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Abstract. A temporal (directed) graph is a (directed) graph whose edge 
availability varies over time, and temporal walks are sequences of adja-
cent edges respecting these availabilities. A third component of this sce-
nario imposes time constraints on the vertices, known as “waiting time 
constraints.” Drawing a parallel with a transportation network, these 
constraints can be envisioned as the minimum and maximum time a 
person would need or be willing to stay at the same location. It is known 
that computing a temporal walk between a pair of vertices under waiting 
time constraints can be achieved in polynomial time, even when optimiz-
ing certain criteria. In this article, we extend these investigations to the 
problem of finding k temporal walks such that no two distinct walks over-
lap in time. Given a multiset {(s1, z1), . . . ,  (sk, zk)} of pairs of vertices of 
a temporal graph G, we consider the problem of finding a set of pairwise 
temporally disjoint walks P1, . . . , Pk such that each Pi is a temporal walk 
from si to zi. Under a given set of waiting time constraints, when si = s 
and zi = z for all i ∈ [k] we show that determining the existence of such 
walks is W[1]-hard when parameterized by k, and that it is NP-complete 
to decide the existence of a separator (i.e., a set of vertex occurrences in 
time intersecting all such walks) of size at most h. In the more general 
case, when the vertices si and zi are allowed to be disjoint, we show that 
the walks  can be found  in  XP time parameterized by k when each walk 
has to wait at least  ωL(u) ≥ 1 units of time on each occurrence of each 
vertex u used by the walk, and that the separator can be found in XP 
time with parameter h. 

Keywords: Temporal graphs · Disjoint walks · Menger’s Theorem 

1 Introduction 

Temporal graphs capture the temporal dependencies among edges, reflecting 
the intricate nature of interactions and relationships in dynamic real-world sys-
tems. They offer a nuanced perspective on complex systems, enabling researchers 
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to uncover temporal patterns, analyze dynamic behavior, and predict future 
interactions. Understanding temporal dynamics is crucial for numerous applica-
tions, including real-time recommendation systems, epidemic spread modeling, 
anomaly detection, and dynamic network optimization [ 14, 22, 27, 29]. 

Existing research has focused on various applications of temporal graphs (see 
e.g. [ 14]). In particular, multi-agent path finding problems (MAPF) is an area 
that has grown considerably lately and is used mostly by the AI and robotics 
communities (see e.g. [ 31, 32]). In this scenario, a set of agents located at certain 
starting points of a network want to arrive at their targets by a sequence of 
actions (movements on the edges of the network) avoiding collisions (no two 
agents can meet at the same point at the same time). This problem is related 
to Menger’s Theorem [ 25] if starting and arrival points of all agents are the 
same, or to the so called Vertex Disjoint Paths problem if their starting and 
arrival points are distinct. On static graphs, the former problem is polynomial-
time solvable, while the latter is NP-complete [ 18] and  FPTparameterized by the 
number of paths in the undirected case [ 30], and NP-complete even for k = 2  
paths in the directed case [ 11]. They have also been extensively studied in the 
temporal graphs context [ 2, 15, 19– 21, 26], but never taking into account waiting 
time constraints. 

Waiting time constraints arise naturally in various scenarios [ 1, 3, 8, 33, 34]. 
For instance, in a transportation network a passenger may need some time on a 
node in order to transfer between vehicles (e.g. inside an airport). Similarly, in 
the study of a contagious disease, an infected person can only spread a disease 
up to some days after the infection. When constructing walks in such temporal 
networks, the former scenario imposes a lower bound on the time spent on a 
vertex, while the latter imposes an upper bound. 

Given vertices s, z of a temporal graph G, a  temporal s, z-walk is a temporal 
walk from s to z in G (the formal definition of temporal walks with waiting 
time constraints is given in Sect. 2). It is known that computing one temporal 
walk between a pair of vertices under waiting time constraints can be done in 
polynomial time [ 1, 3– 5]. In this article, we explore the problem of computing 
multiple disjoint walks under waiting time constraints, where the walks may or 
may not share sources and destinations, and of finding sets of temporal vertices 
intersecting all temporal s, z-walks. 

Given waiting time constraints, a temporal graph G, vertices s, z, and integers 
k, and  h, we prove that: (1) deciding the existence of k temporal s, z-walks in 
G sharing no vertex at the  same  time  is  W[1]-hard when parameterized by k; 
and (2) it is NP-complete to decide if G contains a set of temporal vertices (i.e. 
pairs (x, t) with x where is a vertex and t is a timestep) of size at most h whose 
removal breaks all temporal s, z-walks. 

On the positive side, again considering a given set of waiting time constraints, 
given pairs of vertices {(s1, z1), . . . ,  (sk, zk)} of G, and an integer k, we can decide 
in XP time parameterized by k if G contains a set P1, . . . , Pk of temporal walks 
such that each Pi with i ∈ [k] is a temporal si, zi-walk and no two distinct Pi, Pj 
share a temporal vertex of G. For the separator problem, we show that deciding
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if G contains a set of temporal vertices of size at most h intersecting all temporal 
si, zi-walks with i ∈ [k] is XP with parameter h. 

Problem Definition. A temporal (directed) graph with lifetime τ is a pair G = 
(G, λ) where G is a multi-(di)graph and λ is a function that assigns to each 
edge e of G a value  in  [τ ], called the starting time of e. We say that G is the 
underlying (directed) graph of G. We call an integer  p ∈ [τ ] a timestep and an 
element (v, t) ∈ V (G) × [τ ] a temporal vertex. An  s, z-walk in G is called a 
non-strict temporal s, z-walk if its edge labels are non-decreasing and a strict 
temporal s, z-walk if its edge labels are strictly increasing. Observe that the 
definition of strict temporal walks can be ambiguous as such walks can arise 
either by making the edges have a duration or by enforcing a waiting time on 
the vertices. We solve this ambiguity by adding more structure to the scenario, 
as has been done in [ 3, 5]. 

