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Exploring Quantum Phases of Dipolar Gases through Quasicrystalline Confinement
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The effects of frustration on extended supersolid states is a largely unexplored subject in the realm of
cold-atom systems. In this work, we explore the impact of quasicrystalline lattices on the supersolid phases
of dipolar bosons. Our findings reveal that weak quasicrystalline lattices can induce a variety of modulated
phases, merging the inherent solid pattern with a quasiperiodic decoration induced by the external potential.
As the lattice becomes stronger, we observe a superquasicrystal phase and a Bose glass phase. Our results,
supported by a detailed discussion on experimental feasibility using dysprosium atoms and quasicrystalline
optical lattice potentials, open a new avenue in the exploration of long-range interacting quantum systems
in aperiodic environments. We provide a solid foundation for future experimental investigations, potentially
confirming our theoretical predictions and contributing profoundly to the field of quantum gases in

complex external potentials.
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Introduction—The exploration of exotic quantum phases
displaying simultaneously different kinds of orders, or
quasi-orders in systems with long-range interactions, has
emerged as a central goal in condensed-matter physics [1].
Among these, electronic liquid crystals [2,3], Bose glasses
(BGs) [4,5], supersolids [6-9], and quantum systems with
quasiperiodic order [10-14] stand out as intriguing man-
ifestations combining translational, rotational, and global
gauge symmetry breaking. Such systems exhibit exotic
collective behaviors arising from intricate interplays
between quantum effects, topology, and interactions, hold-
ing promise for applications ranging from quantum sim-
ulators to advanced materials [9,15-21]. In this context, the
study of dipolar bosons has garnered increasing interest,
driven by advancements in both theoretical [22-34] and
experimental [35-45] research.

Recent investigations in these systems revealed a rich
phase diagram with three distinct supersolid phases—
stripes, triangular, and honeycomb—eventually converging
at a critical point [31,46,47]. In the conventional scenario,
the crystallization transition is expected to be first-order,
resulting in a sudden increase in the modulation amplitude
upon dynamically crossing the crystallization line. This
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impacts the phase coherence of the system and leads to the
generation of high-energy excitations [48], hindering the
stability of the supersolid phase.

Exploring the introduction of disorder into these systems
could further open new avenues for understanding pioneer-
ing complex phases. In noninteracting 2D models, disorder
generates nontrivial effects such as Anderson localization
(AL) [49-51]. Moreover, the presence of contact inter-
actions in disordered Bose systems frustrates AL and leads
to the emergence of BG physics [5,52] and many-body
localization [53]. Quasicrystal lattices (QCLs) present
intriguing platforms for investigating disorder-induced
phenomena, particularly due to the observed phase tran-
sition from extended to exponentially localized states with
increasing QCL intensity [5,50,54]. In QCL environments,
quantum gases with contact interactions exhibit not only
the anticipated disordered system effects [55-62], but also
the emergence of quasicrystalline superfluids [11]. In the
case of long-range interacting dipolar systems, an in-
triguing possibility is the study of frustrated phases result-
ing from the competition between the natural tendency of
the system to form periodic supersolids and the presence of
a QCL.

In this Letter, we bridge the physics of long-range
dipolar bosons with the effects of QCL confinement. By
numerically solving extensive Gross-Pitaevskii equations
(GPEs), we explore the phase diagram of the model guided
by a spectral variational study. We observe the emergence

© 2024 American Physical Society
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of global-ordered phases, whose formation mechanism is
triggered by the local disorder generated by the QCL.
Importantly, our analysis guides experimental implemen-
tations within the scope of current technological capabil-
ities. This approach offers the potential to probe and
explore these intriguing phases of matter, significantly
enhancing our understanding of quantum systems in com-
plex potentials.

Model and methods—We consider a gas of N interacting
bosons of mass m and dipolar length a,; at T = 0. The
atoms are harmonically trapped along the polarization axis
and subjected to a QCL [56,57] in the plane perpendicular
to the polarization axis. The condensate wave function,
w(r), is normalized to unity; hence the local atomic density
is given by p(r) = N|y(r)|*. Choosing the units of length
as ¢ = 12za,, and time as t, = m£?/h, we can express the
GPE [63,64] as

,dl//(l‘) . 1 2
i _[ V2 U) + Uy (r)
+ YN[y ()P + === Ny ()
3add

4_%/dr/V(r—r’)|1,z/(r’)2 w(r). (1)

