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Abstract

In this thesis I investigate the onset and evolution of the Kelvin-Helmholtz insta-
bility in fermionic super
uids across the BEC-BCS crossover. The system involves
two counter-rotating annular super
ows separated by a thin potential barrier. Each
annular super
uid holds an opposite-sign persistent current with the same number of
circulation quanta. By tuning the barrier height, we control the merging dynamics
of the super
uid, and observe how the interface deforms into an ordered array of
quantized vortices, which then loses stability and rolls up into vortex clusters. The
Kelvin-Helmholtz instability in super
uids can be seen as the instability breaking the
symmetry of the regular array of vortices. Extracting the instability growth rates
from the experimental data, we �nd that they obey the same scaling relations across
the di�erent super
uid regimes, although vortex dynamics appears to be consistently
slower than predicted.

I performed the experimental results reported in this thesis, starting from the
characterization of persistent currents, observation of the vortex arrays, developing
the tracking and analysis tools to unveil the Kelvin-Helmholtz instability across the
BEC-BCS crossover. I also developed the theoretical framework describing the insta-
bility using the dissipative point-vortex model. This model describes the motion of
super
uid vortices in the presence of a mutual friction with the normal component of
the system, and o�ers a mechanism through which vortex dynamics can be generally
slower. Moreover, to provide more insights about the transition from the persistent
currents to vortex arrays, we made use of the Gross-Pitaevskii equation, valid for the
molecular BEC. The observed dynamics can be mapped to the ones of linear atomic
Josephson junctions, explaining the emergence of the vortices as a natural solution
to the merging problem.

These results link vortex arrays to shear 
ow instabilities. Our �ndings o�er new
perspectives on the Kelvin-Helmholtz instability in quantum 
uids and provide a
foundation for further studies in strongly correlated super
uids.
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Chapter 1

Introduction

1.1 Ultracold fermions as quantum simulators

The exploration of strongly interacting Fermi systems is a central endeavor in modern

physics, bridging �elds from condensed matter [1{3], to nuclear physics [4], and as-

trophysics [5]. When interactions within a fermionic system reach extreme strengths,

the speci�c details of the system can be ignored, leading to universal behaviors that

are shared by seemingly di�erent systems [6] such as neutron matter in neutron stars,

quark-gluon plasmas in the early universe [4]. Theoretical approaches to such systems

face considerable obstacles due to the large correlations inherent to strong interac-

tions, which challenge the conventional quasi-particle descriptions of the traditional

many-body tools [6]. The complexity from the theoretical understanding is further

compounded by the fermion sign problem, arising from the antisymmetric nature of

fermionic wavefunctions, which greatly limits computational methods such as Monte

Carlo simulations [7].

Quantum simulation o�ers an innovative route to addressing the challenges pre-

sented by these systems. Originally envisioned by Feynman [8], quantum simulation

leverages simple experimentally controllable quantum systems to encapsulate the

physics of much more complex systems, allowing the understanding of the physics

involved in the complex quantum behaviors, and that would be otherwise di�cult

to access. Ultracold atomic gases, speci�cally ultracold fermions, have emerged as

exceptionally adaptable quantum simulators over the past two decades, o�ering a

unique level of control over the system parameters [9]. The overall potential land-

scape of these systems (dimensionality, con�ning potential, defects, etc...) can be
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precisely engineered through the use of optical potentials, which can be designed at

spatial resolutions close to the coherence length of the gas [10]. Additionally, atomic

Feshbach resonances allow experimentalists to tune inter-particle interactions con-

tinuously, accessing both attractive and repulsive, weakly and strongly interacting

regimes within the same system [9].

Ultracold fermions have been pivotal in realizing key theoretical models [6, 11],

including the Bose-Hubbard [12] and Fermi-Hubbard models [13], and in exploring the

crossover between Bose-Einstein condensate (BEC) and Bardeen-Cooper-Schrie�er

(BCS) super
uidity [6, 11, 14]. The control over the atomic interactions enables the

continuous transition from strong to weak interactions, allowing for direct comparison

with well established theories like for a BEC and a BCS super
uids which are based

on �rst principles. At the center of Feshbach resonances, ultracold Fermi gases reach

quantum limited interactions [9], o�ering the possibility to access experimentally a

system with universal properties that resemble phenomena seen in neutron stars and

quark-gluon plasma.

Ultracold fermions, have established themselves as a fundamental tool for uncov-

ering the intricate dynamics of strongly interacting quantum matter, illuminating

pathways toward a deeper understanding of universal phenomena across multiple do-

mains of physics.

1.2 Fermionic super
uidity

As a consequence of the strong interactions, ultracold Fermi gases behave as nearly

perfect quantum 
uids, with their hydrodynamic behavior determining both the equi-

librium and the transport properties [15]. Understanding their behavior in precise

and controlled situations could open new perspectives for simulating the hydrody-

namical behavior of other strongly interacting systems. In particular, they provide

a clean test bed to understand the similarities and di�erences between classical and

quantum hydrodynamic behavior. One key feature that di�erentiates quantum from

classical 
uids is that the circulation of vortices in a quantum 
uid is quantized [16].

These stable topological defects have a circulation that is quantized in units ofh=m,

where h is Planck's constant andm is the mass of the super
uid particle. Since

the discovery of atomic super
uids, experiments with rotating gases across the BEC-

BCS crossover have demonstrated the super
uid behavior through the observation of
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quantized vortex lattices [17, 18].

Despite quantization of circulation, the emergence of classical phenomena from

quantum vortex dynamics might be expected provided many quantum vortices of

the same sign are bundled together, mimicking classical vortex tubes with arbitrary

circulation. Additionally, many features of more complex behavior of many vortices

systems are common to both classical and quantum 
uids, such is the case for the

emergence of turbulent dynamics [19, 20]. In three-dimensional system, quantum

turbulence has been extensively studied in super
uid helium [21, 22], including the

Kolmogorov energy cascade [23, 24], the dissipation anomaly [25], and boundary

layers [26]. More recently, experimental advances in quasi two-dimensional ultracold

atomic gases [27{31] and super
uid opto-mechanical systems with thin �lm helium

[32] have renewed interest in turbulence and vortex dynamics in two dimensions,

where contrastingly di�erent behavior to three dimensions is often observed [22]. In

two-dimensional quantum 
uids analogues of classical phenomena such as the Von

Karman vortex street [33, 34], vortex clustering [35{38], turbulent vortex relaxation

[37, 39, 40], and negative temperature vortex equilibrium [39] have recently been

demonstrated experimentally. Such experiments focused on the behavior of weakly

interacting BEC and the mechanisms for relaxation after the injection of energy into

the system [24]. However, the spontaneous appearance of non trivial vortex dynamics

has been missing.

In classical 
uids, the Kelvin-Helmholtz instability at the interface between two


uid layers 
owing at di�erent velocities (shear 
ow) is known to be a precursor for

turbulent behavior, without requiring further excitation the system [20, 41{44]. Mak-

ing the Kelvin-Helmholtz instability mechanism a new avenue for the exploration of

the transition from super
uid shear 
ow to quantum turbulence. Experimental ev-

idence of this phenomenon have only been regarded at the interface between two

distinct super
uid phases He3 A and He3 B using indirect probes [45], lacking a

clear vortex-by-vortex experimental observation. While the observation of this phe-

nomenon in atomic gases has been attributed limited to the observation of the forma-

tion of vortices between two rotating BECs [46], a dynamical understanding of this

phenomenon is lacking. A particular interest for studying this mechanism in unitary

Fermi super
uids comes from the possibility to extrapolate some of the observed dy-

namics to rotating neutron starts, where super
uid shear 
ows are expected to be

present [47, 48].
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1.3 Thesis Overview

In this thesis I investigate the onset and evolution of the Kelvin-Helmholtz instabil-

ity in fermionic super
uids across the BEC-BCS crossover [49]. The system involves

two counter-rotating annular super
ows separated by a thin potential barrier. Each

annular super
uid holds an opposite-sign persistent current with the same number of

circulation quanta. By tuning the barrier height, we control the merging dynamics

of the super
uid, and observe how the interface deforms into an ordered array of

quantized vortices, which then loses stability and rolls up into vortex clusters. The

Kelvin-Helmholtz instability in super
uids can be seen as the instability breaking the

symmetry of the regular array of vortices. Extracting the instability growth rates

from the experimental data, we �nd that they obey the same scaling relations across

the di�erent super
uid regimes, although vortex dynamics appears to be consistently

slower than predicted. These results link vortex arrays to shear 
ow instabilities,

and o�ers new perspectives on Kelvin-Helmholtz instability in quantum 
uids and

provide a foundation for further studies in strongly correlated super
uids.

This thesis is organized as it follows:

ˆ In Chapter 2, I provide an introduction to the general theoretical framework

regarding strongly-interacting Fermi gases. After a short overview of low en-

ergy scattering and Feshbach resonances, I introduce the BEC-BCS crossover.

Then, I focus on the general super
uid properties of those systems, namely

the presence of a critical velocity below which excitations are not created in

the system; and the presence of quantum vortices, and brie
y introduce their

dynamics in super
uids. Next, I introduce the two-
uid model �rstly discuss

for super
uid Helium, and comment how they modify the motion of quantum

vortices in in�nite and �nite systems.

ˆ In Chapter 3, I introduce the main topic of this thesis: the Kelvin-Helmholtz

instability. I start with a brief summary of the derivation of the instability both

sharp and smooth interface in classical 
uids, introducing Kelvin-Helmholtz

and Rayleigh results. Next, I discuss Helmholtz results of the modeling of

the vorticity of classical 
uids using point vortices, to latter derive the Kelvin-

Helmholtz instability from this perspective. Finally, I discuss the extensions of

this instability to the super
uid regime.
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ˆ In Chapter 4, I provide a description of our experimental setup, focusing on the

methods for reaching quantum degeneracy, on the high-resolution microscope

objective, and on the Digital Micromirror Device (DMD) that are implemented

in the experimental setup, and which are fundamental to image the atomic

cloud and imprint dynamical repulsive optical potentials with a sub-micron spa-

tial resolution. Next, I present the phase imprinting protocol used for exciting

persistent currents states in annular super
uids, and the interferometric mea-

surement to detect the state of the system. Following the discussion, I describe

our approach for generating the counter-
ow between two super
uids, engineer-

ing two counter-rotating annular super
uids. Finally, I comment the dynamics

occurring during the merging of both super
uids leading to the formation of a

polygonal array of quantum vortices.

