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Abstract

We study the semi-simple (or non-parabolic) isometries & of the manifold P, of
symmetric positive definite real matrices, endowed with the trace metric g and pay
attention to the set Min(®P) consisting of the points minimizing the displacement
function P — d (P, ®(P)). In particular, for every isometry ® of (P,, g), we give the
explicit expression and study the differential-geometric structure of the set Min(P).
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Introduction

Symmetric positive definite matrices are widely present in several (but often inter-
connected) fields of pure and applied mathematics; as an example, we can mention
the problem of the geometric mean of several positive definite matrices; among many
other sources we can refer for instance to [5-7, 15].

Of course, this is just one of many examples: indeed positive definite matrices are
involved in many other areas as Riemannian geometry, metric spaces of non-positive
curvature, theory of diffusion tensor imaging, medical imaging, radar signal process-
ing, statistical inference, matrix information geometry, mathematical optimization (for
instance, among a lot of other sources, we refer to [1, 4, 18-20]).

Our point of view and the related problems are essentially differential-geometric;
the results we prove could give some contribution in placing the studies coming from
different areas in a geometrical setting. More precisely, we come back to study the
isometries of the symmetric Hadamard manifold (P,, g) of symmetric positive definite
real matrices of order n > 2, endowed with the trace metric. This metric (called in
literature in different ways as Fisher-Rao, affine invariant, 8,,...) is one of the most
natural on P, and it has been intensively studied and also generalized.

We have already studied the trace metricin [10] andin [11]. In particular, in Theorem
4.2 of [10], we proved that the isometries of (P,, g) are precisely the maps of one
of the following forms: Iy, 'y o0, Ty o), I'yy oj o0, where M
is an arbitrary non-singular real matrix, 'y (X) := MXMT, j(X) = X! and
(X) :=det(X)"2/". X.

On the other hand, it is also known that it is possible to associate to each isometry
D of (P, g) its displacement function de(P) := d(P, ®(P)), its translation length
L£(P) := inf{de(P) : P € P,}andits minimum set Min(®) :={P € P, : do(P) =
L£(D)}.

We say that @ is semi-simple if Min(®) # (. Since when Min(P) = (theisometry
® is called parabolic, the semi-simple isometries are often called non-parabolic.

Semi-simple isometries are of two types: elliptic if £(P) = 0 (i.e. if ® has at least
a fixed point) and hyperbolic (or axial) if £(®) > 0. Elliptic isometries of (P,, g)
were the subject of our previous paper [11].

In the present paper we study all semi-simple isometries of (P,, g) in a unified
setting. In particular we explicit the geometric structure of the minimun set of an
arbitrary semi-simple isometry ® of (P,, g). In elliptic case, the minimun set consists
of all fixed points of @, while, in hyperbolic case, the minimun set consists of the
disjoint union of all geodesics translated by & (these geodesics are called axes of ®).
In elliptic case we get again some results already obtained in [11].

Our analysis follows the different forms of the isometries and allows to describe the
minimum sets and to discover their differential-geometric properties, which depend
on the particular form of the isometry . This is achieved in Sect. 4 for ® = I'y,
(Theorem 4.6), in Sect. 5 for ® = ')y o 0 (Theorem 5.7), in Sect. 6 for ® ="y o j
(Theorem 6.5) and in Sect. 7 for ® = I'j; o j o ? (Theorem 7.10).

In all cases, Min(®P) is a symmetric totally geodesic Hadamard submanifold of
(Pyn, &) (Proposition 8.1) and its structure depends on the matrix M involved in the
isometry ®.
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Semi-simple isometries of the manifold of SPD...

In the first three Sections we introduce the preliminary notions; in particular Sect.
2 is devoted to recall some basic facts about Hadamard manifolds. In Sect. 8§ we
study the hyperbolic isometries of (P,, g). The minimum set of a hyperbolic isometry
splits in a natural way into the Riemannian product of the euclidean line R and of an
orthogonal space ), having the property that every axis of the isometry corresponds
to a set of the form R x {P}, where P is a suitable point of ). We determine the
explicit forms and the differential structures of the axes and of the orthogonal spaces
of all hyperbolic isometries of (P,, g) (see Theorems 8.3, 8.5). By means of these
results on (P, g), itis also possible to determine the explicit forms and the differential
properties of minimun sets, axes and orthogonal spaces of all semi-simple isometries
of the irreducible Hadamard submanifold P, (¢) := {Q € P, | det(Q) = c}, ¢ > 0.

1 Preliminary notations

Notations 1.1 e R, C, R™T: respectively, the field of real or complex numbers and
the multiplicative group of positive real numbers; z is the conjugate of z € C.
e []: (depending on the context) both the usual product of numbers (for example as

in [—[ﬁ;l aj i=aiay...0,, withay, az,...,ap € R) and the Cartesian product
of sets (as in ]_[jf?:1 S =8 x8& x - x§,, with§,8,...,5, arbitrary
sets).

e [,: the identity matrix of order n.

e AT, A, A=" and A~T, where A is a square matrix: respectively, the transpose,
the conjugate, the inverse and the transpose of the inverse A (when det(A), the
determinant of A, is different from 0); ¢r(A) is the trace of A.

cos(f) — sin(0)

e Ey:the special orthogonal matrix <sin ©) cos(®)

> forevery 0 € R;in particular

0-—1
Ezpp = <1 0
e diag(by, ..., by,): the diagonal matrix of order n, with diagonal entries b1, . . ., b,,.
e If By, ..., By, are square matrices (of possible distinct orders), By @ --- @ By, is
the block diagonal square matrix with By, ..., By, on its diagonal and, for every
square matrix B, B®™ denotes B @ - - - @ B (m times).
e If Sp,..., S, are sets of square matrices, then @?:1 Si=851--dSy,

denotes the set of all matrices @;'.’:1 Bj:= B ®---® B, with B; € §; forevery
j=1...,m.

e M, (and Sym,): the vector space of the real square matrices of order n (which are
symmetric).

e GL, (and SL,): the Lie group of non-singular real matrices of order n (and with
determinant 1).

e P, (and P, (c)): the manifold of symmetric positive definite matrices of order n
(and with determinant ¢ > 0).

e Foreveryset A C P,andevery A € Rt wedenoteA- A:={A-P: Pc A} C P,

andRT - A:= |J (A-A) € P,. Notethat P, = RT - P,(c), for every ¢ > 0.
AERT
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e O, (and SO,): the Lie group of orthogonal real matrices of order n (with deter-
minant 1).

e SOpn—p) (p=0,...,n—1),theLie group of generalized orthogonal real matri-
ces of order n, signature (p, n — p) and determinant equal to 1, while S 0(‘;’ n—p)
is the connected component of SO, ) containing I,.

e Spo,: the Lie group of symplectic real matrices of order 2n, defined by
Spon :={X €My, : X Ef/'; xT = E?/"Z}.

e For each matrix X € GL,, we will denote by C(X) the closed subgroup of GL,
consisting of the non-singular real matrices commuting with X, i.e.

C(X):={BeGL,: BX =XBj}.

e M,(C) (and Herm,): the set of complex square matrices of order n (which are
hermitian).
G L, (C): the Lie group of non-singular complex matrices of order n.
‘H,,: the manifold of hermitian positive definite matrices of order n.
U, : the Lie group of unitary matrices of order n.
Upn—p) (p =0,...,n — 1): the Lie group of generalized unitary matrices of
order n and signature (p, n — p).
We agree that in this paper the terms of the type Zf’zl -, @f’:l (),
H?:l (- - +) involved in some formulas, when 4 = 0, should be interpreted as missing.

Notations and Remarks 1.2 We set:

e I'yi: GL, — GL, definedby X - I'j;(X) := MXMT, with M arbitrary matrix
in GL,, (the congruence by M);

e 0: GL, — GL, defined by 0(X) := | det(X)|~>/" X;

e j: GL, — GL, defined by X > j(X) := X! (the inversion).

We immediately obtain: (I'j; o 0)(X) = %; Ty o DX)=MXMT;
(Tp 0o 0)(X) =|det(X)|** MX~'MT. The restrictions to P, of the maps I'y,
'y 00, T'pr0j, I'pr 0jod (denoted by the same symbols) will play a fundamental role
in this paper. The following equalities follow from standard computations; we collect
them for convenience: jod =00}, 0> =j* = idg,  (theidentity mapof GL,) and,
forevery M, N € GL,: T'(yn) = Tyol'n, T'yo) = jol' -, (I‘Moj)2 = F(MM—T),

2 .
Fyod=00Tym, (FMOD) =T oy, (FMO)OD)Z =F(M[D(M)]*T)'
Recall 1.3 The matrix exponential map, exp : My (C) - GL,(C), is defined by

A!
the formula exp(A) = I, + Z;’il - for every matrix A € M,(C). It is
i

known that, if A = TCT~! for some T € GL,(C), then we have exp(A) =
T exp(C) T-!, and that, if By, ..., By, are square matrices of arbitrary orders, then
exp(G}'i":1 Bj) = @7”:1 exp(B;), so that, if S, ..., S, are sets of square matrices,
then exp(P’/_; Sj) = @'/—; exp(S;). We still denote by exp the restriction of the
matrix exponential map to Sym,, . It is known that exp : Sym, — P, is a diffeo-
morphism onto P,. We denote by log : P, — Sym, (the matrix logarithm map) its
inverse diffeomorphism.
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Similarly, the squaring map: C +— C? is a diffeomorphism from P, onto P, and
we denote the square root map: B — +/B, the inverse diffeomorphism from P, onto
itself.

Moreover, for every t € R and every B € P, it is possible to define the z-th
power of B, as B' := exp(t - log(B)). Note that B2 = {/B. It is also useful to
note that, if B € P, and u € R™, then - B € P, and log(u - B) = log(B) +
In(w) - I,; from this we obtain that (i - B)! = u! - B', for every ¢ € R. Finally, if
B € P, and H is any matrix of GL,, such that B = H diag(b1, ..., by,) H~!, then
log(B) := H diag(In(by), ..., In(by)) H~', /B := Hdzag(\/_, oo b)) H™Y,
B! ::Hdiag(b’,...,b;)H L

Remark 1.4 Forany h > 1, we define the decomplexification map p : My(C) — My,
which maps the & x h complex matrix Z = (z;;) to the (2h) x (2h) block real matrix
p(Z) := (Re(zjj) I + Im(zij) Ez/2) having h? blocks of order 2 x 2. For simplicity,
we will still denote by p the restriction of this map to any subset of M, (C).

It is known that p : M}, (C) — My, is a monomorphism of R-algebras, such that

p(Z") = p(2)7, for every Z € M;(C). Moreover, if Af,..., A, are the h
eigenvalues of any matrix Z € M, (C), then Ay, A1, ..., Ay, A, are the 2k eigen-
values of p(Z) € My, (R); so, in particular, we have tr(p(Z)) = 2Re(tr(Z2)),
det(p(Z)) = | det(Z)|*.

Consequently, the following statements apply:

(i) p:GLL(C) — GL2h :={X € GLyy : det(X) > 0} is a Lie group monomor-
phism;

(i) p: Uy = p(Up) = p(GLK(C)) N SOy is a Lie group isomorphism;

(iii) p : Hermy — p(Hermp) = p(Mp(C)) N Symyy, is a vector space isomor-
phism, which maps H;, onto p(Hp) = p(GLy(C)) N Pay,.

Finally, note that the decomplexification map and the exponential map commute.

In the next Lemma we summarize a few simple and known results about the Lie
group C(X) of non-singular matrices commuting with a given matrix X € GL,, (see
for instance [22, Lemma1.3] and [11, Lemma 3.3]).

Lemma 1.5 (a) Let X = @;zl X where any X j is a semi-simple real square matrix
of order nj (with Z;zl n; = n) and assume that X; and X have no common
eigenvalues as soon as j # h. Then we have C(X) = @t]-:l C(X)).

(b) Let 8 € (0, ) andm > 1. Then C(Egam) = ,o(Mm((C)).

2 Some reminders about Hadamard manifolds

Remark-Definition 2.1 A Hadamard manifold (N, h) is a (smooth and without bound-
ary) simply connected complete Riemannian manifold with non-positive sectional
curvature. We denote 7, (V) the tangent space to N at the point p and dy the distance
induced on N by the metric .

If (N, h) is a Hadamard manifold, the well-known Cartan—-Hadamard theorem
states that the Riemannian exponential map exp,, : T,(N) — N is a diffeomorphism,
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for every p € N. It is natural to denote the inverse diffeomorphism of exp, by
log, : N — T,(N) (the Riemannian logarithm map). Therefore, given any two
distinct points p, p’ € N, there exists a unique (minimizing) unit-speed geodesic

A, R — (N, h) such that a, ©0) = p, a, (dy(p, p")) = p/, and clearly
. . . . - ~ log, (p)
we can write this geodesic as follows: a, (1) = exp, (t T,00.0) (p’p,)) for every

teR.

