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Abstract

This paper introduces a nonmonotone extension of the Front Descent method, a state-
of-the-art descent-based algorithmic framework designed to approximate the Pareto
front of smooth multiobjective optimization problems. The proposed approach incor-
porates novel nonmonotone line search strategies that allow temporary increases in
some objective functions, potentially accelerating convergence and improving overall
efficiency. The theoretical analysis demonstrates that the sequence of sets generated by
the algorithm retains the convergence properties of the original framework. Establish-
ing these properties in the nonmonotone setting is nontrivial: the loss of monotonicity
across the set sequence introduces substantial analytical challenges, necessitating a
careful and rigorous adaptation of the original convergence arguments. Finally, numer-
ical results in the bound-constrained setting are presented to validate the goodness of
the proposed approach.
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1 Introduction
In this paper, we consider multi-objective optimization problems of the form

min F(x) = (fi(x), ..., fu() ", ()
xeQ

where F : R” — R is assumed to be continuously differentiable and the feasible set
is defined by the box constraints

Q=1[l,u] CR", @
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with [, u € R” representing lower and upper bounds, respectively. Given the vector-
valued nature of the objective function, a single point that minimizes all components
simultaneously rarely exists. Consequently, the solution of (1) is understood in terms
of Pareto optimality, where the goal is to identify points for which no objective can be
improved without worsening at least one other. For a comprehensive formal treatment
of these concepts, the reader is referred to [1].

Multi-objective optimization has also flourished in recent years due to its potential
impact on practical applications and its integration with other mathematical optimiza-
tion frameworks. Fields where decision-makers must balance conflicting criteria are
quite common, including engineering [2, 3], statistics [4], and space exploration [5,
6]. Furthermore, the development of algorithms aimed at approximating the Pareto
frontier of multi-objective optimization problems has become an important research
area in other branches of mathematical optimization, such as portfolio optimization
[7, 8] and black-box optimization [9, 10], where analyzing trade-offs in complex
decision-making scenarios is critical.

Among the diverse approaches for multi-objective optimization, descent methods
[11-15] have attracted significant and increasing attention. These techniques extend
the classical paradigm of scalar gradient-based optimization to the multi-objective
setting by identifying directions that ensure a simultaneous decrease for all objectives.
While these methods were originally conceived as single-point algorithms, i.e., aim-
ing to converge toward an individual Pareto optimal solution, they have more recently
been generalized to front-based frameworks. Such evolution is designed to compute
entire sets of points that collectively approximate the Pareto frontier (see, e.g., [16—
19]). By maintaining an approximation of the Pareto frontier throughout the iterative
process, these methods have emerged as highly competitive and mathematically rig-
orous alternatives to traditional scalarization techniques [20, 21] and heuristic-driven
evolutionary algorithms [22].

Parallel to these developments, nonmonotone strategies are widely used in scalar
optimization to improve efficiency [23, 24]. Their main idea is to relax the requirement
of a decrease in the objective function at every iteration, requiring instead a sufficient
decrease compared to a benchmark, such as the maximum objective function value
over the last M > 0 iterations. In scalar problems, allowing temporary increases in the
objective function often helps in avoiding slow convergence and escaping local minima
[25]. Despite these advantages, nonmonotone methods have only recently been applied
to multi-objective optimization [25-27]. These contributions, which are seminal for
the introduction of nonmonotone strategies in multi-objective optimization settings,
however consist of single-point methodologies that handle sequences of points in order
to find a single solution, hopefully lying on the Pareto frontier; therefore, in order to
obtain an approximation of the Pareto frontier, such methodologies must be executed
in a multi-start fashion, by initializing their execution from multiple different starting
points; as one might expect, the effectiveness of obtaining a good approximation of
the Pareto frontier strongly depends on such initial points (see, for instance, [16,
Section 6]). To our knowledge, the integration of nonmonotone strategies into descent
methods designed to handle sequences of sets of points and, as a consequence, to
directly return an approximation, as accurate as possible, of the entire Pareto front
remains unexplored. Adapting these techniques to front-based algorithms is a non-

@ Springer



A nonmonotone front descent method for bound-constrained...

trivial task, as it requires defining suitable benchmarks for an entire set of points rather
than a single candidate solution.

In this work, we fill this gap by introducing a nonmonotone extension of the Front
Descent method [18] for bound-constrained smooth multi-objective optimization.
Front Descent is an advanced front-based descent approach for which recent conver-
gence results concerning the generated sequences of sets have been established [19].
We first introduce a variant of this method, called Front Projected Descent, which is
designed to handle box constraints, and we also report the corresponding modifications
to the theoretical analysis in [19] required to accommodate this setting. We then pro-
pose a set of algorithmic modifications that enable controlled, nonmonotone increases
in objective function values within the front-based framework. Crucially, we prove that
these modifications preserve the desirable convergence properties established in [19].
Although the resulting convergence results are analogous to those of the monotone
case, their derivation requires a substantial and non-trivial analytical effort to account
for the lack of monotonicity across the sequence of fronts.

The remainder of the paper is organized as follows. In Sect.2, we describe the
Front Projected Descent method along with its main theoretical properties, and high-
light how these properties are adapted with respect to those in [19] to account for box
constraints. Section 3 presents our novel nonmonotone variant for bound-constrained
multi-objective optimization, including a detailed discussion of the mechanisms of
the new proposal and a formal theoretical analysis. Section4 discusses the results of
numerical experiments conducted to validate the framework effectiveness and effi-
ciency w.r.t. the original one. Finally, Sect.5 offers concluding remarks and suggests
directions for future research.

2 The front projected descent method

We introduce the Front Projected Descent (FPD) method, a variant of the Front Descent
(FD) framework [19], originally designed for unconstrained multi-objective problems,
which is extended here to handle the box constraints of problem (1). Importantly, the
modifications introduced in FPD preserve the convergence properties of the original
framework.

Given the standard partial ordering in R™, i.e.,

u<v &< uj<v;,vVj=1,...,m,
u<v &< uj<vj, Vj=1,...,m,
USV < u<vAu#v,

the goal of first-order methods, like FPD, is to identify solutions x € €2, with 2 defined
as in Eq. (2), satisfying the following properties listed in order of decreasing strength:

e Pareto optimal: By € Qs.t. F(y) S F(%);
e Weak Pareto optimal: ﬂy e Qs.t. F(y) < F(x);
e Pareto stationary:

. T
min max Vf;(x)'d =0,
deDF) j=1,...m Fi®
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where D(x) = {v e R" |3t > 0: x +tv € QVt € [0, 7]} is the set of feasible
directions at x.

Pareto optimality is the strongest property, implying the others. Pareto stationarity,
instead, is only a necessary first-order condition for weak Pareto optimality; first-order
methods are typically proven to converge to Pareto stationary points (see, e.g., [11,
16]); however, this condition becomes sufficient for optimality only under appropriate
convexity assumptions. Since minimizing all objectives simultaneously is generally
impossible, multiple Pareto optimal solutions (constituting the Pareto set) usually
arise, forming in the objectives space the Pareto front. Decision makers can evaluate
these trade-offs a posteriori to select the most suitable solutions.

To approximate the entire Pareto front, FPD iteratively updates a set X* of mutually
nondominated solutions, i.e., no y € X* exists such that F(y) S F(x) forx € xk.
The next set X**! is obtained by search steps from £ € X* along:

o the projected common descent direction [12]:

1
v(®) = argmin _max Vfj(®)'d+ = ||d||*; (3)
deR" j=1,.., m 2
X+deQ

e the projected partial descent directions [12, 16]: for subset I C {1, ..., m},

1
vl (%) = argmin max Vf;(%)Td + = |d|*. )
deR" jel 2
X+de

Both problems admit unique solutions due to strong convexity and continuity of the
objectives, and convexity of the feasible sets. Their optimal values, 6 (x) and 01(%),
are negative whenever a descent direction exists. Naturally, v/ and 6/ coincide with
v and 6, respectively, when I = {1, ..., m}. Moreover, as established in [12], 0 is
continuous and v satisfies

oIl = 21 JF (Ol )

where Jr(x) € R™*" is the Jacobian of F (x). A point x is Pareto stationary if and only
if0(x) = 0and v(x) = 0. Note then thatit always holds that6 (x) < 0.Finally, defining
D(x,d) = max;=1 . m ij(x)Td, we have Jp(x)v(x) < 1D(x,v(x)) < 10(x),
with 1 being the vector of all ones in R".