In addition to temporal (directed) graphs, we also consider a triple of integer 
functions (ε, ωL,ωU ) representing the travel times of the edges, the minimum 
waiting time of each vertex, and the maximum waiting time of each vertex, 
respectively. Given a pair of vertices s, z ∈ V (G), a temporal s, z-walk respecting 
(ε, ωL,ωU ) is an s, z-walk in G such that the edges are traversed in a time-
consistent way, i.e. the arrival time λ(e)+  ε(e) of each edge e is smaller or equal 
to the starting time of the next one; and the time spent 1 on each vertex u is 
at least ωL(u) and at most ωU (u). If any of these functions, say f : X → N, is  
constant, we write f ≡ c. In such cases, we may replace f directly by c within 
the triple. 

Two temporal s, z-walks respecting (ε, ωL,ωU ) are vertex disjoint if they do 
not share any internal vertex, and t-vertex disjoint if they do not share any 
internal temporal vertex. In other words, they do not pass by the same vertex 
at the same time. 

Now, given a temporal (directed) graph G = (G, λ), a triple of functions 
(ε, ωL,ωU ), and a multiset of pairs of vertices {(s1, z1), . . . ,  (sk, zk)}, we define: 

– Waiting t-Vertex Disjoint Temporal Walks (wtvd): are  there  P1, 
. . . ,  Pk such that Pi is a temporal si, zi-walk respecting (ε, ωL,ωU ), for each  
i ∈ [k], and such that no two of them share an internal temporal vertex? 

– Waiting t-Vertex Separator (wtvs): given additionally an integer h, are  
there h temporal vertices that intersect every temporal si, zi-walk respecting 
(ε, ωL,ωU ), for every i ∈ [k]? 

If in particular si = s and zi = z for every i ∈ [k], we write s, z-wtvd and 
s, z-wtvs. As previously said, we show our negative results using these particular 
cases and our positive results using the general ones. 

Our Contribution. Table 1 summarizes our results and existing results closely 
related to the problems investigated here. We first comment on our results con-
cerning walks. In Theorem 4 we prove that s, z-wtvd is W[1]-hard parameter-
ized by k even for fixed waiting time constraints (a, b, c) where b < c. In [  20], the
1 Time between the arrival of an edge and the starting time of the next edge. 
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Table 1. W[1]-hardness results refer to the natural parameter (number of walks). 
All the results in Column ii hold for both the strict and the non-strict model. For 
the poly results in b.i, Menger’s Theorem holds, i.e. these problems are equivalent to 
finding suitable separators, as discussed in the related works section. For b.ii, Menger’s 
Theorem does not hold and an example is given in Fig. 1. We also show that wtvs is 
NP-c even if τ is fixed (Theorem 6) and argue that it can can be trivially solved in XP 
time when parameterized by h. 

(i) temporal graphs w/o 
waiting time constr. 

(ii) temporal graphs with 
waiting time constr. 

(a) 
disjoint 
walks 

NP-c, 
W[1]-hard, 
and XP [ 20, 21] 

NP-c, W[1]-hard 
(follow from a.i and b.ii) 
XP (Theorem 7) 

(b) 
disjoint 
s, z -walks 

poly [ 15, 26] NP-c even if τ fixed (Theorem 5) 
W[1]-hard (Theorem 4) 
XP(Theorem 7) 

authors investigate wtvd with (0, 0, τ) and (1, 0, τ  ) (i.e., when no waiting time 
constraints are imposed on the vertices), also proving W[1]-hardness parameter-
ized by k. Our result is stronger as it works for the single source and destination 
case. However, we need to impose the waiting time constraints as the s, z-wtvd 
becomes polynomial without them. More specifically, in Theorem 1 we prove 
that s, z-wtvd and s, z-wtvs with constraints (ε, 0, τ) can be solved in poly-
nomial time even for general ε and that in fact a version of Menger’s Theorem 
holds. The case (ε, 0, 0) follows similarly in Theorem 2. 

Theorem 1. Let s, z be vertices of a temporal directed graph G. With respect to 
(ε, 0, τ), the maximum number of pairwise t-vertex disjoint temporal s, z-walks 
in G is equal to the minimum size of a temporal s, z-separator. Additionally, a 
maximum size set of t-vertex disjoint walks and and a minimum size separator 
can be found in polynomial time. 

Theorem 2. Let s, z be vertices of a temporal directed graph G. With respect to 
(ε, 0, τ), the maximum number of pairwise t-vertex disjoint temporal s, z-walks 
in G is equal to the minimum size of a temporal s, z-separator. Additionally, a 
maximum size set of t-vertex disjoint walks and a minimum size separator can 
be found in polynomial time. 

We remark that s, z-wtvd and s, z-wtvs for (0, 0, τ) and (1, 0, τ) have 
already been solved in [ 15] and  [  26], respectively. 