The first term on the right-hand side of Eq. (1) pertains to the
kinetic energy, while the second term corresponds to the axial
trapping potential U(z) = w?z?/2, . being the frequency of
the axial trap. The in-plane octagonal QCL is described by
U,(r) =377, Up[l —cos(q; - r)]/2, with characteristic
wave vectors q; = g[cos(iz/4),sin(iz/4),0] [65]. The
fourth contribution to Eq. (1) corresponds to the Lee-
Huang-Yang (LHY) correction to the mean-field approxi-
mation  [66-68], where y = (4/37%)(a,/3a.,)>*[1 +
3 (a/agq)?] 69,70]. Finally, the last two terms of Eq. (1)
account for the scaled contact interaction, with scattering
length a, and the dipolar interaction, V(r) = [1 — (32%/
)] (1/r) + (8x/3)8(r). The ground state y of the system
is obtained by evolving an initial ansatz y(r,#=0) in
imaginary time. Details about w(r,7 = 0) are described in
the Supplemental Material [71].

We have also implemented a spectral variational method
(SVM), see [71] and [13,31,72]. In summary, after intro-
ducing the average 2D density of particles p, (r,) =
N [dz|yo|*(r), an effective energy functional in terms
of pi(r;) = Ny |*(r,) is constructed and used to study
the extended phases of the system [71]. The SVM shows
that the optimal orientation of the periodic structure of the
pattern with respect to one of the main directions of the
QCL, is #/8. Such a configuration is challenging to
implement in the GPE solution, considering the constraints
imposed by the periodic boundary conditions. However,
our analytical study shows that considering two main
directions of the periodic pattern and the QCL, respectively,
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FIG. 1. Phase diagram of dipolar bosons in a quasicrystalline

lattice. We numerically solve Eq. (1) in imaginary time to
demonstrate the emergence of several phases induced by the
simultaneous effect of a quasicrystalline potential with intensity
U, and contact (with strength a,) and dipolar (a,4,) interactions.
We observe the triangular-supersolid (TSS), stripe-supersolid
(SSS), superquasicrystal (SQC,_;,), and Bose glass (BG)
phases, as described in the text. The average scaled density of
the effective two-dimensional system is p; = 120, the wave
vector of the QCL is g = 1.8, and the frequency of the harmonic
trap along the polarization axis is @, = 0.08. Solid lines delimit
the phase boundaries. The dotted line guides the eye for the
crossover between different SQC structures. The vertical dashed
line corresponds to the analysis in Fig. 3. The crosses are
representative points of the density patterns in Fig. 2.

aligned, have a negligible energy cost, making numerical
results with aligned patterns an excellent approximation of
the actual ground state of the system [71].

Results—We numerically solve the GPE considering
w, = 0.08, average in-plane density p, = 120, and
0.77 < a,/ayz; < 0.79. The characteristic wave vectors of
the QCL have moduli ¢ = 1.8, which is about five times the
characteristic wave vector k of the triangular supersolid
(TSS) found when U, = 0. As shown in the phase diagram
in Fig. 1, which is constructed by tuning the QCL intensity
Uy and a,/ay;, we identify five distinct phases in the
regime of parameters considered: a TSS; a stripe supersolid
(SSS); superquasicrystal phases (SQC;_;,), where the
quasicrystalline density pattern coexists with a finite super-
fluid fraction, and a Bose glass (BG,_;). Interestingly, we
observe a crossover between a quasicrystalline pattern
matching the external lattice (i = 2) and a state in which
itdoes not (i = 1). As an effect of the long-range repulsion,
many lattice sites can be depleted, resulting in a density
pattern skipping a significant fraction of the QCL minima,
see Supplemental Material [71]. On the other hand, when
a,/agq is large, and U, is weak, the delocalization of the
pattern is enhanced, and the system undergoes a cross-
over to a SQC state matching the QCL. The dotted line in
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Fig. 1 is a guide to the eye for the crossover region
separating the SQC; and SQC, states. It is obtained from an
analysis of the local maxima structure in v (k) «
[ dr iy (r))e™TL. For this observable, two sets of local
maxima can be identified, those located at |k | =g,
corresponding to Fourier modes matching the QCL
and those located at |k |# ¢, responsible for pro-
ducing a quasicrystalline pattern not matching the QCL.
The position of the dotted line defines the moment when
the sum of the main local maxima in @, (k) with k| # ¢

and k; =q equals, ie, >y _y W (k. )d(ki,q)=
Yok, -k, Wi(k)[1=6(ky,q)], where {k,} stand for
the set of momenta of the local maxima in ¥, (k) and
&(a, b) corresponds to the Kronecker delta function. As can
be observed in Fig. 1, for large enough U, the depletion
effects on lattice minima produced by the dipolar inter-
action are always strong enough, avoiding us seeing a
transition from SQC, to BG,. Nevertheless, we expect this
to be the case for large a,/a,,, as reported in Ref. [59] for
the case of contact-interacting bosons.