2.1 Algorithmic scheme

The FPD scheme is presented in Algorithm 1. For clarity, three key phases (steps 3-7-
21), crucial for our nonmonotone variant, are left in a general form. In FPD, these are
handled as follows: in step 3, we set Xk = x*;in step 7, we perform the Armijo-type
line search for multi-objective optimization

xp—i-aoShv(xp) eEQA }

a;‘, = max ao(Sh b b
F(xp +apd"v(xp)) < F(xp) +1yapd” D(xp, v(xp))

heN
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finally, in step 21, we set XK1 = X*. Note that, in the classical Armijo-type
(non-monotone) line search for multi-objective optimization (see, e.g., [11, 25]), the
sufficient decrease term depends on Jg(xp)v(x)) rather than on D(x,, v(x))) as in
[19]. Since, as already mentioned at the end of Sect.2, it holds that Jr (x,)v(x,) <
1D(xp, v(xp)), the corresponding sufficient decrease condition is therefore somewhat
less restrictive.

Algorithm 1 Front Projected Gradient

Require: F : R” — R™, X0 c@ =[/, u] set of mutually nondominated points w.r.t. F, g € (0, 1],
3 € 1),y €©1), {ox) S Ry.

1: k=0

2: while a stopping criterion is not satisfied do

3:  Create the set X¥ based on X*

4: forallx, € X* do
5 if iy € X¥s.t. F(y) S F(xp) then
6: if 0(xp) < —oy then
7 Run an Armijo-type line search to get al;,
8: else
9: ak =0
10: end if
11: z’]‘,:xp-i-a]]‘,v(xp)
12: Xk =xk\(ye X% | F(k) £ Foyu (k)
13: forall / C {1,...,m} s.t.@l(z’;) < 0do
14: if z’l‘, € X* then
15:
] " ZI; +a08hv1(z];,) EQA
ap =max 4 aod ok o, k hoT,k
eN vy e XK 3j 0 156K+ aps! @R < ;)
16: XK= XK\ {y e X | F +afol &) S FOny Utz +apv! ()
17: end if
18: end for
19: end if
20:  end for .
21:  Create the set X**1 based on X*¥
22: k=k+1
23: end while
24: return XX

At each iteration k, FPD updates a list of solutions X* by processing each point
xp, €X k sequentially. During this process, new solutions may be generated (see below)
and added to the set X¥. Each point x, is then processed only if it is not dominated
by any solution contained in X* at the time of its processing (see the condition in step
5). The procedure applied to x, consists of a two-phase optimization scheme:

e Phase 1 (steps 6-12) acts as a refinement step, consisting of a single-point projected
descent from x,. This yields a new point z’; that provides a sufficient decrease
in all objective functions; if x, is already approximately Pareto-stationary, no
refinement is performed and Z]; = Xxp. As in [19], the approximation degree of
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Pareto stationarity is controlled by a sequence {ox} € Ry (where R} denotes
the set of nonnegative real numbers), which allows us to formally cover both the
asymptotic regime o — 0, under which arbitrary accuracy can still be achieved in
the limit, and the more practical setting in which a constant o > 0is used for all .
The latter reflects computational practice, where nonzero thresholds are required
to ensure robustness in finite-precision arithmetic.

e Phase 2 (steps 13-16) enriches X* with new nondominated points to explore the
objectives space further. Starting at z’;,, projected partial descent steps are taken
along directions with 0/ (z’l‘,) < 0,aslongas z’;, is not dominated (i.e., as long as the
condition at step 14 is satisfied; if it is not, it means that a solution that dominates
z];, is added during the for-loop execution at step 16 and, as a consequence, such
for-loop started at step 13 can be terminated). The line search considers the entire
updated set X* and must produce a point not dominated by any current solution.

Whenever a new point is generated, either in Phase 1 or Phase 2, it is added to the
set X¥ at the end of the corresponding phase (step 12 or step 16). Each time a new
solution is added to XX, a filtering procedure is also applied at steps 12—16, with the
aim of removing from Xk all previously stored solutions y that are dominated by the
newly added point.

2.2 Theoretical properties

In this section, we present the theoretical analysis of FPD, addressing first its well-
definedness and then its main convergence properties. This analysis closely follows
that of the FD framework in [19]; here, we mainly highlight the modifications required
to handle the box constraints of problem (1), as well as some definitions and technical
lemma needed for the subsequent theoretical study of our non-monotone algorithm.

We begin with three lemmas concerning the finite termination property of the line
searches employed in FPD, which in turn guarantees the well-definedness of the algo-
rithm.

Lemma 1 The line search at step 7 of FPD is well defined if x, is feasible.

Proof First, we note that, by definition of the projected common descent direction (3),
the feasibility of x,, the convexity of the feasible set &2 and the definition of g in
Algorithm 1, we have that, for all « € [0, ap], xp + av(x,) € Q.

Then, recalling that 6(x,) < —oy < 0 by step 6, we have D(xp, v(x,)) < 0 and
thus, by [11, Lemma 4], we get the result. O

Lemma 2 Step 15 of Algorithm 1 is well defined ile;, is feasible and nondominated

with respect to points in X*.

Proof Reminding that, by definition of the projected partial descent direction (4),
the feasibility of ZI;, the convexity of the feasible set 2 and the definition of ¢ in

Algorithm 1, we have that, for all ¢ € [0, ap], z'; +av! (z’;) € 2, we obtain the result
by following the proof of [18, Proposition 3.2]. O
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Lemma 3 Let X* be a set of mutually nondominated feasible points. Then

1. throughout the entire iteration k, Xk is a set of mutually nondominated feasible
points;

2. the line searches at steps 7-15 of FPD are always well defined;

3. XM is a set of mutually nondominated feasible solutions.

Proof At iteration k, the set X* is initialized with the nondominated, feasible points
X*: then, it is only updated at steps 12 and 16. At step 12, either z’; = Xp, and the

set is not modified, or, by the definition of ai‘,, z’; is feasible and dominates x,, which
in turn was nondominated. Thus, the added point z’; is nondominated, while all the
newly dominated points are removed. At step 16, the added point z’; + oz]I)vl (Z];?) is
feasible and nondominated by the definition of « II); all the newly dominated points are

removed. Thus, X* always contains mutually nondominated feasible solutions. Steps
7-15 are therefore always well defined by Lemmas 1-2, respectively. Moreover, since
X*+t1 = X* at the end of the iteration, X**! inherits the feasibility and nondominance
properties from X*. O

The convergence properties of FPD, concerning the sequence of sets of generated
points, are based on the following two definitions and technical lemma. It is worth
pointing out that the box constraints of problem (1) do not affect the validity of the
lemma nor its proof.

Definition 1 ([19, Definition 5.11]) Let { € R™ be a reference point and let Y C R™
be a (possibly infinite) set of points. We define the dominated region as A(Y) =
{yeR"|3dyeY: y<y<¢}.Inaddition, the hyper-volume [28] associated to Y
is defined as the volume (or the Lebesgue measure) of the set A (Y) and is denoted by
V().

It should be noted that a “better” approximation of the Pareto frontier is generally
associated with a higher hyper-volume value. For the sake of simplicity, given X C €2,
we will use the notation Ar(X) = A(F(X)) and Vp(X) = V(F (X)), with F(X)
being the image of X through F. If X only contains mutually non-dominated points,
we have F(X) = (F(X))na = {y € F(X) | 35 € F(X)st. 7 S y}and F(X) is
called stable set.

