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Preface

This book delves into the fascinating world of the Mumford-Shah functional, a cor-
nerstone of image processing and a rich source of challenging mathematical problems.
Introduced by Mumford and Shah in their seminal 1989 paper, this functional seeks to
capture the essence of an image by decomposing it into a piecewise smooth function and a set
of discontinuities. While its practical applications in image segmentation and reconstruction
are undeniable, the functional also presents profound theoretical questions. Many of these
regard the regularity of its minimizers: the central theme of this book is the exploration
of these regularity questions, focusing specifically on the planar case. We embark on a
comprehensive journey through the existing literature, revisiting classic results with fresh
perspectives and incorporating new advancements. Our goal is to provide a self-contained
and detailed account of the state-of-the-art, accessible to both aspiring researchers seeking
a thorough introduction and experts interested in the latest developments.

The Mumford-Shah conjecture, a long-standing open problem, predicts a remarkably
simple structure for the discontinuity set of minimizers: a collection of smooth curves
meeting at triple junctions forming equal angles. While this conjecture remains elusive in its
full generality, significant progress has been made. We present a detailed exposition of the e-
regularity theory, a powerful tool that establishes the local regularity of the discontinuity set
under certain assumptions. This theory allows us to understand the behavior of minimizers
near points that resemble the conjectured structures. Beyond e-regularity, we explore the
classification of global minimizers, the properties of critical points, and various structural
results that shed light on the nature of the discontinuity set.

Throughout the book we emphasize clarity and completeness, providing detailed proofs
for all the presented theorems. We assume a solid background in measure theory and basic
elliptic PDEs, while we provide supplementary material in the appendices to aid readers
less familiar with specific technical aspects. We hope that this book will serve as a valuable
resource for anyone intrigued by the beauty and complexity of the Mumford-Shah functional,
inspiring further research and deeper understanding of this remarkable mathematical object.






CHAPTER 1

Introduction

The aim of these notes is to give a complete self-contained account of the current state
of the art in the regularity for planar minimizers and critical points of the Mumford-Shah
functional. The latter is an energy functional introduced by Mumford and Shah in their
seminal paper [39] on image reconstruction. Assuming that g is some function on the plane
whose values represent a noisy greyscale image, Mumford and Shah proposed to identify
the geometric content of the image as a pair (u, K), given by a set K of finite length and a
smooth function v on the complement K¢ of K, which minimizes the functional

/ |Vu|? + length (K) +/ (u—g)*.
They also advanced the conjecture that, for such minimizers, the set K is described by
a collection of finitely many C! arcs which do not cross and with the property that if an
endpoint belongs to more than one arc, then it is in fact a common endpoint of three arcs
meeting at equal angles. This conjecture is to date still open, even though there has been
considerable progress towards its resolution.

The question of existence of minimizers has been solved in the mathematical literature
by allowing suitable weaker formulations than the original one of Mumford and Shah.
One approach, due to De Giorgi, is to consider K as the set of “jump discontinuities” of
u and then to apply the direct methods of the calculus of variations in an appropriate
functional-analytic setting to an appropriate generalization of the Mumford-Shah functional.
This led De Giorgi and Ambrosio to introduce the space of “special functions of bounded
variations” in [21], and we refer the reader to the monograph [5] for a detailed account of
the various variational problems that found proper treatment in this fruitful setting, which
is not limited to the planar case. The other approach is to allow K to be a general closed
rectifiable set with finite Hausdorff measure and u to be a W12 function on its complement,
and then to work out a suitable compactness theory for appropriate minimizing sequences,
see the work of Dal Maso, Morel, and Solimini [13]. The two theories are in fact equivalent
thanks to a fundamental result of De Giorgi, Carriero, and Leaci, cf. [22], a fact which is
also carefully explained in one of the appendices of this book.

Having established existence, the natural question is now whether minimizers fulfill the
prediction of Mumford and Shah. Note that over K¢ the function w is a minimizer of the
quadratic functional [(|Vul?+ (u — ¢)?) and thus a solution to a very elementary linear
elliptic differential equation. Therefore, the relevant question here is how regular the set K
is and how u behaves “at K”: this is what we understand as the regularity theory.

3



4 1. INTRODUCTION

Our ambition is to cover all the major results in the planar setting. However, we will
not only include the most recent theorems but also give some new takes on the older ones.
In several places we will present alternative proofs (e.g., we will give several simplified
arguments for many portions of [10]) and other parts will include material which is, strictly
speaking, completely new (e.g., we will generalize the results of [25] to include the fidelity
term in the energy).

At the same time, we will include detailed and complete arguments for all theorems.
This book can therefore be used both by readers with a solid background in measure theory
and elementary elliptic PDE who intend to learn the theory in detail for the first time,
and by experts who are interested in the most recent developments. Concerning the first
category of readers, we, however, assume that they are familiar with the notion of rectifiable
1-dimensional sets and with their most basic properties (for instance the sections 2.8, 2.9,
2.10, 2.11, and 2.12 in [5], specialized to the case of 1-dimensional sets in the plane, are
more than enough).

1.1. Setup

As already mentioned, the relevant energies are computed on pairs (u, K) where K is a
closed 1-rectifiable subset of some planar open set 2 and w is an element of VVI})E(Q \ K).
For every bounded open set U C €, every g € L*({2), and every A > 0 we define

E)\(U7K7 U7 g) = /

|vm2+H%Krm0+A/ﬁu—m? (1.1.1)
U\K U

where H! denotes the 1-dimensional Hausdorff measure. The open set U will be omitted if
it coincides with €2 or it is obvious from the context and likewise g will be omitted when
A = 0 or when it is obvious from the context.

The term
Fwlg) = [ (w-gp
U
will be often called “fidelity term”, while the remaining portion of the functional will be

consistently denoted by Fy. In particular, we have the obvious identity Ey = Ey + \.%.
Under our assumption (i.e. g € L*) Ey dominates the fidelity term at small scales. In
particular, the case A > 0 adds mainly technical complications and the reader who wishes
to avoid these technicalities could just focus on the case A = 0. Quite a few constants in
the statements need to be adjusted if ||g||.oc becomes high. In order to avoid discussing the
size of these constants we will assume once and for all that

l9lle < Mp'  and  0< A<, (1.1.2)

where M is any given positive number. In particular, in the rest of the notes we will omit
the dependence of the constants from M.

The energies can be naturally extended to the class of functions of special bounded
variation (shortly SBV/(2)) and in that case we can regard K as the jump set of the SBV

IThroughout the notes we will omit the reference domain in the L norm if it will be clear from the
context.
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function u (cf. the monograph [5] for the definitions). This is not really relevant for our
discussions, as long as the reader is willing to accept some compactness statements which
pertain to the ezistence theory (of minimizers and critical points) of the functionals. Such
statements will play anyway an important role and for the sake of completeness we will
include short proofs in the appendix: since we believe that it makes them conceptually
easier and cleaner, those arguments take advantage of the SBV theory.

1.2. Minimizers

We will consider three different notions of minimizers associated with the above energy
functionals. We start by defining the first two.

DEFINITION 1.2.1. A pair (u, K) in an open set 2 C R? will be called:

e an (absolute) minimizer of the functional E) if for every bounded open U C §2 and
for every pair (v, J) such that JAK Uspt (u —v) CC U we have

E,\(U,K, U,g) SE)\(U,J,U,Q); (121)

e a restricted minimizer if (1.2.1) holds for those (v, J) with the additional property
that the number of connected components of J does not exceed that of K.

REMARK 1.2.2. Strictly speaking our definition of restricted minimizers in €2 can be
made sense even if K has an infinite number of connected components: in the latter case
we understand that any competitor is allowed, and thus (u, K) is an absolute minimizer.
Clearly the interest in restricted minimizers lies in the cases where the number of connected
components is finite. In many statements this assumption is however not needed and we
will omit it: it will instead be spelled out explicitly when it is needed.

Absolute minimizers are generally just called minimizers in the literature and we will
often use the same convention: we will add the adjective absolute only when we want to
emphasize that we can compare its energy with any competitor. Obviously a minimizer is
also a restricted minimizer, while the converse is instead false in general. Note that the
value of the functional is invariant under the addition of H!-null sets, which creates an
annoying technicality when dealing with regulary issues. Assume for instance that (u, ()
is an absolute minimizer of Ey. Then u is a classical harmonic function and so our pair
is as smooth as desirable. However, if K is any H' null set, then (u, K) is as well an
absolute minimizer, so that we have several other minimizers with sets K which can be quite
irregular. In order to avoid this issue we wish to normalize minimizers in an appropriate
way, throwing away “unnecessary pieces” of K.

DEFINITION 1.2.3. Following [15] a pair (u, K) will be called reduced if, for every open
set U, H'(K NU) =0 implies K NU = 0.

It is easy to see (cf. Corollary 2.1.4 below) that if (u, K) is a minimizer or a restricted
minimizer in €2, then it can “be normalized” to a reduced pair in the following sense: if we

set N := {U open : H'(UN K) =0} and let

K=K\ | U,
UeN



6 1. INTRODUCTION

then u can be extended to a C'! function v’ on  \ K’ (in fact an harmonic function when
A =0). Clearly the energy of (u’, K') coincides with that of (u, K). For this reason, from
now on we will always assume that a minimizing pair (or restricted minimizing pair) is a
reduced, unless we explicitly say that it might not be.

1.3. Epsilon regularity
The celebrated Mumford-Shah conjecture, which is still unsolved, states the following.

CONJECTURE 1.3.1 (Mumford-Shah conjecture). If (u, K) is a minimizer of E\ then

K can be described as the union of finitely many closed C' arcs ~; which do not cross but
can meet at their endpoints at 120 degrees in “triple junctions” In particular, if we fix a
point x € K, then in any sufficiently small disk B,.(z) the set K N B,.(x) is diffeomorphic
to one of the following special types of closed sets:

(a) a radius of B.(z);

(b) a diameter of B,(x);

(c) the union of three radii of B,(x) forming angles of 120 degrees.

The main conclusion of the regularity theory developed thus far is that if K is close
in the Hausdorff distance? to one of the three examples (a), (b) and (c) at some given
scale, then it is indeed diffeomorphic to the corresponding model at a slightly smaller scale:
a precise statement is given in Theorem 1.3.3 below. These results are typically called
“e-regularity theorems”, the ¢ referring to the fact that the key assumption is the closeness
(at a certain scale and in an appropriate sense) to a given model. In geometric analysis
e-regularity theorems appeared first in the pioneering work of De Giorgi on area-minimizing
hypersurfaces, cf. [19]. In fact many of our arguments in this book are heavily inspired by
analogous ones in the theory of minimal surfaces and we will highlight many parallels in
the sequel.

Before coming to the precise statements we introduce the following terminology:.

DEFINITION 1.3.2. Let x € K. The point will be called, respectively, a reqular loose
end, a pure jump, or a triple junction if for some r > 0 there is a C! diffeomorphism ® of
B,(x) with ®(z) = z, D®(x) = Id, and such that:

(i) ®(B,(z) N K) is a radius of B,(z);
(ii) ®(B,(z) N K) is a diameter of B,(x);

(ili) ®(B,(z) N K) is the union of three radii of B, (z) meeting at equal angles.

A maximal C! arc of K is a closed (relatively to the domain 2) C' arc contained in K
which is not contained in any larger C! arc. An extremum of a maximal C! arc is an
endpoint belonging to the domain 2.

If K N B,(x) is a single continuous arc with endpoints z and y € 9B,(z) which is C!
away from {x} but not necessarily up to z, we then call the point x a loose end. In fact a
substantial portion of these notes will be dedicated to show that, if (u, K) is a minimizer

?Due to suitable compactness properties of minimizers, it actually suffices that K is close in a weaker
sense.
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(no matter whether absolute or restricted), then every loose end is regular. Likewise, an
outcome of the regularity theory is also that, if K N B,.(z) consists of three continuous arcs
which meet at x, then these arcs are necessarily C! up to their common endpoint z.

The focus of this book is then proving the following theorem which summarizes several
results in the literature. Proper credits about the various statements will be given in
Section 1.7, while in the remainder of this introduction we will discuss the content, in
particular its motivations and consequences.

THEOREM 1.3.3. There are a > 0 and € > 0 with the following property. Assume:
(1) (u, K) is an absolute minimizer of Ey in B.(x) C R?;
(2) (1.1.2) holds and r < 1;
(3) the Hausdorff distance of K N Bay.(z) to a set Ky as in Conjecture 1.5.1(a), (b) or
(c) is smaller than er.

Then:
(i) there is a CY diffeomorphism ® of B,(x) such that ®(K N B,.(x)) = Ko;
(i) if A\ =0 or g € C° then K is C* in some neighborhood of any pure jump;
(iii) if A = 0 each mazimal C' arc is C* up to its extrema, where its curvature vanishes.
Moreover:

(iv) the same conclusions hold in cases (b) and (c) if (u, K) is a restricted minimizer
(in particular € is independent of the number of connected components of K );

(v) in case (a) the same conclusions hold if (u, K) is a restricted minimizer and
K N By.(x) is connected;

(vi) in case (c) the three maximal C' arcs forming K N B,.(x) meet at equal angles.

Note that in case (c) the meeting point y of the three maximal C'* arcs forming K N B,(x)
is not necessarily x. Likewise, in case (a) the interior regular loose end is not necessarily
located at x.

As it is known from the work of Bonnet [9], if (u, K) is a restricted minimizer of £\ and
K has a finite number of connected components, then for every x € K the assumptions of
Theorem 1.3.3 are satisfied in a sufficiently small disk B,(x). We thus get a quite satisfactory
description of the regularity of the set K, namely the conclusions of Conjecture 1.3.1 hold.

COROLLARY 1.3.4. Conjecture 1.53.1 hold for restricted minimizers (u, K) such that K
has a finite number of connected components.

A proof of the latter corollary will be given in Section 6.6. If g is more regular, the
regularity of K can be bootstrapped to higher regularity at regular jump points: loosely
speaking the regularity of K at jump points is 2 derivatives more than the regularity of g,
see [4]. In fact, even the real analiticity of K holds if g is real analytic, cf. [31]. However,
we will not pursue this issue in these notes.

We finally observe that the second part of conclusion (ii) in Theorem 1.3.3 has a curious
outcome: for restricted minimizers of Ey with finitely many connected components or
anyway for any minimizer for which the Mumford-Shah conjecture holds, the points of
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maximal curvature of any maximal arc forming K must be pure jump points, unless the
arc is a straight segment.

1.4. Global generalized minimizers and classification

Absolute minimizers enjoy a natural elementary energy upper bound on any disk
B,.(x) C 2, more precisely

E\(u, K, B.(z),g) < 2mr + Anx||g|*.7?, (1.4.1)

cf. Lemma 2.1.2 below. Restricted minimizers satisfy the same bound under the additional
assumption that B,(x) N K # (). If we therefore consider the following rescalings

g (y) =1~ Pu(z + ry)
K., ={" 1y e K},

then Ey(uy,, Ky, B1) enjoy a uniform bound. Since under the scaling detailed above the
“fidelity term” becomes negligible as r | 0, the latter bound allows for a suitable compactness
statement for r | 0, provided we introduce an appropriate concept of “generalized minimizer
of Ey”, cf. Definition 2.2.4 (this is done elegantly in [9] for the case of restricted minimizers).
Note that in general, we do not have uniform bounds on the size of u, but only on the size of
Vu, hence the space of generalized minimizers of Fy must allow for a suitable normalization
of infinities. An important point is that the regularity theory detailed so far remains valid
for them.

THEOREM 1.4.1. The conclusions of Theorem 1.3.3 remain valid for generalized and
generalized restricted minimizers of E.

Coming back to the scaling procedure outlined above, as r | 0 the domain of definition
of (ug,, K;,) becomes larger and in the limit we attain “global generalized minimizers”,
namely generalized minimizers on the entire R%. We warn the reader that in the literature
these are typically called just “global minimizers”. Our rationale for deviating slightly
from the usual terminology and adding the adjective “generalized” is explained in the next
chapter, see in particular Remark 2.2.5.

Looking at limits of these rescalings for r | 0, which will often refer to as “blow-ups” ,
is reminiscent of the concept of tangent cones in the theory of minimal surfaces, see e.g.
[42]. There is however a notable ingredient missing in our context, namely a powerful
monotonicity formula as the one on the mass ratio for minimal surfaces. We will come back
to this later in this introduction and at several point in the rest of the notes.

If for any such global minimizer (u, K) of Ey the set K is empty, then u must be an
harmonic function and the upper bound (1.4.1) implies, by Liouville’s theorem, that u is
constant. This is the easiest among the “elementary” global minimizer, which we define as
generalized global minimizers whose Dirichlet energy vanishes identically on all compact
sets, cf. Theorem 2.4.1. Note that, since for these global minimizers the Dirichlet energy
is zero, not surprisingly they end up matching “global minimal 1-dimensional sets” in R2,
which is a more common terminology for them. We however prefer the term elementary
global minimizer because the values of the functions still play an important role (for instance
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we will see that there must be an “infinite jump” across the interfaces subdividing different
connected components).

Two elementary types of global generalized minimizers correspond to the cases (b) and
(c) explained above: in one case the set K consists of an infinite line and in the other case
it consists of three halflines meeting at a common origin at equal (120 degrees) angles. In
both cases the function is piecewise constant (in fact, in an appropriate sense, the difference
between all constant values must be co). This list exhausts the case of elementary global
minimizers.

If the Mumford-Shah Conjecture 1.3.1 holds, there is then only another possible type of
generalized global minimizer, namely K can only be a half line. It can be proved that the
corresponding v must then take a rather special form, cf. Chapter 4.

DEFINITION 1.4.2. We will call cracktip any pair (u, K) in R? which, up to translations,
rotations, subtraction of a constant and change of sign can be described as follows:

e K is the set RT :={(¢,0) : t > 0};
o u(xy,mo) = \/gRe V@1 + ixy , where we use the convention that /2 is the branch

of the square root yielding ¢ on —1, with branch cut on R*. In polar coordinates
the function is given by

2
o= P!

while in cartesian coordinates we have

1 =« .
u(wy, xe) = \/_|x2|\/x1+\/x1+x2 if 9 #£ 0,

and u(xy,0) =0 if 2, <0.

With a slight abuse of notation, sometimes we will also use cracktip for points p € K
(in an admissible pair (u, K') which is not necessarily globally defined) where K is locally
diffeomorphic to a global cracktip as in the above definition.

REMARK 1.4.3. In the literature it is more common to put the halfline of discontinuity
at the negative real line and hence to use the formula

2 0
u(f, p) = \/?psini.

The two conventions are obviously equivalent up to symmetries along the imaginary axis.
Since a lot of our analysis in Chapter 5 will be based on the paper [25], which fixes the
discontinuity set on the positive real axis, we have opted for the less common convention of
Definition 1.4.2.

REMARK 1.4.4. Given that the Mumford-Shah conjecture is still open, currently the
existence of other global minimizers is not excluded. These are termed ezxotic by Bonnet
and David (see e.g. [10] and [15]). We will use the term “not elementary” for global
minimizers such that Vu does not vanish, hence for both the cracktips and the (conjecturally
nonexisting) exotic minimizers.
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Theorem 1.3.3 implies that if the list of generalized global minimizers is exhausted by
the elementary ones and by cracktips, then the Mumford-Shah conjecture holds. Except for
the determination of what happens at loose ends, the latter conclusion was in fact proved
as a combination of the two remarkable works [14] and [10] (see also [15]). The only point
left by those references was the possibility that the set K forms a rather slow spiral at loose
ends: Theorem 1.3.3 excludes the latter possibility. This was first proved by Andersson
and Mikayelyan for minimizers of Ey under the assumption of connectedness of K in [8]. A
different argument for the same theorem was then given by the two authors and Ghinassi
n [25], while the present reference is the first to handle the case of E) for A > 0.

The Mumford-Shah conjecture is indeed fully equivalent to the classification of general-
ized global minimizers, a fact which we record in the following theorem.

THEOREM 1.4.5. Conjecture 1.3.1 holds for absolute minimizers if and only if any global
generalized minimizer is either one of the elementary minimizers listed in Theorem 2.4.1 or
a cracktip.

Note at this point that we would not need a classification of all global generalized
minimizers, but only of those which are arising as blow-ups. Moreover the elementary
minimizers and cracktips are all “homogeneous”, more precisely they are invariant under
the rescalings (Ko, uo,), if we assume that the origin is appropriately chosen (in the case
of pure jumps it must be contained in K, while in the case of triple junctions and cracktips
it must be, respectively, the common endpoint of the three halflines forming K and the
loose end of the halfline forming K'). On the other hand if we had a suitable monotonicity
formula guaranteeing such homogeneity for the blow-ups, then it is not difficult to see
that the classification would be rather simple. There are interesting monotonicity formulae
available under certain assumptions and in this book we will highlight their usefulness, on
the other hand none of them is powerful enough to guarantee the homogeneity of blow-ups
in full generality.

A notable feature of the monotonicity formula for minimal surfaces is the fact that the
total volume of a minimal surface of dimension m in a ball B,.(p) centered at some point p
on the surface is always bounded below by the volume of the corresponding m-dimensional
disk of radius r (as long as B,(p) does not intersect the boundary of the surface). This
“density lower bound” is in fact valid for the set K as well, as it was proved in the important
work [22], and it plays a fundamental role in the regularity theory.

Observe that Theorem 1.3.3 does not guarantee that cracktips are indeed global mini-
mizers: Theorem 1.3.3 would imply the latter conclusion only if one could find an absolute
minimum (u, K') such that K is close, in some disk B,.(z), to a single straight segment
which terminates at x.

The global minimality of cracktip was however proved in the book [10]. While these notes
will not cover the proof of the latter fact, we will however cover the proof of one fundamental
conclusion of [10], which will be instrumental in showing case (c¢) of Theorem 1.3.3, and
which is interesting in its own right. The relevant statement is recorded in the first half
of the following theorem, while the second half is another remarkable result for global
generalized minimizers proved in [17], of which we will report as well the proof.
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THEOREM 1.4.6. Let (u, K) be a generalized global minimizer in the sense of Defini-
tion 2.2.4. If all but at most one connected component of K are contained in a compact set of
R?, then (u, K) is either one of the elementary global minimizers described in Theorem 2./.1
or it is a cracktip.

Let (u, K) be a generalized global minimizer for which K disconnects R*. Then (u, K)
is an elementary global minimizer.

1.5. Structural results

Even though the Mumford-Shah conjecture is widely open for absolute minimizers with
an infinite number of connected components, Theorem 1.3.3 and Theorem 1.4.6 tell us a lot
about the structure of the set K for minimizers (u, K'). We first introduce the following
terminology.

DEFINITION 1.5.1. Consider a closed set K C R2. A point p € K is nonterminal if
there is a continuous injective map v : (—1,1) — K such that y(0) = p. Otherwise p € K
is called terminal.

Given a pair (u, K') which is an absolute, restricted, generalized, or generalized restricted
minimizer, we define:

e the regular part K" of K, which consists of those points which are either regular
loose ends, or pure jump points, or triple junctions;

e the irregular part K of K, which is the complement of K in K:

e the points K* of high energy, which is the union of K® and regular loose ends.

The following theorem summarizes all the structural results available in the literature
(at least to our knowledge).

THEOREM 1.5.2. Assume (u, K) is an absolute or a generalized minimizer of Ex. Then

(1) K@ is a relatively closed subset, and its Hausdorff dimension is at most 1 — ¢,
where ¢ is a positive geometric constant;
(ii) Every nonterminal point of K is either a triple junction or a pure jump point;
(iii) If U is an open set such that U N K consists of finitely many connected components,
then KO NU = (;
(iv) A point p € K belongs to K* if and only if

1
lim sup / Vul|* >0, (1.5.1)
rl0 T JB.(z)
which occurs if and only if
1
liminf/ Vul? > 0; (1.5.2)
T‘\LO T BT(I)

(v) Triple junctions and regular loose ends form a discrete set;
(vi) A terminal point which is not the accumulation point of infinitely many connected
components of K is necessarily a reqular loose end.
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Note that K could be further subdivided in the union of those points {p} of K
which are connected components of K (“singletons”) and of the irregular terminal points
of the connected components of K with positive length. The current state of the art
in the regularity theory does not allow to conclude that singletons are absent, or that
terminal points of connected components of K with positive length are always regular
loose ends. In both cases the scenario that cannot be excluded is that of points p which
are the accumulation of an infinite sequence of connected components of K with positive
length. It seems simpler to exclude that this might happen for terminal points of connected
components with positive length: the latter would be implied by the following strengthening
of the first part of Theorem 1.4.6, which is interesting in its own right.

CONJECTURE 1.5.3. Let (u, K) be a global generalized minimizer with the property that
K has one unbounded connected component. Then (u, K) is either an elementary global
minimaizer or a cracktip.

We finally record here that the structure theorem yields another equivalent formulation
of the Mumford-Shah conjecture in terms of the optimal summability of Vu (cf. [24]).