ˆ In Chapter 5, I introduce the dynamics behind the breaking dynamics of the

polygonal array of quantum vortices. I provide the experimental tools we em-

ployed to study the reliability of the system. I provide an in-depth discussion

of the linear stability analysis polygonal array of vortices, showing their corre-

spondence to the Kelvin-Helmholtz instability. Next, I show that the system

is inherently sensitive to the initial conditions and displays a positive maximal

Lyapunov exponent when analyzing the vortex trajectories. Finally, I compare

the experimental data with the available models.
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Chapter 2

Basic theory of Fermi gases

Fermions are ubiquitous in nature. They make up a signi�cant portion of the matter

in the universe, including electrons, protons, and neutrons. Understanding their

behavior is crucial for unraveling many physical phenomena, from the properties of

ordinary matter to the behavior of exotic states of matter. Their statistical nature

leads to a variety of collective behaviors, making them a key focus in �elds like

condensed matter physics and quantum mechanics. Researching fermions in di�erent

scenarios can unlock new insights into quantum systems and their interactions.

Ultracold atomic gases o�er the opportunity to study dilute systems where we have

control over the interactions through magnetic Feshbach resonances. By adjusting

the magnitude of the applied magnetic �eld near an atomic Feshbach resonance, the

e�ective interaction between atoms can be tuned smoothly from strongly attractive

to strongly repulsive.

In this chapter, I present the theoretical frame necessary for understanding the

physics behind the experimental work realized in this thesis. In the �rst section, I

summarize the main properties of a non-interacting Fermi gas and follow with inter-

acting fermionic systems composed of two spin components. Starting from a review

of scattering theory, I explain how interactions in the system can be manipulated

externally through Feshbach resonances, introducing the BEC-BCS crossover.

In the last section, I present an overview of super
uidity and the special behavior

of quantum vortices. Finally, I discuss the di�erent models employed in this thesis to

describe vortex dynamics, from the Gross-Pitaevskii equation to the dissipative point

vortex model.
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2.1 Ideal Fermi gas

To describe the thermodynamic properties of a system composed by fermions, let's

consider the description in the grand-canonical ensemble. The system is in contact

with a reservoir with which it can exchange particles and energy, the Fermi-Dirac

distribution gives the average occupation of the state i of energy" i [14]:

hni i =
1

e(" i � � )=(kB T ) + 1
; (2.1)

where� is the chemical potential of the ensemble,kB the Boltzmann constant, andT

the temperature of the ensemble. In the zero temperature limit, the density of states

is de�ned as unity up to the Fermi Energy,EF = � (T = 0), and null occupation for

higher energies.

For a homogeneous Fermi gas, the average density is given by:

n =
Z

hni i g(" i )d" i =
1

� 3
T

Li3=2(e�=k B T ); (2.2)

where� T = ~=
p

2�mk B T is the thermal De Broglie wavelength, withm the mass of

the particle, and Li3=2(z) is the polylogarithmic function of order 3=2 de�ned as:

Li � (z) =
1X

k=1

zk

k�
: (2.3)

As temperature is lowered,� T increase, and it becomes of relevant importance

when it is of the order of the mean inter-particle distancen� 1=3. In particular, when

n� 3
T � 1 quantum degenerate regime is reached and quantum statistics play a huge

role determining the properties of the system [14, 50].

Generally, ultracold gas experiments don't work with in�nite homogeneous Fermi

gas but with con�ned Fermi gases. In this case, the density is no longer homogeneous,

but rather follows the behavior of the trapping potentialVtrap . AssumingVtrap vary

slowly on both the scale of the de Broglie wavelength� T , and the mean interparticle

distancen� 1=3; we can take into account the inhomogeneities using the so-called local

density approximation (LDA) [16]. Here, each volume, described by its positionr , is

considered an independent homogeneous system, characterized by the local chemical
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potential � de�ned as

� (r ) = � 0 � Vtrap (r ); (2.4)

where� 0 is the maximum chemical potential. Therefore, for trapped Fermi gases the

average density follows:

n(r ) =
1

� 3
T

Li3=2(e(� 0 � Vtrap (r )) =kB T ): (2.5)

In the present thesis, we are going to work with a trapping potential of the form:

Vtrap (r ) = Vbox(r; � ) +
1
2

M! 2
zz2; (2.6)

where r = jr j and � are the and azimuthal coordinates, and the box potentialVbox

is de�ned as V(r; � ) = 0 if r is inside the trap boundaries 
 and 1 otherwise. In

particular, in the experiments presented in this thesisVbox represents an annular box

with internal and external radii Ri and Re, as discussed in section 4.3.2. The vertical

con�nement set by ! z is such that the system remain always in the three-dimensional

regime regarding thermodynamic quantities. Moreover, the extent in the plane is

much larger that the vertical extension of the system. Given this trapping potential,

some of the system properties can be computed analytically, such as the Fermi energy.

In the limit T ! 0, the density pro�le can be written as:

n(r ) =
1

3� 2

�
2m
~2

� 3=2

(EF � Vtrap (r ))3=2: (2.7)

Integrating the density over the con�guration space, we can obtain a relation

between the Fermi energy and the total number of fermions in the system:

N =
1

3�

�
2m
~

� 3=2 Z
(EF � Vtrap (r ))3=2dr : (2.8)

For the speci�c trapping potential given by Eq. (2.6), the integral can be solved

analytically, yielding:

EF =
�

4� ~3! zN
mA

� 1=2

; (2.9)

where, A is the area de�ned in thex-y plane set by the box potentialVbox(r ) = 0.
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For the potentials considered,A is the area of the annular boxA = n� (R2
e � R2

i ), see

section 4.3.2. Notice the similarity of this expression of the one obtained from a 3D

harmonically con�ned Fermi gas [14], whereEF = (3 ~3! x ! y! zN )1=3, and to the one

of a homogeneous gas [14]:EF = ~2

2m (3� 2 N
V )2=3.

2.2 Interacting Fermi gases: BEC-BCS crossover

A system composed of two distinct spin fermions displays an even more exciting phase

diagram depending on their interaction [6, 14]. Indeed as I'll discuss in the following

sections interactions play a fundamental role in the emergence of super
uid behavior.

For a non-interacting system, the ground state correspond to a two-spin Fermi Sea,

where atoms occupy all the energy states below their respective Fermi Energy. From

here on, we will only consider the case of a balanced mixture between both spin

components, creating a common Fermi energy scale,EF .

For attractive interactions, correlations within the system allow for the formation

of Cooper pairs at the surface of the Fermi Sea [14]. This phenomenon, similar to

superconductors, is at the origin of fermionic super
uidity below a certain critical

temperature. On the other hand, repulsive interactions between fermions can lead to

the formation of weakly bound molecules, which are composite bosons. As per usual

bosonic particles, below a certain critical temperature they can undergo Bose-Einstein

condensation [16, 50], displaying bosonic super
uid behavior.

In dilute gases at low temperatures, the interaction between distinguishable fermions

can be described by a small number of parameters that emerge from the description

of a two-body collision analysis. The scattering process can be solved using the

Schr•odinger equation in the center-of-mass frame of reference [51]:

�
�

~2

2m�
r 2 + U(r )

�
	( r ) = E	( r ); (2.10)

where m� = m1m2=(m1 + m2) is the reduced mass,r is the relative position, U(r )

describes the interatomic potential, andE = ~2k2

2m � is the collision energy. The complete

solution of the Schr•odinger equation strongly depends on the interatomic potential

U(r ). However, whenU(r ) has a �nite range ru, we can obtain some insights of

the solution simply by looking at the behavior of 	 in the far �eld, r � ru. The

wavefunction 	 can be decomposed in the superposition of an incoming wave,ei k �r ,
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and a scattered wave. For 3D systems, the outgoing scattered wave can be written as a

modulated spherical wave [51]:f (�; � ) eik

r , wheref indicates the scattering amplitude.

The later is connected to the di�erential scattering cross-section byd�
d
 = 4�

k2 jf (�; � )j2,

with 
 the solid angle.

By considering an isotropic inter-atomic potential, we can make use of the symme-

tries of the problem, namely the azimuthal invariance, and expand the wavefunction

into partial waves:

	( r; �; � ) =
1X

l=0

Y 0
l (� )

ukl (r )
r

; (2.11)

where Y 0
l are the spherical harmonics of degreel and order 0, andukl (r ) the cor-

responding radial wavefunction, that depends on the incoming momentumk. For

every partial wave, with a well-de�ned angular momentuml, there is an independent

Schr•odinger equation with a potential given by the sum of the inter-atomic potential

and the repulsive centrifugal barrier:

�
�

d2

dr2
� k2 +

l(l + 1)
r 2

+
2�
~2

U(r )
�

u(r ) = 0 : (2.12)

In a low-temperature regime, only the lowest angular momenta components con-

tribute to the scattering processes. The reason is that when the kinetic energy is

much lower than the height of the centrifugal barrier the incoming particle is re-


ected, ignoring the details of the potential. Moreover, for identical fermions, the

antisymmetric nature of the wavefunction allows only for odd values ofl in the par-

tial wave expansion. Therefore, the lowest scattering wave contribution is given by

the p-wavel = 1, which is fully suppressed at su�ciently low temperatures [52].

In the ultra-cold regime, identical fermions behave like as the non-interacting

Fermi gas discussed previously. For this reason, we consider the problem of a mixture

of distinguishable fermions. The scattering between the same spin components is sup-

pressed, while the scattering between distinct components isn't. In fact, for di�erent

spin components, the interaction is uniquely characterized by the lowest scattering

l = 0 s-wave properties.

