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Abstract
We study the semi-simple (or non-parabolic) isometries � of the manifold Pn of
symmetric positive definite real matrices, endowed with the trace metric g and pay
attention to the set Min(�) consisting of the points minimizing the displacement
function P �→ d(P,�(P)). In particular, for every isometry� of (Pn, g), we give the
explicit expression and study the differential-geometric structure of the set Min(�).
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Introduction

Symmetric positive definite matrices are widely present in several (but often inter-
connected) fields of pure and applied mathematics; as an example, we can mention
the problem of the geometric mean of several positive definite matrices; among many
other sources we can refer for instance to [5–7, 15].

Of course, this is just one of many examples: indeed positive definite matrices are
involved in many other areas as Riemannian geometry, metric spaces of non-positive
curvature, theory of diffusion tensor imaging, medical imaging, radar signal process-
ing, statistical inference, matrix information geometry, mathematical optimization (for
instance, among a lot of other sources, we refer to [1, 4, 18–20]).

Our point of view and the related problems are essentially differential-geometric;
the results we prove could give some contribution in placing the studies coming from
different areas in a geometrical setting. More precisely, we come back to study the
isometries of the symmetric Hadamardmanifold (Pn, g) of symmetric positive definite
real matrices of order n ≥ 2, endowed with the trace metric. This metric (called in
literature in different ways as Fisher-Rao, affine invariant, δ2,...) is one of the most
natural on Pn and it has been intensively studied and also generalized.

Wehave already studied the tracemetric in [10] and in [11]. In particular, inTheorem
4.2 of [10], we proved that the isometries of (Pn, g) are precisely the maps of one
of the following forms: �M , �M ◦ d, �M ◦ j, �M ◦ j ◦ d, where M
is an arbitrary non-singular real matrix, �M (X) := MXMT , j(X) := X−1 and
d(X) := det(X)−2/n · X .

On the other hand, it is also known that it is possible to associate to each isometry
� of (Pn, g) its displacement function d�(P) := d(P,�(P)), its translation length
L(�) := inf{d�(P) : P ∈ Pn} and itsminimum set Min(�) := {P ∈ Pn : d�(P) =
L(�)}.

We say that� is semi-simple ifMin(�) �= ∅. SincewhenMin(�) = ∅ the isometry
� is called parabolic, the semi-simple isometries are often called non-parabolic.

Semi-simple isometries are of two types: elliptic if L(�) = 0 (i.e. if � has at least
a fixed point) and hyperbolic (or axial) if L(�) > 0. Elliptic isometries of (Pn, g)
were the subject of our previous paper [11].

In the present paper we study all semi-simple isometries of (Pn, g) in a unified
setting. In particular we explicit the geometric structure of the minimun set of an
arbitrary semi-simple isometry� of (Pn, g). In elliptic case, the minimun set consists
of all fixed points of �, while, in hyperbolic case, the minimun set consists of the
disjoint union of all geodesics translated by � (these geodesics are called axes of �).
In elliptic case we get again some results already obtained in [11].

Our analysis follows the different forms of the isometries and allows to describe the
minimum sets and to discover their differential-geometric properties, which depend
on the particular form of the isometry �. This is achieved in Sect. 4 for � = �M

(Theorem 4.6), in Sect. 5 for � = �M ◦ d (Theorem 5.7), in Sect. 6 for � = �M ◦ j
(Theorem 6.5) and in Sect. 7 for � = �M ◦ j ◦ d (Theorem 7.10).

In all cases, Min(�) is a symmetric totally geodesic Hadamard submanifold of
(Pn, g) (Proposition 8.1) and its structure depends on the matrix M involved in the
isometry �.
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Semi-simple isometries of the manifold of SPD…

In the first three Sections we introduce the preliminary notions; in particular Sect.
2 is devoted to recall some basic facts about Hadamard manifolds. In Sect. 8 we
study the hyperbolic isometries of (Pn, g). The minimum set of a hyperbolic isometry
splits in a natural way into the Riemannian product of the euclidean line R and of an
orthogonal space Y , having the property that every axis of the isometry corresponds
to a set of the form R × {P}, where P is a suitable point of Y . We determine the
explicit forms and the differential structures of the axes and of the orthogonal spaces
of all hyperbolic isometries of (Pn, g) (see Theorems 8.3, 8.5). By means of these
results on (Pn, g), it is also possible to determine the explicit forms and the differential
properties of minimun sets, axes and orthogonal spaces of all semi-simple isometries
of the irreducible Hadamard submanifold Pn(c) := {Q ∈ Pn | det(Q) = c}, c > 0.

1 Preliminary notations

Notations 1.1 • R, C, R
+: respectively, the field of real or complex numbers and

the multiplicative group of positive real numbers; z is the conjugate of z ∈ C.
• ∏

: (depending on the context) both the usual product of numbers (for example as
in
∏p

j=1 α j := α1α2 . . . αp , with α1, α2, . . . , αp ∈ R) and the Cartesian product

of sets (as in
∏p

j=1 S j := S1 × S2 × · · · × Sp , with S1,S2, . . . ,Sp arbitrary
sets).

• In : the identity matrix of order n.
• AT , A, A−1 and A−T , where A is a square matrix: respectively, the transpose,
the conjugate, the inverse and the transpose of the inverse A (when det(A), the
determinant of A, is different from 0); tr(A) is the trace of A.

• Eθ : the special orthogonalmatrix

(
cos(θ) − sin(θ)

sin(θ) cos(θ)

)

for every θ ∈ R; in particular

Eπ/2 =
(
0 −1
1 0

)

• diag(b1, . . . , bn): the diagonal matrix of order n, with diagonal entries b1, . . . , bn .
• If B1, . . . , Bm are square matrices (of possible distinct orders), B1 ⊕ · · · ⊕ Bm is
the block diagonal square matrix with B1, . . . , Bm on its diagonal and, for every
square matrix B, B⊕m denotes B ⊕ · · · ⊕ B (m times).

• If S1, . . . ,Sm are sets of square matrices, then
⊕m

j=1 S j := S1 ⊕ · · · ⊕ Sm

denotes the set of all matrices
⊕m

j=1 Bj := B1 ⊕· · ·⊕ Bm with Bj ∈ S j for every
j = 1 . . . ,m.

• Mn (and Symn): the vector space of the real square matrices of order n (which are
symmetric).

• GLn (and SLn): the Lie group of non-singular real matrices of order n (and with
determinant 1).

• Pn (and Pn(c)): the manifold of symmetric positive definite matrices of order n
(and with determinant c > 0).

• For every setA ⊆ Pn and every λ ∈ R
+ we denote λ ·A := {λ ·P : P ∈ A} ⊆ Pn

and R
+ · A := ⋃

λ∈R+
(λ · A) ⊆ Pn . Note that Pn = R

+ · Pn(c), for every c > 0.
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• On (and SOn): the Lie group of orthogonal real matrices of order n (with deter-
minant 1).

• SO(p,n−p) (p = 0, . . . , n−1), the Lie group of generalized orthogonal real matri-
ces of order n, signature (p, n − p) and determinant equal to 1, while SO+

(p,n−p)
is the connected component of SO(p,n−p) containing In .

• Sp2n : the Lie group of symplectic real matrices of order 2n, defined by
Sp2n := {X ∈ M2n : X E⊕n

π/2 X
T = E⊕n

π/2}.• For each matrix X ∈ GLn , we will denote by C(X) the closed subgroup of GLn

consisting of the non-singular real matrices commuting with X , i.e.

C(X) := {B ∈ GLn : BX = XB}.
• Mn(C) (and Hermn): the set of complex square matrices of order n (which are
hermitian).

• GLn(C): the Lie group of non-singular complex matrices of order n.
• Hn : the manifold of hermitian positive definite matrices of order n.
• Un : the Lie group of unitary matrices of order n.
• U(p,n−p) (p = 0, . . . , n − 1): the Lie group of generalized unitary matrices of
order n and signature (p, n − p).
We agree that in this paper the terms of the type

∑h
i=1 (· · · ), ⊕h

i=1 (· · · ),
∏h

i=1 (· · · ) involved in some formulas, when h = 0, should be interpreted as missing.

Notations and Remarks 1.2 We set:

• �M: GLn → GLn defined by X �→ �M (X) := MXMT , with M arbitrary matrix
in GLn (the congruence by M);

• d : GLn → GLn defined by d(X) := | det(X)|−2/n X ;
• j : GLn → GLn defined by X �→ j(X) := X−1 (the inversion).

We immediately obtain: (�M ◦ d)(X) = MXMT

| det(X)|2/n ; (�M ◦ j)(X) = MX−1MT ;

(�M ◦ j ◦ d)(X) = | det(X)|2/n MX−1MT . The restrictions to Pn of the maps �M ,
�M ◦ d, �M ◦ j, �M ◦ j ◦ d (denotedby the same symbols)will play a fundamental role
in this paper. The following equalities follow from standard computations; we collect
them for convenience: j ◦ d = d ◦ j, d2 = j2 = idGLn

(the identity map ofGLn) and,
for everyM, N ∈ GLn : �(MN ) = �M◦�N , �M◦j = j◦�M−T , (�M◦j)2 = �(MM−T ),

�M ◦ d = d ◦ �d(M),
(
�M ◦ d

)2 = �(M d(M)), (�M ◦ j ◦ d)2 = �(M [d(M)]−T ) .

Recall 1.3 The matrix exponential map, exp : Mn(C) → GLn(C), is defined by

the formula exp(A) := In + ∑∞
i=1

Ai

i ! for every matrix A ∈ Mn(C). It is

known that, if A = TC T−1 for some T ∈ GLn(C), then we have exp(A) =
T exp(C) T−1, and that, if B1, . . . , Bm are square matrices of arbitrary orders, then
exp(

⊕m
j=1 Bj ) = ⊕m

j=1 exp(Bj ), so that, if S1, . . . ,Sm are sets of square matrices,
then exp(

⊕m
j=1 S j ) = ⊕m

j=1 exp(S j ). We still denote by exp the restriction of the
matrix exponential map to Symn . It is known that exp : Symn → Pn is a diffeo-
morphism onto Pn . We denote by log : Pn → Symn (the matrix logarithm map) its
inverse diffeomorphism.
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Similarly, the squaring map: C �→ C2 is a diffeomorphism from Pn onto Pn and
we denote the square root map: B �→ √

B, the inverse diffeomorphism from Pn onto
itself.

Moreover, for every t ∈ R and every B ∈ Pn , it is possible to define the t-th
power of B, as Bt := exp(t · log(B)). Note that B1/2 = √

B. It is also useful to
note that, if B ∈ Pn and μ ∈ R

+, then μ · B ∈ Pn and log(μ · B) = log(B) +
ln(μ) · In ; from this we obtain that (μ · B)t = μt · Bt , for every t ∈ R. Finally, if
B ∈ Pn and H is any matrix of GLn such that B = H diag(b1, . . . , bn) H−1, then
log(B) := H diag(ln(b1), . . . , ln(bn)) H−1,

√
B := H diag(

√
b1, . . . ,

√
bn) H−1,

Bt := H diag(bt1, . . . , b
t
n) H

−1.

Remark 1.4 For any h ≥ 1, we define the decomplexification map ρ : Mh(C) → M2h ,
which maps the h × h complex matrix Z = (zi j ) to the (2h) × (2h) block real matrix
ρ(Z) := (Re(zi j )I2 + Im(zi j )Eπ/2) having h2 blocks of order 2× 2. For simplicity,
we will still denote by ρ the restriction of this map to any subset of Mh(C).

It is known that ρ : Mh(C) → M2h is a monomorphism of R-algebras, such that

ρ(Z
T
) = ρ(Z)T , for every Z ∈ Mh(C). Moreover, if λ1, . . . , λh are the h

eigenvalues of any matrix Z ∈ Mh(C), then λ1, λ1, . . . , λh, λh are the 2h eigen-
values of ρ(Z) ∈ M2h(R); so, in particular, we have tr(ρ(Z)) = 2Re(tr(Z)),
det(ρ(Z)) = | det(Z)|2.

Consequently, the following statements apply:
(i) ρ : GLh(C) → GL +

2h := {X ∈ GL2h : det(X) > 0} is a Lie group monomor-
phism;

(ii) ρ : Uh → ρ(Uh) = ρ(GLh(C)) ∩ SO2h is a Lie group isomorphism;
(iii) ρ : Hermh → ρ(Hermh) = ρ(Mh(C)) ∩ Sym2h is a vector space isomor-

phism, which maps Hh onto ρ(Hh) = ρ(GLh(C)) ∩ P2h .
Finally, note that the decomplexification map and the exponential map commute.

In the next Lemma we summarize a few simple and known results about the Lie
group C(X) of non-singular matrices commuting with a given matrix X ∈ GLn (see
for instance [22, Lemma1.3] and [11, Lemma3.3]).

Lemma 1.5 (a) Let X = ⊕t
j=1 X j where any X j is a semi-simple real square matrix

of order n j (with
∑t

j=1 n j = n) and assume that X j and Xh have no common

eigenvalues as soon as j �= h. Then we have C(X) = ⊕t
j=1 C(X j ).

(b) Let θ ∈ (0, π) and m ≥ 1. Then C(E⊕m
θ ) = ρ

(
Mm(C)

)
.

2 Some reminders about Hadamardmanifolds

Remark-Definition 2.1 AHadamardmanifold (N , h) is a (smooth andwithout bound-
ary) simply connected complete Riemannian manifold with non-positive sectional
curvature. We denote Tp(N ) the tangent space to N at the point p and dN the distance
induced on N by the metric h.

If (N , h) is a Hadamard manifold, the well-known Cartan–Hadamard theorem
states that the Riemannian exponential map expp : Tp(N ) → N is a diffeomorphism,
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for every p ∈ N . It is natural to denote the inverse diffeomorphism of expp by
logp : N → Tp(N ) (the Riemannian logarithm map). Therefore, given any two
distinct points p, p′ ∈ N , there exists a unique (minimizing) unit-speed geodesic
α

(p,p′) : R → (N , h) such that α
(p,p′) (0) = p, α

(p,p′) (dN (p, p′)) = p′, and clearly

we can write this geodesic as follows: α
(p,p′) (t) = expp

(
t · logp(p

′)
dN (p,p′)

)
for every

t ∈ R.

The Hadamard manifold (N , h) is said to be symmetric, if for every point p ∈ M
there exists an isometry σp of (N , h) such that σp(expp(v)) = expp(−v), for every
v ∈ Tp(N ).

We will also say that a submanifold N ′ of N is a Hadamard submanifold of (N , h)

if it is a Hadamard manifold with respect to the metric inherited from (N , h). It is
clear that, if (N , h) is a symmetric Hadamard manifold, then every totally geodesic
Hadamard submanifold of (N , h) is also symmetric.

Proposition 2.2 Let (N , h) be a Hadamard manifold.
(a) If N ′ is a connected complete totally geodesic submanifold of (N , h) and p ∈ N ′,

then N ′ = expp(Tp(N ′)) and, moreover, N ′ is a closed Hadamard submanifold of
(N , h).

(b) If N ′ and N ′′ are totally geodesic Hadamard submanifolds of (N , h) and N ′ ∩
N ′′ �= ∅, then N ′ ∩ N ′′ is a totally geodesic Hadamard submanifold of (N , h) too.