THEOREM 1.5.4. Let (u, K) be an absolute or generalized minimizer of Ey in §). The
set KO is empty if and only if Vu € Lﬁf’, namely if and only if for every compact set
U C Q there is a constant C = C(U) such that

{z € U: |Vu(x)|* < M}| < Ai VM >1. (1.5.3)

1.6. Critical points

Restricted, absolute, generalized, and generalized restricted minimizers are naturally
critical points in the following sense (cf. Proposition 2.5.1). We start by defining two classes
of appropriate variations of the relevant functionals.

DEFINITION 1.6.1. Let (u, K) be an admissible pair in an open set U.

(Out) If p € WH(U \ K) with spt (¢) € U, then the 1-parameter family of competitors
(u, Ky) = (u + tp, K) will be called an outer variation in U.
(In) Consider any one-parameter family of diffeomorphisms (—¢,¢) x R* 3 (¢,x) —
®,(x) = ®(t,x) of U, which is C* in both variables and such that ®,(x) = z for all
z outside a compact subset of U. Then (uy, K;) = (uo ®; ', ®,(K)) will be called
an inner variation.

As it can be naturally expected, for minimizers we will show that the condition

4 Ex\(u, K, U, g) =0 (1.6.1)
dt|,_,
holds for every inner and outer variation in U. Equation (1.6.1) gives corresponding Euler-
Lagrange conditions, which in turn play a crucial role in the regularity theory. In fact
several conclusions can be inferred from such conditions alone and in these notes we will
make an effort to keep track of them.
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The first Euler-Lagrange condition, derived from outer variations is given by

— Vu -V = )\/ ou—g) Ve Wh?(Q\ K) with spt (p) CC Q. (1.6.2)
Q\K Q

The second, derived from inner variations, takes a particularly simple form when g € C*:

/ (|Vu]2divw—2VuT-D¢Vu>+/ el Dip e dH
O\K

K
3 [ @u-g)Vg v - u—gPdive) v e CHO,R?),  (163)
O\K

where e(x) is a unit tangent vector field to K and the notations a - b and Ab refer to,
respectively, the scalar product between two vectors a and b and the usual product of a
matrix A and a (column) vector b, Vu denotes the gradient of the function u, and D) the
Jacobian matrix of the vector field ¢ (this convention will be followed through the rest of
these notes). The test ¢ in the outer variation relates to u, through the relation u; = u+ty
when it is C*, while the test 1) relates to the one parameter family of diffeomorphisms in
Definition 1.6.1(In) via ¢(x) = 0,9(0, z).

Note that (1.6.3) does not make sense when g € L*. In fact it is not at all obvious
that t — Ej(us, Ky, @:(U), g o ®;') is differentiable at t = 0 in that case. This can however
be shown for minimizers and corresponding Euler-Lagrange conditions can be derived. In
order to state it, we first introduce the normal v, which is the counterclockwise rotation
of e by an angle of 90 degrees. For minimizers we can then show the existence of suitable
traces u, u~ and gg on K, which are locally bounded Borel functions and such that

/ (]Vu]Qdivw—QVuT-Dqu)+/ e . Dy e dH
O\K

K

=2A/ <u—g>w-w+A/<|u+—gK|2—|u-—gK|2>¢-udH1 Vi € CHQR?).
e " (164)

The latter identity is in fact equivalent to (1.6.3) when g € C*.
Motivated by the above discussion we introduce the following notions.

DEFINITION 1.6.2. Consider g € C'. A pair (u, K) in Q is a critical point of E) if
(1.6.2)-(1.6.3) hold for every ¢ € WH3(Q\ K) with spt (¢) CC Q and every ¢ € C1(Q2, R?).

Consider g € L*. A pair (u, K) in Q is a critical point of F) if (1.6.2) holds for every
p € W2(Q\ K) with spt (p) CC Q and if there are bounded Borel functions ™, u~, and
gx such that (1.6.4) holds for every ¢ € C1(Q, R?).

The variational identities (1.6.2)-(1.6.4) are proved for minimizers in Proposition 2.5.1.
Both (1.6.2) and (1.6.3) are well-known and their proof are reported, for instance, in [5].
However we have not been able to find a reference in the literature for (1.6.4) and we thus
give its derivation in the appendix.
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REMARK 1.6.3. In these notes we will take advantage of the identity (1.6.4) to prove
several monotonicity formulae which we will freely use in the proofs of the regularity results
of Theorem 1.3.3 in cases (b) and (c). On the other hand, those e-regularity statements
hold more generally for what in the literature are sometimes called quasi-minimizers (see
[5]) or almost-minimizers® (see [15]) of the functional Ey, of which minimizers of E\ are a
distinguished example. In particular our use of the monotonicity formulae can be avoided.

More precisely, the conclusions of Theorem 1.3.3 in cases (b) and (c) of Conjecture 1.3.1
are proved in [14, 6, 3] (cf. also [5, 15]) for pairs (u, K) satisfying the following weakened
version of (1.2.1): there are w,d > 0 such that

Eo(u, K, B,(y)) < Eo(v, J, B (y)) + wr'™

(where z,r and (v, J) are arbitrary and satisfy the conditions for competitors given in
Definition 1.2.1, with U = B,(x)). Note that minimizers of £ are indeed almost-minimizers
of £ with 6 =1 and w = 27 according to a simple comparison estimate.

However, the conclusion of Theorem 1.3.3 for Conjecture 1.3.1(a) seems to require
crucially (1.6.4) or anyway a suitable approximate version. At present we do not know how
to prove the same conclusion for almost-minimizers or even whether to expect it to be true
for them.

We also believe that the use of the variational identities in the proofs of the cases (b)
and (c) has its own interest: besides providing a different point of view which covers the
most important examples of almost-minimizers of Ey (i.e. minimizers of E}), it simplifies
considerably some of the arguments.

1.7. Plan of the notes

We start the notes with Chapter 2, which will collect a number of preliminary results
which have their own independent interest but will also be instrumental in the proofs of
the main theorems. We will in particular:

e state and prove some elementary bounds and maximum principles;

e state a fundamental density lower bound on the discontinuity set K, due to
De Giorgi, Carriero, and Leaci, whose proof is deferred to the appendix;

e introduce the “blow-up procedure” and state some relevant compactness properties
of minimizers, with most of the proofs deferred to the appendix;

e detail the variational identities stated in Section 1.6 (whose proofs are given in
the appendix) and derive a few important corollaries, in particular most of the
monotonicity formulae.

Chapter 3 will prove the cases (b) and (c) of Theorem 1.3.3 (cf. Subsection 3.8, see also
Theorems 3.1.1 and 3.1.2 for slightly different statements). Case (b) (e.g. the regularity
at “pure jumps”) was proved independently by David in [14] and Ambrosio, Fusco, and
Pallara in [3]. We essentially follow the approach of Ambrosio, Fusco, and Pallara, cf. the
book [5], but it must be noted that, while their arguments are written to cover the case of

3We warn the reader that [15] uses both the terms almost-minimizers and quasi-minimizers, but the
quasi-minimziers of [15] are not the ones of [5].
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all dimensions, in our setting we exploit the 1-dimensionality of the set K to take several
shortcuts. The case (c) of triple junctions was proved in [14]. Here we propose an approach
which is different and new, in particular we take advantage of the monotonicity formulae
of the first chapter (due to David and Léger in [17]) and of a “blow-in” argument which
considerably simplifies the overall proof.

Chapter 4 is a self-contained proof of Theorem 1.4.6. The arguments for the first part
of the theorem are borrowed from the book [10] while the arguments for the second part
are due to [17]. Here and there we propose alternative derivations and we streamline and
simplify a few steps of the original arguments. Moreover, we prove first the second part
of the theorem and hence take advantage of it whenever possible to prove the first part
(a possibility which was not at disposal of the authors in [10], given that the paper [17]
appeared afterwards).

The first part of Theorem 1.4.6 is in fact a stepping stone for case (c) of Theorem 1.3.3,
more precisely it implies the intermediate result of Corollary 4.1.2, namely that when for
an absolute minimizer (u, K) the set K is sufficiently close to a radius in the disk B, (x),
then it consists of a single connected component in B, o(z). Chapter 5 starts from this
conclusion and leads to a complete proof of case (c¢) of Theorem 1.3.3 (cf. Theorem 5.0.1).
We follow the arguments of our previous work [25] with some appropriate modifications to
account for the fidelity term in the energy F) (the work [25] addressed the case of Ep).

Chapter 6 examines a few important consequences of the e-regularity theory. It first
studies which structural conclusions can be derived from it. More precisely it proves all
the structural results of Theorem 1.5.2, apart from item (ii), which is exactly the content
of Corollary 4.4.2: a quantitative version of item (i) is given in Corollary 6.1.4, and items
(iii) to (vi) are implied by Theorem 6.1.1. Theorem 1.5.4 is the content of Theorem 6.1.6.
Moreover the chapter addresses some other consequences of the e-regularity theory, like
the porosity of the singular portion of K, and the higher integrability of Vu, conjectured
by De Giorgi and first proved by the authors in [24] in the setting of this book (i.e. in
2-dimensions) and hence settled in all dimensions by De Philippis and Figalli in [26]. In
fact we present both arguments.

1.7.1. Acknowledgments. Both authors are very thankful to Silvia Ghinassi, for
helping with a preliminary version of Chapter 3, and to Francesco Deangelis, for reading
carefully the first draft of the book. The first author acknowledges the support of the
National Science Foundation through the grant FRG-1854147. The second author has
been supported by the European Union - Next Generation EU, Mission 4 Component 1
CUP 2022J4FYNJ, PRIN2022 project "Variational methods for stationary and evolution
problems with singularities and interfaces".






CHAPTER 2

Density bounds, compactness, variations, and monotonicity

In this chapter, we will collect some preliminary important considerations, before delving
into the e-regularity theory in the next four chapters. For some aspects which are not our
main focus, but which are needed to understand the rest of the notes, we will nonetheless
include the arguments for the reader’s convenience (and because in some cases it has
been difficult to track in the literature appropriate arguments that apply to our precise
statements): however, when the proofs are long and technical we will move them to the
appendix.

After collecting some preliminary lower and upper bounds on the energy of minimizers
and on the length of K, we will use them to introduce a pivotal procedure in the regularity
theory, that of “blow-up”. This procedure will allow us to zoom around a point x € K and
extract meaningful limits (global minimizers) which in turn will give us a first rough picture
of the local behavior around the point x. The second part of the chapter is devoted to
important variational identities that can be derived by plugging suitable tests in (1.6.4). We
will review several consequences of these identities (the determination of the cracktip factor,
Léger’s magic formula, the David-Léger-Maddalena-Solimini identity, and the truncated
test identities). Finally, in the last section, we will introduce two important monotonicity
formulae due, respectively, to Bonnet, and to David and Léger. While the first has a
straightforward proof, which will be given in this chapter, the latter requires a more
involved argument, which will be detailed later in Chapter 4.

Although the concept of “generalized minimizer” for Ejy will be given in Definition 2.2.4,
some preliminary statements (which will be formulated earlier than Definition 2.2.4) hold
for generalized minimizers as well and we point this out when needed: the proof will either
become obvious once the concept is defined, or it is postponed to the appendix, where we
will treat all cases.

2.1. Preliminaries

In this section, we collect some preliminary considerations.

2.1.1. A maximum principle. We first give the following elementary maximum
principle (see Figure 1).

LEMMA 2.1.1. Let (u, K) be an absolute or restricted minimizer of Ex in Q, or a
generalized (resp. generalized restricted) minimizer of Ey (cf. Definition 2.2.4) and let V
be a connected component of U \ K for some open U CC ).

(a) If VN OU =0, then |[u| ey < ||glloc when A >0 and Vuly =0 when A = 0;

17
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Vnou

FIGURE 1. On the left case (a) and on the right case (b) of Lemma 2.1.1. In
these examples U is a disk.

(b) If V intersects OU, then if A >0

i inf inf <infu < <
min {n‘} g’VIFQBUu} <infu < sgpu < max {sgpg,vsrljlg)l]u} :
while if A =10

inf u<infu <supu < sup u.
vnou 14 1% VNauU

PROOF. Assume (a) is false. For A = 0 we could define K = K, 4 = u on 2\ V and
% =0 on V when (u, K) minimizes Ey: the pair (#, K) would then have a lower energy.
Similarly, when the pair minimizes E), with A positive, u is the absolute minimizer of
S (IVu]* + A(u — g)?) in V and hence its L norm is bounded by ||g]| by an obvious
truncation argument. As for (b), if A > 0 set

m = min {11‘}fg, ‘}rglanu} , M = max {sgp g, vsg@p(}u} )
If (b) were false, we could just define K = K, @ = u on Q\ V and @ = min{ M, max{m, u}}

on V: the pair (#, K) would contradict the minimality. Similarly, if A = 0 we conclude by
comparison with u = min{supy gy u, max{infynoy u, u}}. O

2.1.2. Lower and upper bounds. Next, we point out that it is rather trivial to come
up with upper bounds for the full energy in a disk B, () using a second simple comparison
argument.

LEMMA 2.1.2. Assume (u, K) is an absolute or restricted minimizer of Ey in Q C R?
or a generalized (resp generalized restricted) minimizer of Eo (cf. Definition 2.2.4). Let
B.(z) CC Q and in case (u, K) is a restricted minimizer assume in addition B,(x) VK # 0.
Then the estimate (1.4.1) holds.

PrROOF. Compare the energy of (u, K) to the competitor (v,J) defined by setting
J=0B,(x)U(K\B.(x)),v=0o0n B,(z) and v =u on Q\ (B,(z) UK). See Figure 2. [
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FIGURE 2. The competitor (v,J) in Lemma 2.1.2: we remove the dashed
part of the set K, we add the circle 0B, (z), we set v = 0 in the shaded disk
and we keep v = u outside of it.

A much more interesting and nontrivial fact is that it is possible to bound uniformly
from below on any disk which is centered at a point of K the ratio of the length of K and
the radius of the disk itself. This fundamental discovery, which is at the foundation of all
the regularity theory, is due to De Giorgi, Carriero and Leaci [22] (and an appropriate
generalization appropriately holds in any dimension). Since then different proofs have
appeared in the literature (see [12, 13, 14, 41, 23, 11]). However, the statement below,
which is valid across different formulations and for restricted minimizers independently of
the number of the connected components of K, seems to be new and we include its proof
in the appendix.

THEOREM 2.1.3. There exists a geometric constant € > 0 with the following property.

(a) If (u, K) is a (absolute, restricted, generalized, or generalized restricted) minimizer
of Ey on 2, then

H' (KN B,(x)) > ep Vo € K, Vp € (0,dist(z, 09)) . (2.1.1)
(b) If (u, K) is a (absolute or restricted) minimizer of Ey on ), then
HY(KNB,(2)) >ep  VzeK,Vpe (0,min{l,dist(z,00)}). (2.1.2)

We remark that the constant € in (2.1.2) depends in fact on A and ||¢||~, & dependence
that we can ignore thanks to (1.1.2). Note that the two bounds (1.4.1)-(2.1.1) (resp. (2.1.2))
taken together describe a property of K which is often termed Ahlfors-David reqularity in
the literature, namely the property that for some exponent a (in our case a = 1) and some
constant C' > 0, the closed set K satisfies

Clr* < HY(K N B,(x)) < Cr*® (2.1.3)
for all z € K and for all positive radii r < min{1, dist(z, 9Q)}.
2.1.3. Normalization and equivalence between classical and SBV formulations.

The density lower bound in Theorem 2.1.3 and Lemma 2.1.1, together with an elementary
fact about SBV functions observed by De Giorgi, Carriero and Leaci, gives the following
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corollary. We do not dwell here on the definition of BV and SBV functions and on the
definition of the set S, but we refer the reader to the textbook [5].

COROLLARY 2.1.4. Let (u, K) be a (absolute, restricted, generalized, or generalized
restricted) minimizer of Ex. Then uw € SBV(Q) with S, C K. If u is an absolute
minimizer, then we have in addition KAS, = 0.

Moreover, if HX(KNU) = 0 for some open domain U CC €, then u extends to a function
u e CLYNWEL(U) for every p < oo and every o € (0,1) which solves Au = \(u — g).

oc loc

A proof of the corollary is given in Section B.5 of the appendix, where the first part is
used to conclude easily the second. However, it is possible to give the following elementary
argument for the second part, without resorting to SBV functions. First of all, once we
show that u € W,2%(U), u is a local minimizer of [(|Vu[?+A(u—g)?) in U: u will then be a
weak solution of Au = A(u — g) and recalling that u is locally bounded, while g is bounded,
the regularity of u is a consequence of the Schauder and Calderon-Zygmund estimates for
the Laplace equation. Our goal is thus to prove that Vu is the weak derivative of u in U,
namely that

/udivX = —/X-Vu for every X € C°(U,R?).

Since K Nspt (X) is compact, set 7 := min{dist(y,0U) : y € K Nspt (X)} > 0. Fix now
any € > 0 and choose a covering B, (x;) of K Nspt (X) with z; € K, 2r; < 7 and Y, 1; < €.
By compactness we can assume that the cover is finite. For each ¢ we let ¢; be a smooth
cut-off function with 0 < ¢; < 1, ¢; =1 on R?\ By,.(z;) and ¢; = 0 on B, (z;). We also
require that |Ve;| < Cr; ', where the constant C' is just dimensional. We consider then
. := ;. Given that spt (Xt.) CC U\ K and that u € W,22(U \ K), we have

/wsX-Vu:—/uwsdiVX—/uvwg-X.
Observe that 1. converges monotonically to 1 almost everywhere in R? and thus we conclude

liﬁ)l/%(X-VU%—udiVX) :/(X-Vu—i—udiVX).

To prove our claim we therefore just need to show that [ «V.-X converges to 0. Recalling,
however, that v and X are both bounded on compact subsets of U and using the properties

of ¢. we conclude
’ / uVi. - X

for a constant C' which is independent of ¢.

<C Vo, | <C» r <Ce,
> Vil <CY

i v Bap,(x1)

REMARK 2.1.5. Corollary 2.1.4 implies that the function v and its gradient Vu are
pointwise defined on any open subset U in which H!'(K NU) = 0, since u is continuous and
continuously differentiable. This easily implies that any minimizer can be “reduced” in the
sense of Definition 1.2.3, as explained in the introduction. In the rest of these notes we
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will make a similar assumption whenever dealing with general critical points, i.e. we will
assume that they are reduced and that they belong to CL* N W2P(Q\ K).

loc

2.2. Blow-up of minimizers

In this section we assume that (u, K) is an absolute or a restricted minimizer of the
energy functional F)\ (and we recall that ¢ is bounded). Observe that (1.4.1) gives locally
an apriori estimate on the energy of u. Fix a point x € K and a sequence of radii r; | 0.
The bound suggests to consider the rescaled functions

K, ::{y—'x :yGK} (2.2.1)

Ty

_1

ui(y) =r; *u(r + 1) (2.2.2)
When A = 0 the pair (u;, K;) is then still a minimizer of the functional Ej if (u, K) is. In
case of A > 0, the density lower bound (cf. Theorem 2.1.3) ensures that

er < / IVl + H (K A B,(x))
By (x)
for every sufficiently small radius r, while the maximum principle gives
7 (u, B, (x),9) = /B . u— g* < An||gll} (5,7

in particular the fidelity term .% becomes negligible compared to Ey at small scales.

It would be desirable to use now the upper bound on E) in order to provide a suitable
compactness result. Note however that Ejy controls the values of the function only up to
an additive constant in each connected component of Q2 \ K, while when A > 0 the fidelity
term does not help because it is a lower order perturbation. Thus the space of rescalings
of minimizers is in general not (pre)compact in a classical sense: roughly speaking to find
a meaningful compactification we must allow the limits of the rescalings to take infinite
values, and in fact we need to distinguish between infinities of “different size”.

We next deal with a slightly more general situation in which we make the following
assumptions.

ASSUMPTION 2.2.1. We assume that
(i) A; is a sequence of numbers in [0, 1];
(ii) g; is a sequence of bounded functions with ||g;|oc < Mo;
(iii) (u?, K7) is a sequence of absolute or restricted minimizers of
EAj('» K Uj>gj) = Eo(-,, Uj) + )‘jga(" Ujvgj)
on a sequence of domains Uy;
(iv) limjteo Ajr; = 0 and lim sup; | [0 < 005
(v) a certain open domain U satisfies U" C UJTi_fJ for every U’ C U compact and for j
large enough (depending on U’).
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We define the rescaled sets and functions
Kj — l’j

"

j,1j
: u (ryy + x;)
U/](y) = u‘;j,’f‘j (y) = # °
"j
Up to subsequences (and using standard arguments) we can further assume the following.

(a) K;NU converges locally in the Hausdorff distance to a closed set K NU, namely, for
every open set W CC U and every ¢ > 0, the following holds for every sufficiently
large j:

— K;NW C{z:dist (z, K) <€},
— KNW C {z:dist (z, K;) < e}.

(b) We enumerate the connected components {2 }re.r of U\ K and for each we select

a point z; € . The real numbers

{u;(zk) — uj(z)}jen (2.2.3)
converge to some elements py,; of the extended real line [—o00, c0].
(¢) The functions

S A 1C)) (2.2.4)

converge locally in W,52(€)) to an harmonic function v* (this requires classical
estimates for solution of the Laplace equation, for the details we refer the reader

to the appendix).

k

We introduce further the function v on U \ K by setting v = v on each €.

When z; =z, 7r; 1 0, \; =\, v/ =u® and K7 = K| the above sequence will be called
a blow-up sequence. Observe in addition that, because of (i) and (ii), (iv) is always satisfied
for a blow-up sequence. It is elementary to see that Theorem 2.1.3 and Lemma 2.1.2 imply
that K has locally finite H! measure (cf. the proof in the appendix). The rectifiability of
K is instead more delicate. Leaving that aside for the moment, we introduce the following
terminology.

DEFINITION 2.2.2. The triple (v, K, {pr}) as above will be called a limit point of (an
appropriate subsequence of) (u;, K;) in the set U. In the case of a blow-up sequence, such
triple will be called a blow-up of (u°, K°) at x. A pair (w, J) will be called a “topological
competitor” for the pair (v, K) (cf. [15]) if it satisfies the following assumptions:

(i) (w,J) coincides with (v, K) outside of an open set O CC U;

(ii) if z,y € U\ (O U K) belong to distinct connected components of U \ K, then
they belong to distinct connected components of U \ J (see Figure 3 for a simple
illustration of the latter condition).

It turns out that this is indeed a good candidate for a suitable variational problem in
the limit. The proof of the following theorem will be given in the appendix for the reader’s
convenience.
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7 P

FIGURE 3. A visual explanation of the admissibility in point (ii) of Defini-
tion 2.2.2. The set K is given by the thick lines, while the open set O is
the interior of the circle. In O we are allowed to change K to a new set J
under the condition that any two points outside O which belong to distinct
components of U \ K will still belong to distinct connected components of
U\ J. For instance, we cannot remove from K any arc which lies between the
regions A and C, since such operation would “connect” the points p and q.
However we are allowed to remove from K an arc which lies between A and
B. The picture is also a good illustration of Lemma 2.2.6. As long as J N O
“separates” the four arcs which are the connected components of 00 \ K in
O, the pair (w, J) is certainly a topological competitor for (v, K).

THEOREM 2.2.3. Let (u;, K;) be a sequence as in Assumption 2.2.1 and let (v, K, {px})
be as in Definition 2.2.2. Then K is rectifiable and has locally finite H' measure, while
v e WU\ K) for every U' CC U. Moreover the following holds.

(i) For every O CC U such that H' (0O N K) = 0, we have
lim H'(K;NO) =H' (KNO)

J—00

lim |Vu,|? = / Vol?.
77 Jo\K; O\K

For every continuous compactly supported function ¢ : PR x U — R and for every
O bounded open set with H'(O N K) > 0 we have

im [ Q(TK; 2)dH (x) = / ST K, ) dH (). (2.2.5)
77 JK,;no KNO
(ii) In the case of absolute minimizers, if (w,J) is a topological competitor as in
Definition 2.2.2, then Eo(w,J) > Eo(v, K). In the case of restricted minimizers
the same holds if J does not increase the number of connected components of K.
(iii) Let o7 C .7 be a set of indices with the property that —oo < py < 0o for every
k,l € o/. Define
— ko := min <7 ;
- UQ{ = Uk@ka and ng = int(@);



24 2. DENSITY BOUNDS, COMPACTNESS, VARIATIONS, AND MONOTONICITY

— Uy = 0™ on Qi and uy = v + pr, on Qi for any k € o .
Then (uy, K) is an absolute (resp. restricted) minimizer of Eq on the set .

DEFINITION 2.2.4. A triple (v, K, {py}) on U as in the theorem above will be called a
“generalized minimizer” resp. “generalized restricted minimizer” if it is the limit of absolute
resp. restricted minimizers . If U = R?, then the triple will be called “global generalized
minimizer”, resp. “global generalized restricted minimizer”. Finally, an “elementary global
generalized minimizer” is a global generalized minimizer whose Dirichlet energy vanishes
identically on compact sets.