Additionally, we prove that s, z-wtvd with constraints (0, 1, τ) is NP-
complete for fixed τ ≥ 9. Observe that this case can be interpreted as strict 
temporal walks as well, where the strictness arises from the fact that we must 
stay at least one timestep on each vertex. In contrast, as already mentioned, not 
only the strict case (1, 0, τ) is solvable in polynomial time but also a version of 
Menger’s Theorem holds [ 26], and this is not true for the strict case (0, 1, τ),
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Fig. 1. In the example, there are two t-vertex disjoint temporal s, z-walks respect-
ing (1, 0, τ  ): (s, 3, u,  4, y,  5, z) and (s, 1, x,  2, u,  3, z). However, there are no two t-vertex 
disjoint temporal s, z-walks respecting (0, 1, τ  ). Indeed, there are only three temporal 
s, z-walks respecting (0, 1, τ  ), namely P1 = (s, 3, u,  4, y,  5, z), P2 = (s, 1, x,  2, u,  3, z), 
and P3 = (s, 1, x,  3, y,  5, z). As  ε ≡ 0, P1, P2, and  P3 make busy respectively the follow-
ing sets of temporal vertices: {(u, 3), (u, 4), (y, 4), (y, 5)}, {(x, 1), (x, 2), (u, 2), (u, 3)}, 
and {(x, 1), (x, 2), (x, 3), (y, 3), (y, 4), (y, 5)}. We have that  P1, P2 intersect on (u, 3), 
P1, P3 intersect on (y, 5), and  P2, P3 intersect on (x, 1). On the other hand, it is easy to 
check that no single temporal vertex intersects all three walks. Note that {(x, 2), (u, 4)} 
is a separator both for (1, 0, τ  ) and (0, 1, τ  ). 

as shown in the example in Fig. 1. 2 The divergence between strict cases (0, 1, τ) 
and (1, 0, τ  ) cannot be perceived when studying existing works due to the way 
strict walks are usually defined, considering ε to be positive only implicitly and 
without specifying which temporal vertices are busy. Given such a difference 
in tractability between the (0, 1, τ) and (1, 0, τ) cases, we advocate for a more 
precise definition of “strict” temporal walks. 

On the positive side, in Theorem 7 we prove that wtvd can be solved in  
XP time when parameterized by k for every triple (ε, ωL,ωU ) such that ωL 
is a positive function. Observe that this is a reasonable condition as the case 
(0, 0, τ) includes the disjoint paths problem on static directed graphs, which is 
known to be NP-complete even when k = 2  pairs of vertices [ 11]. Thus our 
result generalizes the existent algorithms to find one s, z-walk with waiting time 
constraints is polynomial-time [ 1, 3– 5]. Our XP algorithm also complements the 
result given in [ 20, 21], as they prove that the cases (0, 0, τ) and (1, 0, τ) on 
undirected temporal graphs can also be solved in XP time when parameterized 
by k. 

Finally, concerning separators, in Theorem 6 we prove that s, z-wtvs with 
constraint (a, b, c), for every fixed a, b, c where a + b >  0 and c ≥ 1 + 2a + 3b, 
is NP-complete even for fixed lifetime. The case (ε, 0, 0) instead is easily solved 
in polynomial time using a strategy similar to the one used to solve (ε, 0, τ). 
Observe that in particular we get that the separators problem is also hard for 
the (0, 1, τ  ) case. On the positive side, in Theorem 3 we also show that wtvs 
is XP when parameterized by the solution size, as it suffices to test, for every

2 This example is a modification of the one presented in [ 19] to show that Menger’s 
Theorem does not hold considering vertex disjoint temporal walks, i.e. temporal 
walks not passing by a same vertex. 
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possible subset S with h temporal vertices, whether there exists a temporal 
si, zi-walk respecting (ε, ωL,ωU ) in G −  S. 

Theorem 3. wtvs can be solved in time  O((n · τ)h · k · m2). 

This strategy cannot be immediately applied to the input temporal graph 
since by deleting a set of temporal vertices we generate a temporal graph whose 
vertices are not permanent (i.e., not active at all times), and the existing algo-
rithms to test for temporal walks consider that all vertices are permanent. Thus 
to obtain the XP we modify the input to its temporal line graph [ 24]. Up to our 
knowledge, these are the first results concerning t-vertex separators with waiting 
time constraints. 

Related Works. Some articles have focused on finding a restless walk, i.e. setting 
upper bounds on the waiting time [ 7, 8, 33, 34]. Finding such walks can be seen as 
a way for finding robust walks. Concerning this, different definitions of robustness 
have been given in [ 6, 12, 13]. It is worth mentioning that finding one temporal 
s, z-path 3 respecting (ε, ωL,ωU ) is NP-hard even in very restrictive cases [ 7, 8, 34]. 

Concerning disjoint walks, we refer to Table 1. Concerning t-vertex disjoint 
walks in temporal graphs (column ii), when no waiting time constraints are 
considered, in [ 26] they have proved that Menger’s Theorem holds and that both 
s, z-wtvd and s, z-wtvs are polynomial-time solvable for the (1, 0, τ) case. This 
result extends also to the (0, 0, τ) case, as shown in [ 15]. If k s,  z-paths instead 
of k s,  z-walks are required, and still no waiting time constraints are considered, 
the s, z-wtvd problem is hard for every k ≥ 3 and polynomial otherwise [ 15]. 
As it is hard for static graphs, wtvd continues to be hard for temporal graphs 
even without considering waiting time constraints. In particular, [ 20, 21] provided  
hardness results even in very restricted cases, namely when the underlying graph 
is a star, studying also the path version of the problem, i.e. requiring the walks to 
be paths. They provided an XP algorithm which works for undirected temporal 
graphs. While their negative results, reported in a.i of Table 1, extends to a.ii, 
their XP algorithm does not, as it works for undirected temporal graphs and is 
not able to deal with waiting time constraints. Our negative results for wtvd 
complement theirs as we prove that wtvd is hard even in the case of s, z-
wtvd. As far as we know, our XP algorithm is the first positive result for wtvd. 
Furthermore, our results are the first ones for s, z-wtvd (see cell b.ii) and  s, z-
wtvs. 

For the sake of completeness, we mention that the seminal articles [ 2, 19] 
have considered the case of vertex disjoint temporal walks, providing hardness 
results even without taking into account waiting time constraints (see [ 15] for a  
summary). As in this case Menger’s Theorem does not hold in general [ 17, 19], 
the complexity of computing vertex s, z-separators, i.e. disconnecting s and z 
by deleting vertices rather than temporal vertices as in s, z-wtvs, is indepen-
dent from the one of computing vertex disjoint s, z-walks. Computing vertex 
s, z-separators is NP-complete [ 19] and  W[1]-hard when parameterized by the
3 A path is a walk with no vertex repetition. 
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separator size k [ 23, 35]. Interestingly, [ 28] has focused on vertex separation for 
restless walks. Finally, a further notion of disjointness for walks has been con-
sidered in [ 16]. 

