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ARTICLE INFO ABSTRACT

Keywords: This paper studies the long-time behavior of a spatially homogeneous Wigner equation de-
Wigner equation scribing a quantum particle subject to decoherence. The model extends the classical Wigner—
Decoherence

Fokker-Planck equation by including a general decoherence term derived from microscopic
collision mechanisms. An explicit representation of the equilibrium state is obtained, and a
necessary and sufficient condition ensuring that the equilibrium state belongs to L? is estab-
lished, highlighting the balance between friction and decoherence. Under suitable assumptions
on the initial data, exponential convergence in L? toward equilibrium is rigorously proved.

Long-time asymptotics

1. Introduction and formal analysis

The study of decoherence processes in quantum mechanics is of fundamental importance from both foundational and applied
perspectives [1-3]. In particular, the mitigation of decoherence represents a major challenge in the development of quantum
computing technologies [4]. Owing to its quasi-classical structure, the Wigner formalism [5] is a widely used framework for
investigating the quantum-to-classical transition and, in particular, has proven to be an effective tool for describing decoherence
phenomena, both for theoretical analysis and for numerical and applied purposes [1-3,6-11]. In this paper, we consider a spatially
homogeneous Wigner equation supplemented with a general decoherence term encompassing several existing models, and we show
that it admits a nontrivial asymptotic state. To the best of our knowledge, such a result was previously known only for the standard
Wigner—Fokker-Planck model.

In Ref. [7], the following Wigner equation was proposed to describe a quantum particle subject to decoherence:

%+pz—f=n%—%y*w, 1
where w = w(x, p, 1) is the Wigner function of the particle (of unit mass) and y * w is the convolution, in the variable p, between w
and the function
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The function A(¢) depends on the details of the decoherence interaction. In particular, (1)-(2) assumes that the particle undergoes
collisions, at a rate 1/r, with an environment represented by a gas of particles of asymptotically small mass. According to the
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microscopic theory developed in Ref. [12], if y is the wave function of the environment particle and r(k) is the reflection scattering
coefficient, then

+o0
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o0
The first term on the right-hand side of Eq. (1) represents a form of “quantum friction”, with a friction coefficient > 0 [1].
Numerical simulations [2,6,7] indicate that this term is necessary to counterbalance the effects of the last term. Indeed, when = 0,
the Wigner function vanishes as t+ — oo, leading to the unphysical conclusion that the coherence length tends to zero [2].

Remark. In Ref. [7], it is shown that (1) includes, as particular cases, several decoherence models previously proposed in the
literature. In particular, if A is approximated at second order, i.e. A(§) ~ A,£?, then Eq. (1) reduces to the Wigner-Fokker—Planck
equation

ow ow apw) 1w
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which is a standard model of quantum decoherence [1-3]. It is well known that, as t — oo, the solutions of the Wigner-Fokker—Planck
Eq. (4) converge to Gaussian equilibrium states (or decay to zero if n = 0). The aim of this paper is to show that, at least in the
spatially homogeneous setting, an analogous result holds for the solutions of Eq. (1), with the equilibrium state characterized by a
fat-tailed Fourier transform.

In this paper, we investigate the spatially homogeneous case, which serves as a mathematical foundation for future work
addressing the spatially inhomogeneous setting. Hence, we assume w = w(p,t), and the Wigner equation reduces to

Jw d(pw) 1
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Let w = 4, i.e. u = u(x,& 1) is the inverse Fourier transform of w with respect to the variable p. The equation for u in the
space-homogeneous case is

du ou
— = —pE— —vAu, 6
o Mege VA )

where we set v = y/2z/7. Equation (6) can be explicitly solved by the method of characteristics. Denoting by uy(&) = u(&,0) the
initial datum, the equations of characteristics are

&=ne, 2= —vA©)z,
s0) =s, 2(0) = ug(s),
leading to
t
E(s,t) =¢s, z(s,t) = exp (—v/ A(e”"s) dt’) Uy (s)
0
and then
t
UE 1) = 2(5(6,1),1) = 2(Ee, 1) = exp (—v / A<§e"<"-f>>dz'> I
0