The solution to the Schr•odinger equation for the s-wave scattering at large dis-
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tances,r � k� 1, can be approximated by:

u(r ) �
1

cos� 0(k)
sin (kr � � 0(k)) ; (2.13)

where � 0(k) correspond to the s-wave phase shift. In the low-energy limit, the scat-

tering amplitude can be rewritten as [14]:

f (r ) =
1

k cot � 0(k) + ik
�

1
a� 1 + 1

2rek2 + ik
; (2.14)

where we introduced the e�ective rangere, which depends on the details of the inter-

action potential, and the scattering lengtha de�ned as:

a = � lim
k! 0

tan � 0(k)
k

: (2.15)

Finally, the s-wave scattering cross-section between distinguishable fermions for

vanishing momentum is [14]:

� =
4�a 2

1 + k2a2
=

4�
a� 2 + k2

: (2.16)

In this scenario, the scattering cross-section can be interpretedclassically as the

collision between two spheres of radiusa=
p

1 + k2a2. In the limit when a is small such

that the collision term ka � 1, the radius of the �ctitious spheres coincides with the

scattering length, and is independent of the incoming momentum. On the contrary,

when the scattering length diverges, the cross-section is maximum� = 4�k � 2, and

strongly depends on the incoming momentum.

2.2.1 Tuning the interaction: Feshbach Resonances

The scattering length a so far can be described purely by the far �eld behavior of

the collision process. However, a more detailed description ofa can be obtained after

considering the atomic internal structure [9, 14]. Due to the coupling between di�erent

hyper�ne states, the scattering process can couple di�erent inter-atomic potentials for

the incoming and outgoing waves. This additional degree of freedom in the collision

gives rise to the well-known Feshbach resonances [9, 14]. The description of such

collisions resonances was �rst made in the context of nuclear collisions.
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For ultra-cold systems, at low energy, the magnetic Feshbach resonance appears

when considering the collision in the presence of an external bias magnetic �eld [9].

Due to the di�erent magnetic moments associated to each of the possible hyper�ne

pairs (� � = � 2 � � 1 6= 0), the relative separation between the inter-atomic potentials

can be tuned externally � E / � �B . In particular, for alkali atoms, these correspond

to the singlet and triplet con�guration of the valence electron spin, see Figure 2.1a.

The scattering process can couple such hyper�ne pairs when a resonant condi-

tion is met. For convention [9], let us de�ne the open channel as the incoming

inter-atomic potential and the closed channel as the second out going inter-atomic

potential. Whenever the bound state of the closed channel is close to the collision

energy corresponding to the threshold energy of the open channel energy (see Figure

2.1a), the coupling between both channels becomes signi�cantly greater [9]. Indeed,

the crossing of the closed channel bound states and the collision energy gives rise to

the Feshbach resonance. Close to it, the scattering length is well approximated by

[9]:

as(B ) = abg

�
1 �

�
B � B0

�
; (2.17)

where � is the magnetic resonance width,B0 is the magnetic �eld where the crossing

occurs (the center of the resonance), andabg is the o�-resonance background scattering

length. The Feshbach resonances between all pairs of the three lowest hyper�ne states

of 6Li are shown in Figure 2.1b. These resonances are extremely large (�� 300G)

compared with other atomic species [9] making lithium one of the most versatile

species for tuning the interaction, without extreme stabilization of the magnetic �elds.

From Eq. (2.17) and Figure 2.1b, it is clear the we can exploit the magnetic

Feshbach resonances to tune from attractive to repulsive, and from weak to strongly

interacting regimes [14]. More importantly, Feshbach resonances allows us to change

the fundamental constituents of our system. Whenever, the energy of the close chan-

nel bound state is lower than the collision energy, the bound state can be populated,

forming weakly bound molecules. The binding energy isEb = � ~2

ma2 [9]. The weakly

bound molecules form when the scattering length is positive, i.e. repulsive inter-

actions, and display a bosonic character. Below a critical temperature they can

condense into a Bose-Einstein condensate (BEC) of molecules [54]. Instead, when

the energy of the close channel bound state is higher than the collision energy, the

system remains behave as having attractive interactions. In this case, fermions with

opposite spin and momentum can form Cooper pairs, and the system is described by
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(a) (b)

Figure 2.1: a) Triplet (open channel) and singlet (closed channel) scattering
potential for two colliding atoms. The singlet scattering potential energy can be

shifted by applying a bias magnetic �eld. The Feshbach resonance occurs when the
bound state energy coincides with the collision energy (dashed line), Image taken

from [53]. b) Feshbach resonances between the three lowest hyper�ne states of6Li.

the Bardeen-Cooper-Schrie�er (BCS) theory. Finally, the regime where the scatter-

ing length diverges, the energy of the bound state is at thresholdEb ! 0, and as

mentioned before, the scattering cross-section reaches a maximum with� = 4�k � 2.

In this peculiar situation, there are only two length scales in the system, the mean

inter-particle distance, or simplek� 1
F and the thermal de Broglie wavelength� T . This

system, known as a Unitary Fermi gas (UFG), or unitary regime is expected to be-

have as an intermediate state having both bosonic and fermionic characteristic [6, 55],

with all the thermodynamics properties being only a function ofn� 3
T or equivalently

T=TF .

2.2.2 The BEC-BCS crossover

The possibility of changing the inter-atomic interaction by varying an external bias

magnetic �eld makes ultracold atoms the perfect system for studying many-body

physics such as super
uidity. Moreover, the BEC-BCS crossover allows the possibility

of tuning the underlying quantum statistics giving origin to the super
uid behavior.

From the BEC side, having bosonic statistics to the unitary and BCS side with

fermionic statistics.

To describe the distinct interaction regimes, it is essential to parameterize the

interaction coupling within the system using a single parameter [6, 11]. The two

main parameters describing the interaction strength are the system's density and
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the s-wave scattering length. With these parameters, it is possible to construct the

dimensionless parameter (kF a)� 1. For temperatures below the Fermi temperature, it

is possible to distinguish between three distinct regimes:

ˆ 1=kF a > 1: In this regime, atoms with di�erent spin states couple together and

form tightly bound molecules. The system behaves like a bosonic one and can

undergo a phase transition into a Bose-Einstein condensate (BEC) when the

temperature is below the critical temperature. However, quantum depletion

e�ects modify the behavior of the condensed faction for decreasing 1=kF a. In

the limit 1 =kF a ! 1 , the mean-�eld chemical potential can be approximated

as

� BEC = �
~2

2ma2
+

4� ~2aM nM

2m
; (2.18)

with aM = 0:6a the dimer-dimer scattering length [51], andnM the molecular

density. The �rst term represents the binding energy per fermion, while the

second re
ects the bosonic two fermion mean-�eld repulsion.

ˆ 1=kF a � � 1: In this regime, the atoms form long-range Cooper pairs-like

described by the Bardeen-Cooper-Schrie�er (BCS) theory. In principle, the

system can undergo a super
uid transition when the temperature is below the

critical temperature. In this regime, the Cooper pairs have a characteristic size

larger than the inter-particle spacing of the gas. In the limit 1=kF a ! �1 ,

the mean-�eld chemical potential becomes the Fermi energyEF , and the order

parameter is the superconducting gap, �, that is characterized by [14]:

� =
8
e2

e� �
2k F j a j : (2.19)

ˆ � 1 < 1=kF a < 1: This regime is known as the BEC-BCS crossover, and shares

similarities with both BEC and BCS regimes. Like the BCS regime, it is char-

acterized by the formation of Cooper pairs but the pair size is comparable with

the inter-particle spacing. The mean-�eld chemical potential correspond to a

smooth transition from EF towards � BEC [11]. At unitarity, 1
kF a = 0, the lo-

cal chemical potential takes the form� = �� F , where � � 0:37 is the Bertsch

parameter [6].
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2.2.3 Thermodynamic properties in the crossover

To evaluate some thermodynamic properties of the super
uids using a common frame-

work throughout the BEC-BCS crossover we exploit the polytropic approximation to

describe the chemical potential as function of the density [56, 57]. The polytropic

index 
 = @log�=@logn de�nes the power-law relation� / n
 [56, 57]. For instance,

in the BEC-limit, 
 = 1, while at unitarity and in the BCS-limit, 
 = 2=3. The poly-

tropic approximation enables us to evaluate analytically� and EF of the crossover

super
uids considering the vertical harmonic con�nement and the hard-wall potential

in the x-y plane.

Assuming the LDA, the Thomas-Fermi density pro�le is given by:

n(r ) =
�
max

�
0;

� � Vbox(r )
g


�� 1=


; (2.20)

where the total potential is given by Eq. (2.6). The mean-�eld interaction, is charac-

terized by the parameterg
 through the relation � = g
 n
 . The total atom number

N is given by the integral of the density over space:

N =
Z

n(r )d3r =
�

�
g


� 1=
 Z h
max

�
0; 1 � ~Ubox(r )

�i 1=

d3r : (2.21)

Where ~Ubox(r ) = Vbox(r )=� . Integrating over the potential, we arrive to the following

expression:

N =
�

�
g


� 1=
 � 1=2�( 1

 + 1)

�( 1

 + 3

2)
ARz; (2.22)

where �( x) is the Gamma function, A is the area de�ned in the x-y plane set by

the box potential Vbox(r ) = 0, Rz =
q

2�
M! 2

z
de�nes the Thomas-Fermi radius of the

cloud along the vertical direction, andM = 2m the mass of the pairs. Inverting the

expression to obtain the chemical potential we get:

� =

"
�( 1


 + 3
2)

� 1=2�( 1

 + 1)

p
M=2! zNg1=





A

# 2


 +2

: (2.23)
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Properties
BEC limit
(kF as)� 1 > 1

Unitarity
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8�
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8
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23=2
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5kF aM

2

� 1=5
q

� 1=2
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1p
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(3D-Homogeneous)
Chemical potential � M = 4� ~2aM

M n" �E F = � ~2
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q
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3�

q
�
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3

Table 2.1: Zero-temperature density pro�les of a trapped, interacting Fermi mixture
in the BEC-BCS crossover.

To estimate the speed of sound we make use the standard de�nition provided by:

cs =

r
n
M

@�
@n

=

r



�
M

: (2.24)

To apply the polytropic approximation to di�erent scenarios I summarize the

relevant quantities in Table 2.1, together with a quick description to apply for each

scenario:

ˆ In the BEC regime: the polytropic exponent is
 = 1, and the interaction

parameter is gBEC = 4� ~2aM
M . Where aM � 0:6as is the molecular scattering

length, and M = 2m is the mass of the pairs.