The Hadamard manifold (N, &) is said to be symmetric, if for every point p € M
there exists an isometry o, of (N, h) such that o, (expp(v)) = exp,,(—v), for every
veT,(N).

We will also say that a submanifold N of N is a Hadamard submanifold of (N, h)
if it is a Hadamard manifold with respect to the metric inherited from (N, k). It is
clear that, if (V, h) is a symmetric Hadamard manifold, then every totally geodesic
Hadamard submanifold of (N, &) is also symmetric.

Proposition 2.2 Let (N, h) be a Hadamard manifold.

(a) If N' is a connected complete totally geodesic submanifold of (N, h) and p € N',
then N' = expP(Tp(N ")) and, moreover, N' is a closed Hadamard submanifold of
(N, h).

(b) If N" and N" are totally geodesic Hadamard submanifolds of (N, h) and N' N
N" # @, then N’ N\ N” is a totally geodesic Hadamard submanifold of (N, h) too.

Proof If N’ is a totally geodesic Riemannian submanifold of the Hadamard manifold
(N, h), then, by the well-known Gauss equation, all sectional curvatures of N’ are non-
positive and, moreover, the exponential map of N’ at any point p € N’ agrees with
the restriction to T, (N ") of the map exp b T,(N) — N.So,if N "is connected and
complete too, we obtain N’ = exp p(Tp(N ")). Therefore, under all previous conditions,
N’ is simply connected and closed in N. This completes (a).

Now assume the hypotheses of (b) and fix p € N’ N N”.

Part (a) gives N' N N” = (exp,(Tp(N'))) N (exp,(T,(N"))). Since exp, :
T,(N) — N is a bijection, we obtain N’ N N” = exp, (TP(N’) N T,,(N”)). This
implies that N’ N N” is a simply connected Riemannian submanifold of (N, &), with
T,(N' N N") = T,(N') N T,(N").

Letg e NNNN"andletv e T,(N'NN") =T,(N)NT,(N") S T,(N);leta(r)

d
(for t € R) be the geodesic of (N, &) such that «(0) = ¢ and d—(:(O) = v. Since both

N’ and N” are totally geodesic in (N, &), then a(t) € N'N N” for every ¢ € R. Thus
N’ N N” is a complete totally geodesic submanifold of (N, k). Furthermore, from
Gauss equation, all sectional curvatures of the Riemannian submanifold N’ N N” are
non-positive. This completes the proof of part (b). O

Proposition 2.3 (see [8, Lemma3.2])

Let N' be a totally geodesic Hadamard submanifold of a Hadamard manifold (N, h).
Then, for each p € N, there exists a unique p' € N' such that d(p,p’) =
inf{d(p,q)|q € N'}; moreover (up to a reparametrization) the geodesic o, )
Jjoining p and p’ is the unique geodesic of (N, h) passing through p and perpendicu-
lar to N'. The point p’ is called the orthogonal projection of p to N'.

@ Springer



Semi-simple isometries of the manifold of SPD...

Definitions 2.4 Let (N, i) be a Hadamard manifold and let ® be an isometry of (N, k).

The displacement function dp : N — [0, 400) is defined by: P +— dg(P) =
d, (P, ®(P)).

The translation length of ® is the non-negative number £(®) := inf{dp(P) : P €
N}, while the minimum set of ® is the set Min(®) :={P € N : do(P) = L£(D)}.

The isometry ® falls into one of the following three types:

- @ is elliptic, if £(P) = 0and Min(P) # @, i.e. if ® has at least a fixed point;

- @ is hyperbolic (or axial), if £(®) > 0 and Min(D) # (;

- @ is parabolic, if Min(®) = 0.

Clearly, if the isometry @ is elliptic, the set Min(®) is the set of all fixed points of
d.

We say that the isometry @ is semi-simple, if itis not parabolic (i.e. if Min(P) # ).

The alternative name axial isometry is a consequence of the following result, whose
proof is in [9, Thm. 6.8, pp. 231-232]).

Proposition 2.5 Let ® be an isometry of a Hadamard manifold (N, h).

(a) @ is hyperbolic if and only if there exists an oriented unit-speed geodesic
¢ : R — N such that ®(c(t)) = c(t + a), for some fixed a > 0 and for every
telR

The image c(R) is said to be an axis of ©.

(b) If ® is hyperbolic and c, ¢’ : R — N are distinct oriented unit-speed geodesics
such that ®(c(t)) = c(t + a) and ®(c'(t)) = ' (t + a’) for some a,a’ > 0 and for
everyt € R, then we necessarily have: a = a’ = £(®). Moreover, there exists x > 0
such that d(c(t), c'(t)) < x for every t € R; we will shortly express this condition by
saying that the axes ¢(R) and ¢/ (R) are parallel or asymptotic.

Remark 2.6 Let ® be ahyperbolic isometry of a Hadamard manifold (N, /) and let c(z)
be a non-constant geodesic of (N, /), possibly not parametrized by arc length, i.e. with
constant speed of norm not necessarily equal to one, and with arbitrary orientation.
Then the image c(R) is an axis of @ if and only if there exists a real number b # 0
such that ®(c(t)) = c(t + b) for every ¢t € R. In general, b #= £(P).

Proposition 2.7 Let ® be a semi-simple isometry of any Hadamard manifold (N, h).

(a) If @ is elliptic, then the set Min(®) = {P € N : ¢(P) = P} is a totally
geodesic Hadamard submanifold of (P, g).

(b) If @ is hyperbolic, then the set Min(®) is closed, convex and consists of the
union of all axes of ®.

(¢) If @ is hyperbolic and all sectional curvatures of (N, h) are strictly negative,
then ® has a unique axis, i.e. Min(®) consists of a unique geodesic of (N, h).

Proof The proof can be found in the paper [8, Prop.4.2] (see also [12, Prop. 1.9.2]). O

Proposition 2.8 Let ® be an isometry of a Hadamard manifold (N, h) and fix an
integer m # 0. Then ® and O™ are isometries of the same type. Furthermore, if ®
is semi-simple, then Min(®) C Min(®") and L£(P) = El(jlm) . In particular, when
® is hyperbolic, every axis of ® is also an axis of " .
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Proof From Proposition 2.5, it is easy to check that, if @ is hyperbolic, then every
axis of @ is also an axis of ®", Min(®) C Min(®™) and £(P) = EI%T)’ In
particular, also @™ is hyperbolic. Clearly, if @ is elliptic, then every fixed point of
® is also a fixed point of ", i.e. Min(®) = {P € P, : ®(P) = P} C {P €
Py @"(P) = P} = Min(®™); so ®" is also elliptic and 0 = £(P) = ﬂfjj;").
Therefore, if ® is semi-simple, then also @ is semi-simple and of the same type of
®. Conversely, by [9, Prop.6.7, Thm. 6.8(2), pp. 231-232], if ®™ is semi-simple then
® is semi-simple and of the same type of ®”. Consequently, @ is parabolic if and

only if ®" is parabolic. O

Remark-Definition 2.9 Let ® be a hyperbolic isometry of a Hadamard manifold (N, &)
and fix an arbitrary point Q € Min(®). We will denote by yg :R— Min(®) C N
the unique oriented unit-speed geodesic of (P,, g) that satisfies the following two
conditions :
a) yg’(O) =0: b) dD(yQ(b(t)) = )/g’(t + £(®)) foreveryt € R.
Obviously the image of ygp is the axis of @ passing through Q. The geodesic
yg is uniquely determined by the conditions de’(O) =0, de’(»:(cb)) = ®(Q),
with £(®) = d, (Q, ®(Q)). Therefore, remembering Remarks-Definitions 2.1, the
geodesic yéb can be written as:
log, (®(Q))
P Qo
t)=¢ t—
Yo () = expg ( (@)
We will say that the geodesic qu) is the Q-axis of the hyperbolic isometry ®.

> for every ¢t € R.

Proposition 2.10 Let ® and ¥V be isometries of a Hadamard manifold (N, h) and
denote ®' :=W o ® oW Then

(1) £(®) = L(P) and Min(d") = V(Min(DP)), so, in particular, the conjugate
isometries ® and @' are of the same type;

(ii) in the hyperbolic case, for every Q € Min(®) we have W o yg’ = yﬁl@.

Proof The proofs easily follow by standard computations. O

Proposition 2.11 (see [9, Thm. 6.8, pp. 231-232, Thm.2.14, p. 183])

Let ® be a hyperbolic isometry of a Hadamard manifold (N, h). For every
Q € Min(®), there exists a uniquely determined closed convex subspace Yo (P)
of (N, h) contained in Min(®) and passing through Q, such that the map F :=
Foo : YVo(®) x R — Min(®), defined by F(P,t) = y;b(t) is an isome-
try from the product space Yo (®) x R onto Min(®). Furthermore, the isometry
F~lo®oF : YVo(®) xR — Yo (P) xR has the expression (P,t) — (P, t+£(P)),
forevery P € Yo(®)andt € R.

Remark-Definition 2.12 Proposition 2.11 states the existence, forevery Q € Min(®P),
of a closed convex space Vo (®) contained in Min(®P) and passing through Q, such
that Min(®) = |_|PeyQ(¢) yf’ (R), where each axis y;l’ (R) is isometric to R and
perpendicular to Vo (®) at its initial point y;b (0) = P € Yo(®) (here the symbol
| denotes the disjoint union of the corresponding sets). Also note that Yo (P)
consists of the union of all geodesic arcs contained in Min(®), starting from Q and
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perpendicular at Q to the Q-axis yg’. For these reasons, we will say that Vo (®) is
the Q-orthogonal space of ®.

Proposition 2.13 Let © be a hyperbolic isometry of a Hadamard manifold (N, h) and
let Q € Min(®).

(i) We have Yo (®) ={P € Min(®) : hQ(logQ(P), logQ(CD(Q))) = 0}.

(ii) If ¥ is another isometry of (N, h), then we have Yy)(W o ® o vl =
V(Yo (P)).

Proof Clearly Q € Yo(®)N{P € Min(®P) : hQ(logQ(P),logQ(CD(Q))) = 0}.
Now let P € Vo(®) C Min(®), with P # Q, and set d = d,(Q, P) > 0.
Remembering Remarks-Definitions 2.1 and 2.9, the geodesic passing through the
points Q and P is «, , (f) = expy (t . logfl(P)) (for ¢ € R), while the Q-axis of ®
is the geodesic yg’(t) = expg (- %) (for t € ]R) From Proposition 2.11

. da (Q P) Q
we obtain «, , ([0,d]) € Vo(P) and hg(—==(0), 72 (0)) = 0, from which

we get hQ(logQ(P), logQ(CD(Q))) = 0. Conversely let P be a point of Min(P),
P # Q. such that hg(logy(P),logy(P(Q))) = 0. Since the set Min(®P) is
convex, we have a(Q_P)([O, d]) C Min(®) (where, as before, d :=d, (Q, P)). The

condition hQ(logQ(P),logQ(CD(Q))) = 0 implies that the geodesics o and

(©.P)
)/g) (t) are perpendicular at the point Q. Therefore, by Remark-Definition 2.12, we
get: &, 5, ([0,d]) S Vo (®); in particular P = «, , (d) € Yo(P). So part (i) is

fully proved. Finally, part (ii) easily follow from Propositions 2.10 and 2.11. O

Proposition 2.14 Let ® be a semi-simple isometry of a real analytic Hadamard man-
ifold (N, h). If P € N, denote by expp : Tp(N) — N the exponential map of (N, h)
at P.

(a) The minimum set Min(®) is a totally geodesic real analytic Hadamard sub-
manifold of (N, h).

(b) If the isometry © is hyperbolic and P € Min(®), then the P-orthogonal space
Yp(®) of © is a totally geodesic real analytic Hadamard submanifold of (N, h).
Moreover, we have Yp(®P) = expp(Tp(Vp(P))).

Proof (a) Taking into account Proposition 2.2 (a), part (a) follows from Theorem 1.3.4
and Remark 1.3.6 of [21].

