This is a review submitted to Mathematical Reviews/MathSciNet.
Reviewer Name: Bruni, Riccardo
Mathematical Reviews/MathSciNet Reviewer Number: 138582

Address:
Dipartimento di Lettere e Filosofia
Universitd degli Studi di Firenze
via della Pergola 60
50121 Florence
ITALY
riccardo.bruni@unifi.it

Author: Grabmayr, Balthasar; Halbach, Volker; Ye, Lingyuan
Title: Varieties of self-reference in metamathematics.

MR Number: MR4616706

Primary classification:

Secondary classification(s):

Review text:

It is a well-known fact nowadays that self-referential constructions depend upon
different things, such as the theory they are built relative to and its language,
the coding mechanism, how the notions they involve are defined, and possibly
some other features. This paper aims at investigating the conditions that pro-
duce “genuine” self-reference as opposed to cases in which the self-referential
nature of the construction is “accidental” only. As a matter of fact, fixed-point
refutable sentences can be built for known self-referential constructions and cod-
ing functions, even by respecting the Kreisel-Henkin criterion for self-reference
(which corresponds to having, for a term ¢ and a formula p(z), Z F ¢t ="p(t)7,
relative to a given coding function "-7 and a given theory X).

The first goal of the paper is to make the distinction between accidental and
genuine self-reference precise in the first place. This is addressed in section 3
by taking the uniformity character of the diagonalization procedure to be the
mark of genuineness. Uniformity is defined in terms of recursive and finite
combinations of basic operations involving the naming function ™7 (which is
treated as a parameter of the definition) over syntactical objects.

Attention is then focused on uniform diagonalization operators whose outputs
are terms satisfying the Kreisel-Henkin criterion. In sections 3.1-3.3, it is shown
that the canonical diagonalization methods that can be found in literature are
uniform in the sense of the paper. Then, the question about whether the def-
inition of uniformity rules out accidental constructions is tackled. A positive
answer to it is shown to depend upon excluding that constructions obtained by



a uniform diagonal operator d are such that the diagonal term d(¢) for a given
formula ¢(x) does not occur in p(z) itself. As to what additional assumptions
must be made to grant this latter condition, these are extracted from diagonal
constructions that lead to refutable fixed-point formulas of provability predi-
cates even in the case of uniform diagonal operators (section 4). The result is
then summarized by proposition 5.2 of section 5: if the relation of dependence
between expressions given by a certain coding function (the naming relation) is
not circular, i.e. is irreflexive, and d is uniform, then d(¢) cannot occur in ¢. In
order to support the claim that this condition is natural, section 6 shows that
the consequence of it, i.e. assuming the naming relation to be well-founded,
is a necessary condition for the naming function to play the role of a quota-
tion device. Then, section 7 presents some more Kreisel-like constructions and
shows that, while uniformity and non-circularity are not enough to rule them
out, uniformity and well-foundedness of the naming relation grant that this can
be achieved instead (although this does not exclude that there are limitations
to these two constraints, as shown in Section 7.1). Finally, Section 8 presents
some applications of the results.



