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1 Introduction

Cosmological phase transitions are of particular interest when they are first order as they
correspond to dramatic changes of the degrees of freedom of the theory and lead, among
other things, to the production of gravitational waves (see ref. [1] for a review). The Stan-
dard Model (SM) predicts the existence of two phase transitions, the QCD and the elec-
troweak one, which however are not first order. Therefore the detection of a signal compat-
ible with a first order phase transition would be a sharp evidence of physics beyond the SM.

Perhaps, the most strongly motivated phase transition beyond the SM is the Peccei-
Quinn (PQ) [2] phase transition associated to the QCD axion. The axion solution of the
strong CP problem [2-4] requires the existence of a U(1)pq global symmetry anomalous
under QCD that is spontaneously broken at a scale f, > 10° GeV. Even more compelling
is the situation in which the axion provides the whole Dark Matter abundance. This pos-
sibility is connected to how the PQ symmetry is restored in the early Universe. Depending
on the scale of inflation and reheating, two rather different scenarios emerge, in which the
initial value of the axion in the visible Universe is either constant or scans all possible values.

In this work we study in detail the PQ phase transition in several scenarios. In the past
this question raised limited interest, mainly because the low-energy axion phenomenology
relevant for experiments is independent from the nature of the phase transition. Today,
however, the situation is rather different, since the possibility to test gravitational-wave
(GW) signals opened up a powerful way to test the PQ dynamics.

In order to get a detectable signal, we need to assume that the PQ transition took
place after inflation. If this is not the case any possible signal of the unbroken PQ phase



is completely erased. Moreover we will mostly focus on scenarios in which the axion can
provide the whole dark matter. This happens for f, ~ 10'! GeV, which we use as our main
benchmark [5-7].

We present concrete examples where the PQ phase transition is first order and a
detectable GW-signal is produced. The way this works is as follows. A first order phase
transition is automatically obtained when the theory is approximately conformal. The PQ
symmetry is broken dynamically through the Coleman-Weinberg mechanism. The small
deviation from conformality implies a suppression of the transition probability, so that a
large amount of supercooling is generic and calculable [8]. Supercooling implies that bubble
collisions take place in the vacuum and increases the duration of the phase transition, thus
enhancing the GW signal.

In this paper we will show that the scenario above can be realized both at weak and
at strong coupling. In the weakly coupled case approximate scale invariance is achieved at
the price of tuning, since we have to require small or vanishing mass terms for the scalar
fields. This can be considered unnatural if there is heavy new physics coupled to the scalar
sector. In the strongly coupled scenario naturalness depends on the unknown dimension of
the deformations of the CF'T. Moreover higher dimensional operators can spoil the ‘quality’
of the PQ solution (see [9]) and modify the dynamics of the phase transition. However we
notice that, for the phase transition itself, operators suppressed by the Planck scale will
not affect our conclusions.

While our main focus are scenarios where a detectable GW signal is produced, we take
the opportunity to study the nature of the PQ phase transition in other popular models.
For instance, we show that in the minimal KSVZ model [10, 11] the phase transition
is always second order, while in composite axion models based on renormalizable gauge
theories [12] the phase transition is first order but nucleation proceeds rapidly with small
supercooling, leading to a suppressed GW signal.

The paper is organized as follows. In section 2 we consider weakly coupled theories
where the axion is an elementary scalar. After showing that in KSVZ models the phase
transition is second order, we show that in theories with massless scalars the PQ symmetry
is broken through the Coleman-Weinberg mechanism leading to a first order phase tran-
sition. In section 3 we discuss the realization of this mechanism in spontaneously broken
strongly-coupled conformal field theories and their dual Randall-Sundrum-like incarna-
tions. In both cases we find that the GW signal is within the reach of present and future
Earth-based GW interferometers such as LIGO/VIRGO and the Einstein Telescope (ET).

2 Elementary axions

In this section we study axion models that are described in terms of fundamental scalars
at all energy scales. In this context the axion is the phase of an elementary complex scalar
field whose VEV is f,. We analyze two classes of theories: models of KSVZ type, and
models in which the breaking of the PQ symmetry is radiatively induced.’

"We do not consider DFSZ models because they have domain-wall number greater than one so that in
the minimal scenario PQ symmetry should be broken during inflation.



2.1 KSVZ-type

In the simplest realization of the QCD axion one introduces a complex scalar field X and
colored fermions charged under a new U(1) PQ symmetry. Taking into account the Higgs
doublet, the most general renormalizable lagrangian includes a potential

V= | HP+NH [ 4+ \xu| X P HP+ A x (X2 = £2/2)%, X = \%exp(m/fa) .(20)

In order to discuss whether this model displays a first order phase transition it is
convenient to start from the case where the portal coupling is vanishing, Axyg = 0. In
this situation the Higgs and the PQ field will follow separate dynamics, and it is easy to
see that PQ transition is of second order. The reasons for this are several: i) radiative
corrections induced by the self-coupling Ax at zero temperature do not generate other
minima in the regime where a perturbative expansion applies; ii) temperature corrections
are not able to modify the potential from the ‘mexican hat’ shape, since for X ~ 0 there
are no light bosonic states that could induce a temperature-dependent barrier between
the origin and the true minimum; ¢ii) the potential for X is always well approximated
by mx(T)%X|? + M(T)|X|*, and no maxima away from the origin are expected. This
conclusion agrees with the analysis of [13].

Then one might wonder if departure from second order can be achieved by exploiting
the inevitable coupling of the field X to the Higgs at the renormalizable level, especially
in the regime where Ax g > Ax. We argue in the following that this is not the case.

When the Higgs sector is brought into play, we need to ensure that the electroweak
VEV and the Higgs mass are reproduced. Therefore, in addition to the stability of the
potential, which is guaranteed if A\, \x > 0 and Axyg > —2v/AxA, we have two additional
constraints: ;2 has to be tuned against the contribution from the portal, and a correlation
between the quartics is needed to ensure that A\, = 2M7? /v?. In the minimum (v, f,), where
both the electro-weak and PQ symmetries are broken, by integrating out the massive singlet
¢ we get at leading order in v?/f?

2 2 2
%:;ﬂ—%, Ah:A—Z;f)fj. (2.2)
These matching conditions strongly constrain the possible sizes of our parameters. In
addition, this configuration is the deepest minimum if u? > Axpf?/2, M4y < 4\\x and
p? < 2X\x f2/)% 5 (for a positive portal coupling). Notice that if the first two conditions
are satisfied, the third is implied.

Given the separation of scales v < f, it is a good approximation to study the effective
potential along the direction h ~ 0.2 The needed departure from a pure ‘mexican hat’
potential for X can arise from radiative and thermal contributions. Both the CW one-loop
effective potential and the thermal corrections depend on the masses of the fields involved
in the dynamics. Building on the previous discussion it is necessary to invoke a hierarchy

2This is a good approximation because the Higgs receives larger thermal masses than ¢. Even neglecting
the gauge and Yukawa contributions, one can see that the singlet becomes unstable at temperatures higher
than the Higgs field when Ax g is not too large.