(b) By part (a), the set Min(®) is a totally geodesic real analytic Hadamard sub-
manifold of (N, ). From Proposition 2.11, there exists a (real analytic) isometry
F from Yp(®) x R onto Min(®P) such that F(yp(CD) X {0}) = )Vp(P). Hence
Yp(®) = Yp(P) x {0} is a totally geodesic real analytic Hadamard submanifold
of Min(®) and therefore of (N, i) too. Finally, from Proposition 2.2 (a), we obtain
Vp(®) =expp(Tp(Vp(P))). o

For more information on Hadamard manifolds we refer to the classical books [2,
3,9].
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3 The trace metric

Recalls 3.1 For any integern > 2, we call trace metric the Riemannian metric f on H,,
defined by fa(V, W) =tr(A"'VA='W), forany A € H,, and V, W € Ty(H,) =
Herm,,.

For convenience, the restriction of f to P, will be denoted by g (always called
trace metric), so that (P,, g) is a Riemannian submanifold of (H,,, f).

We will still denote by g the restriction of g to any submanifold of P,,. We also set
X1 := /g, (X.X) =/1r(X?), forevery X € Sym, =T, (P,).

For the differential-geometric properties of (P,, g) and of (H,, f) we refer for
instance to [5, 6, 9, 10, 20]. In particular, the following facts are well known:

(a)r > P2 exp(t - P12y p=U2ypl/2 (+ € R) is the geodesic passing through
P € P, whose tangent vector at P is V € T, (P,) = Sym, ;

(b) the map ¢ : [0, 1] — P, defined by c(r) = A2(A~1/2BA1/2)! A1/2 is the
unique geodesic arc of (P, g) suchthatc(0) = Aandc(1) = B,forevery A, B € Py ;

(c)ifA, B € P,and A1, ..., A, are the n eigenvalues of the matrix A~'/2BA~1/2 ¢
‘P, , then the distance d (A, B) induced by the metric g is given by:

n
d(A, B) = | Y (In(x))? = ||log(A~'/2BA~1/%)]|.
i=1
In particular, note that d(A, B) =d(t - A, t - B), foreveryt > Oand A, B € Py;
in other words, the map P +> ¢ - P is an isometry of (P, g), for every t > 0.
For more information, see [5, §2], [6, Ch.6 § 1] and also [10, Prop.3.4].

Lemma 3.2 For every integer h > 1, the decomplexification map
P (’Hh, 2f) — (,o(GLh (C)) N Pop, g) is an isometry of Riemannian manifolds.

Proof Denoting by p, the differential map of p, it suffices to note that, if A € H), and
Z, W € Hermy, we have:
8o (0+(2), p«(W)) = 1r(p(A) ' p(Z) p(A) T p(W)) = 1r(p(A~' ZAT'W)) =
=2Re(1r(A~'ZAT'W)) = 2Re(fa(Z, W)) = 2fa(Z, W). o

Proposition 3.3
(a) The real analytic Riemannian manifold (P,, g) is a symmetric Hadamard
manifold diffeomorphic to the homogeneous space GOL” .
(b) A mapping ® : (P,,g) = (P, 8) isan isomentry if and only if there exists a
matrix M € GL,, such that one of the following cases occurs:
dX)=TyX)=MXMT;
MxmT
SX) =Ty od)X) = ——F7"
(d t(X ))
D(X)=Tyoj)(X)=MX"'MT";
®(X) = (Ty0jod)(X) = (det(X))*" MX~MT.

Proof Part (a) is well known (see for instance [14, Ch. XII]), while for part (b) see [10
Thm.4.2]. O

Proposition3.4 Fix M € GL, and consider the isometry ® : (P,, g) — (Pu, &),
where ® ;=T or ®:=T)0jo00.
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(@ @ : (Py,g) — (Pn,g) is a positively homogeneous map, i.e. ®(r - P) =
t-®(P), foranyt > 0and P € P,.

(b) The set Min(®) is a positive cone of Py, i.e. for every P € Min(®) and for
every t > 0, we necessarily have t - P € Min(®).

Proof Part (a) can be verified by means of a simple calculation, while part (b) easily
follows from (a), taking into account that d(A, B) = d(t - A, t - B), foreveryt > 0
and A, B € P,. O

Lemma3.5 Let Q € Py. Denote by expy : To(Pn) — Pn and loggy : Py —
To(Py), respectively, the Riemannian exponential map and the Riemannian logarithm
map both at the point Q with respect to the metric g. Denote also by exp : Sym, — P,
and log : P, — Sym,, respectively, the matrix exponential map and the matrix loga-
rithm map. Then expy = I gi2 o exp oI'g-12 and logy = I'g12 o log o' p-12.

Proof It is easy to note that we have exp; = exp. Since I' 12 is a linear isometry of
(P, g) which maps I, to Q, we have: expyp © FQl/z = FQI/Z oexp; = FQI/Z oexp.
The first statement follows from this. The second one follows easily from the first. O

Definitions 3.6 Let G be a closed subgroup of G L,. We say that G is P,-compatible
if, whenever Q belongs to G N P, every real power Q' = exp(r - log(Q)) of Q
also belongs to G (as well as, of course, to P,). The group G is said to be reductive
if AT € G as soon as A € G. Finally, we say that G is algebraic if there exists a
finite system of polynomials in the entries of the matrices of M, such that G is the
intersection of G L, with the set of common zeros of this system.

Proposition 3.7 Let G be a P,-compatible reductive closed subgroup of GL,. Then
Pn NG is a symmetric totally geodesic Hadamard submanifold of (P, g) diffeo-
G

morphic to the homogeneous space Gro.
n

Proof Letg = T, (G) € M, be the Lie algebra of G. We have exp(Sym,) = P,
and exp(g) € G, so exp(Sym, Ng) € P, NG. Since G is P,-compatible, for
any Q € P, NG wehave a(r) := Q! = exp(z - log(Q)) € G, forevery t € R.
Therefore, ‘2—‘;‘(0) = log(Q) belongs to g = T, (G). Since exp(log(Q)) = Q and
log(Q) € Sym,, we conclude that exp(Sym, Ng) =P, NG.

Keeping in mind that the exponential map is a diffeomorphism from Sym, onto
P, we deduce that P, N G = exp(Sym, N g) is a simply connected Riemannian
submanifold of (P,, g) whose tangent space at the point /, is Sym, N g. Taking
into account that G is also reductive, the map; (Q, P) € (G, P, NG) — TI'p(P) =
QPQT € P, NG defines a left action of the Lie group G on the manifold P, N G.
Since G is P,-compatible, if Q € P,NG thenalso Q'/? belongs to G ; therefore, since
every Q € P, N G can be written as Q = Loin (I,) (with Ql/2 € G), we conclude
that the action of G on P, N G is transitive. Obviously, the stabilizer of 7, with respect
to this action is G N Oy ; this implies that the manifold P, N G is diffeomorphic to the
homogeneous space GmLo,l' Also note that the equality Q = I"y1/2(1,) implies that
T,(P,NG) =Tgi2(Sym, Ng),forevery Q € P,NG.
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Now consider the geodesic B(t) of (P,, g) passing through an arbitrary point Q €
P, N G and having, as tangent vector at the point Q, an arbitrary vector Q'/2V Q1/2
of T, (P, NG), where V € Sym, Ng. Clearly we have () = Ql/2 exp(t-V) Ql/2
(t € R). Remembering that exp(Sym, Ng) = P, NG and Q'? € G, we can
conclude that (t) € P, N G, for every t € R, i.e. P, N G is a complete totally
geodesic submanifold of (P,, g). From this, it easily follows that (P, N G, g) is
symmetric and has non-positive sectional curvature. This completes the proof. O

Proposition 3.7 is essentially stated in [9, Thm. 10.58, pp. 328-329]. For conve-
nience of the reader, we have decided to simplify the statement for our purposes and
provide a simple proof.

Proposition 3.8 Let G be an algebraic subgroup of G L,,. Let G° denote the connected
component of G containing the identity. Then

(a) G is Py-compatible;

(b) if G is also reductive, then P, N G°=P,NG and G isa ‘P,-compatible
reductive closed subgroup of G L.

Proof (a) The proof of part (a) is in [9, Lemma 10.59, pp. 329-330].

(b) From part (a) and Proposition 3.7, P, NG is a Hadamard submanifold of (P,, g).
In particular P, N G is connected, so P, NG C GY and from this: P,NG° = P, NG.
The remainder of statement (b) follows easily from (a) and this equality. O

Proposition 3.9 Fix ¢ > 0 and denote by € the Euclidean metric of R. Then
(1) (Py(c), g) is a symmetric totally geodesic Hadamard submanifold of (P, g)
SL

diffeomorphic to the homogeneous space SOn ;
n

(2) themap F : (R, €) x (Pu(c), g§) = (Pa. g) defined by F(x,A) := SV A
is an isometry and the symmetric Hadamard manifold (Pn (o), g) is irreducible (i.e. it
is not isometric to a product of positive-dimensional symmetric Hadamard manifolds);

(3) for every P € P,, the sets RT - {P} and P, (det(P)) are symmetric totally
geodesic Hadamard submanifolds of (P,, g) which intersect orthogonally at the point
P.

Proof If A € GL, and det(A) = \/c, the isometry "4 of (P,, g) maps P, (1) onto

Pn(c); so it suffices to prove (1) for ¢ = 1. We have P,(1) = SL, NP, ,and SL, is

a P,-compatible reductive closed subgroup of G L. Therefore, part (1) follows from
Proposition 3.7.

For part (2), see [9, Prop. 10.53, p. 325]); part (3) directly follows from (1) and (2).

O

Remark 3.10 Since (P, (c), g) is isometric to (P, (1), g) for every ¢ > 0, by means
of the list of the isometries of (P, (1), g) (see [10, Thm.4.1]), it is easy to prove that
the isometries of (P, (c), g) are precisely the maps of the form I'j; or I'jy 0jo D,
with det(M) = +£1, i.e. they are the restrictions to P, (c) of the isometries of (P, g)
mapping P, (c) onto itself.
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Proposition 3.11 Let ® be a hyperbolic isometry of (P, g) and let Q € Min(P).
Then

(a) the Q-axis of ® has the following expression:
Y1) =0 exp(t,log(gfl/;%@ 0"y o112 = 112(0~ 12 d(Q) Q1) T Q112
foreveryt € R, where £(®) = || log(Q_l/2 Q) 07 ?);

(b) ifM e GL and we set P := Ty~ 1(Q), ® := Ty~ o ® o 'y, we have
vy =Tmoy?

Proof Since £(®) = d(Q, ®(Q)) = ||log(Q~/>®(Q) 0~1/?)||, part (a) easily fol-
lows from Remark-Definition 2.9 and Lemma 3.5, while Proposition 2.10 (ii) implies
part (b). O

Proposition 3.12 Let ® be a hyperbolic isometry of (Py, g) with translation length £.
1 —1/2 1) —1/2

Fix Q € Min(®), set L := 0g(Q (Q) Q ) and consider the Q-axis of ® :
)/;)(t) = Ql/z(exp(t L))Ql/2 (te ]R) The following occurs:

@if =Tpyod or =Ty 0j (forsome M € GL,), then tr(L) =0;

for these isometries we necessarily have det(yg’ (t)) = | det(M)| forevery t € R,
so that Min(®) C P, (| det(M)));

®if =Ty or ® =Ty o0jod (for some M € GL,), then tr(L) =
21In(] det(M)|)

when det(M) = =£1 for these isometries we get det(yg’(t)) =
det(Q) for every t € R.

Proof Remember that we have det(exp(X)) = e”(X) for every X € M,,.

Yo 2(1)

First assume & = I'y; o 0; hence M 7 MT = =Y, ®(t + £) for every

(dgetrgan) ™"
teR 5

So we get (det(M))” = det(yg’(t)) - det (yg’(t + £)) forevery r € R, or,
equivalently,

2
det(M
e t8)r(l) — ((et(—>))2 for every t e R. Differentiating with respect to ¢, we
det(Q)
obtain rr(L) = 0, from which it follows that det(qu’(t)) = det(Q) = |det(M)|
for every ¢+ € R. The case ® = I'ys oj can be treated with similar arguments. This
concludes part (a).
Now assume & = I'js; from M)/Qq> OMT = yQCD(t + £), by calculating their

respective determinants, we get (det(M))2 =e“"" D) andso tr(L) = w.

Then, if det(M) = +£1, we have tr(L) = 0, and this implies: det(yg’ (1)) = det(Q)
for every t € R. The case ® = I'j; 0j oD can be treated similarly, so part (b) is also
proved. O

Proposition3.13 Let M € GL, be a matrix with det(M) = +1 and let F be the
isometry of (Py, g) definedas F :== Ty oras F :=T0jo0, sothat F(P,(c)) =
Pu(c) and the restriction f := F|p, () is an arbitrary isometry of (P, (c), g).