REMARK 2.2.5. It is worth emphasizing that the generalized minimizers as defined
above are not the same as the “topological minimizers” defined by David in [15]. The
energy of the latter can only be compared to that of topological competitors, while the
sense of point (iii) in Theorem 2.2.3 is that we have some more competitors which are not
topological: in particular if Q and €; are two connected components of R? \ K with the
property that py; € R sharing a common arc v C K, we are allowed to use a competitor
which removes a portion of 7y, thus connecting the two regions. We would not be allowed to
do this if instead py; € {—00,00}. In particular, the role of the constants py; is ultimately
to tell us whether across a particular interface dividing two connected components we have
an “infinite jump”.

In a variety of situations, it will be useful to have a quick way to identify whether a

competitor (w, J) satisfies the requirement (ii) of Definition 2.2.2. The following simple
remark will be widely used in that sense.

LEMMA 2.2.6. Let (v, K) and (w, J) be pairs in Q which coincide outside of an open
disk B.(z) CC Q. Let {vi}: be the connected components of 0B, (x) N K = 0B,(x) N J. If
no distinct pairs ; and vy; are contained in the closure of the same connected component of
B.(z)\ J, then the pair (w, J) is a topological competitor in the sense of Definition 2.2.2(1i).

The proof is left as a simple exercise to the reader, see again Figure 3.

2.3. Compactness for generalized minimizers

The theorem above can be extended to generalized minimizers of E, (absolute or
restricted). This remark will be especially used in “blow-down” procedures for global
generalized minimizers (u, K, {p;;}), i.e. any limit of a subsequence of the rescalings
(uo.r, Ko.r, {pi;}) as the radius diverges, where recall that Kop = % and uor(y) =

! R
R zu(Ry).
ASSUMPTION 2.3.1. We assume that

(i) U; is a sequence of monotonically increasing domains which converge to some
domain €2;
(ii) (uj, K;) is part of a triple (u;, Kj, {pki;};) of generalized (restricted) minimizers.

Up to subsequences we further assume the following.
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(a) K converges locally in the Hausdorff distance to a closed set K

(b) We enumerate the connected components {€}res of Q\ K, for each we select
a point xp € Q. For each fixed xy,x; will belong to appropriate connected
components €, ; of U; \ K, for j large enough and we will assume that

{uj(zr) — uj(i) — prajtjen (2.3.1)
converge to some elements py; of the extended real line;

(¢) The functions

o =y — () (2.3.2)

J
converge locally in W,L?(€) to an harmonic function v*.

k

We introduce further the function v on Q\ K by setting v = v* on each €.

THEOREM 2.3.2. Under the Assumption 2.3.1 all the conclusions of Theorem 2.2.3
apply to the triple (v, K,{pi}) and the corresponding sequence {(u;, K;)}.

2.4. Elementary global generalized minimizers

We next turn to the simplest type of global generalized minimizers, i.e. those for which
the Dirichlet energy vanishes identically.

THEOREM 2.4.1 (Classification of elementary global generalized minimizers). Let
(v, K, {pu}) be a global generalized minimizer of Ey and assume that [ |Vv|*> = 0. Then
(v, K, {pw}) is either

(a) A constant, namely K =0 and v is a constant.
(b) A global pure jump, namely
(bl) K is a straight line,
(b2) v is constant on each connected component Q; and Qy of R* \ K,
(b3) and |p1a| = oo.
(c) A global triple junction, namely:
(cl) K is the union of three half lines originating at a common point where they
form equal angles,
(c2) v is constant on each of the three connected components Qq,Qs and Qg of
R2\ K,
(¢3) and |p1a| = |p1s| = |pas| = oc.
For global generalized restricted minimizers such that K # (), then K is as in (b1) or as in
(c1). The conclusions (b2) and (c2) hold as well. The conclusions (b3) and (c¢3) do not
hold for all generalized restricted minimizers, but do hold for those satisfying the following
stronger variational property:
o Ey(v, K,U) < Eo(w, J,U) for any bounded open set U and any pair (w,J) such
that {v # w} CC U and for which J consists of at most two connected components.

Finally, if (v, K,{pw}) is a global generalized minimizer, then:

(i) If K is empty and (v, K, {pr}) is an absolute minimizer, then it is necessarily a
constant;
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(ii) If K is a straight line, then it is necessarily a pure jump;
(iii) If K is the union of three half lines originating at a common point, then it is
necessarily a triple junction.

ProoF. We focus on the case of generalized minimizers, leaving the analogous one of
generalized restricted minimizers to the reader.

We start off proving items (i)-(iii) in the second part of the statement.

Assume first K = (), then v is harmonic on R2. In view of the density upper bound (cf.
(1.4.1)) and the mean value property for harmonic functions we conclude that |Vv| = 0 on
R2.

If K is a line, without loss of generality, we may assume K = {x € R? : 2, = 0} and
set H* := {x € R*: a5 > 0}. Then v is harmonic on H* UH~ and 22 =0 on K. By
the Schwartz reflection principle, the even extensions vy of v|y+ across K are harmonic on
the whole of R? with

/ Vg |’ de = 2/ (Vv|?dx < 4rp.
B, H*NB,
Arguing as above, we infer that |Vo| =0 on H™ U H~, therefore v is locally constant on
R?*\ K. To conclude the proof of item (ii) we have to show that |ps| = co. Otherwise setting
o/ ={1,2} and w = u,/, we can apply Theorem 2.3.2 to the rescalings ug p(z) := R~ 2v(Rx)
and Ky z. Obviously they converge to (0, K,{0}) as R 1 oo, and so (@, K) = (0, K') would
have to be an absolute minimizer on any bounded open subset of R?. The latter assertion
is false, as we can remove any compact subset of K and extend the function @ to 0 on it.
In case (iii), R? \ K = Q; U Qy U Q3, each Q; being a convex cone with vertex p and
opening «; € (0,27). Recalling that Av =0 on €; and % =0 on 09; N K, we may expand
w; := v|g, in Fourier series. In particular, given a point = € ;, we set r = dist(z,p)
and we let ¥ € [0, ;] be the angle formed be the segment [p, z] and one of the two half-
lines delimiting €2; (the choice is not important). Hence, if we denote by a;; the Fourier
coefficients of v|gp,nq, in the angle ¥, we can write

s kx k
w;(r, ) = Z aivkrii COS <W19> ,
k=0 Qi

on ();, while we can compute

/ Ve = 3 ST g2 28 (2.4.1)
Q:NBr(p) - 2
Since 2km > 27 > «;, k > 1, we conclude that a;;, = 0 for all £ > 1 and ¢ € {1,2,3},
thanks again to inequality (1.4.1). Thus, v is locally constant on R?\ K. In turn, being v
a generalized global minimizer, K N By(p) is a set with minimal length connecting three
points on dB;(p), in particular the angles in p must be all equal to %71’.

Assume now p;; is finite for some ¢ # j. Let &/ = {4, j} and consider w = u, on Q, =
int(€2; U Q;). Without loss of generality we can assume that 0€2; N 0Q; = {xy = 0,27 > 0}.
We can then choose the points y;, := (k%,0) and the radii Ry := k and consider the pairs
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(wy, Ry, Ky, r,) on the domains B (0) obtained by rescaling and translating ;. We can
again apply Theorem 2.3.2 and we would conclude as above that (0, K) is a generalized
minimizer, which is a contradiction.

Finally, we prove the classification of generalized global minimizers with null gradient
energy as stated in (a)-(c). In this case K is a minimal Caccioppoli partition and then a

minimal connection of 9BrNK for all R (cf. [24, Lemma 12]). In particular, R w

is nondecreasing and % is converging to a minimal cone K, as R T co. Therefore, K, is
either a line or a propeller, the union of three half-lines meeting at a common point with
equal angles. In turn, this implies that H°(0Br N K) < 3 at least for some sequence of R’s
converging to infinity by the coarea formula [5, Theorem 2.93] (because R~'H'(BrNK) < 3
for every R > 0). In particular, either H°(0B, N K) = 3 for some p, and in this case
B,N K is a propeller, or H*(dB, N K) = 2 for some p and in this case B, N K is a segment.
Moreover, in the first case H*(0Br N K) = 3 for all R > p, and thus K is a propeller, while
in the second case H(OBr N K) = 2 for all R > p, and K is a line (cf. [24, Sections 2.3
and 3]).

We conclude the proof of (a)-(c) by appealing to the classification result contained in
(i)-(iii). O

A related classification result, expressed in terms of one-dimensional minimal sets in
R™, is contained in [16, Theorem 10.1].

2.5. Variational identities

As we have already remarked, restricted and absolute minimizers (u, K) of E\ are
critical points, namely they satisfy the identities (1.6.2) and (1.6.4). The same applies to
generalized minimizers of Ey. We can thus summarize our conclusions in the following
statement (for the proof see Appendix A).

PROPOSITION 2.5.1. Assume (u, K) is a (restricted or absolute) minimizer of E or a
generalized (restriced or absolute) minimizer of Ey. Then (u, K) is a critical point, namely
there exists suitable traces u™, u™, and g € L=®(Q, H' L K) such that the identities (1.6.2)
and (1.6.4) hold, with the properties that ||gx|lse < |9l and that u* are the classical
one-sided traces of K in the sense of Sobolev-space theory. If g is, in addition, C*, (1.6.4)
is indeed equivalent to (1.6.3).

A more explicit form of the Euler-Lagrange conditions can be devised in case K is a
smooth graph. To this aim we denote by v the counterclockwise rotation by 90 degrees of a
C° unit tangent vector e locally orienting K, while we denote by x the curvature of a local
compatible parametrization, namely

K=% v, (2.5.1)

for an arclength parametrization v such that 4 = e. Such classical definition of the curvature
k assumes in general C? regularity. We will use it under the assumption that K is O
the reader can check that local arc-length parametrizations belong to W2 and thus 4
is interpreted as an L* function of ¢. Under such assumptions the curvature x is then a
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T2

x

FIGURE 4. The tangent vector e(p) = 4(t) (for an-arc length parametrization)
and the normal vector v(p). The picture illustrates the convention for the
symbols + on traces of functions over ~.

bounded Borel function defined H!-a.e. on K. Finally, w" and w™ are the one-sided traces
of the relevant function w on K (following the obvious convention that w™ is the trace on
the side which v is pointing to, cf. Figure 4).

PROPOSITION 2.5.2. Let (u, K) be a critical point of Ey in U and assume that K N U
consists only of regular jump points (i.e. K NU is a C' submanifold'). Then

(a) u has CY* extensions on each side of K N A, for every a < 1,
(b) K N A is locally C™,
(c) the variational identities (1.6.2)-(1.6.4) are equivalent to the following three condi-

tions
Au= ANu— g) on Q\ K (2.5.2)
ou
e 0 on K (2.5.3)

k=—(Vur> —|Vu|?) = M|ut — gx|* — |u™ — gk|?) H! a.e. on K, (2.5.4)
where k is the curvature of K and gk is the function in Proposition 2.5.1.

The proof is given in the appendix for the reader’s convenience. Therefore, in view of
Remark 2.1.5 and item (a) above, in the rest of the notes we can simply assume that u is
continuously differentiable in Q2 \ K.

We record here an important elementary consequence of (1.6.2) which will be used
throughout the notes

COROLLARY 2.5.3. Assume (u, K) is a critical point of Ey in some domain 2 and fix
x € Q. For a.e. v € (0,dist(z,00)) the following holds. First of all we have

/ [Vul? + /\/(u —g)u= / ugu (2.5.5)
U U OB, (z)nU ON

for every connected component U of B,(x) \ K (where n is the unit normal to 0B, (x)).

In particular we are assuming that U N K does not contain any loose end of K.
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FIGURE 5. The arc v is the set UNOB,(x) and since its two endpoints belong
to the same connected component of K, both conclusions of Corollary 2.5.3
apply. On the left the case U C B,(x), on the right the case U C Q\ B,(x).

Moreover if A\ =0 and 7y is a connected component of OB, (x)\ K such that the endpoints
of v belong to the same connected component of K, then

ou_,, (2.5.6)

, on
(see Figure 5 for an illustration of the two conclusions).

Proor. Without loss of generality we assume z = 0. We will prove the claims for any
radius r with the following property. First of all define the domain

[A(::KU{yEQ:%EK}

and we require that it is a Lebesgue null set. This is certainly the case for all r such that
0B, N K is finite. Additionally we require that u|sp, nx € WH*(9B,(z) \ K) and that
1 2 2
lim / (IVule) = V()R + fu(z) - u(2)2) do = 0. (2.5.7)
510 0 /B, \(B,_sUR) " "
This is again a property which certainly holds for a.e. 7.
Let us first deal with the second statement and fix a corresponding . Then there is one
connected component U of 2\ (v U K) with the property that U CC Q and OU contains +.
There are now two possibilities, either U C B,(x), or U C Q\ B,(z). In the first we
case we define

1 for |z] <1—-0
Ys() =4 1—3(|zg| —=1+6) for1—6<|z| <1 (2.5.8)
0 otherwise,
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while in the second we define

0 for |z] <1
Ys(x) =14 5(lz]—1) for1<|z]<1+6
1 otherwise.

We then define the function x on Q \ (K U~) as constantly equal to 1 on U and constantly
equal to 0 otherwise, and we set ¢ = x1s5(:). We then test (1.6.2) with ¢ and let 0 | 0.
Using (2.5.7) we easily get (2.5.6) in the limit.

As for the first statement, we test (1.6.2) with xuis(:) and let § | 0, with 5 as in
(2.5.8). The proof is entirely analogous and we leave the details to the reader. O

2.5.1. Truncated tests. While obviously we cannot plug in (1.6.4) a test field which
is not compactly supported, a standard approximation argument allows to derive an
equivalent identity in that case too. This fact will play a pivotal role in the proof of several
theorems described in these notes: specific choices of the test field will in fact deliver some
remarkable identities. Analogous results can be inferred from (1.6.2), as done for instance
in Corollary 2.5.3. We do not work out the details since we do not need those results in

these notes.
PROPOSITION 2.5.4. Let (u, K) be a critical point of Ex in 2 and y € 2. For a.e.
r € (0,dist(y, 9Q)) the following identity holds for every n € C1(B,(y), R?)

/ (|Vu|2div77—2VuT~DnVu) +/ el - DnedH!
Br(y)\K

B, (y)NK

0
[ (v ogtve) ot e S )t
OB, ()\K g

n pEKNIB;(y)

+2)\/ (u—g)Vu-n+)\/ (|u+—gK|2— |u_—gK|2)77-Vd7-[1, (2.5.9)
Br(y)\K B (y)NK

where n(x) = w—uy is the exterior unit normal to the circle centered in y, e(p) is the tangent
1

unit vector to K at p such that e(p) - n(p) > 0, and v(p) = e(p)~—.

PRrROOF. We follow essentially the proof of [25]. In that reference we take advantage of
the regularity theory to avoid technicalities. In principle we could still consistently follow
the same approach: the regularity needed to carry over the proof of [25] relies only on case
(b) of Theorem 1.3.3, while Proposition 2.5.4 will be used only in the proof of the cases (a)
and (c). However, in order to keep our notes streamlined, we give here a proof which does
not rely on any regularity. Moreover, since the proof in the case of A > 0 is just a minor
adjustment, we will focus on the case of Ej.

Fix r > 0 and n € C>(92,R?) and without loss of generality assume y = 0. Consider 15
as in (2.5.8). We would like to plug ¢s(>)n in (1.6.4), however the latter is only Lipschitz
continuous. We therefore first plug in (1.6.4) a suitable smoothed version ¢5.(>)n, where
15 could for instance be the convolution of 15 with a standard smooth kernel .. We then
wish to pass to the limit as € | 0. Observe first of all that the first summand in both the
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left and the right hand sides of (1.6.4) would carry to the obvious limits, respectively. Next
recall that, by the coarea formula [5, Theorem 2.93], for H!-a.e. r the intersection of K
with 0B, is finite. In particular, for H'-a.e. ¢ the function (%) is differentiable H'-a.e.
on K and the second term on the left hand side of (1.6.4) would then make sense. It is
also a simple measure theoretic exercise to see that the identity (1.6.4) in fact holds under

that assumption. We then can explicitly compute

Us(2)(|Vul* divy — 2Vu” - DpVu) + / Vs(2)el - DnedH?

'
BA\K B,NK

1

ro Br\Br(1-5)

+ 2 Ys(7)(u—g)Vu -1+ A/ Us(2)(lut — gk * = [u™ — gk [*)n - v’

B\K B.NK

1
(Valo- & =20 V)V @)+ [ emtes gpan
KNB\By(1-6)

The terms on the left hand side in the equation above and the third and fourth integrals on
the right hand side converge as § | 0 to the obvious limits by dominated convergence. The
first term on the right hand side converge to the obvious limit for every r which satisfies
(2.5.7) as in the proof of Corollary 2.5.3. The remaining term on the right hand side can be
written in the following way using the coarea formula [5, Theorem 2.93]:

1 a
5 ( e(p) - n(p)> ds..
70 Jr(1-6) \ peKnaB,

We then observe that, by standard measure theory, for a.e. r the integral converges, as
d } 0, to the corresponding one in (2.5.9). We thus conclude that (2.5.9) holds for a.e. 7.
The argument above makes, however, the choice of the radii dependent on the fixed
smooth vector field 7. In order to gain a set of full measure for which (2.5.9) is valid for
every test n we use the following standard argument. We first select a countable family
{n;} € C>=(£2,R?) which is dense in the C' topology in the space C!(Q,R?). Hence we
observe that the above argument gives a set of full measure of radii r in (0, dist(y, 92)) for
which (2.5.9) is valid for every n;. Next we fix an r in this set and an n € C'(B,(y), R?).
We extend the latter to a vector field in C}(Q2,R?), hence select a sequence 7);, such that
1M, — nller — 0 and derive (2.5.9) as limit of the corresponding identities for 7;, . g

We collect next specific choices of the test field which will be crucial in several instances
(cf. Lemma 2.6.5, Proposition 2.6.2, Proposition 5.2.1, Proposition 5.4.4).

COROLLARY 2.5.5. Let (u, K), y, and r be a as in Proposition 2.5.4. If n € CY(B,,R?)
is conformal, then

ou

/ el - DnedH' = / <|VU|277 ‘n—2—Vu- 77) dH' + Z e(p) - n(p)
By ()nK OB, (y)\ I on

pEKNOB(y)

+2)\/ (u—g)Vu-TH—)\/ (]u*—gK|2— ]u’—gK|2)n-ud’H1. (2.5.10)
Br(y)\K Br(y)NK
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In particular, for every constant vector v € R?* we have

ou Ou
0:/ (Vu21)~n—2>d7-[1+ e(p) - v
OB, (y)\K Ve In v 2

pEKNIB,(y)

—1—2)\/ (u—g)Vu-v—i—)\/ (]u*—gK|2— ]u’—gK|2)u-ud’H1, (2.5.11)
Br(y)\K OB (y)NK

and if T(x) = (=9 then

lz—yl 7
oudu 4
0= —2/ MM ep) ~T(p)+2)\/ (W= g)Vu-7. (2512)
oB,(y\K On 0T peKMDB, (1) B (u)\K

PROOF. Recall that, if n € C1(B,,R?) is conformal, then Dn(x) = J(z)O(x), with
d(z) > 0 and O(z) € O(2) for all z € B,: in particular [£|?divy — 267 Dn¢ vanishes
identically for every vector £, leading immediately to formula (2.5.10). The identities in
(2.5.11) and (2.5.12) are then simple consequences of (2.5.10) after we choose n(z) = v and
n(z) = (x — y)*, respectively. O

2.5.2. The factor of the cracktip. Consider the pair (u, K) given by K = Rt and,
in polar coordinates, the function on R? \ K given by

w(6,r) = br2 cos g : (2.5.13)
It is straightforward to see that (u, K) is a critical point of Ey on any set Q = B, \ Bs for
positive r and § by taking advantage of Proposition 2.5.2 Note however that K is not any
more smooth at the tip: in a suitable variational sense the curvature of K is singular at
the origin. This singularity must be somewhat balanced by the variation of the Dirichlet
energy and, remarkably, one outcome is that the constant b is then determined up to sign.
Proposition 2.5.4 gives indeed a very short proof.

PROPOSITION 2.5.6. Assume K = R and u is given by (2.5.13). If (u, K) is a critical
point of Ey, then b? = %

PROOF. We use identity (2.5.11) in Corollary 2.5.5 on B,(x) = B;(0) with vector
v = (1,0). On the other hand, using polar coordinates, |Vu|*(#, 1) = %, while 1 - n = cos @

and hence (2.5.9) becomes
_ 2/ Ou Ou (2.5.14)
)

B0} On 0N
We then compute

ou b 0

ou b 0
(;:;(1,9) = cos 922(1,0) — sin 923(1,9) = Z <cos€cosg + sin # sin Z) . (2.5.17)
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So the right hand side of (2.5.14) equals

2m p2 0 0 0 p2 [ 041 ey
2/ — (0032 — cos f 4+ cos 3 sin 3 sin (9) df = 3 (COS Qcos + . sin ) ”
0

4 2 . 2 2
b2 2T b2
=7 i (1+cos®)db = %,
and inserting it in (2.5.14) we achieve b? = 2. O

We remark that [35, Proposition 2.1] provides a proof that (u, K), with u defined in
(2.5.13) and K = R™, is a critical point of Ey on R2.

2.5.3. Léger’s “magic formula”. A remarkable discovery of Léger in [32] is a closed

singular integral formula for
2
ou_ o
or 0Oy

when (u, K) is a global critical point of the Mumford-Shah functional. This formula will
not be used in our notes, but since it can be seen as a simple and direct consequence of the
inner variation identity, we include a very short proof in this section.

PROPOSITION 2.5.7. Assume (u, K) is a global generalized restricted minimizer. Then
the following formula holds for every (xo,v0) & K :

@—Z’@ 2 . :_i d'Hl(x,y)
(61; &y) ( 07y0) 27 /K ((x — CC’O) + i(y _ yo))g : (2518)

REMARK 2.5.8. Introducing the complex coordinate z = z + iy the formula (2.5.18) can

be elegantly rewritten as:
ou\’ 1 dH (w)
— =—— | ——%. 2.5.1
(&z) (20) 81 /K (w — zp)? (2:5.19)

REMARK 2.5.9. The assumptions on the global minimality of (u, K') can be considerably
relaxed. The proof only uses the facts that the pair (u, K) is a critical point and that the
growth estimate

H' (K N B,) +/ |Vul? < Cr (2.5.20)
B \K

holds for all sufficiently large disks.

PRroOOF. First of all, by translation invariance it suffices to prove the formula when
(x0,%0) = 0. Next observe that the real part of (2.5.18) reads

ou\’ ou\’ 1 y? — a2
— ) - = 0)=— | ——_dH", 2.5.21
{(83:) <3y> ] (0) 21 Ji (22 + y?)? ( )
while the imaginary part is in fact equivalent to (2.5.21) in the system of coordinates which
results from a 45 degrees counterclockwise rotation of the standard one. We focus therefore



34 2. DENSITY BOUNDS, COMPACTNESS, VARIATIONS, AND MONOTONICITY

on the proof of (2.5.21). Since (u, K) is a critical point of the Mumford-Shah functional
without fidelity term, the inner variations (1.6.3) reads

/ (2Vu” - DYVu — |Vu|*div ) :/ el - DypedH". (2.5.22)
R2\K K
We fix positive radii p < R and consider the vector field ¥ (z,y) = ¢(|(z,y)|)(x, —y) where
p2—R7? ift<p
p(t)=4 t72—R? itp<t<R
0 otherwise .

Strictly speaking the latter is not a valid test in (2.5.22) because it is not continuously
differentiable. However, if we assume that H!'(K N (0B, U dBg)) = 0, it is easily seen that
the right hand side (2.5.22) makes sense because 1 is H!'-a.e. differentiable on K, while
a standard regularization argument, analogous to the ones already used in the previous
sections, shows the validity of the formula. Next we compute Dt in the two relevant
domains where it does not vanish:

1 1 10
D¢:<p2—R2><O _1> on B,
1 /10 1 y? —a? 2y =
Dw__m(o —1>+(x2+y2)2<—2xy y* —a? on B\ By

Choose then p sufficiently small to have B, N K = () and obtain

2 8@&18“&/ Ou\"_ (du)”
p* Jp, \\Oz dy R? [p, \\ Oz dy

1 2 2 1 / ?/2 —a? 1

= e; —er)dH" + T dH .

R? KmBR( >~ ) knBgp (T2 +y?)?