ˆ In the UFG regime: � (n) = �� F (n) / n2=3 hence the polytropic exponent


 = 2=3, and the interaction parameter isgUF G = � ~2

2m (6� 2)2=3, with � the
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Bertsch parameter, that can be temperature dependent:� = � (T=TF ).

ˆ In the deep-BCS regime:� (n) = � F (n) / n2=3 hence the polytropic exponent


 = 2=3, and the interaction parameter isgBCS = ~2

2m (6� 2)2=3.

2.3 Super
uidity and quantum vortices

2.3.1 Super
uidity

Super
uidity is a unique property of 
uids that emerges at extremely low tempera-

tures. This phenomenon was �rst observed by P. Kapitsa [58], and independently by

J. F. Allen and D. Misener [59] in two papers published side-by-side in the January

1938. Making measurements on liquid helium 
owing through a narrow opening, they

found that at T� = 2:17K the helium 
owed with incredible ease, compelling Kapitza

to make the analogy with the low resistance of superconductors, coining the term

super
uid. The discovery of super
uidity and the development of theories explaining

its remarkable behavior fundamentally changed our understanding of quantum me-

chanics. An early theoretical advance in understanding super
uidity was provided

by Tisza's two 
uid model [60], in which super
uids are modeled as two separate

components, a normal 
uid carrying all the system's entropy, and a zero entropy,

zero viscosity super
uid component. The presence of a second 
uid acts as a new

collective degree of freedom, allowing the coherent movement without friction.

The ideas of Tisza were further developed by L.Landau to provide the �rst phe-

nomenological model of super
uidity. Landau showed that for certain dispersion

relations, excitations in a super
uid cannot be created by a moving obstacle if the

obstacle is moving below a certain velocity. This velocity, known as the critical ve-

locity vc, can be derived by considering a obstacle moving through the super
uid

at some velocityv i and momentum p. Let us consider an excitation with energy

~! k and momentumk created by the obstacle as it moves through the 
uid. Under

conservation of energy and momentum, we have

1
2

mv2
i =

1
2

Mv 2
f + ~! k ; p i = p f + ~k; (2.25)

wherem is the mass of the obstacle. To provide a lower limit onv i to create such an
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excitation, we combine the above equations to �nd

~! k = ~k � v i �
~2k2

2M
(2.26)

For impurities with a large mass, the second term can be assumed su�ciently

small such that the minimum velocity required to create an excitation is bound by

the wavevector of the excitation

vi �
! k

k
: (2.27)

Given that the above constraint can take di�erent values for di�erent k, the Landau

criterion is shown to be

vc � min
"(k)
~jkj

(2.28)

Figure 2.2: a) Critical velocity vc in the BEC-BCS crossover. In the BEC side the
critical velocity is given by the speed of sound, while in the BCS limit destruction of
Cooper pairs limit the maximum velocity for the super
ow. Image taken from [14]
b) Experimentally measured curve of a density excitation across the crossover (see

section 4.4).

where "(k) is the excitation spectrum. For velocities belowvc, the obstacle will

move through the super
uid without resistance, creating zero excitations as it moves.

This apparently simple calculation underpins the most fundamental property of su-

per
uidity. The condition set by vc de�nes whether a system's dispersion relation can

lead to the system to be a super
uid, which only depends on the allowed excitations

from the excitation spectrum.

For the weakly interacting Bose gas, with spectrum [16]

"(k) =

s
~2k2

2m

�
~2k2

2m
+ 2gn

�
; (2.29)
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the critical velocity equal the the speed of sound of the system,vc = cs =
p

gn=m.

For Cooper pairs in a BCS gas, with spectrum [14]

"(k) =

s �
~2k2

2m
� �

� 2

+ � 2; (2.30)

the critical velocity can be estimated from the deep-BCS side [6]:

vc =
�

~kF
: (2.31)

An object that is dragged through the super
uid faster than this velocity will

break the fermion pairs. Note that in both the BEC and BCS regimes, the critical

velocity increases together with the interactions [61, 62], see Figure 2.2.

2.3.2 Quantum vortices

The most dramatic demonstration of super
uid behavior is the presence of quantized

vortices in rotating systems [17, 18], see Figure 2.3. The same phenomenon can be

observed by considering type II superconductors in the presence of a magnetic �eld

[63], see Figure 2.3. More recently, quantum vortices have been experimentally obser-

vation in rotating quantum dipolar condensates and supersolids [64{66]. In general,

super
uids are described using a complex macroscopic wavefunction that must be

single-valued in real space. Using the Madelung representation of the wavefunction:

 (r ; ) =
p

n(r ; t)ei� (r ;t ) ; (2.32)

with n(r ; t) represents the atomic density and� (r ; t) the phase. The super
uid ve-

locity is obtained from the quantum mechanical de�nition of the current, yielding:

v =
~
M

r �: (2.33)

where M = 2m for fermionic super
uids. Since the velocity �eld of a super
uid is

derived from the gradient of� , it is curl-free (r � v = 0), and therefore, it display

irrotational 
ows. And under rotation, the circulation of the super
uid is set to

follow:

� =
I

vs � dl =
~
M

I
r � � dl = �n; (2.34)
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where � = h=M is the quantum of circulation, andn an integer number. The quan-

tized vortex solution must be associated with a singularity in phase, where phase

wraps of a multiple of 2�n around the vortex core, while at the singularity the order

parameter must vanishes.

Contrary to classical vortices, increasing the vorticity of a single quantum vortex

leads instead to an energetically instability [16]. High winding number vortices carry

a energy proportional ton2. For instance, a doubly quantized vortex withn = 2 will

cost 2 times the energy cost of two single-quanta vortices withn = 1. This instability,

will eventually make multi-charged vortices to decay into single-quanta vortices [16],

see Figure 2.3. Recently many proposals are trying to understand the decay process,

eventually leading to di�erent decay mechanisms [16, 67].

Figure 2.3: Quantized vortices in vortex lattices. The images are from liquid 4He,
left [68], in a lattice of supercurrent 
ow, top right [69], and atomic in BECs bottom

right [17]

The core size of a vortex is on the order of the coherence length� . In the BEC

regime, this corresponds to the healing length� =
q

~2

Mgn , with g the interaction

parameter, and n the background density. In the unitary and BCS regimes, the
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vortex core size is better described in terms of the energy gap [14]:

� �
~2kF

m� �
; (2.35)

where vF =
p

2EF =m is the Fermi velocity. Quantum vortices in 3D systems are

typically described in terms ofline vortices, along which the phase winds around it.

Suchline vortices can be curves bending over space. When they form a straight line,

they are generally unstable against perturbations inhibiting them to remain straight.

These excitations, known as a Kelvin waves, correspond to helical excitations on the

vortex line path, and is among the most fundamental excitations in vortices [70].

However, Kelvin waves can be suppressed. One such scenario is the suppression in-

duced by con�nement of the system along the vortex line direction [71], the limiting

case beingpoint vortices in two dimensions [71, 72]. In the quasi-2D regime, where

vortex bending is fully suppressed, vortices have a well-de�ned circulation direction,

the 
ow rotates either clockwise or anticlockwise, and is de�ned by the sign of their

corresponding winding number. In this regime, the description of the vortices simpli-

�es considerably since no bending stress is to be accounted for [72].

To describe a system composed of multiple vortices it is convenient to provide

a simple description of the velocity 
ow around single vortices. Starting from the

de�nition of the circulation:

� =
I

@

vs � dl =

Z



r � vs � dS =

Z



~! � dS = �n (2.36)

we de�ne the vorticity �eld as ~! (r ) = r� vs. We can model the large distance 
ow of

vortices, ignoring the speci�c details inside the vortex core by considering concentric

trajectories @
 centered on the vortex with radii larger than � . We motivate this

approximation since the mass current around the vortex dramatically change inside

the core due to the vanishing density [16]. Far from the vortex core (jr � r 0j � � ),

the vorticity can be modeled as:

~! (r ) � �n ẑ� 2(jr � r 0j): (2.37)

Assuming concentric paths located at radiusr from r 0, and imposing a symmetric
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solutions of the formvs(r ; � ) = vs(r ), the velocity �eld is given by:

vs(r ) �
�n

2� jr � r 0j
�̂: (2.38)

where �̂ is the polar coordinate unit vector for a coordinate system centered on the

vortex core. Since the vorticity and velocity pro�le of a quantum vortex can be

mapped to point vortices, under the correct conditions quantum vortices should be-

have like a gas of point vortices [72]. Moreover, when the inter-vortex spacing is larger

than a few � , at least lv � � 2, and when vortex bending is suppressed, the super
uid

velocity can be approximated as the addition of each vortex 
ow [72]:

vs(r ) �
�
2�

N vX

j

nj

jr � r j j
�̂ j ; where �̂ j = ẑ �

r � r j

jr � r j j
: (2.39)

For typical experimental setups employing quasi two-dimensional con�nement [34,

38{40, 73], or working with highly oblate potentials, this approximation is valid. Ex-

amples where this approximation is no longer valid are the vortex-antivortex annihi-

lation dynamics [73], or the splitting of a multi-changed vortex. In the former case,

the dynamics cannot be described faithfully once the vortices get closer than 10� [73],

the reason being that the energy in the system is concentrated in compressible energy,

and no longer kinetic energy, as provided by the point vortices.

Moreover, vortex dynamics in homogeneous super
uids, can be computed from

the force the super
uid exert on the vortices [16, 74, 75], namely the Magnus force:

F i
M = �� s(v �

s � v i
L ) � ẑ (2.40)

wherev i
L is the velocity of the i -th vortex, and v �

s, is the average super
uid velocity

in the vicinity of the vortex. Note that v �
s can be expressed from the super
uid and

velocity �elds [75, 76], v �
s = vs � V i , where Vi is the contribution to the velocity

�eld of the i -th vortex given by equation (2.38). The motion of the vortex is set by

the balance of forces acting on it, namely
P

i F i = 0 (assuming massless vortices,

in the next section I discuss the scenario also considering massive vortices where
P

i F i = dP
dt ). Since the Magnus force is the unique force exerted by the super
uid,

the equality FM = 0 holds and �x vL = v �
s. The vortices are advected by the

surrounding super
uid [74{76]. Additionally, since vortices are the generators of the
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velocity �eld itself, the dynamics of the vortices can be computed only from the

knowledge of the vortex positions, indeed, combining the last expressions we get:

v i
L =

�
2�

N vX

j 6= i

nj ẑ � (r i � r j )
jr i � r j j2

: (2.41)

This simple equation is known in the literature as the point vortex model (PVM),

and is at the basis of many applications ranging from classical to quantum 
uid

dynamics in large-scale numerical simulation of turbulent systems [21, 77, 78].