Organization. The remainder of this paper is organized as follows. In Sect. 2, 
we formally present the definitions and argue that the problems on temporal 
directed graphs are harder. In Sect. 3, we present our negative results for s, z-
wtvd, providing a proof of a particular case of Theorem 4. In Sect. 4, we present  
the NP-completeness proof for s, z-wtvs. In Sect. 5, we present  our  XP algorithm 
for wtvd. Proofs omitted due to space restrictions can be found in the full 
version of this paper. 

2 Preliminaries 

We refer the reader to [ 9] for basic background in parameterized complexity. 
Given n ∈ N, we let  [n] denote the set {x ∈ N : x ≤ n} and [n]0 denote the set 
[n]∪{0}. Given an edge e with endpoints uv, we sometimes write simply e = uv. 
This is an abuse of language since we are dealing with a multigraph, which 
means that multiple edges with the same endpoints might exist. Nevertheless, 
we adopt this notation only if no ambiguity might arise. As we are going to deal 
with undirected and directed graphs, we use the term “edges” also to refer to 
the arcs of a directed graph and write uv to refer to an arc from u to v. As  
we will see shortly, the problems investigated here defined on temporal graphs 
can be reduced to the same problems defined on temporal directed graphs. Thus 
we present positive results for the directed case, while the negative results are 
presented for the undirected case. 

For clarity, we define in a more formal way some of the concepts presented 
in the introduction. A time constraint is a triple of functions (ε, ωL,ωU ), where  
ε : E(G) → [τ ]0 represents the travel time of each edge, ωL : V (G) → [τ ]0 
represents the minimum waiting time, and  ωU : V (G) → [τ ]0 represents the 
maximum waiting time of each vertex, with ωL(v) ≤ ωU (v) for every v ∈ V (G). 
The arrival time of e is then equal to λ(e) +  ε(e); it is denoted by arr(e). We  
suppose throughout the text that τ ≥ arr(e) for every e ∈ E(G). 

Given a temporal (directed) graph G = (G, λ), a time constraint (ε, ωL,ωU ), 
and a pair of vertices s, z ∈ V (G), a temporal s, z-walk respecting (ε, ωL,ωU ) is 
a sequence W = (s = v1, e1, v2, e2 . . . , ep−1, vp = t) of alternating vertices and 
edges of G whose edges are traversed in a time-consistent way and whose time 
spent on each vertex respects the minimum and the maximum waiting time. 
Formally, W satisfies the following constraints: 

– For every i ∈ [p − 1], we have  ei = vivi+1; 
– For every i ∈ {2, . . . , p−1}, we have  arr(ei−1)+ωL(vi) ≤ λ(ei) ≤ arr(ei−1)+ 

ωU (vi). We say that W waits on vi from arr(ei−1) to λ(ei). 

If v1, . . . , vp are all  distinct, then we say  that  P is a temporal s, z-path respecting 
(ε, ωL,ωU ). From hereon, we only consider walks respecting (ε, ωL,ωU ), so we
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refrain from repeating it. We say that W contains the vertices v1, . . . , vp and 
the edges e1, . . . , ep−1; we denote such sets by V (W ) and E(W ), respectively. 
Additionally, for each i ∈ [p − 1], we say that W departs from vi at time λ(ei) 
and arrives at vi+1 at time arr(ei). Finally, the set of temporal vertices of W is 
given by 

V T (W ) =  {(v1,λ(e1)), (vp, arr(ep−1))}∪ 
{(vi, t) | i ∈ {2, . . . , p  − 1} and arr(ei−1) ≤ t ≤ λ(ei)}. 

Given two temporal s, z-walks P and Q, we say that P and Q are vertex dis-
joint if they do not pass through a same vertex, i.e. V (P )∩ V (Q) =  {s, z}, while 
we say that they are t-vertex disjoint if they do not pass through a same temporal 
vertex, i.e. V T (P )∩ V T (Q) ⊆ {s, z}×  [τ ]. Finally, a set S ⊆ (V (G)\{s, z})× [τ ] 
is a temporal t-vertex s, z-separator (respecting (ε, ωL,ωU )) if it intersects every 
temporal s, z-walk. 

In the case that we have a pair of temporal graphs G = (G, λ) and G′ = (G, λ′) 
sharing the same base graph G, we may use a subscript (i.e., V T 

G ) to explictly  
refer to the context in which G is being used. For instance, a walk P in G might 
have distinct sets of temporal vertices in G and G′, denoted by V T 

G and V T 
G′ , 

respectively. 
In what follows, we analyse the complexity of all related problems when 

considering the possible values of (ε, ωL,ωU ). Given constant values t, %, u with
% ≤ u, we call the  (t, %, u) case the problems related to the functions ε ≡ t, 
ωL ≡ %, and  ωU ≡ u. 

Given a temporal graph G = (G, λ) and a time constraint (ε, ωL,ωU ), 
we denote the maximum number of t-vertex disjoint temporal s, z-walks in G 
respecting (ε, ωL,ωU ) by tw(ε,ωL,ωU ) 

G (s, z); and we denote the minimum size of 
a temporal t-vertex s, z-separator respecting (ε, ωL,ωU ) by tc(ε,ωL,ωU ) 

G (s, z). We  
omit the subscript and/or superscript, whenever it is clear from the context. 