Then, we first let R 1 oo and use (2.5.20) to obtain

3 / @ i _ % i — / M dH?!
p* Jp, \\ Oz dy) | Sk @+y?)?
and hence we let p | 0 and use the regularity of u at 0 to infer (2.5.21). U

2.6. Monotonicity formulae

An important role in our arguments will be played by three monotonicity statements,
valid for minimizers of F) (irrespectively whether they are absolute, restricetd, generalized,
or generalized restricted). The first statement was discovered by Bonnet in [9], while the
other two were discovered and proved by David and Léger in [17]. The first and the second
are considerably easier to prove and we will show them in this section.
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PROPOSITION 2.6.1. Assume (u, K) is a critical point of Ey. Fix x € Q and consider

D(z,r) 1

d(z,r) = 2ET) / V2. (2.6.1)
r " J B (2)\K

Then r s D(z,r) is an absolutely continuous function and Sd(z,r) > 0 for a.e. r €
(0, dist(x,002)) which satisfies the following property:

(i) The set K NOB,.(x) belongs to the same connected component of K.
Moreover, if (i) holds, d(z,r) is constant on the interval (0,79) and in addition (u, K) is a
restricted, an absolute, or a generalized minimizer, then either Vu = 0 L*-a.e. on B,,(x
or (u, K) is a cracktip with loose end located at x.

PROPOSITION 2.6.2. Let (u, K) be an absolute, restricted, generalized, or generalized
restricted minimizer of Ey in Q). Fix x € Q) and consider

2 1
F(x,r):= / IVul? + “H'(B,(z) N K) =: 2d(z,7) +
Br(z)\K r

Uz, T) '

’ (2.6.2)

r
Then r+— F(x,r) is a function of bounded variation. The singular part of its derivative is

a nonnegative measure, while there is a constant C' such that the absolutely continuous part
F'(r) satisfies

200\ D'
F'(z,r) > min (1, 3— a) (z,7)
7r

—CA (2.6.3)

”
at a.e. radius r € (0, dist(x, 08)) such that

(i) each connected component of B, (x)\ K has length less or equal to ar, with o < 3.
Moreover, if A\ =0, r — F(x,r) is constant on (0,79) and (i) holds for a.e. v € (0,rg), then
(u, K) coincides in B,,(z) with an elementary global minimizer as in Theorem 2.4.1(b) and
(c). In both cases necessarily x € K and in case (c) it must in fact be a triple junction.

The third is more laborious and will only be used in the second part of these notes. We
therefore postpone its proof to Section 4.4.

PROPOSITION 2.6.3. Let (u, K), Q, x, and F be as in Proposition 2.6.2 with A = 0.

Then F'(x,r) > 0 at a.e. point r such that

(i) N(r) :=4(K N0B,(x)) € {0} U[3,00)

(ii) or N(r) = 2 and the two points of K N 0B,(x) belong to the same connected

component of K.

Moreover, if r — F(x,r) is constant on (0,79) and (i) or (ii) hold for a.e. r € (0,79), then
(u, K) coincides in By,(x) with an elementary global minimizer as in Theorem 2.4.1(a),
(b), or (c). In both cases (b) and (c) necessarily x € K and in case (c) it must in fact be a
triple junction.

REMARK 2.6.4. While it is plausible that (ii) in Proposition 2.6.3 could be weakened to

the single assumption N(r) = 2, the monotonicity of F' is certainly false when N(r) = 1.

We indeed show here that it fails for any functional of type F.(x,r) := cd(z,r) + Yor)

T
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Consider the cracktip pair (u, K) of Definition 1.4.2 and change it to the pair (u,, K,)
where K, = K + (a,0) and u,(x1, z2) = u(r; — a,z3). We then introduce the function

HY(K,N B,)
T

fla,r) = F.((—a,0),r) = ¢ |Vu,|?* + =: D(a,r)+ L(a,r)

T’BT

and we study it on the domain A := {|a| < §,|r — 1] < 3}. First of all observe that
L(a,r) = =% and it is thus a smooth function on A. Next we integrate by parts and write

c ou
D(a,r) = / Ug—— .
T JoB,\(1,0) on

The latter formula shows immediately that D is smooth as well on A. Next observe that

|Vu,|*(x) = m and in particular by symmetry we conclude D(a, r) = D(—a, r). We
thus infer g L0, ) = 0. On the other hand we can explicitly compute 22 = 4 and thus
we get dadT(O r) = <. Since it is obvious that 8—£(0, r) =0, there is § > 0 such that

of

or
This shows that the function r — F.((—a,0),7) is certainly not monotone for a < 0
sufficiently small. In fact a simple scaling argument shows that the monotonicity fails on
some interval for every a negative.

(a,7) <0  Vre[3,2],Vae[-40).
r)

2.6.1. The David-Léger-Maddalena-Solimini identity. A first important ingre-
dient in the proofs of both Proposition 2.6.2 and 2.6.3 is given by an interesting identity
discovered independently by David and Léger in [17] and Maddalena and Solimini in [37]
for critical points of Ejy. In the following we state its version for critical points of E)

LEMMA 2.6.5. Let F' be as in Proposition 2.6.2. If (u, K) is an absolute, restricted,
generalized, or a generalized restricted minimizer of Ey in ), then for every y € § and for
a.e. m € (0,dist(y,00Q)) we have

ou\’ ou\®  H KN B, (y
/ (an) -/ <a> SIS )
OB (y)\K IBr(y)\K pEOB(y)NK

2\ A _
s 2 gV e [ (gl o= ) ) v
T JBr(y\K " JBr(y)nK
(2.6.4)

where the vectors n and e are as in Proposition 2.5.4, in particular n(p) - e(p) > 0 for all
p € 0B, (y) N K, and 7(p) = n*(p).

PROOF. Test with n(x) = ¥ the equation (2.5.9). O

2.6.2. Elementary estimate on harmonic extensions. A second important ingre-
dient is an elementary estimate on harmonic extensions.

LEMMA 2.6.6. Let U C B,(x) be an open set such that
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e 0B.(x)NOU is a connected arc y;
e U 1is contained in a circular sector of angle a < 2.

Then for every g € WY2(y) there is an harmonic extension v € WH(U) such that

[ [(52) 265

PROOF. Since the statement is invariant under rotations, translations, and dilations,
without loss of generality we assume x = 0, r = 1, and, using polar coordinates (6, p),
UcV:i={p<1,0<6<a}. Observethat y={p=1,a <0 <b} with0<a<b<a.
Extend now g to {p = 1,0 < § < a} by setting it to be constant on the arcs {p = 1,0 <
0 < a}and {p =1,b <60 < a}: recalling that ¢ is continuous by Morrey’s embedding,
it is obvious that the latter extension can be achieved in W2, It then suffices to find a
W12 extension to the whole sector V which enjoys the desired bound. In other words, we
can assume without loss of generality that U is itself the sector V :={p < 1,0 < 0 < a}.
Consider now g as a function on the interval [0, ] and extend it to an even W2 function
on [—a, a|, which can be thought as a periodic function on R with period 2«. In particular
we can write its Fourier series as

q(0) —a0+2akcosk 0.

k>1

We then consider the harmonic extension

v(0,p) = ap + > arp"™* coslc 0

k>1

and standard computations yield

9 km o2 7r / ag\’
/VW”' =2 2 ar -

2.6.3. Proof of Proposition 2.6.2. We assume without loss of generality that x = 0,
thus we drop the dependence on the base point in all the relevant quantities, i.e. for instance
D(r) = [p\x |Vul*> and £(r) = H'(B, N K). Observe that r — D(r) is an absolutely

continuous function with

ou\’ ou\’
D’(r):/ |Vu|2:/ () +/ () : (2.6.6)
OB \K OB \K on OB \K or

r — £(r) is a monotone nondecreasing function, and hence a function of bounded variation.
Moreover, the absolutely continuous part of is derivative equals, by the coarea formula [5,
Theorem 2.93],

T p—

pEOB,NK W (2'6'7)
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(where we follow the notation of Proposition 2.5.4). The first claim of the proposition is
thus obvious, while for a.e. r we have

1
2 1/ 2
rF(r)——Qr/ \Vu|*+r g _—
OB \K pedB,NK e(p) - n(p)

We first prove the conclusion for A = 0. Using (2.6.4) we get

2 2
r2F'(r) :3r/ ((9@4) —i—r/ (314)
OB \K or OB \K on

1
b 3 () ) ) - 200) + )

pEOB,NK

ou\> <8u>2
>3r = +7“/ — | +2rN(r) —2Ey(u, K, B,), 2.6.9
A&w(&) e (1) 2B K. B),  (269)

where N(r) := (K N9IB,). Consider next a competitor (w,J) for (u, K) in the following
fashion:
o (w,J) = (u, K) outside B,;
e J N B, consists of N(r) straight segments joining each point of 9B, N K with the
origin;
e on each connected component of B, \ J, which according to assumption (i) is a
circular sector with angle o < 37”, we let w be the extension of the trace of u on
the corresponding circular arc given by Lemma 2.6.6.

—2D(r) — U(r) . (2.6.8)

Observe that J does not increase the number of connected components and that we can
apply Lemma 2.2.6. In particular (w,.J) is a topological competitor for restricted and
generalized restricted minimizers as well. We can use estimate (2.6.5) in Lemma 2.6.6 to
infer

2
Eo(u, K, B,) <Eo(w, J, B,) :/ IVwl? + rN(r) < O‘r/ (au> +rN(r).
B\J T JoB\K or

Combined with (2.6.9) we then conclude

9 2 2
prio=- 2y, (&) +of ()
™ OB, \K or OB \K on

In particular, we deduce from (2.6.6) that

F'(r) > min (1, 3 - QQ) D/(T).

™ T

Finally, if F' is constant on (0,79) and (i) holds for a.e. r € (0,7y), we would necessarily
conclude from the last but one inequality that, for a.e. r € (0,7),

Lo (@) =0
OB \K on .
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Equality (2.5.5) easily implies that u must be locally constant on B,, \ K, and thus K in
JB, is a minimizing network. More precisely, if 7 is a radius such that N(r) < oo, K N B,
consists of finitely many connected components K, ..., K; and each Kj is a connected set
which minimizes the length among all closed connected sets K c B, with K NOB, = K;NB,.
In particular we conclude that K; N B, is either a single segment or it consists of a network
of a finite number of segments joining at triple junction.

Observe next that from (2.6.9), being u locally constant on B,, \ K, the constancy of F
implies

1
W)= 3 () o)

for a.e. 7 € (0,ry). For every such r we must then have e(p) = n(p) for every p € K N 9B,.
In particular we conclude that K N B, is a cone centered at the origin. But then it is either
a straight segment or it is a collection of three radii meeting at the origin, or it is the empty
set. The latter is excluded by assumption (i).

We now come to the monotonicity statement for A > 0. We plug (2.6.4) in (2.6.8) to
infer the following inequality from Cauchy-Schwartz and the energy upper bound in (1.4.1):

2 2
r?F'(r) :37’/ (8u> —i—'r’/ <8u>
OB \K or OB \K on

1
b S () ) ) - 2D0) + €0)

pEOBrNK

+2A/ <u—g>w-y+A/ (fu = gxl* = Ju™ = gx*)y - var!
B \K B-NK

2 2
237“/ <6u> +7“/ <8u) +2rN(r) — 2Ex(u, K, B,) — C\r?,
ok \OT oB,\K \ON
(2.6.10)

where C depends on ||g]|c thanks to Lemma 2.1.1. We use the competitor (w, J) defined
above to get

EA(U’ K7 BT) SE)\(UJ, J: Br) = /
B\J

8 2
< ar/ <“> FrN(r) + dm\||g|2 2
™ Jopax \OT

(note that w consists of harmonic extensions in B, \ J and since the trace of w on 0B, is
bounded by |||, We see immediately that ||w]|e < [|g]|lco). The latter estimate combined
with (2.6.10) gives

2 2
r?F'(r) > (3 — m)r/ (8u> + r/ <0u> — C\r?,
@ OB \K or OB \K on

and (2.6.3) follows at once.

Yl + rN(r) + A / (w— g)?
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2.6.4. Proof of Proposition 2.6.1. First of all we start by assuming, without loss of
generality, that Vu does not vanish identically.

We follow the same approach of the previous section and will just carry on our compu-
tations assuming that we have selected a good radius. We thus have

d d D(r) 1 D
4y = 400 _ / w2 - 20 (2.6.11)
OBr(x)\K

dr() dr r r

Observe that we are in a position to apply both statements in Corollary 2.5.3. In particular,
if we let ¢; be the average of u on any connected component ~; of 0B, (x) \ K we can write

o o ok () ((3))
L) L))
ﬂf<w< ) (o)) =L () 52)

:r/ |Vul?, (2.6.12)
OB \K

where he have used that the sharp constant in the 1-dimensional Poincaré-Wirtinger
inequality on an interval of length L is %

IN

Next notice that, if @ is constant on (0,79) then the equality holds for a.e. r € (0,7¢)
in all the inequalities above. First of all observe that, if 0B, N K consists of more than one
point, then all the connected components of 9B, \ K have length strictly less than 2. This
would give a strict inequality sign at the beginning of the third line, unless one of the two
functions 2 o and v vanish identically on 0B, \ K. If however only one of them vanishes
identically on 0B, \ K, then the second inequality in the third line is strict. So they would
have to vanish both identically on 0B, \ K. Then necessarily from (2.6.11) we would get

D(r) = r/ |Vul? =0
OB \K

So, if there is a set of radii of positive measure such that 0B, N K consists of more than
one point, then Vu vanishes identically on B, for any such radius r.

Observe that the same argument implies that there cannot be a set of radii of positive
measure for which 0B, N K is empty, because the constant in the sharp Poincaré-Wirtinger
inequality on the unit circle equals the constant of the sharp Poincaré-Wirtinger inequality
on an interval of length 27, and we know that on the interval [0, 27| the latter is achieved
by the functions of type

0
a + bcos 3 (2.6.13)

where a and b are constants.
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In particular, we conclude that there exists a subset R of (0, ) of full measure, functions
a,b: R — R, and a function ¢ : R — S! with the following properties
(a) KN9oB, ={(rcosc(r),rsinc(r))} =: {p(r)} for all r € R;
(b) w(#,7) = a(r) + b(r) cos (9_70(7")) in polar coordinates?;
(c) b never vanishes on R.
Note in particular that K N 0B, consists of exactly one point for a.e. r. Fix next r € R

and next define the function

(6. p) = a(r) + b(r) () cos L=

and let K be the segment with endpoints the origin and p(r).
This is obviously a competitor for (u, K). Moreover, a direct computation gives
immediately

) aa 2 au 2 2
|Vul|* = 2r — | =2r — | = |Vul|*,
BA\K OB \K or OB \K or BA\K

where in the last equality we use the optimality conditions which can be derived from
the constancy of @ (cf. (2.6.12)). So, by minimality of (u, K), H'(K) < H!(K). In
particular, since we already know that H!'(K N B,) > r we actually conclude

HY(KNB,)=r. (2.6.14)

This holds for a.e. r and thus implies that the approximate tangent to the rectifiable set
K must in fact be orthogonal to the circle 0B, at the point (r cosc(r), rsinc(r)) for a.e.
r € (0,79). It also implies that, if we define

R:={(rcosc(r),rsine(r)) : r € R},

then H'(K \ R) = 0. On the other hand, by the density lower bound, this also means that
R is dense in K.

Consider again a radius r € R and, after applying a rotation, assume without loss of
generality that c(r) = 7. Notice that, since K is closed, there is a positive § with the property
that, if p € (r — 4,7+ 0), the open set U := {(pcos ¢, psing) :r—0 < p <r+6,0< ¢ < 7}
does not intersect K. We use the addition formula for the cosine to write

w(@,r) = a(r) + b(r) cos olr) cos o + b(r) sin olr) sin 0
2 2 2 2
on the set U. Note that u is smooth over U and in particular the map

r— u(f,r)

must be smooth on the interval I = (r—§,r+0) for every fixed 6 € (%T’T, 7). This immediately
implies that the three functions a, bcos 5 and bsin § have smooth extensions from R N I
to I, because varying 6 it is easy to find three linearly independent linear combinations of

In the latter formula we understand that the angle of the polar coordinates is taken to vary in
[c(r), e(r) 4+ 27, so that the 8 — wu(f,r) has at most a jump discontinuity at § = ¢(r) and is smooth
everywhere else.
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these functions which are smooth. Using that cos® 4+ sin? = 1, we then conclude that also b?
has a smooth extension to I. Now, if such smooth extension were to vanish at some point
p, we then would have that the trace of u is constant on 9B,. But this would immediately
imply the constancy of the function w in B, and then, as already argued, that Vu = 0 on
B,,.
Being that b* has a smooth extension which is bounded away from zero, b itself has a
smooth extension if it does not change sign over I. Now, again because K is closed, for
any fixed 0 we can assume that c(p) € (5 — 0,5 +6) for all p € I, so that in particular
cos 5 is positive and bounded away from zero on I. But then the existence of a smooth
extension of bcos 5 over I would preclude b from changing sign. We thus conclude that b
has a smooth extension. Moreover, over the interval (5 — 6, 5 4 d) the function cos ; has a
smooth inverse, which allows us to conclude that ¢ has a smooth extension to I as well.
Therefore, we conclude that K is a smooth curve in B, 5\ B,_s. But from the discussion
above we also know that K intersects 0B, transversally for a.e. p € (r —d,r + ). This
means that K is a straight segment, or in other words ¢ is constant. We can now integrate
by parts to conclude that

d 1 1 0
— u_O’

/ o —_ R —
@(r) = dr 2mr aBTu 21r Jop, On

so that a is constant over I. Moreover we can use the fact that

1 s ou\’
= [ (a)

is constant in r to conclude that b(r) = Sr'/? for some nonzero 3.

Summarizing, for every r € R we have concluded that there is an interval I containing
it over which a and ¢ are constant and b takes the form 5r'/? for some constant 3. Without
loss of generality assume a = ¢ = (0. Let I be a maximal such interval, which we denote by
(s,t), and assume that s > 0. Then the trace of u on dB; on the exterior of the disk B is
of the form Bs'/2 cos g. We now claim that K N dB, must consist of the single point (s, 0)
(in cartesian coordinates). Indeed, if K N 0By contains some other point, then there is a
sequence of radii {ry} C R with r, — s and ¢(rx) — ¢ # 0, because we know that R is
dense in K. But then it would follow from our formulas that u|s B,, converges to a function
of the form o’ + V' cos 9%, which disagrees with 5s'/2 Cosg on the whole circle 0B, minus a
discrete set of points. This would only be possible if 0B, C K, which however is excluded
from the fact that H'(K \ R) = 0.

Now, if K N 0By consists only of the point (s,0), then it turns out that w is smooth in
a neighborhood of 0B, \ K. We already know that the trace from the exterior of the disk
B, must be 352 cos g, in particular we can conclude that s € R. But then we can iterate
the argument above and show that in fact there is an interval (s — d, s + ) over which a
and ¢ are constant and b takes the form Bs'/2. This then shows that the same is true on
the interval (s — 0,t), thereby contradicting the maximality of (s, ).



2.6. MONOTONICITY FORMULAE 43

The conclusion is that in fact s must be 0. Likewise, an entirely analogous argument
shows ¢t = ry. We thus have conclude that over B,, the discontinuity set K is a radius and
u is given by the formula of the statement of the proposition.






CHAPTER 3

Pure jumps and triple junctions

This chapter is devoted to proving the cases (b) and (c) of Theorem 1.3.3.

We first state, in Section 3.1 the two key e-regularity theorems proved by David
in his pioneering work [14] (see also [15]). The only difference with the statements in
Theorem 1.3.3 is that we will make the additional assumption that the Dirichlet energy is
also small, while the statements in Theorem 1.3.3 assume only the smallness of the Hausdorff
distance to the model cases. We will show that it is rather straightforward to remove the
smallness of the Dirichlet energy with a “blow-up” argument, thanks to Theorem 2.4.1.

The sections 3.2, 3.3, 3.4, and 3.5 are then devoted to prove the e-regularity at pure
jumps, essentially following the approach by [3] (see also [5, Chapter 8]). More precisely, the
argument is based on a suitable decay lemma which is very close to the pioneering lemma, of
De Giorgi in the regularity theory of area-minimizing hypersurfaces, but it is conceptually
more complicated because we will need to juggle two quantities. One, cf. (3.2.2), measures,
in a scaling-invariant fashion, the L?-closeness of the jump set K to a flat line in a disk of
radius . The other, cf. (3.2.1), is the natural scaling-invariant Dirichlet energy in a disk
of radius r. The decaying quantity is the maximum of the two, c¢f. Proposition 3.2.1 (in
reality, the actual decaying quantity, defined in (3.2.3), takes also into account the fidelity
term when A > 0). The key strategy is to then split the decay in two cases: the flatness
of K decays if it is at least comparable to the Dirichlet energy and likewise the Dirichlet
energy decays if it is at least comparable to the flatness of K, ¢f. Lemmas 3.2.2 and 3.2.3.

A pivotal technical tool to prove the decay Lemmas is Proposition 3.3.1 which shows
how, when the Dirichlet energy and the flatness are both small, the set K coincides, up to
a small error, with the graph of a Lipschitz function. Section 3.4 will exploit the Lipschitz
approximation to prove the decay lemmas. When the flatness is comparable to the Dirichlet
energy, the Lipschitz approximation will be shown to be very close to an affine map. This is a
manifestation that K is close to minimize the length: it corresponds to the one-dimensional
case of De Giorgi’s harmonic approximation in the case of area-minimizing hypersurfaces.
When the Dirichlet energy is comparable to the flatness, we will instead show that u is
close to an harmonic function on a half disk, satisfying a Neumann boundary condition on
the flat part of boundary. This is a manifestation of the fact that u minimizes the Dirichlet
energy and satisfies a Neumann boundary condition at K. An important part of the proof
is to estimates the size of the “possible holes of K.”

The final sections 3.6 and 3.7 are devoted to prove e-regularity at triple junctions by
taking advantage of the case of jump points and of the monotonicity formula contained
in Proposition 2.6.2. This argument is new and quite different to David’s original one.
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Section 3.6 uses a “blow-down” argument and leverages to e-regularity theorem for pure
jumps to show that, once the set K is sufficiently close to a triple junction in some disk
Bs,.(xg), then it stays close to a triple junction in every smaller disk centered at some point
y not too far from x. In particular the argument implies that in B,(y) the set K is the
union of three arcs joining at y (but it does not imply that each arc is regular up to and
including the extremum y). In Section 3.7 the regularity up to y we will then be concluding
thanks to the monotonicity formula of Proposition 2.6.2

3.1. Epsilon-regularity statements

We start off by stating the case in which K is close in Hausdorff distance to a line. First,
we introduce some useful notation. We let:

e Ry be the counterclockwise rotation of angle 6 € [0, 27] in R2.

e 7, be the infinite line {(¢,0) : t € R}.
Hence we combine in a single quantity the measure of the Hausdorff distance, disty, of K
from a diameter and of the smallness of the Dirichlet energy

Q0 z,7) :=rdisty (K N By (2), (x + Re(¥)) N Bop(x)) + 7171 / |Vul?. (3.1.1)
Bor(z)\K
Moreover, we will use the notation gr (f) for the graph of a given function f. Finally, to
make our statements less cumbersome, we agree to use “minimizer” whenever the statement
holds for absolute, restricted, generalized, and generalized restricted minimizers (i.e. for all
type of minimizers considered in these notes).

THEOREM 3.1.1. There are constants €, ., C' > 0 with the following property. Assume

(i) (u, K) is a minimizer of Ex on Bay,.(x) with r < 1;
(ii) There is 0 € [0, 27| such that

V0, ,r) + N|g|]r? <e.

Then K N B,.(x) is the graph of a CY* function f. More precisely there is f : [—r,r] — R
such that K N B,(xz) = (z + Ry(gr (f))) N B.(x) and

1fllo +7lLf o + 7 [f o < Cr(Q7(6,2,7) + Mlgl%r?) - (3.1.2)

The proof we will give shows that a weaker assumption suffices for Theorem 3.1.1.
Indeed, the Hausdorff distance in the definition of 7 can be substituted by an L?, one-sided
analogue (cf. the definition of the mean flatness 5 in (3.2.2) afterwards).

A higher dimensional version of the previous result has been established contemporarily
and independently by Ambrosio, Fusco and Pallara [6, 3] (see also [5, Chapter 8]). The
proof we provide is inspired by that in [5, Chapter 8], despite the several shortcuts we can
take due to the 2d setting.

Next, we state the case in which K is close to a propeller. To that end we introduce
further the notation

e ¥, for the halfline {(¢,0) : t > 0};
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e 7, for the global triple junction

To = 5" UR2 (") URa= (%) (3.1.3)
e QY(0,x,r) for the analog of Q7 (0, z,r):
OO, z,7) == r disty (K N By (), (z + Re(To)) N Boy(2)) + 77" / |Vul?. (3.1.4)
Bor(z)\K

THEOREM 3.1.2. There are constants €, a, C' > 0 with the following property. Assume:

(i) (u, K) is a minimizer of Ey in Bo.(x) with r < 1;
(i) There is 6 € [0, 27| such that

QLG z,7) + Allgl’r® <e.
Then there is a CY* diffeomorphism ® : B, — B,(x) such that K N B,.(x) = ®(ToN B,) and
©(0) — | + 7 (JID® — Ryllo + [ DB — R_g]o)
+ 714 ([DO]y + [DD7]) < Cr(Q1(0,2,7) + )\||g|\c2>or%>% . (3.1.5)

In 3d Lemenant [33] has proven an analogous statement provided that K in Bs,.(x) is
close either to the union of three half-planes meeting along their edges by 120 degree angles
(a Y-cone), or to a cone over the union of the edges of a regular tetrahedron (a T-cone).

