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Abstract

We consider a coupled light-matter model for semiconductor lasers consisting of the transient van
Roosbroeck system for charge transport and a Helmholtz eigenvalue problem for the transversal
optical field. The coupling is realised through a stimulated recombination operator in the carrier
continuity equations and a carrier-dependent dielectric function in the Helmholtz problem. In
this paper, we establish, under physically relevant assumptions, local-in-time well-posedness of the
coupled van Roosbroeck—Helmholtz system. The proof relies on the abstract framework of quasi-
linear parabolic equations in Banach spaces developed by Kaiser, Neidhardt, and Rehberg which
requires in particular a local Lipschitz continuity property of the nonlinear recombination opera-
tors. By deriving precise local Lipschitz bounds for the stimulated recombination operator, we ver-
ify the conditions needed to apply the abstract existence theorem. As a consequence, we obtain the
existence and uniqueness of weak solutions to a drift-diffusion-Helmholtz model of semiconduc-
tor lasers that incorporates stimulated emission in a mathematically consistent way. To the best of
our knowledge, this is the first rigorous existence and uniqueness result for the nonlinear coupling
of the van Roosbroeck system with a Helmholtz eigenvalue problem under physically motivated
assumptions.

1. Introduction

Semiconductor lasers are one of the most important opto-electronic applications. For such lasers, differ-
ent models [1, 6, 7, 23, 33, 40], mathematical theory [25] and simulations [16, 34, 36, 39] exist. For the
present paper, we consider a physically relevant mathematical model of a semiconductor laser which cor-
rectly couples electronic charge transport with optical stimulation, and then prove that it admits a weak,
unique, local-in-time solution. The semiconductor laser model considered here consists of two different

parts: a drift-diffusion system and a Helmholtz eigenvalue problem. We discuss the known mathematical
theory for both models separately.

On the one hand, electron and hole charge transport in semiconductor material is mathematically
described via a system of drift-diffusion equations, first introduced by van Roosbroeck [38]. A rigorous
mathematical treatment of these equations is provided by Jerome in [24], while a comprehensive pre-
sentation, including numerical simulation aspects, can be found in the book of Selberherr [37] and in
the book of Markowich, Ringhofer, and Schmeiser [30]. More recently, Gamba and collaborators have

© 2026 The Author(s). Published by IOP Publishing Ltd and the London Mathematical Society.
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contributed analytical and numerical results on drift-diffusion systems and their extensions, particu-
larly in the context of coupled models and multiscale approaches (see, e.g. [17, 18]). For a review of
the physical derivation and limitations of the drift-diffusion model, we refer to Baccarani et al [5]. In
general, the van Roosbroeck system has been extensively analysed. Early contributions are due to Mock
[32], who studied the stationary van Roosbroeck system and showed that, under reasonable assump-
tions on material parameters, boundary conditions, and recombination terms, the system of nonlinear
equations describing electrons, holes, and electrostatic potential has at least one solution. This was one
of the first rigorous mathematical frameworks for semiconductor models. Then, Gajewski proved exis-
tence, uniqueness, and asymptotic stability of solutions for the time-dependent drift-diffusion system
under Boltzmann statistics [13]. This analysis was extended in joint work with Groger, where they estab-
lished global existence of weak solutions also under Fermi-Dirac statistics [14] and later treated station-
ary problems with variable mobilities [15] using monotone operator methods. They proved global exis-
tence of weak solutions to the transient drift-diffusion equations with Boltzmann or Fermi-Dirac statis-
tics. A systematic presentation of the steady-state theory was then provided in the book of Markowich
[29]. Since then, many related steady-state existence results have been published, for example coupling
the van Roosbroeck system to electric circuits [3, 4] or for a laser-related stationary van Roosbroeck sys-
tem, formulated in [11], which was perturbed by additional generation-recombination mechanisms [2].

On the other hand, to model electromagnetic waves in optoelectronic applications at the most gen-
eral level, Maxwell’s equations are typically used [9, 35]. However, it is often convenient to reduce the
complexity of Maxwell’s equations, which govern both the electric and magnetic fields. Therefore, in this
paper, we consider a useful simplification of Maxwell’s equations which results in a Helmholtz eigen-
value problem for the transversal electric field [6]. The existence theory for the Helmholtz eigenvalue
problem has been studied in classical books [10, 19]. The perturbation theory for linear operators and
their spectral properties can be found in [28].

In order to now couple the charge transport model with the Helmholtz eigenvalue problem, we
introduce a so-called stimulated recombination term in the van Roosbroeck system and take into
account a dielectric function for the Helmholtz problem, which depends on the charge carriers. Related
models have been discussed from a numerical [8] and physical [27] perspective. In this model, we
neglect the photon balance equation and consider only the largest optical power component, which is
justified since the remaining components are physically negligible.

The existence theory for such coupled van-Roosbroeck—Helmholtz light-matter models is still not
well developed and has only been addressed to some extent in [25]. However, the existence result is
stated for recombination terms, which are assumed to satisfy a local Lipschitz continuity condition. In
the present paper, our goal is to rigorously prove the local Lipschitz continuity of the physically rel-
evant stimulated recombination thereby enabling the subsequent novel proof of existence for the van
Roosbroeck—Helmholtz model.

The key idea of the proof in [25], as well as of the present work, relies on the more abstract exis-
tence result for quasi-linear parabolic equations in [26]. In the present paper, we show that the assump-
tions of the aforementioned abstract existence result in [26] are satisfied.

The remainder of this paper is organised as follows: In section 2, we introduce the opto-electronically
coupled model, in section 3, we introduce the mathematical notation and the assumptions needed in
order to rewrite the problem in quasi-linear parabolic form. Then, in section 4, we state the quasi-linear
parabolic system. In section 5 we show the main result before we conclude in the final section.