Putting k = £e"’~") we arrive at

£
u(€,1) = exp <—3 / Alk) dk) up(Ee™). @
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For t - +oo we see that, formally, u(&, 1) tends to the equilibrium function
¢ A(k)
— _y 23
ueq(i) = exp( p /0 . dk> S 8
where
1 +oo
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is the initial number of particles (which is a globally conserved quantity). Clearly, the equilibrium Wigner function Weq(P) is,
formally, the Fourier transform of Ueq- Note that, in the quadratic approximation A() ~ A,&2, the function (8) is Gaussian:

¢ 2
v ° v, ¢
Ueq(&) = ny exp <—;A2/0 kdk) = nj exp <_ZA2?> s

consistently with the fact that the dynamics is given by the (space-homogeneous version of the) Wigner-Fokker—Planck Eq. (4).
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2. Estimations in L2

In the previous section, we proceeded formally. We now want to prove the convergence to the equilibrium (8) in the space
L*(R). The choice of such space is natural for the Wigner functions [13] and is also suitable for our approach, based on the Fourier
transform. In particular, the L?-convergence in time of u(-, ) to u.q directly implies the convergence of w(-,#) to w,,, with the same
rate.

In order to shorten the notation, from now on we put

eq?

k) = |r(O)1? | 2 (k)2 9)

Lemma 1. Assume that ¢(k) is an even function such that

/ (1+ [log(|k])|)p(k) dk < oo.

0

Then, there exist three constants, A >0, B and B’ > 0, depending on ¢, such that
¢ Atk ' )
max{0, Alog|é| + B} < Tdkgmax{B,Alog|§|+B }. (10)
0

Proof. By assumption, ¢(k) is even and non-negative. Then, from (3),

e £ oo oikk! © [E a2
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Hence, with the change of variable s = kk’ (and eventually renaming k" as k to shorten the notation), we arrive at

& o
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where
x ()
I(x)= / 2sin"(s) ds
0 N

is an even and positive function of x € R. First of all we note that two constants, 0 < a < 1 and b; > 1, exist such that

2ax

2
<)y foro<x<l
N

Let Ci be the “cosine integral” function, denoted as follows for all x € R,:

+00
Ci(x) = —/ %(’)dt.

Then, for x > 1, we can write

x i 2 X1 _
/ w ds= / w ds = log(x) + Ci(2) — Ci(2x).
1 1

Since Ci(2) — Ci(2x) is positive and bounded for x > 1, a second constant b, > 0 exists such that
X4 2
log(x) < / ZSI°O) 4o <log(x)+ b, for x> 1.
1 N

Taking also into account that I(—x) = I(x), we conclude that
ax?, for |x| < 1, blx|, for |x| <1,
<Ix) < (12)
log(|x|) +a, for |x| > 1. log(|x])+ b, for |x| > 1,

where b = max{b,, b,}. For x = &k, starting with the estimate from below, we can simply write

0, for |&k| <1,
I(Ek) > > log(|¢k]), for & keR.
log(|¢kl), for [Ek| > 1.
Hence, from (11),
£ Ak +oo
Tdkz log(IEk]) ¢p(k) dk (13)
0 —00
so that, taking also into account that the integral is non-negative, the first inequality in (10) holds with
+oo +oo
A= @(k)dk, B = / log(|k|) p(k) dk. 14
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Passing to the estimate from above, we can write

b, for [&], k| < 1,
b|EK], for |&k| <1, b+ log(|k|), for |&] <1, |k| > 1,

1k < |EK] [EK] < g(|k]) 4] [k|
b+ log(|ék]), for |&k| > 1. b+ log(|€]), for |&] > 1, |k| <1,

b +log(|gk]), for |&], k] > 1,
and therefore, from (11),
&
/ MdkS‘/ bd)(k)dk+/ (b + log(|k])) p(k) dk,
o k [k|<1 [kl>1
for |£] < 1, and
¢ Ak)
/ Tdk S/ (b +log(I€) ¢(k)dk+/ (b +log(|SkD)) (k) dk,
0 kI<1 [k|>1

for |£] > 1. Consequently, the second inequality in (10) holds with
B =A+b/ log(|k|) p(k)dk (15)
|k|>1