We finally record an interesting corollary, which implies that, under the assumptions
(i)-(ii) above, if A = 0, then the three arcs forming K are in fact C* up to the triple junction
and their respective curvatures vanish there.

COROLLARY 3.1.3. Let (u, K) be a minimizer of Ey satisfying the assumptions of
Theorem 3.1.2. Then the three arcs forming K N B.(z) are C* up to the junction point
T = ®(0) included and moreover k;(Z) =0 for every i € {1,2,3}.

3.1.1. Useful corollaries of the epsilon-regularity at pure jumps and triple
junctions. We observe here that, as it is standard for e-regularity statements as Theo-
rem 3.1.1 in geometric analysis, we can infer from these theorems a number of consequences
which will be useful in the sequel, namely:

e an improved convergence result of the jump sets when the limit is itself smooth;
e a partial regularity result, which will be extensively used in the rest of the notes;
e a rigidity at “infinity” of certain global minimizers.

We start with the improved convergence.

COROLLARY 3.1.4. Let V CC U be two open planar domains and let:

(a) K C U be a set which is the union of finitely many nonintersecting C* arcs (with
endpoints in OU ) and finitely many C' simple closed curves, all pairwise disjoint;

(b) u : U\ K — R be a C' function with the property that, for every connected
component A of U\ K, ul4 has a C' extension to A.
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Then, for every 6 > 0 there is a e(u, K,V,U,0) > 0 with the following property. If (v, J) is
a minimizer of Ey and

distH(JmU,KmU)+/ |Vv — Vul? + Adiam (U)||g||2, < e, (3.1.6)
U\(JUK)

then JNV is C1 close to K NV, where « is the constant of Theorem 3.1.1.

The proof follows from a simple application of Theorem 1.3.3 (and Theorem 1.4.1) for
the case of a pure jump and a standard covering argument. An analogous statement, which
we leave to the reader, holds if K is allowed to have a finite number of triple junctions.

We next state the partial regularity result.

COROLLARY 3.1.5. Assume (u, K) is a minimizer of Ey in some open domain U. Then
the subset of K of pure jump points is relatively open and has full H' measure.

PRrOOF. The openness follows immediately from Corollary 3.1.4. Observe moreover
that, since K is rectifiable, at H!-a.e. point p € K the sets

K—p
.

Ky, =
converge to the approximate tangent line £, to K at p. Although such convergence is just
in a measure theoretic sense, the compactness Theorem 2.2.3 upgrades it to local Hausdorff
convergence. By the case (b) of Theorem 1.3.3 every such p is a pure jump point and a
point of regularity for K. O

Actually, it was established by David [14] (see also [15, Theorem 51.20]) that the
Hausdorff dimension of the complement in K of pure jump points is strictly less than 1.
We will give a different proof of this fact in Corollary 6.1.4 as a consequence of a higher
integrability result for the gradient.

We close this section with the following rigidity theorem.

COROLLARY 3.1.6. Assume that (u, K,{pu}) is a global generalized (or generalized
restricted) minimizer and that, for some sequence of radii r; T oo, a subsequence of
rescalings Ko, converge to a pure jump or to a triple junction. Then (u, K) itself is,
respectively, a pure jump or a triple junction.

PROOF. By the e-regularity theory, we conclude that in each disk B, with r; sufficiently
large, K N B,, is diffeomorphic either to a straight line or to a triple junction, and in the
latter case the point of junction must be contained in B, /. It is then simple to see that
K is connected. In particular, by the Bonnet’s monotonicity formula Proposition 2.6.1,
% i) B, |Vu|? is monotone nondecreasing in r. Since the limit of % [ B.. |Vu|? is 0, we conclude

J

that Vu vanishes identically. But then by Theorem 2.4.1, (u, K) itself is either a pure jump
or a triple junction. O
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3.2. Regularity at pure jumps: preliminaries

The proof of Theorem 3.1.1 is based on a suitable decay proposition for which we need
some notation and terminology. Let

L:={¥ |7 CR?is a linear 1-dimensional subspace};
A::{z+”f/|z€R2 and”//eﬁ}.

Let (u, K') be an admissible pair in B;. For all € By and 0 < r < 1 — |z| recall that

1
d(z,r) = 2&7) _ / Vul?, (3.2.1)
" " J By (2)\K
and define

. 2 1
Blx,r) = glin/ dist (‘g’ V) a1 W) (3.2.2)

cA Br(x)ﬂK T T
m(x,r) = max{d(z, ), B(z,7), Mgl %7 }. (3.2.3)

In what follows in case x = 0 we shall drop the dependence on the base point from
the notation introduced above. Observe that the following crude estimates are a simple
consequence of our definitions:

Bz, mr) < 77%B(x,7) (3.2.4)
d(x,7r) < 77 d(z, 7). (3.2.5)

The starting point to prove e-regularity for K is the decay of the energy under a smallness
condition at a certain radius.

PROPOSITION 3.2.1. There are geometric constants e, 7 > 0 such that, if (u, K) is a
minimizer of E\ on By and 0 € K, then

m(r) <e=m(rr) < T%m(r) : (3.2.6)
The proof is based on two lemmas.

LEMMA 3.2.2. There exists 71 € (0,1) such that for any 7 < 7 and for any d > 0 we
can choose m; = m1(0,7) > 0 with the following property. If (u, K) is a minimizer of E\ on
By and 0 € K, then for all r € (0,1) such that

Smax{d(r), Mgllir=} < B(r) < m,
we have

B(rr) < 15(r). (3.2.7)

LEMMA 3.2.3. There exists 5 € (0,1) such that for any T < 75 and for any 0 >0 we
can choose my = n2(0,7) > 0 with the following property. If (u, K) is a minimizer of E\ on
By and 0 € K, then for all r € (0,1) such that

Smax{(r), M|g|%r2} < d(r) < s,



50 3. PURE JUMPS AND TRIPLE JUNCTIONS

we have

d(rr) < 72d(r). (3.2.8)

Before coming to the proofs of the two Lemmas we show how the decay proposition can
be easily concluded from them.

PROOF OF PROPOSITION 3.2.1. First of all fix 7 = min{7, 2}, denote by § a positive
parameter smaller than 1 to be chosen later in terms of 7 and let € = min{n, (7, d), n2(7,6)}.
We next claim that, for an appropriate choice of § € (0, 1), the conclusion of the proposition
holds (in fact we will see below that 6 < 72 suffices).

We distinguish four cases (actually, Case 4 below is not possible if A = 0).

Case 1: d max{d(r),\||g|2r2} < B(r) and dmax{B(r), N|g||2r2} < d(r). In this case
B(rr) < 78(r) by (3.2.7) and d(rr) < 72d(r), by (3.2.8), and thus m(rr) <
ram(r).

Case 2: 6 max{d(r), \||g|2r2} < B(r) and d(r) < dmax{B(r), A||g||%72}. Observe that
we have

(3.2.5) _ .
dirr) < 77H(r) < 77 max{B(r), N||g|Arz}
(3.2.7)
plrr) < 7h(r).
Hence, provided § < 72, we have m(rr) < r2m(r).
Case 3: A(r) < 6 max{d(r), A||lg|&r2} and 6 max{B(r), Al|lg|Zr2} < d(r). In this case
(3.2.4) _ .
Blrr) < 7738(r) < 7736 max{d(r),r2}
(3.2.8)
d(rr) < 72d(r),

Hence, by choosing § < 73 we conclude.

Case 4: B(r) < d max{d(r), \||g|[%rz} and d(r) < dmax{S(r), \||g|272}. In this last case
m(r) = |g||%r2, being § < 1, and max{B(r),d(r)} < d\|g||%rz. Hence, we
conclude that

(3.2.4) _ .
8 <" r05(0) < TNl

(3.2.5) i )
d(tr) < T_ld(r)gT_lé)\HgHiori

It suffices to choose § < 7% to infer the desired decay. O

3.3. Lipschitz approximation

A key ingredient in the proof of both decay lemmas is the Lipschitz approximation
for the set K. Before stating it we introduce a suitable notion of “excess” which, like the
quantity 3, measures the flatness of the set K. Given ¥ € L, we denote by 7y : R? — ¥
and 77 : R? — ¥ the orthogonal projections onto ¥ and onto its orthogonal complement
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¥+, respectively. Given ¥, %’ € L, consider the linear map L : R? — R?, L := w1y — 7y,
and denote by |L| its Hilbert-Schmidt norm. In particular,

’L’Q =2— 27(«/ STy,

where : denotes the scalar product between 2 x 2 matrices. The excess is then given for
x€Byand 0 <r <1—|z| by

exc(z,r) = gllrﬁl excy (z, 1) (3.3.1)
€
where for every ¥ € L
1
excy (x,r) == / |V — T,K>dH'(y), (3.3.2)
r By (z)NK

here T, K denotes the approximate tangent plane to K at y which exists for H'-a.e. y € K
(cf. [5, Theorem 2.83)). It is also convenient to introduce a variant of the S-number: for all
o € A, we set

dist?(y, /) dH*
B (1) = / (?21 ) A (y)
Br(z)NK r r

The basic idea behind the Lipschitz approximation is that the subset of K consisting of
those points y where excy (y,7) is controlled by a (sufficiently small geometric) constant
co at all scales is contained in the graph of a Lipschitz function. This is analogous to the
“Lipschitz truncation” of Sobolev functions ¢ € Wh1: the restriction of ¢ to the lower level
set {M|Dy| < A} of the Hardy-Littlewood maximal function of |D¢| is Lipschitz with a
constant comparable to A, cf. [27, Section 6.6]. At the technical level, in order to implement
the latter idea we will need a suitable “vertical separation” lemma, which will be proved in
Section 3.3.2.

However, in order to be useful in our context, we also need to show that the excess can
be controlled by the flatness 5. This will be accomplised in Section 3.3.1.

PROPOSITION 3.3.1. There exist C,d,0,a > 0 geometric constants with the following
properties. Assume that

(a) (u, K) is a minimizer of Ey in B,;
(b) 0 € K and ¥ is the horizontal axis;
(c) there exists ¢ € R such that setting B(r) = Bo,.cy+4(r),

d(r) + B(r) + Al|gll e (s,)r < 0.
Then,
(i) KN By C {la| < Cr(B(r))"};
and there exists [ : [—or,or] — R Lipschitz such that

(ii) || fllco < CrB(r)* and Lip(f) < 1;
(iii) the following estimates hold

H' ((gr (HAK) N [=or,0r]?) < Cr(d(r) + B(r) + Mgll o (s,)7)
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and

[ ACIO RN B A

gr (fINK
< Or(d(r) + B(r) + Mgl Zoe(5,)7);
(iv) for any A >0, § can be chosen so that for any e > Cr(B(r))* (cf. item (i) above),
H ([—or,or] \ 7y, (K N {|zo] < er})) < Ard(r).
Finally, there are constants T > 0, > 0 with the property that

K = {x € KN Bz | sup (d(z,p) + excyy(x,p)) < 5} Cer(f). (3.3.3)
0<p<]

3.3.1. Tilt Lemma. The first basic tool to prove Proposition 3.3.1 is the following “tilt
lemma”, heavily inspired by a similar result in the theory of minimal surfaces due to Allard,
cf. the seminal paper [1]. In turn the lemma can be thought as a “geometric counterpart”
of the classical Caccioppoli inequality for solutions of elliptic partial differential equations,
in which the L? norm of the derivative of the solution in a given ball is controlled with the
L? norm of the solution in a slightly larger ball. As in Allard’s tilt lemma, our proof is
based in plugging in the “internal” first variation a suitable test vector field.

LEMMA 3.3.2. There exists a universal constant C' > 0 such that, if (u, K) is a minimizer
of B\ in By and 0 € K,

exc (i) <C (d(r) + B(r) + )\HgH%m(BT)?") for allr < 1. (3.3.4)
More precisely, if o/ = (0,c) + ¥ for some ¢ € R, we have the more accurate estimate
excy, () < O () + B (r) + Allgl 1) - (3.3.5)

PrOOF. We start off noting that (3.3.5) implies (3.3.4). By rotating we can assume
that o/ = (0,c¢) + %, for some constant ¢ € R. By the density upper bound (1.4.1) we
have excy, (§) < 2H' (K N B:) < 87 4 Ax||g||%,r. Let v > 0 be a fixed a parameter which

will be chosen appropriately later. If S.(r) > 7, then excy, () < %’Tﬁ@/(r) + Arllgl|A.r, and
thus (3.3.5) follows in this case. Therefore, we may additionally suppose that

Bar(r) <. (3.3.6)

le| < 2 (ﬁf‘*m)é r. (3.3.7)

Next, we claim that

€

Indeed, first observe that |c| < § for v small enough. Otherwise, being 0 € K, the density
lower bound inequality in (2.1.2) would imply

2
1
<2r> = rs/BK 2o — > dH (&) < Bu(r),
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where in the second inequality we have used that |23 — ¢| > % for all € B:. By (3.3.6)
this would give a contradiction for v sufficiently small. Then, as |c| < §, arguing similarly

we deduce that ,
| 1 / 2 a1
=) < = — <
€ <2r SRl - |0 — | dH () < Bu(r),

2
as]:cg—c|>||forallx€B

We next use (3.3.6) and (3 3.7) to choose v > 0 small enough to have B- C B:((0,¢)) C
B2:((0,¢)) C B,. Hence, we conclude that it is enough to prove

1
/ Yo — TLK| dH
r By ((0,¢)NK
<c(a(3)+ 4 22 = ePdH + NlglFieis 007
<O T35 ], omx LBy (0.0 )

77‘
which by translating is implied by

1/ Wy — TLK > dH* < C(d(r) L
" JBrnK

73 2

[ P a4 Al ). (3:38)
BQT

Let e: K — S' be a tangent vector field to K with e(z) = (e;(x), ea(x)). Then

B o (1 O B ef e1és
%0 — T: K] _‘<0 0) (6162 e

In particular, (3.3.8) is equivalent to

2
=2 — 23 = 2¢3.

1 1
/ e2(z) dH! < C d<7~)+3/ P dH A gl | (339)
KNnB r KﬂBgr

3

5
Let n(z) = ©*(2)(0,23), ¢ € COO(BQT [0,1]) with ¢ =1 on Bz and HVngLoo(327 <5 We
have

00
D) = 2¢()0.22) & Vi) + ) (g 1)
and thus
Pk < ¢ Dne + 20/ glaalles].

The internal variation formula (1.6.4) for critical points of Ej, namely

/ el - DnedH' = —/ (|Vu|2divn+2VuT-D7]Vu)
B.NK BA\K

—|—2)\/ (u—g)n~Vu—|—)\/ (]u*—gKP— ]u’—gKP)n-yd’Hl
BA\K B,NK
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yields
/ FRdH! <2 / oAV gllealleal dH! + C / Dl + CA gl 5
KNB, KNB, Bo, \K 3

where we have used that |Dn| < C and that ||u||L=~5, ) < ||g]/z=, ). So we conclude
Er 3T

3

5
/ P22 dH < 0/ IV o[22 dH! + C <7~d (T> + A2 g1 )
KNB, KNB, 3

2r
3
Since ¢ € CSO(B%T, [0,1]) with ¢ = 1 on Bz and |[V|[rx(B,,) < 8. (3.3.9) follows at
once. ’ U
3.3.2. Vertical separation. The second main ingredient to prove Proposition 3.3.1 is
the following “vertical separation lemma”.
LEMMA 3.3.3. There exist e,7 > 0 such that:
(a) if (u, K) is a minimizer of Ey in Bi;
(b) z',22 € K and 2! € Bi;
(c) |28 = 2*| < L and
sup (d(zl, p) + excy, (2, p)) <e. (3.3.10)

<p<\z —22|

2122
2 T

Then |23 — 22| < |2t — 22|.

Proor. We first consider the case of absolute and generalized absolute minimizers. For

the sake of contradiction, assume the conclusion does not hold: in particular set € = %

and 7 = % and let {(u;, K;)} and z},2? € K; be a sequence of minimizers and pairs
of points which contradict the statement. Rescale the minimizers and translate so that
|ZJ1 — z]2| =1 and 2]1 = 0. Thanks to Theorem 2.2.3, up to subsequences assume that
(uj, K;) converges to a generalized global minimizer (i, K) and that z; converges to some

2, with 2! = 0 and |2?| = 1. From the hypothesis we know that fBr |Vau|* = 0 for every 7.

By Theorem 2.4.1, the pair (i, &) can only be a constant, a pure jump, or a triple junction.
We know 2!, 22 € K, so K is non-empty and u cannot be a constant. Consider now that,
by (2.2.5) in Theorem 2.2.3, the set K has tangent %, at H'-a.c. point. In particular, as
excy, (0, p) = 0 for all p € (3,400) (and then for all p > 0), K cannot be the triple junction.
So (u, K) must be a pure jump with a horizontal discontinuity But from the contradiction
assumption we also deduce that 22| > |2%|. Since z! = 0 # 2% and |2?| = 1, the two points
cannot belong to the same horizontal line. This gives a contradiction.
In the case of restricted and generalized restricted minimizers, note that we can again
make a blow-up argument where we know that K is converging to an unbounded closed
connected set K of locally finite length in R2. As above we conclude that the tangent to K
is %, H'-a.e., in particular we conclude that K is either a halfline or a line, both contained
in 7). At any rate this implies that z! and 22 both belong to the horizontal line %, which
is the same contradiction reached above. U
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3.3.3. Proof of Proposition 3.3.1. We may argue as in Lemma 3.3.2 (cf. (3.3.7)) to

Sk
et [c] <2 B3 1In fact the same argument implies that
g

€

KﬂBgC{x:|x2—c|§2<5(€r>>3r}.

W=

B(T))

€

To this aim, assume that on the contrary there is 2 € K N Bz such that |z —c| > 2 (

1
Set p:= (£0))3 Z,if § < e then B,(z) C B, and we reach a contradiction as:
p 2 p

€

9 9 1

gﬁ(r) = ﬁfﬂg <

5[ el i@ < 0,
™ JB,(2)nK
since |z — ¢| > 3p for every x € B,(z).

In particular, we deduce that

K N B: C {|za] < Cr(B(r))3}. (3.3.11)

Fix € and 7 as in Lemma 3.3.3 and let

K = {x € KN Bz, | sup (d(z,p) + excy(,p)) < 5} :

0<p<3

On setting o := T, using Lemma 3.3.3 we can define a 1-Lipschitz function f : [—or,or] = R

such that

T
49

K c{(t, f(t) | [t| < or} = gr(f).

In particular, by (3.3.11) we get conclusions (i) and (ii) with a = %, as well as (3.3.3).

In addition, for what conclusion (iii) is concerned, being Lip(f) < 1, the second estimate
there follows immediately from Lemma 3.3.2 provided that the first estimate in conclusion
(iii) itself is established. To this aim, by using Besicovitch covering theorem (see for instance
[5, Theorem 2.18]), one can cover (K \ K) N B,, with a countable family of balls with
controlled overlapping such that in each ball the defining condition of & does not hold, so

that the ensuing estimate follows easily

HY((K\K)NB,,) < fr (d(3r) +excy, (3r)) < gr<d(r)+ﬁ(r)+)\r||g||%oo(Br)) , (3.3.12)

where in the last inequality we have used (3.3.5) in the Tilt Lemma. Therefore, to conclude
item (iii) we need to estimate H! ((gr ()\ K)N|[—or, 0'7”]2). To this aim, note that

Tro(gr (F) \ K) N [=or,00] C [=or,o7] \ w1y (K),
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so that (recalling Lip(f) < 1) we get
H' ((er (/) \ K) N [=or,07])
<V2H! (1, (gr (£) \ K) N [=or,07]) < V2H! ([—or,07] \ 7y (K))
<V2H ([—or,or] \ 7y, (K)) + V2H ([—or, or] N7y (K \ K))
<V2H ([—or, or] \ 1y (K)) + V2HY (K \ K) N B,,),

S

In view of (3.3.12) we are left with estimating the measure of the set A := [—or, or]\ 7y (K).
In this respect, consider the vertical segments #; := {t} x [—%, %}, then
V,NK =10 vVt € A. (3.3.13)

Theorem 2.4.1 and a compactness argument show that, choosing ¢ small enough in the
assumption (c) of Proposition 3.3.1, (v/, K’) must be close to a pure jump (v, .J), where
J ={zy =0} and v = v X (4,50} TV X{as<0}, With [vF —v7| > 2C; > 0, for some universal
constant Cy. In particular, |u/(t,3) — /(t, —3)| > Co and then from Jensen inequality we
get

2
A

/ (Vi |Pdzy > </ \Vu']d@) >0 Vte A==,
iz iz r

From the latter we infer

1, 1 1
- A = 1 Al < —_— ,2:/ 2
rH (A)=H (A) V| cer |y |Vu|?,

~CF s,
that concludes the proof of (iii).
To prove (iv), we argue as above with

A= [—or,or] \ 7y (K 0 {|zs] < €}) = [—or,0r] \ 7y, (K).

Set
Wt:{t}x[_f%q/]? VtEA7

for a fixed v = O()\%). As before, by Jensen inequality we get

2 2
1 9 1 Co
— daoy > | — d > [ 2
>/, \Vu|*dzy > (27/% |Vul x2> > (27> ,

and hence

which implies (iv).

3.4. Regularity at pure jumps: decay lemmas

We are now ready to prove the two main decay lemmas.
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3.4.1. Proof of Lemma 3.2.2. For the sake of contradiction, let 73 > 0 to be chosen
appropriately in what follows: then there are 7 € (0,71) and 0 > 0 such that there exist
sequences (u;, K;) of minimizers of Ey, radii r; € (0, 1), and real numbers ¢; such that

_ 1 _ 1 1
d max{d;, Aj|g;lI%r?} ¢:5maX{/B B \VUjP,)\j|\gj|’§o7’f}

rj 7‘]'\ J
<1/ s — ;P dH = B; — 0 (3.4.1)
< ’[“3 2 3 =Dy , 4.
7 BTjﬂKj
min/ dist?(z, o )dH = / 2o — ¢;|* dH*, (3.4.2)
A JB, K, By, NK;
and that
/ dist?(z, o) dH' > 7'47”5-’@ Vi, Vol € A (3.4.3)
Brr,NK;

(we can assume (3.4.2) thanks the the fact that our statement is invariant under rotations).
To apply Proposition 3.3.1 let 71 < 2, o being defined there. For j sufficiently large, let
fi : [=orj,or;] = R be the 1-Lipschitz function provided by Proposition 3.3.1, and denote
by I'; its graph. In light of conclusion (ii) in Proposition 3.3.1, we can assume I'; to be
contained inside the rectangle [—or;,or;] x [=r;, r;]. For any n € C°((—or;, 0r;)*; R?)
consider the corresponding inner variation (1.6.4) to infer from the density upper bound in
(1.4.1) and (3.4.1)

|0 (n)] =

/1“ ej(x)" - Dne;(x) dH!

J

< Clnlles / Va2 + Clinllood lg51r,
[—orjor]P\K;

_ _ 1
< Coinller By + CoHmlleoByrs

where e; is the unitary tangent vector field to I';, and C' > 0 is a constant.
Note that by choosing n(x1, z2) = (0, ¢(x1)¢(x2)), where ¢, € CX((—or;,0r;)) and

Y =1on (—grj, %rj), we can use the classical first variation formula for the length of the

2
graph of a function to compute
5T fi¢'
i) = T
V1+ 17l

In addition, by Proposition 3.3.1 (iii) and (3.4.1), we have that

/|fg"|2 < Cry(d; + B + Ajllgsliars) < Cry(B; + Byry) < Co~'rsfy
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where C' > 0 is a constant. Thus, we set
hj($1) — f]( J 1) 1 fJ( )’
T’jﬁf
and conclude that, passing possibly to a subsequence, the h;’s converge weakly in the Sobolev
space W'2%((—c,0)) to a function h. Note that, because of the embedding W'?((—o,0)) C
C'?((—0,0)) the convergence is uniform, and in particular we conclude that h(0) = 0.
Moreover

/h’(' =0 V¢ € CX((—o,0)).

1
Hence, h(z) = ax, for some constant a € R. Consider ¥; := {(x1, f;(0) + 87 ar1) | 21 € R},
then from Proposition 3.3.1 (ii), recalling that 7 < 7, < §, we conclude

/ dist?(z, ¥;) dH' = o(r5,;). (3.4.4)
Brrj ﬂFj

On the other hand, from Proposition 3.3.1 (i), (iii) and (3.4.1) we have (assuming « there
to be such that 2a < 1)

/ dist?(x, ¥;) dH! < Cr262H I\ T;) < 0518 art, (3.4.5)
Brr; N(K;\Ly)
where C' > 0 is a constant. Hence, putting together (3.4.4) and (3.4.5),
/ dist?(z, #;) dH" = o(r;)
Brr,NK;

contradicting (3.4.3), and so we are done with the proof of (3.2.7).