2. Presentation of the model

In this section, we present the opto-electronic model for a semiconductor laser. While the so-called van
Roosbroeck model (section 2.1) will describe the flow of electrons and holes in a self-consistent elec-
trical field due to drift and diffusion, a Helmholtz eigenvalue problem (section 2.2) will provide eigen-
modes which describe the optical part of the laser. The electronic quantities of interest are the densities
n and p of electrons and holes as well as the electrostatic potential ¢ of the self-consistent electrical field.
Instead of electron and hole densities one may treat the electrochemical potentials o, and ¢, of elec-
trons and holes as unknowns, which are in the physical literature typically referred to as quasi—Fermi
potentials [12]. This is approach has advantages from a numerical and analytical point of view, since all
the three potentials are on the same order of magnitude and quite naturally lead to a gradient structure
[31]. These unknowns have to satisfy Poisson’s equation and the continuity equations for the current
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Figure 1. Schematic of the laser diode. Left is the 3-dimensional geometry, and right is a 2-dimensional cross section of the
diode.

densities of electrons and holes with some side conditions. The latter are given by the relations between
the potentials and the densities. The continuity equations for the current densities are excited by a stim-
ulated generation term depending on the eigenvalues and eigenvectors of the Helmholtz eigenvalue prob-
lem for the electric potential which rules the optical behaviour of the laser. Important derived quantities
are the electron and hole currents, j, and j,,.

The spatial domain of the semiconductor laser diode is three-dimensional, with the longitudinal
dimension much greater than the transversal dimensions, see figure 1. In particular, an active layer is
present along the longitudinal direction between two thicker semiconductor layers with higher doping.
The active layer will be excited by an electric potential with appropriate resonance conditions.

It is possible to reduce the dimensionality of the model from three to two space dimensions by con-
sidering a transversal section of the space domain. The semiconductor equations keep the same struc-
ture, but the Helmholtz eigenvalue problem decouples into two subsystems, one for the longitudinal
variable and one for the transversal variables [9, Chapter 7], [35, Chapter 4], [41]. We consider the laser
model for a fundamental excitation frequency wy which will be taken as part of the model data.

The transversal Helmholtz eigenvalue problem is coupled with the semiconductor equations by
means of the dielectric function e,p, which is a function of the charge carrier densities.

Let 2 be the two-dimensional (bounded) domain representative of a transverse cut of the diode
domain. The metal contacts are in D C 92 and the rest of the boundary of 2 is denoted by T'.

2.1. The van Roosbroeck system
The van Roosbroeck system [38] describes how charge carriers, electrons and holes, flow through a
semiconductor device. It couples the Poisson equation for the electrostatic potential ¢ self-consistently
with the continuity equations for the electron and hole densities 7 and p.

The Poisson problem, with mixed boundary conditions, is given by:

-V - (eVy)=q.(C+p—n) inQ, (2.1a)
®© = ¥D on D, (2.1b)
v-(eVp)=0 onT, (2.1¢)

where ¢ and C are bounded, measurable functions on 2 with values in the set of real, and correspond to
the spatially varying dielectric permittivity and doping profile, respectively, and g. is the modulus of the
electron charge. With ¢p we indicate the voltage applied at the contacts of the device.

The continuity equations for the electron and hole current densities are

*qe%+v'jnZQe(R+Rs) inQx(0,7T), (2.2a)
qe%+v'jp:*qe(R+Rs) inQ x (0,7T), (2.2b)

with constitutive relations for the current densities j,,, j,,

in = —qetitn Vo, (2.2¢)
jp = _qepﬂpv@p» (22d)

supplemented with mixed boundary conditions

®Pn = Pn,D, @p = QDP,D onD X (0, T) ; (226)
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vj,=0, v-j =0 onT x (0,7), (2.2f)

and initial values

©n(0) = &), ©p(0) =, in Q). (2.2¢)

In (2.2a) and (2.2b), p, and p, are the mobilities for electrons and holes, respectively, which are
measurable, bounded real functions on 2 (in particular independent of the electric field), R is the semi-
conductor generation-recombination term and Ry is the so-called stimulated generation term due the
Helmholtz problem, which will be specified later.

The fundamental variables of the continuity equations are the quasi—Fermi potentials ¢,, ¢,, and
the carrier densities are related the the quasi—Fermi potentials and the electrostatic potential by the state
equations

n(p,on) =NeF(xn),  P(pr0p) =NF (Xp) (2.3)

where N. and N, are the conduction and valence band densities of states, and x, and X, are the chemi-
cal potentials, and the function F represents the statistical distribution of the electrons and holes on the
energy band. We consider the Fermi-Dirac statistics

_2 [TV

The chemical potentials ,, x, are related to the quasi—Fermi potentials ¢, , by

G (0 = ) — e _ (e —9) TE

2.5
kB TL 9 Xp kB TL 9 ( )

Xn =

where E. and E, are the conduction and valence band-edge energies, respectively, kg is the Boltzmann
constant and Tt is the lattice temperature which we consider to be constant.