2.3.3 Dynamics in a Bose-Einstein condensate

As discussed above, in the repulsive side of the Feshbach resonance, weakly bound

pairs forming composite bosons can undergo Bose-Einstein condensation [54]. In the

limit 1 =kF a � 1, the macroscopic wavefunction can be e�ectively described using the

Gross-Pitaevskii equation (GPE) [16]:

i~
@	( r ; t)

@t
=

�
�

~
2M

r 2 + V(r ; t) + gj	( r ; t)j2
�

	( r ; t); (2.42)

whereM = 2m is the mass of the pairs,V(r ; t) is the external potential felt by the

fermion pair, and g = 4� ~2aM =M is the interaction parameter. Here,aM = 0:6a

describes the s-wave scattering length associated to the dimer-dimer process [51].

Although the GPE is an approximation of the many-body wavefunction (neglecting

thermal excited states), it captures many aspects of the condensates dynamics such

as the dynamics of vortices, solitons, sound propagation, and many other collective

behavior.

In particular, from the GPE, we can directly derive the hydrodynamic equations

by adopting the Madelung transformation. The conservation momentum can be ex-

pressed as:

M
@v
@t

= �
M
2

rj v j2 � r V �
1
n

r p + r
�

~2

2M
p

n
r 2p

n
�

; (2.43)

wherep = @E
@V is the pressure. This equation is analogous to the Euler equation from

classical 
uid dynamics describing an inviscid 
uid 
ow [79, 80]:
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m
@v
@t

= mv � (r � v) �
m
2

rj v j2 � r V �
1
n

r p (2.44)

It is important to note that for irrotational 
ow r � v = 0. The last term in Eq.

(2.43), known as the quantum pressure term, is often negligible for most hydrody-

namic applications, as it arises from spatial variations in the wavefunction magnitude

on scales comparable to the healing length. However, this term is essential for describ-

ing quantum vortices, since vortex cores are on scales of the healing length. It is in

this regime that deviations from the Euler equation might become signi�cant. Impor-

tantly, this shows that a dilute weakly interacting Bose gas obeys similar equations

as aclassical perfect inviscid 
uid.

2.3.4 Two Fluid Model

Since the discovery of super
uidity in liquid helium, the theoretical framework devel-

oped by Tisza [60] and Landau [81] has been successful in modeling the observed be-

havior. From a broad perspective, this model considers two 
uids coexisting together:

a the normal 
uid and super
uid, with the ratio given by the system's temperature.

It is crucial to emphasize that while the GPE accurately describes a super
uid com-

posed of a condensate of weakly interacting bosons atT = 0, the two-
uid model is a

phenomenological framework capturing the thermodynamic and transport properties

of any super
uid at �nite T. The two-
uid model considers that the super
uid does

not to carried entropy, instead the normal 
uid carrying all the entropy of the sys-

tem. Then sum of the both normal and super
uid density is equal to total bulk 
uid

density (� = � s + � n ), and the combined total mass currents is also given by their

respective mass currentsj total = � v = j s+ j n . The di�erence between both 
uids relies

in their dynamical behavior, that is encapsulate the two-
uid model equations[81]:

@�
@t

+ r (� nvn + � svs) = 0 ; (2.45)

@
@t

(�s ) + r (�s vn ) = 0 ; (2.46)

@
@t

(� nvn + � svs) i +
X

j = x;y;z

@
@xj

(P � ij + � nvni vnj + � svsi vsj ) = 0 ; (2.47)

m
@
@t

vs + m(vsr )vs = �r �: (2.48)
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The �rst equation describes the mass transport equation using the conservation

of mass. The second is the transport of entropy per particle (s = S=N) set by the

conservation of entropy in reversible processes. The third equation corresponds to

the momentum conservation or Navier-Stokes equation, where the viscous term is in-

cluded in the pressure term, and the last equation setting the motion of the super
uid

in terms of the chemical potential� . The framework of the two-
uid model consists

of a phenomenological macroscopic theory based on macroscopic conservation laws

such as mass conservation, and the �rst and second law of thermodynamics. How-

ever, theoretical derivations based on the microscopic level support these equations.

Further corrections and extensions [82, 83] to this model have been proposed since

their �rst statement in 1941. An important consequence from the two-
uid model

is the prediction of several new types of excitations, in particular they predict the

presence of two sound modes [84{88].

The coupling between the normal 
uid and the super
uid has been subject of many

research since the discovery of super
uids. This coupling is not directly evident from

the two-
uid model equations, however, they can be made evident by the transport

properties of the 
uid by sound modes. On the one hand, the symmetric behavior of

the mass transport establish the origin for the propagation of (�rst) sound modes [89],

corresponding to density modulations. On the other hand, the asymmetry behavior in

entropy transport, enables new ways for temperature transport. This mode, strongly

couple the density of both 
uids. Indeed, temperature propagation is one of the

most illustrative examples that establish the two-
uid model as a way to describe

super
uid He. In this model, temperature propagation behaves di�erently from that

of classical 
uids alone. Temperature stops being di�usive, and propagates as a wave

[84, 90]. This phenomenon, known as second sound propagation, can be interpreted

as an exchange between the normal 
uid and the super
uid, all while keeping the

total density unchanged.

2.4 Dissipative Point vortex model

Another, more subtle and indirect way for coupling both normal and super
uid phases

arises from the transport of vortical structures [75, 82]. As discussed previously, the

relative velocity of super
uid with respect to the vortex generates a Magnus force.
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For rectilinear vortices, where bending is suppressed, this force can be written as:

F i
M = �� s(v �

s � v i
L ) � �̂: (2.49)

Furthermore, the presence of a secondary 
uid, the normal phase, can give ori-

gin to additional forces applied to the super
uid vortices. The normal component

can react to the moving vortex producing a frictional force which, in general, can

be decomposed into components parallel and perpendicular to the relative velocity

between the normal component,v i
n and the vortex line velocity [75, 91]:

F i
N = D(vn � v i

L ) + D 0�̂ � (vn � v i
L ); (2.50)

whereD and D 0 are the corresponding coe�cients quantifying their magnitude. Sim-

ilar to the Magnus force,F i
N depends in the average normal component velocity �eld

surrounding the vortex [75]. Moreover, the normal component can �ll the inside of

the vortex core [75], introducing now a new force,@P
@t, due to the inertia of the now

massive vortex. P can be generally de�ned asP =
 !
M vL , where the mass,

 !
M , can

behave as a tensor with components parallel and perpendicular to the vortex velocity

[75]. In general, we are going to treatM as a scalar, however, for precision mea-

surements a distinction should be made for fermionic super
uids [75, 91]. Moreover,

density inhomogeneities can exert an additional force that might be considered [16,

91] F � / r logn. As such, the balance equation for the vortex dynamics is

FM + FN + F � =
@P
@t

: (2.51)

Writing the force equation in terms of the vortex velocity we get:

(v �
s � vL ) � �̂ + djj (vn � vL ) + d? �̂ � (vn � vL ) + f � =

@p
@t

(2.52)

where we de�ned the reduced force coe�cientsdjj = D=�� s and d? = D 0=�� s, f � =

(�� s)� 1F � , and @p
@t = ( �� s)� 1

�
 !
M _vL +

_ !
M vL

�
. To calculate the vortex dynamics

from the balance equation, similar to Eq. (2.41), it is convenient to calculate the

cross product between ^� and Eq. (2.52):

� (v �
s � vL ) + djj (vn � vL ) � �̂ + d? (vn � vL ) + f � � �̂ =

@p
@t

� �̂: (2.53)
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From the linear combination between Eq. (2.53) and Eq. (2.52) weighted by the

coe�cients (1 � d? )=(d2
jj + (1 � d? )2), and � djj =(d2

jj + (1 � d? )2) respectively, one can

obtain the equation of motion of the vortex as:

vL + �
@p
@t

+(1 � � 0)�̂ �
@p
@t

= v �
s+ � 0(vn � v �

s)+ � �̂ � (vn � v �
s)� � f � � (1� � 0)�̂ � f � (2.54)

where, for convenience we have introduced the new set of coe�cients known as the

Hall and Vinen coe�cients [75, 76, 92, 93], de�ned as:

� =
djj

d2
jj + (1 � d? )2

; (2.55)

1 � � 0 =
1 � d?

d2
jj + (1 � d? )2

: (2.56)

Notice that the dynamics of the vortex depends only on the relative 
ow between

the normal and super
uid components (vn � v �
s) in the vicinity of the vortex. The

equation of motion for the vortex position becomes a �rst order di�erential equation

whenever the inertia term can be neglected,@p
@t 6= 0. The inertia term modify the

dynamic equation turning it into a second order di�erential equation, requiring an

additional initial condition.

Recent studies [94] suggest that the e�ect of vortex mass in �nite temperature

atomic gases can be neglected. However, this e�ect should be considered when study-

ing binary mixtures, when one component can �ll the vortex of the other component,

specially for Bose-Bose super
uid mixtures [95]. For the rest of the analysis done in

this thesis, we consider@p
@t � 0. Moreover, most of the experiments performed rely

on the precise preparation of an initial condition where the system remains static.

The average velocity of the normal component is considered to be null,vn = 0. This

assumptions can take us so far in the description of the quantum vortex dynamics,

and eventually must be revisited if more knowledge of the behavior of the normal

component is achievable.