The problem of computing those metrics can be easily reduced from the 
undirected to the directed case. Given an undirected temporal graph (G,λ), it  
suffices to generate a temporal directed graph (G′,λ′) by substituting every edge 
e of G by a pair of arcs in G′ with the same endpoints, in both directions, and 
active at the same times as e. For brevity, we refer to G′ as the directed version 
of G. 

3 Max Disjoint Walks is Hard 

In this section we present our negative results concerning s, z-wtvd. In par-
ticular, we prove that deciding the existence of k t-vertex disjoint temporal 
s, z-walks respecting (ε, ωL,ωU ) is W[1]-hard when parameterized by k and para-
NP-complete when parameterized by the lifetime. We start with the former. In 
order to maintain a brief presentation of the main results of this article, we give 
a proof of the next result for the particular (1, 1, τ) case while the complete 
version can be found in the full version.
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Theorem 4. Given a temporal (directed) graph G = (G, λ) and a pair of non-
adjacent vertices s, z ∈ V (G), for every fixed a, b, c such that b < c, deciding 
whether tw(a,b,c)(s, z) ≥ k is W[1]-hard when parameterized by k. 
Proof. (Proof for the (1, 1, τ) case.] We construct an undirected temporal graph 
and the result for directed follows from constructing its directed version. We 
make a reduction from k-Independent Set parameterized by k. Let  (G, k) 
be an instance of such problem and let v1 , . . . , vn be an order of V (G). We  
first construct an auxiliary temporal graph (H, λ′). Observe Fig. 2 to follow the 
construction. For each v# ∈ V (G), add vertices v#

i , i ∈ [4] to H; denote the set 
{v#

p | % ∈ [n]} by Vp for each p ∈ [4]. Also, join v#
1 to v#

2 using a path with n 
new internal vertices, w#

1, · · ·  , w#
n. Denote this path by P #, and denote the set 

{w#
i | %, i ∈ [n]} by W . Finally, let λ′(w#

i w
#
i+1) = 2(% + i + 1)  for i ∈ [n − 1], 

λ′(v#
1w

#
1) = 2(% + 1), and  λ′(w#

nv
#
2) = 2(% + n + 2). 

Fig. 2. Graph H related to the cycle on vertices {v1 , · · ·  , v4} ordered as they appear 
in the cycle. Function λ′ is constructed in a way that: each directed walk is a temporal 
walk respecting (1, 1, τ  ); and each intersection between a horizontal and a vertical 
walk is reflected in the intersection between the related sets of temporal vertices. Even 
though H is undirected, the edges are oriented in order to emphasize the order in which 
the edges are traversed in the temporal walks. 

Now, we use the topology of G to define more paths using the vertices in 
W . The idea is that the %-th vertex on each path P i, where  i ∈ N(v#), will 
represent the edge between v# and vi. Formally, let % ∈ [n] and let NG(v#) =  
{v#1 , . . . , v#q} be the neighborhood of v# with %1 < %2 < · · ·  < %q. Then, add edges 
to form the path (v#

3, w
#1
# , w#2

# , . . . , w
#q
# , v#

4) and define λ′(w#p
# w

#p+1
# ) = 2(%p+%)+1, 

λ′(v#
3w

#1
# ) = 1  and λ′(w#q

# v#
4) = 2(%q + %) + 1. Denote such temporal path by Q#. 

Observe that P # and Q# are temporal walks respecting (1, 1, τ). We prove that 
the following properties hold for the temporal graph (H, λ′): 

1. If P is a temporal walk respecting (1, 1, τ) in (H, λ′) and e ∈ E(P )∩ E(P #), 
then all the edges appearing in P after e are contained in P #; and
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2. If Q is a temporal v#
3, v

#
4-walk respecting (1, 1, τ) in (H, λ′), then  Q and P #i 

are t-vertex disjoint if and only if v#i /∈ NG(v#). 

Now, we construct the final instance. Observe Fig. 3 to follow the construction. 
The idea is that all the copies of H on a given row of the construction will 
function to select one of the vertices of the independent set, with the last vertex 
being selected by the first column. Formally, for each row i ∈ [k − 1], create k − i 
copies of H, each denoted by Hi,j where j ∈ [k − i]. For each structure named X 
in H, we denote its copy in Hi,j by X(i, j). For instance, path P # is denoted by 
P #(i, j) and vertex v#

1 is denoted by v#
1(i, j). Given sets Vp(i, j) and Vq(i′, j′), by  

identification of these sets we mean identifying pairs of vertices related to the 
same vertex of G; namely identifying v#

p(i, j) with v#
q(i′, j′) for every % ∈ [n]. We  

now identify some of these sets as follows. 

– For each row i and each column j ∈ [k−i−1], identify  V2(i, j) and V1(i, j+1); 
– For each column j and each row i ∈ [k−j−1], identify  V3(i, j) and V4(i+1, j); 
and 

– Finally, for the diagonal identifications, do: for each i ∈ [k − 2], identify  
V3(i, k − i) with V2(i + 1, k  − (i + 1)). 

Finally, we add vertices s, s1, . . . , sk, z, z1, . . . , zk, make  s adjacent to every 
vertex sj and z adjacent to every vertex zj , j ∈ [k]. Also,  for each  i ∈ [k − 1], 
make si adjacent to every vertex in V1(i, 1) and make sk adjacent to every vertex 
in V3(k − 1, 1). Similarly, for each j ∈ [k − 1], make  zj adjacent to every vertex 
in V4(1, j) and make zk adjacent to every vertex in V2(1, k  − 1). Denote the 
obtained graph by G′ and observe that such graph is a simple graph. We define 
a timefunction λ in the following way. We number the copies of H from left to 
right and from bottom to top, starting from 0; denote by t(i, j) the numbering 
of Hi,j . In this way, we have t(k − 1, 1) = 0 and t(1, k  − 1) =

(k 
2

)
− 1. Now,  

let T be the lifetime of (H, λ′). For every i ∈ [k − 1], j ∈ [k − i], and every 
edge e ∈ E(Hi,j), let  λ(e(i, j)) = λ′(e) +  t(i, j)T + 3. Also,  for every  i ∈ [k], let  
λ′(ssi) = 1  and λ′(siv) = 3  for every v ∈ N(si)\{s}. Finally, let T ′ =

(k 
2

)
T + 3; 

hence T ′ is bigger than λ′(e) for every e whose timefunction was assigned up to 
now. For each j ∈ [k] define λ′(zjz) =  T ′+2, and  for each  v ∈ N(zj)\{z}, define 
λ′(vzj) =  T ′. Observe that the directed paths in Fig. 3 are temporal paths. Also 
recall that the depicted directions are for presentation purposes only, the graph 
being constructed is undirected. 