Finally, the semiconductor generation-recombination term R describes the production of electrons
and holes and is the sum of different mechanisms like the Shockley—Read—Hall recombination and Auger
recombination. It is given by

2
R=s(n,p) (ﬂp — 1 (Xu» Xp) ) , (2.6)
where the non-equilibrium intrinsic concentration #; is given by:

E. —EV> F () F ()
ke Ty ) exp(xn)exp (XP) 7

1 (Xn7Xp)2 :NCNV eXp (_

and s(n,p) is a model-dependent generation-recombination rate. We will consider three recombination
processes, namely, Shockley—Read—Hall, Auger and spontaneous recombination. This implies that the
function s in (2.6) consists of the following three parts:

1
7o (n+n) + 7, (p+ps)

1= SsRH + SAuger + Sspont 1= + (Cn” + Cpp) + Sspont; (2.7)

where the carrier life times 7, 7,, the reference carrier densities n,, p, and the coefficients sgponi, Cu» Cp
are material-dependent parameters.

2.2. The optical model
The optical part is described by a complex amplitude ®, of a monochromatic electromagnetic wave,
which satisfies the Helmholtz equation [16]

— (Vi) =22 inQ (2.80)
®=0 ondQ. (2.8b)

This is an eigenvalue problem for the eigenpair (A, ®), where ® is the eigenfunction associated to the
eigenvalue . In (2.8), the function g,p is defined as

2 _ 2
Eopt 1= % (ﬁ+ic<g°‘)> : (2.9)

4
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where ¢ the speed of light, and 7 is the refractive index, g the gain, and « the absorption, which are
functions of the space variable x and the carrier densities n, p (see, for instance [16]).

The Helmholtz problem (2.8) admits a sequence of eigenpairs (A, ®,,), m € N. The resulting
monochromatic electromagnetic wave affects the semiconductor diode by means of the stimulated
recombination term R; (resulting in the stimulated emission of photons), which couples the electronic
model to the optical one and has the form

ig o~ P |©|?
Ry=-= : (2.10)
' ke mzzl Re (Bm) [q |Pm|? dx
The value 3,, is related to the eigenvalue \,, by 52 = —\,,, with Re(3,,) > 0. The coefficients P,,, m =
1,2,..., are the optical powers, which are solutions of the photon balance equation:
0 . .
apm:Vg,m(Gm_am_’Ym)Pm"_Psp,m' (211)

Here, vy, is the modal group velocity, G,, = 2Im(f3,,) the net gain of mode travelling along the cavity,
Gy, the additional losses due to longitudinal scattering, ~,, = ﬁ logm the outcoupling losses of a
Fabry-Perot laser, R,,(0),R,,(L) the reflectivities at the facets at z= 0,z =L, and P, ,(X,n,p) is the rate
of spontaneous emission into the mode [16].

2.3. The van Roosbroeck—-Helmholtz model
We consider a simplified model by making the following assumptions:

(1) The imaginary part of the dielectric function &,y defined in (2.9) is small compared to the real part,

ws o~
s0 that eopy & £, 1= 2%

(2) The main optical power is associated with the Dirichlet principal eigenvalue A of the Helmholtz
operator — (V2 4 &qpt).

(3) The photon balance equation (2.11) relaxes to a stationary solution faster than the semiconductor
equations.

The above three assumptions are based on empirical observations in [16, 41]. In realistic simula-
tions, two or three modes are usually considered, but one mode is already sufficient to provide a good
approximation. Assumption (2) allows us to focus on the dominant effect, leaving open the discussion of
the corrections introduced by additional modes. Assumption (1) then justifies a perturbative approach,
which leads to the following approximation. The Dirichlet principal eigenvalue of the Helmholtz oper-
ator —(V? + e4p) is approximated by the Dirichlet principal eigenvalue of the Helmholtz operator
—(V?+¢4), so that (2.8) reduces to a self-adjoint eigenvalue problem:

— (VP +e,) =)0 inQ, (2.12a)
d=0 on 90N). (2.12b)

In proposition 3.3, we introduce a condition that ensures A < 0. Therefore, equations (2.10)
and (2.11) simplify to

RS:aS (”7p)|¢’5|2a (213)
; by (1
ai(np) = "D L) gy, piap) =D 1)
g

where 3 :=+/—A, with A < 0 the principal eigenvalue of (2.12), and ® is the principal eigenfunc-
tion, normalised so that fQ |<I>|2dx =1, ® >0 in Q. For the justification of the last statement, see
Proposition 3.3.

2.3.1. Nondimensional van Roosbroeck—Helmholtz model
In the following, we rewrite the van Roosbroeck—Helmholtz model (also referred to as drift-diffusion-
Helmholtz model) into a nondimensional one. For any physical quantity F we write F = FF where F is

5
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a reference value and F is the nondimensional quantity. For the independent and dependent variables,
we choose
.)_CZ _ _ o kB TL

X :=diam (), ti=—o), =@p =@, ="Un: ,
() iUs p=p ©p th )

and for the other physical quantities we choose the scaling factors

o qC® _
£ = C:=supC(x), un:up:,u::max{supun(x),supup(x)}.
th xEQ x€N x€Q

We scale n,p with the reference doping C so that the scaled state equations are
i(.6) =N F (Xu) s D(2:6) =NeF (Xp) (2.15)
with N. =N, = C, and

_QOAn_Eca )A(p:¢p_¢+Eva (2~16)

Xn=¢

with E. = E, = kg T1.. For the recombination terms we have

R(A,p) = éR(Cﬁ, Cp), (2.17)
R, (1, p) = é (1, p) [ s (i,p) = Lo (Ci1, Cp) (2.18)
S 7p - s 7p B b s 7p - XC S b p . .
Concerning the Helmholtz problem, we choose
- 1 = 1 1
B - -, @ = =, 6_* = q
x X x

After removing all the notational hats, the scaled system is stated in Box 1.

Box 1. Scaled van Roosbroeck-Helmholtz model for laser diodes.