Lemma4 ([19, Lemma 5.12]) Let ¢ € R™ be a reference point and let X be a set of
points such that Y = F(X) is a stable set and, forally € Y,y < . Let x € X and
uw € R"s.t. F(u) < F(x). Then, the set Z = F(X U {u} \ {x}) is such that

V(Z)-v) = [[® = fiw) >o.
j=1

Definition 2 ([19, Definition 5.13]) Let X be the set of all sets X € R” of mutually
nondominated points w.r.t. F,i.e., X € X if F(X) is a stable set. We define the map
O:X > RasOX) =inf,cx 6(x).
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The last definition introduces a Pareto-stationarity measure for sets of mutually
nondominated points. For finite sets X, the infimum is a minimum, so ® (X) returns
the common projected descent value 6 of the “least” Pareto-stationary point in X. By
construction, ® (X) is always nonpositive and equals zero if and only if all points in
X are Pareto-stationary.

Before stating the convergence properties, we introduce the following assumption,
which will also be essential for the theoretical analysis of our nonmonotone variant.

Assumption 1 At each iteration k of Algorithm 1, the first point to be processed in the
for loop of steps 4-20 belongs to the set arg min, . yx 6(x).

Proposition 5 Ler X° be a set of mutually nondominated feasible points and xo € X°
be a point such that the set L(xg) = U'}’Zl{x € Q| fjx) < fj(xo)} is compact.
Let {X*} be the sequence of sets of nondominated points produced by FPD under
Assumption 1. Then,

1. ifor = o > O forall k, there exists k such that ©(X*) > —c forall k > k;
2. ifor — 0, limg_ 0o O(X¥) = 0.

Proof For the sake of brevity, the proof is moved to Appendix B. O

Corollary 6 Let {X*} be the sequence of sets of nondominated points produced by FPD
under the assumptions of Proposition 5 and with oy, — 0. Let {x*} be any sequence
such that x* € X* for all k, then it admits accumulation points and every accumulation
point is Pareto stationary for problem (1).

Proof Following reasoning similar to that used at the beginning of the proof of Propo-
sition 5, we can show that {xk } € L(x0). The remainder of the proof is then identical
to that of [19, Corollary 5.18], with Proposition 5 replacing Theorem 5.15. O

Remark 1 As explained in [19], Assumption 1 prevents that FPD repeatedly discard
points before they undergo phase 1, which would otherwise slow progress toward sta-
tionarity despite continual, but insufficient improvements. Moreover, the assumption
can arguably be considered non-restrictive, as the gradients and values of 8 computed
at the beginning of iteration k to search for the argmin .y« 6(x) can be stored in
memory and reused later when processing the points in X*, thus keeping the extra
computational cost minimal.

3 A nonmonotone front projected descent algorithm

The nonmonotone variant of FPD, which we call FPD_NMT, differs from the origi-
nal algorithm in steps 3—7-21, which are detailed in Procedures 1-2-3, respectively.
Appendix A also provides the complete FPD_NMT scheme, corresponding to Algo-
rithm 1 with these three procedures integrated. Unlike FPD, where the new set X< ! is
generated solely based on the previous iterate set XX, FPD_NMT performs the search
steps with respect to a new reference set.

Definition 3 Let k be an iteration of Algorithm 1. We define the reference set CX w.r.t.
X* as a set of solutions such that:
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1. C contains only mutually nondominated points;
2. Vy € CK, 3x € X* such that F(x) < F(y);
3. Vx € X*, 3y e C* such that F(x) < F(y).

The reference set is thus essentially a “worse” set than X* in terms of the objective
functions: for each point in C¥, there exists a point in X* whose objective function
values are equal to or better than those of the point in C*.

Procedure 1 Step 3 of Algorithm 1 for FPD_NMT

1 x1® ¢ arg min VE(X)
Xe{Xk,Xk*1,..4,Xk*mi“{k’M)}

2 Ck={xex!®uckT gy ex!®uckl:Fy) s Fo)}

cCk=Ckuixexk|vyeckajefl....om}: fj () < f;(0)}

4: Xk = ck

(95}

Starting from C —1 — @, ateach iteration k of the FPD_NMT al gorithm, C kis created
via Procedure 1. In step 1, we select the set with the lowest hyper-volume among X*
and the previous M sets (M € N is a parameter of FPD_NMT); if k < M, only the
k previous sets are considered. In order to calculate the hyper-volume metric, we use
the reference point r,, such that, forall j € {1, ..., m}, (rp); = maxyex,, f;(x), with
Xan being the union of all solutions generated up to iteration k. In step 2, the chosen
set X'® is merged with the previous reference set C¥~!, removing the dominated
solutions, to form C*. Finally, in step 3, C¥ is obtained by adding to C¥ the points
from X* that are strictly worse in at least one objective w.r.t. each point in C¥. Step 4
initializes X* equal to Ck.

Procedure 2 Step 7 of Algorithm 1 for FPD_NMT
1:if 3c € X¥ : F(xp) < F(c) then

Xp + aOBhv(xp) eQA
ai‘, = Ihnealilg aoéh Eic];, e Xk F(xp) < F(C];) A
F(xp +a08hv(xp)) < F(c];,) + lyaoéhD(xp, v(xp))

3: else
4:
« h xp+a08hv(xp)eQ/\
o, = max ool ; A
heN F(xp +ap8"v(xp)) < F(xp) 4+ 1yapd” D(xp, v(xp))
5: end if

We now describe Procedure 2, concerning the Armijo-type line search procedure
at step 7 of Algorithm 1. There are two cases: (i) there exists a solution ¢ € XK that
is equal to or worse than the current point x,; note that, since X* is initialized equal
to C¥, if C¥ is a reference set this condition always holds for the first point x p €X k
being processed; in this case, we run step 2 of the procedure, where the goal is to find a
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new feasible point that achieves sufficient decrease in all the objective functions with
respect to at least one point c'; satisfying the condition at step 1 (in fact, the point

c][‘, may not be unique); (ii) no such solution ¢ € Xk exists, because it was removed

during filtering; in this case, the monotone Armijo-type line search is applied (step 4).
In both cases, the sufficient decrease term depends on D(xp, v(xp)), similarly to the
monotone setting (see Sect.2.1).

Procedure 3 Step 21 of Algorithm 1 for FPD_NMT

1: XI®) ¢ arg min Vi (X)
Xe{)?k}U(Xk,Xk’l ‘‘‘‘‘ Xk—min(k.M—l}}

2: Xk = (x e XFU XD | By e XFUXIB) : F(y) S F(x)}

After processing all points in X, the new set X**! is generated via Procedure 3.
Let X'® be the set with the lowest hyper-volume value among X* and the previous
M — 1 sets; X**1 then consists of all mutually non-dominated points in X¥ U X'®).
This procedure ensures that no point in X¥*! is dominated by any solution contained
in the “worst” set in terms of hyper-volume.

3.1 Analysis of the FPD_NMT mechanisms

Through the following proposition and corollary, we show that constructing C¥ accord-
ing to Procedures 1-3 ensures that C* forms a reference set for X* at each iteration
k of the FPD_NMT algorithm. Moreover, we prove that the sets X* and C* at each
iteration consist entirely of feasible solutions.

Proposition 7 Let k be an iteration of FPD_NMT and X* be a set of mutually non-
dominated points where, Vy € C¥=1 U X!® 3x € X* such that F (x) < F(y). Thus,
C* is a reference set w.r.t. X*. Moreover, X**1 is a set of mutually non-dominated
points where, Vy € Cku X'® 3x e X** such that F(x) < F(y).

Proof First, we prove that C¥ satisfies the three properties defining a reference set
(Definition 3) one at a time.