3.4.2. Proof of Lemma 3.2.3. We argue by contradiction. Let 7, > 0, to be suitably
chosen afterwards: then there are 7 € (0,72), 0 > 0, and sequences (u;, K;) of minimizers
of Ey;, real numbers ¢; and radii 7; such that

1
dj = — |VU]'|2 — 0,
7"'.
J BTj\Kj
S 2 3 IS 1 2 2 3
6 max{f;, A;llg;llsri } == dmax { — w2 = ¢ Ajllgsllseri ¢ < d; (3.4.6)
Ty By,NK;

min/ dist?(z, o )dH = / |29 — ¢ dH",
A JB,,nK; By, NK;
and
/ |VUJ"2 > T%Tjdj. (347)
Brr\K;
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Let (v;, K;) be defined by K; :=r;'K;, and v;(y) := (djr;)"2u;(r;y). In view of Proposi-

_ 2
tion 3.3.1, the assumptions above and the density lower bound yield that K; N [—%, %} —

{zo =0, |z, < i} in Hausdorff convergence. In addition,

/B\K Vu,|? =1, (3.4.8)
1A\

thus by compactness for harmonic functions there exist harmonic functions v* and constants
r; such that, up to subsequences,

v; — Kj — vF in W,o3(B¥), (3.4.9)
where B := B, N {#x3 > 0}, p > 0. The heart of the proof is to show that
lim |V,|? = / Vot |? +/ (Vo |? (3.4.10)
J—roo B%\f{j BE B,

(o the constant introduced in Proposition 3.3.1). In fact, once we have (3.4.10) we can
easily conclude from (3.4.7) and (3.4.8) that

A weps [ wep)scis [ weps [ v
BY B B B

g -
2 2

On the other hand, from the harmonicity of v* we have for 7 < 5

472

[owep < [ v
g

B B%

and we get a contradiction as long as A;%z < T%, for instance by choosing 75 = 5.
We are now left to establish (3.4.10). By (3.4.9), it is enough to prove that the Dirichlet

energy of v; on B:%IE does not concentrate on [—%, %} x {0}. For the sake of contradiction, if

the energy concentrates, there would exist a constant § > 0 and a sequence €; — 0 such

that

/ |Vu;? > 6. (3.4.11)

(=5:5)<(-43)\&

Up to replacing &; with max{e;, C(67'd;)*}, where C is the constant in (iv) of Proposi-

tion 3.3.1, we may assume £; > C(6~'d;)®. Thus, using (3.4.6), we infer that ¢; > CpBs.
To get a contradiction, we first note that being (uj;, K;) a minimizer of Ey, on B,

(vj, K;) minimizes on B; the functional

_ 1 _
F;(v,K) := Vol + —HY (K NBy) + X r? [ |Jv—g; (3.4.12)

By dj B
where g;(x) = (djrj)_%gj(rjx). We next use (3.4.11) to build a competitor (w;, K7}) for
(vj, K;) with Fj(wj, Kj) < Fj(v;, K;) for j large, which contradicts the minimality of

(vj, K;). For the sake of simplicity we assume that the minimizers are absolute minimizers,
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the reader can anyway easily check that the competitor exhibited below is allowed also in
the case of restricted and generalized minimizers.

To this aim consider the 1-Lipschitz function f; : [~or;, 01;] — R given by Proposi-
tion 3.3.1 applied to (uj, K;). Note that by item (ii) there || f;||co < Cr;(6~*d;)®, and by
item (iii) there and by (3.4.6) we have

/ fiP < Colrydy,  H'(gr ([)AK;)Al=ory,ori]?) < Co~'rjd;,
where C' > 0 is a constant, and by item (iv) for any A, > 0 for j sufficiently large
M ([=org, ori] \ 70 (K 0 {|22] < erj})) < Arjd;.
In particular, the function f;(t) := ri fi(rit), t € [—o,0], is 1-Lipschitz with 1 fillco <

O((Sildj)a < é&j, and

/ i <Cotd;,  H'((gr (f)AK)A[—0,0]%) < C61dj, (3.4.13)

and B
H ([—0,0) \ 7y (K; N {|22] < €})) < Adj. (3.4.14)
In view of (3.4.8) and (3.4.14), an elementary averaging argument implies that we can find
two points, a; € [—o, —%a] and b; € [%O’, o], with the property that on the region
3 3
Rj = ([aj —€5,a; + 2€j] U [bj — €5, bj + 25]‘]) X _ZO—’ 40’]

we have

/ VP SO WSS R < Cesdy (3.4.15)

for some positive constant C' depending on ¢ and §. Let h; be the affine function such

- . - 1
that h;(a;) = fi(a;) and h;(b;) = f;(b;). Note that [[hj|co < Co;*dS, and |h}| < Cd; by
(3.4.13). Next, for simplicity of exposition we assume that the graph of h; is horizontal
(this is clearly always true up to a rotation). Let h; = h; € R under the new choice of
coordinates. In particular, h; — 0 as j 1 oo.

2
B as follows (see Figure 1 for a visual description of ®;):

o O;(x1,13) = (x1,22), if (x1,22) € By \ Qy;
o O;(x1,x2) = (21, pj(x1,22)) if (21,22) € Qj;
where ¢; : QQ; — @) is defined by
o Ifa; +¢; <y <b; —¢j, the map x5 — p;(x1,2)
i) is identically h; for |zo — h;| < 2¢j;
ii) maps linearly the segments {x1} x [h; +2¢;, %] and {21} x [~%, h; — 2¢;] onto
{21} x [hj, 2] and {21} x [—Z, hj], respectively.
o If a; <y < aj+¢j, the map xy — @;(21,22)

Set Q; = [aj, bj] x {—%, 9}, assuming o sufficiently small we construct a map ®;: By —
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=
o

M|

[N

FIGURE 1. A visual description of the map ®; in the rotated coordinates
(1, x2). The map is the identity outside the gray zones. The diamond shaped
dark gray zone is the region X;: ®; “squeezes” it on the horizontal central
segment S; (which lies on the dashed horizontal line). The 6 lighter gray
zones are consequently stretched by ®;: in Tj, the two central lightest ones,
and in the four remaining lateral zones the Lipschitz constant is controlled
by 1+ C¢;. The set K ; is depicted by the thick arcs, while the graph of f; is

thick and dashed (and has a large overlap with K;). While the graph of f;
must lie in the region XJ;, there might well be portions of K; which lie outside.

i) is identically h; if |zo — h;| < 2(z1 — a;);

ii) maps linearly the segments {1} x [h; +2(z1 — a;), 3] and {1} x [~%, h; —
2(z1 — a;)] onto {21} x [hy, %] and {21} x [—Z, k], respectively.
o If b; —e; < xy < bj, the map xy — ¢;(21,22)
i) is identically h; if |xy — hj| < 2(b; — 1);
ii) maps linearly the segments {21} x [h; +2(b; — 21), %] and {1} x [-5, h; —

2(b; — 1)) onto {x1} x [hy, 5] and {z1} x [~F, hy], respectively.
Let Sj := [a;, b)) x {h;}, B; = @7'(S;), Tj := {(w1,22) € Q; : a;+¢e; < a1 < bj—gj, 265 <
|wo — hy| < 2}, and U; := [a; +¢j,b; — &j] x [~%,3]. Then

(a) @,|x, is the projection onto ¥; := {(z1, hj) : x1 € R} with @;(%;) = S;, ®;: B; —
B; is Lipschitz, and ®;: By \ ¥; — By \ S; is bi-Lipschitz;

(b) [|1D®;jl[Lo=((Bv@yus;.) = L [1D®jl @ \x,.8) < 1+ Cej, and
ID(®5 )| oo (Br\s;,B1\55) < 1+ Cey, for some universal C' > 0, and where we are
using the operator norm on D®;;

(c) gr(f;)NQ; C X

The competitor (w;, K7) to test the minimality of (v, K;) for Fj is then given by

J
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In particular, note that the number of connected components of K is less than or equal to

that of K - )
We begin by estimating the length of K. First note that KJ’-\Q]» = K;\Q;. Furthermore,
we have

H'(S)) = H' (P;(K; NE))) +H'(S; \ B(K; NE)))

(a),(b) _ _ _ (3.4.14) _
< H'(K;N ;) +H (Jag, 0] x {hi} \ 7y (K;) < HY(K;NE;) + Ad;

where we recall that 7 = {(x1, h;) : 1 € R}. On the other hand, the very definition of K
gives

—

b)

HU((K;N Qi) \ S;) = HY (P, (K;NnQ)\E)) < (14 Cep)H' (KN Q) \ %))
< (K NQ)\E)) + Ce M (R N1 Q) \ e ()
(3.4.13) _
< H(E;NQy)\ %)) + Cejd;.
Hence, we conclude that
HY(K, N By) < HY(K; N By) + Adj + o(dy). (3.4.16)

Now, we estimate the Dirichlet energy. Note that w; = v; on B; \ @;, and in addition
that

9 (a),(b) 9 9 (3.4.11) 9 9
|VU)]’ S (1+C€]) |VUJ'| S (1—|—C€]) |V’Uj| —0].
UK T)\K; Qj\K;

and that

) s , (8:4.15),(b)
va]‘ §HD<¢] )HLOO(Bl\Sj,Bl\Ej) _ ’vv]| S Cs] .
i \(U;UK?) Q;\(U;UK;)
Therefore, we conclude by (3.4.8) that
/ |Vw,|* < / |V, — 0+ o(1). (3.4.17)
Bi\K} Bi\K;
o _ 1
By taking into account that [[wyl| s,y = [vjllz=(s) < N9jllL=(s) = (dir;) "2 lgjll = (.):

and that Aj||g;l|7e(p,y75 < 5‘1r;-/2dj in view of (3.4.6), adding up (3.4.16) and (3.4.17) we
get from the very definition of F} in (3.4.12)

Fj(wy, K;) < Fj(vj, K;) + A — 0+ o(1),

which, for j large enough and A < 6, contradicts the fact that (K;,v;) minimizes Fj.
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3.5. Regularity at pure jumps: conclusion

We are now ready to show how the e-regularity Theorem 3.1.1 follows from the decay
Proposition 3.2.1.

Proor oF THEOREM 3.1.1. Without loss of generality assume that = 0 and that
0 = 0. First note that the very definition of § in (3.2.2) gives

3(0,2r) < (2r)3dist3; (K N By, % N By, )H' (K N By,)
< C((0,0,7)*(L+ Agll3r?) < CQ(0,0,7)

where C' > 0 is a universal constant, assuming € € (0, 1), and using assumption (ii) and the
energy upper bound in (1.4.1) for the last inequality. In turn, from this we deduce that

B3(0,2r) +d(0,2r) + A|g|| % (2r)2 < C(97(0,0,7) + A|lg||2r2) =: e(r) < Ce.
Then from assumption (ii), (3.2.4) and (3.2.5) we get
B(z,7r) +d(z,r) + N|g|%r? < Ce(r)  Vz€ B,.
Using Proposition 3.2.1, if € is chosen sufficiently small, we get for all £ € N
Bz, 7)) + d(z, 75r) + Alg|| % (7Fr)z < C’a—:(r)Tg Vze KNB,.
In particular, we can easily conclude
Bz, p) +d(z,p) + Algl|%p? < Ce(r)p?  Vp<r Vze KNB, (3.5.1)

(where from now on we stop keeping track of geometric constants). From the Tilt
Lemma 3.3.2 we infer that

exc(z, p) < Ce(r)p? Vp < E,VZ € KNB,. (3.5.2)
For each z and p as above, let now ¥ (z, p) € L be such that

exc(z, p) = excy (s (2, p),

(cf. (3.3.1) and (3.3.2) for the definition of excess), then observe that for all p <t < g and
t < 2p, using the density lower bound in Theorem 2.1.3, we have

2 g e _ > 1) 2dH1
[V (z.0) = V(20 < p /me(z)l”f/( ,p) = V(2. 0)7dH (y)

(3.5.2)
< C(exc(z, p) + exc(z,t)) < Ce(r)pz.

N

(3.5.3)
Additionally, with a similar argument we infer that
1V (2, p) — ¥ (y,p))* < C’e(r)p% Vz,y € KN B, with [z —y| <4, p< g,

Combining both estimates with (3.5.2), an elementary summation argument on dyadic
scales yields that

[V (2.0) = ¥(0, 5)? < Ce(r)rz  Vze KNBz ,¥p<t.
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If we rotate the coordinates so that 7/(0, {5) is the horizontal line 75, the density lower
bound in Theorem 2.1.3, (3.5.2) and the latter inequality imply that

excy, (2, p) = 1/ T,K — % dHM(y) < Ce(r)rf  Yze KNBy Vp<t.
P JKNB,(2)
Therefore, thanks to (3.5.1) and (3.3.3) in Proposition 3.3.1, we know that for a choice of &
sufficiently small there is a 1-Lipschitz function f : [—or, or] — R such that KNB,, C gr(f),
where ¢ is the geometric constant in Proposition 3.3.1. This shows the graphicality of K
over 7(0, {5), but since the angle between #/(0, {z) and ¥; is small, we have in fact shown
also graphicality over 7.
In addition, estimate (3.5.1) yields that

1
lim — Vul?* =0
PO P J B2
for every z € K N B-. Hence, by Theorem 2.4.1 any blow-up at every such z is either a

pure jump or a triple junction. On the other hand, since 3(z,p) L 0 as p | 0 (cf. (3.5.1)),
we infer that any blow-up is in fact a pure jump. In particular, we conclude that

1
L HE N B,(2))
pl0 2p

Note that, choosing ¢ sufficiently small, we can assume that K N Ber is not empty (cf.

=1. (3.5.4)

item (i) in Proposition 3.3.1). In particular, || f|lcoez ez)) < 3or. Denote by R the open
rectangle

R= (=22 (= 30r,20r).

474 4774
We show next that K N R = gr(f) N R. We know that 7y, (K N R) is a relatively closed set
inside I = (=%, %) and it is not empty. If I \ 7y, (K) is not empty, then it contains at

least an open interval (a,b) with one extremum, say b, which belongs to my, (K). Namely
y = (b, f(b)) € KN R, but the density of the set K at y would be strictly less than 1, a
contradiction to (3.5.4). Hence K N R = gr (f) N R, in particular K N Ber = gr (f) N Bez.
Finally, observe that the limit of ¥/(z, p) for p | 0 exists at every z = (s, f(s)) € KNgr (f)
by (3.5.3), that together with (3.5.2) yield that any s € I is a Lebesgue point of f’. In turn,
this fact implies the differentiability of f at every s € I, with the limit being the graph
of the linear map ¢t — f’(s)t (cf., for instance, the proof of Rademacher’s theorem in [5,
Theorem 2.14]). In particular, the decay of exc(z,-) in (3.5.2) can be translated into

s+6
][ /() = f/(s)]dt < Ce(r)6z V6 < opy — |s],
s—0

and so the classical Campanato’s theorem implies that f € 4 (I) with [f/]i < (Ce(r))z
(cf. [5, Theorem 7.51]). Estimate (3.1.2) follows from this and Proposition 3.3.1. This
proves the claim of the theorem except that the graphicality of A has been shown in Ber
rather than in B,. Note however that we can proceed with a simple covering argument to
achieve graphicality in B, (provided we choose € even smaller). O
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3.6. Triple junctions, closeness at all scales

We turn to the proof of Theorem 3.1.2. We start off proving the following fact: if around
a point x a minimizer is close to a triple junction at some scale r, then there is a nearby
point y such that the minimizer is close to a triple junction at every scale p < r around y.
In order to formulate our conclusion more precisely, we recall the notation introduced in
Theorem 3.1.2

O, 2,71) = r_ldistH(K N By (), (x + Re(T0)) N §2T<I')) 4+t / Vul?,
By (z)\K

where 0 € [0, 27], Ry is the corresponding rotation, and .% is defined in (3.1.3). Furthermore

we define
QO (z,r) = irelf Q' 0,z,7). (3.6.1)

LEMMA 3.6.1. For every 6 > 0 there is 7 > 0 such that the following holds. Assume
that (u, K) is a minimizer of Ey in Ba.(x) such that

(a,7) + MlgllZers <.
Then there is a y € By, (z) such that
1
Oy, p) + Mglp <6 Vp<r.
Lemma 3.6.1 follows in fact easily from the following more technical statement.

LEMMA 3.6.2. There exists o > 0 such that for every v € (0,70) there is eo(y) > 0
with the following property. For every € € (0,g¢) there is N = N(¢) € N such that for
all r € (0,1], for all (u, K) minimizer of Ey in Bs.(x), and for all (N + 1)-ple of points
xTo =T, T1,...,TN in By.(x) such that

O (2, 27%r) + M|g|A (2% )2 <e  Vke{0,...,N}
[T — ] <7270 Vk e {0,...,N — 1},
then there is a point xy.1 € Ba.(x) such that
O (ene1, 27V7) + Mgl @7V )E <e
lengr — zn| <27V,
3.6.1. Proof of Lemma 3.6.1. Without loss of generality z = 0. Fix § > 0, and

additionally choose € and ~ sufficiently small, whose choice will be specified later, so that
Lemma 3.6.2 is applicable. Let N be given by Lemma 3.6.2 and notice that, if  is chosen

sufficiently small, the assumption of that Lemma holds with xt =z =2, = ... =25y = 0.
We thus find xy,1 as in the conclusion there. Observe therefore that we can apply the
lemma again in B (x1), but this time the points zo, ..., xy substituted by z1,..., 2y

Proceeding inductively we find a sequence of points {z;} with:
e 15 =0;
o |y — x| <27y
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o Of(zp,27%r) + Algl%(27Fr)? < .

Since {z}} is a Cauchy sequence, it has a limit y. Observe that |y — x| < 427%"!r. Fix
p < r and choose k such that 27%~1r < p < 27%r. In particular B,(y) C By-s+1,(z)). Let
0 be such that

k+1

Q! (O, 21, 2757) + Alg| 2 (27Fr)% <.
Observe that

p M disty (K N Bay(y), (v + R, (%)) N Bay(y)) +p / Vul? + Agl20?

B2ﬂ(y)

<Cv + C’(2*kr)*1distH (K N By-k+1,, (2 + Ro, (%)) N Eg%HT(Ik))

L@t / Vul + CAllglZ (275 < Oy + 2).

By k41, (k)
where C' > 1 is a geometric constant. We choose first C'y < g. Having fixed v, we can
take €o(7y) as in Lemma 3.6.2 and hence impose that Ce < min{eq(7), g}. This ensures the

applicability of Lemma 3.6.2 in the argument above, and the inequality C(vy 4 ¢) < §. We
thus conclude

1 1
'y, p) + AMlgllzp < Q' (0, y,p) + Mlgllzp <.

3.6.2. Proof of Lemma 3.6.2 for absolute and generalized minimizers. The
argument for the two cases is entirely analogous and for simplicity we focus on absolute
minimizers.

Without loss of generality x = 0. We argue by contradiction. We assume that, for
some v > 0 and € > 0 sufficiently small (the smallness will be specified later) and for every
N € N there are

(a) A family of numbers Ay € [0, 1];
(b) A family of fidelity functions gy with ||gn|/cc < Mo;
(c) A family of radii ry € (0, 1];
(d) A family of points zy y, with k& € {0,..., N}, and

To,N = 0 (362)
|Zhiin — Ten| <427 Fry Vk € {0,...,N —1}; (3.6.3)

(e) An absolute minimizing pair (uy, Kx) of Ey, (-, -, Bary, gn) for which
O (i, 270 rn) + Awllgn 1227 rw)7 < e, (3.6.4)

for all k € {0,...,N};
(f) For every y € B go-n, (znN)

Oy, 27V ) 4+ Anllgn (27N Try)E > e (3.6.5)
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For each N we consider the rescaled pairs

un(z) = (2_NrN)_%uN(xN,N + 2_N7“Nx> : (3.6.6)
JN = (2_N’I“N)_1(KN - xN,N) . (367)
Next, observe that from items (a)-(c) above we achieve
. 2 —-N i
]\P_I}(l)o)\NHgN“oo(Q ry)2 =0. (3.6.8)

We can therefore apply Theorem 2.2.3 to conclude the convergence, up to subsequences, of
(vn, JN) to a generalized minimizer (v, J, {pg)}) of Ej.
Note that, the points z;, y are mapped to points yy. y := (27 ¥ry) N (zxx — 2y ). From
(3.6.3) we immediately get
k

vk | <y D02 <2
j=1
In particular, for every fixed k > 1, up to extraction of an appropriate subsequence, we
can assume that yy_x v converges to a point yx with |y| < 2! In particular for (v, J),
from (3.6.4) we immediately conclude

Q' (yr,2") <e  VkeN. (3.6.9)
But from the convergence in Theorem 2.2.3, from (3.6.5) and (3.6.8), we also conclude that
O (z,1p) > ¢ Vz € B,. (3.6.10)

For each k choose 0, such that
diStH(J N ng+1 (yk), Yk + ng(%)) = m@in diStH(J N Bk+1(yk), Yk + Rg(%)) .

We fix § > 0 and we wish now apply Corollary 3.1.4 to the pair (27%(J — ), 2~ 2v(yx +25))
choosing (u, K) equal to (Re,(%)),0), while U = B; \ B, and V = B;_., \ By,. This just
requires € to be chosen sufficiently small depending on v and ¢. In particular we conclude
that 27%(J — yx) N (B1_, \ Ba,) is the union of three C' arcs, d-close to the three segments
Ro,. (%)) N (B1- \ Bay). Scaling back, we conclude that in Ay := J N (Bak_y) \ Bar+1y)
the set J consists of three C! arcs with Hausdorff distance less than §2* from the three
segments y; + R, (7). Choosing v smaller than a geometric constant, it is easy to see
that each of the three C! curves A, N J coincide with one of the three C* curves A, N J
in Ay N Agyq, and viceversa, see Figure 2.

Thus J N (R?\ B%) consists of three distinct nonselfintersecting C* infinite curves T,
which subdivide R? \ B% in three infinite connected components. Note that, moreover, for
each r > %, each curve I'; intersects each 0B, in exactly one point p;(r) and that, the three
points p (r), p2(r), ps(r) subdivide B, in three arcs of length 2 r(1—0) < I;(r) < Zr(144).

Therefore, we are in a position to apply Proposition 2.6.2 and deduce from (2.6.3) that

2k+1

1/ Voldp < C(F25) = F(25)  Vk> -1,
P Jon,

2k
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FI1GURE 2. The region A; is delimited by the two dashed circles, while the
region Ag is delimited by the two dashed-and-dotted circles. In each of this
regions the set .J consists of three C! arcs which are close to three straight
lines meeting at 120 degrees. The arcs must coincide where the regions A,
and A; overlap, hence J N (AgU A;) consists of three C! arcs.

where we recall that F(r) := 2d(r) + @ Summing for k = —1 to ko — 1, using that F(r)
is positive and thanks to the density upper bound (1.4.1), we conclude

2ko
1 C
3 OB,

Letting ko to infinity we achieve

%
[ 5] wekapzc,
i P JoB,

or equivalently by integration on dyadic intervals,

> 2"“/ Vo> < C. (3.6.12)
B,k \Byk—1

k>0

We claim that (v, J, {p;;}) is indeed a triple junction, with 2, being the point where the three
half-lines meet together. This obviously would give a contradiction to (3.6.10), because
0(0,2) < e, with e < gg(v), would imply, for an appropriately chosen €o(), that 2o belongs
to B,.

To this aim we start off showing that for all R > 1 the connected components of 0Bg \ J
belong to three distinct connected components of R? \ J. As a first step we show that each
“blow-down” of (v, J,{p;;}), i.e. any limit as R — oo of a subsequence of the rescalings
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(vo,r, Jo,r, {Pij}), is a triple junction. For the sake of notational simplicity we drop 0 in the
previous subscripts.

First of all, since v is harmonic in R? \ J and being J \ By smooth, standard estimates
for harmonic functions give for every k > —1

2
V0l e < (2% [ vol) <2 [ Vo
Boyr12\(Byk—1UJ) B,k+2\(Byk—1UJ)

(3.6.13)
C > 0 independent of k. Recall that T; is locally C*! by item (b) in Proposition 2.5.2, and
that by (2.5.4)

ki = —(|VoT > — Vo™ |?) H'-ae. on I

where k; denotes the curvature of I';, Thus we conclude from the energy upper bound
(1.4.1), and estimates (3.6.12) and (3.6.13)

<2 2 190l (00 (B (B 0.)
1
2

k>0

SCZQ‘k/ Vo] < C.
k>0 B2 \(Byr—1UJ)

In particular, each T'; is asymptotic at oo to some straight line /;, and in particular as
R 1 00, Jg converges, locally in the sense of Hausdorff, to a set J,, which is the union of
three half-lines meeting at the origin. Apply Theorem 2.3.2 and let (voo, Joo, {qri}) be any
limit of a subsequence R; 1 0o of (vg,, Jr;, {Pri}). It follows that v, is harmonic in each of
the three sectors which form the connected components of R\ J,, and that ag—g" =0on Jy.
We also know that the angles formed by the three half-lines ¢; are all close to %” Using
Theorem 2.4.1(iii) we conclude that (veo, Joo, {qri}) is a triple junction.