Van Roosbroeck equations

—V-(eVp)=C+p—n (2.19a)

_ % — V- (untVepn) = R+ R inQx(0,7), (2.19b)
4

=5, TV (mpVep) =R+R; (2.19¢)

® =ep ©n = PuD, Pp=PpD onD x (0,T), (2.19d)

v-(eVe)=0 v-Vp, =0, v-Vp,=0 onI' % (0,7), (2.19¢)

en(0) =, 9 (0) =, inQ, (2.19f)

Helmbholtz eigenvalue problem

—(V*+e.)®@=X2® inQ, (2.19g)
=0 on 012, (2.19h)

A < 0 principal eigenvalue, @ > 0 normalised principal eigenfunction
Coupling conditions

Ry = a5 (n,p) %, B=vV-=A, (2.191)

ex =&x (n,p). (2.19)

3. Mathematical prerequisites

3.1. Notation and general assumptions
For a Banach space X, we denote its norm by || - ||x and the action of a bounded linear functional ¥* €
X* on ¢ € X by the dual pairing ()*,9)x. If X is a Hilbert space, identified with its dual, then (-,-)x

6
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represents the inner product in X. Specifically, for X = R, we may also use the notation a- b for the
scalar product of two vectors a,b € RY.

The space B(X;Y) shall represent bounded linear operators from a Banach space X to another
Banach space Y. If both Banach spaces are equal, we use the simplified notation B(X) := B(X;X). The
space of compact operators on X is denoted by B (X). The notation [X, Y]y refers to the complex inter-
polation space between X and Y at index 0 € [0,1].

For a differentiable function 1) on a time interval with values in a Banach space, ¢’ denotes its time
derivative. The V-calculus applies in the distributional sense.

We use the following real-valued function spaces on a spatial domain  C R?: for p € [1,00), L?
denotes the set of all Lebesgue measurable, p-integrable functions on §2, and L> denotes the space of
essentially bounded functions on €2. The norms in these spaces and the following spaces are usually
denoted with a subscript. We use the simplified notation || - || instead of || - ||z2.

The space W*P(92) is the Sobolev space of fractional order s € (0,1] and integrability exponent
P €[1,00) on 9. These definitions extend accordingly to measurable functions on subsets of 92. For
p € [1,00), we define the Sobolev space W' = {y) € I : Vi) € [P}, the subspace Wi = {y) € W'
¥|p = 0} of functions with vanishing trace on D, and the subspace Wy = {¢) € WP : 9)|5q = 0} of

function with vanishing trace on 9€2. The dual of W}’p is denoted by WL b /, where 1/p+1/p’ =1.

3.2. Function spaces and linear elliptic operators

In this section, we define three differential operators corresponding to model equations (2.19a)

to (2.19¢) and specify the functional spaces that will be used in the main result, along with assumptions
on the boundary and initial conditions.

Assumption 3.1. We assume that ¢ is a bounded, measurable real function on 2, and it is bounded below
by a positive constant.

Definition 3.1 (Poisson operator). We define the Poisson operator —V -V from W' to W;l’z by
(VT bhyge = [ V0 Tiade, V€ W € W
Q

and we denote its restriction to WIF’2 by Py :=—-V -V | wi2- We use the same symbol P, to denote the maxi-
r

mal restriction of —V - £V to any subspace that is continuously embedded in the domain W}’z.

Definition 3.2 (Electron and hole continuity operators). For any function n,p € L°°, we define the opera-
tors —V - 1,V and —V - pp1, V from W2 to W "% by

(5 Vi g = [ Ve Viads
Q
and

(=5 T g = [ pup V- Vi,

for o) € Wh2 1), € Wlliz. The same definition applies to the operators —V - 11,V and —V - 11, V. We denote
the restrictions of =V - 11,V and —V - 14,V to the space W}’z bya, : W}’z — W;l’z and a, : W}’z — W;l’z.

Proposition 3.1 (See [20, 21]). There is a number q > 2 (depending on §, €, 1, 1, and I') such that for all
q € [2,4] the operators Py : WpT — W%, a, - Wit — Wi, and a, : WR9 — W "7 are homeomorphisms.
Additionally, both a,, and a, generate analytic semigroups on W;l’q .

From now on, we fix a number g €]2,min(4,4)[ and define r = 4. We define operators which will
become useful later on.

Definition 3.3. For r defined as above, we introduce the operators

Ay —anp, YeD,:=dom(4,):= {¢ S Wiiz ta € L'}, (3.1)
Apithisan, €D, :=dom (4,) = {w WL ap € L’}. (32)
r Ay O r
A:D— L, A::<0 A),D::dom(A):'Dn@Dp%L. (3.3)
P

7
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We observe that, if 1) € D, then v - (1,nV)|r = 0 and if ¢) € D,, then v - (1,pV¥)|r = 0 in the
sense of distributions.
Finally, we state assumptions on the boundary and initial conditions.

Assumption 3.2 (on the boundary data). We assume that we can extend the Dirichlet functions ¢p, ¢, p
and ¢, p, appearing in the boundary conditions (2.194), to the whole domain 2. Keeping the same names,
the functions ¢p, ¢, p and ¢, p € W' can be chosen to additionally satisfy

—V-eVep=0, —V-u,Vo,p=0, =V upyVepp =0 in Q. (3.4)

Assumption 3.3 (on the initial data). For the fixed g €]2, min(4, §)[, we assume that the initial values ¢!,
and ! belong to W9, Moreover, there is a 6 €]1/2 + 1/q, 1] such that for each of the initial values ¢,
and @, the differences ¢! — pupand <p;, — ¢p,p belong to the complex interpolation spaces [L', D,y and
[L",Dy]g respectively.

We notice that for all § €]1/24 1/g,1][ the spaces [L",D,]g, [L", D)), compactly embed into
W < L.