1. The set C* is created through steps 2-3 of Procedure 1. In step 2, we get that
Ck c x!® k=1 with all the dominated solutions in X'® U 1 being filtered
out. We then assume, by contradiction, that at step 3 a point ¥ € X* is added to C*
and there exists y € C¥ such that F () S F(X).Beingy € Ck c x!yck-1 we
know by hypothesis that there exists ¥ € X* such that F(¥) < F(¥) S F(x). We
thus get a contradiction as X is assumed to be a set of mutually non-dominated
points.

2. By step 3 of Procedure 1, we distinguish two types of points: y € C* N C¥ and
y € C* N X*. For the latter, we trivially get that F'(x) < F(y), withx =y € Xk,
Thus, let us consider a point y € ck N C*. Since, by step 2, Cckc x!I®y k-1,
by hypothesis there exists x € X* such that F(x) < F(y).
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3. By contradiction, we assume that there exists x € X k such that, for all yeC k.
there exists j € {1,...,m} satisfying f;(y) < fj(x). Thus, it must hold that
x ¢ CX, ie., it cannot have been added at step 3 of Procedure 1. Therefore, it
must exists y € C k such that F (x) < F(y). This leads to a contradiction, thereby
concluding the proof.

We thus prove that CX is a reference set w.r.t. X.

By step 2 of Procedure 3, we get that X¥*! C X* U X'® with all the dominated
points in Xku x!® being filtered out; thus, X**! is a set of mutually nondominated
points. Now, we distinguish two cases: y € (X*UX/®)nxk+landy ¢ (X*UX/®)n
X*+1 In the first case, we trivially get that F(x) < F(y), withx = y € X**1. In the
second one, we know that there exists x € ()A(k UX!®yn xk+1 such that F(x) S F(y).
We can then conclude that

vy e XXUX'® 3x € XM F(x) < F(y). (6)

Let us now consider the set CK and X¥. We observe that X is initialized as C* at step
4 of Procedure 1 and subsequently updated at steps 12-16 of Algorithm 1, where a
filtering operation removes the solutions dominated by the newly added points. Thus,
it follows that, throughout the entire iteration k, Vy € C¥ there exists x € X* such
that F(x) < F(y). This result, together with (6), concludes the proof. O

Before stating the corollary, we first need to state an assumption.

Assumption 2 For all iterations £ > 0 of FPD_NMT, the sets X!&=D and xX'® are
equal.

Corollary 8 Let Assumption 2 hold and X° be a set of mutually nondominated feasible
points. Then, for every iteration k of FPD_NMT, Proposition 7 holds, and all points in
X and k1 are feasible.

Proof When k = 0, we observe the following: by hypothesis, X° is a set of mutually
nondominated points; by definition of X 1) at step 1 of Procedure 1, X o — x0.
therefore, given that C~! = ¢, C~! U X/© = X0, Thus, all the hypotheses of
Proposition 7 are satisfied for k = 0.

Now, since X0=c0=x 0 the set X9 is initialized with feasible solutions and is
subsequently updated only at steps 12-16 of Algorithm 1 by adding new points, with
feasibility guaranteed by the definitions of the step sizes a’; and ozll, in Procedure 2 and
step 15 of Algorithm 1. It thus follows by Procedure 3 that the set X' consists entirely
of feasible points. The same holds for C!, which is constructed at the next iteration
through Procedure 1 using the sets C 0, X O, and X!

The case of a generic iteration k > 0 follows by induction from Assumption 2,
Proposition 7 and similar feasibility arguments as in the base case. O

Remark2 Assumption 2 accounts for the possible non-uniqueness of the minimizers
in Procedures 3 (iteration k — 1) and 1 (iteration k). This assumption is in fact crucial
from a theoretical standpoint, since it is essential for guaranteeing that the conclusion
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of Proposition 7 at iteration k — 1, namely,
Vy € cHtu )_(l(k_l), 3x € X* such that F(x) < F(y),
implies the corresponding hypothesis of the same proposition at iteration k, i.e.,
vy € C*1 U x'® 3y € X¥ such that F(x) < F(y).

This implication constitutes the basis of the inductive proof of Corollary 8.

In addition to being essential for the theoretical analysis, this assumption can be
also easily satisfied in practice. Indeed, we observe that the collections of sets involved
in the two minimization operations between iterations k — 1 and k differ only in their
first element: specifically, the minimization performed at Step 1 of Procedure 3 is over

{)2](—1} U {Xk—l Xk—2 . Xk—min{k,M}}
whereas the minimization at Step 1 of Procedure 1 considers
(XKpuU (xk1, xk2 xk—min{k, M}y

Accordingly, two cases may occur.

o If
Xlk=D) ¢ (xk=1 xk=2  xk-minlk.M)y

then
Vr(X*) > max{Vp(X*h), VpX!®D)) > vpx!'*=D),

where the first inequality follows directly from Step 2 of Procedure 3 and the
second from the definition of the maximum operator. Hence, X* is the only set
whose hyper-volume may increase w.r.t. the one in X*=1 while all the remaining
sets remain unchanged. Therefore, X'®—1 remains a valid minimizer at iteration
k, and it is always possible to choose X!®) = x!k=D

o If X/*=D = X*=1 then Step 2 of Procedure 3 yields Vp(X*) = Vp(X+1) =
Ve (X!'®=Dy that is, X* coincides with X*=1 and is associated with the minimum
hyper-volume value. Consequently, it can be selected at iteration k as X'® = x*.

This observation also provides a practical computational advantage. Indeed, the
minimizer computed at Step 1 of Procedure 3 can be reused in Step 1 of Procedure 1
at the next iteration, thereby reducing the computational effort associated with these
two minimization operations.

In Fig. 1, we show the image sets of X* and C* under the mapping F, obtained
at iterations k = 5, 15, 60, 100 for the CEC09_2 problem [29] (n = 5) using the
FPD_NMT algorithm with M = 10. In the early iterations, the two image sets are
distant, with F(C¥) composed of points equal to or dominated by at least one point
in F(X*). As the algorithm progresses, the distance between the two sets decreases.
Using solutions in C¥ for the Armijo-type line search at step 2 of Procedure 2 likely
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Pareto front - k=5 Pareto front - k=15

f2(x)
f(x)

0.0 0.2 0.4 0.6 0.8 1.0 0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
fi(x) fi(x)
Pareto front - k=60 Pareto front - k=100

f(x)
f2(x)

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
fi(x) fi(x)

Fig.1 Image sets of X K and Ck through the mapping of F for the CEC09_2 problem [29] (n = 5) obtained
at iteration k = 5, 15, 60, 100 by the FPD_NMT algorithm with M = 10

allows for larger steps compared to the classical procedure at step 4, with some resulting
points potentially worsening in terms of (subsets of) objective functions w.r.t. the
current points in X*. This approach is analogous to nonmonotone methods in scalar
optimization: avoiding a monotone decrease of the objective functions may improve
the overall convergence speed of the algorithm. Note that the line search in step 15 of
Algorithm 1 is also performed with respect to the solutions in X*, which is initialized
as C* at each iteration k of FPD_NMT. Consequently, the selected step sizes are likely
to be larger in this phase as well, facilitating a broader exploration of the feasible set.

3.2 Convergence analysis

We begin the analysis of the FPD_NMT algorithm by establishing the finite termination
properties of the employed line searches, which ensure the overall well-definedness
of the method. We then present several technical lemmas required for the convergence
analysis, which concludes with the main convergence guarantees.

Lemma9 The line searches at steps 2-4 of Procedure 2 are well defined if x , is feasible.

Proof First, we note that, by definition of the projected common descent direction (3),
the feasibility of x,, the convexity of the feasible set 2 and the definition of ¢ in
Algorithm 1, we have that, for all « € [0, o], xp + av(xp) € Q.