Axm > Ax, and in this limit the dominant effects comes from the four degrees of freedom
of the Higgs doublet with effective mass Axp(¢? — f2)/2. Neglecting terms of order A%,
the potential depends only on one variable

1)\XHT2 2 )\X 4 )‘_2XHS4 )\XH
VCWthreethhermal%i 6 S +T3 + 6472 1 2[1,2

\32|> L S=- 2 (23)

where we take the real part of the logarithm and i = pe®/* and we included the leading

high-temperature corrections (see section 2.2). Notice that the variable s? is bounded
2 2 :

cin — —f7, while for lower

— 0. When )%, > 1672Ax the potential deviates from a

pure ‘mexican hat’ shape and in this regime two minima coexist. However this hierarchy of

by s2 > —f?. At high-temperature the minimum is at s
2

temperatures it goes s,
couplings has to be faced with the requirement of the Higgs properties reported in eq. (2.2).
This implies A > 1672, which is not viable phenomenologically. If the parameters are not
constrained by Higgs phenomenology a larger parameter space opens up, see for example
the regime discussed in ref. [14].

The KSVZ example suggests how to modify the theory to find a strong first order phase
transition. First the Higgs field should be replaced by a field that does not play a role in
electroweak symmetry breaking. Moreover, to obtain a sizable GW signal, the system
should undergo a phase of supercooling. This is achieved if the theory is approximately
conformal since

CFT = % = constant , (2.4)

where Sj is the euclidean tunneling bounce action at finite temperature, which determines
the false vacuum decay rate T’ ~ ¢=58/T,
At weak coupling this can be realized through massless scalar theories where PQ

symmetry breaking is induced by quantum corrections [15, 16].

2.2 Radiative PQ breaking

To realize this scenario we consider theories of (approximately) massless scalars some of
which are charged under the PQ symmetry. The tree level potential is given by

Aij
V = "0i00101. (2.5)

It is well known that such theories undergo spontaneous symmetry breaking. The way
this works is as follows. Renormalization group equations imply generically that a linear
combination of couplings vanishes at some scale A [16]. Starting from this scale one can
identify a “flat” direction in the scalar vacuum manifold parametrized by a unit vector 7
and spanned by a field o (gi_; = nio). Using perturbation theory with a renormalization scale
i = A, the tree-level effective potential along the o direction identically vanishes. The
whole dynamics of ¢ is therefore controlled by radiative effects, and can be described in

terms of an effective quartic coupling

et (1) = Nijrr(p)ningngng,  with  Aeg(A) =0. (2.6)



At 1-loop the Coleman-Weinberg effective potential is given by
1
Vialo) ~ 2ot 10g 7 - 1) (2.7

where ), is the 8 function associated to the effective quartic coupling. We see that if
Br.g > 0 the potential has a minimum at f, which is close to the scale where the effective
quartic becomes negative. At the minimum, o has a mass m2 = Birug f2. This is the usual
radiative symmetry breaking a la Coleman-Weinberg.

As noted in ref. [8], due to the extremely shallow potential, finite temperature effects
have a dramatic impact on the free-energy along the flat direction, see also [23, 24] for
recent work. In particular, for any 7' > 0 thermal corrections induce a positive curvature
at the origin, making o = 0 a metastable vacuum.

The dynamics of the system at finite temperature is described by the free-energy,
which, in a theory of weakly-coupled scalars, is given by

T~ (M)
PoiT) = 503 30 (T ) + V) 1, (2.9
where Vy = —Veg(o = f) is included to eliminate the cosmological constant on the global

minimum.

Due to the absence of tree-level mass terms, close to the origin the thermal function
can be expanded in the high-temperature limit, since all degrees of freedom are massless
there. Notice that for a large number (N) of scalar fields coupled to o, the variable o has
an overlap of order 1/ V/N with each of them. It then follows that the o-dependent masses
of the light degrees of freedom are of order m; ~ go/v/N, where g ~ /X is the typical
interaction strength in eq. (2.5). Therefore for T > §o/v/N a formally high-temperature
expansion is reliable.

The shallowness of the potential implies that the critical temperature 7, at which F
develops two minima is parametrically smaller than f, namely

) 1 45

717 8 (N — Np) et 29

where Ny and Np are the number of light degrees of freedom at the origin and at the
global minimum.

3We recall that the thermal functions are given by
Jpr(y?) = / dtt* log (1 F exp (_\/m)) .
0

Their expansions at high temperature |y?| < 1 are
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Figure 1. On the left, free energy along o for different values of the temperature. For T > f
the origin is the only minimum so that the symmetry is unbroken. At lower temperature a new
minimum develops separated by a barrier of size proportional to 7". The Universe is trapped in the
false vacuum up to low temperatures where the relevant region for tunneling is well described by
temperature dependent quartic potential (right panel).

Working in the limit of temperatures smaller than f but larger than go/v N, the
free-energy can be approximated as

2 A2{1"2 M
F(U;T) ~ —N%T‘J‘ + ag24 02 _ @ET‘SEU": log <T> + Vb, (210)

where M ~ gf/+/ N is the typical mass of the heavy scalars around the minimum. Here a

is an O(1) coefficient at large N. Notice that the approximated potential is just a quartic
polynomial and no logarithmic dependence on the field o is present. This feature is a
consequence of a cancellation between the logarithmic term in the CW potential and the
logarithmic piece in the expansion of the thermal functions.

The potential in eq. (2.10) has a minimum at the origin and a barrier whose size is
roughly given by oparrier & \/%(g /N Bag log(M/T))T. Thanks to the logarithm, which
becomes sizable for large supercooling, the barrier extends over a region where the approx-
imation of high-temperature is still reliable [8]. At sufficiently low temperature, the field
o will then tunnel towards the true minimum and acquire a vacuum expectation value.
Thanks to its overlap with the original variable ¢;, this also breaks the PQQ symmetry. An
exemplificative picture of the free energy of the system and of the impact of the thermal
corrections to the vacuum structure is shown in figure 1. Also shown (right panel) is the pa-
rameterization of the barrier in the high-temperature approximation and the corresponding
field tunneling.