We next argue that the three connected components of R?\ (B 1UJ ) belong to different

connected components of R?\ J. In turn, this implies the claim that dBg \ J belongs to
three different connected components of R? \ J for all R > 1. Indeed, by contradiction fix
two connected components Q; and Qy of R?\ (B% UJ) and two arbitrary points ¢; € €; and

q2 € Qs that are connected by a C' arc in R?\ J. The boundaries of Q; and Q5 have one of
the I'; in common and to fix ideas let us assume it is I';. The latter is asymptotic to the half
{1, which is common to the boundaries of two of the sectors of R?\ J,,. We denote A; and A,
these two sectors and we fix two points §; € Ay and §a € Ay with |§1| = |§o| = 1. Tt is then
easy to see that there are two C' curves o1, 09 contained in R?\ (B 1UJ ) and containing,

respectively, ¢; and ¢q, and such that for R sufficiently large, o; \ Br = {pg; : p > R}. Thus
by (3.6.12) and (3.6.13) we can write, for 27! > R,

(244 — w214 < / Vol dH!
O'im(BQk \ngfl)

< H* (Ui N (ng \B2k71)> ||VU||L°°(BQk\BQk—1) <C2

k
2
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Hence we can estimate
0(2" 1) — v(2"g)| < €25,

given that there is a curve connecting R¢; and R, which does not intersect J.
On the other hand, since all blow-downs of (v, J, {pg}) are triple junctions, from
Theorem 2.3.2 we necessarily conclude that
(2°41) — v(2°¢)|

v
lim i = 00
k—o00 23

which would be a contradiction.

In particular, having shown that each connected component of 0Bg \ J belongs to
distinct connected components of R? \ J, we can apply Proposition 2.6.1, and thus we
conclude that

1
[1,00) 2 R—= — |Vol?
R Jpp\s
is nondecreasing in R. Since however we know that the blow-downs of (v, J, {py}) are triple
junctions, we have

1
lim / Vul> =0.
Rtoo R Br\J

We thus conclude that [, ,,|Vv|* = 0 for every R > 1. In particular by Theorem 2.4.1
(v, J,{pri}) is itself a triple junction.

3.6.3. Proof of Lemma 3.6.2 for restricted minimizers. In the case of restricted
(and generalized restricted) minimizers, we apply the same procedure above. Note, however,
that we cannot immediately conclude that the blow-downs are triple junctions, because
the proof that (v, Joo, {qr}) are triple junctions, i.e. |gy| = oo, relies on a comparison
with a competitor which increases the number of connected components. Now, assume
that for every fixed R > 1 the number of connected components of the sets Jg, in the
blow-down sequence is larger than 1, namely at least two, for an infinite number of 5. Then,
for the limiting blow-down we can use a competitor which has two connected components,
because the cut-and-paste argument which from this competitor yields the competitors
for the approximating sequence keeps the same number of connected components. On the
other hand the argument |g,;| = oo relies indeed in using a better competitor which has
two connected components. Hence in this case the conclusion is valid and in particular the
set J is connected. If instead there is an R for which the number of connected components
of the Jg; is 1 for an infinite set of j’s, then we conclude directly that J is connected. At
any rate, in both cases J must be connected. Hence we can apply the monotonicity formula
in Proposition 2.6.1 and conclude that J is the union of three half lines, while v is locally
constant. Note that the proof that the three half lines must meet at 120 degrees holds for
restricted minimizers as well, since it is based on exhibiting competitors that consist of a
single connected component.
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3.7. Proof of Theorem 3.1.2

Denote by ¢ the constant in assumption (ii) of Theorem 3.1.1 and fix a 6 > 0, whose
choice will be specified later. Let then the constant € in the statement of Theorem 3.1.2
be smaller than the constant n provided by the conclusion of Lemma 3.6.1. Let y be the
point in By, (x) provided by Lemma 3.6.1 itself. Arguing as in Lemma 3.6.2, if ¢ is chosen
sufficiently small with respect to gy, then K N B,(y) \ {y} consists of three arcs 'y, '5, I3
with the following properties:

(i) Each T; is a C"2 arc in B,(1-5)(y) \ Brs(y) for every s € (0, 1).
(ii) For every k € N, k > 1, there is an angle 6 such that K N (By-«,(y) \ By-r-1,(y))
is 627 %r close in the Hausdorff distance to (y +Rg, (%)) N (B, (y) \ By—x-1,(y)).
(iii) Each I'; is, in By—x,(y) \ By-x-1,(y), a o graph over the corresponding straight
line £1; of y + Ry, (F) of a function ¢y ; with |9} ;]|ec < CO.
From now on, in order to simplify our notation, we assume without loss of generality that
=0.
We are now in the position to apply Proposition 2.6.2 for all radii p € (0,7). Thus, from
(2.6.3) we infer that
D'(p)

p
for L' a.e. p € (0,7). Therefore, by direct integration and the density upper bound (1.4.1)
we deduce that

<CF'(p)+C

T D/
/ p(p)dngF(r)—l—CrSfEA(u,K,BT,g)jLCTSC,
0

for a dimensional constant C' > 0, or equivalently by passing to dyadic intervals,

Z 1

—k
=9 2= Fr

Since Au = Mu—g) on By, \ K, K N(By-r+2, \ By-ss1,) is C12 and u satisfies the Neumann
boundary conditions on K, by elliptic regularity we have

C
IVl oy < 53 | Vaf? + Ox252(ul + gl
FE B AP D) 2 g2y 2 g—k+2 \(By—k—1,UK)

(3.7.2)

Vul* < C. (3.7.1)

BQ*k)+2T\Bka:+1T

for some constant C' > 0.
Denote by k; the curvature of I'; and recall that

ki = —(IVut P = [Vu™[?) = MJut = gx | = [u™ — gx*)

H'-a.e. on T'; by (2.5.4) for an appropriate trace gx of g (which enjoys the same upper
bound on the L*> norm). From (3.7.2) we thus conclude

C
/ |liz|drH1 < —k/ |VU|2 + 02_k7’ (373)
LiN(By—k+1,\By—k-1,) 275 By k42, \By—k-1,
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for some constant C' > 0. We therefore conclude from (3.7.1)

/ rildH < C.
I;nB-\{0}

In turn, from this we deduce that I'; is a C'* graph up to the origin. Moreover, a blow-up
argument shows that the tangents to I'; in the origin form equal angles and thus, up to
rotations, we can assume that they are given by {6 = 0}, {0 = Z} and {0 = 7}

We shall prove next that T'; is a C17 graph up to the origin, v € (0,1), by means of a
suitable monotonicity formula. First notice that for p € (0,r) we have H(0B, N K) = 3.
Then, if we consider the set K’ which is the union of the three segments obtained by joining
each point in 0B, N K with the origin we have

H' (B,NK)<3p=H(B,NK).
In addition, B, \ K" = Qy U Qy U Qg, where each (); is a convex cone with vertex the origin
and opening o, with |a; — 27| < Cé(p), with 6(p) — 0 if p — 0. Therefore if Co(p) < & for

p < po (0p can be chosen as small as we want up to reducing pg) and if w; is the (harmonic)
function provided by Lemma 2.6.6, we have

2
9 _ Oy ou
P< bl 3.7.4
/QZ- Veil” < 7Tp 8N0B, <87> ( )

If w is defined as w|g, = w;, w = u on By, \ B,, then testing the minimality of (u, K') with
the competitor (w, K') we get for ag := 27 + 8y (note that max{ay, as, as} < ayg)

2
«Q ou
Iu—g!2§°p/ (a) +30+A/ lw—g|?,
™ JoB, \OT B

P

/ Vul> +H' (B,N K) + )\/
B, B

P

from which we deduce straightforwardly that for £Ll-a.e. p € (0, po)
!
D(p) < fﬂD’(p) +4m|g]Z0*.

In turn, the latter inequality and the energy upper bound in (1.4.1) imply that for all
p e (07 PO)

- Ea 1_7 s
D(p) < Cpy “°(D(po) + pg)p=0 < Cpy “po (3.7.5)
for some constant C' > 0 depending on \, ||g|« and ag. Finally, estimates (3.7.3) and
(3.7.5) yield

/ il dMt < Cpa!,
FiﬂBp

and the claimed O regularity of I'; up to the origin then follows at once choosing &
sufficiently sufficiently small so that ay < .

We now come to the construction of the diffeomorphism @& which is given as the
composition @y o & of two other diffeomorphisms. We note that due to our assumption we
have actually set § = 0. Without loss of generality we assume r = 1. &5 maps y (which
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without loss of generality has been assumed to be 0) into the origin. If we let ¢ € C°(B)
be a function which is identically equal to 1 on B 1 ® is then given by the formula

Po(2) =24+ (1 —¢(2))x.

(observe that Bs(x) contains the origin, in particular |z| < d: thus if ¢ is sufficiently small,
the latter map can be seen to be C! close to the identity, and hence a diffeomorphism). @,
is then the inverse of a map ¥ which maps K’ := ®;'(K) onto three straight half-lines
emanating from 0 and forming equal angles. We know indeed that K’ consists of three C1
arcs i, 2, and 3 meeting at 0, where they form equal angles. We use polar coordinates
(0, p) to define the map ®;. Upon a suitable rotation we can also assume the tangents to 1,
72, and 73 at the origin are given by {6 = 0}, {# = 37}, and {0 = *F}. In particular each 7;
is given in polar coordinates by {(p, 0:(p))}, where 6; : (0,2r) — S' is a C1* function and
satisfies ||0; — (i — 1)2|| < 6 and |6}(r)| < 6. In particular we can assume that § < .
Let now ¢ € C2°(—1,1) be a function which is identically equal to 1 on (—3, ). In polar
coordinates the map ®; is then given by

6.0 (0420 (0-G- %) ()~ - 1%) 0

The estimate (3.1.5) follows from the corresponding estimates for the functions 6; and for
|z| and is left to the reader.

3.7.1. Proof of Corollary 3.1.3.

PRrROOF. We first note that K \ {Z} is the union of three C*! arcs in view of Proposi-
tion 2.5.2. We use the notation and arguments in the proof of Theorem 3.1.2, in particular
z = 0 by translation. We build upon the conclusions of Theorem 3.1.2 and substitute the
monotonicity formula employed there by a sharper one inspired by Proposition 2.6.1.

Let p € (0,2r), then H°(0B,NK) = 3. Let B,\ K = S; U S, U S3 with 0B, \ K =
Y1 U2 Uns, 7 C 0S;, and [H'(v;) — 2mp| < Cep'™. Denote by u; the mean value of u on
~; and recall that f% % =0 by (2.5.6) (here we use A = 0). For every i € {1,2,3}, by the
sharp Poincaré-Wirtinger inequality we then get that

2 (2.5.5) du (25.6) 8u</ d T IN 1 (Ou
/Si Val> 7= %“au N /%(U )81/ i 2(u )"+ 26 \ ov
</ 0 (H' ()" (0u)*, 1 (Ou _HG /|v|2

“ /sy \ 2 s or 26 \ ov
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having chosen § = % in the last inequality. In turn, from this we conclude that for

Lla.e. p € (0,p0), po < 2r sufficiently small, we have

2 ’ 2 H' () 2
D(p) :/ |Vu|* = Z/ |Vu|* < max / |Vu|
B\K = Js, ie{1,2,3} 27 OB, \K

MO pri) < 2 o).

= max
i€{12,3} 27

By direct integration and the energy upper bound in (1.4.1) we deduce that for all p € (0, po)

5
12 -7 12
D(p) < Dipo)(£) " < 270 %5,
0

and thus estimate (3.7.3) yields

/ rildH! < Cpt.
FiﬂBp

In particular, since I'; is CY7 up to the origin, we deduce that it is actually C? in the origin
itself with ;(0) = 0.

Since u has C1* extensions on each side of I'; N A (cf. item (a) in Proposition 2.5.2)
and T'; is C''7, the conclusion follows at once using (2.5.4) for A = 0. O

REMARK 3.7.1. Actually, the arcs composing K \ {Z} are C* (resp. analytic) if g is
C* (resp. analytic) in view of the higher regularity theory contained in [5, Theorem 7.42]
(resp. [31]).

3.8. Proof of Theorem 1.3.3 for pure jumps and triple junctions

We start by proving conclusion (i). First of all we observe that, by a standard covering
argument, it is enough to prove the conclusion in a ball By, (x) rather than in B, (z), where
0 is a fixed geometric constant. We focus on the case of a pure jump and of absolute
minimizers. The various other possibilities are all treated with the same idea, with minor
changes. Without loss of generality assume x = 0.

We wish to apply Theorem 3.1.1 and in order to do it we claim that

(Cl) For any £ > 0 there are constants > 0 and > 0 such that, if (u, K) is an
absolute minimizer and, for some r > 0, distg (% N Ba,, K N Bsy,) < nr, then

/ IVul? + A|g||% (26r)2 < 2e6r .
B257‘\K

First of all, since ||g|loc < Mo, A < 1, and r < 1, it is easy to see that, for ¢ sufficiently
small,

Algll% (267)2 < edr .
We therefore focus on the Dirichlet energy and argue by contradiction. In particular, if our

claim is false, we find a sequence of radii 7; < 1 and of absolute minimizers (u;, K;) in By,
of Ey; with fidelity terms g;, satisfying the following properties:
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(1) dlStH(% ﬂ?grj, Kj N Egrj) S 2_j7“j;
2 ._1 o .
(2) fsz—lrj\Kj |Vu,;|* > ej~'r; for some positive e.
We now consider the rescalings (vj, J;) of (u;, K;) given by
K.
Jj = 1j
J T
TS U
vi(2) = (57 0ry) "Ry ( 7 )
Note that A;||g;]|2.7 *r; — 0 as j T oo. In particular we can apply Theorem 2.2.3 and
assume that, up to a subsequence not relabeled, the pairs (v;,.J;) converge to a generalized
global minimizer (v, J). Observe that on any disk Br we have

dist (% N Bgr, J; N Bg) < j277.

Hence J must coincide with 75. But then from Theorem 2.4.1 it follows that Vv = 0 on
R?\ #. In particular, by the convergence proved in Theorem 2.2.3,

hIIl |VU]'|2 = O .
Jj—00 Bl\Jj
On the other hand )
[owup= | Va2,
Bi\Jj J T Baj=trj\x;

and we thus reach a contradiction with (2).

We next come to point (ii). In the case of pure jumps observe that if A = 0 or g € C°, Au
is continuous and from classical estimates for the Neumann problem we infer that Vu has a
C% extensions up to K on each side of it. In particular, from the Euler-Lagrange conditions
of Proposition 2.5.2 we conclude that the distributional curvature of K is continuous, which
in turn implies its C? regularity.

As for point (iii), it follows from Corollary 3.1.3 if the extremum is a triple junction.






CHAPTER 4

The Bonnet-David rigidity theorem for cracktip

4.1. Main statement and consequences

This part of our notes is devoted to prove the following rigidity theorem of Bonnet and
David, which in turn is the first step towards the proof of case (¢) in Theorem 1.3.3, namely
Corollary 4.1.2. We start by stating both these facts.

THEOREM 4.1.1. Let (u, K, {pr}) be a global generalized minimizer and assume that,
for a sufficiently large radius R:

(a) K\ Bgr consists of a single unbounded connected component;
(b) K NOBgr consists of a single point.
Then (u, K,{pr}) is a cracktip.

COROLLARY 4.1.2. There is a 6 > 0 with the following property. Assume that

o (1.1.2) holds;
o (u, K) is an absolute minimizer of Ey in By, (x) for some 4r < 1;
o disty (K N By (), (x + Re)(¥") N Byr(x)) < dr.
Then Bs,.(x) N K consists of a single continuous nonselfintersecting arc with an endpoint

y € B.(x) (which according to our terminology is a terminal point of K) and an endpoint
in OBy, (). Moreover the arc is CY' in By, (z) \ {y}.

Note that the conclusion of Corollary 4.1.2 does not prevent the possibility that K
spirals around y. This fact needs further analysis and will be actually ruled out in Chapter 5.

In this chapter we will not only prove Theorem 4.1.1 but also give some general properties
of global generalized minimizers (u, K, {px;}) which are not elementary. In order to simplify
our terminology, we will call them nonelementary global minimizers. An important result
of David and Léger, presented below, shows that for a nonelementary global minimizer
the set R? \ K is in fact connected. Due to this we can (and will) omit to mention the
“normalizations” {py;} for nonelementary global minimizers.

We conclude this section by showing how Corollary 4.1.2 follows from Theorem 4.1.1.

4.1.1. Proof of Corollary 4.1.2. The argument is similar to that used in Section 3.6.
Following a similar path we introduce the quantities

Q0 x,7) := rdisty (K N By (2), (2 + Re(¥51)) N Bay())
and
Q(z,r) = mein Q0,z,71).
The following lemma is then the analog of Lemma 3.6.2.

7
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LEMMA 4.1.3. For every v > 0 sufficiently small there exists () with the following
property. Assume € € (0,£¢9) and let N = N(¢) € N be sufficiently large. Let r € (0,1] and

assume that (u, K) is an absolute minimizer of E in Ba.(x), while x = xo, 1, ...,xN are
points such that
02, 27) + Mgl (27Fr) 2 <e  Vke{0,1,...,N} (4.1.1)
|Zpi1 — x| < 27 Vk €{0,1,...,N —1}. (4.1.2)

Then there is a point xyx11 € Bay(x) such that |vy — xn| <27 Vr and
(a1, 27770) + A g5 (27 H)E <.

ProoOF. We argue by contradiction and assume that, for some v > 0 and € > 0
sufficiently small (the smallness will be specified later) there are

(a) A family of numbers Ay € [0, 1];
(b) A family of fidelity functions gy with ||gn |0 < Mo;
(c) A family of radii ry € (0, 1];
(d) A family of points zy y, for k € {0,..., N}, with
ToN =T ’$k+1,N_wk,N| S"}/Qik?"]v vk € {0,...,N—1}; (413)
(e) An absolute minimizing pair (uy, Kn) of E\, (-, -, Bayy, gn) for which
(k. 27F7n) + AnllgnllZ 2 7Frw)? <, (4.1.4)

forall k €{0,...,N};
(f) For every y € B g-n, (znN)

Oy, 27V ) + Awllgnl2 2N ry) 2 > €
For each N we consider the rescaled pairs
vy (z) = (Q_NTN)_%UN (fBN,N + Q_NTNZE)
Iy = 2 Vry) N (Ky — TNN) -
Next observe that from (4.1.4) we get
Avllgn |32 Nry < (2 Nrw)2.

and thus in particular Ay|gn||%2"Vry — 0. We can therefore apply Theorem 2.2.3 to
conclude the convergence, up to subsequences, of (vy,Jy) to a generalized minimizer
(v, J,{pw}). Note that the points xj x are mapped to the points

yen = (27 V) ey — 2N N)

We thus infer yy y = 0 for all N, and for k € {1,..., N}

k

lyn—n| <y 27 < 42FF
j=1
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Up to extraction of a subsequence we can assume that, for each fixed £ > 1, ynv_gn
converges, as N 1 oo, to some y with |y.] < 42! k& > 1. Set moreover o = 0. In
particular for (v, J) we have

Qc<yk7 Qk) <e Vk € NJ
On the other hand our contradiction assumption implies as well

zleanwQ (z,1)2) > €. (4.1.5)

Next observe that, by taking ¢ smaller than a suitably chosen g¢(), the e-regularity
theory at pure jumps would imply that, in the corona Ay = B_yyos+1(yk) \ Byor+1(yx) the
set K consists of a single arc with endpoints on the circles 0B (1_,yox+1 and OB gr+1. If 7 is
smaller than a geometric constant, the coronas Ay ; and A; have a large overlap. It then
follows that K consists of a single unbounded curve in U1 Ay = R? \ Bs,. We can thus
apply Theorem 4.1.1 to conclude that (v, J) is a cracktip. If we denote by zy the starting
point of the half-line J, the condition £2¢(0,1) < e will imply that zy € B, provided ¢ is
smaller than a suitably chosen positive €y(7). This however contradicts (4.1.5) and hence
completes the proof. O

PrROOF OF COROLLARY 4.1.2. The proof is entirely similar to that of Lemma 3.6.1.
Like in there we assume without loss of generality that x = 0. We fix then 9, €, and v whose
choice will be specified later. First of all ¢ is assumed to be smaller than the ¢(y) given by
Lemma 4.1.3, so that the latter is applicable. We then let N be the natural number given
by the conclusion of the latter lemma. If we let 7o < 1 be such that

1/ g
)\MOQTO/ =5

we observe that, by choosing ¢ sufficiently small, we can at the same time ensure that

(1) Lemma 4.1.3 is applicable in Byr with 7 = min{r, ro};

(2) K N (By, \ Brj2) is a single C' arc v with endpoints in 9B/ and 9Bs,.
Indeed, the first point is simply because, by choosing ¢ sufficiently small, the condition
of the Lemma is satisfied with zj v all equal to 0, & € {0,..., N} (note that N and ¢ are
fixed at this point). As for the second point, it is just a consequence of the e-regularity
theory at pure jumps.

We now note that, after having applied Lemma 4.1.3 to find zy,1, we can actually
apply it again to Bj/(x1), but this time the points z,...,zx would be substituted by
Z1,...,Zn+1- We then proceed inductively to produce a sequence of points x; with

o = 0
|zpp1 — x| <4270
O (a4, 27%7) + Al g]| % (27%7)2 <.

Since {z} is a Cauchy sequence, it has a limit y. Observe that by choosing - smaller than
a geometric constant we can then ensure y € Br. Moreover, it is easy to see that

Qy, p) < 4(e +7)
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for every p < 7 simply by choosing k so that 27727 < p < 27%71F and comparing Q°(y, p)
with Q¢(xy, 217F7), if v < 1.

In particular, if € and v are chosen sufficiently small, K N (Bs,/3 \ B,/3) consists of a
single C! arc with endpoints in the respective circles 0By,/3 and 0B, /3. This shows that
By, N K consists of a single continuous arc joining y with a point in 9Bsy,., which moreover
is C1® in By, \ {y}. But then by the Euler-Lagrange conditions in Proposition 2.5.2 we
conclude that the arc is C*' in By, \ {y}. O

4.2. An overview of the ideas in the proof of Theorem 4.1.1

Even though for some steps we give independent proofs, the overall strategy and the
main ideas for proving Theorem 4.1.1 are all taken from the book [10] of Bonnet and David.
In this section we give an overview of the whole argument, which is very ingenious. Before
coming to it, we first notice that in Section 4.4 we prove another Liouville-type Theorem,
namely Theorem 4.4.1, which is due to David and Léger in the work [17], posterior to [10].
However, one big advantage of having Theorem 4.4.1 at disposal is that it implies a series
of useful corollaries (above all Corollary 4.4.2) which cut a lot of technicalities of [10]. The
proof of Theorem 4.4.1 are based on the monotonicity formulas in Propositions 2.6.2 and
2.6.3.

One main player in the proof of Theorem 4.1.1 is the “harmonic conjugate” v, a function
with the property that Vv = Vu' on R?\ K, and which can be shown (for a nonelementary
global minimizer) to have a unique continuous extension to K. v is obviously harmonic on
R?\ K. Its existence and some preliminary properties are given in Section 4.5: one pivotal
property is that v is constant on each connected component of K.

Much of the technical work for the proof of Theorem 4.1.1 goes into describing the
structure of the level sets of v. The sections 4.6 and 4.7 will prove facts which are valid for
all nonelementary global minimizers. The most important are that:

e 1o level set of v contains a loop (a particular case of this statement will actually
be shown in the next section: K itself has no loops);
e most of them do not have “terminal points”.

Section 4.8 then uses the additional assumption of Theorem 4.1.1 (namely that outside a
sufficiently large ball K consists of a single connected component) together with Bonnet’s
monotonicity formula (cf. Proposition 2.6.1) to infer that asymptotically at infinity (u, K')
is a cracktip. In particular any level set of v has precisely “two infinite ends” outside of
a sufficiently large disk. This information, combined with the previous analysis allows to
conclude that:

e up to a change of sign in u the function v achieves its absolute minimum mg exactly
on the unbounded connected component of K;
e Most of the level sets of v are just single (i.e. nonintersecting) unbounded curves.

The first information allows us to define the maximum m of v on K, while another simple
argument shows that if m = mg then K is connected and hence it is the cracktip.
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{v>m}

- o +

p p

FiGURE 1. The picture is a visualization of the final argument for The-
orem 4.1.1 under the simplifying assumption that G does not have triple
junctions. The analysis in the Sections 4.6-4.9 implies that the global mini-
mum and global maximum of the trace of u on G are assumed at two point
p~ and pT “on the same side of G”: the picture shows in particular the level
set {v = m} departing at those points and delimiting the upper level set
{v > m}, whose closure cannot contain the terminal points of G. The range
of the lower trace of u on the segment o = [p*,p~| C G is thus necessarily
contained in the range of the upper trace over the same segment o: the
intermediate value theorem provides then a point ¢ € o where the two traces
have the same value.