Proof If N ′ is a totally geodesic Riemannian submanifold of the Hadamard manifold
(N , h), then, by thewell-knownGauss equation, all sectional curvatures of N ′ are non-
positive and, moreover, the exponential map of N ′ at any point p ∈ N ′ agrees with
the restriction to Tp(N ′) of the map expp : Tp(N ) → N . So, if N ′ is connected and
complete too,we obtain N ′ = expp(Tp(N ′)). Therefore, under all previous conditions,
N ′ is simply connected and closed in N . This completes (a).

Now assume the hypotheses of (b) and fix p ∈ N ′ ∩ N ′′.
Part (a) gives N ′ ∩ N ′′ = (

expp(Tp(N ′))
) ∩ (

expp(Tp(N ′′))
)
. Since expp :

Tp(N ) → N is a bijection, we obtain N ′ ∩ N ′′ = expp
(
Tp(N ′) ∩ Tp(N ′′)

)
. This

implies that N ′ ∩ N ′′ is a simply connected Riemannian submanifold of (N , h), with
Tp(N ′ ∩ N ′′) = Tp(N ′) ∩ Tp(N ′′).

Let q ∈ N ′ ∩ N ′′ and let v ∈ Tq(N ′ ∩ N ′′) = Tq(N ′) ∩ Tq(N ′′) ⊆ Tq(N ); let α(t)

(for t ∈ R) be the geodesic of (N , h) such that α(0) = q and
dα

dt
(0) = v. Since both

N ′ and N ′′ are totally geodesic in (N , h), then α(t) ∈ N ′ ∩ N ′′ for every t ∈ R. Thus
N ′ ∩ N ′′ is a complete totally geodesic submanifold of (N , h). Furthermore, from
Gauss equation, all sectional curvatures of the Riemannian submanifold N ′ ∩ N ′′ are
non-positive. This completes the proof of part (b). ��
Proposition 2.3 (see [8, Lemma3.2])
Let N ′ be a totally geodesic Hadamard submanifold of a Hadamard manifold (N , h).
Then, for each p ∈ N, there exists a unique p′ ∈ N ′ such that d(p, p′) =
inf{d(p, q) | q ∈ N ′}; moreover (up to a reparametrization) the geodesic α(p,p′)
joining p and p′ is the unique geodesic of (N , h) passing through p and perpendicu-
lar to N ′. The point p′ is called the orthogonal projection of p to N ′.
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Definitions 2.4 Let (N , h) be aHadamardmanifold and let� be an isometry of (N , h).
The displacement function d� : N → [0,+∞) is defined by: P �→ d�(P) :=

dN (P,�(P)).
The translation length of � is the non-negative number L(�) := inf{d�(P) : P ∈

N }, while the minimum set of � is the set Min(�) := {P ∈ N : d�(P) = L(�)}.
The isometry � falls into one of the following three types:
- � is elliptic, if L(�) = 0 and Min(�) �= ∅, i.e. if � has at least a fixed point;
- � is hyperbolic (or axial), if L(�) > 0 and Min(�) �= ∅;
- � is parabolic, if Min(�) = ∅.
Clearly, if the isometry � is elliptic, the set Min(�) is the set of all fixed points of

�.
We say that the isometry� is semi-simple, if it is not parabolic (i.e. ifMin(�) �= ∅).
The alternative name axial isometry is a consequence of the following result, whose

proof is in [9, Thm.6.8, pp. 231–232]).

Proposition 2.5 Let � be an isometry of a Hadamard manifold (N , h).
(a) � is hyperbolic if and only if there exists an oriented unit-speed geodesic

c : R → N such that �(c(t)) = c(t + a), for some fixed a > 0 and for every
t ∈ R.

The image c(R) is said to be an axis of �.
(b) If � is hyperbolic and c, c′ : R → N are distinct oriented unit-speed geodesics

such that �(c(t)) = c(t + a) and �(c′(t)) = c′(t + a′) for some a, a′ > 0 and for
every t ∈ R, then we necessarily have: a = a′ = L(�). Moreover, there exists χ > 0
such that d(c(t), c′(t)) ≤ χ for every t ∈ R; we will shortly express this condition by
saying that the axes c(R) and c′(R) are parallel or asymptotic.

Remark 2.6 Let� be a hyperbolic isometry of aHadamardmanifold (N , h) and let c(t)
be a non-constant geodesic of (N , h), possibly not parametrized by arc length, i.e. with
constant speed of norm not necessarily equal to one, and with arbitrary orientation.
Then the image c(R) is an axis of � if and only if there exists a real number b �= 0
such that �(c(t)) = c(t + b) for every t ∈ R. In general, b �= L(�).

Proposition 2.7 Let � be a semi-simple isometry of any Hadamard manifold (N , h).
(a) If � is elliptic, then the set Min(�) = {P ∈ N : φ(P) = P} is a totally

geodesic Hadamard submanifold of (Pn, g).
(b) If � is hyperbolic, then the set Min(�) is closed, convex and consists of the

union of all axes of �.
(c) If � is hyperbolic and all sectional curvatures of (N , h) are strictly negative,

then � has a unique axis, i.e. Min(�) consists of a unique geodesic of (N , h).

Proof The proof can be found in the paper [8, Prop. 4.2] (see also [12, Prop. 1.9.2]). ��
Proposition 2.8 Let � be an isometry of a Hadamard manifold (N , h) and fix an
integer m �= 0. Then � and �m are isometries of the same type. Furthermore, if �

is semi-simple, then Min(�) ⊆ Min(�m) and L(�) = L(�m )
|m| . In particular, when

� is hyperbolic, every axis of � is also an axis of �m .
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Proof From Proposition 2.5, it is easy to check that, if � is hyperbolic, then every
axis of � is also an axis of �m, Min(�) ⊆ Min(�m) and L(�) = L(�m )

|m| . In
particular, also �m is hyperbolic. Clearly, if � is elliptic, then every fixed point of
� is also a fixed point of �m , i.e. Min(�) = {P ∈ Pn : �(P) = P} ⊆ {P ∈
Pn : �m(P) = P} = Min(�m); so �m is also elliptic and 0 = L(�) = L(�m )

|m| .

Therefore, if � is semi-simple, then also �m is semi-simple and of the same type of
�. Conversely, by [9, Prop. 6.7, Thm.6.8(2), pp. 231–232], if�m is semi-simple then
� is semi-simple and of the same type of �m . Consequently, � is parabolic if and
only if �m is parabolic. ��
Remark-Definition 2.9 Let� be a hyperbolic isometry of aHadamardmanifold (N , h)

and fix an arbitrary point Q ∈ Min(�). We will denote by γ �
Q

: R → Min(�) ⊂ N
the unique oriented unit-speed geodesic of (Pn, g) that satisfies the following two
conditions :

a) γ �
Q

(0) = Q ; b) �
(
γ �
Q

(t)
) = γ �

Q
(t + L(�)) for every t ∈ R.

Obviously the image of γ �
Q

is the axis of � passing through Q. The geodesic

γ �
Q

is uniquely determined by the conditions γ �
Q

(0) = Q , γ �
Q

(L(�)) = �(Q),

with L(�) = dN (Q,�(Q)). Therefore, remembering Remarks-Definitions 2.1, the
geodesic γ �

Q
can be written as :

γ �
Q

(t) = expQ

(

t · logQ(�(Q))

L(�)

)

for every t ∈ R.

We will say that the geodesic γ �
Q

is the Q-axis of the hyperbolic isometry �.

Proposition 2.10 Let � and � be isometries of a Hadamard manifold (N , h) and
denote �′ := � ◦ � ◦ �−1. Then

(i) L(�) = L(�′) and Min(�′) = �(Min(�)), so, in particular, the conjugate
isometries � and �′ are of the same type;

(ii) in the hyperbolic case, for every Q ∈ Min(�) we have � ◦ γ �
Q

= γ �′
�(Q)

.

Proof The proofs easily follow by standard computations. ��
Proposition 2.11 (see [9, Thm.6.8, pp. 231–232, Thm.2.14, p. 183])

Let � be a hyperbolic isometry of a Hadamard manifold (N , h). For every
Q ∈ Min(�), there exists a uniquely determined closed convex subspace YQ(�)

of (N , h) contained in Min(�) and passing through Q, such that the map F :=
FQ,� : YQ(�) × R → Min(�), defined by F(P, t) = γ �

P
(t) is an isome-

try from the product space YQ(�) × R onto Min(�) . Furthermore, the isometry
F−1◦�◦F : YQ(�)×R → YQ(�)×R has the expression (P, t) �→ (P, t+L(�)),
for every P ∈ YQ(�) and t ∈ R.

Remark-Definition 2.12 Proposition 2.11 states the existence, for every Q ∈ Min(�),

of a closed convex space YQ(�) contained in Min(�) and passing through Q, such
that Min(�) = ⊔

P∈YQ(�) γ �
P

(R) , where each axis γ �
P

(R) is isometric to R and

perpendicular to YQ(�) at its initial point γ �
P

(0) = P ∈ YQ(�) (here the symbol⊔
denotes the disjoint union of the corresponding sets). Also note that YQ(�)

consists of the union of all geodesic arcs contained in Min(�), starting from Q and
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perpendicular at Q to the Q-axis γ �
Q
. For these reasons, we will say that YQ(�) is

the Q-orthogonal space of �.

Proposition 2.13 Let� be a hyperbolic isometry of a Hadamard manifold (N , h) and
let Q ∈ Min(�).

(i)We have YQ(�) = {P ∈ Min(�) : hQ
(
logQ(P), logQ(�(Q))

) = 0} .
(ii) If � is another isometry of (N , h), then we have Y�(Q)(� ◦ � ◦ �−1) =

�(YQ(�)).

Proof Clearly Q ∈ YQ(�) ∩ {P ∈ Min(�) : hQ
(
logQ(P), logQ(�(Q))

) = 0}.
Now let P ∈ YQ(�) ⊂ Min(�), with P �= Q, and set d := dN (Q, P) > 0.
Remembering Remarks-Definitions 2.1 and 2.9, the geodesic passing through the

points Q and P is α
(Q,P)

(t) = expQ
(
t · logQ(P)

d

)
(for t ∈ R), while the Q-axis of �

is the geodesic γ �
Q

(t) = expQ
(
t · logQ(�(Q))

L(�)

)
(for t ∈ R). From Proposition 2.11

we obtain α
(Q,P)

([0, d]) ⊆ YQ(�) and hQ
(dα

(Q,P)

dt
(0),

dγ �
Q

dt (0)
) = 0, from which

we get hQ
(
logQ(P), logQ(�(Q))

) = 0. Conversely let P be a point of Min(�),

P �= Q, such that hQ
(
logQ(P), logQ(�(Q))

) = 0. Since the set Min(�) is
convex, we have α

(Q,P)
([0, d]) ⊂ Min(�) (where, as before, d := dN (Q, P)). The

condition hQ
(
logQ(P), logQ(�(Q))

) = 0 implies that the geodesics α
(Q,P)

and
γ �
Q

(t) are perpendicular at the point Q. Therefore, by Remark-Definition 2.12, we
get: α

(Q,P)
([0, d]) ⊆ YQ(�); in particular P = α

(Q,P)
(d) ∈ YQ(�). So part (i) is

fully proved. Finally, part (ii) easily follow from Propositions 2.10 and 2.11. ��

Proposition 2.14 Let � be a semi-simple isometry of a real analytic Hadamard man-
ifold (N , h). If P ∈ N, denote by expP : TP (N ) → N the exponential map of (N , h)

at P.

(a) The minimum set Min(�) is a totally geodesic real analytic Hadamard sub-
manifold of (N , h).

(b) If the isometry � is hyperbolic and P ∈ Min(�), then the P-orthogonal space
YP (�) of � is a totally geodesic real analytic Hadamard submanifold of (N , h).
Moreover, we have YP (�) = expP (TP (YP (�))).

Proof (a) Taking into account Proposition 2.2 (a), part (a) follows from Theorem 1.3.4
and Remark 1.3.6 of [21].

(b) By part (a), the set Min(�) is a totally geodesic real analytic Hadamard sub-
manifold of (N , h). From Proposition 2.11, there exists a (real analytic) isometry
F from YP (�) × R onto Min(�) such that F

(YP (�) × {0}) = YP (�). Hence
YP (�) � YP (�) × {0} is a totally geodesic real analytic Hadamard submanifold
of Min(�) and therefore of (N , h) too. Finally, from Proposition 2.2 (a), we obtain
YP (�) = expP (TP (YP (�))). ��

For more information on Hadamard manifolds we refer to the classical books [2,
3, 9].
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3 The tracemetric

Recalls 3.1 For any integer n ≥ 2, we call tracemetric the Riemannianmetric f onHn

defined by f A(V ,W ) = tr(A−1V A−1W ), for any A ∈ Hn and V ,W ∈ TA(Hn) =
Hermn .

For convenience, the restriction of f to Pn will be denoted by g (always called
trace metric), so that (Pn, g) is a Riemannian submanifold of (Hn, f ).

We will still denote by g the restriction of g to any submanifold of Pn . We also set
||X || := √

gIn
(X , X) = √

tr(X2) , for every X ∈ Symn = TIn
(Pn) .

For the differential-geometric properties of (Pn, g) and of (Hn, f ) we refer for
instance to [5, 6, 9, 10, 20]. In particular, the following facts are well known:

(a) t �→ P1/2 exp(t · P−1/2V P−1/2)P1/2 (t ∈ R) is the geodesic passing through
P ∈ Pn whose tangent vector at P is V ∈ TP (Pn) = Symn ;

(b) the map c : [0, 1] → Pn defined by c(t) = A1/2(A−1/2BA−1/2)t A1/2 is the
unique geodesic arc of (Pn, g) such that c(0) = A and c(1) = B , for every A, B ∈ Pn ;

(c) if A, B ∈ Pn andλ1, . . . , λn are the n eigenvalues of thematrix A−1/2BA−1/2 ∈
Pn , then the distance d(A, B) induced by the metric g is given by:

d(A, B) =
√

n∑

i=1
(ln(λi ))2 = || log(A−1/2BA−1/2)||.

In particular, note that d(A, B) = d(t · A, t · B), for every t > 0 and A, B ∈ Pn ;
in other words, the map P �→ t · P is an isometry of (Pn, g), for every t > 0.

For more information, see [5, §2], [6, Ch.6 §1] and also [10, Prop. 3.4].

Lemma 3.2 For every integer h ≥ 1, the decomplexification map
ρ : (Hh, 2 f

) → (
ρ(GLh(C)) ∩ P2h, g

)
is an isometry of Riemannian manifolds.

Proof Denoting by ρ∗ the differential map of ρ, it suffices to note that, if A ∈ Hh and
Z ,W ∈ Hermh , we have:

gρ(A)

(
ρ∗(Z), ρ∗(W )

) = tr
(
ρ(A)−1ρ(Z) ρ(A)−1ρ(W )

) = tr
(
ρ(A−1Z A−1W )

) =
= 2Re

(
tr(A−1Z A−1W )

) = 2Re
(
f A(Z ,W )

) = 2 f A(Z ,W ). ��
Proposition 3.3

(a) The real analytic Riemannian manifold (Pn, g) is a symmetric Hadamard
manifold diffeomorphic to the homogeneous space GLn

On
.