Using the approximation in eq. (2.10), the tunneling rate is determined by minimizing
the bounce action,

Sy Am [ 5 [1[do\?> m3(T) 5, M(T) ,
— dr|= | — — 2.11
TTOTT[Q(dr>+20 T (2.11)
which is subject to the conditions ¢/(0) = 0 and o(c0) = 0. Here m?(T) = ag?T?/12 and
M(T) = By log(M/T). This is just the bounce for a potential with a positive quadratic
term and a negative quartic for which the exact result is Sg ~ 18.897m(T")/A\4(T) [17]. In



our case, parametrizing 16772,63\53 = begg*, the full result can be expressed as
S3 As Ao — 861.43 @
T ~ log(M/T)’ TP b

The bounce action is large at weak coupling due to the approximate scale invariance

(2.12)

of the theory and decreases logarithmically at low temperatures. This generically implies
a phase of supercooling, since the tunneling rate,

I~ T4(S?2’f> ® exp(—Ss/T) | (2.13)

is exponentially suppressed for a large range of temperatures. Therefore, when the tem-
perature drops below the critical one, the vacuum energy of the false minimum begins
to dominate over the energy density of radiation. The Universe then enters the so-called
phase of supercooling, where Hubble becomes constant at a value H; and the temperature

Hit  This phase ends when the value of the bounce

starts to drop exponentially T ~ e~
action decreases enough to allow nucleation of bubbles of true vacuum.

The nucleation temperature is commonly defined as when the time-integrated prob-
ability to enucleate one bubble per Hubble volume equals one (see ref.s [18, 19] for more
details). By exploiting the exponential growing of the tunneling rate for the relevant tem-

peratures, one can approximate the nucleation condition by the simpler relation

I
qi=¢ 4 > 1 (usually taken to be 1). (2.14)
By using eq. (2.13), we obtain the following condition for the nucleation temperature 7,
Ss 3 Ss T,
— ——1 =4log— —1 : 2.15
7 5 lo8 <2an> 0g 77— logy (2.15)
During supercooling H; is given by,
Vo B f*

H? — —
D7 3m2 48 M2

(2.16)

where Mp; = 2.4 x 10'® GeV.

It is worth emphasizing that in the case of large supercooling it is inaccurate to simply
assume S3/T ~ 4log(Mp)/T.). Since the temperature can drop significantly, the right-
hand side of the nucleation condition in eq. (2.15) can become quite small, requiring to
go to even smaller values of the bounce action. Notice also that we assumed a constant
Hubble value, neglecting the exponentially-decreasing radiation component.

Using (2.12) the nucleation temperature is found to be

'~ /MHj exp <;\/ _Ag+ log2(M/H1)) . (2.17)

The argument of the square root becomes negative for sufficiently small g, implying that

the nucleation temperature has a limiting value

min _ \/MHI~0.1f<A;P1)2. (2.18)

For temperatures above this value we however expect a sizable tunneling rate and the
completion of the phase transition via thermal tunneling.



Within the above approximation, one can also compute the logarithmic derivative of
the tunneling rate, which is one of the relevant parameters to determine the GW spectrum.
Its expression is given by

CARRY LICTED] IR S

H or |y log(M/T,)) T - (2.19)

where T}, and S5 (g) are related by eq. (2.17). Since T;, < T, < Af we see immediately that
B can become O(1), in which case the power spectrum of the GWs is maximized.

Apart from tunneling at finite temperature, nucleation of true vacuum bubbles can
also be driven by 4d bounces. If the O(4) bounce action Sy is smaller than S5/T, quantum
effects can lead to a faster nucleation rate. Repeating the same steps as above we find*

272 [ o |1 [de\? 1 1 25 S4(9)
= dz |= (& S5t 22 20 2.2
SO W A Z[z <dz> a0 4"] M log(M/T) (2.20)

This action is larger than S3/T as long as M(T)/T < 1. The expression for the tunneling

rate is )
1 /8
e o (2;) e =51 (2.21)

where R is the size of the bubble. Since R < 1/T, and Sy < S3/T, we find that the thermal
nucleation rate always dominates.

The above results show that, for small enough coupling, the thermal transition never
completes. Does this suggest that the inflationary epoch lasts up to arbitrarily small
temperatures? The answer is no, fortunately, because when the temperature of the thermal
bath drops below the Hubble scale in the false vacuum the computation of the tunneling
rate should be modified to take into account the de Sitter curvature [20, 21]. This happens
after a number of e-foldings

T. Mp, 90 1/4
Ny & log =% ~ 1 . 2.99
N ©8 Hyp °8 [ f <NH7T25A63> (222)

Since Npax = 15, the model is consistent with the CMB power spectrum.

At sufficiently low temperatures, the height of the barrier will be smaller than H;. In
this regime quantum de Sitter fluctuations in the false vacuum, whose variance is do =
Hi/(27), will allow the field to reach its true minimum. We do not study this regime
further in this work.

After the completion of the phase transition the Universe is reheated at a temperature

T\ L2 By 30\ /4
TRy =Trmin | 1, — Ty = | 2L . 2.23
RH Imln( ’H1> : T <167r2 NL> f (2.23)

The reheating is controlled by the coupling to PQ fermions. In a large range of parameters
the decay rate is fast, so that Try ~ T7. It is however possible to suppress the decay rate
by considering small Yukawa couplings. In this case, the PQ sector gets reheated first and
afterwards the energy is transferred to the SM.

4Strictly speaking the O(4) bounce does not exist for M > 0 because no trajectory starting at finite
¢ reaches exactly the false vacuum ¢ = 0. A small modification of the potential such as a logarithmic
modulation produces a solution whose action is roughly equal to the theory with M = 0.



2.2.1 An explicit realization

We now discuss an explicit implementation of radiative PQ breaking. We consider a pair
of complex scalar fields, S and X, neutral under the SM and coupled to colored vectorial
fermions @ and Q.. As an example, we assume S to be neutral under PQ and we do not
include tree level couplings to the Higgs doublet. The corresponding Lagrangian is given by
2
Z = —4—92+]DMS]2+\8MX\2—V+(yXQQC+h.c) oV =gl A x| X P A xs| S X 2
(2.24)
The fermions @), Q¢ are assumed to transform in the fundamental and anti-fundamental
representations of color, and to have hyper-charge equal to —2/3 or 1/3. In this way the
domain wall number is equal to one, and they can decay by mixing with the right-handed
quarks. We also included a possible U(1)g gauge symmetry, with a small coupling strength
g, under which only the S field is charged. Very similar type of models have been considered
in the context of the electro-weak phase transition [22-24].
The tree-level scalar potential has a flat direction for Ay g=—2v/AgAx parametrized by

. o . VAx
S,X)=(sina,cosax)—, sina = ——— . 2.25
A= R rx + s (229
Along this trajectory the fields have masses
M, = (4Ax)s)4o, Mj =gsinao, Mg :ycosai (2.26)

Nok
where 7 is the radial direction orthogonal to o.

Assuming Axs + 2v/AsAx to vanish at a scale A, the Coleman-Weinberg effective
potential along the direction o reads

2AsAx + %gA‘ sint o — %y‘l cos*a

4
Vir_o(o) = = o <log; - i) : (2.27)

where, for y sufficiently small, we traded the scale A for the minimum of the potential at f.

At the minimum, o has a loop suppressed mass, while the phase of X is exactly massless
being an exact Nambu-Goldstone boson up to QCD anomalies, the axion. Note that the
axion decay constant is f, = f cos a.