Now, since Jr(x,)v(xp) < 1D(xp, v(x,)) and the if condition at step 6 of Algo-
rithm 1 ensures that 6(x,) < —ox < 0, by [11, Lemma 4] there exists & > 0 such
that

F(xp +av(xp)) < F(xp) +1lyaD(xp, v(xp)), Vo € (0,a].
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Thus, line search at step 4 of Procedure 2 is eventually satisfied. As for the one at step
2 of Procedure 2, we have, for all « € (0, a],

F(xp +av(xp)) < F(xp) +1yaD(xp, v(xp)) < F(cl;,) +1yaD(xp, v(xp)),
where c][j is well defined by the if condition at step 1 of Procedure 2. Hence, the proof
is complete. O

Lemma 10 Let Assumption 2 hold, X° be a set of mutually nondominated feasible
points and k be an iteration of FPD_NMT (Algorithm 1). The set X* contains non-
dominated feasible points at any time; thus, steps 2-4 of Procedure 2 and step 15 of
Algorithm 1 are always well defined.

Proof Atiteration k, the set X* is initialized with the points in C k_ which, by Corollary
8, Proposition 7 and the definition of reference set (Definition 3), are all mutually non-
dominated and feasible. The set X is subsequently updated exclusively at steps 12
and 16 of Algorithm 1. In the former step, three cases can occur:

1. z’; = X, which is feasible by Corollary 8 and was guaranteed to be nondominated

by the if-condition at step 5 of Algorithm 1;

2. ozf, is defined at step 2 of Procedure 2; in this case, z’l‘, is feasible and dominates

Cl;? e Xk , which was nondominated as it was not filtered out by earlier executions
of steps 12 and 16 of Algorithm 1;

3. oz’l‘, is defined at step 4 of Procedure 2; in this case, z’; is feasible and dominates
xp, which was again nondominated.

Thus, regardless of the case, the added point z';, is nondominated, and all the newly
dominated points are removed. At step 16 of Algorithm 1, the new point z’; 4o é v! (z';,)
is feasible and nondominated by definition of a{,; all the newly dominated points
are once again removed. Thus, Xk always contains mutually nondominated feasible

solutions and, as a consequence, steps 2-4 of Procedure 2 and step 15 of Algorithm 1
are always well defined by Lemmas 9-2, respectively. O

Lemma 11 Let Assumption 2 hold, X° be a set of mutually nondominated points and
k be an iteration of FPD_NMT. Then:

1. Ve(CY = max(Ve(X'®), Ve(C*h);
2. Vy e Ck, Vk > k, 3x € X* such that F (x) < F(y).

Proof First, we prove that, for all y € C k_l, there exists x € C¥ such that F x) <
F(y), which is a crucial property to prove the two theses. Note that the case k = 0 is
trivial by definition of C —1 (see Sect.3).

Let us consider then a point y € C¥~!, with k > 0. By step 2 of Procedure 1, we
have two cases: y € CX¥="1 N CKor y ¢ C¥~1 N C*. In the first case, since, by step 3
of Procedure 1, C¥ € Ck, we getthat F(x) < F(y),withx =y € C*. In the second
one, by step 2 of Procedure 1 we know that there exists x € X'® N Ck such that
F(x) ; F(y). Recalling again that Ck C C*, it holds that x € C*. Thus, we have
proved that, for all y € C¥~!, there exists x € C* such that F(x) < F(y).

Now, let us prove the two properties one at time.
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1. By previous result, Proposition 7 and the definition of reference set (Definition 3),
we know that
(F(C*UC* g = (F(CH)na = F(CH).

Moreover, we observe that ck-1 C ck1u ck implies that AF(Ck_l) -
Ap(C*1 U C*). By the properties of the dominated region (Definition 1), we
then have

AF(CH = A(F(CPu g = Apcfu =l 2 Apct .

Thus, we can also write that Vp(Ck) > Vp(Ck_l). Note that, following reasoning
similar to that at the beginning of the proof, we can prove that, for all y € X'®,
there exists x € C* such that F (x) < F(y). Thus, using a similar argument as the
one presented here, we can obtain that Vg (C ky > vip(x!®)y, By combining this
result with V¢ (C*) > Vi (C*¥ 1), we conclude the proof.

2. By Corollary 8 and definition of the reference set, for all y € CF, there exists
x € X* such that F(x) < F(y). Ifk = k, the proof is thus complete; otherwise, by
applying an argument analogous to that used at the end of the proof of Proposition
7, we can combine this result with the property established at the beginning of the
proof and proceed inductively to obtain the claim.

m}

Lemma 12 After step 12 of FPD_NMT (Algorithm 1), z';, belongs to Xk, Moreover,
there exists y € X*1 such that F(y) < F(zll‘,).

Proof The result follows as in [18, Lemma 3.1] with k=k+ 1, recalling that the set
X*+1 is the result of repeated application of steps 12 and 16 of Algorithm 1 and of the
execution of step 2 of Procedure 3, starting from X* at some point when z’; e Xk. o

We are prepared to state the convergence properties of the algorithm.

Theorem 13 Let X° be a set of mutually nondominated feasible points and xo € X°
be a point such that the set L(xg) = U;’-Ll {(x e Q| fi(x) < fj(x0)} is compact. Let
{X*} be the sequence of sets of nondominated points produced by FPD_NMT under
Assumptions 1-2. Then, there exists at least a subsequence K C {0, 1, ...} such that

1. ifox = o > 0 for all k, there exists k€K st ®XK > —oforallk € K s.t.
k> k;
2. ifor = 0, limge ko0 O(X*) = 0.

Proof We begin the proof showing that for all k = 0,1, ..., and for all x € Xk,
we have x € L(xg). Let k be a generic iteration and x € X*. Since Assumption 2
holds and X" is a set of nondominated feasible points, by Corollary 8 the set X* also
consists of mutually nondominated feasible solutions. By steps 2-3 of Procedure 1,
we have that xo € C 0. then, by point 2. of Lemma 11, there exists a point y; € X k
such that F(yr) < F(xg); since yx does not dominate x, there exists an index /& such
that f,(x) < frn(yx) < fr(xp),i.e., x € L(xg). Hence, we have that

x € L(xg), Vx e X, Vk. 7
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Now, we show that a reference point ¢ € R™ exists such that, forallk =0, 1, .. .,
for all x € X%, F(x) < ¢. Let ¢ € R™ such that, forall j € {1,...,m}, {; =
maXze /£ (x,) fj(X); we observe that this vector is well defined, since F is continuous and
L(xo) is compact. Let k be any iteration and x € xk. By Eq. (7), we have x € L(xp).
Therefore, for all j € {1,...,m}, we have f;(x) < maxzecr(yy fj(X) = Ej. Thus,
we can conclude that F'(x) < g:, for all x € X* and for all k. Moreover, by definition
of the set C¥, we also have that

F(x)<¢, forallx e ck, for all k. (8)

Let us consider the subsequence {X Ik }, with Il (k) = I(k)—1, and, by contradiction,
let us assume that the thesis is false in the two cases oy = ¢ > 0 and o — O,
respectively: there exists an infinite subsequence K; C {0, 1, ...} such that

1. Vk € K sufficiently large, we have @(Xi(k)) < —0;
2. there exists ¢ > 0 such that, Vk € K sufficiently large, we have ® (X ! (k)) < —&.

We can analyze both cases simultaneously, by assuming there exists ¢ > 0 such that,
for all k € K sufficiently large, ® (X i(k)) < —o. Since in case (i) we have 6 = oy,
and in case (i) o — 0, it follows that © (X/®) < —
large.

Now, let {xi (k)} be the sequence of points produced by FPD_NMT such that, for all &,
Kl ®) ¢ 1M i the first point to be processed in the for loop of steps 4-20 of Algorithm

%7k for all k € K sufficiently

1 at iteration f(k). By Assumption 1, PG € arg minxexf<k) 0(x) forallk,i.e., {xi(k)} is
a sequence of “least Pareto-stationary” points in {X ) with 0 (x/®) = ©(X1®) for
all k. By Eq. (7), we trivially get that {x/®}x, € {x/®} C £(xo) and, thus, {x/®},
admits accumulation points.