(b) A mapping � : (Pn, g) → (Pn, g) is an isometry if and only if there exists a
matrix M ∈ GLn such that one of the following cases occurs:

�(X) = �M (X) = MXMT ;

�(X) = (�M ◦ d)(X) = MXMT

(
det(X)

)2/n ;

�(X) = (�M ◦ j)(X) = MX−1MT ;
�(X) = (�M ◦ j ◦ d)(X) = (

det(X)
)2/n

MX−1MT .

Proof Part (a) is well known (see for instance [14, Ch.XII]), while for part (b) see [10,
Thm.4.2]. ��
Proposition 3.4 Fix M ∈ GLn and consider the isometry � : (Pn, g) → (Pn, g),
where � := �M or � := �M ◦ j ◦ d.
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(a) � : (Pn, g) → (Pn, g) is a positively homogeneous map, i.e. �(t · P) =
t · �(P) , for any t > 0 and P ∈ Pn.

(b) The set Min(�) is a positive cone of Pn, i.e. for every P ∈ Min(�) and for
every t > 0, we necessarily have t · P ∈ Min(�).

Proof Part (a) can be verified by means of a simple calculation, while part (b) easily
follows from (a), taking into account that d(A, B) = d(t · A, t · B), for every t > 0
and A, B ∈ Pn . ��
Lemma 3.5 Let Q ∈ Pn. Denote by expQ : TQ(Pn) → Pn and logQ : Pn →
TQ(Pn), respectively, the Riemannian exponential map and the Riemannian logarithm
map both at the point Q with respect to themetric g. Denote also by exp : Symn → Pn

and log : Pn → Symn, respectively, the matrix exponential map and the matrix loga-
rithm map. Then expQ = �Q1/2 ◦ exp ◦�Q−1/2 and logQ = �Q1/2 ◦ log ◦�Q−1/2 .

Proof It is easy to note that we have expIn = exp. Since �Q1/2 is a linear isometry of
(Pn, g)which maps In to Q, we have: expQ ◦�Q1/2 = �Q1/2 ◦ expIn = �Q1/2 ◦ exp .

The first statement follows from this. The second one follows easily from the first. ��
Definitions 3.6 Let G be a closed subgroup of GLn . We say that G is Pn-compatible
if, whenever Q belongs to G ∩ Pn , every real power Q t = exp(t · log(Q)) of Q
also belongs to G (as well as, of course, to Pn). The group G is said to be reductive
if AT ∈ G as soon as A ∈ G. Finally, we say that G is algebraic if there exists a
finite system of polynomials in the entries of the matrices of Mn such that G is the
intersection of GLn with the set of common zeros of this system.

Proposition 3.7 Let G be a Pn-compatible reductive closed subgroup of GLn. Then
Pn ∩ G is a symmetric totally geodesic Hadamard submanifold of (Pn, g) diffeo-

morphic to the homogeneous space
G

G ∩ On
.

Proof Let g = TIn
(G) ⊆ Mn be the Lie algebra of G. We have exp(Symn) = Pn

and exp(g) ⊆ G, so exp(Symn ∩ g) ⊆ Pn ∩ G. Since G is Pn-compatible, for
any Q ∈ Pn ∩ G we have α(t) := Q t = exp(t · log(Q)) ∈ G, for every t ∈ R.

Therefore, dα
dt (0) = log(Q) belongs to g = TIn

(G). Since exp(log(Q)) = Q and
log(Q) ∈ Symn , we conclude that exp(Symn ∩ g) = Pn ∩ G.

Keeping in mind that the exponential map is a diffeomorphism from Symn onto
Pn , we deduce that Pn ∩ G = exp(Symn ∩ g) is a simply connected Riemannian
submanifold of (Pn, g) whose tangent space at the point In is Symn ∩ g. Taking
into account that G is also reductive, the map ; (Q, P) ∈ (G,Pn ∩ G) �→ �Q(P) =
QPQT ∈ Pn ∩ G defines a left action of the Lie group G on the manifold Pn ∩ G.

SinceG is Pn-compatible, if Q ∈ Pn∩G then also Q1/2 belongs toG ; therefore, since
every Q ∈ Pn ∩ G can be written as Q = �Q1/2(In) (with Q1/2 ∈ G), we conclude
that the action of G onPn ∩G is transitive. Obviously, the stabilizer of In with respect
to this action is G ∩On ; this implies that the manifold Pn ∩G is diffeomorphic to the
homogeneous space G

G∩On
. Also note that the equality Q = �Q1/2(In) implies that

TQ (Pn ∩ G) = �Q1/2(Symn ∩ g), for every Q ∈ Pn ∩ G.
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Now consider the geodesic β(t) of (Pn, g) passing through an arbitrary point Q ∈
Pn ∩ G and having, as tangent vector at the point Q, an arbitrary vector Q1/2V Q1/2

of TQ (Pn ∩G), where V ∈ Symn ∩ g. Clearly we have β(t) = Q1/2 exp(t · V ) Q1/2

(t ∈ R). Remembering that exp(Symn ∩ g) = Pn ∩ G and Q1/2 ∈ G, we can
conclude that β(t) ∈ Pn ∩ G, for every t ∈ R, i.e. Pn ∩ G is a complete totally
geodesic submanifold of (Pn, g). From this, it easily follows that (Pn ∩ G, g) is
symmetric and has non-positive sectional curvature. This completes the proof. ��

Proposition 3.7 is essentially stated in [9, Thm.10.58, pp. 328–329]. For conve-
nience of the reader, we have decided to simplify the statement for our purposes and
provide a simple proof.

Proposition 3.8 Let G be an algebraic subgroup of GLn. Let G0 denote the connected
component of G containing the identity. Then

(a) G is Pn-compatible;
(b) if G is also reductive, then Pn ∩ G0 = Pn ∩ G and G0 is a Pn-compatible

reductive closed subgroup of GLn.

Proof (a) The proof of part (a) is in [9, Lemma10.59, pp. 329–330].
(b) Frompart (a) and Proposition 3.7,Pn∩G is aHadamard submanifold of (Pn, g).

In particularPn ∩G is connected, soPn ∩G ⊆ G0 and from this :Pn ∩G0 = Pn ∩G.
The remainder of statement (b) follows easily from (a) and this equality. ��

Proposition 3.9 Fix c > 0 and denote by ε the Euclidean metric of R. Then
(1) (Pn(c), g) is a symmetric totally geodesic Hadamard submanifold of (Pn, g)

diffeomorphic to the homogeneous space
SLn

SOn
;

(2) the map F : (R, ε
)× (Pn(c), g

) → (Pn, g
)
defined by F(x, A) := ex/

√
n · A

is an isometry and the symmetric Hadamard manifold
(Pn(c), g

)
is irreducible (i.e. it

is not isometric to a product of positive-dimensional symmetric Hadamardmanifolds);
(3) for every P ∈ Pn, the sets R

+ · {P} and Pn(det(P)) are symmetric totally
geodesic Hadamard submanifolds of (Pn, g)which intersect orthogonally at the point
P.

Proof If A ∈ GLn and det(A) = √
c, the isometry �A of (Pn, g) maps Pn(1) onto

Pn(c); so it suffices to prove (1) for c = 1. We have Pn(1) = SLn ∩ Pn , and SLn is
a Pn-compatible reductive closed subgroup of GLn . Therefore, part (1) follows from
Proposition 3.7.

For part (2), see [9, Prop. 10.53, p. 325]); part (3) directly follows from (1) and (2).
��

Remark 3.10 Since (Pn(c), g) is isometric to (Pn(1), g) for every c > 0, by means
of the list of the isometries of (Pn(1), g) (see [10, Thm.4.1]), it is easy to prove that
the isometries of (Pn(c), g) are precisely the maps of the form �M or �M ◦ j ◦ d,
with det(M) = ±1, i.e. they are the restrictions to Pn(c) of the isometries of (Pn, g)
mapping Pn(c) onto itself.
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Proposition 3.11 Let � be a hyperbolic isometry of (Pn, g) and let Q ∈ Min(�).
Then

(a) the Q-axis of � has the following expression :

γ �
Q

(t)=Q1/2 exp(t · log(Q−1/2 �(Q) Q−1/2)
L(�)

) Q1/2=Q1/2
(
Q−1/2 �(Q) Q−1/2

) t
L(�) Q1/2

for every t ∈ R, where L(�) = || log(Q−1/2 �(Q) Q−1/2)||;
(b) if M ∈ GLn and we set P := �M

−1(Q), �′ := �M
−1 ◦ � ◦ �M, we have

γ �
Q

= �M ◦ γ �′
P

.

Proof Since L(�) = d(Q,�(Q)) = || log(Q−1/2�(Q) Q−1/2)||, part (a) easily fol-
lows from Remark-Definition 2.9 and Lemma 3.5, while Proposition 2.10 (ii) implies
part (b). ��
Proposition 3.12 Let� be a hyperbolic isometry of (Pn, g) with translation length L.

Fix Q ∈ Min(�), set L := log(Q−1/2 �(Q) Q−1/2)

L
and consider the Q-axis of � :

γ �
Q

(t) = Q1/2
(
exp(t · L)

)
Q1/2 (t ∈ R). The following occurs:

(a) if � = �M ◦ d or � = �M ◦ j (for some M ∈ GLn), then tr(L) = 0;
for these isometries we necessarily have det(γ �

Q
(t)) = | det(M)| for every t ∈ R,

so that Min(�) ⊆ Pn(| det(M)|);
(b) if � = �M or � = �M ◦ j ◦ d (for some M ∈ GLn), then tr(L) =

2 ln(| det(M)|)
L

; when det(M) = ±1 for these isometries we get det(γ �
Q

(t)) =
det(Q) for every t ∈ R.

Proof Remember that we have det(exp(X)) = etr(X) for every X ∈ Mn .

First assume � = �M ◦ d; hence M
γ �
Q

(t)
(
det(γ �

Q
(t))

)2/n M
T = γ �

Q
(t + L) for every

t ∈ R.
So we get

(
det(M)

)2 = det(γ �
Q

(t)) · det (γ �
Q

(t + L)
)

for every t ∈ R, or,
equivalently,

e(2t+L)·tr(L) =
(
det(M)

)2

(
det(Q)

)2 for every t ∈ R. Differentiating with respect to t , we

obtain tr(L) = 0, from which it follows that det(γ �
Q

(t)) = det(Q) = | det(M)|
for every t ∈ R. The case � = �M ◦ j can be treated with similar arguments. This
concludes part (a).

Now assume � = �M ; from Mγ �
Q

(t)MT = γ �
Q

(t + L), by calculating their

respective determinants, we get
(
det(M)

)2 = eL·tr(L), and so tr(L) = 2 ln(| det(M)|)
L .

Then, if det(M) = ±1, we have tr(L) = 0, and this implies: det(γ �
Q

(t)) = det(Q)

for every t ∈ R. The case � = �M ◦ j ◦ d can be treated similarly, so part (b) is also
proved. ��
Proposition 3.13 Let M ∈ GLn be a matrix with det(M) = ±1 and let F be the
isometry of (Pn, g) defined as F := �M or as F := �M ◦ j ◦ d, so that F(Pn(c)) =
Pn(c) and the restriction f := F |Pn(c) is an arbitrary isometry of (Pn(c), g).

(i)We have: Min(F) = R
+ · Min( f ), Min( f ) = Min(F)∩Pn(c) and L( f ) =

L(F).

123



D. Pertici, A. Dolcetti

(ii) The isometries f and F are of the same type.
Furthermore, assume that f is hyperbolic (so F is hyperbolic too) and fix Q ∈

Min( f ).
(iii) The Q-axis of f is precisely the Q-axis of F, i.e. γ

f
Q (t) = γ F

Q (t), for every
t ∈ R.

(iv) For the Q-orthogonal spaces of F and f , we have:
YQ(F) = R

+ · YQ( f ) and YQ( f ) = YQ(F) ∩ Pn(c).

Proof Part (i) follows from the fact that Min(F) is a positive cone of Pn (see Propo-
sition 3.4 (b)), remembering that the map P �→ t · P is an isometry of (Pn, g), for
every t > 0. Part (ii) directly follows from part (i). Part (iii) follows from Proposition
3.12 (b). Finally, part (iv) directly follows from parts (i) and (iii). ��

The next Sections are devoted to determine the minimum sets and the relative
orthogonal spaces of all isometries of (Pn, g). As stated in Proposition 2.14, these are
always totally geodesic real analytic Hadamard submanifolds of (Pn, g). There are
many studies regarding totally geodesic submanifolds of (Pn, g); among them, we
refer to the classical contribution of Mostow [17] and to the recent paper of Tumpach
and Larotonda [23].

4 Semi-simple isometries of the form 0M

Remark-Definition 4.1 For convenience, let us fix on C any strict total ordering
(denoted by <) that extends the usual ordering of R, with the property that z1 < z2
implies μz1 < μz2 for all z1, z2 ∈ C, μ ∈ R

+, and such that λ < z for all λ ∈ R and
all z ∈ C\R.

Let M ∈ GLn be a matrix whose distinct real eigenvalues are : a1 of multiplicity
r1, a2 of multiplicity r2, up to ap of multiplicity rp, while its distinct pairs of non-
real eigenvalues are : ρ1e±iθ1 of multiplicity m1, ρ2e±iθ2 of multiplicity m2, up to
ρqe±iθq of multiplicity mq

(
θ1, . . . , θq ∈ (0, π)

)
, and assume a1 < a2 < · · · <

ar < ρ1eiθ1 < ρ2eiθ2 < · · · < ρqeiθq . So, it is uniquely determined the real matrix

�M :=
(⊕p

j=1(a j · Ir j )
)

⊕
(⊕q

h=1(ρh · Eθh )
⊕mh

)
.

Note that �M is a real Jordan form of the semi-simple part of the Jordan-
Chevalley decomposition of M ; so �M is a real Jordan form of M if and only if

M is semi-simple. From Lemma 1.5, we deduce that C(�M ) =
(⊕p

j=1 GL r j

)
⊕

(⊕q
j=1 ρ

(
GLm j (C)

))
, and therefore we have C(�M ) ∩ Pn = (⊕p

j=1 Pr j

) ⊕
(⊕q

j=1 ρ(Hm j )
)
.

By the polar decomposition Theorem (see e.g. [13, Thm. 7.3.1 p. 449]), there
exist a unique SM ∈ Pn and a unique RM ∈ On such that �M = SMRM . As is

known, we have SM =
√

�M�T
M =

(⊕p
j=1(|a j | · Ir j )

)
⊕

(⊕q
h=1(ρh · I2mh )

)
;

therefore the matrix SM belongs to the center of the group C(�M ); furthermore, if
we denote the n eigenvalues of M by η1, η2, . . . , ηn , then the n eigenvalues of SM are
|η1|, |η2|, . . . , |ηn|.
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Lemma 4.2 Fix M ∈ GLn, P0 ∈ Pn, and let �M ∈ GLn be as in Remark-Definition
4.1. The following three conditions are equivalent:

(i) M2P0(M
T )2 = MP0M

T P−1
0

MP0M
T ;

(ii) the matrix P−1/2
0

MP1/2
0

is normal;
(iii) there exists A0 ∈ GLn such that M = A0�M A−1

0
and P0 = A0 A

T
0
.