Thermal corrections and 3D bounce. Adding finite temperature corrections, the

free-energy along the flat direction becomes®

M2 M} Mg

In terms of the parametrization of the previous section this corresponds to

4
V()=

972 + VT:()(O', T = 0) . (2.28)

ag® = 24/ A x + 3¢ sin? o — 3y? cos® v, be? = 8AgAx + 6g% sin® o — 6y* cos® o
(2.29)

5 Around the origin all fields are massless so the whole potential is dominated by the thermal effects.
However, not for all values of the quartic couplings the origin is a minimum at high temperatures. For
example when g = 0 we find instabilities for As > 4Ax. On the contrary we find that in presence of the
gauging A\s/Ax can be arbitrarily small, allowing to align the flat direction with the S axis.



Using the previous results, the thermal bounce action can be approximated by

Ss 150 250 1

— =~M , . 2.30
T . (AxAg)3/4 7 g3sin® | log(M/T) (2.30)

The approximate formula used to draw the gray dashed lines in all the plots of this section

is the above eq. (2.30), multiplied by 0.8 that takes into account the cubic terms of the
thermal potential, and where M is the maximum between the mass of the radial mode or
the guage boson.

In the fixed-order effective potential the perturbative expansion may break down when
the scalar field explores a region in field space far from the renormalization point. This
happens generically since the quartic couplings are defined at the scale A but the bounce
probes the scalar potential near the metastable minimum. The remedy is to use the
renormalization group improved CW effective potential. Being the dynamics uniquely
determined in the o direction, this simply amounts to the replacement, in the MS effective
potential, of the quartic couplings \; with the corresponding running ones \;(u) setting
p = o. We also assume that the flat direction is not strongly affected by the one-loop
radiative corrections since in the orthogonal direction the tree-level potential dominates.
This is exactly true in the symmetric configuration Ag = Ax for negligible values of the
gauge and Yukawa couplings.

Explicitly the 1-loop 8 functions are given by

167% By = Aig+200% +62(2Ax —4?), 167°Brg = Ak g+207\%:+6g* —12g°\g

2.31
16728 s = 40k s +8Axs(Ax +As), 16728, =¢%/3, 167°B,=>5y"/2. 230

From the above equations one can extract the running of A\eg. Assuming that it vanishes
at tree level (Axs = —2v/AxAg) one finds

16728, = 8AxAs — 3v/ AxAs(g? + y?) sin? 2a + 6g* sin? a — 6y* cos* a, (2.32)

from which eq. (2.27) also follows. Let us note that while the § function of g is positive
the one Axg is always negative around the flat direction. This implies that the breaking of
conformal invariance is driven by a marginally irrelevant (relevant) coupling when quartics
(gauge) couplings dominate. As a consequence the RG improvement is more important
when quartics dominate 3)_, as shown in the plots.

The computation of the parameters of the phase transition in the case of negligible
gauging is shown in figure 2, for three different levels of approximation. It is visible how the
RG-improvement of the effective potential gives different results in the region of extreme
supercooling both for 7}, and the parameter 5/H(T,). On the contrary in figure 3, where we
assume dominance of the gauge contribution, we do not show the RG-improved potential,
that we checked to be negligible.

Reheating. After completion of the phase transition the Universe is reheated. In the
minimal scenario the only bridge between X, S and the SM is provided by the coupling to
colored fermions necessary to realize the QCD axion. The decay rate to the SM reads

3 3
Iy = —y?cos’aM,, I = —y’sin’ M. (2.33)
8T 8T
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Figure 2. Properties of the phase transition in the scenario with ¢ =0, y =0 and Ag = Ax. Left:
nucleation temperature versus coupling. Right: 3/H as a function of the nucleation temperature.
The solid curves correspond to the results using the improved 1-loop potential. The dot-dashed
lines are instead obtained from the usual 1-loop CW potential without improvement. Finally the
dotted gray curves are derived through the analytical approximation in eq. (2.30). The black lines
include the full numerical thermal potential.
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Figure 3. Properties of the phase transition in the gauged scenario with Ag = Ax < ¢? and
y = 0. Left: nucleation temperature versus coupling. Right: 8/H as a function of the nucleation
temperature. The solid curves are obtained using the 1-loop CW potential, while the dotted gray
ones are derived through the approximate analytic result. The black lines include the full numerical
thermal potential.

Assuming that the energy is carried by the light field o, using eq. (2.16) the reheating
temperature is controlled by

(2.34)

independently of ) .

Gravitational-wave signals. In the presence of a large amount of supercooling the
energy released while tunneling to the true vacuum can be much larger than the radiation
energy and can dominate the energy of the Universe. In such an empty Universe we only
expect bubble collisions to be a source of GWs, while the effects of turbulence and sound

wave propagation are subdominant. Moreover, the effect of bubble collision is maximized
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during supercooling and reads [1], as a function of the frequency fow,

_ H(TRH) 2 38(f W/f eak)2.8
B2 Qe (fow) ~ 1.27 x 107° Ev/ P : 2.35
& (fg ) 8 < B 1+ 2'8(fgW/fpeak)3'8 ( )
with the red-shifted peak frequency
B Tru
~ 3. 10°H : 2.
Jpeak ~ 3.83 x 10° Hz <H(TRH) 100GV (2.36)

The GW spectrum depends on the temperature after the transition and reheating
phases have completed. This generally does not coincide with the nucleation temperature,
since only a small fraction of the energy released by the bubble goes into GWs (their produc-
tion being Planck-mass suppressed). Assuming a sufficiently fast reheating, H(Try) ~ Hr,
the relevant temperature for the GW spectrum can be simply estimated from the energy
conservation condition

(1 = Qw)(AV + pr(T3)) = pr(Tru) , (2.37)

which, for strong supercooling, simplifies to Thy = 30/(m%g«)AV. A large reheating
temperature can shift the peak of the GW spectrum above the frequency regime where
LIGO [26-28] and the Einstein Telescope (ET) [29, 30] have their optimal sensitivity. On
the other hand, the amplitude is completely controlled by 8/H (Tru) ~ 8/H(T},), which
has been numerically computed and given in figure 2.

In figure 4 we show the reach on stochastic gravitational background of the ET and
LIGO observatories. At present, the only existing bounds come from the LIGO collabo-
ration [25] from the combination of run O1 and O2. While this is not sufficiently strong
to probe the models discussed here (assuming reasonable values of 3/H), it is promisingly
close to test these scenarios in the very near future. Indeed, at the end of the phase O5 [26],
LIGO would be already able to access part of the parameter space.