Remarkably, we observe the TSS-to-SSS phase transi-
tion although the SSS is never the ground state of the
system at U, =0 for the set of parameters considered
[46,47]. Indeed, by increasing U, we promote the locali-
zation of particles at the minima of the QCL, inducing an
increment of the size of the clusters and of the dipolar
repulsion between clusters, favoring the transition to the
SSS phase. The TSS-to-SSS transition was already
observed in the absence of the QCL [46]. In this case,
the enlargement of the cluster sizes is achieved by increas-
ing the system density.

The obtained phase diagram can be understood with the
help of Fig. 2, where we depict the observed ground-state
configurations. For weak QCLs, the ground state corre-
sponds to the TSS state shown in Fig. 2(a). As U, is
increased, we see a transition to the SSS state, Fig. 2(b). In
the intermediate U, regime, the stripe ansatz evolves to the
SQC,; state, Fig. 2(c). In Figs. 2(d)-2(f), we show the
density patterns along the y = 0 line where the enlargement
of the TSS cluster triggering the transition to the SSS and
SQC; states can be observed. To some extent, stabilization
of superfluid clusters and stripes is boosted by a process
reminiscent of superfluids caged in puddles, as featured in
BG phases [52,73-77].

In Fig. 3, we show the behavior of quantities used to
characterize the phases of the system and to locate their
boundaries in Fig. 1. Additionally, we considered the
density contrast to classify solid states [71]. We computed
the superfluid fraction considering a generalization of
Leggett’s criterion [78],

L2L§
/= - —
fdllpi(ll) ferpL(rL) :

where L,y is the length of the system in the x(y) direction,
see Ref. [13]. At strong U, the SQC transitions to the BG

(2)
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FIG. 2. Normalized density patterns. (a)—(c) Two-dimensional
density pop = p (x,y)/pT™ obtained via the numerical solution
of Eq. (1). (d)-(f) pip(x) = py(x,0)/pT* (solid curves) and
QCL Ujp(x) = U,(x,0)/U7™ (dotted curves), at the y = 0 line.
The system parameters are the same as in Fig. 1 with
a,/agz; = 0.78. In (a),(d), the system is in the TSS state with
Uy = 0.20. In (b),(e), the SSS state is represented for U, = 0.32.
In (c),(f), the SQC; state is shown for U, = 1.44. The BG; state is
visually indistinguishable from the SQC;. See density patterns
(a)—(c) amplified in the Supplemental Material [71].

whenever f = 0. To differentiate between a BG and a Mott
insulator, we consider local superfluidity on the first ring of
clusters around the origin [71]. Both BG and insulating
states have zero global superfluidity, but the former has
local superfluidity in some puddles. The local super-
fluid fraction on a ring of radius R is f,. = 4n%/

2" RdOp7'(R), where R = (Rcos 0,R sin 6) [79]. In
Fig. 3(a), we show the local superfluid fraction and see
that it remains finite when the global superfluidity vanishes
(Uy Z 1.69), which indicates that in the strong U regime,
the system is a BG.

At intermediate U, we observe a competition between
the SSS (TSS) and QCL patterns. To measure how much
each of these patterns contributes to the mixed state, we
study the Fourier transform of the density p, (k) =
[drip)(r))e"®sTi The SSS (TSS) and QCL patterns
have, respectively, two (six) and eight characteristic peaks
in the profile of 5, (k). Once we measure the average
height & of each kind of characteristic peaks, see details in
Ref. [71], we estimate the SSS (TSS) composition through
the parameters Aggsrss) = fsss(rss)/ (Asss(rss) + sqc)
and ASQC = hSQC/(hSSS(TSS) + hSQC) [80] The SSS
(TSS) to SQC phase transition is thus identified as the
lower bound of a phase in which Agoe > Aggs(rss), see
Fig. 3(b).