3.3. Estimates for the reaction terms

The recombination terms R and Ry in equations (2.190), (2.19¢) and (2.191) are expressed in terms of
densities # and p. However, we choose the potentials as fundamental dependent variables and set ¢ :=
(©,0m ¢p)> ¢ € Wh1. With a little abuse of notation, we will write R(¢), £.(¢) and o,(¢) instead of
R(n,p), e«(n,p) and as(n,p), respectively.

Assumption 3.4. We assume that the functions R(¢), €. (¢) and a,(¢) are continuous, and differentiable.
Moreover, £, () is bounded below by a positive constant.

It is possible to characterise the smallest eigenvalue A\ of the Helmholtz equation (2.19¢) using the
Rayleigh quotient [19, theorem 8.37].

Proposition 3.2. The principal eigenvalue ) of the Helmholtz equation (2.19g) satisfies the minimisation
problem:

(VO, VD) — (£,0,®) ,

A= min = min ((VO,V®)—(,D,D)). (3.5)
decw,? (®,®) dew?
(| @0 l[®fl=1

The following result deals with the dependence of the principal eigenvalue A < 0 and of the nor-
malised principal eigenfunction ® > 0 on the function €. (). Let us denote by Ay the principal eigen-
value of the operator —V? in W(l)’2 with homogeneous Dirichlet boundary conditions. It is known that
Ag is strictly positive [10, S6.5, theorem 1], [19, theorem 8.38].

If £, = 0, then the Helmholtz operator reduces to the negative Laplacian —V?, whose principal
eigenvalue ) is strictly positive. If €, is a positive constant, then the Helmholtz operator is a shifted
negative Laplacian, and its eigenvalues are obtained by shifting the negative Laplacian eigenvalues by
—¢,. In particular, the principal eigenvalue becomes negative once the shift is sufficiently large, i.e.
€« > Ap. For a spatially varying coefficient function e, this simple shift argument no longer applies, and
the sign of the principal eigenvalue must instead be ensured by a more general spectral assumption.

Proposition 3.3. For any bounded subset M of W1 and for any ¢ € M, let e, (M) = lrelg/f ingg* (p) and
pEMxE

Z.(M) = sup supes(¢p). If
peEMxeQ)

g, (M) > Ao, (3.6)
then: (i) the principal eigenvalue of the Helmholtz equation (2.19¢) is simple and satisfies
A<0; (3.7)
(ii) the corresponding eigenfunction can be uniquely chosen so that
@ > 0inQand|| | = 1; (3.8)
(iii) the eigenpair (\, ) satisfies the estimates
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1@ [312 < 1+ Xo +E4 (M) =, (M). (3.10)
Proof. Using proposition 3.2, we have

A= min ((VO,V®)— (,D,P))
@ ew,?
[®ll=1

< min (VO,V®) —¢, (M) =X —¢, (M),
dew,?’
l@)|=1

which implies (3.7) and the first inequality in (3.9). In a similar way

A2 min (VO,VO) -2, (M) > N\ —E. (M),
Dew,?’
[®ll=1

which implies the second inequality in (3.9). Moreover, A is simple because the elliptic operator is self-
adjoint and it has a positive eigenfunction @, [19, theorem 8.38]. Finally, if ® is the normalised principal
eigenfunction associated to A, the minimum of the Rayleigh quotient is reached for ® and we have:

VB[ = (VB,VB) = A+ (.8, ) < Ao — &, (M) +&, (M).

Recalling that ||®|| = 1, we can conclude that ||<I>H€v(1),z =1+ ||[V®|]%, which yields (3.10). O

Lemma 3.1. Let M be any bounded subset of W4, Ky := { ¢ € W™ | i&fze(x) > /\0}, and
§(M) = eilng{)\z(s) — Ai(e)}, with A1 (€) and X\, (), respectively, the first and second smallest eigenvalue of
the operator T (€) = —V/? — . Then for any £1,e, € Ko N M it holds

IA(e1) = A(e2) | < ller — &2l o

19 (e) — @ (=) < ﬁ ler — el

Proof. Lete;,e; € Ko N M, and consider the family of operators
{TO)=T(e1+0(e2—e1)) =T (e1) —0(e2—€1)} gepo,yy -

Since 7 () is holomorphic as a function of the real parameter 6 extended to the complex unit disc |0] <
1, we can use Kato’s result that ensures that both the leading eigenvalue () and the corresponding positive
normalised eigenfunction ®(#) are holomorphic functions, in particular differentiable [28]. The eigenpair
(A\(0),®(0)) satisfies per definition the eigenvalue equation

(T(6) = A (9))®(9) =0, (3.11)
with the constraint
(®(0),2(0))=1. (3.12)

Notice that ()\(9),@(9))|9=0 = (A(&1),®(g1)) and ()\(9)7<I>(9))|9=1 = (A(£2),®(£2)). We take the derivative
of equations (3.11) and (3.12) with respect to 6, obtaining

(T(0) = A(0) @' (0) = (2 —e1+ A" (0)) @ (0), (3.13)

(®(0),2'(0)) =0. (3.14)

In particular we have ®'(6) € span (®(#)). In order for equation (3.13) to have a solution ®’(#), we need
the solvability condition

N (0) = (D(0), (1 — ) ®(0)). (3.15)
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Then, the solution can be written in the form

O (0) = (M(0) = A(0)) " (Di(6) ,(e2— &1 + A (0)) @ (6) ) Dy (6)

=D (0) = X(0)) (@i (0) (22— 1) D (0) ) B (6) , (3.16)

where {®;(6) }ren is a complete orthonormal basis of eigenfunctions, with ®,(6) = ®(6). Integrating
equation (3.15) over ¢ € [0, 1], we get for some 6, € (0,1)