(i) We have: Min(F) =R -Min(f), Min(f) = Min(F)NP,(c) and L(f) =
L(F).
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(i1) The isometries f and F are of the same type.

Furthermore, assume that f is hyperbolic (so F is hyperbolic too) and fix Q €
Min(f). ‘

(iii) The Q-axis of f is precisely the Q-axis of F, i.e. yé () = yQF (t), for every
teR

(iv) For the Q-orthogonal spaces of F and f, we have:

Vo (F) =R - Yo (f) and Yo(f) = Yo(F) N Pu(c).

Proof Part (i) follows from the fact that Min(F) is a positive cone of P, (see Propo-
sition 3.4 (b)), remembering that the map P +> ¢ - P is an isometry of (P,, g), for
every t > 0. Part (ii) directly follows from part (i). Part (iii) follows from Proposition
3.12 (b). Finally, part (iv) directly follows from parts (i) and (iii). O

The next Sections are devoted to determine the minimum sets and the relative
orthogonal spaces of all isometries of (P,, g). As stated in Proposition 2.14, these are
always totally geodesic real analytic Hadamard submanifolds of (P,, g). There are
many studies regarding totally geodesic submanifolds of (P,, g); among them, we
refer to the classical contribution of Mostow [17] and to the recent paper of Tumpach
and Larotonda [23].

4 Semi-simple isometries of the form 'y

Remark-Definition 4.1 For convenience, let us fix on C any strict total ordering
(denoted by <) that extends the usual ordering of R, with the property that z; < z2
implies uz1 < uzs forall z1,z2 € C, u € R, and such that A < z forall A € R and
all z € C\R.

Let M € GL, be a matrix whose distinct real eigenvalues are: a; of multiplicity
r1, ap of multiplicity r», up to a, of multiplicity r,, while its distinct pairs of non-
real eigenvalues are: pje™? of multiplicity mi, pye™% of multiplicity ms, up to
pgeri% of multiplicity my (61,...,6; € (0,7)), and assume a; < ap < -+ <
a, < p1e'' < prei® < ... < pyet%. So, it is uniquely determined the real matrix
Aut = (DY 1) @ (B (on - Ea)®™).

Note that Ay is a real Jordan form of the semi-simple part of the Jordan-
Chevalley decomposition of M; so Ay is a real Jordan form of M if and only if
M is semi-simple. From Lemma 1.5, we deduce that C(A,,) = ( le GL ,J.) >

( ‘]’.:1 ,o(GLmj((C))), and therefore we have C(A,) NP, = (B'_,P,) &

Jj=10T
( j]':l p(Hmj))
By the polar decomposition Theorem (see e.g. [13, Thm. 7.3.1 p. 449]), there
exist a unique S,, € P, and a unique R,, € O, such that A,, = S, R,,. Asis

known, we have S,, = ,/AMA;, = ( le(laﬂ . I,j)> &) (@Zzl(ph . Izmh)>;
therefore the matrix S,, belongs to the center of the group C( A,,); furthermore, if
we denote the n eigenvalues of M by n1, n2, ..., n,, then the n eigenvalues of S,, are

|771 |7 |772|, DR |7)n|
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Lemma4.2 Fix M € GL,, P, € Py, and let Ay € GL, be as in Remark-Definition
4.1. The following three conditions are equivalent:

(i) M*Py(MT)?> = MP,MT P ' MPMT;

(i1) the matrix P0 12 Pol/ 2 js normal;

(iii) there exists A, € GL, suchthat M = A, AMAO_l and P, = A, AOT.

Proof The equivalence (i) < (ii) is just a simple calculation.

Now, if statement (ii) holds, by real spectral Theorem (see for instance [13, p. 136]),
the matrix M is semi-simple (so Ay, is a real Jordan form of M) and there exists
U, € Oy suchthat P 12M P12 = Uy Ay Ul shence M = (P)/2U,) Ay (P)/2U,) !
and therefore we get (iii) with A, = P}/2U,. The converse, (iii) =(ii), follows from
the polar decomposition of A, after noting that A is normal. This concludes the
proof. O

Proposition 4.3 Fix M € GL, and let Ajy; be as in Remark-Definition 4.1.

(a) The isometry I yr of (Py, g) is elliptic if and only if the matrix M is semi-simple
and its real Jordan form Ay is orthogonal.

(b) The isometry I'py of (Py, &) is hyperbolic if and only if the matrix M is semi-
simple and its real Jordan form Ay is not orthogonal.

(c) The isometry I pr of (Py, &) is semi-simple if and only if the matrix M is semi-
simple.

(d) If the isometry Ty is semi-simple, the following equality holds:

Min(Ty) = {AAT : Ae GL,and M = AAy A~

Proof Clearly, part (c) will be a trivial consequence of (a) and (b). Part (a) has been
already proved in [11, Prop.3.1], while, in elliptic case, part (d) has been proved in
[11, Prop.3.2].

Now, it remains to prove that the isometry I"j; is hyperbolic if and only if the matrix
M is semi-simple and Ay, is not orthogonal, and that, in this case, we have

Min(Ty) = {AAT AeGLyand M = AAy A

Suppose that I"y is hyperbolic and let P, € Min(I"y); so there is an axis of Iy
passing through P,. Keeping in mind Remark 2.6, there exist a geodesic c(t) =
Pol/2 exp(t - V) Pol/2 (with V e Sym,\{0}) and a real number b # 0 such that, for
every t € R, we have

*) MPl/2 exp(? - V)PI/ZMT Pl/2 exp(t - V)exp(b - V)Pl/2

In partlcular settingt =0 and r = b in (*), we obtain, respectwely

(%) exp(b- V) = P\ 2MP,MT P12

(%) M P2 exp(b - V)P1/2MT P2 (exp(b - V)) P2,

Now, from (**) and (¥**), we easily get: M>P,(MT)> = M P, MTPO_lMPOMT.
So, from Lemma 4.2, we obtain that there exists A, € GL,, suchthat M = A Ay AO’1
(i.e. M is semi-simple) and P, = AOAOT (i.e. {AAT : A € GL,and M =
AAyA~! } 2 Min(I"y)). Moreover, by part (a) the matrix A s cannot be orthogonal.

For the converse, assume that M is semi-simple and its real Jordan form Ay is not
orthogonal. Let A; € GL, be such that M = AOAMAO’] and denote P, := AOAOT €

Py. Since Ay is not orthogonal, part (a) implies that P is not a fixed point of I'yy,
Le. P~ 1/ZMP MTp 1/2 € Pp\{In}; therefore V := log(P~ 1/2MP MTPp l/2) €
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Sym,\{0} and the geodesic c,(t) = POI/ 2 exp(t - V)POI/ 2 is non-constant. Fur-
thermore, by Lemma 4.2, we have M?P,(MT)?> = MPOMTPO_lMPOMT. Now,
consider the two geodesics «(t) = TI'p(c,(t)) and B(t) = c,(t + 1). We
have: a(0) = MP,MT = P!2exp(V)P!/? = ¢,(1) = B(0), and a(l) =
Mcy()YMT = MP!?exp(V) P2 MT = M?Py(MT)* = MP,MT P 'MP MT =
P12 (exp(V))* P12 = P12 exp2 - V)PV/? = ¢, (2) = B(1).

Since (Py, g) is a Hadamard manifold, we necessarily have «(t) = B(¢) for every
t € R, ie. C'y(cy(t)) = ¢ (t + 1) for every t € R. By Remark 2.6, we conclude
that the image ¢, (IR) is an axis of I'jy; passing through P, so I'y is hyperbolic and
P, = AOAOT belongs to Min(I"y). This concludes the proof. O

Remark 4.4 Let M be a semi-simple matrix of GL, and let A € R™. Then the isome-
tries I'yy and I'(3p) are both semi-simple and Min(FM) = Min(F(AM)).

This follows directly from Proposition 4.3 (c), (d), keeping in mind that Ay =
AAy.

Clearly, parts (a), (b), (c) of Proposition 4.3 can be reformulated as follows:

Proposition4.5 Let M € GL,,. The isometry Iy of (Py, g) is

(a) elliptic if and only if M is semi-simple and all of its eigenvalues have absolute
value 1;

(b) hyperbolic if and only if M is semi-simple and at least one of its eigenvalues
has an absolute value other than 1;

(¢) parabolic if and only if M is not semi-simple.

Theorem 4.6 Let M € GL, be such that Ty is a semi-simple isometry of (P, g).
Consider the matrices Ay, S,, € GL, and the Lie group C(Ay) defined as in
Remark-Definition 4.1. Let A € GL,, be such that M = A Ay A~! (see Proposition
4.3 (¢)).

(a) The translation length of Ty is £(T ) =2 log(S,) =24/ Zl}zl (1n(|17j|))2
where n1,n2, ..., 0N, are the n eigenvalues of M.

(b) FAM is also a semi-simple isometry of (P,,g) and Min(T'y) =
s (Min(FAM)). Moreover, we have Min(I‘AM) =C(Ay)NP, = (@;?:1 73,.7.) ®
(D) p(Hm))) ={P € Py: T, (P) = P28 P/,

c) (Min(Ty), g) is a symmetric totally geodesic Hadamard submanifold of (P, g)
isometric to the Riemannian product (]_[’;:1 (Pr) g)) X (HZ:I Hm, » 2f)).

Proof From the equality M = A Ay A~1 we obtain Ty = T4 o LAy 0 (FA)fl.
Therefore, by Proposition 2.10 (i) we deduce that the isometry Ta, is also semi-
simple, and that furthermore we have Min(I'y;) = I's (Min(FAM)) and £(Ta, ) =
L m).

From Proposition 4.3 (d) (replacing M with A ), we obtain:

Min(FAM) = {BBT : BeGL,and Ayy =B AMB_I}, or equivalently,
Min(Ta,) = C(A,) NPy = (@j;l??rj) @ (@Zzl p(H,,,,,)) (see Remark-
Definition 4.1). So, if P € Min(Ta ) then P'/> € Min(Ta ) too. Since S,
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belongs to the center of the group C(A,), we have FAM (P) = AMPAZ{ =
PA,AT = PSAzl = P1/28A24P1/2; this proves the inclusion Min(T'a, ) S {P €
Pu: Ta, (P)= P'/282 p1/2} From Recalls 3.1 (c), we get £(I'y) = L(Ta,) =

d(P.Ta, (P) = || log(S2)I| = 21 log(S,)ll = 2,/3%_; (In(In;D)*.  This

proves part (a).

Let us now prove the reverse inclusion {P € P, : Ta  (P) = P1/23}%4P1/2} C
Min(FAM). If P is any point of P, such that FAM (P) = P1/2Sf4 PY/2 | then we have
d(P, FAM(P)) = log(Sfl)H = S(FAM) ,andso P € Min(FAM). Therefore, part
(b) is fully proved.

Notethat Min(T's ) = GNPy, where G := ( " GL r_,.)ea( ¢ p(GLu, (<C)))
is a P,-compatible reductive closed subgroup of GL,,. So, we get part (c) remember-

ing that "4 is an isometry of (P,, g) and keeping in mind Lemma 3.2 and Proposition
3.7. O

5 Semi-simple isometries of the form My 0

M
| det(M)[1/n
Of course, det(7(M)) = =1 and, if n1, 2, ..., n, are the n eigenvalues of M
then the n eigenvalues of 77 (M) are ; det(?‘/‘[)l] 7 Tae (’1751)‘, ZEE det(?\;)ﬂ 7 - Moreover,
M 1is semi-simple if and only if 7 (M) is semi-simple, and (with the notations of

Remark-Definition 4.1) we have Az = Idet(AW’ Spmy = W.

Remark-Definition 5.1 Given any matrix M € GL,, we set (M) :=

Lemma 5.2 Given any matrix M € GL,, the maps I"y; o 0 and Iy (yr) are isometries
of (Pn, 8) of the same type and £(I"y 0 0) = £z ().

2 2
Proof WehaveI' ;00 = 00T (m), 50 (FMOD) =T wmomy = F(n(M))z = (Frr(M)) ;
therefore we conclude by Proposition 2.8. O

Proposition5.3 Let M € GL,,. The isometry T'p; 00 of (Py,g) is

(a) elliptic if and only if M is semi-simple and its eigenvalues have the same absolute
value;

(b) hyperbolic if and only if M is semi-simple and its eigenvalues do not have the
same absolute value;

(¢) parabolic if and only if M is not semi-simple.

