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Mach-Zehnder atom interferometry with
non-interacting trapped Bose-Einstein
condensates

T. Petrucciani1,7, A. Santoni 2,3,7, C. Mazzinghi 1,3, D. Trypogeorgos 4,
F. S. Cataliotti1,3, M. Inguscio1,3,5, G. Modugno3,5, A. Smerzi 1,3,6,
L. Pezzè 1,3,6 & M. Fattori 1,3,5

The coherent manipulation of a quantum wave is at the core of quantum
sensing. For instance, atom interferometers require splitting and recombi-
nation processes to map the accumulated phase shift into a measurable
population signal. Although Bose-Einstein condensates (BECs) are the
archetype of coherent matter waves, their manipulation in double-well
potentials has been limited by the strong interparticle collisions dominating
over the tunneling energy. Here, we overcome this problem by using BECs
with tunable interactions trapped in an innovative array of double-well
potentials and exploiting quantum tunneling to realize coherent beam
splitting. We operate several Mach-Zehnder interferometers in parallel,
canceling common-mode potential instabilities by a differential analysis,
thus demonstrating a trapped-atom gradiometer. Furthermore, by applying
a spin-echo protocol, we suppress additional decoherence sources and
approach unprecedented coherence times of one second. Our inter-
ferometer will find applications in precision measurements of forces with a
sub-micron spatial resolution and in linear manipulation of quantum
entangled states for sensing with sub-shot-noise sensitivity.

Bose-Einstein Condensates (BECs) of ultracold atomic gases1,2 are
recognized as powerful tools for both fundamental research3,4 and
emerging quantum technologies5–7. Often regarded as thematter-wave
analog of lasers8,9, BECs hold particular promise in the domain of high
precisionmeasurements10. Thanks to their remarkably lowmomentum
spread11, they are currently exploited in free-falling atom inter-
ferometers within drop towers12–18 and earth-orbiting research
laboratories19. Trapped atom interferometers20–23 that exploit the
unique properties of BECs promise to bring measurements of gravity,
inertial forces and electromagnetic fields into a new realm. The large
spatial coherence of a quantum degenerate gas enables splitting a BEC
in two interferometric modes with large separation, allowing for high-

sensitive measurements. Moreover, the quantum-limited size of a BEC
provides high spatial resolution for sensing applications10.

Among the several interferometric schemeswith trappedBEC24–28,
much effort has been devoted to the realization of double-well
systems29–32 where the two spatial modes are separated by a potential
barrier and coupled by tunneling33–36. These interferometers could
enable force measurements with high spatial resolution in compact
setups. However, collisions between atoms in high-density samples
have caused dephasing of the interferometric signal37,38 and obstruc-
ted the realization of coherent beam splitters. Previous valuable
attempts to overcome these issues36,39 have been limited by the short
coherence times and a reduction of the interference contrast.
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Additionally, interatomic collisions prevent the linear rotations of the
Bloch vector associated to the many-particle quantum entangled
states40, which are necessary for the operation of the interferometer
below the shot-noise limit41. A possible solution involves tuning the
collisional scattering length to zero viamagnetic Feshbach resonances
– as already employed to suppress interaction-induced dephasing in
Bloch oscillation42,43. However, non-interacting gases make the inter-
ferometer extremely sensitive to imperfections in the trapping
potential. This occurs because even small energymismatches between
the wells directly translate into uncontrolled phase shifts, in the
absence of the mean-field self-compensation whereby interactions
generate a population imbalance that reduces the effective bias44,45.
Therefore, despite early optimistic expectations, atom interferometry
based on BECs confined in a double-well trap has yet to fully realize its
potential in the field of precision metrology.

In this workwe overcome current roadblocks and demonstrate the
operation of a full Mach-Zehnder Interferometer (MZI) with non-
interacting BECs trapped in two spatially separated modes. The key
ingredient is an innovative potential46 made of an array of Double-Well
(DW) traps where several interferometers operate simultaneously. In
this way, residual instabilities of the trap, that could mask the coher-
ence of a single sensor, are commonmode and can be canceled using a
differential analysis. Therefore, our system also realizes the first trap-
ped atom gradiometer reported in the literature, extending the range
of applicability of a technique already exploited in free falling atom
interferometers47. Each MZI (see the scheme in Fig. 1) consists of a
beam splitter, an interrogation time, and a final beam splitter thatmaps
the accumulated relative phase into a population imbalance. The beam
splitters operate in the linear regime with near-unit contrast by can-
celing inter-particle interactions via a magnetic Feshbach resonance
and by tuning the height of the barrier separating each DW - changing
the tunneling energy. By implementing a spin-echo protocol48, we
suppress residual technical noise and extend the interferometer’s
coherence time to ~1 s, nearly two orders of magnitude longer than
previously reported values36,39. Our results unlock the full potential of
trapped atom interferometry with BECs, establishing it as a powerful
and promising platform for quantum-enhanced technologies.