A(ez>—A<sl>|=|A<1>—A<o>|=\/0 A'<9>\= [ @w.c-aem)w

=(®(6.),(e1 —£2) @ (0.))] < ller — el o -

Similarly, from equation (3.16), we obtain for some other 6, € (0,1)

1@ (e2) = @ ()l = || D e (82) = A (6.)) ™ @4 (8) (2 (6.) (22— 1) @ (6:) ) -

k>2
Using Bessel’s inequality, we find

1 1
[ (e2) = @ (eIl € s a7 1 —ealle <

X &1—¢ oo 9
INCAESYCA] ylier =l

o (M
which concludes the proof. O

Remark 3.1. The last result implies that the principal eigenpair (A(e.), ®(g4)) of the Helmholtz equation
(—V? —£,)® = \®, can be viewed as a locally Lipschitz-continuous map

e (AN(ey), P (ey)).

Since ¢, is a function of the potentials ¢, this establishes a map

= (Ap), (@) = (A(ex (), @ (ex () -

Since €, depends continuously on ¢, the last map is also locally Lipschitz-continuous. Thus, the stimulated
recombination

in the van Roosbroeck equations has the same functional structure as the classical recombination term R, in
the sense that both recombination terms depend directly on the potentials ¢.

Corollary 3.1. Let M be any bounded subset of W',

K, := {cp € wh | igffzs* (p(x)) > )\0}7

and 6,.(M) = eilglan{)\z(cp) —Ai(p)}, with M\ (@) and X\, (p), respectively, the first and second smallest
pEK.
eigenvalue of the operator —V'* — &, (). Then for any p,,@, € K, N M it holds

A1) = A@) | < llpr — pall

1
1@ (p1) =2 ()] < ] ler = @l -

Next, we prove local Lipschitz continuity of the standard recombination term R and the stimulated
recombination term R; in the following two lemmas.

Lemma 3.2. The semiconductor recombination term is a mapping R: Wh4 — L”. Moreover, for any bounded
subset M C W4 there exists a constant cyy, such that

[R(¢1) = R()ll 1 < eum llpy — pallwra,  forall gy, € M. (3.17)
10
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Proof. Let M be a bounded subset of W4, such that ||¢||w1.« < Cy for all o € M, for some positive con-
stant Cy. Let 01, ¢, € M, which implies that ||¢, ||z, ||, ]|1 < Cu, since W4 < L. We have

IR(1) = R(p) |l = [[VoR (o +0 (0 — 1)) - (02 — 1)l 1
< HVLPR(‘Pl "‘9(902 - ‘Pl))HM H802 — ¥ ||Lq

with § = 0(x) € [0, 1]. Since,

lp1 +0(p, — 1) | < (1=0) |l 1o + 0|, Lo < Cu

we conclude that (3.17) holds with

cu= max |V,R(p)| meas ()4,
l|<Cy

which is a well-defined constant by the Weierstrass theorem since |V, R(¢)| is continuous on the closed
bounded set {|| < Cy} C R>. O

Lemma 3.3. The stimulated recombination term is a mapping Ry : W4 — L', Moreover, for any bounded
subset M C W' there exists a constant ¢y, such that

IRs (1) — Rs (p5)

1 <cum 1 —erllwia,  forall oy, € M. (3.18)

Proof. Let M be a bounded subset of W4, such that ||| 1.4 < Cy for all ¢ € M, for some positive con-
stant Cy. Let ¢0,, ¢, € M, which implies that ||, ||z, ||, ]| < Cp, since W4 < L, We compute

as (1) 2 s (4,)
Blen 2 B
|2

@),
<HW1) (as (1) — s (03))

IR (1) = Rs (2) [[r = | () |

L

ot (55 - 575

L

as () 2 2
+ B, (12 (1) P =@ (92) *) .
12 (1) 1P| B llees(2) 1o [[12 (1) P o B
< 75(4P1) llas(ep1) as(‘-Pz)”y"‘ 3()B(e,) Blwy) — Blp,)l
l[es(p2) ] 2 2
+ 3(g,) |||‘I)(S"1)| |P(ep,)] HLq'

We estimate these three terms separately. In the first term, the difference

s (1) = s ()

L

is bounded similarly to lemma 3.2. In the second term, we use the fact that

‘5(901) - 5(‘»02) | =
and for the the third term we use

12(e)* = 12(2) Plls = [(2(e01) + 2(402)) (B(p1) — B(p5) 1
<[[@(1) + (e[|~ [|D(p1) — (05) 12

The proof is concluded by using proposition 3.3, lemma 3.1 and corollary 3.1. O

3.4. Formulation of the problem

In this section, we rewrite the problem in terms of the operators defined in section 3.2 to be able to
introduce weak solutions. We start with the Poisson equation (2.19a), with boundary conditions (2.194)
and (2.19¢), with p,n: [0,T] — W}’q.

Assumption 3.5. We assume that the doping profile C is a bounded, measurable real function on 2.