Proof Itis an easy consequence of Proposition 4.5 and Lemma 5.2, taking into account
Remark-Definition 5.1. O

Proposition 5.4 Let M € G L, be suchthat I' ;00 is a semi-simple isometry of (P, g)
and denote by n1, .. ., n, the n eigenvalues of M. Then the translation length of T p; 00

. i 2 S
is £y 00) =2, /3 (In(rmmbm)’ = 211 log (o) Il

Proof By Lemma 5.2, the isometry Iz (as) is semi-simple and £(I"y700) = £(T 7).
We conclude the proof by Theorem 4.6 (a), taking into account Remark-Definition
5.1. O
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Proposition 5.5 Consider any semi-simple matrix M € GL,, and let A € GL,, be any
matrix such that M = A Ay A~ (remember the notations of Remark-Definition 4.1).
(a) The isometries 'y 00, Uzyy and Ty are all semi-simple, and we have
Min(Ty 00) = Min(Tzny) NPy (| det(M)]) = Min(Tp) N Py (] det(M)]).

(b) If the isometry W := T'pr 00 (and so also V' := Tr)) is hyperbolic, then
for every point Q € Min(I"y; o 0) we have yg’ (1) = yg/(t) (t € R) (so every axis
of T'y o0 is also an axis of Trm)y).

Proof By Propositions 4.3 (c) and 5.3, the isometries I"ps 0 9, I'z(pr) and Ty are all
semi-simple. We set £ := £(V) = £(V') (where W := Ty 00, ¥ = Trup).
From Remark 4.4, we deduce that Min(I'zp)) N 73,,(| det(M)|) = Min(Ty) N
Pn(| det(M)|).

Let us now prove the equality Min(I'y 0 d) = Min(Uzy) N Pn(l det(M)|)
and that, if ¥ (and therefore ¥’) is hyperbolic, then y;’ (t) = y;,(t) for every
Qe Min(Tyod),t eR.

In the elliptic case the equality is proved in [11, Prop.4.1(2)]. Now, assume that @
(and so W) is hyperbolic. For any Q € Min(¥), consider the Q-axis y; (t) of W. So,

Myg M’

we have = y;’ (t + £), while from Proposition 3.12 (a) we deduce that

(derrgan)”

det(y;’ (t)) = det(Q) = |det(M)| forevery ¢ € R. From these equalities we easily
obtain (M) y;' O T = y;' (t+4£) forallt € R. Therefore y;’ ) = yg’/(t) for
everyt € R, Q € Min(W¥'), and yg’ (R) is also an axis of the isometry W' = 'z ).

For the converse, assume that det(Q) = |det(M)|, Q € Min(¥’), so that we
v r_ My oM’ v
have 7 (M) Yo M) = Tean = Yo

det(w(M)) = =£1, from Proposition 3.12 (b) we obtain det(yQ‘I‘/(t)) = det(Q) for
My om” My om”

(detrd' ) ™" B (der)™”"

,(t + £) for every t € R. Since

every t € R; so, we get (I'y o 0)()/;’/0)) =

My ymT ,
Idetg(w = yg’ (t + £) for every t € R. Therefore Q € Min(I'y o ?), and
vy 0 =y) ) (1 eR). u

Notation 5.6 We denote by S (( 17, (P, g)) x ( 17, (Hum, . 2 f))) the Rieman-
nian submanifold of the Riemannian product ( le (73,_,. , g)) X ( HZ:I (Hmy, 2f )) s

consisting of the elements (A1, ..., Ay, By, ..., By) € (]_[5-):1 P,j) X (]_[Zzl Hmh)
such that ]‘[f:1 det(A;) - [T1_, (det(Bp))?* = 1.

Theorem 5.7 Let M € G L, be such that Ty o 0 is a semi-simple isometry of (Py, g)
and assume that the eigenvalues of M and Ay are as in Remark-Definition 4.1.
Choose A, € GL,, suchthat M = AOAMAJI with|det(A,)| = /| det(M)|. Then the

minimum set of T'p 00 is Min(Tp00) =T (((@le Prj)éB( Z:l ,O(Hmh)))ﬂ
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(73,,(1))> and it is a symmetric totally geodesic Hadamard submanifold of (P,, g)

isometric to S((]_[le(Prj,g)> X (HZII(Hmh,Zf)>>.

Proof From Proposition 5.5 (a), we have Min(I'y o 0) = Min(Tran) N
Pa(Idet(M)]). So, by Proposition 2.2 (b), Min(I'yy o d) is a symmetric totally
geodesic Hadamard submanifold of (P, g), because Min(I'z (1)) and P, ( | det(M )|)
are both totally geodesic Hadamard submanifolds of (P,, g). We also have 7 (M) =

A, AH(M)AO_I; so, from Theorem 4.6 (b), we obtain Min(I'yp)) = FAO (( @?:1 Prj)EB

(@Zzl ,O(Hmh))). Since det(A,) = £+/|det(M)|, we also have Pn(l det(M)|) =
Ta, (Pa(1)); consequently:

Min(Ty 00) = Ty <<(@7_1Prj) ® (@Z:lp(Hmh))) n (7?,1(1))). We
get the statement, since ((( @521 P) @ (D, P(Hmh))> n (Pn(1)>7 g) and

S<< ]_[5.’:1(73”., g)) X ( 1 (Homy, 2f))> are clearly isometric Riemannian man-

ifolds and I A, is an isometry of (P, g). O

6 Semi-simple isometries of the form Iy o j

Proposition 6.1 Let M € GL,,. The isometry Uy oj of (P, g) is

(a) elliptic if and only if MM~ is semi-simple and all of its eigenvalues have
absolute value equal to 1;

(b) hyperbolic ifand only if MM~ is semi-simple and at least one of its eigenvalues
has absolute value different from 1;

(¢c) parabolic if and only if MM~ is not semi-simple.

Proof Since (I'y; o j)2 =T ym-1ys the statements follow from Propositions 2.8, 4.5.
O

Notations 6.2 (a) Let M € GL, be such that I'y; o j is a semi-simple isometry of
(P, g); then, as seen in Proposition 6.1, the matrix M M T semi-simple. Remem-
bering [13, pp.294-295], we list and denote all distinct eigenvalues of MM ~T, with
their multiplicity, as follows:

e 1, with multiplicity p > 0;
e ) and A;l, both with multiplicity p; > 1, forj=1,...,[,
whereevery A; e R and 1 <A; <Ay <--- <Ay (whenly > 1);
e —1, with multiplicity 2g > 0;
—j and —,u;l, both with multiplicity ¢g; > 1, for j=1,...,1,
whereevery ; € R and 1 <y < pup <--- <y, (whenlp > 1);
o eIVl both with multiplicity ¢; > 0,
rjlei‘”fi and rj‘llei‘”fi, both with multiplicity s, > 1,
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r,e*Vil and rj;lei%i, both with multiplicity s, > 1, -+ upto

ry, @Y7t and 7oLV both with multiplicity s, > 1.

whereeveryr;, e R and 1 <r, <r, <--- < Tik; (whenk; > 1),

with the condition t; + k; > 1, for j =1, ..., /3, and finally,

where every ¢; e R and 0 <y <y <--- <3 <m (whenlz >1).

[ l l kj
Clearly: p +22j1:1 pj +2(q + ij=1 qj) +22;:] (tj + >0 2sjh) =n.
So a real Jordan form A, of MM~ is as follows:
L

ZM = [Ip] EB [Jéia] [()\jlp«f)@()tjllpj)]] 69[_12(1] EB|:'EzBI[(_IJLquj)EB

J:
I3 ) kj Ds . Ps .
-1 1 Sin -1 Sin

Cuit)l|e| @ [(5) @ (Slenrs o ey )] |

Since MM~T is semi-simple, we can fix Z, € GL, such that MM~T =
ZyAN,Z".

(b) As usual, we now denote by C( A M) the closed subgroup of G L,, consisting of
all matrices of GL, that commute with A, . Remembering Lemma 1.5, we obtain:

C(A,) = [GLp ]@[ /EE (GLy, & GLP_/)]@[GLM ]@[jéé (GLy; ® GLq_f)]

= [ ¢ [(o(GLy©)) o ( & [p(GLs, ©) @ p(GLs, ((C))])H ’

j=1 h=1

where p is the decomplexification map. Therefore, it is clear that C( A ) isa Py-
compatible reductive closed subgroup of G L, and that we have:

C(A) NPy = [Pp] ® [ élal (Pp; & 7)1?/)] ® [PZq] ® [ éé (Pg; ® qu)]

= j=1

® [ é39 [(p(Htj)) ® </§E [o(Hs,,) ® p(Hs_l_h)D”.

j=1
By the polar decomposition Theorem, there exists a unique D,, € C( A w) NPy
and aunique O,, € C(A,,) N O, suchthat A, =D, O,, . Clearly, we have:
[y

D, = [lp]@[j@l [()“jlpj)@(}‘jllm)]]@[hq ]@[jéé] [(Mj]qj)ea(“jllqj)]]

® [Jé_}al [(12,_,.) ® (hé_él [(r125,) © (rj‘,,llzsjh)])ﬂ,
0u=[1]e[-n] e[ &) wherewes

p=p+2 lelzl p; (i.e. p'is the total number of positive eigenvalues of MM 7,
counted with their multiplicities),

q =q+ Zlle gq;j (i.e.2q’is the total number of negative eigenvalues of MM,
counted with their multiplicities), and
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kj . : .
si o= tj + 3,y 2s; (e s} is the total number of non-real eigenvalues of

MM~T having argument j € (0, ), counted with their multiplicities), for every
j=1,...,13.

Denoting the n eigenvalues of MM -T by o1, 02, ..., 0y, the n eigenvalues of
D, are lo1l, lo2], ..., |on|. Looking at their expressions, it is clear that all IEatri-
ces A , Dy, 1/D , D‘l/z O,, belong to the center of the group C(A,,).
We also note that C(O,) ={A € GL, : AO, = O,A} = GLy ® GLyy @

(Dl P(GL(©))s therefore: C(O,)NP, =Py &Pay & B, p(Hy)).

Proposition 6.3 Let M € GL,, be suchthat I"y;0j is a semi-simple isometry of (Py, g);
let D,, € P, be as in Notations 6.2 (b) and let us denote with 01,02, ...,0, then

eigenvalues of MM~T . Then: £y 0j) = || log(D,)Il = Z;'.:l (ln(loj|))2.

Proof The equality (I'y; 0j)? = I (pm-1y » Proposition 2.8 and Theorem 4.6 (a) imply
the statement. O

Proposition 6.4 Let M € GL, be such that T o) is a semi- stmple isometry of
(Pn, g); consider the matrices ZM, D, O,, and the Lie group C( AM) defined
in Notations 6.2. Let Z,, € GL, be such that MM~T = z, A z, U and set
M:=2_'"MZ.T. Then

(@) Ty oj is a semi-simple isometry of (Py,g) and Min(Ty oj) =
Tz, (Min(T' g 0));

(b) Min(Tgoj)={P €Py: (Tgo0i)(P)=P/?D P1/2} C C(A,)NPy;

(c) fix Py € Min(Ij;0j); then there exists Q, € Oy suchthatM FN J, NT,
where N, = Pol/2 Q, and J, is an orthogonal square root of O,, of the following

form: gy =15 | @ [~ 1p—p ]| @ [Er) ] @[ é ((Ejjﬁ) ® (- E;j](/’;/)))]
forsome pe{0,1,...,p'}, 5 €{0,1,. ..,sj} (forevery j = 1,...,13);

(d) if N, is the matrix defined in (c), thenwe can write N, = SGBTEB(@j 1,0(Yj)),
forsome S € GL,y, T € GLyy, Yj € GL j((C) (forevery j=1,...,13).

Proof (a) Since I'y-7r 0 j =j o FZM, wehave I'jjoj=T,z-10yo0jo FZM.
M M
So, from Proposition 2.10 (i), we get that I'j; o j is semi-simple, Min(I'y o j) =
FZM (Min(FM o j)), and £(I'y; 0 j) = E(FM o j). Therefore, part (’2\1) is proved.
(b) First of all, note that we have M M~T = ZA;IMM_TZM =A, =D0,0, =
0,D,
Note also that: Min(I'z; oj) C Mm(r‘A ) C C(AM) N P,. Indeed, the

first inclusion follows from Proposition 2.8, takmg into account that (I'j; o N2 =
Cyi-r = FA\M; while, for the second inclusion, we note that, for every P €

Mm(FZ ), by Proposition 4.3 (d) there exists W € GL, such that P = WW7T

and Z = WA W , 1.e. WA = A W;so W e C( AM) and consequently
P= WWT Pl/2 1/2 € C(AM) mPn

If the isometry F 71 ©J is elliptic, then (I'j; o )2 = FgM is also elliptic and so A M
is orthogonal; therefore we have D,, = I, and part (b) is trivial.
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Now, assume that the isometry I"g7 o) is hyperbolic and let P e Min(I'j; 0j). As
seen above, P, P12, p~1/2 eC(A YNP,,s0 P, P2, P~1/2 also commute with
D, VD, DA;VZ, 0 .Denoteby c(r) = P/ exp(r- L)P1/2 (with L € Sym,\{0})
the non-constant geodesic of (Py, g) passing through P whose image ¢(R) is an axis
of I'j; oj. So there exists a real number b # 0 such that

(") (T o)) (c(®)) =c(t+Db), foreveryr € R, ie.