Because inside Hi,j , this time function is just a shifting of λ′, this means 
that Properties 1 and 2 continue to hold. Moreover, given i, j, i′, j′ ∈ [k], if  
t(i′, j′) < t(i, j), then all  the edges  of  Hi,j are present later than any edge in 
Hi′,j′ . We call this the  increasing property. To see that this reduction works, 
intuitively one needs to observe that each of the k temporal s, z-walks passes by 
a distinct  si, then goes all the way to the diagonal using exactly the row related 
to the same v#i , then enters the column related to v#i until it reaches zk−i+1 and 
z. The  set  {v#1 , · · ·  , v#k} is an independent set if and only if the related walks 
are t-vertex disjoint. +,
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Fig. 3. Final construction for k = 4. We write only v!
p instead of v!

p(i, j) so the figure 
becomes cleaner. Thick dotted edges mean that the linked pair of vertices are going to 
be identified. The labels on the edges are omitted, but they are created in a way that 
the directed paths are temporal paths respecting (1, 1, τ  ). 

Now we prove that s, z-wtvd is para-NP-complete when parameterized by 
the lifetime. 

Theorem 5. Let G = (G, λ) be a temporal graph with lifetime τ , s, z be a pair 
of vertices of G, and  k be a positive integer. Deciding whether tw(0,1,τ ) 

G (s, z) ≥ k 
is NP-complete, even if τ is fixed, τ ≥ 9. 

Proof. We make a reduction from 3−SAT. Given a CNF formula φ on m clauses 
and n vertices, we construct a temporal graph G with two vertices s, z ∈ V (G) 
such that φ is satisfiable if and only if there are at least n + m t-vertex disjoint 
temporal s, z-walks respecting (0, 1, τ  ). We consider the variation where each 
variable appears at most twice positively and at most twice negatively, which is 
known to be NP-complete [ 10]. 

So let {c1, . . . , cm} be the set of clauses of φ, and  {x1, . . . , xn}, the  set of  
variables. First add to G vertices s and z. Then, for each variable xi do as follows 
(observe Fig. 4 to follow the construction). Add 4 new vertices, {si, zi, ai, xi}, 
together with the edges ssi active at time 1, ziz active at time 9, siai active at
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time 5, sixi active at time 3, aizi active at time 5, xizi active at time 7, and 
two edges with endpoints aixi, one active at time 4 and the other at time 6. We 
observe that if one wants to construct a digraph instead, then do so in a way 
that (si, 5, ai, 6, xi, 7, zi) and (si, 3, xi, 4, ai, 5, zi) are paths. 

Denote by Xi the set of vertices {si, zi, ai, xi}, and  by  Hi the temporal sub-
graph induced by Xi ∪ {s, z}. Now, for  each  j ∈ [m], add two new vertices s′

j 
and z′

j to G, making  s′
j adjacent to s at time 1 and z′

j adjacent to z at time 9. 
Finally, for each xi appearing in cj , add  ei,j = s′

jxi and fi,j = xiz′
j and define 

their time-function as follows: 

– If this is the 1st appearance of xi, then let  λ(ei,j) = 2  and λ(fi,j) = 3; 
– If this is the 2nd appearance of xi, then let  λ(ei,j) = 4  and λ(fi,j) = 5; 
– If this is the 1st appearance of ¬xi, then let  λ(ei,j) = 5  and λ(fi,j) = 6; and  
– If this is the 2nd appearance of ¬xi, then let  λ(ei,j) = 7  and λ(fi,j) = 8. 

Fig. 4. Variable gadget in the proof that deciding tw(0,1,τ )
G(s, z) ≥ k is NP-complete. 

The idea for the proof of correctness is that we need to get a distinct walk 
for each variable and each clause. Since every valid walk must go through some 
vertex xi, the occurrence of xi between timesteps 2 and 5 assigns the truth 
value, while its occurrence between timesteps 5 and 8 assigns the false value. 
First suppose that φ is satisfiable and consider a satisfying assignment of φ. For  
each i ∈ [n], if  xi is true, then let Pi be the path (s, 1, si, 5, ai, 6, xi, 7, zi, 9, z); 
otherwise, let Pi = (s, 1, si, 3, xi, 4, ai, 5, zi, 9, z). Now, for  each  j ∈ [m], let  xi be 
the variable related to the true literal in cj . We analyse  the cases  below:  

– If xi appears for the 1st time in cj , then let  P ′
j = (s, 1, s′

j , 2, xi, 3, z′
j , 9, z); 

– If xi appears for the 2nd time in cj , then let  P ′
j = (s, 1, s′

j , 4, xi, 5, z′
j , 9, z); 

– If ¬xi appears for the 1st time in cj , then let  P ′
j = (s, 1, s′

j , 5, xi, 6, z′
j , 9, z); 

and 
– If ¬xi appears for the 2nd time in cj , then let  P ′

j = (s, 1, s′
j , 7, xi, 8, z′

j , 9, z). 