11
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Definition 3.4 (Weak solution of Poisson’s problem). Let n,p € W b be given. We say that ¢ is a solution
of Poisson’s equation (2.19a), if

¢ =¢p+, (3.19)
and » € W% is the unique solution of
Pop=C—n+p. (3.20)

Definition 3.5 (Precise formulation of the problem). The van Roosbroeck—Helmholtz system (2.19)
admits a local in time solution, if there is a time T'> 0, a triple ¢ = (¢, 5, ), and a pair (A, @), such that

(#(0),25(0)) = (3, 0,) € WH, (3.21)
¢ = —pp € C([0, T); Wr*) n C'(J0, T[; wi:?), (3.22)
$n = —np € C' (10, T(L") N C(J0, T}, D) N C([ 11, 1L, Dlp), (3.23)
20— 5 — a0 € C'(0,TEL) 1 10,71, D) 1 €0, 7], 17, D)), (32

satisfy the Poisson equation and the continuity equations

Po(p(1)) =C—n(t)+p(1), te0,T]
—n' () +V-j, () =R(p (1) + R (¢ (1), t€[0,T] (3.25)
' () =V-j, () =R(e (1) + R (¢ (1), t€[0,T]

where the carrier densities and current densities are given by

n(t) = NF (xa (1)), () =NF (x, (1),
Jn (1) = —pan () Ve, (8),  j, (1) = —ppp(t) Vo, (1), (3.26)
Xn(t) =@ () =0n(t) =B,  xp (1) =p(t) =0 (t) + By,

with the properties

n,p € C([0,T],L>) N C" (Jo, T[,L"]), (3.27)
jnoip € C([0,T],L), (3.28)
V'jn,V'jP € C(]OaT]aLr)v (3-29)

and (A, ®) = (M(¢),P(¢)), defined in remark 3.1, is the principal eigenpair of the Helmholtz equation
(=V?—e.(p)) @ = 2D, (3.30)
with

®>0inQ, |®]=1. (3.31)

4. Reformulation as a quasi-linear parabolic system

Our aim is now to prove the existence of a solution of the Helmholtz-van-Roosbroeck system, shown

in Box 1, in the sense of definition 3.5, extending the approach used in [25] for the van-Roosbroeck
system. The idea of the proof relies on solving first the Poisson equation for the electric potential ¢,

as a function of the quasi—Fermi potentials ,,¢,, and use this representation of ¢ in the continuity
equations, which can thus be written as a quasi-linear parabolic system. The idea of solving first the
nonlinear Poisson equation was originally introduced by Gummel in an iterative scheme for the numeri-
cal solution of the van Roosbroeck system, known as Gummel’s map [22]. In our setting, we do not rely
on an iterative scheme. Instead, we view the nonlinear Poisson equation as a solution map, which allows
us to reformulate the van Roosbroeck system as a quasi-linear parabolic system in a form suitable for the
application of the existing theory [25, 26].

12
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4.1. The nonlinear Poisson equation
By using the constitutive relations for the carrier densities in the Poisson equation, we obtain the nonlin-
ear Poisson equation

Pop=C—NF (zn+ @)+ NF (zp— &),
with z, = op — ¢, — E, 2, = —¢p + ¢ + Ey, where ¢ is described in section 3.4.
Theorem 4.1 (theorem 5.3, [25]). The following statements are true.
1. Forallf € WFI’Z and z = (z,,2,) € L> the nonlinear Poisson equation
Pop = NeF (20 +$) + NoF (2 — ) =f (4.1)
admits exactly one solution ¢ with ¢ € er,z which we denote by Z(f,z).

2. The maximal restriction of the operator from equation (4.1) to the range space W;l’q has the domain W}’q.
Moreover, if M is a bounded subset ofWI?I’q @ L, then the set { L (f,z) : (f,z) € M} is bounded in Wllﬂ.

3. The mapping L : W;l’q QL® — Wllﬂ is continuously differentiable.

4.2. Derivation of the quasi-linear system
We start by differentiating Poisson’s equation (2.19a) with respect to time

PoOip=0p—0n=-V-j,—V-j,
or
Dup 1= 0p = Py ! (—V-jp v ,) .
Next, we use the constitutive relations for the carrier densities and insert the above expression for Jyp
om=NF "' (0) (P (=¥ 5, = V3, — Oen)
op=NF' () (-5 (Y5, — V5,) +0zy ) -
We then insert these expressions into the continuity equations for the currents
NF ' (o) (P (V5= V+3,) = Oen) = V4, = = (R+R))
NF' () (=P5 (=945, Vi,) +0igp) + V5, = = (R+R,).
Rewriting yields

(pry Y Vv (v )= RER
o= (P s ) TP (V) =

pre L V(v ) opi (v RER
8t50p <PO Jva}-’(Xp))( \ ]p) PO ( \Y ]n) NVI_-,(XP)'

We can express both equations in vector-matrix form as follows

0¥ —(I+Z(p)) E(p) V- T =Y (),

with

—1 / —1 !

o= (90"), Z(p) = (PO_INJ ) vao_lf (Xp)> (4.2)
Pp Po NF'(xa) NP, ]:/(Xp)

+ 0 Vi
B =" ) V-I—( ’) (43)

) V4,
¥() =) (L)) R(o) + R(e), (4.4
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=o—pn—E, Xp=pp—+E, (4.5)

and I the identity matrix. It remains to express J in terms of W as well because we want the operator
(I+Z)E to act on VW instead of V -J. We have —j, = nu, Ve, and —Jp = PHpV pp, 5O We can write

V-]=V-G(p)uVe,

_(NF (xn) 0 _fmm O
o= ) () o

Finally, we express ¢ in terms of ¥ = (¢,,,0,)7, using the solution of the nonlinear Poisson equation
and the operator .Z, as described in theorem 4.1,

with

¢(®): =2 (C,—pn+¢p — Ec,0p —p + Ey) - (4.7)
In this way, we get
0¥ — (I+Z(P))E(P)V - G(T)uVE =Y(), (4.8)
with
Z(‘I,) :Z(SO (‘Il) +¢p, ¢n, (,Op) )
E(\II) :E((p(‘I’)+ng, Pny P, p)a
G(‘Il) = G( (lI’) +SOD7 Pn, (Pp)a
Y(\Il) :Y( (‘P)+SDD7 Pns @p)

Now, the equation (4.8) is of the form discussed in [26]. It should be complemented by the initial-
boundary conditions

v
¥ (x,0) = ¥l (x) := Pn (X)), in 2, 4.9
x0) = w0 = (510 49
U=, = (@"vD) onD, v V¥ := (” W”) —0onT. (4.10)
®p,D v v‘Pp

4.3. Solution of the quasi-linear parabolic system
In this section, we prove that equation (4.8) admits a unique local in time solution by applying the exis-
tence theorem in [26]. The assumptions of the theorem are summarised next.