In order to get preliminary estimates we use the analysis developed in refs. [27, 31]
and adopted in ref. [32] (see also [33]). From the knowledge of the effective noise strain
Shoise(few), as provided by the experimental collaborations, and assuming a power-law
family of signals, one obtains the power-law integrated limit by maximising the signal-to-
noise ratio over the spectral index.®

5The signal-to-noise ratio for a signal Q( few) is defined as

o272

3 -
3H02 f Snolse(fgw) b

Fmax 0 2
SNR = Tlme/ df |:Q(7f)f):| 5 Qnoise(fgw) =

. noisc(
min

where the time is the integrated observational time, multiplied by the number of interferometers involved
in the experiment. A common practice for determining conservative bounds is to assume a power-law
family of signals Qp(few) = Ab fo. To extract the sensitivity then one can find, at each frequency fyw, the
largest value of Q(fzw) compatible with a given reference value of the signal-to-noise ratio, SNRyef; i.€. we
maximize over b with the constraint that the test spectral density Q(f) has a given SNRyet (here we take
a value of 10). This gives a Power-Law Integrated (PLI) limit

1
b SNRyef fmax ]F2b Tz,
Qprr(few) = max Q(few)lsun, = 0% Alsur,, few = s max o D) )
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Figure 4. Weakly coupled model. Predictions for the GW spectrum for three benchmark models in
the gauge-dominance scenario. We also show the sensitivity curves of the LIGO (current bound [25]
and projection of run O5) and the Einstein Telescope (ET) experiments. The same spectra can be
realized in the purely quartic scenario with ¢ =0 and Ax = Ag = (0.34, 0.38,0.50), respectively.

Taking also into account the projected sensitivity of ET [34], one could be able to probe
regions of the model with g < 1.3 (vVAsAx < 0.5) characterised by nucleation temperatures
To/f $1072

3 Composite axions

We now turn to scenarios where the axion is not an elementary field. In this case the
axion is a Nambu-Goldstone boson arising from the spontaneous breaking of the global
symmetries of a strongly coupled dynamics that undergoes a confinement/deconfinement
phase transition. We consider two possible classes of models:

e Axion from SU(N) gauge theories with massless elementary fermions charged under
QCD [12, 35]. In this context the QCD axion is the analog of my in QCD and
corresponds to a combination of phases of the fermion condensates.

e Axion from a strongly coupled conformal (spontaneously broken) sector. At large- N
such a scenario is related to gauge theories in five dimensional AdS space through the
AdS/CFT correspondence. In this realization the axion corresponds to the Wilson
line of a 5D U(1) gauge field, and the anomalous coupling to gluons is realized through
a Chern-Simons interaction with SU(3) gauge fields. As we will see the PQ transition
is intimately connected with the breaking of conformal invariance.

3.1 Gauge theory axions

In this class of models the axion appears as a Nambu-Goldstone boson of a confining
gauge theory [12, 35]. Such theories realize at low energy the KSVZ axions, and the PQ
symmetry can be made accidental by appropriately engineering the gauge interactions to
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be chiral [36]. Compared to weakly coupled models the axion has no radial mode, which,
in practice, is replaced by the strong dynamics.

In the simplest realization one considers an SU(N) gauge theory with Np massless
Dirac fermions. At least one of the fermions should be charged under QCD in order
generate an anomaly, so that the minimal scenario requires Np = 4 (a color triplet and a
singlet). Upon chiral symmetry breaking massless Nambu-Goldstone bosons are generated
in the adjoint of the unbroken SU(Ng) global symmetry. One can see that the symmetry
of the SM singlet Nambu-Goldstone boson is anomalous under color and therefore realizes
the QCD axion. The gauge dynamics is expected to have a first order phase transition for
3 < Np < 4N and N > 3 [37], and special cases have been verified on the lattice [38].
We estimate the critical temperature as T, ~ f; where f; is the decay constant of SU(4)
o—model. This is related to the axion decay constant by,

T, ~ 2Af, (3.1)

where A§® = 2NTr[TpqT*T"] is the color anomaly where the flavor generators have
1/2 trace.

In this type of theories the phase transition however is not expected to lead to large su-
percooling. Indeed as soon as the temperature falls below the critical temperature the the-
ory confines, exiting immediately from the scale invariant behavior.” While it is presently
not possible to compute the dynamics of the phase transition from first principles, esti-
mates can be derived using effective models with the same symmetries of QCD [39-41]. In
ref. [40] the parameters of the phase transition were estimated using Nambu-Jona-Lasinio
and linear o-models. While the details differ, the results indicate a nucleation tempera-
ture very close to the critical temperature and §/H > 1000. By applying these results to
composite axions, for such parameters the amplitude of the GW signal is suppressed by
plasma effects and the peak frequency is too large to be accessible at present experiments.

Let us also mention that these types of axion models, at least in their simplest real-
ization, have domain wall number Npw > 1 so that they contain stable domain walls. As
a consequence it is most natural to consider these models when PQ symmetry is broken
during inflation, such that the gravity wave spectrum is erased by the inflationary epoch.

3.2 Conformal models

A possible first order phase transition for the PQ sector can be triggered by the confining
phase transition of large— N conformal theories. There is a vast literature on the conformal
symmetry breaking in the context of the electro-weak scale starting with ref. [42], see
refs. [43-50] for related work. Here we will consider a strongly coupled conformal sector with
negligible couplings to the SM that triggers the PQ symmetry breaking, see refs. [51, 52]
for other high scale realizations. Not surprisingly the construction is similar in spirit to
the one of massless elementary theories.

"A possible exception are confining gauge theories close to the conformal window estimated around
Nr =~ 4N in QCD-like theories.
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In this context the phase transition is between a CFT at finite temperature and a
spontaneously broken CFT with a light dilaton ¢, the Nambu-Goldstone boson of the
spontaneous breaking of scale invariance. The model is defined at the UV scale A by

CFT + %o, el < 1. (3.2)

The CFT is explicitly broken by a marginally relevant or irrelevant deformation O with

dimension 4 + € and also spontaneously broken. Following the discussion in ref. [49] the

explicit breaking of conformal invariance induces a slow evolution all the way down to the
IR scale that is captured by the running of the dilaton quartic coupling,

N2

2 2
2 = 25000 = Mg(e))¢'] = %(8@2 - %V(w) : (3.3)

The normalization of the kinetic term agrees with the dilaton being a glueball as in extra-
dimensional realizations.

The explicit function A(g(y)) depends on how the CFT is explicitly broken, which in
the generic parametrization of eq. (3.2) is related to the running of the coupling g. In
general the S-function in the large— N limit has the structure

3

Bg:eg+ang7T2+..., a~O0(1). (3.4)

In the regime where € > Ng?/(1672), the evolution of ¢ is dominated by the classical scaling
dimension, while if € ~ Ng?/(1672), the departure from scale invariance is the same as in
the Coleman-Weinberg mechanism. Focusing on the classical evolution g(¢) = (¢/A)g,
so that

A=X+N0)g(p/N) +..., (3.5)

which determines the effective potential of the dilaton through eq. (3.3). By trading the
product ' (0)g for the minimum of the potential f, one can write down

(‘Jf” +ON). (3.6)

The potential has a minimum for Age < 0. For the ¢ > 0 the evolution is controlled by

V(p) = Aoyp®

i
44+ €

a marginally irrelevant operator, while for ¢ < 0 the deformation is relevant and grows in
the infrared. Therefore for € > 0 the breaking of conformal invariance decouples in the IR.
This is analogous to the discussion at the end of section 2.2.1.