MP~2exp(—t-L)P~V2MT = P2 exp(z - L)exp(b- L)P'/* forevery 1 € R.
In particular, fort = 0 we get b - L = log(P~'2MP~'MT P~1/2). If we set A :=
P12 P~1/2 we have b - L = log(AAT). Denoting with A = DO (with D € P,
and O € 0,) the polar decomposition of A, we can write AAT = D2, sothat b-L =
log(DZ) = 2 -log(D). Since (I'y; o N2 = FEM, from (*) we obtain FZM (c(t)) =
c(t + 2b), for every t € R. In particular, for t = 0 we get D,,0,, P(’)TD =
KMP(Z ) = pl/2 exp(2b - L)Pl/2 pl/2 exp (4 log('D))Pl/2 P1/2D4P1/2
Since P!/2 commutes with both D , and O,,, from the previous equality we conclude
that D2 = D* ie. D* = D,,, ie. D = /D,,. So, by setting 1 = 0 in (¥), we get
(Tjp0j) (P) = P1/2D2PY/2 = p1/2D, P12 We conclude that Min(I'j; 0j) € {P €
Pu: (T oi)(P)= PYV?*D, P2},

Conversely, if (I'j; o) (P) = P/2D,, P!/2 by Recalls 3.1 (c) and Proposition
6.3, we have d((I'j; 0j) (P), P) = [|1log(D,,)|| = £(I'j; oj). Consequently P €
Min(I"j; oj) and this concludes the proof of part (b).

c) Fix P, = W, WT € Min(T'y o ]) with W, € C(A ), and set A, =

P 1/ZMPO 12 Let .A = D,0, = O,D, be the polar decompositions of the

matrix A, (where we have D, = | /AOAOT, 730 = ‘/AOTAO € Ppand O, € 0,).In

part (b) we proved that, if I'j; oj is hyperbolic, then D, = m . This is trivially
true even if I'j; oj is elliptic, since in this case the matrices AOAOT, D,, D,, are
necessarily all equal to 7.

Claim. We have (’)02 =0,,.

First assume that I"j; oj is elliptic. As seen before, in this case: D, = D,, = I,

o~

and so: M = P01/2(9 Pl/2 Since Pl/2 and O,, commute, then P01/2(9 P_l/2 =
0, =24, =MM T = P20, P1/2P 120~ TP 12 = plrO2p-12, Clearly,
this implies the Claim.

Now suppose that I'j; 0j is hyperbolic. From the equality D, = \/m itfollows that
0, = D;'2A, = DV2P 12 M P2 = pri2D 12 P12, because D12
and PO’I/ 2 commute. In the proof of part (b) we saw that the axis of (I 71 ©J) passing
through P, is the image of the geodesic ¢,(t) = Pl/2 exp(t log(A, AT))PI/2
(with t € R), for some b € R. Therefore, the equahty (*) for t = b (with ¢, in
placeofc)becomesMP 172 exp( log(A, AT)) —12T — PI/Z(A AT)zPl/2 or
equivalently A, (AO.AT) AT A, AT.A AT SO DMl = (AOAOT) = AOTAO =
502. We conclude that D, = DMI/Z, so we can write A, = OODA;U2 (as well as
Ay, =D)20)).

Now let W, = Pol/ 2H, (with H, € 0,) be the polar decomposition of W, . It is
clear that H,, HOT e C( A )N O, , 50, in particular, HOT commutes with D,, and O,,
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Therefore, wehave D,,0,, = A,, = W, 'A, W, = HI P7V2M M~T P2 H, =
HI (P7V2MP7V2)(PI2PM-TPYH, = H'AATH, = HID\20,
(p\20,)"H, = HID!*O,D;'?)O,H, = HID/*D!20)0H, =
HI'D,0H, =D, H O2H,.

Thlslmphes O, —HTOZHO, ie. (92 H,0,, HT 0,,, because H,0,,
O, H,. This concludes the proof of the Clalm The proof proceeds as follows.

From the equality (902 = O0,, we deduce that a real Jordan form J; of O, is of the
form:

®q lx @5 e =5
wi=ltr]e | -1p-p|e £ ] [1@1((%/2)@(‘%/2 )}
for some p € {0,1,..., p'}, 5 € {0, 1, s’} (forevery j = 1,...,[3), where
J is a suitable orthogonal square root of (9 So there exists Q, € 0,, such that
= 0,J,07; then D.'2M = D, 1/2P1/2A pl/2 = pl2p 12D 0O P!/? =
Pol/zo Pl/? = NyJ,NI', where N, := P01/2Q0. Therefore i1 = \/71\7 J WNT
and this concludes part (c)
(d) In part (¢) we saw that O, = O2 = (Q,/,01)* = 0,J* oI = 0,0,, 0.
So Q, (as well as POI/ 2y commutes w1th O,,- We conclude that N, = POI/ 2 0, also
commutes with O,,. Therefore N, can be written as in the statement of part (d). O

Theorem 6.5 Let M € G L, be such that T ppo j is a semi-simple isometry of (Py, g);
denote the eigenvalues of MM~ (with their multiplicities) as in Notations 6.2 and let
Z, € GLy, N, = S&T® (', p(¥)) € GL /@Gqu/ea< > p(GLy ((C)))
be as defined by Proposition 6.4.

(1) We have Min(I'y 0j) = Iz, (GyM), where

sui=[(Bae (&) e (&7,))n(risop o0 @)
@[((qu) ® (}EE qu) ® (Jé:z}l Pq_i)) N (Fr((SPZq’) N (qu/))>]
o & ([(sz)@(é (P, &P, | [T (05 5006:)] )|

j=1
forsome p e {0,1,...,p'}, 55 €10, 1,...,s}} (forevery j =1,...,13).
(2) The set Min(T'p o)) is a symmetric totally geodesic Hadamard submanifold
of (P, g) contained in P, (| det(M)]).

Proof In this proof, we will use the same notations as in Proposition 6.4.

If P € Min(I'j; 0j), then m and P'/2 commute; so Proposition 6.4 (a), (b)
implies: Min(Cy 0j) =Tz, ({P € C(A,)NPy: (Tgoi(P) =D, P/D,)}).
From Proposition 6.4 (c) we have: M = \/WNO JONOT, so the condition (I'j; o
)(P) = /D, P/D,, is equivalent to the condition (N,J,N/)P~'(N,JTNI') =
P, or, equivalently, to the condition J, = (NO_ IPNO_ T)JO (NO_ IPNO_ T) =
FN(;I(P)JO FN(;l(P) = 0J,0, where Q := I"N(;l(P). Note that the matri-
ces N, ]\[Q_l, NO_T commute with O,, and that C(KM) Cc C(0,,); therefore, if
P e C(A,) NP, we have Q = FN(;l(P) e C(0O,,) N Py,. Therefore, we
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can conclude that {P € C(A) NPy : (Tgoj)P) = VD, PyD,} =
{PeC(A)NPy: P=Tn,(Q), with 0J, 0 =J,and Q € C(O,)NP,}.

By Notations 6.2 (b), if Q € C(O,,) NP, there exist Q1 € Py, Q2 € Py,
Kj €My (for j=1.....15) suchthat Q = 01 ® Q2@ ( ’;:1 p(K)).

Claim. Let 0 = Q1 ® Q2 ® (D", p(K))) (with Q1 € P, 01 € Poy,
Kje H‘Y} forevery j =1,...,/3). Recalling the expression of J, (see Proposition
6.4 (c)), the following conditions (a) and (b) are equivalent:

b) Q1€ (So(p P ﬁ)) (,PP/);
a) 04,0 =, b) {1 b2) 02 € (Spag’) N (Pag) ;
b3) Kj € (U(;/Y}_?j)) N ('HY;) for j=1,...,13.

Clearly, condition (a) is equivalent to the following three equalities:

ap) 01(Up) ® ()01 = Up) & (~Iy—p):

@) 02(E, )02 = Ep)y s

a5 @(sf.—?j) &5 (" —5))
az) p(K;) ((Ew,-,/z) @& (- Ey, )) p(Kj) = (Ey, J/z) ®(—Ey, )
j=1,...,1.

Note that S O3, 7 —p) is areductive algebraic subgroup of G L/, so Proposition 3.8
(b) implies that (SO([?, p/_;,j)ﬂ (77 ) (SO(p » @) (Pp/). Therefore, taking into
account that the matrices Q1 and Q, are symmetric and positive definite, we obtain
that (ap) is equivalent to (b1) and (a2) is equivalent to (). It remains to be seen that

v
(a3) is equivalent to (b3). Fix any j € {1, ..., [3}. Since Ey; ), = ,o(eT]‘), we have

5 (s".=5)
(Ej /2) ® ( E;j]/’z ! ) = p(e Fi . [(5) & (— I(s -5 ))]) Furthermore, the

decomplex1ﬁcat10m map pis a monomorphlsm of R- algebras so the condition
63( &', —5)

_ 55 ) 5
p(Kj) (( xpj/z)@( v /2 )) p(Kj) = ( 1/!.//2)69 (_E"l/_j/Z )1s equivalent
.. . —T
to the condition K; ((I;/.)G)(—I(s}_@))) K; = (Igj)@(—l(s}_@)) (withK; = Kj ),
i.e. to the condition K ; € (U(E,,s}—?j)) N (HS}_).
Hence (a3) is equivalent to (b3) and this concludes the proof of the Claim.
When Q € C(O,,) NP, we have P := Iy, (Q) = Ty(Q1) @ ' (Q2) @

(@113:1 Fp(yj)(p(Kj))). Therefore, from the Claim we have: QJ, Q = J, if and

only if P belongs to the set
[Ta((S05 5 N Py)) | @ [T ((Spag) N (Pag) |

I3
& [ @ [0, (Wi, 0 )]
i= .
So, recalling Notations 6.2 (b), we have Min(I'y; oj) = FZ (G ), where

Gum = [((ﬂ?) ® (/éEPPJ ® (JEEPPJ)) ( ((50(,, ,, 3)0(7’17/)))]
o ((Pu)e (elg Pu)e EZ_Q 7)) 0 (0 (Sp20 0 P) |
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o @ ([(o1)) @ 100, @004, 1) | [ 010y 500

j=1 h=1

<HS})>)]>}

Since p(Hjp) = p(GLL(C)) NPy, (for h > 1), we obtain the statement of part (1).
[ I I
LetGy := (GLp)®(D)_, GLp,)® (D) GLy,)®(GL2y)®(D7_; GLy;)®

(@2, 6L,) @ (EBZ;ZI [(612,) @ ()L (GLay, ® GLzsjh)>]> and G, =

(505 1-5)® (572) & (@101, 5)

Keeping in mind Proposition 3.8, we deduce that G| and G, are P,-compatible
reductive closed subgroups of GL,; hence, by Proposition 3.7, both G| N P, and
GNP, are totally geodesic Hadamard submanifolds of (P,, g). Since the congruences
are isometries of (P, g), also FZM (G1 NPy) and FZM N, (G2 NPy) are both totally

geodesic Hadamard submanifolds of (P,, g). By part (1), we have (F z,, (G1 073,1)> N

(FZMNO (G N Pn)) = Min(I'y oj) # @. Therefore, by Proposition 2.2 (b), the
set Min(I"y; oj) is a symmetric totally geodesic Hadamard submanifold of (P, g).
Finally, remembering Proposition 3.12 (a), we obtain the inclusion Min(I'y; oj) C
P (| det(M)]). So the proof is complete. O

7 Semi-simple isometries of theform Iy ojod

Remark 7.1 A key point of this Section is to prove that, for every M € GL,, we have:

Min(Tpr0j 0 d) =Rt Min(Iy o j) (see Proposition 7.9 (c)). We have already
proved this result when I'jps o j o 0 is elliptic ( [11, Prop,6.2]): in that case the
isometry 'y o j is elliptic too. Instead, when I'j; 0 j o 0 is hyperbolic, the isometry
I"'ys o j can be either elliptic or hyperbolic (see Remark 7.3).