2.4.1 Mapping to the complex plane

Under the assumptions of no vortex mass, and static background normal component,

the equation of motion for the point vortices simpli�es:
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vL = (1 � � 0)v �
s � � �̂ � v �

s: (2.57)

As mentioned in the previous sections, the motion of the vortices is prescribed

alone from the position of the vortices, as given by Eq. (2.41):

v i
L =

�
2�

ẑ �
N vX

j 6= i

nj
r i � r j

jr i � r j j2
: (2.58)

Equation (2.57) can be solved vectorially, considering the coupled equations for

each of the coordinates. However, an easier approach is provided by mapping Eq.

(2.57) into the complex plane [96, 97]. The two equations can the written as a function

of the complex vortex positions de�ned aszj = x j + iy j . Eq. (2.57) becomes:

d
dt

 
x i

yi

!

= (1 � � 0)

 
vs

x i

vs
yi

!

� �s (ni )

 
� vs

yi

vs
x i

!

=

 
1 � � 0 �s (ni )

� �s (ni ) 1 � � 0

!  
vs

x i

vs
yi

!

; (2.59)

wheres(x) = sign(x) is used to account for the cross-product sign with ^� . Adopting

the expression ofv �
s in terms of the rest of vortices (Eq. (2.58)), and de�ningaij =

ai � aj :

d
dt

 
x i

yi

!

=
�
2�

X

j 6= i

nj

jr ij j2

 
1 � � 0 �s (ni )

� �s (ni ) 1 � � 0

!  
� yij

x ij

!

; (2.60)

d
dt

 
x i

yi

!

=
�
2�

X

j 6= i

nj

jr ij j2

 
� (1 � � 0)yij + �s (ni )x ij

�s (ni )yij + (1 � � 0)x ij

!

: (2.61)

Applying the transformation z = x + iy , and solving forz�
a we get:

d(xa � iya)
dt

=
�
2�

X

b6= a

nb
(�s (na) � i (1 � � 0))( xab � iyab)

x2
ab + y2

ab

; (2.62)
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Finally:

dz�
a

dt
=

(1 � � 0+ i�s (na)) �
2�i

X

b6= a

nb

za � zb
; (2.63)

dz�
a

dt
=

� a

2�i

X

b6= a

nb

zab
; (2.64)

where� a = � (1� � 0+ i�s (na)). Writing the complex circulation � a allows us to recover

the functional of the dissipationless point vortex model in complex coordinates. The

presence of the complex circulation� a, hints at dissipative vortex dynamics. Writing

the dissipative point vortex model in this form allows us to compare one-to-one the

behavior without dissipation.

2.4.2 Point vortex model in �nite systems

Equation (2.64) is valid for in�nite size systems, where the only boundary condition

on the super
uid velocity is vs ! 0 when jr j ! 1 . However, for �nite systems

boundary conditions must be taken into consideration. In this thesis, I focus on the

following boundary conditions: (i) vortices inside an outer circular boundary, (ii)

vortices outside an inner circular boundary, and (iii) vortices in an annular boundary.

In general, the boundary condition is that the there is no super
uid out
ow from

the region of space where it is con�ned: (vs � n̂)j@
 = 0, where @
 traces the path of

the boundary, with n̂ is the normal vector to the boundary. This boundary condition

is chosen due to the steepness of the trapping potential walls present in experimental

system. This boundary condition is not necessarily true for harmonically con�ned

gases, where collective trap modes, such as breading or quadrupole modes, extending

far from the cloud's initial radius exist [50]. For circular boundaries, we can easily

use the results from the method of images commonly employed in electrostatics [98]

to derive the position ofimaginary vortices.

(i) Vortices inside a circular boundary

Let us �rst consider the scenario of a circular boundary with radiusR, with a single

vortex inside the region as shown in Figure 2.4. In this case, adding a single imaginary

vortex of opposite circulation at positionr 0 = R2

jr j2 r satisfy the condition (vs � n̂)jr = R =

0. A full derivation of this result can be found in Ref. [97]. The equation of motion
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Figure 2.4: Scenarios for di�erent vortex position inside the circular boundary. The
super
uid 
ow is shown by the vector �eld with the magnitude traced by the

background color. Outside the boundary, the imaginary vortex and the general
magnitude of the 
ow created by the pair vortices is shown. Blue and red points

show clockwise and anti-clockwise circulation vortices, respectively.

of point vortices under this con�nement is:

dz�
a

dt
=

� a

2�i

0

@
NX

b6= a

nb

za � zb
�

NX

b=1

nb

za �
�

R2

jzbj2

�
zb

1

A ; (2.65)

where the second term runs over all vortices indices accounting for the contribution

of each vortex to ful�ll the boundary condition.

(ii) Vortices outside a circular boundary

Now, lets consider the scenario of a vortices outside a circular boundary of radiusR,

with a single vortex out from the excluded region as shown in Figure 2.5. Contrary to

the previous scenario, this region of space has a di�erent topology, hence in addition

to the hard wall boundary condition, the topological charge enclosed by the boundary

must be set. This condition depends on the tangential velocity of the super
uid, and

can be interpreted as the enclosure of a multi-quanta vortex located at the origin.

Vortices located at the origin trivially ful�ll the circular boundary condition ( vs �

n̂)jr = R = 0. The enclosed quanta of circulation will be denoted by �.

Regardless of additional � vortices at the origin, for real vortices in the outer region

the procedure is similar to the previous case. Adding a single imaginary vortex of
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Figure 2.5: Scenarios for di�erent vortex position outside a circular boundary,
plotting conventions are the same as for Figure 2.4. Blue and red points show

clockwise and anti-clockwise circulation vortices, respectively. The purple vortex at
the origin accounts for the topological change enclosed: from left to right:

� = 0 ; 2; and � 2.

opposite circulation at the positionr 0 = R2

jr j2 r satisfy (vs � n̂)jr = R = 0. However, since

the image vortex is located in the enclosed region, an additional located at the origin

with same charge of the real vortex is locate in order to keep the total topological

charge � constant. The equation of motion of point vortices under this con�nement

is:

dz�
a

dt
=

� a

2�i

0

@
NX

b6= a

nb

za � zb
�

NX

b=1

nb

za �
�

R2

jzbj2

�
zb

1

A +
� a

2�i
� +

P N
b=1 nb

za
: (2.66)

(iii) Vortices inside an annular region

Finally, let's consider the scenario of a vortices enclosed in an annular region delimited

by two concentric circular boundaries with radii Ri < R o. Figure 2.6 shows an

example of the method of images applied to a single vortex. Contrary to the previous

scenarios, two boundary conditions must be satis�ed: (vs � n̂)jr = R i = 0 and (vs �

n̂)jr = Ro = 0 in addition to the degree of freedom of the topological change � enclosed

by the inner boundary. To satisfy both boundary conditions simultaneously an in�nite

number of vortices is required [99]. The procedure to calculate the positions of each

vortex has been worked out in Ref [97]. The construction procedure is as follows:

1. Satisfy the outer boundary condition adding the image vortex atr 0
o1 = R2

o
jr j2 r .
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Figure 2.6: Scenarios for di�erent vortex position inside an annular region, plotting
conventions are the same as the previous �gures. Similar to scenario (ii), The

enclosed topological from left to right are: � = 0; 2; and � 2.

2. Satisfy the inner boundary condition adding the image vortex of both vortices

at r and r 0
o1. This shall create 3 new imaginary vortices at positionsr 0 = 0,

r 0
i 1 = R2

i
jr j2 r , and r 0

i 2 = R2
i

jr 0
o1 j2 r 0

o1 = R2
i

R2
o

R2
o

jr j2 r .

3. Satisfy the outer boundary condition adding the corresponding image vortices

at positions: r 0
o2 = R2

o
jr 0

i 1 j2 r 0
i 1 = R2

o
R2

i

R2
i

jr j2 r , and r 0
o3 = R2

o
jr 0

i 2 j2 r 0
i 2.

4. Repeat inde�nitely.

The recursive process can be summarized in the following equation of motion of point

vortices under this con�nement is:

dz�
a

dt
=

� a

2�i
� +

P N
b=1 nb

za
+

� a

2�i

2

4
NX

b6= a

nb

za � zb
�

NX

b=1

0

@ nb

za �
�

R2
i

jzbj2

�
zb

+
nb

za �
�

R2
o

jzbj2

�
zb

1

A

3

5

+
� a

2�i

2

6
4

NX

b=1

1X

n=1

0

B
@

nb

za �
�

R i
Ro

� 2n
zb

+
nb

za �
�

Ro
R i

� 2n
zb

1

C
A

�
NX

b=1

1X

n=1

0

B
@

nb

za �
�

R i
Ro

� 2n �
R2

i
jzbj2

�
zb

+
nb

za �
�

Ro
R i

� 2n �
R2

o
jzbj2

�
zb

1

C
A

3

7
5

Notice the �rst four terms, correspond to the direct contribution of the imaginary

vortices presented in the (i) and (ii) scenarios. The last two terms correspond to the
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recursion process described above. It is important to note that the in�nite sequence

converges fairly quickly, and allowing the numerical simulations to be accurate using

few terms the summation. For the simulations we consider 11 vortex images.
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Chapter 3

Kelvin-Helmholtz instability: from

classical 
uids to point vortex

models

3.1 Classical Kelvin-Helmholtz instability

One of the most well known instabilities in 
uid mechanics is the instability at the

interface between two parallel streams having di�erent velocities and densities (with

the heavier 
uid at the bottom). This instability is known as the Kelvin{Helmholtz

instability, and was �rst described in the 19th century by Lord Kelvin and H. von

Helmholtz when modeling the formation of ocean wind waves [100]. Their work laid

the foundation for understanding various 
uid dynamics scenarios, from atmospheric

phenomena to astrophysical processes [20, 101{103], highlighting the signi�cance of

this instability in both theoretical and applied contexts.

3.1.1 Kelvin-Helmholtz model

The simplest 
ow demonstrating the Kelvin{Helmholtz instability is that of two un-

bounded two dimensional 
uids [79, 80] with uniform velocitiesv1 for y < 0, and v2

for y > 0, see Figure 3.1. The interface de�ned as the site where the velocity jump,

is assumed to have no thickness. In general, the 
uids can have di�erent densities� 1

and � 2, and have a surface tension� between them, however, it is not a requirement.

Nonetheless, for the this thesis I exclude the scenario with surface tension.
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Figure 3.1: Initial perturbed state in a shear-
ow con�guration: the
Kelvin{Helmholtz instability.