The phenomenology discussed so far corresponds to a
situation in which g > k. The role of g has been grasped
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FIG. 3. Characterization of the system ground state. We display
the global superfluid fraction (circles), the local superfluid
fraction (squares), and the SSS and SQC order parameters,
Agss and Agqc, respectively. The gray regions delimit the phase
transitions. The system parameters are the same as in Fig. 2.

by employing the SVM. Figure 4(a) depicts the phase
diagram by varying ¢/k, and U, keeping both density p |
and a,/a,y, fixed. For g < kg, the TSS melts into the SQC,
due to the competition with the QCL ordering for small
values of Uy. In this case, the quasicrystalline pattern
matches the QCL since the distance between neighboring
sites is large enough to hinder the dipolar repulsion.
Additionally, we also observe the BG, phase matching
the lattice. In panels (b)-(g), we show the ground-state
configuration as g increases for two different values of Uj,.
Importantly, we notice the existence of two opposite
regimes of the TSS state. For g > k, we observe a
triangular arrangement of clusters decorated by the QCL
pattern [Fig. 4(g)], while for ¢ <« kj, the TSS state is
structured as a quasicrystalline arrangement of clusters
decorated by the triangular modulation [Fig. 4(e)]. For
strong Uy, the BG phase surprisingly melts in the super-
fluid SQC even if increasing ¢ is similar to increasing
density. This phenomenology is also observed in contact-
interaction systems [59].

Experimental feasibility—The results presented here are
in a regime of parameters within current experimental
capabilities [37,39,48,81,82]. We propose a potential
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FIG. 4. Phase diagram of dipolar bosons in the g versus U,
plane. (a) Phase diagram obtained through the SVM atp, = 120
and a,/au; = 0.77, we indicate with crosses the positions of the
density patterns shown in (b)—(g). All the system parameters, but
q, are the same as in Fig. 2. (b)—(d) Three density patterns
at Uy = 0.40 and (b) g =0.15, (¢c) ¢ =0.4, and (d) g = 1.6.
(e)—(g) Three density patterns at Uy = 0.07 and (e) g = 0.15,
(f) g =0.4, and (g) g = 1.6.

experiment using 9Dy atoms. This system offers a wide
range of s-wave scattering lengths a,, with a dipolar length
agq ~ 7 nm, which results in a range of a,/a,,; consistent
with the values considered in this work. For 9Dy, the
characteristic units of length and time are £ = 0.26 pm and
to = 0.18 ms. The trapping dimensionless frequency
.ty = 0.08 is equivalent to w, ~ 450 Hz. For a,/a,; =
0.77 and effective two-dimensional density p; = 120,
we estimate a condensate thickness ¢, ~ 7.8 pm and a
peak 3D density in the absence of the QCL 3p, /40, =
1.65 x 10'* cm™3. In these conditions, the ground-state
characteristic wave vector of the triangular solid is ky = 0.4,
resulting in a lattice spacing A = 4z/(\/3ky) ~ 4.7 ym, a
small enough value to experimentally detect the long-
distance properties of the predicted phases.

Recent works have successfully replicated the potential
of an octagonal QCL using optical lattices [56,57]. The
experimental setup involves superimposing four coplanar
1D lattices, formed by retroreflective laser beams, arranged
at 45° angles relative to each other. We considered QCLs
whose characteristic wave vector g approximately varies in
the range from kq/4 to 4kq, which results in a wavelength
interval A4, ~ (1.02,16.3) pm. For the lattice intensity Uy,
our theoretical parameters also fall into an experimentally
feasible region. In [57], the authors use U, values up to
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4.6E, (E, being the recoil energy), equivalent to U, = 1.27
in our units. This value falls within the BG phase in Fig. 4.
We have considered finite-temperature corrections to our
energy functional perturbatively [83,84]. Our calculations
show that the phases observed remain robust for temper-
atures up to 7 ~ 40 nK (see Supplemental Material [71]).
Regarding the effects of quantum fluctuations, it is known
that the GPE description fails in the dilute regime [85].
Nonetheless, for the regime of parameters explored, cor-
responding to the high-density supersolid phase at U, = 0,
we expect weak quantum correlations, therefore a valid
GPE description. Moreover, the agreement between GPE
calculations, quantum Monte Carlo, and experiments has
been attested in related scenarios [8,45,86].
Conclusions—In this work, we studied the effects of a
QCL on the TSS phase exhibited by a planar system of
dipolar bosons near the critical point. For weak QCL with
high characteristic momentum, the system develops a
triangular or stripe pattern decorated with a quasicrystalline
structure that exhibits global superfluid properties.
Interestingly, we observe that the TSS-to-SSS transition
increasing the depth of the QCL occurs as a mechanism to
minimize the dipolar repulsion when ¢ > ky. A further
increase of U, at the TSS or SSS phases eventually triggers
a transition to the SQC phase and later to the BG phase.
Moreover, by enlarging ¢, we observe that the quasicrystal
phases develop a crossover from a state where the density
pattern matches the QCL to a state in which they are
different. Finally, the insights from our investigation have
laid the foundation for the experimental exploration,
enabling us to understand the physics of long-range
interacting quantum gases in quasiperiodic geometries.
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