Proof The equivalence (i) ⇔ (ii) is just a simple calculation.
Now, if statement (ii) holds, by real spectral Theorem (see for instance [13, p. 136]),

the matrix M is semi-simple (so �M is a real Jordan form of M) and there exists
U0 ∈ On such that P−1/2

0
MP1/2

0
= U0�MUT

0
; henceM = (P1/2

0
U0)�M (P1/2

0
U0)

−1

and therefore we get (iii) with A0 = P1/2
0

U0 . The converse, (iii) ⇒(ii), follows from
the polar decomposition of A0 , after noting that �M is normal. This concludes the
proof. ��
Proposition 4.3 Fix M ∈ GLn and let �M be as in Remark-Definition 4.1.

(a) The isometry �M of (Pn, g) is elliptic if and only if the matrix M is semi-simple
and its real Jordan form �M is orthogonal.

(b) The isometry �M of (Pn, g) is hyperbolic if and only if the matrix M is semi-
simple and its real Jordan form �M is not orthogonal.

(c) The isometry �M of (Pn, g) is semi-simple if and only if the matrix M is semi-
simple.

(d) If the isometry �M is semi-simple, the following equality holds:
Min(�M ) = {

AAT : A ∈ GLn and M = A�M A−1
}
.

Proof Clearly, part (c) will be a trivial consequence of (a) and (b). Part (a) has been
already proved in [11, Prop. 3.1], while, in elliptic case, part (d) has been proved in
[11, Prop. 3.2].

Now, it remains to prove that the isometry�M is hyperbolic if and only if the matrix
M is semi-simple and �M is not orthogonal, and that, in this case, we have

Min(�M ) = {
AAT : A ∈ GLn and M = A�M A−1

}
.

Suppose that �M is hyperbolic and let P0 ∈ Min(�M ); so there is an axis of �M

passing through P0 . Keeping in mind Remark 2.6, there exist a geodesic c(t) =
P1/2
0

exp(t · V )P1/2
0

(with V ∈ Symn\{0}) and a real number b �= 0 such that, for
every t ∈ R, we have

(*) MP1/2
0

exp(t · V )P1/2
0

MT = P1/2
0

exp(t · V ) exp(b · V )P1/2
0

.
In particular, setting t = 0 and t = b in (*), we obtain, respectively :
(**) exp(b · V ) = P−1/2

0
MP0M

T P−1/2
0

;

(***) MP1/2
0

exp(b · V )P1/2
0

MT = P1/2
0

(
exp(b · V )

)2
P1/2
0

.
Now, from (**) and (***), we easily get : M2P0(M

T )2 = MP0M
T P−1

0
MP0M

T .
So, from Lemma 4.2, we obtain that there exists A0 ∈ GLn such that M = A0�M A−1

0

(i.e. M is semi-simple) and P0 = A0 A
T
0

(i.e.
{
AAT : A ∈ GLn and M =

A�M A−1
} ⊇ Min(�M )).Moreover, by part (a) thematrix �M cannot be orthogonal.

For the converse, assume that M is semi-simple and its real Jordan form �M is not
orthogonal. Let A0 ∈ GLn be such that M = A0�M A−1

0
and denote P0 := A0 A

T
0

∈
Pn . Since �M is not orthogonal, part (a) implies that P0 is not a fixed point of �M ,
i.e. P−1/2

0
MP0M

T P−1/2
0

∈ Pn\{In}; therefore V := log(P−1/2
0

MP0M
T P−1/2

0
) ∈

123



D. Pertici, A. Dolcetti

Symn\{0} and the geodesic c0(t) = P1/2
0

exp(t · V )P1/2
0

is non-constant. Fur-
thermore, by Lemma 4.2, we have M2P0(M

T )2 = MP0M
T P−1

0
MP0M

T . Now,
consider the two geodesics α(t) := �M (c0(t)) and β(t) := c0(t + 1). We
have : α(0) = MP0M

T = P1/2
0

exp(V )P1/2
0

= c0(1) = β(0), and α(1) =
Mc0(1)M

T = MP1/2
0

exp(V )P1/2
0

MT = M2P0(M
T )2 = MP0M

T P−1
0

MP0M
T =

P1/2
0

(
exp(V )

)2
P1/2
0

= P1/2
0

exp(2 · V )P1/2
0

= c0(2) = β(1).
Since (Pn, g) is a Hadamard manifold, we necessarily have α(t) = β(t) for every

t ∈ R, i.e. �M (c0(t)) = c0(t + 1) for every t ∈ R. By Remark 2.6, we conclude
that the image c0(R) is an axis of �M passing through P0 , so �M is hyperbolic and
P0 = A0 A

T
0
belongs to Min(�M ). This concludes the proof. ��

Remark 4.4 Let M be a semi-simple matrix of GLn and let λ ∈ R
+. Then the isome-

tries �M and �(λM) are both semi-simple and Min
(
�M

) = Min
(
�(λM)

)
.

This follows directly from Proposition 4.3 (c), (d), keeping in mind that �(λM) =
λ �M .

Clearly, parts (a), (b), (c) of Proposition 4.3 can be reformulated as follows :

Proposition 4.5 Let M ∈ GLn. The isometry �M of (Pn, g) is
(a) elliptic if and only if M is semi-simple and all of its eigenvalues have absolute

value 1;
(b) hyperbolic if and only if M is semi-simple and at least one of its eigenvalues

has an absolute value other than 1;
(c) parabolic if and only if M is not semi-simple.

Theorem 4.6 Let M ∈ GLn be such that �M is a semi-simple isometry of (Pn, g).
Consider the matrices �M ,SM ∈ GLn and the Lie group C(�M ) defined as in
Remark-Definition 4.1. Let A ∈ GLn be such that M = A�M A−1 (see Proposition
4.3 (c)).

(a)The translation lengthof �M is L(�M )=2 || log(SM )||=2
√∑n

j=1

(
ln(|η j |)

)2

where η1, η2, . . . , ηn are the n eigenvalues of M.
(b) ��M

is also a semi-simple isometry of (Pn, g) and Min(�M ) =
�A

(
Min(��M

)
)
. Moreover, we have Min(��M

) = C(�M )∩Pn = (⊕p
j=1 Pr j

)⊕
(⊕q

j=1 ρ(Hm j )
) = {P ∈ Pn : ��M

(P) = P1/2S2
M
P1/2}.

c) (Min(�M ), g) is a symmetric totally geodesic Hadamard submanifold of (Pn, g)

isometric to the Riemannian product
(∏p

j=1(Pr j , g)
)

×
(∏q

h=1(Hmh , 2 f )
)
.

Proof From the equality M = A�M A−1 we obtain �M = �A ◦ ��M ◦ (
�A

)−1.
Therefore, by Proposition 2.10 (i) we deduce that the isometry ��M

is also semi-
simple, and that furthermore we have Min(�M ) = �A

(
Min(��M

)
)
and L(��M

) =
L(�M ).

From Proposition 4.3 (d) (replacing M with �M ), we obtain :
Min(��M

) = {
BBT : B ∈ GLn and �M = B �M B−1

}
, or equivalently,

Min(��M
) = C(�M ) ∩ Pn =

(⊕p
j=1 Pr j

)
⊕

(⊕q
h=1 ρ(Hmh )

)
(see Remark-

Definition 4.1). So, if P ∈ Min(��M
) then P1/2 ∈ Min(��M

) too. Since S2
M
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belongs to the center of the group C(�M ), we have ��M
(P) = �M P�T

M
=

P�M�T
M

= P S2
M

= P1/2S2
M
P1/2 ; this proves the inclusion Min(��M

) ⊆ {P ∈
Pn : ��M

(P) = P1/2S2
M
P1/2}. From Recalls 3.1 (c), we get L(�M ) = L(��M

) =
d(P, ��M

(P)) = || log(S2
M
)|| = 2 || log(SM )|| = 2

√∑n
j=1

(
ln(|η j |)

)2
. This

proves part (a).
Let us now prove the reverse inclusion {P ∈ Pn : ��M

(P) = P1/2S2
M
P1/2} ⊆

Min(��M
). If P is any point of Pn such that ��M

(P) = P1/2S2
M
P1/2 , then we have

d(P, ��M
(P)) = || log(S2

M
)|| = L(��M

) , and so P ∈ Min(��M
). Therefore, part

(b) is fully proved.

Note thatMin(��M
)=G∩Pn,whereG :=

(⊕p
j=1 GL r j

)
⊕
(⊕q

j=1 ρ
(
GLm j (C)

))

is a Pn-compatible reductive closed subgroup of GLn . So, we get part (c) remember-
ing that �A is an isometry of (Pn, g) and keeping in mind Lemma 3.2 and Proposition
3.7. ��

5 Semi-simple isometries of the form 0M ◦ d

Remark-Definition 5.1 Given any matrix M ∈ GLn , we set π(M) := M

| det(M)|1/n .
Of course, det(π(M)) = ±1 and, if η1, η2, . . . , ηn are the n eigenvalues of M

then the n eigenvalues of π(M) are η1
| det(M)|1/n ,

η2
| det(M)|1/n , . . . ,

ηn
| det(M)|1/n . Moreover,

M is semi-simple if and only if π(M) is semi-simple, and (with the notations of
Remark-Definition 4.1) we have �π(M) = �M

| det(M)|1/n , Sπ(M) = SM
| det(M)|1/n .

Lemma 5.2 Given any matrix M ∈ GLn, the maps �M ◦ d and �π(M) are isometries
of (Pn, g) of the same type and L(�M ◦ d) = L(�π(M)).

Proof Wehave�M◦d = d◦�d(M), so
(
�M◦d)2 = �(M d(M)) = �(π(M))2 = (

�π(M)

)2;
therefore we conclude by Proposition 2.8. ��
Proposition 5.3 Let M ∈ GLn. The isometry �M ◦ d of (Pn, g) is

(a) elliptic if and only if M is semi-simple and its eigenvalues have the same absolute
value;

(b) hyperbolic if and only if M is semi-simple and its eigenvalues do not have the
same absolute value;

(c) parabolic if and only if M is not semi-simple.

Proof It is an easy consequence of Proposition 4.5 and Lemma 5.2, taking into account
Remark-Definition 5.1. ��
Proposition 5.4 Let M ∈ GLn be such that�M ◦d is a semi-simple isometry of (Pn, g)
and denote by η1, . . . , ηn the n eigenvalues of M. Then the translation length of �M ◦d
is L(�M ◦ d) = 2

√∑n
j=1

(
ln(

|η j |
| det(M)|1/n )

)2 = 2 || log ( SM
| det(M)|1/n

)||.
Proof ByLemma 5.2, the isometry�π(M) is semi-simple and L(�M ◦d) = L(�π(M)).

We conclude the proof by Theorem 4.6 (a), taking into account Remark-Definition
5.1. ��
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Proposition 5.5 Consider any semi-simple matrix M ∈ GLn and let A ∈ GLn be any
matrix such that M = A�M A−1 (remember the notations of Remark-Definition 4.1).

(a) The isometries �M ◦ d, �π(M) and �M are all semi-simple, and we have
Min(�M ◦ d) = Min(�π(M)) ∩ Pn

(| det(M)|) = Min(�M ) ∩ Pn
(| det(M)|).

(b) If the isometry � := �M ◦ d (and so also � ′ := �π(M)) is hyperbolic, then
for every point Q ∈ Min(�M ◦ d) we have γ �

Q
(t) = γ � ′

Q
(t) ( t ∈ R) (so every axis

of �M ◦ d is also an axis of �π(M)).

Proof By Propositions 4.3 (c) and 5.3, the isometries �M ◦ d, �π(M) and �M are all
semi-simple. We set L := L(�) = L(� ′) (where � := �M ◦ d, � ′ := �π(M)) .
From Remark 4.4, we deduce that Min(�π(M)) ∩ Pn

(| det(M)|) = Min(�M ) ∩
Pn

(| det(M)|).
Let us now prove the equality Min(�M ◦ d) = Min(�π(M)) ∩ Pn

(| det(M)|)
and that, if � (and therefore � ′) is hyperbolic, then γ �

Q
(t) = γ � ′

Q
(t) for every

Q ∈ Min(�M ◦ d), t ∈ R.
In the elliptic case the equality is proved in [11, Prop. 4.1 (2)]. Now, assume that �

(and so� ′) is hyperbolic. For any Q ∈ Min(�), consider the Q-axis γ �
Q

(t) of� . So,

we have
Mγ �

Q
(t)MT

(
det(γ �

Q
(t))

)2/n = γ �
Q

(t +L), while from Proposition 3.12 (a) we deduce that

det(γ �
Q

(t)) = det(Q) = | det(M)| for every t ∈ R. From these equalities we easily

obtain π(M) γ �
Q

(t) π(M)T = γ �
Q

(t+L) for all t ∈ R. Therefore γ �
Q

(t) = γ � ′
Q

(t) for

every t ∈ R, Q ∈ Min(� ′) , and γ �
Q

(R) is also an axis of the isometry � ′ = �π(M).
For the converse, assume that det(Q) = | det(M)| , Q ∈ Min(� ′) , so that we

have π(M) γ � ′
Q

(t) π(M)T = Mγ �′
Q

(t)MT

| det(M)|2/n = γ � ′
Q

(t + L) for every t ∈ R . Since

det(π(M)) = ±1, from Proposition 3.12 (b) we obtain det(γ � ′
Q

(t)) = det(Q) for

every t ∈ R ; so, we get (�M ◦ d)(γ � ′
Q

(t)) = Mγ �′
Q

(t)MT

(
det(γ �′

Q
(t))

)2/n = Mγ �′
Q

(t)MT

(
det(Q)

)2/n =
Mγ �′

Q
(t)MT

| det(M)|2/n = γ � ′
Q

(t + L) for every t ∈ R. Therefore Q ∈ Min(�M ◦ d), and

γ �
Q

(t) = γ � ′
Q

(t) ( t ∈ R ). ��

Notation 5.6 We denote by S
((∏p

j=1(Pr j , g)
)
×
(∏q

h=1(Hmh , 2 f )
))

the Rieman-

nian submanifold of the Riemannian product
(∏p

j=1(Pr j , g)
)
×
(∏q

h=1(Hmh , 2 f )
)
,

consisting of the elements (A1, . . . , Ap, B1, . . . , Bq) ∈
(∏p

j=1 Pr j

)
×
(∏q

h=1Hmh

)

such that
∏p

j=1 det(A j ) · ∏q
h=1(det(Bh))

2 = 1.

Theorem 5.7 Let M ∈ GLn be such that �M ◦ d is a semi-simple isometry of (Pn, g)
and assume that the eigenvalues of M and �M are as in Remark-Definition 4.1.
Choose A0 ∈ GLn such that M = A0�M A−1

0
with | det(A0)| = √| det(M)|. Then the

minimum set of �M ◦d is Min(�M ◦d) = �A0

(((⊕p
j=1 Pr j

)⊕(⊕q
h=1 ρ(Hmh )

))∩
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(
Pn(1)

))

and it is a symmetric totally geodesic Hadamard submanifold of (Pn, g)

isometric to S
((∏p

j=1(Pr j , g)
)

×
(∏q

h=1(Hmh , 2 f )
))

.