Results
The experimental system consists of a BEC of 39K atoms manipulated
by an innovative array of DWs46, where interactions are tuned to zero
using a broadmagnetic Feshbach resonance49,50. During the final part
of the evaporation stage, two collinear optical lattices aligned along
the horizontal x direction are switched on adiabatically. Their
wavelengths λ1 ≃ 1013 nm and λ2 ≃ 1064 nm create a Beat-Note
superlattice (BNSL)51 with a spacing equal to 1

2
λ1λ2
λ2�λ1

� 10μm. In this
way, several independent BECs can be loaded in the minima of the
potential, Fig. 1a. By using a third optical lattice superimposed to the
others, and with wavelength λ3 ≃ 1120 nm, we create an additional
BNSL with spatial periodicity d = 1

2
λ3λ1
λ2�λ1

� 5μm. By raising this optical
potential in tBS1 = 10ms in the center of each BEC, we form an array of
DWs (see Supplemental Material) and realize the first beam splitter of
each MZI, see Fig. 1b. This operation is followed by an interrogation
time T, see Fig. 1c. An external homogeneous force provides a linear
potential energy that affects each interferometer with an equal
energy mismatch ε between the two wells. A spatial-dependent force
realized in our experiment with an additional vertical dipole trap
laser, instead, provides an additional non-common energy difference
δ between the two modes of each MZI, see Fig. 1c. By performing a
further beam splitter (Fig. 1d), we map the accumulated phase onto a
population difference (Fig. 1e).

The second beam-splitter exploits the Josephson dynamics in the
linear regime (Rabi35) of non-interacting atoms tunneling through the
central barrier of each DW. In order to optimize the beam-splitting
sequence, we have performed a dedicated experiment. We start with a

BEC initially loaded in the left well. We reduce the barrier height with a
linear rampand then raise it back again in 20ms. This is done by acting
on the third lattice depth leaving unchanged the first two. The mini-
mum height of the barrier is adjusted in order to achieve a balanced
beamsplitter. The corresponding optimal sequence is shown in Fig. 2a.
In Fig. 2b, we show the distribution of the population imbalance
zj = (NL,j −NR,j)/(NL,j +NR,j) after the splitting sequence (see histogram in
Fig. 2b). Here,NR,j andNL,j are the number of atoms in the right and left
side of the j-th DW (j = 1, 2). Residual instabilities of the energy mis-
match between the twomodes prevents the achievement of shot-noise
limited splitting (black line in Fig. 2b). Shorter sequences with larger
tunneling energies could help to approach such limit, but they could
cause unwanted excitations of the atoms to higher lying modes. The
possibility to operate simultaneously two or more interferometers
requires that the tunneling energy of neighboring DWs is equal. This is
demonstrated in Fig. 2c, where we report the Rabi oscillations of zj (for
two neighboring DWs) as a function of tunneling time, at low barrier
height. Thismeasurementwasperformedby loading aBEC into the left
site of anunbalanced double well. Over a period of 10ms, the height of
the central barrier was lowered while the energy offset between the
two sites was compensated, thereby initiating a Rabi dynamics with an
amplitude slightly smaller than the initial imbalance z ~ 1. The results
show near-unity visibility of Rabi oscillations that would be prevented
by particle-particle interactions40.

In the following, we select two central DWs, each loaded with
N ≈ 3000 atoms. An external harmonic confinement of frequency ω/
2π, created by an additional vertical laser beam, causes a differential
energy mismatch δ = mω2d2, where m is the atomic mass. This pro-
vides a phase difference between two interferometers equal to
Δϕ=ϕ1 � ϕ2 =