Let x be an accumulation point of {xi(k)}l(,, i.e., there exists K» C K such that
x® 5 5 for k € K», k — oo. We define zi(k) — xl® + oti(k)v(xi(k)) as the point
obtained at step 11 of Algorithm 1 while processing pointxi () Since F is continuously
differentiable and {xi(k)} K, 1s convergent, by Eq. (5) we have that {v(xi(k))} K, 1S
bounded. Moreover, Uiy € [0, ap] which is a compact set. Therefore, there exists

K3 C K, such that v(x!®) — 7 and @y — @ € [0, a0l for k € K3,k — o0.

By definition of K| and the sequences {Gi(k)} C {ox} and {xi(k)}, we have that, for
all k € K sufficiently large,

0:10) = 0(X'®) < —5 < —0p,, < 0.
Also taking into account Assumption 1 and the instructions of the algorithm, it follows
that ;) Must necessarily be obtained at step 2 of Procedure 2: there exists ¢!®) e ¢

such that A R . .
F(zl(k)) < F(cl(k)) + lyai(k)D(xl(k), v(xl(k))).

@ Springer



A nonmonotone front descent method for bound-constrained...

Since D(xi(k), v(xi(k))) < 9(xi(k)), we reformulate the last result as

F(Z'®) < F('™) + 1ya;, 0 (' D).

By the continuity of 6, we also have the following result: 6 (x) = limge g3 k— o0 O(xi(k)) <
—o < 0, i.e., x is not Pareto stationary. Incorporating the two last inequalities, we
obtain, for k € K3 sufficiently large,

F(Z'®) < F('™) = 1ya;,5. )

By point 1. of Lemma 11, the sequence {Vr(C ¥y} is monotone nondecreasing and,
in fact, it admits limit V. Similarly to ¢, we can define a vector 7 € R™ such that, for
all j € {1,...,m}, m; = minges(x,) fj(*). It then follows that

Ap(CH S {yeR" |7 <y <t}

where the latter set is compact and therefore has a finite measure M. Consequently,
Ve(C k) < M < o0, and the sequence {Vr(C k)} must converge to a finite limit V.

Now, by Lemma 12 and definition of Il (k), for all k a point yl ®) e x!® exists such
that F(y!®) < F(z!®). We then have

(Xl(k) U Ci(k)) S {yi(k)} U Ci(k) S Cf(k)’

which, by point 2. of Lemma 11 and the properties of the dominated region, implies
that

Ar(X'®) = Ap(X'® U CP) 2 AP UC®) 2 Ap(CD),

and thus A . .
Ve(X'®) 2 Ve Oy u c'®) = vie(c'®). (10)

We shall also note that F(yi(k)) < F(zi(k)) < F(ci(k)), ie., ci(k) is dominated by
yl &) and then

Ve ®)U 0y = v (IO} U cI0 {0y, (11)

Moreover, by Corollary 8 and definition of reference set, for all k the set Ck contains
mutually nondominated points, i.e., F(CF) is a stable set. Also recalling Eq. (8), it
follows that all the assumptions of Lemma 4 are satisfied. In particular, we obtain

Vi ®}U 0\ (@) v ®) = T80 = 1,650 = TT o5 E®) = £ @),
Jj=1 Jj=1
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Recalling point 1. of Lemma 11, and putting together the last result, (9)-(10)-(11), we
finally get that

Vi (C*) — VE(C!®) > vp (X' 0y — vip(c!®)
> Ve(y'©yu 'O\ O)) — VE(C'®) = (a0

Also recalling that Ve (CK) — V, we take the limits for k € K3, k — 00 to obtain
limkekbkﬁoo(yai(k)&)m < 0. Since y > 0 and ¢ > 0, we necessarily have that
Uy = Ofork € K3, k — o0.

Since %t is defined at step 2 of Procedure 2 and gy = Ofork € K3,k — o0,
given any ¢ € N we must have Uy < apd? for all k € K3 sufficiently large.
Given that the definition of projected common descent direction (3), Lemma 10, the
convexity of © and the definition of g in Algorithm 1 imply that, for all @ € [0, o],
x'® 1 qu(x!'®) e Q, we then deduce that the step 987 does not satisfy the Armijo
condition: there exists ji(k) such that

Fiip @ +a080 (D)) > £ (@) + yaos? DGO, v ©))

= [ ')+ yaod? DGO, v (),

where the second inequality follows from the definition of ) step 2 of Procedure
2. Taking the limits along a further subsequence such that ji(k) = j, we obtain that

(5 +a0d0) = f;(F) + yaod! D(E, D).

Since g is arbitrary, by [11, Lemma 4] it must be that D (x, v) > 0. However, we know
that D(x!® v(x!®)) < 6(x'®) which, in the limit, turns into D(%, ) < 6(X) <
—0 < 0. We finally get a contradiction; hence, the proof is complete. O

Corollary 14 Let {X*} be the sequence of sets of nondominated points produced by
FPD_NMT under the assumptions of Theorem 13 and with o — 0. Moreover, let
{xk} be any sequence such that xk e x*k forall k, and K C {0, 1, ...} be the sub-
sequence defined in Theorem 13. Then {x*}g admits accumulation points and every
accumulation point is Pareto stationary.

Proof By Eq. (7), we have that {xk} C L(xp), and so does {xk}K which thus admits
accumulation points. By the definition of ®, we have that, for all k, 0 > B(xk ) >
O (X¥). Thus, taking the limit along any subsequence K| C K such that x* — X for
k € K1, k — o0, and recalling Theorem 13, we have 6(x) = 0, which concludes the
proof. O

Remark 3 1t is worth noting that our results are established for a single subsequence.
Deriving a stronger result, similar to Proposition 5, would require a forcing function on
the distance between consecutive iterates X' and X/®~!  capturing improvement
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relative to the “least Pareto-stationary” points. However, such an assumption is rarely
satisfied in practice. Future work could further investigate this direction.

Remark 4 Unlike classical non-monotone strategies, the notion of “non-monotonicity”
adopted here is then not associated with a single quantity (e.g., the worst value(s)
of the objective function(s) attained over the previous M iterations, as in the single-
objective case [23] and the single-point multi-objective setting [25], or the Pareto front
approximation with the lowest hyper-volume value among those generated during the
previous M iterations). As shown by the definition of the reference set (Definition 3),
Procedure 1 and the example reported in Fig. 1, “non-monotonicity” is instead based
on a reference set constructed by combining multiple sources of information: (i) the
Pareto front approximation with the lowest hyper-volume value over the previous M
iterations; (ii) the previous reference set; and (iii) points from the current Pareto front
approximation that, if not included in the reference set, would neither dominate nor
coincide with any point already contained in it (see Procedure 1). Omitting any of
these sources of information would irremediably compromise the stated convergence
properties. For instance, relying only on the Pareto front approximation with the lowest
hyper-volume value may result in points in the current front approximation that do
not dominate nor coincide with any point in the reference set, thereby violating the
validity of Theorem 13, which relies on the fact that at least for the first processed
point of X¥ such a point in the reference set exists.

The use of the reference set within the non-monotone line search at step 2 of
Procedure 2, as well as within the line search associated with the exploration phase at
step 15 of Algorithm 1, thus leads to the identification of points that satisfy a decrease
condition based on solutions contained in the reference set. As a consequence, such
points may exhibit an increase in a subset of the objective functions, or even in all of
them, with respect to solutions in the current Pareto front approximation.

4 Numerical results

We present computational experiments assessing the effectiveness and consistency of
our proposal. The Python3 code was executed on Ubuntu 22.04 with an Intel Xeon
E5-2430 v2 (6 cores, 2.50 GHz) and 32 GB RAM, using Gurobi 12 [30] to solve
problems (3)—(4).

4.1 Experimental settings

We compared the nonmonotone FPD_NMT to the original FPD, with shared parameters
o = 1,6 =05,y = 1074, and a crowding distance [22] heuristic to limit the
generation of closely spaced points.