In two dimensional incompressible and irrotational 
uids the velocity �eld can

generally be described either using a stream function 	 (v = r � 	 ), or using a

potential function � , where v = r � [79, 80]. We'll use the latter to describe both

the lower, � 1, and the upper � 2, 
uids. The irrotational condition for the velocity

directly translate to a Laplace equation for the potentialr � vi = r 2� i = 0, where

the boundary conditions are set by:

@�1
@x

= v1;
@�1
@y

= 0 as y ! �1 ; (3.1)

@�2
@x

= v2;
@�2
@y

= 0 as y ! 1 : (3.2)

A perturbation occurring at the interface will deform it. Let us describe the

resulting curve by the relationy = � (x; t ), or equivalently f (x; y; t ) = y � � (x; t ) = 0.

If the interface moves with a velocityV, the transport equation of the interface can

be written as [79]:

Df
Dt

=
@f
@t

+ V � r f = 0 (3.3)

where D
Dt is also known as the material derivative [80]. The kinematic boundary

condition, which states that the interface moves up and down with a velocity equal

to the vertical component of the 
uid velocity can be written as [79]:
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@�
@t

+ V
@�
@x

= v� at y = � (x; t ); (3.4)

where v� is the vertical component of velocity of the interface. Combining the

Bernoulli equation for potential 
ows [79]: @�
@t + 1

2 (r � )2 + P=� + gy = C(t), in

each 
uid and considering the 
uids just below (described by� 1) and just above (de-

scribed by � 2) the interface, we arrive to the following equilibrium condition at the

interface [79]:

� 1

�
@�1
@t

+
1
2

(r � 1)2 � C1

�
= � 2

�
@�2
@t

+
1
2

(r � 2)2 � C2

�
; (3.5)

where we considered the equal pressure of the 
uids across the interface. In this case,

the stationary solution for the 
ows �xing a static interface, i.e. � (x; t ) = 0 is simply

given by � 1 = v1x, and � 2 = v2x.

So, by perturbing the interface with a traveling wave� (x; t ) = �̂e i (kx � !t ) , and per-

forming a linear stability analysis for the perturbed 
ows� 0
i = � i � vi x = �̂ i (y)ei (kx � !t ) ,

we arrive to the following solutions [79]:

� (x; t ) = �̂e i (kx � !t ) ; � 0
1 = �̂ 1eky ei (kx � !t ) ; � 0

2 = �̂ 2e� ky ei (kx � !t ) : (3.6)

After substitution in Eq. (3.5), we obtain the instability dispersion relation [79]:

! = ! r + i� =
� 1v1 + � 2v2

� 1 + � 2
k �

s
� 1 � � 2

� 1 + � 2
gk � � 1� 2

�
v1 � v2

� 1 + � 2

� 2

k2: (3.7)

In particular, the interface can become unstable and grow exponentially in time when

� > 0. Assuming equally dense 
uids� 1 = � 2 = � , we �nd the system to be always

unstable regardless of the wavenumberk since the �rst term inside the square root

vanishes. The instability grow rate becomes:

� =
1
2

� vk; (3.8)

where � v = jv1 � v2j.

Beyond the initial growth of the interface extent � , the interface deforms dra-

matically as shown from numerical simulations of the 
uid equation in Figure 3.2.

This deformations arise in the non-linear regime [79], and cannot longer be described
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Figure 3.2: Interface temporal evolution under the Kelvin{Helmholtz instability.
Image taken from [104].

as a simple traveling wave. However, more advance techniques can be use to study

the observed roll up dynamics, such as the integro-di�erential equation known as the

Birkho�-Rott equation [105].

3.1.2 Rayleigh model

In common 
uids, due to viscous e�ects, a sharp velocity discontinuity, such as in

Figure 3.1 cannot be sustained [100]. A more accurate model for the total 
ow

requires that the shear layer continuously and smoothly connects both regions of

uniform 
ow. Rayleigh in 1880 provided an analytical solution for this through a

simple piecewise-linear pro�le [106]. Where the velocity pro�le is de�ned as:

v = v1; if y < � �; (3.9)

v =
v1 + v2

2
+

�
v2 � v1

2

�
y
�

; if � � < y < �; (3.10)

v = v2; if y > �: (3.11)
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An even better model of the total 
ow, which is more regular than the piecewise-

linear 
ow, is that of a hyperbolic tangent 
ow: v = v0 + � v tanh(y=�), shown in

Figure 3.3. Using the hyperbolic tangent velocity 
ow the stability conditions cannot

be obtained analytically. However, numerical solving them leads to a stability curve

very close to that of the piecewise-linear pro�le, which can be obtained analytically

[79, 106].

For simplicity, let us consider the case of equal densities above and below the

interface. To approach this problem it is convenient to return to the description of

the velocity �eld through the stream function v = r� 	. As for the potential function

� , the stream function also solve the Laplace equationr 2	 = 0.

Figure 3.3: Initial perturbed state in a smoothly varying velocity pro�le shear-
ow
con�guration: Rayleigh version of describing the Kelvin{Helmholtz instability.

Following a similar approach as before, the boundary conditions for both lower

and upper stream functions are given by [79]:

@	 1

@x
= 0;

@	 1

@y
= v1 as y ! �1 ; (3.12)

@	 2

@x
= 0;

@	 2

@y
= v2 as y ! 1 : (3.13)

Near the interface located at the modulated interface aty = � (x; t ), we can

consider the description of the 
uids just below and just above the interface, and

arrive to the interface transport equation:

@�
@t

= v1
@�
@x

+
@	 1

@x
= v2

@�
@x

+
@	 2

@x
(3.14)
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By considering traveling decaying perturbation modes of the form:

� (x; t ) = �̂e i (kx � !t ) ; (3.15)

	 0
1 = 	̂ 1eky ei (kx � !t ) ; if y < � �; (3.16)

	 0
0 = ( 	̂ 0eky + ~	 0e� ky )ei (kx � !t ) ; if � � < y < �; (3.17)

	 0
2 = 	̂ 2e� ky ei (kx � !t ) ; if y > �; (3.18)

and substituting them into the interface transport equation we obtain the Rayleigh

formula for their dispersion relation [79]:

! = ! r + i� =
v1 + v2

2
k �

�
� v
4�

� p
(2k� � 1)2 � e� 4k� : (3.19)

Figure 3.4: Comparison between the rate initially calculated by Kelvin and
Helmholtz given by Eq. 3.20, and the one for a smooth interface given by Eq. 3.19.

In the limit � ! 0, we recover the relation we get from Eq (3.7) for equal densities:

! !
v1 + v2

2
k � i

v1 � v2

2
k: (3.20)

The behavior of the growth rate between sharp and smooth velocity transitions

are strikingly di�erent, as shown in Figure 3.4. For large wavelength perturbations,

k� ! 0, we recover the limit of the sharp interface model initially proposed by Kelvin

and Helmholtz given by Eq. (3.8). However, for perturbation wavelengths in the
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order of the interface width, k� � kc� � 0:6392, the instability is suppress, and the

perturbation is neither ampli�ed nor attenuated. The maximum growth rate occurs

for k� � � 0:398 with a maximum value of� � 0:1006� v=� .

3.2 From the continuum to the discrete: Helmholtz's

results

In classical hydrodynamics, incompressible 
uid 
ow can be described in two main

ways: based on the velocity and pressure, or in terms of the velocity and vorticity

[80]. The velocity-vorticity description has advantages when there are no boundaries,

because vorticity inside a 
uid cannot be created or destroyed, as prescribed by

Helmholtz theorem [80]. The vorticity �eld also connects directly to physical 
ow

structures, like line or ring vortices. For instance the vorticity in 
uid dynamics can

be written as:

D~!
Dt

=
@~!
@t

+ ( v � r )~! = ( ~! � r )v + � r 2~!; (3.21)

where~! = r � v is the vorticity of the velocity 
ow v.

In two dimensions, the vorticity �eld has an extra bene�t: it reduces to a scalar:

~! = ! ẑ. An alternative representation of two-dimensional 
ows in terms of moving

point vortices was developed by Kirchho� [107] and Von Helmholtz [108] in the mid

1800's. While the Helmholtz{Kirchho� point vortex model captures many physical

phenomena observed in two-dimensional rotational 
ows in classical 
uids, experi-

ments with simple vortex con�gurations exhibit complications beyond the point vor-

tex predictions. Extensions of the model include viscous corrections and �nite vortex

core sizes [109].

Despite the deviations observed in viscous 
uids, this description is suitable for

describing super
uids since no viscous e�ects should be neglectable [76]. Finite vortex

core e�ects can be indeed be addressed even for super
uids improving the available

models [76], however, when considering low vortex density systems[73], the direct

representation introduced by Kirchho� and Helmholtz should be applicable. Follow-

ing this line of thought, let us consider the Kelvin-Helmholtz instability from the

perspective of point vortices.

The problem stated above, of two di�erent 
uids having di�erent velocities across
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a sharp interface, can be mapped to point vortices in the follow way. At the interface,

where there is a jump in the tangential velocity, the vorticity of the 
uid is given by

! = @vx
@y = ! 0� (y), where ! 0 is the vorticity per unit length, and � (y) corresponding

to the Dirac delta. The continuous line of constant vorticity must then be split

into multiple point vortices, each caring the same circulation� , and which must

be equally separated a distancedv following the line of constant vorticity. For this

scenario, the value of� , and dv are linked to the relation [96] � v = �
dv

. The problem

of the unstable continuous interface, can therefore be mapped to the problem of the

stability of a linear array of equidistant point vortices.

3.3 Instability of point vortex arrays

3.3.1 Instability of a row vortex array

Figure 3.5: Temporal evolution of the Kelvin{Helmholtz instability from point
vortices. Image compiled from simulations performed in [110].

The problem of a row of vortices has been approached in various ways over the

years [96]. On one hand, we may think of a row of vortices as a discretization version

of a continuous vortex sheet, such as many numerical approached to study of vortex

sheet roll-up [96], as seen in Figure 3.5. Considering the continuum limit, we should

recover from the stability problem for the vortex row the dispersion relation for the
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inviscid Kelvin-Helmholtz instability for equal densities we derived in section 3.1.1,

namely � = 1
2k� v.