Note that since ¢ = 1 + elogy + ..., for small enough € this potential has the
same structure as in the weakly coupled scalar models considered in eq. (2.7), with the
identification of —eXg = N?/(647%)B).; > 0.

Let us discuss the relevant normalizations. Because of the non-canonical kinetic term,
the physical decay constant of the dilaton should be identified with f; = Nf/(47). The
axion decay constant is then expected to be similar to f; up to order-one factors. Actually
in the extra-dimensional realization the axion scales as a meson while the dilaton as glueball.
Large N countings would then indicate f, ~ fi/ V' N. We will neglect such factors in what
follows and assume f, = fq = N f/(4m).
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In order to connect the QCD axion to this sector one needs to simply assume that
the CFT has a global symmetry U(1)pgx SU(3), where the SU(3) factor is weakly gauged
under QCD. The PQ symmetry should be anomalous under QCD. In operator language
this means

K a apy
WG:U‘VG H s (37)

where K is an integer. We assume that when the CF'T breaks it also breaks spontaneously
the U(1) symmetry so that,

aung =

Olitqla) ~ 177" 39)

Upon the spontaneous breaking of the PQ symmetry the axion degree of freedom acquires
an anomalous coupling to gluons from the anomaly equation. It thus realizes the QCD
axion. Because SM fermions have no PQ charge the low energy dynamics is the same as
KSVZ models.

Extra-dimensional realization. The above construction is dual, through the AdS/CFT
correspondence, to five-dimensional theories of gravity with negative cosmological constant.
From this point of view the phase transition corresponds to the Hawking-Page-type tran-
sition between AdS-Schwarzschild geometry and AdS with an IR brane [42, 53].

For what concerns the dilaton the construction is the standard Randall-Sundrum sce-
nario [54] with Goldberger-Wise stabilization [55]. At zero temperature one considers AdS
space with radius L and metric

LQ
ds® = —5 (dat'dz, + dz?). (3.9)

The presence of an IR brane spontaneously breaks conformal symmetry and generates a
mass gap [56]. The dilaton can be identified with the radion mode, whose potential is
in general quartic. The extra dimension can be stabilized at z > L with the aid of the
Goldberger-Wise field. This requires the addition of an approximately massless scalar field,
I1, dual to an almost marginal operator of the CFT, with dimension Ay = 244/4 + M%L?
For generic brane actions the 5D field acquires VEV and a potential for the radion field ¢
is generated

V(e)aw = @' [(4+2¢)(v1 — vo(p/A))* — evf + 0], (3.10)

where € = App — 4, vg 1 are the (normalized) values of the field IT on the two boundaries of
the 5D space.

This expression differs from eq. (3.6), as it includes an (/A)% term, allowing for
more general solutions. For example, for some choices of parameters the potential has a
maximum between the origin and the minimum. We leave for the future the study of high
scale phase transitions in holographic models.

For what concerns the axion, the construction is analogous to the one of AdS/QCD [57,
58] for chiral symmetry breaking, see also [48]. Through the AdS/CFT correspondence
CFT global symmetries are mapped into bulk gauge symmetries. Since the CFT should
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have a global U(1) symmetry that is anomalous under QCD, the 5D action contains®

1 1
Ly = ———FunF"N — GG MY +
49PQ 4g3

WEMNOPQAMG?VOG(]IJQ +..., (311)

where F' and G® are the field strengths of U(1) and SU(3) 5D gauge fields and we have cru-
cially included the Chern-Simons coupling necessary to reproduce the anomalous coupling
of the axion to gluons.

The action above must be supplemented by appropriate boundary conditions that
produce massless 4D gauge fields for SU(3) and an axion. These correspond to Dirichlet
boundary condition for U(1)pq and Neumann for SU(3),

AH|Z:L = AH|Z:ZIR =0, Gu5|zzL = GH5|Z:ZIR =0. (3.12)

The axion corresponds to the Wilson line of Ajs in the fifth dimension. Its decay constant
and low energy QCD coupling are given by

1 1 L ZIR
— (3.13)
3

9 2 L

E:;3+ log —, fa:%%,
where we allowed for a UV contribution gy to the QCD coupling. The Chern-Simons
coupling induces the coupling of the axion with the QCD topological density, thus realizing
a QCD axion model. Since the location of the IR brane is determined by the dilaton
stabilization mechanism, this setup realizes the conformal axion described above.

In reality, the boundary condition should be derived from the action principle. This
can be done introducing a 5D scalar field charged under U(1)pq that acquires a VEV in
the IR. If the field has mass Mg its profile in the extra dimension is

1 ) P 24v ) P 2—v 5
® () (2 , —Ja+M2L2, (314
0% 2z zm(m) <zm> =i MZLE, (3.14)

which vanishes for z = L to respect the U(1)pq symmetry. Increasing the value of the
mass the wave-function becomes more peaked in the IR. Since A = 2 4 v is the dimension
of the dual operator, breaking through boundary conditions is formally equivalent to an
operator of large dimension. Note that in order not to affect the radion stabilization it is
necessary that A > 4. In QCD-like theories instead the scalar corresponds to the relevant
operator (jj‘éqg, so that no large hierarchy is generated.

At finite temperature two gravity solutions exist. One is thermal AdS with the IR brane
and the other is a black hole geometry where the brane is replaced by the horizon. At high
temperature the black hole solution has a smaller free energy and is thus favoured. The
boundary condition on the U(1) gauge field in this case respect the global U(1) symmetry

and, as a consequence, the PQ symmetry is unbroken at high temperature.

8The same 5D construction was discussed in ref. [59].
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Figure 5. On the left, free energy for different values of the temperature that affects the potential
of the CFT phase. The universe is trapped in the false vacuum up to low temperatures where the
relevant region for tunneling is well approximated by a negative quartic potential (right panel).

3.2.1 Phase transition

Strongly coupled phase transitions are notoriously difficult to study because the degrees of
freedom change across the transition, so that one cannot find an obvious trajectory in field
space to describe the tunneling. Interestingly, the problem can be circumvented when a
light dilaton exists [42]. In this case the dynamics of the phase transition can be described
within the dilaton effective theory up to reasonable assumptions on the deconfined phase.
Compared to the studies in the literature the main difference here is that the scale of our
sector is set by f, and no phenomenological constraints on the anomalous dimensions apply.