(note that B’ > B). [

As an immediate corollary of the preceding Lemma we obtain a necessary and sufficient condition for the equilibrium Wigner
function to belong to L*(R).

Theorem 1. In the assumptions of Lemma 1, u, (and therefore w.,) belongs to L2(R) if and only if

n < 2vA, (16)

where A is given by (14).

Proof. Recalling (8), we have that u,,(£) is even and positive. From Lemma 1 we have that &, > 0 exists such that u,, is bounded
for |£] < &, and

_vB vA vB vA

nge O ETT Sueg(§) Smpe gl for [£] > &.
Hence, u,, € L*(R) if and only condition (16) holds. []

It is worth pointing out the behavior of the system in the limiting regimes n — 0 and v — 0. In the former case, one obtains
() =0, corresponding to the aforementioned unphysical situation in which the coherence length tends to zero [2,7]. In the latter

case, one finds Ueq(§) = ny (Weq(p) = V2716(p)), which is clearly non-integrable and corresponds to a situation in which friction
slows down the particle so that the momentum concentrates at 0. The two limiting regimes show that inequality (16) provides a
natural setting for our problem, in which friction is necessary but it is not the dominant phenomenon.

3. Trend to equilibrium

Let us now turn to the analysis of the trend to equilibrium. We shall prove that, for a suitable class of initial data, the solution
u(£,1) to Eq. (6) converges in L2(R) to Uegs with exponential rate.
The explicit expression (7) defines the evolution semigroup of Eq. (6):

¢
T(tug) &) = exp (=L AO Y ue™. >0,
0 k 0
n Jee—m

It is easily seen that the semigroup acts on L?(R), with
IT oI5 < € llug I3
for all u, € L*(R), where ||-||, denotes the L?>-norm. The latter estimate must now be refined. Recalling Eq. (11), we write
2v

+o0 +00
IT@upll3 = / exp <—7 / [T(Ek) — T(eke™)] ¢(k)dk> lug(Ee™™)2dé

0 )

+oo +oco
= e"’/ exp <—%/ [T(Eke™) — I(2K))| d;(k)dk) NG

(S o0
From (12), we have:

ax? — bly| > ax* = b, for |y| < |x| < 1,
I(x) = I(y) = § log(|x|) + a — bly| > log(|x]) — b, for |y| < 1 < |xl,
log(|x|/IyD +a—b 2= log(Ix|/|y]) = b,  for I <|y| < |x].
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Hence, using x = ke and y = &k, we can write

+o0
/ [I(Eke™) - I(EK)] p(k)dk > / (a&* k2™ — b)p(k)dk
—o le

k|<e=nt

+/ (log(|¢k]) — b)p(k)dk +/ (nt — b)p(k)dk
e <|Ek|<1 k| et

= —bA + ae™" £ / K2 p(k)dk + / log(|&k|) p(k)dk + nt / d(k)dk

|ek| <=t e <|gk| <l |ek|zent
(where A is defined in (14)). The third term can be estimated independently on ¢ as follows:

/ o R 98 > /| | 0Bk 0 i > Amin{log(eD.0) + /
e M<|Ek|<1 Ek|<1

log(|k]) ¢p(k) dk.
|k|<1

Consequently, we obtain

+o0 2vA

IT@ull3 < C/ exp (nz - %F(&r)) max{|&|” 7, 1} ug(®)|* dé, 17)
where

F(&,1) = ae®! £ / K2p(k) dk +nt / (k) dk (18)

k| <er k| >enr

and

C =exp <2VbA _ log(|k|) (k) dk> .