Assumption 4.1. For any bounded set M C W' there exist positive constants Ey;, Gar, Zy and Yy, such that
the mappings

E: [0,T] x W — L[ G: [0,T] x Wh1 — W

Z: [0,T] x Wh1 — B, (IF), Y: [0,T] x W — [P (4.11)

satisfy the conditions
|E(®) — E(®) 1 < Bl @ — ¥[ly,
() = G () s < Gutl| ¥ — ¥l
1Z(®) = Z(¥) |5 ) < 20| ¥ — @[,
() -Y(¥) |l < YMII‘I’ @l

for all @, ¥ € M, and the diagonal components of the matrices E and G satisfy

i inf inf Ep (¥ >0
min inf essin i () (x) >0,

in inf essinf Gy (¥ 0.
i g et e 6>

14
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We define the notion of weak the solution of the equation (4.8), noting that —V - G(¥)uV =
G(W)A, where A is defined in (3.3).

Definition 4.1. Let D be the space defined in (3.3) and V a Banach space such that D < V < W4, We
say the evolution equation (4.8), with initial condition ¥(0) = ¥' ¢ W has a unique local solution
¥ = ¥ + W with respect to V' if o' v,V implies the existence of a number T > 0 such that the ini-
tial value problem
AW (1) + [I+Z(\IID + 111)] E (\IID + 111) G (\IID + lIl) AB (1) =Y (\IJD+ \Il) —|—](\il) . (412)
U(0)="'— W), (4.13)
admits a unique solution

¥ e C'(Jo,T[,L")ync(o,T],P)nC([0,T],V). (4.14)
For W € W}’q the term J is given by
](\Il) - [I+Z(@D+\i’>}E(‘I’D+\il>V~G(\IID+\iI) VA

The following result was proven in [26].

Proposition 4.1. Let assumption 4.1 be satisfied. For each v €] + é, 1[ the initial value problem for our

evolution equation (4.8), with initial value ¥' € W1 has a unique local solution W, in the sense of definition
4.1, with respect to the complex interpolation spaces V := [LP, D],,.

To apply this result we need to verify that the assumption 4.1 hold for system (4.8).

Lemma4.1. Let assumptions 3.1, 3.4, 3.2, 3.3, 3.5 be satisfied. Then the mappings Z,E, G, Y, satisfy
assumption 4.1.

Proof. In order to prove this result, we use the results in [25, section 6] with a few adjustments, because we
consider a domain that does not contain oxide and the boundary conditions and the doping profile do not
vary with time. The Lipschitz continuity of the recombination terms R and R;, which is needed to prove the
estimates for Y, is ensured by the lemmas 3.2 and 3.3, under assumption 3.4. O

5. Main result

In this section, we prove the main result of the paper, that is, local existence and uniqueness of the van
Roosbroeck—Helmholtz model, adjusting [25, theorem 7.4].

Theorem 5.1. Under assumptions 3.1, 3.4, 3.2, 3.3, 3.5, the van Roosbroeck—Helmholtz system (2.19) admits a
unique, local solution in time, in the sense of definition 3.5.

Proof. The lemma 4.1 ensures that assumption 4.1 hold. It follows that the quasi-linear parabolic sys-
tem (4.8) admits a unique solution ¥ = (¢,, ¢, ), local in time, in the sense of definition 4.1. It remains to
show that this solution of the evolution equation (4.8) maps back to a solution of the original equations for
the semiconductor laser (2.19).

Recalling remark 3.1 and theorem 4.1, we introduce the functions

¢ =¢p+ZL(C,—pu+¢p —Ec, 0p —pp+E),
A ®)=(A(p),®(p)), withe=(,0u¢p)-

We wish to prove that ¢ = (¢, ¢, ¢p), (A, ®) is a solution of the van Roosbroeck—-Helmholtz model (2.19),
in the sense of definition 3.5. Conditions (3.23) and (3.24) are identical to (4.12), while (3.21) follows from
the properties of the operator .Z. The remaining properties (3.27), (3.28) and (3.29) can be proven as in [25,
Theorem 7.4]. Finally, the Helmholtz equation (3.30) with constraint (3.31) is satisfied by construction. [

6. Conclusion

We have established the local-in-time existence and uniqueness of weak solutions to a coupled van
Roosbroeck—Helmholtz system for semiconductor lasers under physically motivated assumptions. Central
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to our analysis is the derivation of local Lipschitz bounds for the stimulated recombination operator,
which enable the application of the abstract theory of quasi-linear parabolic equations in Banach spaces.
This result provides the first rigorous mathematical foundation for a drift-diffusion-Helmholtz model
incorporating stimulated emission and thus offers a solid basis for further analytical and numerical
investigations of semiconductor laser dynamics. We point out that it is possible to incorporate additional
modelling features such as oxide layers, spatially varying Robin or Neumann boundary conditions, as
well as time-dependent boundary data and doping profiles. A solid and physically meaningful derivation
of the present model will be the topic of future research.
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