Proof From Proposition 5.5 (a), we have Min(�M ◦ d) = Min(�π(M)) ∩
Pn

(| det(M)|). So, by Proposition 2.2 (b), Min(�M ◦ d) is a symmetric totally
geodesicHadamard submanifold of (Pn, g), becauseMin(�π(M)) and Pn

(| det(M)|)
are both totally geodesic Hadamard submanifolds of (Pn, g). We also have π(M) =
A0 �π(M)A−1

0
; so, fromTheorem4.6 (b),weobtain Min(�π(M))=�A0

((⊕p
j=1 Pr j

)⊕
(⊕q

h=1 ρ(Hmh )
))
. Since det(A0) = ±√| det(M)| , we also have Pn

(| det(M)|) =
�A0

(Pn(1)
)
; consequently :

Min(�M ◦ d) = �A0

(((⊕p
j=1 Pr j

) ⊕ (⊕q
h=1 ρ(Hmh )

)) ∩
(
Pn(1)

))

. We

get the statement, since

(((⊕p
j=1 Pr j

) ⊕ (⊕q
h=1 ρ(Hmh )

)) ∩
(
Pn(1)

)
, g

)

and

S
((∏p

j=1(Pr j , g)
)

×
(∏q

h=1(Hmh , 2 f )
))

are clearly isometric Riemannian man-

ifolds and �A0
is an isometry of (Pn, g). ��

6 Semi-simple isometries of the form 0M ◦ j

Proposition 6.1 Let M ∈ GLn. The isometry �M ◦ j of (Pn, g) is
(a) elliptic if and only if MM−T is semi-simple and all of its eigenvalues have

absolute value equal to 1;
(b) hyperbolic if and only if MM−T is semi-simple and at least one of its eigenvalues

has absolute value different from 1;
(c) parabolic if and only if MM−T is not semi-simple.

Proof Since (�M ◦ j)2 = �(MM−T ), the statements follow from Propositions 2.8, 4.5.
��

Notations 6.2 (a) Let M ∈ GLn be such that �M ◦ j is a semi-simple isometry of
(Pn, g); then, as seen in Proposition 6.1, the matrix MM−T is semi-simple. Remem-
bering [13, pp. 294–295], we list and denote all distinct eigenvalues of MM−T , with
their multiplicity, as follows:

• 1, with multiplicity p ≥ 0 ;
• λ j and λ−1

j , both with multiplicity p j ≥ 1 , for j = 1, . . . , l1 ,
where every λ j ∈ R and 1 < λ1 < λ2 < · · · < λ l1 (when l1 ≥ 1) ;

• −1, with multiplicity 2q ≥ 0 ;
• −μ j and −μ−1

j , both with multiplicity q j ≥ 1 , for j = 1, . . . , l2 ,
where every μ j ∈ R and 1 < μ1 < μ2 < · · · < μl2 (when l2 ≥ 1) ;

• e±ψ j i, both with multiplicity t j ≥ 0,
r j1e

±ψ j i and r−1
j1

e±ψ j i, both with multiplicity s j1 ≥ 1 ,
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r j2e
±ψ j i and r−1

j2
e±ψ j i, both with multiplicity s j2 ≥ 1 , · · · up to

r jk j
e±ψ j i and r−1

jk j
e±ψ j i, both with multiplicity s jk j ≥ 1 ,

where every r jh ∈ R and 1 < r j1 < r j2 < · · · < r j k j
(when k j ≥ 1),

with the condition t j + k j ≥ 1 , for j = 1, . . . , l3, and finally,
where every ψ j ∈ R and 0 < ψ1 < ψ2 < · · · < ψ l3 < π (when l3 ≥ 1).

Clearly : p + 2
∑l1

j=1 p j + 2
(
q + ∑l2

j=1 q j
) + 2

∑l3
j=1

(
t j + ∑k j

h=1 2s jh
) = n .

So a real Jordan form �̂M of MM−T is as follows:

�̂M :=
[
Ip
]

⊕
[

l1⊕

j=1

[(
λ j I p j ) ⊕ (λ−1

j I p j

)]
]

⊕
[

− I2q
]

⊕
[

l2⊕

j=1

[( − μ j Iq j ) ⊕

(−μ−1
j Iq j

)]
]

⊕
[

l3⊕

j=1

[(
E

⊕t j
ψ j

)
⊕
( k j⊕

h=1

[(
r jh E

⊕s jh
ψ j

) ⊕ (r−1
jh

E
⊕s jh
ψ j

)])]
]

.

Since MM−T is semi-simple, we can fix ZM ∈ GLn such that MM−T =
ZM �̂M Z−1

M
.

(b) As usual, we now denote by C( �̂M ) the closed subgroup of GLn consisting of
all matrices of GLn that commute with �̂M . Remembering Lemma 1.5, we obtain:

C( �̂M ) =
[
GL p

]
⊕
[ l1⊕

j=1

(
GL pj ⊕ GL pj

)]⊕
[
GL2q

]
⊕
[ l2⊕

j=1

(
GLq j ⊕ GLq j

)]

⊕
[

l3⊕

j=1

[(
ρ
(
GL t j (C)

))⊕
( k j⊕

h=1

[
ρ
(
GL s jh

(C)
)⊕ ρ

(
GL s jh

(C)
)])]

]

,

where ρ is the decomplexification map. Therefore, it is clear that C( �̂M ) is a Pn-
compatible reductive closed subgroup of GLn and that we have :

C( �̂M ) ∩ Pn =
[
Pp

]
⊕
[ l1⊕

j=1

(Pp j ⊕ Pp j

)] ⊕
[
P2q

]
⊕
[ l2⊕

j=1

(Pq j ⊕ Pq j

)]

⊕
[

l3⊕

j=1

[(
ρ
(H t j

)) ⊕
( k j⊕

h=1

[
ρ
(H s jh

) ⊕ ρ
(H s jh

)])]
]

.

By the polar decomposition Theorem, there exists a unique DM ∈ C( �̂M ) ∩ Pn

and a unique OM ∈ C( �̂M ) ∩ On such that �̂M = DMOM . Clearly, we have:

DM =
[
Ip
]
⊕
[

l1⊕

j=1

[(
λ j I p j )⊕(λ−1

j I p j

)]
]

⊕
[
I2q

]
⊕
[

l2⊕

j=1

[(
μ j Iq j )⊕(μ−1

j Iq j

)]
]

⊕
[

l3⊕

j=1

[(
I 2t j

)
⊕
( k j⊕

h=1

[(
r jh I 2s jh ) ⊕ (r−1

jh
I 2s jh

)]
)]]

,

OM =
[
Ip′

]
⊕
[

− I2q ′
]

⊕
[

l3⊕

j=1

(
E

⊕s′j
ψ j

)
]

, where we set:

p′ := p+2
∑l1

j=1 p j (i.e. p′ is the total number of positive eigenvalues ofMM−T ,
counted with their multiplicities),

q ′ := q+∑l2
j=1 q j (i.e. 2q ′ is the total number of negative eigenvalues of MM−T ,

counted with their multiplicities), and
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s′
j := t j + ∑k j

h=1 2s jh (i.e. s′
j is the total number of non-real eigenvalues of

MM−T having argument ψ j ∈ (0, π), counted with their multiplicities), for every
j = 1, . . . , l3 .
Denoting the n eigenvalues of MM−T by σ1, σ2, . . . , σn , the n eigenvalues of

DM are |σ1|, |σ2|, . . . , |σn|. Looking at their expressions, it is clear that all matri-
ces �̂M , DM ,

√DM , D−1/2
M

, OM belong to the center of the group C( �̂M ) .
We also note that C(OM ) = {A ∈ GLn : AOM = OM A} = GL p′ ⊕ GL2q ′ ⊕(⊕l3

j=1 ρ
(
GL s′j (C)

))
; therefore : C(OM )∩Pn = Pp′ ⊕P2q ′ ⊕

(⊕l3
j=1 ρ

(H s′j
))

.

Proposition 6.3 Let M ∈ GLn be such that �M◦j is a semi-simple isometry of (Pn, g);
let DM ∈ Pn be as in Notations 6.2 (b) and let us denote with σ1, σ2, . . . , σn the n

eigenvalues of MM−T . Then: L(�M ◦ j) = || log(DM )|| =
√∑n

j=1

(
ln(|σ j |)

)2
.

Proof The equality (�M ◦ j)2 = �(MM−T ) , Proposition 2.8 and Theorem 4.6 (a) imply
the statement. ��
Proposition 6.4 Let M ∈ GLn be such that �M ◦ j is a semi-simple isometry of
(Pn, g) ; consider the matrices �̂M ,DM ,OM and the Lie group C( �̂M ) defined
in Notations 6.2 . Let ZM ∈ GLn be such that MM−T = ZM �̂M Z−1

M
and set

M̂ := Z−1
M

MZ−T
M

. Then
(a) �M̂ ◦ j is a semi-simple isometry of (Pn, g) and Min(�M ◦ j) =

�ZM

(
Min(�M̂ ◦ j)

)
;

(b) Min(�M̂ ◦ j) = {P ∈ Pn : (�M̂ ◦ j)(P) = P1/2DM P1/2} ⊆ C( �̂M ) ∩ Pn ;
(c) fix P0 ∈ Min(�M̂◦j); then there exists Q0 ∈ On such that M̂ = √DM N0 J0N

T
0

,

where N0 = P1/2
0

Q0 and J0 is an orthogonal square root of OM of the following

form: J0 :=
[
I p̂
]

⊕
[

− I(p′− p̂)

]
⊕
[
E

⊕ q′
π/2

]
⊕
[ l3⊕

j=1

((
E

⊕̂s j

ψ j /2

) ⊕ ( − E
⊕(s′j −̂s j )

ψ j /2

))]
,

for some p̂ ∈ {0, 1, . . . , p′}, ŝ j ∈ {0, 1, . . . , s′
j } (for every j = 1, . . . , l3);

(d) if N0 is thematrix defined in (c), thenwe canwrite N0 = S⊕T⊕(⊕l3
j=1 ρ(Y j )

)
,

for some S ∈ GL p′ , T ∈ GL2q ′ , Y j ∈ GL s′j (C) (for every j = 1, . . . , l3) .

Proof (a) Since �Z−T
M

◦ j = j ◦ �ZM
, we have �M̂ ◦ j = �Z −1

M
◦ �M ◦ j ◦ �ZM

.

So, from Proposition 2.10 (i), we get that �M̂ ◦ j is semi-simple, Min(�M ◦ j) =
�ZM

(
Min(�M̂ ◦ j)

)
, and L(�M ◦ j) = L(�M̂ ◦ j). Therefore, part (a) is proved.

(b) First of all, note that we have M̂ M̂−T = Z−1
M

MM−T ZM = �̂M = DMOM =
OMDM .

Note also that: Min(�M̂ ◦ j) ⊆ Min(��̂M
) ⊆ C( �̂M ) ∩ Pn . Indeed, the

first inclusion follows from Proposition 2.8, taking into account that (�M̂ ◦ j)2 =
�M̂ M̂−T = ��̂M

; while, for the second inclusion, we note that, for every P ∈
Min(��̂M

), by Proposition 4.3 (d) there exists W ∈ GLn such that P = WWT

and �̂M = W �̂MW
−1, i.e. W �̂M = �̂MW ; so W ∈ C( �̂M ), and consequently

P = WWT , P1/2, P−1/2 ∈ C( �̂M ) ∩ Pn .
If the isometry �M̂ ◦ j is elliptic, then (�M̂ ◦ j)2 = ��̂M

is also elliptic and so �̂M

is orthogonal; therefore we have DM = In and part (b) is trivial.
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Now, assume that the isometry �M̂ ◦ j is hyperbolic and let P ∈ Min(�M̂ ◦ j). As
seen above, P, P1/2, P−1/2 ∈ C( �̂M )∩Pn , so P, P1/2, P−1/2 also commute with
DM ,

√DM , D−1/2
M

, OM . Denote by c(t) = P1/2 exp(t ·L)P1/2 (with L ∈ Symn\{0})
the non-constant geodesic of (Pn, g) passing through P whose image c(R) is an axis
of �M̂ ◦ j. So there exists a real number b �= 0 such that

(*) (�M̂ ◦ j) (c(t)) = c(t + b), for every t ∈ R, i.e.
M̂ P−1/2 exp(−t · L)P−1/2M̂T = P1/2 exp(t · L) exp(b · L)P1/2 , for every t ∈ R.

In particular, for t = 0 we get b · L = log(P−1/2M̂ P−1M̂T P−1/2). If we set A :=
P−1/2M̂ P−1/2, we have b · L = log(AAT ). Denoting with A = DO (with D ∈ Pn

andO ∈ On) the polar decomposition ofA , we can write AAT = D 2, so that b ·L =
log(D 2) = 2 · log(D). Since (�M̂ ◦ j)2 = ��̂M

, from (*) we obtain ��̂M
(c(t)) =

c(t + 2b), for every t ∈ R. In particular, for t = 0 we get DMOM PO T
M
DM =

�̂M P
(
�̂M

)T = P1/2 exp(2b · L)P1/2 = P1/2 exp
(
4 · log(D)

)
P1/2 = P1/2D 4P1/2.

Since P1/2 commutes with bothDM andOM , from the previous equality we conclude
that D2

M
= D 4, i.e. D2 = DM , i.e. D = √DM . So, by setting t = 0 in (*), we get

(�M̂ ◦ j) (P) = P1/2D2P1/2 = P1/2DM P1/2.We conclude thatMin(�M̂ ◦ j) ⊆ {P ∈
Pn : (�M̂ ◦ j)(P) = P1/2DM P1/2} .

Conversely, if (�M̂ ◦ j) (P) = P1/2DM P1/2, by Recalls 3.1 (c) and Proposition
6.3, we have d((�M̂ ◦ j) (P), P) = || log(DM )|| = L(�M̂ ◦ j) . Consequently P ∈
Min(�M̂ ◦ j) and this concludes the proof of part (b).

c) Fix P0 = W0W
T
0

∈ Min(�M̂ ◦ j), with W0 ∈ C( �̂M ), and set A0 :=
P−1/2
0

M̂ P−1/2
0

. Let A0 = D0O0 = O0D̂0 be the polar decompositions of the

matrix A0 (where we have D0 =
√
A0AT

0
, D̂0 =

√
AT

0
A0 ∈ Pn and O0 ∈ On). In

part (b) we proved that, if �M̂ ◦ j is hyperbolic, then D0 = √DM . This is trivially
true even if �M̂ ◦ j is elliptic, since in this case the matrices A0AT

0
, D0 , DM are

necessarily all equal to In .
Claim. We have O 2

0
= OM .

First assume that �M̂ ◦ j is elliptic. As seen before, in this case : D0 = DM = In,
and so : M̂ = P1/2

0
O0 P

1/2
0

. Since P1/2
0

and OM commute, then P1/2
0

OM P−1/2
0

=
OM = �̂M = M̂ M̂−T = P1/2

0
O0 P

1/2
0

P−1/2
0

O−T
0

P−1/2
0

= P1/2
0

O2
0
P−1/2
0

. Clearly,
this implies the Claim.