Figure 3.6: Ideal (left) and initial perturbed (right) states in a super
uid shear-
ow
con�guration. Perspective of the the Kelvin{Helmholtz instability in super
uids.

To start the analysis of the vortex motion, let us recover the point model from

Eq. (2.41), where for classical 
uids the circulation� j can take arbitrary values.

v i =
1

2�

N vX

j 6= i

� j ẑ � (r i � r j )
jr i � r j j2

: (3.22)

Fixing the linear array of vortices equispaced a distancedv along the x-axis, we

can write their locations as (x j ; yj ) = ( jd v; 0), and by mapping the problem to the

complex planeza = adv. Moreover, Let's consider the scenario where all vortices have

the same arbitrary circulation � around them. The equation of motion for the a-th

vortex is given by:

dz�
a

dt
=

�
2�i

NX

b6= a

1
za � zb

=
�

2�d v i

1X

b= �1 ;6= a

1
a � b

= 0: (3.23)

which vanishes due to symmetry arguments: the contribution of the vortices on the

left cancel exactly those of the right side of each vortex. The solution,za = adv,

is therefore a stationary equilibrium state, as it is the case of a planar interface for

continuous classical 
uids. Let us now perturb the system, so the positions of the

vortices becomeza = adv + � a. Here, the linear approximation of the equation of

motion for the perturbation on the a-th vortex is:

d� �
a

dt
=

�i
2�d 2

v

1X

b= �1 ;6= a

� a � � b

(a � b)2
: (3.24)
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Considering a periodic perturbation of the form� a = �̂ (t)eiakd v , where the wavenum-

ber k may be chosen to satisfyjkjdv < � , we get:

d�̂ �

dt
e� iakd v =

�i
2�d 2

v

1X

b= �1 ;6= a

eiakd v � eibkdv

(a � b)2
=

�i
2�d 2

v
eiakd v

1X

b= �1 ;6= a

1 � ei (b� a)kdv

(b� b)2
: (3.25)

which can be further simplied by noting that the sum term does not depend on the

index a, and can be rewritten as [96]:

1X

b= �1 ;6= a

1 � ei (b� a)kdv

(b� b)2
= 2

1X

� =1

1 � cos(kdv � )
� 2

= � jkjdv

�
1 �

jkjdv

2�

�
= A jkj : (3.26)

Reducing to:
d�̂ �

dt
e� iakd v =

�i
2�d 2

v
A jkj �̂e iakd v (3.27)

Now, let us consider the superposition of two traveling waves, having the same

wavenumber k, as� a = �̂ (t)(eiakd v + e� iakd v ). After substitution in the previous

relation we obtain:
d�̂ �

dt
=

�i
2�d 2

v
A jkj �̂; (3.28)

which can be easily solved by considering the second temporal derivative:

d2�̂
dt2

= �
�

�A jkj

2�d 2
v

� 2

�̂ ! �̂ = e
�A j k j
2�d 2

v
t
�̂ 0; (3.29)

resulting in the dispersion relation for the vortex row:

! = ! r + i� = i
�A jkj

2�d 2
v

= i
� jkj
2dv

�
1 �

jkjdv

2�

�
: (3.30)

Similarly to Rayleigh's model, the growth rate of the instability has a maximum,

wheneverk� = �
dv

, yielding the maximum instability growth rate:

� max =
� jkj
4dv

=
��
4d2

v
: (3.31)
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3.3.2 Thickness of the interface layer

An interesting fact regarding the velocity �eld generated by the row of vortices is the

smooth pro�le generated far for the positions of the vortices, as seen in Figure 3.7. In

fact, the tangential velocity pro�le can be analytically obtained and is given by [49,

72]:

vx (x; y) =
�

2dv

sinh (2�y=d v)
cosh (2�y=d v) + cos (2�x=d v)

: (3.32)

From this result, we can see that the velocity pro�le near the interface aty = 0

can be approximated by a hyperbolic tangent functionvx = v0 tanh
�

y
� (x)

�
, where the

width � (x) is position dependent, as shown in Figure 3.7 c.

Figure 3.7: a) Tangential velocity pro�le generated by a row of vortices. b)
Tangential velocity as a function of the distance between vortices, color denote the
horizontal position in panel a. c) Width of a hyperbolic tangent �t as a function of

the z-axis.

From a coarse-grained perspective, we can treat the varying widths of the tangen-

tial pro�les as a single, average value. In particular, the average width can be neatly

expressed as:

� =
dv

2�
; (3.33)

as it is also anticipated by Eq. (3.32). Moreover, in the limity=dv ! 1 , we recover

the scenario of in�nitely close vortices, where� and dv are no longer proper quantities,

with rather � v = �=d v de�ning properly the mapping to the continuous 
uids. As

such, in this limit, the growth rate obtained from Eq. (3.30) is� = �
2dv

k = 1
2k� v,

the same results as obtained by Kelvin and Helmholtz.

As shown in Figure 3.8, the behavior of the point vortex model and Rayleigh's

formula follow the same trend. However, they show di�erent maxima growth rate

at di�erent values of k� . The discrepancy between both models could be due to the

coarse-grained procedure, which could be corrected on the mapping of the average
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Figure 3.8: Comparison between the growth rate of all models. Orange: Sharp
interface, blue: Rayleigh smooth interface, green: point vortex model, black dashed:

smooth interface matching width to correspond to the point vortex model most
unstable wavenumber.

interface width choosing~� � �� , where� is a constant of order 1. To get the value of

� , we �x the most unstable wavenumbers between both models to be same, namely

k� � = �
dv

dv
2� = 1

2 for the point vortex approach, andk� � � 0:6392. The relative factor

between both give us� � 0:80465. More formally, this number can be obtained

from solving the equation
� p

e� 2� � (� � 1)2
�

=� = 1
2 . It is worth considering the

comparison between the local widths� (x), and the coarse grained values� = dv
2� and

~� = 0:8dv
2� shown in Fig. 3.7c. Starting from the vortex positions (x = 0, x = 1), � (x)

increases linearly until reaching~� , after which a sudden rise changes the curvature of

� (x). The change in behavior may act as a stricter condition for the coarse-grained

e�ective width, rather than relying solely on the simple average width.

Evaluating Rayleigh's formula (Eq. (3.19)) using this correction, we obtain the

black dashed curve in Figure 3.8, matching perfectly the behavior of the point vortex

model up to the maximum valid wavenumber,jk� j = �
dv

. The unexpected overlap

between the models, when applying the correction factor, highlights the intriguing

link between the instability of a vortex array and that of a classical 
uid with a

smooth velocity pro�le at the interface.

3.4 Kelvin-Helmholtz instability in super
uids

Theoretical investigations of the Kelvin-Helmholtz instability in quantum 
uids have

been mostly focused on the stability of the interface between distinct sliding 
uid
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components in Helium systems, concentrating in the interfaces formed by the super-


uid and normal phases [111{113], or between two di�erent super
uids phases such

as the A and B phases of He3 [45]. Additionally, the Kelvin-Helmholtz instability

has been studied for the free surface of a liquid including both super
uid and normal

components [113]. Experimental observations in liquid Helium remain limited to the

interface between the A and B phases of3He in a rotating cryostat [45, 114], where

they measured the onset on the instability as a function of the rotation speed of the

containers, rather than probing the imaginary part of the dispersion relation.

More recently, the Kelvin-Helmholtz instability has been studied in the context

of binary mixtures of Bose-Einstein condensates [115{118] in di�erent inter species

interaction regimes, from immiscibility to miscible mixtures. For immiscible mixtures,

the Kelvin-Helmholtz instability appears as the modulation of the interface between

both super
uids, in complete analogy to classical 
uids. In the non linear regime,

instead of rolling up the interface, depending on the system parameters, additional

e�ects can occur, such as the expulsion of islands of one condensate into the on the

forming the so called skyrmion structures [115], which was veri�ed experimentally by

[119]. Similarly to classical 
uids, the Kelvin-Helmholtz instabilities[120] in binary

BECs has been linked as a precursor to turbulent behavior.

Recently, a theoretical proposal by A. Baggaley [121], showed that the Kelvin-

Helmholtz instability can be observed in a single-component atomic super
uid by

solving the GPE. Later, [122] showed that similar dynamics could be observed in

single-component super
uids in the transition from small velocities to close to super-

sonic velocities at the interface by directly solving the Bogoliubov equations. Both of

these results are key for the observation of shear 
ow dynamics in a single-component

atomic super
uid. When a shear 
ow appears in a super
uid, the density and velocity

of the super
uid must adjust accordingly. Contrary to binary mixtures [115{118], the

lines of non-zero vorticity are unstable and decay into arrays of vortices. The latter

being a consequence of the irrotationality of single super
uids and the quantization

of the circulation. Therefore, the velocity interface between both 
uid layers of a

same-species super
uid is no longer smooth but rather present modulations due to

the presence of the single quantum vortices. Thus, the description of the Kelvin-

Helmholtz instability in a single-component atomic super
uid is well encapsulated by

the instability of point vortices in the Helmholtz{Kirchho� point vortex model.
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Chapter 4

From persistent currents to vortex

arrays in super
uids

In this chapter, I describe the protocol used in our experiments to produce a fermionic

super
uid 
owing in a ring-shaped trap with quantized circulation.

Firstly, I brie
y discuss the experimental sequence used for cooling down the

atomic gas and for the creation of fermionic super
uids across the BEC-BCS crossover.

Secondly, I present how through the combination of a high-resolution objective and a

Digital Micromirror Device (DMD) we are able to generate on-demand static and dy-

namical optical potentials, allowing us to precisely manipulate the potential landscape

of the atoms. Next, I describe the procedure employed to excite persistent currents

in ring-shaped super
uids. Moreover, their stability and robustness are discussed.

Finally, I present the creation of the prototypical scenario required for the ob-

servation of the Kelvin-Helmholtz Instability (KHI) in super
uids: two concentric

ring-shaped super
uids in counter-rotating motion. By dynamically controlling their

overlap through the separating optical barrier we generate the initial con�guration

for the observation of the KHI from the vortex array instabilities perspective.
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