Proposition7.2 Let M € GL,,. The isometry I'py 0j o0 of (Pp, g) is

(a) elliptic ifand only if MM~ is semi-simple and all its eigenvalues have absolute
value equal to | det(M)|~2/n;

(b) hyperbolic ifand only if MM~ is semi-simple and at least one of its eigenvalues
has absolute value different from | det(M)|~2/";

(¢) parabolic if and only if MM~ is not semi-simple.

Proof Since (I'y; 0jod)* = I (p ro(aryy-1)» by Proposition 2.8 the isometries Iy 00 0j
and I" 7 o (ry)-) are of the same type. We have M(D(M))_T = |det(M)|*"MM~T,
so the matrix M(O(M))_T is semi-simple if and only if MM~T is semi-simple;

moreover, if the n eigenvalues of M M “Tare 01,00, ..., oy, then the n eigenvalues of
M (O(M))J are |det(M)|*"oq, |det(M)|* "oy, ..., |det(M)|*/"c,. We conclude
by Proposition 4.5. O

Remark 7.3 Keeping in mind Propositions 6.1 and 7.2, we easily deduce that, for
every M € GL,, the isometry I'j; oj o0 is semi-simple if and only if the isometry
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'y oj is also semi-simple. However, if I'j; o j o 0 is hyperbolic, I'js o j is not

necessarily hyperbolic. Indeed, consider for example the matrices M| = ((1) _11> and

M O). From Proposition 7.2, we easily obtain that I'ys, 0jo 0 and 'y, 0jod

(2
- (o7
are both hyperbolic isometries of P>, while, from Proposition 6.1 we deduce that the
isometry I'y, oj is hyperbolic and the isometry 'y, oj is elliptic.

Notations 7.4 Let M € GL,. In this Section we will use exactly the same notations,
relating to the matrix MM~ as in Notations 6.2.

Proposition7.5 Let M € GL,,. Then

(@) Tar0jo0 is a semi-simple isometry of (Py, g) if and only if the matrix MM~
is semi-simple;

(b) if the isometry I'p; o j o 0 is semi-simple and o1, ..., 0, are the n eigen-

2
values of MM~7T, then £(Ty oj 0?) = \/Z;f:l <1n (| det(M)[>/n - |O’j|)> =
| 1og (| det(M) >/ - D, )|l.

Proof Part (a) follows from Proposition 7.2.

The statement of part (b) easily follows from Theorem 4.6 (a) and from the equalities
£(Tyojod)?) £(T - £(r MM
Ty 0jod) = (Y ;JO %) _ & (M[;(M)] n) _ £ (|det<M;|2/ MM T))_D

Remark 7.6 For every . # 0 and every M € GL, the isometry I'js ojo 0 is
semi-simple if and only if the isometry ') 0j o0 is semi-simple too.
This follows from Proposition 7.2 by remarking that (AM)(AM )_T =MMT,

Proposition 7.7 Let M € G L, be such that the isometry I" py0jo0 is semi-simple. Then

Min(Tp0j) = Ml'}’l(rﬂ(M) 0j o) NP,(det(M)]), where x (M) := W
Proof The isometries I'psy 0 j 0d, Tz ojod and Ty o j are all semi-
simple (remember Remarks 7.3 and 7.6). We have the inclusion: Min(I'y; o j) <
Pn(|det(M)]). Indeed, if I'ps o j is hyperbolic, it follows from Proposition 3.12 (a);
while, if I"y; o j is elliptic, the set Min(I"y; o j) consists of the points P € P, such
that MP~'MT = P, and clearly these points have determinant equal to | det(M)].
Now we prove the inclusion: Min(I'y0j) € Min(I'zyyoj o). Itis easy to check
that the maps I'ys o j and I'z(p) o j o 0 overlap on the submanifold P, (| det(M)]).
Moreover, we have £(I'y o j) = £(Txm) o j o ), by Propositions 6.3, 7.5. If
P € Min(Ty o j), then d(P, (Ty o ))(P)) = £(Ty o i) and, as seen above,
P € P,(|det(M))). Therefore, d(P, (Tzpmy 0 j o 0)(P)) = d(P, (T 0 i) (P)) =
S(FM o j) = E(FH(M> ojo 0), so P belongs to Min(I'z(p) o j o 0) and from this
we get the requested inclusion. With similar arguments we get the reverse inclusion:
Min(Tzpy o j o 0) N Py(ldet(M)]) S Min(I'y o j). O

Proposition 7.8 Let M € G Ly be such that T'pr 0j o0 is a semi-simple isometry of
(Pn. 8); consider the matrices A, D,, and the Lie group C( A,,) defined in Notations
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6.2. Fix Z,, € GLy such that MM~" = Z, A, Z-1 and set M := |det(Z,,)[*/" -
Zﬁ;l M Z};T. Then the following statements hold :

(@) the isometry T j;0j 0 0 is semi-simple and Min(FMoj o D) = FZM (Min(l",qo
j o D));

(b) Min(Tjjojod) ={P € Py: (Tjojod)(P)=|det(M)*" P'/>D, P'/?)

and Min(l"lq ojo D) - C(KM) NP,.
Proof By standard calculations we easily getthat I'jjojod = le&lorMOj odol'z .

where M = | det(Z M)|2/ "~ZA;1M Z];T. Consequently, Proposition 2.10 (i) implies
that Min(Cy 0 j 0 0) =Tz, (Min(Tz-10Tyojodolz, )) =Tz, (Min(ljo
j00)),&yojod)=2LTjHojod) and I'f;oj o d issemi-simple. Therefore,
part (a) is proved.

For part (b), first o£a11 note that (I'j; o jf 3)2 = FAZ/ED(M)]—T = F(\det(M)lz/”'zM)’
since we have det(M) = det(M) and MM~ = A,, . Proposition 4.3 (d) and
inclusion Min(I'jj0j o) € Min((Tj0ijo 0)2) = Mi”(r(\det(M)P/"-ZM)) imply
that, if P € M in(F jioijo D) there exists a suitable matrix V € GL,, such that
P =VVTand [det(M)[>"- A, = V(| det(M)[>"- A, ) V!, ie VA, =4, V.
Therefore, V € C(A,,) and P vvT, plz p- 12" €C(A,)NP,.

If 'y 0jod iselliptic, then I'j; o j o d is also elliptic; moreover, by Proposition
7.2 (a) we have D,, = |det(M)|™ 2/ ™. I,; so part (b) is trivially true.

Now assume that [pojod is hyperbohc, therefore, I'j; 0 j o 0 is also hyperbolic.
Let P € Min(FA;; ojo 0). Arguing as in the proof of Proposition 6.4 (b), let 8(¢) =
P2 exp(t - I:d)Pl/2 (with L € Sym,\{0}) be a geodesic of (P,, g) such that there
exists b, € R\{0} such that we have

(V) (Cgioijod)(B(r)=B(t+by),foreveryr € R, ie.

(det(P))¥/n 2 tr()/n . jrp=1/2 exp(—t - L)P~V2MT = P2 exp(t - L) exp(b, -
L)PY2 (t e R).

When ¢+ = 0 we get b, - L = log ((det(P))z/" . P_I/ZMP_IMTP_l/Z); S0,
after setting A= = (det(P)!/" - P P~12M P12, we have b, - [ = log(JZ.ZT) If
A = DO (with D e P,and O € Op) is the polar decomposmon of A, from
AAT = D2 weobtain b, - L = log(D?). Since ([0 0 0)” = =T geian) /- )
from (V) we get F(|det(M)|2/"-AM)(P) = B(2b,), ie. | det(M)|*/" . AMPAATd =
P2 exp(2b,-L)P'/? = PV/2D*P'2 Since P2 € C(A, ) and A, AT =D2 we
get |det(M)|*" - D2 = D4 ie. D2 = |det(M)*/" - D,,.So: (Tjjojod)(P)=
B(b,) = |det(M)|>/" . P/?D, P1/2,

Conversely, if (I'jj0jo d) (P) = |det(M)[*"- PY/2D,, P'/2 from Recalls 3.1 (c)
and Proposition 7.5 (b), we obtain that d (P, (I'j; 0 jo ) (P)) = || log (| det(M)[*/" -
DM)|| = LT 570 jo d); therefore P € Min(I"j; 0j), and part (b) is fully proved. O

Proposition 7.9 Let M € G L, be such that the isometry I'jy; ojod is semi-simple.
(a) Min(FM ojo D) = Min(l"(w) ojo D), for every A € R\{0}.
(b) Min(T'p; 0 j) = Min(Tpr 0 j o 0) N Pu(|det(M)]).
(©) Min(Tp0j o d) =R"-Min(Ty o j).
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Proof Fix A € R\{0}. Clearly AM)(AM)~T = MM~ so, with the same notations

—

as in Proposition 7.8, we get: Zowy =Zy» (AM) = AM, Damy = Dy . Hence, by
the same Proposition, we easily obtain:

() Min(Coany 0 j o d) =Tz (Min(T 4 0j 0 0)) and

(%) Min(F(M;j) oj o 0) = {P € P, : (Cogry ©J o O(P) =
A2l det(M)|*/" P1/2D,, P1/?).

Since T'; j7) = A2 T i1 » again from Proposition 7.8, the equality () is equivalent
to:

(#x%) Min(T iy 0 j 0 0) = Min(Tj50j 0 0) =71 (Min(Ty o j 0 2)).

M

Part (a) follows from (x) and (x%%), while part (b) follows from (a) and Proposition
7.7.

Since Min(I"jy; o j o 0) is a positive cone of P, for any P € Min(FM ojo 0)

| det(M)|\1/n . .
—) - P belongs to Min(I'y; o j o 0) N Py(|det(M)]);

det(P)
, . . det(P) \1l/n
therefore, by part (b), P’ € Min(I"j;0 j) and, consequently, P = (—) .
| det(M)|

R* - Min(Ty o j).

Letnow P :=1-Q € RT - Min(Ty o j) (wheret > 0and Q € Min(Ty o j)).
Then, by part (b), O € Min(I'y; o j o 0); so, from Proposition 3.4 (b), we conclude
that P =t - Q belongs to Min(I'j o j o 0). Therefore, part (c) is fully proved. O

the point P’ := (

Theorem 7.10 Let M € GL,, be such that Ty o j o 0 is a semi-simple isometry
of (Py, g); let us denote the eigenvalues of MM~T (with their multiplicities) and
Z,, € GL, as in Notations 6.2. Then

(1) we have: Min(Ty0jod) =TIz, RT - &y) =RT. Tz, (Gy), where
Gy is the set defined in Theorem 6.5 (1);

(2) the set Min(I"p; 0 j o 0) is a symmetric totally geodesic Hadamard submanifold
of (P, g), isometric to the Riemannian product (]R, e) X (Min(FM o), g), where €
is the Euclidean metric of R.

Proof Part (1) follows directly form Proposition 7.9 (c) and from Theorem 6.5 (1),
remembering that the isometry I'j; oj is semi-simple too.

By Theorem 6.5 (2), (M in(Ty 0j), g) is a symmetric totally geodesic Hadamard
submanifold of (P, (| det(M)|), g). Then we obtain part (2), by noting that the isometry
F: (R €) x (Pu(ldet(M)]), g) — (Pn, g) defined by F(x, A) = e"/V . A maps
the symmetric totally geodesic Hadamard submanifold R x (M in(Ty o j)) onto
the symmetric totally geodesic Hadamard submanifold R* - (M in(Ty o j)) =
Min(Tp0j o 0). O
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8 Minimum set, axes, orthogonal spaces of a hyperbolic isometry of
(Pn, 9)

The following Proposition is a particular case of a more general result contained in
[21] (see Proposition 2.14 (a)); note, however, that it can be independently obtained
as a consequence of Proposition 3.3 (b) and Theorems 4.6 (c), 5.7, 6.5(2), 7.10 (2).

Proposition 8.1 For every semi-simple isometry ® of (Py, g), the set Min(®) is a
symmetric totally geodesic Hadamard submanifold of (Py, g).

Remark 8.2 Note that, if ¢ > 0 and ¢ is a semi-simple isometry of (P, (c), g), then
also the minimum set Min(¢) is a symmetric totally geodesic Hadamard submanifold
of both (P, (c), g) and (P, g).

As above, this result can be directly deduced from Proposition 2.14 (a); however,
it can be independently obtained from Propositions 8.1, 3.13 (i), 2.2 (b) and Remark
3.10.

Theorem 8.3 Let @ be a hyperbolic isometry of (P, g) with translation length £(®)
(so £(®) > 0) and let Q € Min(D).