At temperatures much higher than (¢) = f we expect the system to be described by
a hot CFT. The free-energy in this case is simply given by

— Fopr(T > f) = bN?*T*, b~ O(1). (3.15)
Correspondingly, the Hubble parameter in the false vacuum is

2 2
T =——— « = 106. — bN~. 1
30 , W 167?24+ef , g 0675—i—7T2 (3.16)

3MH? = Vp +

At temperatures below f the confined phase has a lower free energy. This region is
well described by the dilaton effective potential.

In order to compute the tunneling rate various proposal have been proposed in the
literature. One possibility that we use in our numerical analysis is to calculate the bounce
action by extending the dilaton potential to negative values, the sketch of the dynamics is
shown in figure 5. This amounts to continuing the potential for ¢ < 0 to connect smoothly
to the value of the free-energy in eq. (3.15). Various ‘guesses’ have been considered in the
literature for the shape of the potential. For example, as suggested by holography, the
potential can be extended to negative values of ¢ as [42]

Vir(p) = 1672b(4¢%T + 3%, (3.17)
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whose minimum at ¢ = —7T is —bN2T* reproducing eq. (3.3). Then one computes the
bounce action with the standard boundary conditions: ¢’(0) = 0 and p(c0) = —=T. We
have checked that the result is weakly dependent on the choice of the potential.

An analytic approximation of the bounce action can be obtained by following
refs. [49, 60], see appendix A for details. The bounce action can be split in an integral
over the dilaton region and in another over the hot CFT. The first contribution can be
estimated computing the euclidean action of the dilaton with boundary conditions

9'(0)=0, ¢(p—0)=4nVoT?. (3.18)

The meaning of these boundary conditions is that, the dilaton should reach the origin with
sufficient velocity to climb up the CFT free energy in the inverted potential. This assumes
negligible friction close to the origin, which is a good approximation at low temperatures.
The full bounce action is then the sum of two contributions, S:gl) from the pure dilaton
EFT and S§2) from the thermal CFT.

The bounce Sél) can be estimated in a way similar to what we have done in section 2.2.
In the region relevant for tunneling ¢ ~ ¢T'/f where ¢ = a|\o/(1672b)|'/* (best agreement
with numerical results is obtained for a = 5). The dilaton potential can be approximated

with a temperature-dependent quartic

V(p) ~ Aog” [1 -7 i - <C;.F)] . (3.19)

This approximation is more and more reliable in the limit of small € and low temperatures,

where the potential can be further simplified as

- f
V(p) = —ledo|p*log | = ) . 3.20
(¢) = —leXo|p” log (cT (3.20)
As shown in appendix A with this approximation the bounce action is

S5 e s N (1672b)1/4

T 1672 Trgclog(f/(cT)) P/ (3:21)

The bounce S§2) can instead be computed in a thin wall approximation neglecting the

s N2 _ 2VbN?
= 47 R? \/ Vi 22
T = serr / Vol (3.22)

where R ~ |X\o|'/*T is the critical bubble size. Note that this contribution does not
depend strongly on the details of the potential but only on the height and location of the

friction as in [61]

minimum. This explains why our results are insensitive to the choice of potential. The
O(3) bounce action can then be estimated as Sél) + Séz). As emphasized in ref. [49], due to
the different scaling, for small A\g the tunneling is dominated by the dilaton contribution.
In our scenarios we find that this contribution is not entirely negligible especially for what
concerns the nucleation temperature. This approximation roughly agrees with the exact
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Figure 6. Parameters of the phase transition in the strongly coupled case. Left: nucleation
temperature versus e. Right: 8/H as a function of the nucleation temperature. The normalization
of the scale takes into account the factor 47/N.

numerical computation in figure 6. The different parametric scaling from the weakly cou-
pled case originates from the fact that the free energy is dominated by T in the deconfined
regime, see appendix.

We can repeat the derivation for the O(4) symmetric bounce. In that case

N? 1 N*
1672~ |Aoelog(f/(cT))| [ Xo| *

(3.23)

The comparison of the 3d and 4d expressions already shows a difference with respect to
the weakly coupled case of section 2.2. Here, at low temperature we have dominance of
O(4) bounces, that decrease faster with temperature by order ~ log(f/cT)"/* as compared
to the O(3) ones. This behavior is indeed confirmed in all of our numerical approaches.

Nucleation temperature and gravitational wave signals. With the guidance of the
analytic approximation it is then easier to understand the numerical results presented in
figure 6. In this figure we present the computation of the parameters of the phase transition
T, and 5/ H. The nucleation temperature is determined again by using eq. (2.14), however,
since in this model O(4) bounces are important, we computed the tunneling rate for both
3 and 4 dimensional bounces. In the case of the O(4) bounces, it is necessary to estimate
the radius of the nucleated bubble that is then plugged into eq. (2.21). We considered
different definitions for the radius R: i) ¢(R) = ¢(r = 0)/e; ii) ¢(R) = ¢(r = 0)/e?; iii)
R = [dro(r)r/([ dre(r)); and we found that they give results in excellent agreement with
each other. The computation of the bounce action is largely insensitive to the choice of
the potential, and we show the line corresponding to the potential in eq. (3.17).

From the numerical computations, we see that below € ~ 0.04 the four dimensional
tunneling starts to dominate. It is also in this region of parameter that 5/H can become
appreciably smaller than O(10), thus enhancing the GW amplitude. In figure 7 we show
the amplitude of the GW spectrum for three benchmark choices of 5/H = (1,2, 10), which
correspond to € = (0.0084,0.0087,0.013). Even in this case the signal can be within the
reach of the future upgrades of LIGO and future interferometers as the Einstein Telescope.
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Figure 7. Gravitational wave signal for strongly coupled conformal axions. The main difference
compared to weakly coupled models (see figure 4) is the shift of the gravity wave peak to higher
frequencies due to the larger dilaton decay constant.

4 Conclusions

A recurrent dream is that the axion will be discovered in the near future. If the axion is the
true solution to the strong CP problem, then the success of direct searches clearly depends
on the advances of low-energy experiments. In this work we have shown that a new and
complementary information on the physics of the QCD axion may also come from the study
of GWs produced during the PQ phase transition. We find that a detectable GW signal
can be obtained even for the less favourable case where the axion is DM, f, ~ 10! GeV.
A stochastic GW signal requires the PQ phase transition to be first order. While in
the simplest KSVZ model the phase transition is second order, we have found scenarios

9 This is automatically realized if the theory

where the phase transition is first order.
is approximately conformal either at weak or strong coupling. In this case the thermal
phase transition can be very slow leading to a significant amount of supercooling. The
supercooling maximizes the GW signal leading to an enhancement of the amplitude of the
GW power spectrum up to observable levels.

Our findings are generic, the phenomenological outcomes relevant for GWs depend
little on the weakly or strongly coupled nature of the PQ model, since in both cases we
find parameter-space regions that can be probed at LIGO or future ground-based interfer-
ometers. Of course there are some quantitative differences between the two scenarios, in
particular on the type of tunneling that dominates the nucleation of bubbles at the phase
transition. Indeed, we find in weakly coupled models of section 2.2 a preference for thermal
tunneling (3D bounces), while in the strongly coupled models of section 3.2 a dominance
of quantum tunneling (4D bounces) at low temperatures. We have however demonstrated
that these differences play little role in the final GW signals.