δ
ℏT , where ϕj is the interferometric phase acquired by

the j-th interferometer. A plot of the two population imbalances, z1
versus z2, is shown in Fig. 3a. For two perfectly correlated inter-
ferometers with sinusoidal signals zj =Vj sinðϕε +ϕjÞ+Cj , where Vj

are visibilities, Cj are oscillation offsets and ϕε is a common-mode
phase noise uniformly distributed between 0 and 2π, the measure-
ments scatter along an ellipse whose eccentricity depends on the
relative phase Δϕ52–54,

ez21 +ez22 � 2ez1ez2 cosðΔϕÞ � sin2ðΔϕÞ=0, ð1Þ

where ezj = ðzj � CjÞ=Vj . Values of Vj smaller than 1 are mainly due to
unwanted excitations of the atoms to higher-lying states, finite
temperature effects, and detection noise. Values of Cj different from
0 arise fromunwanted energymismatch between the twowells during
the splitting sequences. Loss of correlations between the two
interferometers, mainly due to the interactions and uncontrolled
spatial inhomogeneities (see below), causes a spread of the experi-
mentalmeasurements out of the ellipse.Weperformamultiparameter
maximum likelihood analysis of the experimental data55 and extract
both the differential signal Δϕ and the uncorrelated noise σΔϕ (see
“Methods”). To study Δϕ as a function of T, we collect three sets of
measurements of Δϕ chosen in a [−π, + π] interval around T = 20ms,
45ms and 85ms (collected in three different days), see Fig. 3b. As
expected, Δϕ increases linearly with T, with a slope proportional to δ.
The interaction is set on the zero crossing of a broad Feshbach
resonance around 350 Gauss for atoms in the absolute ground state
jF = 1,mF = 1i, where F is the hyperfine quantum number43. The
interferometric determination of the external trapping frequency
from such slopes is in agreement, within the error bars, with the value
determined using atom sloshing in the external harmonic potential
(see Fig. 3b and Supplemental Material).

To study the effect of interaction-induced dephasing, we fix T and
analyze z1 vs z2 as a function of the atomic scattering length by tuning
the magnetic field B. The corresponding values of σΔϕ are shown in
Fig. 4 (points). As expected, we observe a minimum around
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Bmin = 350:45ð6Þ Gauss, in agreement with the previously reported
value56.We compare the experimental resultswith themodel including
the effect of interactions, imperfect splitting and technical deco-
herence.Wepredict (see SupplementalMaterial) that the uncorrelated
noise for an initial coherent state follows the behavior

σ2
ΔϕðBÞ=

2
N
ð1 + σ2

BSÞ+2Nð1 +Nσ2
BSÞ

χðBÞT
ℏ

� �2

+ σ2
tech: ð2Þ

Here, N is the number of atoms in each interferometer (assumed
equal) and χ(B) = χel(B) + χdd is the sum of the elastic particle-

particle (χel) and the dipolar (χdd) interaction within each well and
σtech is the technical decoherence. We have χðBÞ / ðB� BminÞ, where
the interplay of the attractive χdd and the repulsive χel gives a
specific value Bmin such that χ = 0. σ2

BS quantifies the classical
fluctuations of the mean value of z due to uncontrolled energy
mismatch between the two DWs after the first beam splitter. Such
fluctuations enhance the spread of the quantum state on the Bloch
sphere due to non linear dynamics (see inset in Fig. 4) that cause a
rotation of the Bloch vector with a speed that is proportional to
the distance from the equator. The experimental data are well
reproduced by Eq. (2).

Fig. 1 | Gradiometer with trapped BEC Mach-Zehnder interferometers. The
trapping potential (red line) is realized with two Beat-Note superlattices (BNSL)51

formed by three retro-reflected lasers with wavelengths λ1, λ2 and λ3: the intensity
and manipulation of each lattice is schematically illustrated by the lateral arrows.
Superposed to the trapping potential, we show 1D integrated profiles of the BEC
density, while experimental absorption images are reported on the right. Differ-
ent sections correspond to different stages of gradiometer operation imple-
mented with non-interacting atoms. a BEC array. The two optical lattices λ1 and λ2
form a BNSL, with effective lattice sites separated by ~10μm and loaded with
independent BECs. The lattice depth is enough to suppress the tunneling