n n Jik<1

Note that all integrals in the previous computations are finite because of the assumptions of Lemma 1. We have furthermore that
F(0,1) =0, lim F(&, 1) = nAt
[é]>+o0

and (by direct inspection) dF /d|&| > O for t > 1/5. This means that, for 7 large enough, the exponential contained in the integral in
Eq. (17) decreases from e to e"~2V4)¥ as |£| goes from O to +oo0, where (from Theorem 1)  — 2vA < 0 if Ueq is to be in L2. Hence,
inequality (17) clearly shows that the long-term behavior of the dynamics strongly depends on the initial datum u,(£), which weights
exponentially growing and decaying “modes”.

We are now in position to state and prove the main result of this paper.

Theorem 2. Let us assume that ¢(k) satisfies the assumptions of Lemma 1 and that n < 2vA. Moreover, let us assume that, in a neighborhood
of & =0, the initial datum u, € L*(R) is continuous and there exists ¢ > 0 such that

—(M+€)
ET (up(8) = ueg () < oo (19)
Then, a time t, > 0 and a constant A’, with 0 < A’ < A, exist such that, if n < 2vA’, then
”T(I)MO - ueq”Z <M e_m (20)

for all t > ty, with « > 0 and M > 0.

Proof. Note that assuming n < 2vA’, with A’ < A, implies that Ugq € L*(R), by Theorem 1. Let h(¢) = Uuy(§)—ueq(&). Since T(Mueq = Uy,
from inequality (17) we have

2vA

max{[£]” 1, 1} |h(@)I* d&.

2 2 FO -2 e
T = e = IT@RIE < € [T
—o0
As already observed, F(¢,1) is an increasing function of |£| for ¢ sufficiently large. Hence, for |£] > e~ we can write
F(& 0> Fe™,n= a/ K p(k) dk + it ¢(k)dk
[k|<1 |k|>1

and, therefore,

2VA

2v
C/ I max (] 1) 1P deé <
|&|>e~"!

v 2
-2 ( / 1T hE)| de+ / |h<é:)|2dé>
e <|¢|<1 &1

where
va

A= Ppk)dk < A, C'=Cexp <—2—/ K2 (k) dk) .
[k|<1

[k|>1 n

5



L. Barletti and F. Salvarani Applied Mathematics Letters 179 (2026) 109944

_vA
Because of our assumptions on uy, & 7 h(£) is a bounded function between 0 and 1, and 4 € L?(R). Then, the two integrals in
brackets are bounded. Note also that # — 2vA’ < 0, by assumption.
Turning to |&| < e, from the mean value theorem, a &* with 0 < |£,| < e™ exists such that

n-2FEn | -2 2 e 2 )

/ e e T @I dE=2e 1T TE, T A1
|&]<e=t
Ay

Since :5_( n )h(:f) is bounded and continuous in a neighborhood of & = 0, then, for 7 large enough,

v

_vA
6, " hEI* < clg e < e
for some constant C” > 0 depending on y.

Then, we can conclude that, for 7 larger than a suitable ¢, inequality (20) holds, with

o = min{2vA’ — n,2en)} 21

and M =max{C’,C"}. OO

Remark. Condition (19) imposes further restrictions on v, # and ¢(k). In fact, from (8) we have u,(0) = Ueq(0) = ng and u/, q(O) =0.
Hence, u(&) — ueq(€) = uy(0)¢ +0(¢) and (19) require > vA, which is compatible with the condition # < 2vA’ only if A" > A/2. If we
assume u(’](O) = 0 (which means that the first-order moment of the initial Wigner function vanishes), then the previous conditions
relax to n > vA/2 and A’ > A/4. More in general, if we assume that ugj)(O) = ugl) (0) for j =1,2,...,m (which means that w, and Weq
have the same moments up to order m), then we have to impose the conditions

vA f A
n> , Al> ——.
m+ 1 2(m+1)
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