Different realizations of a first order PQ phase transition have been studied in ref. [62].

- 21 —



1012 L L /| B |

E T T T _5
F 110
- Qq = Qpwm
11
10 " E
= 1107%
T | %
O 1010 ‘x —
= E 11073
E @) S
= C Ay,
109 & N, BT
- 1102
L supernova
108 L 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 L L L 1 L
0.8 1.0 1.2 1.4 1.6 1.8

g

Figure 8. Parameter space of the weakly coupled model for vanishing quartic couplings. Con-
straints on the QCD axion parameters arising from present and future GW interferometers and
astrophysical bounds from supernovae are shown. The dashed gray line correspond to the pure
misalignment contribution to axion DM, while the gray band represents the uncertainty due to the
contribution from topological defects.

We wish to emphasize that even for the conservative choice f, = 10! GeV the GW
signal might be detectable, as exemplified in figures 4 and 7. Today’s GW frequency
depends on the reheating mechanism right after the phase transition, and in the models
explored in this paper the PQ-sector automatically reheats the SM through the coupling
to gluons and colored fermions. If reheating is instantaneous, the peak frequency is in
the range 100-1000 Hz which can be within the reach of the future stages of the LIGO
experiment or future ground-based interferometers as the ET.

One might wonder how the GW signals change as a function of f,. Smaller values of
fo might lead to axions that are not all the Dark Matter, or they can just be interpreted
as axion-like particles. Clearly, allowing f, to take smaller values, the impact of GWs is
bigger. For f, < 10'! GeV a larger portion of the parameter space is within reach and some
regions of the parameter space can even be excluded with present data from LIGO [25].
This behavior is depicted in figure 8 where we consider the radiative PQ scenario with
gauge dominance and we allow f, and the coupling g to vary. It is interesting to notice
the complementarity of GWs with existing bounds on the QCD axion parameter space.

There are many possible extensions of our work. For example one could consider more
general deviations from conformal invariance. In the weakly-coupled case this corresponds
to adding masses for the elementary scalars, while in the strongly-coupled case to allow for
more generic potentials as realized in holographic models. Secondly the reheating process
after supercooling is closely connected to the axion solution of the strong CP problem
and could give informations of the spectrum of the theory. A slow reheating might lead to
smaller reheating temperatures an thus smaller peak frequencies for the GW spectrum that
are more easily detectable. Finally our work can be generalized to study first order phase
transition in other high scale models. We leave these and other questions to future work.
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A Bounce in strongly coupled models

Different approaches for the computation of the bounce action for the strongly-coupled
phase transitions appeared in the literature. Given the normalization adopted in the main
text, the bounce equation is

¢ | 2(d—1)dp _ oV (o) .

2 Al
A (A1)
Method I. This method merges two potentials
N? , N2 . A
L = 152(00) ~ 153 | Vr(@)8(—0) + V(0)H(0) |- (A.2)

The shape of Vi is largely unimportant as long as the potential satisfies a few requirements.

It must be differentiable in the origin and minimized at ¢ = —T with a value VT‘min =
—1672bT*.19 Possible example for VT(ap) are the following
Vr(p) = —167%b(20°T% — ") or  Vir(p) = 1672b(4°T + 3¢). (A.3)

The bounce solution is then obtained in the usual way. It is convenient to rescale the field
and distances as 7 — z/(|X\o|/4T) and ¢ — T'¢/|Xg|"/*, so that we get

Sy 272 (16m2b)° 7" N2

T4 T(dj2) o[/t 1672

1|2 Ao 4 T\ Vi (To/|hol'/*) 2

(A.A4)

If VT(go) is a polynomial in ¢ the only temperature dependent term in the above integrand
is the part of the dilaton potential. The bounce solution corresponds to boundary values

¢'(0) =0 and ¢(z = 0) = —1.

10The exact position of the minimum is not of utmost importance, as far as it remains at a location
¢ ~ —T. We checked numerically that modifying this relation by a factor of O(few) does not significantly
affect the bounce action.
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Method II. In this case the boundary conditions when the field approaches the re-
gion close to the origin are as in eq. (3.18). After a rescaling r — z/(|\o|'/*T) and
© — T /| x|/, the boundary condition on the velocity close to the origin becomes

de = 47vb, (A.5)

dz ¢—0

and the bounce integral can be written in general as

Sy 22 (1672) T N2 = [ X 4 To \° N
= d St (1—— [ 1672b| .
Ti=d 7 T(d/2) | Ao|#/4 167r2/o = +\)\0\¢ d4e \ | No|V/A f om

Notice that the extremum of integration z, is the time where the condition in eq. (A.5)
is satisfied. As discussed in section 3.2.1, in order to gain some intuition on the size of
the bounce action, one can write the potential in the region of tunneling as Ao ¢*k(T/f, €),
where x(T'/ f, €) is defined by matching with eq. (3.19). With this approximation, by further
rescaling ¢ — (16m2b)/4¢ and z — z/(1672b)/%, we get

S, 2x¥?  (16x%)' T N2

= - d—1]| /2 4
T4~ T(d/2) |ho|Y4|x(T/ f, €)|4/% 1672 / dzz {Qﬁ ¢ +1]- (A7)

We then simply need to evaluate the integral with appropriate boundary conditions for the
solution

Ag= / Cdzt! [¢'2 — ¢+ 1] ¢'(0) =0,¢%|4—0 = 1,
where A3 = 2.268 and A4 ~ 1.3. We get the following estimates for O(3) and O(4) bounces

N2 1 1
Sy =21 Ay —— ——. (A.8)

S3 N?  (1672)/4pl/4 1 L
162 | Nol |k(T,€)

23 _ 985
T 16727 P [R(T, )P

B Plots of the extended parameter space

Here we provide more details on the parameters of the phase transitions in the weakly
coupled scenarios where the gauge contribution is dominant. In figure 9 we show the be-
havior of both the normalized nucleation temperature and the §/H parameter as functions
of the gauge coupling ¢g and the scale f, focusing on the region of large supercooling. The
dependence in the relevant part of the parameter space follows the analytic approximation
discussed in the text and shown in eq. (2.12) and (2.19). The approximation is particularly
appropriate in the region with large supercooling, with T,,/f < 1072. For a fixed value
of the gauge coupling, a larger amount of supercooling (and, thus, a smaller 8/H) can
be achieved with a larger scale f since the nucleation temperature is dominated by the
exponential factor of eq. (2.12).
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Figure 9. Contour lines of the nucleation temperature T,/ f (left plot) and the 8/H parameter
(right plot) in the gauged weakly coupled model. In the gray regions nucleation never happens.
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