between sites. b Raising barrier beam-splitter. The amplitude of the third lattice,
with wavelength λ3, is raised in a time tBS1 splitting the clouds in two spatial modes
separated by d = 5 μm. c Phase shift. During the interrogation time T, an external
homogeneous force induces an equal energy shift ε in both DWs. Instead, a spatial
dependent force introduces a differential energy shift δ. d Tunneling linear beam-
splitter. The third lattice amplitude is first lowered and then raised again in a time
tBS2 to achieve a 50% tunneling probability between the two modes. e Detection.
Final populations in the two modes of the interferometers are measured via
standard absorption imaging after expansion of the atoms (texp) along the
directions orthogonal to the lattices.
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As shown by the previous analysis, near Bmin interactions are
minimized by the precise canceling of the scattering length and the
primary source of noise remains σtech. Assuming that the technical
decoherence is almost constant on the duration of the inter-
ferometer, but varying from shot to shot, it can be compensated by a
spin-echo protocol. This consists of applying an additional π pulse at
time T/2, midway through the interferometric sequence57,58. The spin
echo is realized by a linear ramp of the barrier height, as in Fig. 2, but
reaching a lower value (~30% of the initial height). Such sequence
lasts a time long enough to allow the exchange of the occupation of
the two clouds between the two spatial modes. Note that this
sequence is achievable due to the unique capability of our apparatus
to perform linear rotations around the x-axis of the Bloch sphere. In
Fig. 5, we compare the measurements of σΔϕ as a function of T for
both the gradiometer and the spin-echo protocol with B=Bmin.
Using the gradiometer scheme, we are able to measure a differential
phase up to ≈200ms (blue triangles). Instead, with the spin-echo
protocol we reach a significant decoherence only after 400ms (red
circles). At this interrogation time, we further minimize the
interaction-induced dephasing by finely tuning the Feshbach mag-
netic field. At the new optimum value B = 350.48(1) Gauss, using the
spin-echo protocol, we extend the interrogation time up to T =
800ms (yellow squares). The origin of the residual noise is under
investigation. Multiple π pulses can be used to cancel the effect of
differential phase drifts occurring on the timescale T. This will allow
one to distinguish technical noise sources from fundamental lim-
itations such as finite temperature or residual interparticle
interactions.

Discussion
In conclusion, we report the realization of a Mach-Zehnder atom
interferometer based on BECs trapped in DW potentials, where beam-
splitting operations via tunneling through the separating barrier are
enabled by the precise canceling of the interaction within each DW.
Utilizing an innovative array of DWs, we successfully operate two
interferometers simultaneously and demonstrate trapped atom gra-
diometry and spin-echo protocols with synchronous beam splitting
pulses. Our multiparameter analysis of correlated data provides
simultaneous access to both the differential signal and the dephasing –

primarily attributed to residual particle-particle interactions– while
effectively canceling common-mode phase noise. We report coher-
ence times of almost 1 s, so farnever achievedwith BECs trapped inDW
potentials36,59.

Our work demonstrates a benchmark result in the coherent
manipulation of a BEC between fully trapped spatial modes. The
techniques we report open new paths for quantum sensing. The full
control over the spatialmode of a trapped BECmakes our gradiometer
ideal for high-precision force measurements with sub-micron spatial
resolution60–63. Correlated analysis of several DW interferometers
operating in parallel could be applied to the spatial reconstruction of
non-uniform external potentials with common-mode noise rejection.
Additionally, our system is an ideal tool to measure higher-order
interaction terms, such as dipolar interactions56,64,65 and three-body
elastic collisions66. Interestingly, our platform offers the unique cap-
ability to tune the interactions, enabling the preparation of quantum-
entangled states6,67–69, and to cancel the scattering length during the
interferometer operations.

Fig. 2 | Tunneling atom beam-splitter. a Evolution of the DW parameters, barrier
height (blue line) and tunneling energy (red line), that allows the BECs initially
loaded in the left mode of each DW to tunnel to the right mode with 50% prob-
ability. b Histogram of the imbalance z for a single DW (see text) after the beam-
splitting sequence. The blue line is the Gaussian fit of the data and the black line
represents the projection noise. We obtain a noise of 0.078(19) from the width of

the Gaussian fit, that is three times larger than the projection noise that isffiffiffiffiffiffiffiffiffi
2=N

p
’ 0:023. c Synchronous Rabi oscillations show equal tunneling energy for

twoneighboringDWs. The points and the error bars show themeanandplus/minus
one mean standard deviation on 3 measurements. The fitted Rabi frequencies are
13.4(3) Hz (blue line) and 13.3(3) Hz (orange line).
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This opens the possibility to achieve sub-shot-noise sensitivities,
also in the presence of strong environmental decoherence70–72. Finally,
long coherence in a trapped BEC interferometer opens interesting
perspectives in the development of compact and transportable devi-
ces formeasurements of inertial forces andnavigation applications73,74.