(1) Assume that ® := T'py or ® :=Tpy 00 (so M € GL, is semi-simple); let
Ay, S, be as in Remark-Definition 4.1; let A, € GL,, be suchthat M = AOAMAO_l
with | det(A,)| = /] det(M)] and denote P := FASI (Q). The Q-axis of ® is

2t

log(S —_—
(a) Vf(t) = A, P2 exp (2 - %)Pl/zf‘g = A0p1/2(SM)£(q))P1/2AOT
(t € R),
when ® =Ty,
2 n
(b) J/q’(t) = A, P % exp <£(<I>) [log(Sa) — In(| det(M)|'/ ).In])Pl/ZAg" _
2t 2t

= |det(M)| "L(®) . A PI2(S,)E(®) PI2AT (1 e R)
when ® ;=T 00.

(2)Assume that ® :=T'po0jor ® := T'p0jo0 (so MM™T e GL, is semi-simple) ;
let A . D), be the matrlces defined in Notations 6.2; let Z,, € GL, be such that
MM_ Z A z, Uand denote P := FZM] (Q). The Q-axis of ® is

t
IOg(DM))Puz ZAT4 =27, P2 (DM)LZ(@) pl/2 ZAT4

(©) yg(t)=Z, P exp (r- @)

(t eR),
when ® =Ty 0j;

2/n |
d yS)=2,P"e p(t_log(ldet(M)| D,)

L(P)

P12ZT
) / M
2t t

| det(M)|"L(®) .z, P12 (D,)L(®) pI2ZT (1 eR),
when ® ;=T 0jo0.
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Proof We will consider each of the four cases of the statement separately.
Case 1(a). Assume ® = I'y. From Theorem 4.6 (b), we get that P € Min(I'a,,)
and T'a,, (P) = P28, P'/2. On the other hand, from Proposition 3.11, we obtain
log(Si,I)
L(Tay)
and log(Slzw) =2 -log(Sy), we get the requested expressions for yg ).

that y§ () = A, P'/Zexp (1 )P'/2AT. Since we have L(®) = L(T'a,,)

Case 1(b). Assume ® = I'j; o 0. From Proposition 5.5 (b), we have 7/é1> = yQ®,
A
where ® = Tpy). Since Axmy W, we obtain that Sy =
Sy 1
— _ /ny .
Tdet M)/ So we have log(Symy) = log(S,,) — In(|det(M)|'/") - I, and

(Sn(M))” = |det(M)|~"/" . (SM)”, for every u € R. By Lemma 5.2, we have
L(P) = L(O); hence, from (1) (a) we obtain:

ﬂ 102(Sy (i)
Y20 = y@(0) = A, PV 2exp (21 - —gﬁ(;f;”) )P1/2AT
21

= A0P1/2(Sn<M>) L(®) Pl/onT

— A, P2 exp (% [10g(S,,) — In(| det(M)| /) 1,,]>P‘/2AOT
2t 2t
= |det(M)| "L(®) . A PI2(S,)L(®) PI2AT | foreveryr € R.

Case 2(c). Assume & := I'); o j and set M = Z/;lMZA;T. By Proposition 6.4,
we get P € Min(Tg o), (T oi)(P) = P/?D, P2 and &(®) = £(T'j o j).
Consequently, from Proposition 3.11 we get the requested formula.

Case 2(d). Assume ® := Ty 0j o 0. Set M := |det(Z,,)[*" - Z Mz T A=
I"j7 0j 0 0. By Proposition 7.8, we obtain that A is hyperbolic, P € Min(A), £(®) =
£(A), and A(P) = |det(M)|*>/" PY/2D,, P'/2. So, from Proposition 3.11 we get the
statement. O

Proposition 8.4 Let ® be a hyperbolic isometry of (P, g) andlet P € Min(®). Then
(a) the P-orthogonal space YVp(®) of @ is a symmetric totally geodesic Hadamard

submanifold of (Py, g) and furthermore, if we set L, := log(P~'2 ®(P) P~1/?),

we have: Yp(®) =

Ipip ({X : log(X) e p-12 (Tp (Min(dD))) and det (exp(log(X)LP)) = 1});
d)if M € GL,, and we set Q := Iy (P), then we have

Vo (@) =Ty (Vp(Ty-1 0 @ oT'yy)).

Proof By Proposition 2.14 (b), the set YVp(®) is a symmetric totally geodesic
Hadamard submanifold of (P,, g) and we have Vp(®) = expp(Tp(Vp(P))).
Set L, := log(P_l/2 ®(P) P~1/2). From Proposition 3.11 (a), we obtain that
a non-zero tangent vector to the P-axis of & at P is PI/ZLPPI/Z; hence,
using Proposition 2.13 (i), we deduce that Tp(yp(QD)) ={V € Tp(Min(®)) :
1/2 1/2y _ : 1/2 1/2y _ —1 —-1/2 1/2y
gpe(V, P/L,P/*)=0}.Since gp(V, P/“L,P/*)=tr(P7'VP L,P/")=
tr(P712V P2 ), we get:
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Vo(®)=expp(TpVp (@) =expp ({V € Tp(Min(®)) : tr(Tpin(V) L,) =
0}) = expp ({v € Tp(Min(®)) : det <exp (rp_l/z(V)L,,)) - 1}) -

expp (Ipia({W € Tpoa (To(Min(®)) : det (exp(WL,)) = 1})).
From Lemma 3.5 we have expp = I'p1/2 oexp ol p-i,2 ; therefore, we can write :
Vp(@)=Tpi12({exp(W) : W € T p-12(Tp(Min(®))) and det (exp(WL,)) =
1]) = FP1/2({X 1 log(X) € I‘P_l/z(Tp(Min(@))) and det(exp(log(X) LP)) =
1 ) This proves part (a), while part (b) follows directly from Proposition 2.13 (ii). O

Theorem 8.5 Let ® be a hyperbolic isometry of (P, g) with translation length £(®)
(so £(®) > 0) and let Q € Min(®D).

(1) Assume that ® :=Tpy or ® :=Tpy00 (so M € GL,, is semi-simple). Consider
the matrix Apy € GL, and denote the eigenvalues of M (with their multiplicities)
as in Remark-Definition 4.1. Let A, € GL, be such that M = AOAMAO’1 with
|det(A,)| = J/Tdet(M)] and denote P = FAal (Q). The Q-orthogonal space of ® is
as follows :

(a) when ® := Ty, we have — Yo (P) = F(AOPI/Z)(B)

where B is the set of matrices of the form ( f | ) (@1 | p(H, ))

(@[-7:1 Prj)@(@?zl p(Hm,)) suchthat | |1?_1 (det(Rj))ln(‘a’l)-| |l:1 (d t(H,))21n(pl)
J J
=1;

(l;) when ® :=T"j; 00, we have yQ(CD) = F(Aopuz)(g)
where B is the set of matrices of the form ( ’IJ 1 ) (@l l,o(H))
( " Pr)@ (D p(Hmy)) suchrhazl‘[”_1 (det(R, ))‘""“f" [T, (det(H,))>"™

= [T/_, (det(R)) - T/, (det(H)))” =

(2) Assume that ® :=Tpyojor ® ;=T 0jo0 (so MM~T e GL, is semi-
simple). Consider the matrix A v € GL, and denote the eigenvalues of MM -7
(with their multiplicities) as in Notations 6.2. Let Sy be the set defined in Theorem
6.5 and Z,, € GL, be such that MM~" = Z, A, Z". Set P := I'7-1(Q). The

Q-orthogonal space of ® is as follows :

(c) when ® = Ty oj, we have Yo(P) = F(Z p12)(€), where &
is the set consisting of matrices E = E| & (@ E2] &) Egj)) &)
Ey ® ( ljz=1 (Es;j @ E6;j)> 69(@ [( )) (EBh 1 [P(Es;jn) @

p(E9;j’h)])]> € exp (prl/z (TP (GM))) such that
[y

(T [(det(Ez )™ - (det(Es ) ") -

j=1
i
( 1 [(det(Es, )™ (det(Es, j))”“(ﬂf)]).

j=1

( I 1 [(det(Eg;;)* " - (det(Eg;j’h))_zm(rjh)]> — 1

j=1 h=1
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(d) when ® :=Tp1 0j 00, we have Yo (P) = F(ZMPI/Z)(g)’ where E is the set of
matrices E == E| ® ( b (Ezj @ E3;j)) S Es @ (@?:1 (Es;j @ E6;j)>

j=1

® <@l]-3_1 [(P(E%j))@(@];j:l [Io(E&j,h)@p(E%j,h)])]) eexp (Tp-12(Tp(RT-
Sm)))

suclh that

(}El [(det(Ea: )" - (det(Es, )~ ")
(jl;[l [(det(Ei]))l (M])(det(E&j)) 1 (p,j)])

i T i —2In(r; _ 2n(dettin))
( [T T [(det(Es,j0)*" - (det(Eoj )" <,h>]) = (dew(E))” -~

j=1 h=1
Proof Also in this proof we will consider each of the four cases of the statement
separately.

Case 1(a). Assume & := Tjy. We have & = FAO o ay o FAal.
Proposition 8.4 and Theorem 4.6 imply: P € Min(T'x ) = (@?:1 Pr_,-) @
(L) p(Hu)) o Tp(Min(Ta,)) = (B Symy,) & (D= p(Hermm)))),
and Yo(®) =Ta (Yp(Tay)) = L4, p12)(B), where B := {X € ( 5.’:1 Pr;) @
(P, p(Hm,)) : det (expllog(X) log(s2))) = 1] =

[x e (@1 P) @ (DL p(Hu) : det(exp(log(X) log(S,)) = 1}.

If X = ( / 1 ) (Do p(H)) € ( j 1 ) (Do) p(Himy)), it
is clear that log(X) = (@_log(R)) & (@lzllog(,o(Hl))) and log(S,,) =
( j.’:l(lnqa iD 1))@ (B}, (n(pr) - Im,) ). Therefore we get log(X)-log(S,,) =
( 7:1(1n(laj|) -1og(R)))) @ (B]_,(n(o) - log(p(H,)))), and so exp (log(X) -
log(S,)) = @le (R4 D BT (p(H,))!™ ). From the known identities

det(p(B)) = |det(B)[>, det(B') = (det(B))" (1 € R), det(By & By) =
det(B;) det(B;), we get: det (exp(log(X) log(SM))) = [T/, (det(Rj))ln(laf'D .
]_[;1=1 (det(H,))ZIn(p ’), and this implies statement (1) (a).

Case 1(b). Assume & := I'jy o 0. From Proposition 5.5 we deduce that
yQ(rM ) D) = Vo =) NPyl det(M)[). Since (det(AO))2 det(P) = det(Q) =
| det(M)|, we conclude that F(Aopl/z)(Pn(l)) = P, (| det(M)]). So, from part (1)
(a) we obtain Yp(Ipy 0 0) = Yo(Tr)) N Pa(ldet(M)]) = F(Aopuz)(Bo) N
P,(ldet(M)]) = F(AOP]/Z) (Bo N 77”(1)), where By N P, (1) is the set of matrices,
with determinant equal to 1, of the form:

= ( é R,)® (é p(H)) € ( é Pr) @ (é p(Hpm;)) such that

lajl

ln(\deuM)H/"

) )

q o
- TT (det(H, )) a7 =1, or equivalently,
=1

P
{1 (@etcr,)
J=
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P q
1—[ (det(R ))ln(\a,D ll—[l (det(H,))zm(pl)
]: =

P q In(| det(M)|'/m)
= (11 (excr,) - 1 Getorr )™

In(| det(M)['/") o o
det(B)) = 1. So ByNP, (1) = B, where Bis the set of the statement.
Therefore part (1) (b) is proved.
Cases 2(c), 2(d). In these cases, the proofs proceed with arguments analogous to
those of case 1 (a), keeping in mind the Proposition 8.4 and the results of Sects. 6 and
7. O

Remark 8.6 (a) It is clear that, for every ¢ > 0 and any hyperbolic isometry ¢ of
(Pu(c), g), explicit expressions of all Q-axes of ¢ and all Q-orthogonal spaces to ¢
can be easily obtained from Theorems 8.3 (a), (d), 8.5 (a), (d) and Proposition 3.13
(iii), (iv).

(b) We believe that, with similar methods and predictably without major compli-
cations, it is possible to obtain results analogous to those of the present paper also
for all the semi-simple isometries of (H,, f). In fact, there is a result, due to Molnar
(see [16, Thm. 3]) and concerning the group of isometries of (H,, f), which is very
similar to our Proposition 3.3 (b): the isometries of (P,, g) are of four types, while the
isometries of (H,, f) are of eight types, which however generalise in a very simple
and intuitive way the four types of isometries of (P, g).
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