Now suppose that �M̂ ◦j is hyperbolic. From the equalityD0 = √DM it follows that
O0 = D−1/2

M
A0 = D−1/2

M
P−1/2
0

M̂ P−1/2
0

= P−1/2
0

D−1/2
M

M̂ P−1/2
0

, because D−1/2
M

and P−1/2
0

commute. In the proof of part (b) we saw that the axis of (�M̂ ◦ j) passing
through P0 is the image of the geodesic c0(t) := P1/2

0
exp

( t
b · log(A0AT

0
)
)
P1/2
0

(with t ∈ R), for some b ∈ R. Therefore, the equality (*) for t = b (with c0 in
place of c) becomes M̂ P−1/2

0
exp

(−log(A0AT
0
)
)
P−1/2
0

M̂T = P1/2
0

(A0AT
0
)2P1/2

0
,or

equivalently A0

(A0AT
0

)−1AT
0

= A0AT
0
A0AT

0
; so D−1

M
= (A0AT

0

)−1 = AT
0
A0 =

D̂ 2
0
. We conclude that D̂0 = D−1/2

M
, so we can write A0 = O0D−1/2

M
(as well as

A0 = D 1/2
M

O0 ).
Now let W0 = P1/2

0
H0 (with H0 ∈ On) be the polar decomposition of W0 . It is

clear that H0 , H
T
0

∈ C( �̂M )∩On , so, in particular, HT
0
commutes withDM andOM .
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Therefore,wehave DMOM = �̂M = W−1
0

�̂MW0 = HT
0
P−1/2
0

M̂ M̂−T P1/2
0

H0 =
HT

0

(
P−1/2
0

M̂ P−1/2
0

)(
P1/2
0

M̂−T P1/2
0

)
H0 = HT

0
A0A−T

0
H0 = HT

0
D 1/2

M
O0(D1/2

M
O0

)−T
H0 = HT

0
D 1/2

M
(O0D−1/2

M
)O0H0 = HT

0
D 1/2

M
(D 1/2

M
O0)O0H0 =

HT
0
DMO 2

0
H0 = DM HT

0
O 2

0
H0 .

This implies :OM = HT
0
O 2

0
H0 , i.e. O 2

0
= H0OM HT

0
= OM , because H0OM =

OM H0 . This concludes the proof of the Claim. The proof proceeds as follows.
From the equality O 2

0
= OM we deduce that a real Jordan form J0 of O0 is of the

form :

J0 :=
[
I p̂
]

⊕
[

− I(p′− p̂)

]
⊕
[
E

⊕ q′
π/2

]
⊕
[ l3⊕

j=1

((
E

⊕̂s j

ψ j /2

) ⊕ ( − E
⊕(s′j −̂s j )

ψ j /2

))]
,

for some p̂ ∈ {0, 1, . . . , p′}, ŝ j ∈ {0, 1, . . . , s′
j } (for every j = 1, . . . , l3), where

J0 is a suitable orthogonal square root of OM . So there exists Q0 ∈ On such that
O0 = Q0 J0Q

T
0
; then D−1/2

M
M̂ = D−1/2

M
P1/2
0

A0 P
1/2
0

= P1/2
0

D−1/2
M

D0O0 P
1/2
0

=
P1/2
0

O0 P
1/2
0

= N0 J0N
T
0

, where N0 := P1/2
0

Q0 . Therefore M̂ = √DM N0 J0N
T
0

and this concludes part (c).
(d) In part (c) we saw that OM = O 2

0
= (Q0 J0Q

T
0
)2 = Q0 J

2
0
QT

0
= Q0OM QT

0
.

So Q0 (as well as P1/2
0

) commutes with OM . We conclude that N0 = P1/2
0

Q0 also
commutes with OM . Therefore N0 can be written as in the statement of part (d). ��
Theorem 6.5 Let M ∈ GLn be such that �M ◦ j is a semi-simple isometry of (Pn, g);
denote the eigenvalues of MM−T (with their multiplicities) as in Notations 6.2 and let

ZM ∈ GLn, N0 = S⊕T⊕(⊕l3
j=1 ρ(Y j )

) ∈ GL p′⊕GL2q ′⊕
(⊕l3

j=1 ρ
(
GL s′j (C)

))

be as defined by Proposition 6.4.
(1) We have Min(�M ◦ j) = �ZM

(SM ), where

SM :=
[(

(Pp
) ⊕

(
l1⊕

j=1
Pp j

)

⊕
(

l1⊕

j=1
Pp j

))

∩
(
�S

(
(SO+

( p̂, p′− p̂)) ∩ (Pp′)
))
]

⊕
[((P2q

) ⊕
(

l2⊕

j=1
Pq j

)

⊕
(

l2⊕

j=1
Pq j

))
∩
(
�T

(
(Sp2q ′) ∩ (P2q ′)

))
]

⊕
[

l3⊕

j=1

([(
P 2t j

)
⊕
( k j⊕

h=1

(P 2s jh
⊕P 2s jh

))
]

∩
[
�

ρ(Y j )

(
ρ
(
(U(̂s j , s′j −̂s j ))∩(Hs′j )

))]
)]

,

for some p̂ ∈ {0, 1, . . . , p′}, ŝ j ∈ {0, 1, . . . , s′
j } (for every j = 1, . . . , l3).

(2) The set Min(�M ◦ j) is a symmetric totally geodesic Hadamard submanifold
of (Pn, g) contained in Pn(| det(M)|).
Proof In this proof, we will use the same notations as in Proposition 6.4.

If P ∈ Min(�M̂ ◦ j), then
√DM and P1/2 commute; so Proposition 6.4 (a), (b)

implies : Min(�M ◦ j) = �ZM

({P ∈ C( �̂M ) ∩Pn : (�M̂ ◦ j)(P) = √DM P
√DM }).

From Proposition 6.4 (c) we have : M̂ = √DM N0 J0N
T
0
, so the condition (�M̂ ◦

j)(P) = √DM P
√DM is equivalent to the condition (N0 J0N

T
0

)P−1(N0 J
T
0
NT

0
) =

P , or, equivalently, to the condition J0 = (
N−1

0
PN−T

0

)
J0
(
N−1

0
PN−T

0

) =
�N−1

0
(P)J0 �N−1

0
(P) = QJ0Q, where Q := �N−1

0
(P). Note that the matri-

ces N0 , N−1
0

, N−T
0

commute with OM and that C( �̂M ) ⊆ C(OM ); therefore, if
P ∈ C( �̂M ) ∩ Pn we have Q = �N−1

0
(P) ∈ C(OM ) ∩ Pn . Therefore, we
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can conclude that
{
P ∈ C( �̂M ) ∩ Pn : (�M̂ ◦ j)(P) = √DM P

√DM

} =
{
P ∈ C( �̂M ) ∩ Pn : P = �N0

(Q), with QJ0 Q = J0 and Q ∈ C(OM ) ∩ Pn
}
.

By Notations 6.2 (b), if Q ∈ C(OM ) ∩ Pn there exist Q1 ∈ Pp′ , Q2 ∈ P2q ′ ,

K j ∈ Hs′j (for j = 1, . . . , l3) such that Q = Q1 ⊕ Q2 ⊕ (⊕l3
j=1 ρ(K j )

)
.

Claim. Let Q = Q1 ⊕ Q2 ⊕ (⊕l3
j=1 ρ(K j )

)
(with Q1 ∈ Pp′ , Q2 ∈ P2q ′ ,

K j ∈ Hs′j for every j = 1, . . . , l3). Recalling the expression of J0 (see Proposition
6.4 (c)), the following conditions (a) and (b) are equivalent:

a) QJ0Q = J0 b)

⎧
⎪⎨

⎪⎩

b1) Q1 ∈ (
SO+

( p̂, p′− p̂)

) ∩ (Pp′
) ;

b2) Q2 ∈ (
Sp2q ′

) ∩ (P2q ′
) ;

b3) K j ∈ (
U(̂s j , s′j −̂s j )

) ∩ (Hs′j
)
for j = 1, . . . , l3 .

Clearly, condition (a) is equivalent to the following three equalities :
a1) Q1

(
(I p̂) ⊕ (−I(p′− p̂))

)
Q1 = (I p̂) ⊕ (−I(p′− p̂)) ;

a2) Q2
(
E

⊕ q′
π/2

)
Q2 = E

⊕ q′
π/2

;

a3) ρ(K j )
((

E
⊕̂s j

ψ j /2

) ⊕ ( − E
⊕(s′j −̂s j )

ψ j /2

))
ρ(K j ) = (

E
⊕̂s j

ψ j /2

) ⊕ ( − E
⊕(s′j −̂s j )

ψ j /2

)

j = 1, . . . , l3.
Note that SO( p̂, p′− p̂) is a reductive algebraic subgroup ofGL p′ , so Proposition 3.8

(b) implies that
(
SO( p̂, p′− p̂)

)∩(Pp′
) = (

SO+
( p̂, p′− p̂)

)∩(Pp′
)
.Therefore, taking into

account that the matrices Q1 and Q2 are symmetric and positive definite, we obtain
that (a1) is equivalent to (b1) and (a2) is equivalent to (b2). It remains to be seen that

(a3) is equivalent to (b3). Fix any j ∈ {1, . . . , l3}. Since Eψ j /2 = ρ(e
ψ j
2 i), we have

(
E

⊕̂s j

ψ j /2

) ⊕ ( − E
⊕(s′j −̂s j )

ψ j /2

) = ρ
(
e

ψ j
2 i · [( Îs j ) ⊕ (−I(s′j −̂s j ))]

)
. Furthermore, the

decomplexificatiom map ρ is a monomorphism of R-algebras, so the condition

ρ(K j )
((

E
⊕̂s j

ψ j /2

)⊕(−E
⊕(s′j −̂s j )

ψ j /2

))
ρ(K j ) = (

E
⊕̂s j

ψ j /2

)⊕(−E
⊕(s′j −̂s j )

ψ j /2

)
is equivalent

to the condition K j

(
( Îs j )⊕(−I(s′j −̂s j ))

)
K j = ( Îs j )⊕(−I(s′j −̂s j )) (with K j = K

T
j ),

i.e. to the condition K j ∈ (
U(̂s j , s′j −̂s j )

) ∩ (Hs′j
)
.

Hence (a3) is equivalent to (b3) and this concludes the proof of the Claim.
When Q ∈ C(OM ) ∩ Pn we have P := �N0

(Q) = �S (Q1) ⊕ �T (Q2) ⊕
(⊕l3

j=1 �
ρ(Y j )

(ρ(K j )
))

. Therefore, from the Claim we have : QJ0 Q = J0 if and

only if P belongs to the set[
�S

(
(SO+

( p̂, p′− p̂)) ∩ (Pp′)
)] ⊕

[
�T

(
(Sp2q ′) ∩ (P2q ′)

)]

⊕
[ l3⊕

j=1

[
�

ρ(Y j )

(
ρ((U(̂s j , s′j −̂s j )) ∩ (Hs′j ))

)]]
.

So, recalling Notations 6.2 (b), we have Min(�M ◦ j) = �ZM
(SM ), where

SM :=
[((

Pp

)

⊕
(

l1⊕

j=1
Pp j

)

⊕
(

l1⊕

j=1
Pp j

))

∩
(
�S

(
(SO+

( p̂, p′− p̂)) ∩ (Pp′)
))
]

⊕
[((

P2q

)

⊕
(

l2⊕

j=1
Pq j

)

⊕
(

l2⊕

j=1
Pq j

))

∩
(
�T

(
(Sp2q ′) ∩ (P2q ′)

))
]
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⊕
[

l3⊕

j=1

([(
ρ
(H t j

))⊕
( k j⊕

h=1

[
ρ
(H s jh

)⊕ρ
(H s jh

)]
)]

∩
[
�

ρ(Y j )

(
ρ((U(̂s j , s′j −̂s j ))∩

(Hs′j ))
)]
)]

.

Since ρ(Hh) = ρ(GLh(C))∩P2h (for h ≥ 1), we obtain the statement of part (1).
LetG1 := (

GL p
)⊕(⊕l1

j=1 GL pj

)⊕(⊕l1
j=1 GL pj

)⊕(
GL2q

)⊕(⊕l2
j=1 GLq j

)⊕
(⊕l2

j=1 GLq j

) ⊕
(
⊕l3

j=1

[(
GL 2t j

)
⊕
(⊕k j

h=1

(
GL 2s jh

⊕ GL 2s jh

))]
)

and G2 :=
(
SO+

( p̂, p′− p̂)

)
⊕
(
Sp2q ′

)
⊕
(⊕l3

j=1 ρ(U(̂s j , s′j −̂s j ))
)
.

Keeping in mind Proposition 3.8, we deduce that G1 and G2 are Pn-compatible
reductive closed subgroups of GLn ; hence, by Proposition 3.7, both G1 ∩ Pn and
G2∩Pn are totally geodesicHadamard submanifolds of (Pn, g). Since the congruences
are isometries of (Pn, g), also �ZM

(G1 ∩ Pn) and �ZM N0
(G2 ∩ Pn) are both totally

geodesic Hadamard submanifolds of (Pn, g). By part (1), we have
(
�ZM

(G1∩Pn)
)
∩

(
�ZM N0

(G2 ∩ Pn)
)

= Min(�M ◦ j) �= ∅. Therefore, by Proposition 2.2 (b), the

set Min(�M ◦ j) is a symmetric totally geodesic Hadamard submanifold of (Pn, g).
Finally, remembering Proposition 3.12 (a), we obtain the inclusion Min(�M ◦ j) ⊆
Pn(| det(M)|). So the proof is complete. ��

7 Semi-simple isometries of the form 0M ◦ j ◦ d

Remark 7.1 A key point of this Section is to prove that, for every M ∈ GLn , we have:
Min

(
�M ◦ j ◦ d

) = R
+ · Min

(
�M ◦ j

)
(see Proposition 7.9 (c)). We have already

proved this result when �M ◦ j ◦ d is elliptic ( [11, Prop, 6.2]): in that case the
isometry �M ◦ j is elliptic too. Instead, when �M ◦ j ◦ d is hyperbolic, the isometry
�M ◦ j can be either elliptic or hyperbolic (see Remark 7.3).

Proposition 7.2 Let M ∈ GLn. The isometry �M ◦ j ◦ d of (Pn, g) is
(a) elliptic if and only if MM−T is semi-simple and all its eigenvalues have absolute

value equal to | det(M)|−2/n;
(b) hyperbolic if and only if MM−T is semi-simple and at least one of its eigenvalues

has absolute value different from | det(M)|−2/n;
(c) parabolic if and only if MM−T is not semi-simple.

