbitrary points 𝑚 and 𝑛 and 𝑆𝐯𝐯 the 

cross-spectral density matrix so that: 

𝐒𝐯𝐯(𝜔) =

𝐒 … 𝐒

⋮ ⋱ ⋮
𝐒 … 𝐒

∈ ℝ ×                                                                                 (A.24) 

𝐒 (𝜔) =
𝑆 (𝜔)Coh (𝜔, |𝑥 − 𝑥 |) 0

0 𝑆 (𝜔)Coh (𝜔, |𝑥 − 𝑥 |)
   𝑚, 𝑛 ∈ {1, … , 𝑁 } 
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(A.25) 

𝐒𝐯𝐯(𝜔) contain all the space and frequency domain pieces of information that are necessary 

for a time-domain simulation of 𝑁  time-series with the correct statistical properties for a 

spatial representation of the process. It follows from the assumptions of stationarity and 

homogeneity that: 

Coh𝐯 𝐯 = Coh𝐯 𝐯                                                                                                                             (A.26) 

Thus, 

𝐒 = 𝐒∗ (𝜔)                                                                                                                            (A.27) 

This implies that 𝐒𝐯𝐯 is Hermitian and non-negative definite. Then, a Cholesky 

decomposition of 𝐒𝐯𝐯 can be performed leading to a lower triangular matrix: 

𝐆𝐯𝐯(𝜔) =

𝐆 𝟎 𝟎
⋮ ⋱ 𝟎

𝐆 … 𝐆
∈ ℝ ×                                                                                         (A.28) 

Whose  

𝐒 = 𝐆𝐯𝐯 ∙ 𝐆𝐯𝐯
∗      (A.29) 

Assuming a frequency axe division in 𝑁  equidistant points, the simulated time-histories 

at 𝑚 = 1,2, … , 𝑁  , after some mathematical manipulation (see Eq. (26) in Shinozuka and 

Jan, 1972) are then given by: 

𝐯 (𝑡) = √2∆𝜔 Re ∑ ∑ 𝐺 (𝜔 ) exp[𝑖(𝜔 + 𝛹 )]                                                    (A.30) 

Example: Hardanger turbulence wind field generation 

The turbulence wind field is artificially generated based on the specifications provided by 

the Norwegian Public Road Administration handbook N400 as described in chapter 5, 

section 5.3.2. In this example, 20 one-hour-long time series of the wind velocity components 

at 100 points along the bridge girder were obtained with the above-described simulation of 

spatially non-coherent time series. Here sampling frequency of 6 Hz was chosen, and the 

mean wind velocity considered is 50 m/s. 

As already shown in chapter 5, the auto-spectra and normalised cross-spectra of the 
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simulated time histories of wind velocity fluctuations [Fig. 55(a) and (b)] exhibit an excellent 

agreement with the target. Figs. 72 and 73 show the fluctuating along and wind velocities 

pattern during the time, 𝑡, and along with the bridge axe, 𝑥. 

 

Figure 73: Along-wind component, 𝑢, at a mean wind velocity of 50 m/s. 

 

Figure 74: Vertical-wind component, 𝑤, at a mean wind velocity of 50 m/s. 
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Appendix B: Additional experimental and numerical 

results 
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Figure 75: Section 1 self-excited forces measured (thin red line) associated with drag, lift and moment 
and pitching motion. These time histories are reported at three different frequencies motion 
(columns). The black dashed line represents the fit associated with the aerodynamic derivatives 
identification model. The model section is statically rotated of 𝜽𝒔𝒕 = 𝟖 deg and the mean wind 
velocity is 𝑽𝒎 = 𝟏𝟎 m/s. 
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Figure 76: Section 1 self-excited forces measured (thin red line) associated with drag, lift and moment 
and pitching motion. These time histories are reported at three different frequencies motion 
(columns). The black dashed line represents the fit associated with the aerodynamic derivatives 
identification model. The model section is statically rotated of 𝜃 = −8 deg and the mean wind 
velocity is 𝑉 = 10 m/s. 
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Figure 77: Section 2 self-excited forces (thin red line) associated with drag, lift and moment and 
pitching motion. These time histories are reported at three different frequencies motion (columns). 
The black dashed line represents the fit associated with the aerodynamic derivatives identification 
model. The model section is statically rotated of 𝜃 = 5 deg and the mean wind velocity is 𝑉 = 12 
m/s. 
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Figure 78: Section 2 self-excited forces (thin red line) associated with drag, lift and moment and 
pitching motion. These time histories are reported at three different frequencies motion (columns). 
The black dashed line represents the fit associated with the aerodynamic derivatives identification 
model. The model section is statically rotated of 𝜃 = −5 deg and the mean wind velocity is 𝑉 =
12 m/s. 
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Figure 79: Aerodynamic derivatives of the Hardanger bridge (chapter 4), reported as a function of 
reduced wind velocity for various mean angles of attack. 
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Figure 80: Aerodynamic derivatives of the twin-deck model section (chapter 4), reported as a 
function of reduced wind velocity for various mean angles of attack. 
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Figure 81: Chen and Kareem (2003) approximation of the measured aerodynamic derivatives for the 