We now prove that P1, . . . , Pn, P ′
1, . . . , P

′
m are t-vertex disjoint (observe that 

they clearly respect (0, 1, τ)). Paths P1, . . . , Pn are vertex disjoint since each Pi 
is contained in Hi and Xi ∩ Xj = ∅ for every i .= j. Hence they are also t-
vertex disjoint. Now consider j, % ∈ [m] with j .= %. If  P ′

j and P ′
# intersect on a 

vertex, then it is because the literal validating P ′
j is the same literal validating
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P ′
# , say %i ∈ {xi, ¬xi}. Hence, they are vertex disjoint with any other path 

in {P ′
1, . . . , P

′
m}\{P ′

j , P
′
#}, and they are t-vertex disjoint among themselves by 

construction, since one of them contains the 1st occurrence of %i, while the 
other contains the 2nd occurrence of %i. Finally, if xi is true, then Pi contains 
{(xi, 6), (xi, 7)}, while the paths in P ′

1, . . . , P
′
m containing xi are the ones defined 

in the first two items and, hence, do not intersect Pi (recall that the definition 
of P ′

j is according to a true literal appearing in P ′
j). A similar argument can be 

applied in case Pi is false to conclude that V T (Pi)∩ V T (P ′
j) =  ∅ for every i ∈ [n] 

and j ∈ [m]. 
Now, suppose that G has n+m t-vertex disjoint temporal s, z-walks respecting 

(0, 1, τ). Observe that, since s has exactly n+m temporal edges incident to it (as 
well as z), such walks must start with such edges. For each i ∈ [n], call  Pi the walk 
starting with (ssi, 1), and  for each  j ∈ [m], call  P ′

j the walk starting with (ss′
j , 1). 

For each i ∈ [n], set  xi to false if (sixi, 3) is in Pi, and to true otherwise. We want 
to argue that this is a satisfying assignment. Suppose otherwise and let j ∈ [m] 
be such that all literals of P ′

j are set to false. Also, let %i ∈ {xi, ¬xi} be the literal 
of cj corresponding to the edge being used in P ′

j , i.e., such that s′
jxi ∈ E(P ′

j). 
If %i = xi, then  xi is set to false, and hence (sixi, 3) is in Pi. As  Pi respects 
(0, 1, τ), we get that {(xi, 3), (xi, 4)} ⊆  V T (Pi). Since  P ′

j also respects (0, 1, τ  ), 
we get that either (z′

jxi, 2) ∈ ET (P ′
j), in which  case  (xi, 3) ∈ V T (P ′

j) ∩ V T (Pi), 
or (z′

jxi, 4) ∈ ET (P ′
j) and hence (xi, 4) ∈ V T (P ′

j) ∩ V T (Pi). In both cases we 
get a contradiction as Pi and P ′

j are t-vertex disjoint. And if %i = ¬xi, then  
xi is set to true, and hence (sixi, 3) /∈ ET (Pi). In this case, we must have 
{(siai, 5), (aixi, 6)} ⊆  ET (Pi), since  Pi respects (0, 1, τ  ) and hence cannot use 
(aizi, 5) after (siai, 5). Note that this implies that {(xi, 6), (xi, 7)} ⊆  V T (Pi). 
Now, if P ′

j contains (s′
jxi, 5), then, since P ′

j respects (0, 1, τ), we get that (xi, 6) ∈ 
V T (P ′

j) ∩ V T (Pi), a contradiction. And if P ′
j contains (s′

jxi, 7), we get again a 
contradiction as (xi, 7) ∈ V T (P ′

j) ∩ V T (Pi). +,

4 Min Separator is NP-Complete 

In this section we provide our negative result for s, z-wtvs. We give a reduction 
from Vertex Cover, which  is  known to be  NP-complete. In this problem, given 
a graph  G and a positive integer k, the goal is to decide if there is a C ⊆ V (G) 
of size at most k such that every edge of G has at least one endpoint in C. Such 
a set is called a vertex cover of G. 

Theorem 6. Let G = (G, λ) be a temporal graph with lifetime τ , s, z be a pair 
of vertices of G, and  k be a positive integer. For every fixed a, b, c with a + b >  0 
and c ≥ 1 + 2a + 3b, deciding whether tc(a,b,c) G (s, z) ≤ k is NP-complete, even 
for fixed τ . 

Proof. The idea is that we spread the timesteps in order to make space for the 
time constraints. Let (G, k) be an instance of Vertex Cover. Define G as 
follows. Let V (G) be equal to V (G) ∪ F ∪ {s, z}, where  F = {fuv, fvu | uv ∈
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E(G)}. Then, for each vertex u ∈ V (G), add two edges from s to u, one active 
in timestep 1 and the other in timestep 2 +  b, and two edges from u to z, one  
active in timestep 2+  a + b and the other in timestep 2+ 3a +3b. Also,  for each  
edge uv ∈ E(G), add an edge from u to fuv and from v to fvu both active in 
timestep 1 +  a + b, and an edge from fuv to v and from fvu to u both active in 
timestep 2 + 2a + 2b. Observe that the lifetime of G must  be  equal to at least  
the maximum label of an edge plus a; so define τ to be equal to 2 + 4a + 3b. 
Additionally, as we will see, all important walks will wait on a vertex for at most 
1+2a +3b; hence the condition on c. Now we prove that G has a vertex cover of 
size at most k if and only if G has a temporal t-vertex s, z-separator respecting 
(a, b, c) of size at most n + k, where  n = |V (G)|. See Fig. 5 for an illustration of 
this construction for the particular case (0, 1, τ). For the general case, one can 
think of timesteps 2, 4, and  5 in the figure as 1+a+b, 2+2a+2b, and  2+3a+3b, 
respectively. Additionally, timestep 3 is split into two: timestep 2+  b containing 
the edges of timestep 3 incident to s and timestep 2+  a + b containing the edges 
incident to z. 