Proof Since (�M ◦ j◦d)2 = �(M [d(M)]−T ), by Proposition 2.8 the isometries �M ◦d◦ j
and�(M [d(M)]−T ) are of the same type.We have M

(
d(M)

)−T = | det(M)|2/nMM−T ;

so the matrix M
(
d(M)

)−T is semi-simple if and only if MM−T is semi-simple ;
moreover, if the n eigenvalues of MM−T are σ1, σ2, . . . , σn , then the n eigenvalues of
M
(
d(M)

)−T are | det(M)|2/nσ1, | det(M)|2/nσ2, . . . , | det(M)|2/nσn . We conclude
by Proposition 4.5. ��
Remark 7.3 Keeping in mind Propositions 6.1 and 7.2, we easily deduce that, for
every M ∈ GLn , the isometry �M ◦ j ◦ d is semi-simple if and only if the isometry
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�M ◦ j is also semi-simple. However, if �M ◦ j ◦ d is hyperbolic, �M ◦ j is not

necessarily hyperbolic. Indeed, consider for example the matrices M1 =
(
1 1
0 −1

)

and

M2 =
(
2 0
0 2

)

. From Proposition 7.2, we easily obtain that �M1 ◦ j ◦ d and �M2 ◦ j ◦ d
are both hyperbolic isometries of P2, while, from Proposition 6.1 we deduce that the
isometry �M1 ◦ j is hyperbolic and the isometry �M2 ◦ j is elliptic.

Notations 7.4 Let M ∈ GLn . In this Section we will use exactly the same notations,
relating to the matrix MM−T , as in Notations 6.2.

Proposition 7.5 Let M ∈ GLn. Then
(a) �M ◦ j◦d is a semi-simple isometry of (Pn, g) if and only if the matrix MM−T

is semi-simple;
(b) if the isometry �M ◦ j ◦ d is semi-simple and σ1, . . . , σn are the n eigen-

values of MM−T , then L
(
�M ◦ j ◦ d

) =
√
∑n

j=1

(
ln
(| det(M)|2/n · |σ j |

))2 =
|| log (| det(M)|2/n · DM

)||.
Proof Part (a) follows from Proposition 7.2.

The statement of part (b) easily follows fromTheorem4.6 (a) and from the equalities

L
(
�M ◦ j ◦ d) = L

(
(�M ◦ j ◦ d)2

)

2
= L

(
�(M [d(M)]−T )

)

2
= L

(
�(| det(M)|2/nMM−T )

)

2
. ��

Remark 7.6 For every λ �= 0 and every M ∈ GLn the isometry �M ◦ j ◦ d is
semi-simple if and only if the isometry �(λM) ◦ j ◦ d is semi-simple too.

This follows from Proposition 7.2 by remarking that (λM)(λM)−T = MM−T .

Proposition 7.7 Let M ∈ GLn be such that the isometry�M ◦j◦d is semi-simple. Then

Min(�M ◦ j) = Min(�π(M) ◦ j ◦ d) ∩ Pn(| det(M)|), where π(M) := M

| det(M)|1/n .

Proof The isometries �M ◦ j ◦ d, �π(M) ◦ j ◦ d and �M ◦ j are all semi-
simple (remember Remarks 7.3 and 7.6). We have the inclusion: Min(�M ◦ j) ⊆
Pn(| det(M)|). Indeed, if �M ◦ j is hyperbolic, it follows from Proposition 3.12 (a);
while, if �M ◦ j is elliptic, the set Min(�M ◦ j) consists of the points P ∈ Pn such
that MP−1MT = P , and clearly these points have determinant equal to | det(M)|.

Nowwe prove the inclusion :Min(�M ◦ j) ⊆ Min(�π(M)◦ j ◦ d). It is easy to check
that the maps �M ◦ j and �π(M) ◦ j ◦ d overlap on the submanifold Pn(| det(M)|).
Moreover, we have L

(
�M ◦ j

) = L
(
�π(M) ◦ j ◦ d

)
, by Propositions 6.3, 7.5. If

P ∈ Min(�M ◦ j), then d
(
P, (�M ◦ j)(P)

) = L
(
�M ◦ j

)
and, as seen above,

P ∈ Pn(| det(M)|). Therefore, d(P, (�π(M) ◦ j ◦ d)(P)
) = d

(
P, (�M ◦ j)(P)

) =
L
(
�M ◦ j

) = L
(
�π(M) ◦ j ◦ d

)
, so P belongs to Min(�π(M) ◦ j ◦ d) and from this

we get the requested inclusion. With similar arguments we get the reverse inclusion :
Min(�π(M) ◦ j ◦ d) ∩ Pn(| det(M)|) ⊆ Min(�M ◦ j). ��
Proposition 7.8 Let M ∈ GLn be such that �M ◦ j ◦ d is a semi-simple isometry of
(Pn, g); consider thematrices �̂M ,DM and the Lie group C( �̂M ) defined in Notations
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6.2. Fix ZM ∈ GLn such that MM−T = ZM �̂M Z−1
M

and set M̃ := | det(ZM )|2/n ·
Z−1

M
MZ−T

M
. Then the following statements hold :

(a) the isometry �M̃ ◦ j ◦ d is semi-simple and Min
(
�M ◦ j ◦ d

) = �ZM

(
Min

(
�M̃ ◦

j ◦ d
))
;

(b) Min
(
�M̃ ◦ j ◦ d

) = {P ∈ Pn : (�M̃ ◦ j ◦ d)(P) = | det(M)|2/n P1/2DM P1/2}
and Min

(
�M̃ ◦ j ◦ d

) ⊆ C( �̂M ) ∩ Pn .

Proof By standard calculationswe easily get that �M̃◦ j ◦ d = �Z −1
M

◦�M◦ j ◦ d ◦�ZM
,

where M̃ := | det(ZM )|2/n ·Z−1
M

MZ−T
M

.Consequently, Proposition 2.10 (i) implies
that Min

(
�M ◦ j ◦ d

) = �ZM

(
Min

(
�Z −1

M
◦�M ◦ j ◦ d ◦�ZM

)) = �ZM

(
Min

(
�M̃ ◦

j ◦ d
))
, L(�M ◦ j ◦ d) = L(�M̃ ◦ j ◦ d) and �M̃ ◦ j ◦ d is semi-simple. Therefore,

part (a) is proved.
For part (b), first of all note that

(
�M̃ ◦ j ◦ d

)2 = �M̃ [d(M̃)]−T = �(| det(M)|2/n · �̂M ),

since we have det(M̃) = det(M) and M̃ M̃−T = �̂M . Proposition 4.3 (d) and

inclusion Min
(
�M̃ ◦ j ◦ d

) ⊆ Min
((

�M̃ ◦ j ◦ d
)2) = Min

(
�(| det(M)|2/n · �̂M )

)
imply

that, if P ∈ Min
(
�M̃ ◦ j ◦ d

)
, there exists a suitable matrix V ∈ GLn such that

P = VV T and | det(M)|2/n · �̂M = V (| det(M)|2/n · �̂M )V−1, i.e. V �̂M = �̂M V .
Therefore, V ∈ C( �̂M ) and P = VV T , P1/2, P−1/2 ∈ C( �̂M ) ∩ Pn .

If �M ◦ j ◦ d is elliptic, then �M̃ ◦ j ◦ d is also elliptic; moreover, by Proposition
7.2 (a) we have DM = | det(M)|−2/n · In; so part (b) is trivially true.

Now assume that �M ◦ j◦d is hyperbolic; therefore, �M̃ ◦ j ◦ d is also hyperbolic.
Let P ∈ Min

(
�M̃ ◦ j ◦ d

)
. Arguing as in the proof of Proposition 6.4 (b), let β(t) =

P1/2 exp(t · L̃)P1/2 (with L̃ ∈ Symn\{0}) be a geodesic of (Pn, g) such that there
exists b0 ∈ R\{0} such that we have

(�)
(
�M̃ ◦ j ◦ d

)
(β(t)) = β(t + b0), for every t ∈ R, i.e.

(det(P))2/n e2t ·tr(L̃)/n · M̃ P−1/2 exp(−t · L̃)P−1/2M̃T = P1/2 exp(t · L̃) exp(b0 ·
L̃)P1/2 (t ∈ R).

When t = 0 we get b0 · L̃ = log
(
(det(P))2/n · P−1/2M̃ P−1M̃T P−1/2

)
; so,

after setting Ã := (det(P))1/n · P−1/2M̃ P−1/2, we have b0 · L̃ = log(ÃÃT ). If
Ã = D̃Õ (with D̃ ∈ Pn and Õ ∈ On) is the polar decomposition of Ã, from
ÃÃT = D̃ 2 we obtain b0 · L̃ = log(D̃ 2). Since

(
�M̃ ◦ j ◦ d

)2 = �(| det(M)|2/n · �̂M ),

from (�) we get �(| det(M)|2/n · �̂M )(P) = β(2b0), i.e. | det(M)|4/n · �̂M P�̂T
M

=
P1/2 exp(2b0 · L̃)P1/2 = P1/2D̃ 4P1/2. Since P1/2 ∈ C( �̂M ) and �̂M �̂T

M
= D 2

M
, we

get | det(M)|4/n · D 2
M

= D̃ 4, i.e. D̃ 2 = | det(M)|2/n · DM . So : (�M̃ ◦ j ◦ d) (P) =
β(b0) = | det(M)|2/n · P1/2DM P1/2.

Conversely, if (�M̃ ◦ j◦ d) (P) = | det(M)|2/n · P1/2DM P1/2, fromRecalls 3.1 (c)
and Proposition 7.5 (b), we obtain that d

(
P, (�M̃ ◦ j◦ d) (P)

) = || log (| det(M)|2/n ·
DM

)|| = L(�M̃ ◦ j ◦ d) ; therefore P ∈ Min(�M̃ ◦ j), and part (b) is fully proved. ��
Proposition 7.9 Let M ∈ GLn be such that the isometry �M ◦ j ◦ d is semi-simple.

(a) Min
(
�M ◦ j ◦ d

) = Min
(
�(λM) ◦ j ◦ d

)
, for every λ ∈ R\{0}.

(b) Min(�M ◦ j) = Min(�M ◦ j ◦ d) ∩ Pn(| det(M)|).
(c) Min

(
�M ◦ j ◦ d

) = R
+ · Min

(
�M ◦ j

)
.
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Proof Fix λ ∈ R\{0}. Clearly (λM)(λM)−T = MM−T ; so, with the same notations
as in Proposition 7.8, we get: Z

(λM)
= ZM , (̃λM) = λM̃ , D(λM) = DM . Hence, by

the same Proposition, we easily obtain :
(�) Min

(
�(λM) ◦ j ◦ d

) = �ZM

(
Min

(
�(λM̃) ◦ j ◦ d

))
and

(��) Min
(
�(λM̃) ◦ j ◦ d

) = {P ∈ Pn : (�(λM̃) ◦ j ◦ d)(P) =
λ2| det(M)|2/n P1/2DM P1/2 }.

Since �(λM̃) = λ2 ·�M̃ , again from Proposition 7.8, the equality (��) is equivalent
to :

(���) Min
(
�(λM̃) ◦ j ◦ d

) = Min
(
�M̃ ◦ j ◦ d

) = �Z−1
M

(
Min

(
�M ◦ j ◦ d

))
.

Part (a) follows from (�) and (���), while part (b) follows from (a) and Proposition
7.7.

Since Min(�M ◦ j ◦ d) is a positive cone of Pn , for any P ∈ Min
(
�M ◦ j ◦ d

)

the point P ′ :=
( | det(M)|

det(P)

)1/n· P belongs to Min(�M ◦ j ◦ d) ∩ Pn(| det(M)|);

therefore, by part (b), P ′ ∈ Min(�M ◦ j) and, consequently, P =
( det(P)

| det(M)|
)1/n·P ∈

R
+ · Min

(
�M ◦ j

)
.

Let now P := t · Q ∈ R
+ · Min

(
�M ◦ j

)
(where t > 0 and Q ∈ Min

(
�M ◦ j

)
).

Then, by part (b), Q ∈ Min(�M ◦ j ◦ d); so, from Proposition 3.4 (b), we conclude
that P = t · Q belongs to Min(�M ◦ j ◦ d). Therefore, part (c) is fully proved. ��
Theorem 7.10 Let M ∈ GLn be such that �M ◦ j ◦ d is a semi-simple isometry
of (Pn, g); let us denote the eigenvalues of MM−T (with their multiplicities) and
ZM ∈ GLn as in Notations 6.2 . Then

(1) we have : Min(�M ◦ j ◦ d) = �ZM
(R+ · SM ) = R

+ · �ZM
(SM ), where

SM is the set defined in Theorem 6.5 (1);
(2) the set Min(�M ◦ j ◦ d) is a symmetric totally geodesic Hadamard submanifold

of (Pn, g), isometric to the Riemannian product
(
R, ε

)× (
Min(�M ◦ j), g

)
, where ε

is the Euclidean metric of R.

Proof Part (1) follows directly form Proposition 7.9 (c) and from Theorem 6.5 (1),
remembering that the isometry �M ◦ j is semi-simple too.

By Theorem 6.5 (2),
(
Min(�M ◦ j), g

)
is a symmetric totally geodesic Hadamard

submanifold of (Pn(| det(M)|), g). Thenwe obtain part (2), by noting that the isometry
F : (R, ε

) × (Pn(| det(M)|), g) → (Pn, g
)
defined by F(x, A) = ex/

√
n · A maps

the symmetric totally geodesic Hadamard submanifold R × (
Min(�M ◦ j)

)
onto

the symmetric totally geodesic Hadamard submanifold R
+ · (Min(�M ◦ j)

) =
Min(�M ◦ j ◦ d) . ��
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8 Minimum set, axes, orthogonal spaces of a hyperbolic isometry of
(Pn,g)

The following Proposition is a particular case of a more general result contained in
[21] (see Proposition 2.14 (a)); note, however, that it can be independently obtained
as a consequence of Proposition 3.3 (b) and Theorems 4.6 (c), 5.7, 6.5 (2), 7.10 (2).

Proposition 8.1 For every semi-simple isometry � of (Pn, g), the set Min(�) is a
symmetric totally geodesic Hadamard submanifold of (Pn, g).

Remark 8.2 Note that, if c > 0 and ϕ is a semi-simple isometry of (Pn(c), g), then
also the minimum set Min(ϕ) is a symmetric totally geodesic Hadamard submanifold
of both (Pn(c), g) and (Pn, g).

As above, this result can be directly deduced from Proposition 2.14 (a); however,
it can be independently obtained from Propositions 8.1, 3.13 (i), 2.2 (b) and Remark
3.10.