The benchmark is composed by box-constrained problems: CEC09 suite [29],
JOS_1 (£ = 1[0,100]") [31], MAN [32], ZDT_1 and ZDT_3 [33], mostly
with two objectives (m = 2), except CEC09_8, CEC09_9, CEC09_10 with
m = 3. Problem dimensions were n € {5,6,8, 10, 12, 15, 17, 20, 25, 30, 35, 40,
45, 50, 100, 200, 300, 500, 1000, 5000}. For CECO09 problems, n starting points were
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Fig. 2 Performance profiles w.r.t. purity, hyper-volume, N ’}1 and ¢ obtained by FPD_NMT with M €
{2, 4, 20} on a subset of problems '

uniformly sampled along the hyper-box diagonal; for others, single challenging initial
points were considered: (50, ..., 50)—r for JOS_1, (—10, ..., —10)T for MAN, and
(0.5,...,0.5)7 for ZDT.

Performance and robustness were assessed via performance profiles [34], using
standard metrics — purity [35] and hyper-volume [28] — and two ad-hoc metrics: N }”
(function evaluations per processed point) and o™ (average Armijo-type line-search
stepsize). The reference Pareto set for purity combined the two algorithms’ solutions,
discarding dominated points; the hyper-volume reference point was computed as in
Sect. 3, with X,y being the union of both solution sets. Purity, hyper-volume and o™
have increasing values for better solutions: thus, for consistency with performance
profiles, purity and " values were inverted, while, similarly to [19], hyper-volume
ones were transformed to Vg — Violver + 107, where VR is the hypervolume of the
reference Pareto set on the considered problem instance.

4.2 Selection of the parameter M

The parameter M is undoubtedly the most critical component of FPD_NMT; an
inappropriate value may indeed significantly compromise the overall performance.
Consequently, we conducted preliminary tests on a subset of the problem instances to
determine the optimal value for M.
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Fig.3 Performance profiles for FPD and FPD_NMT w.r.t. purity, hyper-volume, N ?1 and o’ across the full
problem benchmark

In Fig.2, we report the performance profiles w.r.t. purity, hyper-volume, N ;’f and
o™ obtained by FPD_NMT with M € {2, 4, 20} on CEC09_1, CEC09_3 [29], JOS_1
[31], MAN [32], ZDT_1 and ZDT_3 [33] with n € {5, 50, 500, 5000}.

FPD_NMT with M = 4 clearly outperformed the other variants in terms of purity
and hyper-volume. For N7, the three methods showed similar performance, while the
performance profiles for ™ indicate a clear advantage for the variant with M = 20.
This aligns with the expectations: increasing the memory parameter M makes the
sufficient decrease condition in the nonmonotone line search at step 2 of Procedure 2
easier to satisfy with fewer iterations, leading to larger step sizes. A similar trend was
observed in the line search at step 15 of Algorithm 1. However, this behavior does not
translate into superior performance for purity and hyper-volume.

Notably, FPD_NMT with M = 4 remained the second most robust approach with
respect to . Its overall performance motivated our choice of this variant for the
overall comparisons presented below.

4.3 Overall comparisons

In Fig. 3 performance profiles for FPD and FPD_NMT are shown w.r.t. purity, hyper-
volume, N}, and o™ across the full problem benchmark, while in Figs.4 and 5
performance profiles are calculated based on the low-dimensional problems (n < 30)
and high-dimensional ones (n > 30), respectively.
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Fig. 4 Performance profiles for FPD and FPD_NMT w.r.t. purity, hyper-volume, N}" and & on low-
dimensional problems (n < 30)

Considering the full problem benchmark (Fig.3), FPD_NMT proved to be more
effective than FPD in terms of purity; a similar trend has been observed for the
hyper-volume metric, albeit with smaller performance differences. For N ;’J and o™,
FPD_NMT clearly outperformed the original approach; improvements on one metric
reasonably reflect those on the other, as the nonmonotone algorithm requires fewer
line search iterations and thus fewer function evaluations. These savings, however, do
not compromise our method effectiveness, as reflected in the performance profiles for
purity and hyper-volume.

While the two algorithms perform similarly overall on low-dimensional problems
(Fig.4), their differences become markedly pronounced in high-dimensional settings
(Fig.5). In this scenario, where the increase in the number of variables potentially leads
to higher irregularity in the objective functions landscape, FPD_NMT clearly stands
out as the superior method, appearing to better escape poor local minima / stationary
points compared to the monotone paradigm.

5 Conclusions
In this paper, we introduced a nonmonotone extension of the state-of-the-art Front
Descent framework for box-constrained smooth multi-objective optimization prob-

lems, providing convergence guarantees consistent with both the original method [19]
and classical nonmonotone theory. To our knowledge, this work represents the first
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Fig. 5 Performance profiles for FPD and FPD_NMT w.r.t. purity, hyper-volume, N;’f and ™ on high-
dimensional problems (n > 30)

attempt to integrate nonmonotone line searches into a front-based descent approach
designed to approximate the Pareto front through sequences of point sets. While the
resulting convergence properties align with those of the original framework, the transi-
tion to a nonmonotone setting required a dedicated theoretical treatment to account for
the absence of monotonic descent. Numerical experiments validate the effectiveness
and robustness of the proposed approach in the bound-constrained setting.

Future work may include further theoretical investigations to establish stronger
convergence properties, similar to those available for nonmonotone single-point multi-
objective methods [25], as well as a complexity analysis analogous to that of [ 19] for the
monotone case, whose extension is far from immediate. Additionally, the framework
could be extended to handle more general constraints beyond the box-constrained
case.
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Appendix A Algorithmic scheme of the nonmonotone front
projected descent algorithm

In Algorithm A.1, we present the complete scheme of the FPD_NMT algorithm, which
essentially corresponds to Algorithm 1, with Procedures 1-2-3 respectively replacing
steps 3-7-21.

Appendix B Proof of proposition 5

In this appendix, we present the proof of Proposition 5, which establishes the main
convergence result of the FPD algorithm (Algorithm 1). The proof is adapted from [19,
Theorem 5.15] to the box-constrained setting, with most of the argument remaining
identical to the original one and only minor modifications arising from the use of the
projected common descent direction (3).

Proof We begin the proof showing that forallk = 0,1, ..., and forall § € X k we
have that & € L(xg). Let k be a generic iteration and consider any £ € X k_First, since
XY is a set of nondominated feasible points and recalling point 3. of Lemma 3, we
know that X is also a set of mutually nondominated feasible solutions. We now have
one of two cases.

e xo € X*; by the nondomination property of X, there exists at least one index j
such that f;(§) < f;(xo); thus, & € L(xo).

e xo ¢ X k. by [19, Lemma 5.3], we know that there exists a point y; € X k such that
F(yr) < F(xp); since y; does not dominate &, there exists 7 € {1, ..., m} such
that f, (&) < fr(yk) < frn(xo), 1.e., & € L(xg) also in this case.

Then, we show that a reference point ¢ € R™ exists such that F (&) < ¢ forall £ € X*,
for all k € {0, 1,...}. To this aim, let { € R™ such that {; = maX,cr(xy) fj(X),
which is well defined being F continuous and L(xp) compact. Let k be any iteration
and £ € X*: we know that & € L(xp). Therefore, for all & € {1, ..., m}, we have
Jn(§) < max,er(xg) fr(x) = &, and thus

F(&) 54_‘ forall £ € Xk, for all k. (B.1)
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Algorithm A.1 Nonmonotone front projected gradient

Require: F : R" — R™, X0 ce=[, ul,ag € (0,11, 8,y € (0, 1), {ox} SR+, M e N.