Methods
Beat-note superlattice
The array of DWs is realized with three co-propagating lasers at
wavelengths λ1, λ2 and λ3 retroreflected on a common mirror to

form three optical lattices46. The beam waist of the lasers is
≈500 μm and their powers of 300/380/250mW provide optical
lattice depths of 370/400/240 nK, respectively. Using a polarizing
cube we can superimpose the three lattices with an additional
dipole trap beam with a wavelength of 1064 nm and with a 12 μm
waist. This laser beam provides a radial confinement of the
trapped modes along the y and the vertical z direction of ≈180 Hz.
Its weak longitudinal confinement along the x direction of ≈1 Hz
does not prevent the simultaneous balancing of many DWs. In
addition it is used in combination with another dipole trap beam

Fig. 3 | Gradiometricmeasurements. (a) Output population imbalances (reddots)
of two neighboring DW interferometers. The black line represents the elliptical fit
obtained using a maximum likelihood method (see text and “Methods”). The blue
shaded region represents 90% confidence area of the fit. The estimated center of
the ellipse is C1 = −0.0387(8), C2 = −0.066(5); the estimated visibilities are
V1 = 0.89(2), V2 = 0.85(2). b Δϕ as a function of T in three different time intervals
around 20ms, 45ms and 85ms. The three sets of measurements allow to estimate

the trap frequency values from a linear fit: 17.9(6) Hz (solid line), 21.7(9) Hz (dashed
line), 16.4(3) Hz (line-point). The error bars represent the standard deviation of the
mean value computed with a bootstrap analysis (see “Methods”). Each point is
obtained from the analysis of about 30 z1 vs z2 data. The three trap frequency values
agreewith the ones estimated from theoscillations of trappedBECs, that are 18.5(2)
Hz, 20.5(4) Hz, 16.8(2) Hz. The different values are due daily variations of the
vertical beam, used to create the harmonic potential.

x

z

y yx

za) b)

Fig. 4 | Interaction-induced dephasing. Uncorrelated noise σΔϕ as a function of
the magnetic field B tuning the particle-particle interaction scattering length. Dots
are experimental results obtained at T = 70ms. The vertical error bars are the
standard deviation of the mean value computed with the Bootstrap analysis. The
horizontal ones instead are the error on the determination of the magnetic field
(see SupplementalMaterial). The dotted and dashed lines are Eq. (2) for σBS = 0 and
σBS = 0.07 (obtained from an independent experimental characterization
(see Supplemental Material)). The solid line is the result of numerical simulations

that further include, see Eq. (2), an extra stochastic phase noise term σtech = 0.15 rad
to fit the experimental data, (see Supplemental Material). The gray region show
statistical mean squared fluctuations in themaximum likelihood fit due to the finite
sample size (about 30 measurements). Inset: Wigner distribution of the time-
evolved state represented on the generalized Bloch sphere. In (a), only quantum
fluctuations on the first beam-splitter are considered and the dynamics is only due
to one-axis-twisting69, whereas in (b) further spreadof the state is the result of extra
fluctuations σBS = 0.07 after the first beam-splitter.
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provided by an intense 100W IPG laser to perform the final eva-
porative cooling stage to achieve condensation50. Once a quan-
tum degenerate gas is produced, this second laser is switched off
in 300ms while, after a time τ, the intensity of the BNSL with a
spacing of 10 μm is ramped up. By changing the value of τ we can
control the number of DWs populated. We can achieve a max-
imum number of 8 DWs with ≈2 × 103 atoms each. The three
optical lattice lasers are frequency locked to the same optical
cavity (see Supplemental Material). In this way cavity length
drifts, to the first order, cause only spatial translation of the
DWs array.

Theoretical modeling
The single interferometer can be described within a standard two-
mode approximation of the many-body order parameter:

ΨyðrÞ=ψLðrÞbcyL +ψRðrÞbcyR, where ψL,R(r) are the wave function localized

in the left and right well, respectively, andbcyL,R (bcL,R) are bosonicmode
creation (annihilation) operators, see e.g., ref. 40 for details. Themode

wave functions are computed as ψL,RðrÞ= ½ψgsðrÞ±ψexðrÞ�=
ffiffiffi
2

p
, where

ψgs(r) are the ground and first excited states of the non-interacting gas
of energy Egs and Eex, respectively. We write the interaction potential
as Uðr � r 0Þ= gδðr � r 0Þ+CddUddðr � r 0Þ, where the first term accounts
for elastic particle-particle interaction, with g = 4πℏ2a/m, a being the

s-wave scattering length that can be tuned by themagnetic field B, and
the second term describe dipolar interaction Uddðr � r 0Þ= 1

4π
1�3 cosθ
jr�r 0 j3 .