Fig. 5. Reduction from Vertex Cover. We denote  V (G) by V . 

First suppose that S ⊆ V (G) is a vertex cover of size at most k, and define 
S′ = {(u, 2 +  a + b) | u /∈ S} ∪ {(u, 1 +  a + b), (u, 2 + 2a + 2b) | u ∈ S}. Note 
that S′ has size at most n + k as each vertex has at least one copy in S′ and 
the vertices in S have two. To see that S′ is a temporal t-vertex s, t-separator, 
let P be any temporal s, t-walk respecting (a, b, c). If  V (P ) ∩ F = ∅, then  P 
is one of the following paths, for some u ∈ V (G): P1 = (s, 1, u,  2 +  a + b, z), 
P2 = (s, 2+  b, u, 2+ 3a +3b, z), or  P3 = (s, 1, u,  2+ 3a +3b, z). If  u /∈ S, then  S′

clearly intersects each of these paths as it contains (u, 2 +  a + b). Otherwise, if  
u ∈ S, then: S′ intersects P1 and P3 as it contains (u, 1+a+ b); and  S′ intersects 
P2 too as it contains (u, 2 + 2a + 2b). 

Now, suppose that fuv ∈ V (P ) ∩ F and observe that, since each vertex in F 
has degree exactly two, we must have P = (s, 1, u,  1+a+b, fuv, 2+2a+2b, v, 2+  
3a + 3b, z). As  S is a vertex cover, we get that {u, v} ∩  S .= ∅. If  u ∈ S, then  
(u, 1 +  a + b) ∈ S′ ∩ V T (P ). And  if  v ∈ S, then  (v, 2 + 2a + 2b) ∈ S′ ∩ V T (P ). 
In each situation we get that S′ intersects V T (P ); therefore S′ is a temporal 
t-vertex s, z-separator. 

Now let S′ be temporal t-vertex s, z-separator respecting (a, b, c) of size at 
most n + k. Recall the existence of paths P1, P2, P3 in the previous paragraph.
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Observe that this implies that S′ must contain at least one copy of u for every 
u ∈ V (G). Additionally, if S′ contains exactly one copy of u, then observe that 
it must contain (u, 2 +  a + b) as this is the only t-vertex in V T (P1) ∩ V T (P2). 
Indeed, P1 leaves u at time 2+  a+ b, while P2 arrives in u at time 2+  a+ b. Now,  
let U be the set of vertices such that S′ contains only (u, 2 +  a + b); formally, 
U = {u ∈ V (G) | S′ ∩ ({u} ×  [τ ]) = {(u, 2 +  a + b)}}. Define S = V (G)\U . 
We argue that S is a vertex cover of size at most k. First note that, because S′

contains at least two copies of each u ∈ S and since S′ has size at most n+ k, we  
get that S′ contains exactly two copies of each u ∈ S and |S| ≤  k. Note that this 
also implies that S′ does not contain any copy of a vertex in F . Now, consider  
any edge uv ∈ E(G) and let P ′

1 = (s, 1, u,  1+a+b, fuv, 2+2a+2b, v, 2+3a+3b, z). 
Observe that P ′

1 does not contain (u, 2 +  a + b) as it leaves earlier from u; also,  
it does not contain (v, 2 +  a + b) as it arrives in v at time 2 + 3a + 2b which is 
bigger than 2 +  a + b as a + b >  0. Therefore, if u ∈ U , then  v cannot be in U 
as in such case P ′

1 would not be intersected by S′. In other words, at least one 
between u and v must be in S, as we wanted to prove. +,

5 XP Algorithm for Disjoint Walks 

In this section we show our XP algorithm for wtvd in temporal directed graphs, 
where the paths respect a triple of appropriate functions (ε, ωL,ωU ). The proof 
happens in two steps: first, we reduce the problem to the case where ε ≡ 0 and 
every edge of the temporal directed graph is active exactly once. Then, we apply 
another reduction that allows us to solve the problem by deciding if a given 
digraph H contains a path from a special vertex s∗ to another special vertex z∗. 

The proof is roughly inspired in the XP algorithm for linkages in acyclic 
digraphs given in [ 11], in which H contains one vertex for every k-tuple of vertices 
of the input digraph and the edges of H are chosen in such a way that one can 
only leave a vertex v of H if v cannot be reached by any other vertex contained 
in the paths constructed so far. In the end, a path P in H from (s1, . . . , sk) to 
(z1, . . . , zk) can be easily translated into a set of walks from si to ti by noticing 
that each edge of P is associated with the change of exactly one coordinate of 
the current k-tuple. A fundamental property of this algorithm is that, in acyclic 
digraphs, any k-tuple of vertices (v1, . . . , vk) contains a vertex vi that cannot 
be reached by any other vertex of the k-tuple. This is used to ensure that the 
constructed walks are indeed disjoint. 

When working with temporal graphs this property is not guaranteed to hold: 
it is possible that every vertex of a k-tuple contains an incoming temporal edge 
from another vertex of the same k-tuple, even when ωL(v) ≥ 1 for every vertex 
v of the temporal directed graph. Thus to ensure that we can only build t-vertex 
disjoint walks, we focus on k-tuples of edges instead of vertices and impose more 
advanced rules to the system that is used to decide when to add edges to H. 

Theorem 7. Let G = (D, λ) be a temporal directed graph with lifetime τ , (ε, ωL, 
ωU ) be a time constraint where ωL(u) ≥ 1 for every u ∈ V (D), and  {(s1, z1),
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. . . ,  (sk, zk)} be a set of vertex pairs of D. Then in time  |E(D)|O(k) one can 
decide whether there exists t-vertex disjoint temporal walks P1, . . . , Pk such that 
each Pi is a temporal si, zi-walk in (D, λ) respecting (ε, ωL,ωU ). 
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