Hardanger bridge. 𝑅 = 1 −
∑ ( )

∑
 is the coefficient of determination, where 𝑥  is the measured 

value, 𝑦  is the value predicted by the approximation, and 𝑁  is the number of experimental data 
considered. The first set of nine coefficients represents the aerodynamic stiffness, while the others 
nine are the aerodynamic damping. The 2D rational functions are based on 5th-order polynomials 
for all 𝐀  and 𝑑  parameters. 
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Figure 82: Chen and Kareem (2003) approximation of the measured aerodynamic derivatives for the twin-

deck model section. 𝑅 = 1 −
∑ ( )

∑
 is the coefficient of determination, where 𝑥  is the measured value, 

𝑦  is the value predicted by the approximation, and 𝑁  is the number of experimental data considered. The first 
set of nine coefficients represents the aerodynamic stiffness, while the others nine are the aerodynamic 
damping. The 2D rational functions are based on 5th-order polynomials for all 𝐀  and 𝑑  parameters. 
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Figure 83: Chen and Kareem (2003) approximation of the measured aerodynamic derivatives for the 

twin-deck model section. 𝑅 = 1 −
∑ ( )

∑
 is the coefficient of determination, where 𝑥  is the 

measured value, 𝑦  is the value predicted by the approximation, and 𝑁  is the number of experimental 
data considered. The first set of nine coefficients represents the aerodynamic stiffness, while the 
others nine are the aerodynamic damping. The 2D rational functions are based on 2th-order 
polynomials for all 𝐀  and 𝑑  parameters. 
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Figure 84: Time histories of high-pass filtered self-excited forces for Section 2 associated with pitching motion 
(bi-harmonic forced-vibration test #4 in Table 8: 𝑉 , = 6.2, 𝑉 , /𝑉 , = 12.5). 

 
Figure 85: Spectrogram of self-excited forces (bi-harmonic forced-vibration test #4 in Table 8: 𝑉 , = 6.2,

𝑉 , /𝑉 , = 12.5, 𝛼 = 5 deg). The three rows of figures refer to high-pass filtered drag, lift and moment, 
respectively. 
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Figure 86: Self-excited drag, lift and moment coefficients against high-frequency pitching angle for three 
different phases of the slowly-varying angle of attack for Section 2 (test #4 of Table 8: 𝑉 , = 6.2,

𝑉 , /𝑉 , = 12.5). The light grey line in the background indicates the complete force pattern measured in the 
wind tunnel during one 𝛼 cycle of oscillation. 
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Figure 87: Self-excited drag, lift and moment coefficients against high-frequency pitching angle for three 
different phases of the slowly-varying angle of attack for Section 2 (test #5 of Table 8: 𝑉 , = 9.1,

𝑉 , /𝑉 , = 3.4). The light grey line in the background indicates the complete force pattern measured in the 
wind tunnel during one 𝛼 cycle of oscillation. 
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Figure 88: Self-excited drag, lift and moment coefficients against high-frequency heaving motion for three 
different phases of the slowly-varying angle of attack for Section 2 (test #10 of Table 8: 𝑉 , = 9.1,

𝑉 , /𝑉 , = 8.5). The light grey line in the background indicates the complete force pattern measured in the 
wind tunnel during one 𝛼 cycle of oscillation. 
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Figure 89: Spectrogram of self-excited forces (bi-harmonic forced-vibration test #10 in Table 8: 𝑉 , = 9.1,

𝑉 , /𝑉 , = 8.5, 𝛼 = 5 deg). The three rows of figures refer to high-pass filtered drag, lift and moment, 
respectively. 
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Figure 90: Self-excited drag, lift and moment coefficients against high-frequency heaving motion for three 
different phases of the slowly-varying angle of attack for Section 1 (test #3 of Table 7: 𝑉 , = 12.9,

𝑉 , /𝑉 , = 34). The light grey line in the background indicates the complete force pattern measured in the 
wind tunnel during one 𝛼 cycle of oscillation. 
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Figure 91: Spectrogram of self-excited forces (bi-harmonic forced-vibration test #3 in Table 7: 𝑉 , = 12.9,

𝑉 , /𝑉 , = 34, 𝛼 = 8 deg). The three rows of figures refer to high-pass filtered drag, lift and moment, 
respectively. 

 
Figure 92: Spectrogram of self-excited forces (multi-harmonic forced-vibration test #18 in Table 8: 𝑉 , =

9.1, 𝑉 , /𝑉 , = 8.5, 𝛼 = 5 deg). The three rows of figures refer to high-pass filtered drag, lift and moment, 
respectively. 
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Figure 93: Spectrogram of self-excited forces (multi-harmonic forced-vibration test #8 in Table 7: 𝑉 , , =

8.7, 𝑉 , , = 18.2,  𝑉 , , = 54.6, 𝑉 , /𝑉 , , = 4.0, 𝑉 , /𝑉 , , = 12.0, 𝑉 , /𝑉 , , = 25.0 , 𝛼 = 6 
deg). The three rows of figures refer to high-pass filtered drag, lift and moment, respectively. 
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