1: k=0
2:¢7 1=y
3: while a stopping criterion is not satisfied do
4. X € arg min ViE(X)

XE{Xk,Xk_] ''''' Xk—min[k,M))
55 Ch=fxex!®uyckt gy ex!®uyck:Fy) s Fx))
6 Ck=ckufxexk|vyeckaje(l,...om}: f;(») < f;(x)}
7. Xk=ck
8: forallx, e X* do
9: if #y € XFs.t. F(y) S F(xp) then
10: if 0(xp) < —oy then
11: if 3c € X : F(xp) < F(c) then
12:

Xp +a08hv(xp) ceQA
k h k vk k
= max $ dc, € X* 1 F(xp) < F(cy,) A
ap heN @0 P ( p) — ( p)
F(xp +ao8"v(xp)) < F(ch) + 1yags” Dxp, v(xp)
13: else
14:
k nlxp +a08hv(xp)e§2/\
o, = max o0l " A
heN F(xp +ap8"v(xp)) < F(xp) 4+ 1yapd” D(xp, v(xp))
15: end if
16: else
17: a;‘, =0
18: end if
19: zll‘, =xp +all‘,v(xp)
20: Xk =X\ (y e X*| Fz}) 5 FO) U (z))
21: forall 7 C {1,....m}st.07(k) <0do
22: if 2§, € X* then
23:
I h zl;,—i-aoéhvl(z];)eﬂ/\
o, = max apd ko ‘ WLk i
heN Vy e X5, 3j 1 £ (&), +apdv’ () < fi ()

24: XK= X5\ {y e X4 Fy + o’ @) $ FONYU 2y + v’ ()
25: end if
26: end for
27: end if
28:  end for
29: X&) ¢ arg min ViE(X)

Xe{f(k}u{xkyxk—l’N_’Xk—min{k.M—l))
300 XM = fx e XFU XD | Ay e XFU XD : F(y) £ F(x))
31: k=k+1

32: end while
33: return X¥

@ Springer



P. Mansueto

Now let us assume by contradiction that the thesis is false, in the two cases o} =
o > 0 for all k and o — O, respectively:

1. there exists an infinite subsequence K < {0, 1,...} such that, for all k € K
sufficiently large, we have © (X k) < —0;

2. there exists an infinite subsequence K {0, 1, ...} and a value € > 0O such that,
for all k£ € K sufficiently large, we have OX" < —e.

We can thus analyze the two cases at once, assuming that there exists an infinite
subsequence K < {0, 1, ...} andavaluec > Osuchthat,forallk € K and sufficiently
large, we have ® (X ky < —&. Since either & = o from case (i) or oy — 0 from case
(ii), we also have that © (X*) < —oy for all k € K sufficiently large.

Now, let {xk} be the sequence of points such that, for all k, x* is the first point to be
processed in the for loop of steps 4-20. By Assumption 1, x* € arg min, .y« 6(x), i.e.,
(xK}is a sequence of “least Pareto-stationary points” in {X kY with 0(x%) = ©(X%).
We know that {x¥} € £(x?), and so does {x¥}x which thus admits accumulation
points.

Let x be such an accumulation point, i.e., there exists K1 € K such that x> x
fork € K1, k — oo. Let us define zX = x* + cxkv(xk) as the point obtained at step 11
of the algorithm while processing point x¥. Since F is continuously differentiable and
{xK} K, 1s convergent, by Equation (5) we have that {v(x*)} &, 1s bounded. Moreover,
ar € [0, ap], which is a compact set. Therefore, there exists a further subsequence
K> € K such that, for k € K», k — o0,

lim ax = @ € [0, ag], lim v(x*) = 7, lim X =% +av =z
k— o0 k— 00 k— 00
keK> keK»> keK»>

By the definition of {x¥}, K and {o}}, we have for all k € K sufficiently large that
0(x*) = ®(X*) < —6 < —oy < 0. Then, o has certainly be obtained, at step 7, by
the line search along the direction v(xk ), and we have

F(z") < F&5) + lya DO, v(h)).
Since D(xk, v(xk)) < G(Xk), we reformulate the last result as
F(Z" < FOM + 1yad (5.
By the continuity of 6, we also have the following result: 6 (x) = limgek, ko0 H(xk) <
—0 < 0, i.e., x is not Pareto stationary. Incorporating the two last inequalities, we
obtain, for k € K> sufficiently large,
F(") < F&*) — lyaa. (B.2)
We now consider the behavior of the hypervolume metric along the sequence of
sets {X*}. By the instructions of the algorithm, a point is removed from the current

set of solutions only when a new point is added that dominates it. In other words, if
£ € X*and £ ¢ XK1 there exists £, € X**! such that F(£1) S F(&). Therefore,
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(F(X*TUX*)) g = (F(X*1) g = F(XF1), where the last equality follows from
the nondominance property of {X*} (Lemma 3); moreover, it is straightforward to
observe that, since X* C (X**1 U X%), we have A p(X*) € Ap(X*t! U X%). Thus,
by the properties of the dominated region, we have:

ArXE = A(FX U X )0a) = Ap(XFTT U X5 2 AR(X5).

Then, we can also write Ve (X*t1) > Vp(X%), ie., the sequence {VF(Xk)} is
monotone nondecreasing and thus it either diverges to 4+-oc or admits limit V. We
can note that this is, in fact, the second case, with V being finite. Indeed, simi-
larly as ¢, let 7 € R™ be such that T = MiNep(xy) fj(x). We then observe that
AF(X") ClyeR"|n<y< ;:}, the latter set being a compact set and thus having
a finite measure M. Therefore, V¢ (X*) < M < oo and the sequence {V(X¥)} must
be then convergent to a finite limit V.

Now, by [19, Lemma 5.3], a point yk exists, for all k, such that yk e Xk with
F(yk) < F(Zk). We have (X"*‘1 U Xk) > xku {yk} D X*, so that, by the properties
of the dominated region, we can also write:

Ar(XTh = Ap(X* T U X5 2 AF((YF YU X5 2 AR(X5).

and thus
Ve(XH) > Ve u X5 > vexh). (B.3)

We shall now note that F(y¥) < F(zF) < F(x*); thus, x¥ is dominated by yk and
Ve YU X5 = Ve U X\ (). (B.4)

We shall also note that, by Lemma 3, for all k the set X* contains mutually non-

dominated points, i.e., F' (X*) is a stable set. Recalling (B.1), we have that all the

assumptions of Lemma 4 are satisfied when we evaluate Ve({(yK} U X5\ {x¥)). In
particular, we get

VEAy U XA\ (FY) = Ve = T D = /05 = [T 65 = £E).
=1 =1
! ! (B.5)
Putting together (B.2), (B.3), (B.4) and (B.5), we finally obtain that
Ve(XE) — ve(Xh) = V(R U XA\ — Ve(XR) = (yawa)™ .

Recalling that V¢ (X k) — V. we can take the limits for k € K>, k — o0 to obtain

lim (yaro)™ <0.
k— 00
keKr

Since y > 0 and ¢ > 0, we necessarily have that ¢y — 0 for k € K, k — o0.

@ Springer



P. Mansueto

Since «x is defined at step 7 and, for k € K3, o — 0, given any g € N, for all
k € K; large enough we necessarily have ay < «9d8?. Since the definition of projected
common descent direction (3), Lemma 3, the convexity of 2 and the definition of «g
in Algorithm 1 imply that, for all @ € [0, o], x* + av(x¥) € Q, we then deduce
that the step @ = ®pd? does not satisfy the Armijo condition F (xk + av(xk)) <

F(x*) + 1yozD(xk, v(x*)), i.e., for some fz(k) we have
Fiy (5 +0870(H)) > 0 () + yaod? DG, vk,
Taking the limits along a suitable subsequence such that (k) = h, we get
fi (8 4+ a08?0) = f;(X) + yapd? D(X, v).

Being g arbitrary and recalling [11, Lemma 4], it must be D(x, v) > 0. However, we
know that D(x*, v(x¥)) < 6(x*) which, in the limit, turns into D(¥, ) < 6(X) <
—o < 0. We finally get a contradiction; hence, the proof is complete. O
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