Theorem 8.3 Let � be a hyperbolic isometry of (Pn, g) with translation length L(�)

(so L(�) > 0) and let Q ∈ Min(�).
(1) Assume that � := �M or � := �M ◦ d (so M ∈ GLn is semi-simple) ; let

�M ,SM be as in Remark-Definition 4.1 ; let A0 ∈ GLn be such that M = A0�M A−1
0

with | det(A0)| = √| det(M)| and denote P := �A−1
0

(Q). The Q-axis of � is

(a) γ �
Q

(t) = A0 P
1/2 exp

(
2t · log(SM )

L(�)

)
P1/2AT

0
= A0 P

1/2
(SM

)
2t

L(�) P1/2AT
0

(t ∈ R),

when � := �M;

(b) γ �
Q

(t) = A0 P
1/2 exp

( 2t

L(�)
· [ log(SM ) − ln(| det(M)|1/n) · In

])
P1/2AT

0
=

= | det(M)|
− 2t

nL(�) · A0 P
1/2

(SM

)
2t

L(�) P1/2AT
0

(t ∈ R)

when � := �M ◦ d.
(2)Assume that� := �M ◦j or� := �M ◦j◦d (so MM−T ∈ GLn is semi-simple) ;

let �̂M ,DM be the matrices defined in Notations 6.2 ; let ZM ∈ GLn be such that
MM−T = ZM �̂M Z−1

M
and denote P := �Z−1

M
(Q). The Q-axis of � is

(c) γ �
Q (t) = ZM P1/2 exp

(
t · log(DM )

L(�)

)
P1/2 ZT

M
= ZM P1/2

(DM

)
t

L(�) P1/2 ZT
M

(t ∈ R),

when � := �M ◦ j;

(d) γ �
Q (t) = ZM P1/2 exp

(
t · log(| det(M)|2/n · DM )

L(�)

)
P1/2ZT

M
=

| det(M)|
2t

nL(�) · ZM P1/2 (DM )

t

L(�) P1/2ZT
M

(t ∈ R),
when � := �M ◦ j ◦ d.
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Proof We will consider each of the four cases of the statement separately.
Case 1 (a). Assume � = �M . From Theorem 4.6 (b), we get that P ∈ Min(��M )

and ��M (P) = P1/2S2
M P1/2. On the other hand, from Proposition 3.11, we obtain

that γ �
Q (t) = A0 P

1/2 exp
(
t · log(S

2
M )

L(��M )

)
P1/2AT

0
. Since we have L(�) = L(��M )

and log(S2
M ) = 2 · log(SM ), we get the requested expressions for γ �

Q (t).

Case 1 (b). Assume � = �M ◦ d. From Proposition 5.5 (b), we have γ �
Q

= γ �
Q
,

where � := �π(M). Since �π(M) = �M

| det(M)|1/n , we obtain that Sπ(M) =
SM

| det(M)|1/n . So we have log(Sπ(M)) = log(SM ) − ln(| det(M)|1/n) · In and
(Sπ(M)

)u = | det(M)|−u/n · (SM

)u , for every u ∈ R. By Lemma 5.2, we have
L(�) = L(�); hence, from (1) (a) we obtain :

γ �
Q

(t) = γ �
Q

(t) = A0 P
1/2 exp

(
2t · log(Sπ(M))

L(�)

)
P1/2AT

0

= A0 P
1/2

(S
π(M)

)
2t

L(�) P1/2AT
0

= A0 P
1/2 exp

( 2t

L(�)
· [ log(SM ) − ln(| det(M)|1/n) · In

])
P1/2AT

0

= | det(M)|
− 2t

nL(�) · A0 P
1/2

(SM

)
2t

L(�) P1/2AT
0
, for every t ∈ R.

Case 2 (c). Assume � := �M ◦ j and set M̂ := Z−1
M

MZ−T
M

. By Proposition 6.4 ,
we get P ∈ Min

(
�M̂ ◦ j

)
, (�M̂ ◦ j)(P) = P1/2DM P1/2 and L(�) = L(�M̂ ◦ j).

Consequently, from Proposition 3.11 we get the requested formula.
Case 2 (d). Assume � := �M ◦ j ◦ d. Set M̃ := | det(ZM )|2/n · Z−1

M
MZ−T

M
, � :=

�M̃ ◦ j◦d. By Proposition 7.8, we obtain that� is hyperbolic, P ∈ Min(�), L(�) =
L(�), and �(P) = | det(M)|2/n P1/2DM P1/2. So, from Proposition 3.11 we get the
statement. ��

Proposition 8.4 Let� be a hyperbolic isometry of (Pn, g) and let P ∈ Min(�). Then
(a) the P-orthogonal space YP (�) of � is a symmetric totally geodesic Hadamard

submanifold of (Pn, g) and furthermore, if we set L P := log(P−1/2 �(P) P−1/2),
we have : YP (�) =
�P1/2

({X : log(X) ∈ �P−1/2
(
TP (Min(�))

)
and det

(
exp(log(X)LP )

) = 1});
(b) if M ∈ GLn and we set Q := �M (P), then we have

YQ(�) = �M
(YP (�M−1 ◦ � ◦ �M )

)
.

Proof By Proposition 2.14 (b), the set YP (�) is a symmetric totally geodesic
Hadamard submanifold of (Pn, g) and we have YP (�) = expP (TP (YP (�))).

Set LP := log(P−1/2 �(P) P−1/2). From Proposition 3.11 (a), we obtain that
a non-zero tangent vector to the P-axis of � at P is P1/2LP P

1/2; hence,
using Proposition 2.13 (i), we deduce that TP

(YP (�)
) = {V ∈ TP (Min(�)) :

gP(V , P1/2LP P
1/2) = 0}. Since gP(V , P1/2LP P

1/2)= tr(P−1V P−1/2LP P
1/2)=

tr(P−1/2V P−1/2LP ), we get:
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YP (�)=expP (TP (YP (�)))=expP
({
V ∈ TP (Min(�)) : tr(�P−1/2(V ) LP ) =

0
}) = expP

({
V ∈ TP (Min(�)) : det

(
exp

(
�P−1/2(V ) LP

)) = 1
}) =

expP
(
�P1/2

({
W ∈ �P−1/2

(
TP (Min(�))

) : det
(
exp(WLP )

) = 1
}))

.

From Lemma 3.5 we have expP = �P1/2 ◦ exp ◦�P−1/2 ; therefore, we can write :
YP (�)=�P1/2

({
exp(W ) : W ∈ �P−1/2

(
TP (Min(�))

)
and det

(
exp(WLP )

) =
1
}) = �P1/2

({
X : log(X) ∈ �P−1/2

(
TP (Min(�))

)
and det

(
exp

(
log(X) LP

)) =
1
})

. This proves part (a), while part (b) follows directly from Proposition 2.13 (ii). ��

Theorem 8.5 Let � be a hyperbolic isometry of (Pn, g) with translation length L(�)

(so L(�) > 0) and let Q ∈ Min(�).
(1) Assume that� := �M or� := �M ◦d (so M ∈ GLn is semi-simple). Consider

the matrix �M ∈ GLn and denote the eigenvalues of M (with their multiplicities)
as in Remark-Definition 4.1. Let A0 ∈ GLn be such that M = A0�M A−1

0
with

| det(A0)| = √| det(M)| and denote P := �A−1
0

(Q). The Q-orthogonal space of � is

as follows :
(a) when � := �M, we have YQ(�) = �(A0 P

1/2)(B),

where B is the set of matrices of the form
(⊕p

j=1 Rj

) ⊕ (⊕q
l=1 ρ(Hl )

) ∈
(⊕p

j=1 Pr j

)⊕(⊕q
l=1 ρ(Hml )

)
such that

∏p
j=1

(
det(Rj )

)ln(|a j |)·∏q
l=1

(
det(Hl )

)2 ln(ρl )

= 1;
(b) when � := �M ◦ d, we have YQ

(
�
) = �(A0 P

1/2)(B̂),

where B̂ is the set of matrices of the form
(⊕p

j=1 Rj

) ⊕ (⊕q
l=1 ρ(Hl )

) ∈
(⊕p

j=1 Pr j

)⊕(⊕q
l=1 ρ(Hml )

)
such that

∏p
j=1

(
det(Rj )

)ln(|a j |)·∏q
l=1

(
det(Hl )

)2 ln(ρl )

= ∏p
j=1

(
det(Rj )

) · ∏q
l=1

(
det(Hl )

)2 = 1.

(2) Assume that � := �M ◦ j or � := �M ◦ j ◦ d (so MM−T ∈ GLn is semi-
simple). Consider the matrix �̂M ∈ GLn and denote the eigenvalues of MM−T

(with their multiplicities) as in Notations 6.2. Let SM be the set defined in Theorem
6.5 and ZM ∈ GLn be such that MM−T = ZM �̂M Z−1

M
. Set P := �Z−1

M
(Q). The

Q-orthogonal space of � is as follows :
(c) when � := �M ◦ j , we have YQ(�) = �(ZM P1/2)(E), where E

is the set consisting of matrices E := E1 ⊕
(⊕l1

j=1

(
E2; j ⊕ E3; j

)) ⊕
E4 ⊕

(⊕l2
j=1

(
E5; j ⊕ E6; j

)) ⊕
(
⊕l3

j=1

[(
ρ
(
E7; j

)) ⊕
(⊕k j

h=1

[
ρ
(
E8; j,h

) ⊕

ρ
(
E9; j,h

)])]
)

∈ exp
(
�P−1/2

(
TP (SM )

))
such that

( l1∏

j=1

[(
det(E2; j )

)ln(λ j ) · ( det(E3; j )
)− ln(λ j )

]) ·
( l2∏

j=1

[(
det(E5; j )

)ln(μ j )
(
det(E6; j )

)− ln(μ j )
])·

·
( l3∏

j=1

k j∏

h=1

[(
det(E8; j,h)

)2 ln(r jh ) · ( det(E9; j,h)
)−2 ln(r jh )]

)
= 1;
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(d) when � := �M ◦ j ◦ d, we have YQ(�) = �(ZM P1/2)(Ê), where Ê is the set of

matrices E := E1 ⊕
(⊕l1

j=1

(
E2; j ⊕ E3; j

)) ⊕ E4 ⊕
(⊕l2

j=1

(
E5; j ⊕ E6; j

))

⊕
(
⊕l3

j=1

[(
ρ
(
E7; j

))⊕
(⊕k j

h=1

[
ρ
(
E8; j,h

)⊕ρ
(
E9; j,h

)])]
)

∈exp
(
�P−1/2

(
TP (R+·

SM )
))

such that
( l1∏

j=1

[(
det(E2; j )

)ln(λ j ) · ( det(E3; j )
)− ln(λ j )

])

( l2∏

j=1

[(
det(E5; j )

)ln(μ j )
(
det(E6; j )

)− ln(μ j )
])

·
( l3∏

j=1

k j∏

h=1

[(
det(E8; j,h)

)2 ln(r jh )·( det(E9; j,h)
)−2 ln(r jh )]

)
= (

det(E)
)− 2·ln(| det(M)|)

n .

Proof Also in this proof we will consider each of the four cases of the statement
separately.

Case 1 (a). Assume � := �M . We have � = �A0
◦ ��M ◦ �A−1

0
.

Proposition 8.4 and Theorem 4.6 imply : P ∈ Min(��M
) = (⊕p

j=1 Pr j

) ⊕
(⊕q

l=1 ρ(Hml )
)
(so TP

(
Min(��M

)
) = (⊕p

j=1 Symr j

) ⊕ (⊕q
j=1 ρ(Hermm j )

)
),

and YQ(�) = �A0

(YP (��M )
) = �(A0 P

1/2)(B), where B :=
{
X ∈ (⊕p

j=1 Pr j

) ⊕
(⊕q

l=1 ρ(Hml )
) : det

(
exp(log(X) log(S2

M
))
) = 1

}
=

{
X ∈ (⊕p

j=1 Pr j

) ⊕ (⊕q
l=1 ρ(Hml )

) : det
(
exp(log(X) log(SM ))

) = 1
}
.

If X := (⊕p
j=1 Rj

) ⊕ (⊕q
l=1 ρ(Hl )

) ∈ (⊕p
j=1 Pr j

) ⊕ (⊕q
l=1 ρ(Hml )

)
, it

is clear that log(X) = (⊕p
j=1 log(Rj )

) ⊕ (⊕q
l=1 log(ρ(Hl ))

)
and log(SM ) =

(⊕p
j=1(ln(|a j |) · Ir j )

)⊕(⊕q
l=1(ln(ρl) · I2ml )

)
. Therefore we get log(X) · log(SM ) =

(⊕p
j=1(ln(|a j |) · log(Rj ))

) ⊕ (⊕q
l=1(ln(ρl) · log(ρ(Hl )))

)
, and so exp

(
log(X) ·

log(SM )
) = ⊕p

j=1(Rj )
ln(|a j |) ⊕q

l=1(ρ(Hl ))
ln(ρl ). From the known identities

det(ρ(B)) = | det(B)|2, det(Bt ) = (det(B))t (t ∈ R), det(B1 ⊕ B2) =
det(B1) det(B2), we get : det

(
exp

(
log(X) log(SM )

)) = ∏p
j=1

(
det(Rj )

)ln(|a j |) ·
∏q

l=1

(
det(Hl )

)2 ln(ρl ), and this implies statement (1) (a).
Case 1 (b). Assume � := �M ◦ d. From Proposition 5.5 we deduce that

YQ
(
�M ◦ d

) = YQ(�π(M)) ∩Pn(| det(M)|). Since (det(A0))
2 det(P) = det(Q) =

| det(M)|, we conclude that �(A0 P
1/2)

(Pn(1)
) = Pn(| det(M)|). So, from part (1)

(a) we obtain YQ
(
�M ◦ d

) = YQ(�π(M)) ∩ Pn(| det(M)|) = �(A0 P
1/2)(B0) ∩

Pn(| det(M)|) = �(A0 P
1/2)

(B0 ∩ Pn(1)
)
, where B0 ∩ Pn(1) is the set of matrices,

with determinant equal to 1, of the form:

B := ( p⊕

j=1
Rj

) ⊕ ( q⊕

l=1
ρ(Hl )

) ∈ ( p⊕

j=1
Pr j

) ⊕ ( q⊕

l=1
ρ(Hml )

)
such that

p∏

j=1

(
det(Rj )

)ln(
|a j |

| det(M)|1/n ) ·
q∏

l=1

(
det(Hl )

)2 ln( ρl
| det(M)|1/n ) = 1, or equivalently,
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p∏

j=1

(
det(Rj )

)ln(|a j |) ·
q∏

l=1

(
det(Hl )

)2 ln(ρl )

=
( p∏

j=1

(
det(Rj )

) ·
q∏

l=1

(
det(ρ(Hl ))

))ln(| det(M)|1/n)

=
(
det(B)

)ln(| det(M)|1/n) = 1. SoB0∩Pn(1) = B̂ , where B̂ is the set of the statement.

Therefore part (1) (b) is proved.
Cases 2 (c), 2 (d). In these cases, the proofs proceed with arguments analogous to

those of case 1 (a), keeping in mind the Proposition 8.4 and the results of Sects. 6 and
7. ��

Remark 8.6 (a) It is clear that, for every c > 0 and any hyperbolic isometry ϕ of
(Pn(c), g), explicit expressions of all Q-axes of ϕ and all Q-orthogonal spaces to ϕ

can be easily obtained from Theorems 8.3 (a), (d), 8.5 (a), (d) and Proposition 3.13
(iii), (iv).

(b) We believe that, with similar methods and predictably without major compli-
cations, it is possible to obtain results analogous to those of the present paper also
for all the semi-simple isometries of (Hn, f ). In fact, there is a result, due to Molnãr
(see [16, Thm. 3]) and concerning the group of isometries of (Hn, f ), which is very
similar to our Proposition 3.3 (b): the isometries of (Pn, g) are of four types, while the
isometries of (Hn, f ) are of eight types, which however generalise in a very simple
and intuitive way the four types of isometries of (Pn, g).
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