By neglecting the dipolar interaction between nearby wells of the
BNSL, we write the interaction contribution to the full Hamiltonian,

Hint =
1
2

R
dr

R
dr 0 ΨyðrÞΨyðr 0ÞUðr � r0ÞΨðrÞΨðr 0Þ= ðχel + χdipÞJ2z , where

Jz = ðbcyLbcyL � bcyRbcyRÞ=2. For the parameters of our experiments, we esti-
mate χel = 1:4464

a
x0

ffiffiffiffiffiffiffiffiffiffiffi
ωyωz

p
=0:072 a

a0
sec�1, where x0 = 1 μm is the

length unit in the code, a0 is the Bohr radius (a0/x0 = 5.3 × 10−5), and

χdd = � 0:01 Cdd

ℏx30
= 0:01 sec�1. To summarize:

bHint =ℏ× ð0:072 a
a0

� 0:01ÞHzbJ 2z : ð3Þ

It implies that the interaction within each double well of the super-
lattice potential can be exactly canceled when a

a0
= 0:139.

Multiparameter maximum likelihood estimation
We consider the set ofm joint measurement results z1 � fzð1Þ1 , . . . , zðmÞ

1 g
and z2 � fzð1Þ2 , . . . , zðmÞ

2 g obtained for the two interferometers and
introduce the rescaled variable ezðkÞj = ðzðkÞj � CjÞ=Vj . We assume that the
output signal of each interferometer depends sinusoidally on the phase
shift, with constant visibility Vj and offset Cj. The offset is estimated as
Cj =

Pm
k = 1z

ðkÞ
j and, for our sets of data, wherem ≈ 30, we find Cj ≈ 0 (see

Fig. 5 | Gradiometer with spin-echo. a Evolution of the Bloch vectors of two
interferometers during the spin-echo sequence. After the first beam-splitter, the
arrowspoint along the -xdirection. During thefirstT/2 time interval the two vectors
are rotated by a DC random phase ϕ1,2 in addition to a common time varying
randomphaseϕε. After aπ pulse the vectors aremirroredwith respect to the x axis.
During the second T/2 time interval the random time varying common noise is
indicated as ϕε0 . At the end of the sequence, the rotations due to uncorrelated DC

random noise is canceled and perfect correlation between the two vectors is
achieved.b σΔϕof thegradiometer (bluepoints) andof the spin echo (redpoints) as
a function of T at B = 350.45(6) Gauss. Yellowpoints are the spin-echo data taken at
B = 350.48(1) Gauss. The error bars represent the standard deviation of the mean
value computedwith the Bootstrapmethod. The inset shows an example of output
measurements showing the correlations between z1 and z2 data. The blue shaded
region represents 90% confidence area of the fit.
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e.g., caption of Fig. 3). The visibility is estimated as Vj =maxk jzðkÞj � Cjj.
The phase difference Δϕ and the uncorrelated noise σΔϕ are estimated
jointly, as the values that maximize the likelihood function
Pðez1,ez2jΔϕ,σΔϕÞ=

Qm
k = 1PðezðkÞ1 ,ezðkÞ2 jΔϕ, σΔϕÞ. A semi-analytical expres-

sion for Pðez1,ez2jΔϕ,σΔϕÞ is obtained by assuming that the uncorrelated
noise has a Gaussian distribution of width σΔϕ, giving

Pðez1,ez2jΔϕ, σΔϕÞ=
1

ð2πÞ3=2σΔϕ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ez21

q ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ez22

q
X
k =0, 1

e
�½θ+ ð�1Þk ðsin�1 ðez1 Þ�sin�1 ðez2 ÞÞ�2

2σ2
Δϕ + e

�½θ+ ð�1Þk ðsin�1 ðez1 Þ + sin�1 ðez2 Þ�πÞ�
2

2σ2
Δϕ

0
B@

1
CA:

ð4Þ

Further details about the multiparameter maximum likelihood
method are reported in ref. 55. To associate error bars to the estimated
values Δϕest and σest

Δϕ we use a Bootstrap method: we generate a large
number of data z1 and z2 sampled according to Pðez1,ez2jΔϕest, σest

ΔϕÞ.
Data are divided into samples ofm values. For every sample we obtain
new estimated values of Δϕ and σΔϕ. Finally, mean square fluctuations
of the estimated values are computed.

Data availability
The data that support the findings of this study have been deposited in
ref. 75.
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