Arguing by contradiction that (u, K') is not a cracktip we can then introduce the pivotal
object in the final argument for Theorem 4.1.1: a connected component G' of K where the
value of v equals m. With a variant of the Bonnet’s monotonicity formula we can show that
K must have positive length and that no terminal point of G can actually be contained in
the closure of {v > m}, cf. Section 4.9.

The final argument comes now from looking at the trace of u as we go “around G”
(which will be shown to be continuous) and is explained in Section 4.10 and it is particularly
simple to explain when GG does not have triple points and it is thus, topologically, a segment
with two terminal points.

One outcome of the topological description of the level sets of v is that while going
around G the trace of u has exactly two local extrema, which are clearly the global minimum
point and the global maximum point. This happens because to each local extremum of the
trace of u at G corresponds to a distinct end of the level set {v = m} at infinity: having
proved that such ends are precisely 2, the trace must have precisely one local minimum
and one local maximum. At the global maximum and the global minimum the level set
{v = m} departs from G as two infinite half-lines, which delimit one connected component
of R? where v is above m and one connected component where v is below m.

The other fundamental outcome of the previous analysis is that, since the terminal
points of G are not in the closure of {v > m}, the global minimum and maximum points of
the trace of u on G (which for simplicity we denote by p~ and p™) are on the “same side”
of G: a schematic picture of what happens is given in Figure 1. p* delimit a segment o in
G. Referring to the Figure 1, the range of the trace of u on the “upper side” of o is [m, M|,
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FIGURE 2. U is a “pocket”, namely a bounded connected component of
2\ K which does not intersect the boundary 052 of the domain of (u, K).

where m denotes the global minimum and M the global maximum. So the range of the
trace in the lower side must be a segment [m/, M’ strictly contained in [m, M]. By the
intermediate value theorem there must then be a point ¢ € 0 where the upper and lower
traces coincide. However this point must be a jump point (cf. Corollary 4.4.2) and at those
points upper and lower traces must necessarily differ. This gives the desired contradiction.

4.3. The absence of pockets

In this section we prove a simple fact valid for all concepts of minimizers of Ey, the
absence of “internal pockets”, see Figure 2.

LEMMA 4.3.1. Consider a minimizer (u, K) of Eq in Q. If U is a connected component
of Q\ K, then either it is unbounded, or its closure has to intersect OS).

PROOF. If the statement were false, then there would be a connected component U of
O\ K with the property that U CC Q. In particular it turns out that u must necessarily
be constant on U. Moreover, for any given constant c, if we define the function

- u on Q\U
"1 e¢ onU,

then (u., K') has the same energy has (u, K') and it is not difficult to check that it must
have the same minimizing property of (u, K). Now, observe that H(0U) > 0 and thus, by
Corollary 3.1.5, there is at least one regular jump point z € K, i.e. there is a neighborhood
of x where K is a C! arc. Assume without loss of generality that = 0 and that the
tangent to K at 0 is {(z1,22) : z2 = 0}. In particular, for a sufficiently small 6 > 0 we have
that K N[—d,0])? = gr (f) for some C» function f : [—4, ] — [—d, 4] with f(0) = f'(0) =0
We next assume, without loss of generality, that

UN[=6,087={(t,s):s> f(t),s € [-0,0]}.

At the same time we know that the restriction of u to [—d,d]* \ gr (f) coincide with two
Che functions u* which can in fact be extended C*® up to the boundary K N[—4,d]?. u*
in fact is a constant while, by a classical extension theorem, we assume that u~ is extended
C* to the full square [—d, §]°.



4.4. THE DAVID-LEGER RIGIDITY THEOREM AND CONSEQUENCES 83

Let now ¢ = v~ (0) and consider (u., K). We now consider a new function defined in
the following way. Let x : R — [0, 1] be a smooth function which is identically equal to 1
on [1,00) and identically equal to 0 on (—oo, —1] and let p € C°((—1,1)?) be a function
which is identically 1 on (—1/2,1/2)%. Then we first define

=en () oo (1-x(2).

which is a C! function on [—4,d]?. Then on U we define

=10 (2)) = 2).

while on the complement of U U K we define

=0 (1-5(5)) 100 3.

Observe that the function w coincides with a C'' function on @ := [—5, §] x [—4, 6] and we
can thus consider J := K \ @, so that (w, J) is a pair in the domain of Ey. Note that the
pair is obviously a competitor for absolute minimizers. For restricted minimizers observe
that we are not creating an additional connected component, while for generalized and
generalized restricted minimizers it is easy to see that, if V' is a bounded open set such
that V' DD U, there are no pair of points belonging to distinct connected components of
'\ K and lying outside V' which would belong to the same connected component of Q \ J.

Finally, observe that |Vw| < C'in @, for some constant C' independent of 4. So, while

/|Vw|2§/|Vu|2+C’52
1% 1%

HY(INV)<HYKNV) 4.

For a sufficiently small 6 we then contradict the minimizing property of (u., K). O

we have

4.4. The David-Léger rigidity theorem and consequences

In this section we prove the second part of Theorem 1.4.6, which we recall here for the
reader’s convenience.

THEOREM 4.4.1. Assume (u, K, {pr}) is a global generalized minimizer of Fy and K
disconnects the plane. Then (u, K,{pw}) is either a pure jump or a triple junction.

Before coming to the proof of Theorem 4.4.1, we register some very important corollaries.
COROLLARY 4.4.2. Statement (ii) of Theorem 1.5.2 holds.

COROLLARY 4.4.3. If (u, K,{pu}) is a global generalized minimizer of Ey, then K
cannot have two distinct unbounded connected components.

COROLLARY 4.4.4. If (u, K, {pw}) is a global generalized minimizer and Vu vanishes
on some open set, then (u, K,{pu}) is an elementary global minimizer.
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We start by giving a proof of the theorem, which relies on Proposition 2.6.3. Since the
latter has not yet been proved, we will follow with its argument, and hence we will prove
the three corollaries above.

PROOF OF THEOREM 4.4.1. Let U; and Uy be two connected components of R? \ K.
First of all observe that, by Lemma 4.3.1, both U; are unbounded. In particular, for every
r sufficiently large B, N U; # 0 for both 4’s. Again by Lemma 4.3.1, 9B, N U; # () for both
1’s as well. It thus turns out that K N dB, has cardinality at least 2 for all r sufficiently
large. If the cardinality is precisely 2, then 0B, \ K consists of two arcs 7, and v and it
turns out that one of them belongs to U; while the other to U;. But then K N 0B, must
belong to the same connected component of K N B,.

Thus, in any case for all r sufficiently large we fall under the assumption of Proposi-
tion 2.6.3, which implies that the map r — F(r) is monotone for r sufficiently large. Let
Fj be its limit as r T 0o, and consider the “blow-downs” of (u, K), namely any generalized
global minimizer (v, J, {qu}) which is the limit of a sequence of rescalings (uo,,, Ko,,;) for
some 7; T 0o. We then conclude that the function

1
ro— 2 ‘V’U’Q + w
T JB\J r
has the constant value Fy. We will show below that:

(C1) J disconnects R?, and there is no r > 0 for which B, \ J belongs to the same
connected component of R? \ J.

Assuming the claim, we can argue as above to conclude that one of the two assumptions (i)
and (ii) of Proposition 2.6.3 holds for a.e. > 0. From the second part of the proposition
we infer that (v,J) is an elementary global minimizer, with J that is either a straight
line passing through the origin, or the union of three half lines meeting at the origin at
equal angles. However, in one case Fy = 2 and in the other Fy = 3. We could now apply
Corollary 3.1.6 to conclude that (u, K) itself is an elementary global minimizer.

In order to show (Cl), consider the set V := IntU; and the (local) Hausdorff limit
J of OVo,r; (which exists up to subsequences). Clearly J c J. Fix moreover p > 0 and
observe that for every sufficiently large j the set B,/2 \ Vo, is nonempty because B, 2N Us
is not empty. So, for each p > 0 there is at least one point p = p(p) € J N B,. By
Corollary 3.1.5, a.e. such p is a pure jump point. So there is a § > 0 such that J N Bas(p)
divides Bas(p) in two regions W+ and W~. Again by Corollary 3.1.5, for j sufficiently
large the same statement is correct for Ko, N Bs(p) and moreover Ky, N Bs(p) converges
smoothly to J N B,. Note that Ky, N Bs(p) must contain a point of 9V;,, for all j large
enough. But then the smoothness implies that Ky, N Bs(p) C OVo,r,;- One of the two
connected components of Ky, belongs then to Vg, while the other is contained in a
different connected component of R? \ Ky ;: this is a consequence of the definition of V/
as formed by the interior points of the closure of U;. We thus infer that W+ and W~
cannot belong to the same connected component of R?\ J. Otherwise there would be an
arc v with endpoints p* € W=, which is at positive distance from J. By the Hausdorff
convergence, such path would be contained in R?\ Ky, for all j large enough, implying
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then that Bs(p) \ Ko, is contained in the same connected component of R?\ Ko, This is
a contradiction and hence completes the proof. O

4.4.1. Proof of Proposition 2.6.3. Without loss of generality we assume x = 0, and
as usual we will drop the base point in the notation of all the relevant quantities.
First of all we argue as in the proof of Proposition 2.6.2 to conclude

F'(r) =2r ul> +r _t r)—£(r
rF(r)—2/aBT\K\V|+ S s ) ()

peEIB,NK

and

2 2
r?F'(r) 237"/ <8u> + 7”/ <6u> +2rN(r) = 2Eo(u, K, B,) (4.4.2)
OB \K or OB \K on

Note however that (2.6.4) can be used to derive also

r?F'(r) >r/ <8u>2 + 37’/ ((M)Q —2D(r) (4.4.3)
-~ JoB\k or OB \K on ’ o

In the rest of the proof we consider several competitors for (u, K) in B,, all constructed in
the following fashion:

(w, J) coincides with (u, K) on Q\ B,;

J N B, is connected and consists of finitely many segments;

JNoB, D KNOJB,;

J N B, partitions B, in finitely many connected components {2;;

either HY(Q; N9B,) = 0, and w is defined to be constant on §;, or Q; N 9B, is a
closed arc f; which intersects only one connected component of B, \ K, and in
that case we use Lemma 2.6.6 to extend u|s, to ;.

Since J does not increase the number of connected components of K and we can apply
Lemma 2.2.6, the pair (w, J) is a valid competitor under all our assumptions and thus we
can infer

2
Eo(u, K, B,) < Ey(w, J, B,) <HNJNB,) + a(J)r/ <8u> : (4.4.4)
s oB\K \OT
where «(J) is the least real number such that each 2; is contained in an open circular sector
of angle a(J) centred in the origin. Observe that in the extreme case a(J) = 27, in order
to apply Lemma 2.2.6, we need each €; to be contained in a “slit domain”. i.e. in B, \ [0, ¢]
for some ¢; € 0B,.

In what follows, when invoking (4.4.4) we will then just need to specify J N B, and
estimate «(J) and H!'(J N B,.). Moreover, since J coincides with K outside the closed disk
B,, with a slight abuse of notation we will just refer to J for the piece inside the disk itself.

We next focus on proving F'(r) > 0, leaving the discussion of the implications of F’ =
to the very end. Observe that we can always resort to Proposition 2.6.3 to prove F'(r) > 0
when the largest arc of 9B, \ K has length at most %m’. We therefore assume from now on
that:
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q 2

P2

P1

FIGURE 3. The set J in an example where N(r) = 4 and K N 0B, lies in
the first quadrant.

(A) 0B, N K is contained in a subarc of 9B, which has length no larger than 7.

Case N(r) > 4. By applying a rotation (and because of (A)) we can assume that
KNoB, = {pi1,...,pn} are contained in the quadrant {z; > 0,29 > 0}. Without loss of
generality assume p; = (r,0) and order ps,...,px counterclockwise, moreover denote by ¢
the point (0, 7). We then use (4.4.4) with J = [0, p1]U[p1, p2]U. . .U[pn_1, pn]|U[pN, q]U][g, 0]

(cf. Figure 3). Observe that H'(J) < 2r + % < 4r < N(r)r and that «(J) = 2, so that

3 ou\’
E K. B N — —
O(ua 3 r) < (7“)7" + 9 /637.\K <a7_>

We then conclude from (4.4.2) that 72 F"(r) > 0.

Case N(r) = 3. Let {py,p_,q} = K N 0B, and once again we invoke (A) and the
possibility of rotating the domain to assume that p+ = (¢, £v/7? — ¢2) for some 7’? <c<r

and that ¢ = (d,vr? — d?) for some 0 < ¢ < d, cf. Figure 4. We now use (4.4.4) with two
distinct (w, J): the corresponding sets J; and J; are specified in the picture Figure 4
Observe that

(1)

YJ) <7+ Vor
Oé(Jl) =T
a(Jy) =2m

Apply now (4.4.4) with the two distinct competitors, average the inequalities and use (4.4.2)
to conclude F’(r) > 0.
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P+ D+

q q

p- j

FIGURE 4. The sets J; and Jy when N(r) = 3.

Case N(r) = 2. Let 71 and 72 be the two arcs delimited by 0B, N K and again assume
without loss of generality that w := -~ max{{(y;)} > 2. Observe first that, by (1.6.2),

:Z/uau
% Yi

Next, let ¢; be the average of u on ~; and recall Corollary 2.5.3 to estimate
1

-3 [l (z/u-ﬁ (/\@))
o (3)) (L (5))

=:a =:b

In particular, using (4.4.3) we conclude
rF'(r) > a® + 3b® — 2wab =: P\ (w,a,b). (4.4.5)

Next we use (4.4.2) with two competitors J; and J, constructed in the following fashion.
Without loss of generality we assume 0B, = {p,,p_} where py are, as in the previous step,
symmetric with respect to the zj-axis and in the quadrant {x; > 0, x5 > 0}, respectively.
We then let J; be the connected set of minimal length joining the origin with the two points
p+ while, after setting ¢ = (—r,0), we let Jo = J; U |[¢, 0], cf. Figure 5. Observe that J; is
easily determined as the union of the three segments joining 0,p, and p_ to the unique
point ¢ where such segments form equal angles.

Observe that «(J;) = 27 and a(Jy) = w, while H'(Jy) = r + H'(J;). In order to apply
(4.4.4), we now wish to compute H!(J;), relating its length to the angle 2 — wm, which is
twice the angle formed by p. with the x; axis. Thus we can explicitly calculate

H' (1) =H'([0,¢]) + 2H (e, p+])
:T(COS(TF(I - %) - % sin(m ) + f sin(7(1 — %))
—27“( cos(m(1 — %)) + f sm(7r(1 - %))) =2r 8111(767r — <) =rf(w). (4.4.6)
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P+

F1GURE 5. The sets J; and J, when N(r) = 2.

Applying now (4.4.2) we thus get
rF'(r) > —a® +b* +4 - 2f(w) =: Py(w,a,b)
rF'(r) >a® +b*+2—2f(w).
Averaging between the two we then get
rF'(r) > b* +3 - 2f(w) =: P3(w,a,b). (4.4.7)

Introduce now the function h(w, a, b) = max{ Py, P», Ps}(a,b,w) (recall that P; is defined in
(4.4.5)). We are thus reduced to show that h > 0 on the interval [2,2). First of all, P, > 0

if w < /3. Moreover, the function f is clearly a decreasing function of w, which equals %

at the point wy determined by
7T 2 .3
Wy := — — —arcsin — .

3 m 4

Hence P; > 0 for w > wy. We thus have to show that h is positive when w € I := (v/3, wp).
Observe that

e h > P; > 0 unless
b < 2f(w) —3; (4.4.8)
e h > P, > 0 unless
b+ 4 —2f(w) < a?; (4.4.9)
e h > P, > 0 unless
(w—Vw? = 3)%0* < a® < (w+ Vw? —3)%°. (4.4.10)
Now, (4.4.9) and (4.4.10) would imply
4 —2f(w) < (W Vw? —3)2 = 1)b?,
which combined with (4.4.8) would imply
1-2f(w) < ((w+vw? =3)" = 1)(2f(w) = 3)),

which in turn becomes

1< (w+ vVw? —3)*(2f(w) —3). (4.4.11)
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Recall that I = (v/3,wp), and define
fiw) = (@ + VT3, (44.12)
fo(w) =2f(w) =3, (4.4.13)

we then just need to show that fi fo <1 on I. Now, we already observed that f5 is monotone
decreasing, while it is easy to see that f; is monotone increasing. It can be explicitly
computed that fo(v/3) < i, which in turn implies sup; fo < i. Since it can be readily
checked that f1(£) = 4, we conclude sup 57,4 f1 < 4, in turn implying sup(,7/4 f1.f2 < 1.
On the other hand it can be readily checked that wy < 1.8 and f1(1.8) < 5.3, which in turn
implies sup; f1 < 5.3. Since fg(%) < 0.18, we conclude maxi7/4 ) fo < 0.18, from which we
infer max(r/4,.,] f1f2 <0.18-5.3 < 1.

We also observe that in all these cases F'(r) would actually result positive unless either
a and b vanish.

Case N(r) = 0. In this case we compare (u, K) in B, with the harmonic extension w
of ulsp,. Recalling that the harmonic extension satisfies the estimate

ou\’
Vuw|? < 7‘/ () ,
By ‘ | o8B, or

from (4.4.1) we immediately conclude

r?F'(r) > 2/ <8u>2
- B, 871 .

F constant. Observe that if F”(r) = 0 and we are in the assumptions of Proposition 2.6.2

then )
[, () =
9B, 871

However, the same conclusion can be drawn as well in all the cases examined above. But
then the arguments of the final part of the proof of Proposition 2.6.2 apply here as well
and we reach the conclusion that, if F' is constant on (0, 7y) and for a.a. r € (0,79) one of
the assumptions (i) and (ii) holds, then K N B,, coincides with one of three elementary
global minimizers of Theorem 2.4.1, with the additional information that, if K is not empty,
0 € K and that, if K is a triple junction, then 0 is the point of junction.

4.4.2. Proof of Corollary 4.4.2. We assume without loss of generality that the
nonterminal point is the origin. By definition there is an injective continuous map = :
[—1,1] — K such that v(0) = 0. Set

2r = min{|y(=1)], |[y(1)[} (4.4.14)
and observe that there must be at least one negative s_ and one positive s, such that
|7(sx)] = r. We let s_ be the largest negative number and s, the smallest positive

number with the latter property. Using the Jordan curve theorem we then conclude
that B, \ v((s_,s)) consists of two connected components Q*. Consider now the limit
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(Uoo, Kooy {pri}) of some sequence {(ug,,, Ko, )} with ry | 0, as in Theorem 2.2.3. If we
can show that K, disconnects R?, then Theorem 4.4.1 would imply that (e, Ko ) is an
elementary global minimizer and thus, by the cases (b) and (c) of Theorem 1.3.3 (resp
Theorem 1.4.1), 0 would be a regular point, i.e. a point for which there is a disk B, in
which K is diffeomorphic either to a diameter, or to three radii joining at the origin.

In order to show that K, disconnects the plane, we consider the rescalings

Qf ={r:rzec}InNB
Iy :={z:rxe€vy(s_,s:)}NBy.

Up to extraction of a further subsequence, we can assume that Qf converge to some open
sets O and T’ converges (locally in the Hausdorff distance) to some I' C K. Since
00 C T'y U OBy, the convergence of the open sets means that
(1) (LA + QAN | — 0;
(i) x € Q% if and only if there is a p > 0 and a ky € N such that B,(z) C Qf for
k > ko.

Notice also that each 'y contains at least one arc which connects the origin with 0B;. Hence
I' as well contains at least one arc which connects the origin with dB; and in particular "
is not empty.

Pick now a point ¢ € I which is a pure jump point (and whose existence is guaranteed
by Corollary 3.1.5). Then, for sufficiently small p, B,(¢) N T is a C** arc which divides
B,(q) in two regions. On the other hand, by the regularity theory developed in the first
part of the notes, for a sufficiently large k we have that Ko, N B,(¢) consists also of a C1*
arc which divides B,(q) into two regions. Since I'y — I, for k sufficiently large we must
have that Ky,, N B,(q) = 'y N B,(¢q). In particular Iy divides B,(¢) in two regions. By
construction, one of the regions must be in ;" and the other must be in ;. It then turns
out that liminfy min{|Q{], | |} > 0. Thus (i) above implies that both QF and Q_ are
not empty.

We now use the latter fact to show that K, disconnects R2. Consider indeed two points
g € O \ K, whose existence is guaranteed by the fact that both QE are not empty. If
these points belonged to the same connected component of R? \ K, then there would be a
continuous curve 7 : [0,1] — R? \ K, with n([0,1]) N K, = 0, n(0) = ¢~ and n(1) = ¢*.
For k sufficiently large we have

e 77([0,1]) does not intersect Ky ,, (by local Hausdorff convergence of Ky, to K );
e ¢* € QF (by condition (ii) above);
e 1([0,1])] C B,,, where r is the radius on (4.4.14).
Fix now a k sufficiently large so that all the conclusions above apply. Then:
e p =rpqg €0, pt =gt € Q7
e { — rn(s) is a continuous curve contained in B, which does not intersect K and
hence does not intersect y((s~, s™)).

However, since Q% are the two distinct connected components of B, \ y((s7,sT)), we have
reached a contradiction.
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4.4.3. Proof of Corollary 4.4.3. Assume by contradiction that (u, K) is a global
generalized minimizer such that K has two unbounded connected components K; and Ks.
Without loss of generality we can assume that both components intersect the unit disk B,
and we fix two points p; € K1 N By, ps € Ky N By.

Fix now k£ € N\ {1, 2} and consider the class of Lipschitz curves

{B:10,0(8)) = K1+ |B] = 1,8(0) = p1, [B((B))] = £}

By Lemma C.0.2 such class is nonempty. It is easy to see that there is a curve 3 in this
class whose domain of definition has minimal length (the argument is the same as in Step
3 of the proof of Lemma C.0.2). Such curve must then be injective and |3(¢(3))| = k2,
otherwise it would not have the minimizing property just described. We then consider the
largest s such that |5(s)| = 1. The arc v, : [s,(5)] 2 0 — [(0) € K; is thus an injective
arc connecting a point in dB; to a point in 0B2. We find likewise an injective arc n in Ko
with the same properties. By the Jordan curve theorem the two paths v, U 7, subdivide
By \ B, into two connected components U

We consider now the rescaled pairs (uo, o) and the corresponding domains Qf -
By, \ Bi, resulting from appropriately scaling the domains UF. As in the proof of
Corollary 4.4.2, up to subsequences we can assume that (ug, Ko ) converge to a global
generalized minimizer (u., K+ ), that the paths 7, U7, converge locally in the Hausdorff
topology to a connected closed set I' C K, and that the sets Q0 N B; converge to open
sets Q. As above I' N By is not empty and we can pick a point ¢ € I' N By which is a
pure jump point for K. Again the regularity theory will imply that there is a B,(¢) and a
ko such that for all k > ko Ko N B,(q) is a smooth arc subdividing B,(¢) into two open
subsets which have roughly the same area. Such arc is then either a subset of the rescaled
M, or a subset of the rescaled 7, and in both cases we conclude that one the two regions in
which B,(g) is subdivided by T is a subset of %, while the other is a subset of Q__.

Similarly to the proof of Corollary 4.4.2 we argue then that any pair of arbitry points
gt € O \ K, must belong to different connected components of R? \ K. This in turn
allows us to apply Theorem 4.4.1 and conclude that (us, Ks) is an elementary global
generalized minimizer. But then Corollary 3.1.6 would imply that (u, K) was itself an
elementary global generalized minimizer. In that case K must be connected, contradicting
the initial assumption that K contains at least two distinct connected components.

4.4.4. Proof of Corollary 4.4.4. Assume (u, K, {px}) is a global generalized mini-
mizer and that Vu vanishes on some open set. If K disconnects R? then we know from
Theorem 4.4.1 that the minimizer is elementary. We can thus assume that R? \ K is
connected. But then, by the unique continuation for harmonic functions we conclude that
Vu = 0 on the whole R? \ K and in particular that u is constant. This however is only
possible if K is empty.

4.5. The harmonic conjugate

This and the next remaining four sections of the chapter will be dedicated to prove
Theorem 4.1.1. A fundamental role in the proof will be played by the harmonic conjugate
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v of the function w in a minimizing pair (u, K'), which will be introduced in this section. v
is, locally in R? \ K, a classical harmonic conjugate of u, i.e. a function v whose gradient
Vv is the counterclockwise rotation of Vu by 90 degrees (which we will denote by Vu™),
or alternatively such that the map ((x + 1y) = u(z,y) + iv(x,y) is holomorphic. The main
point is that v exists globally on R? \ K, it is unique up to addition of a constant (if
the minimizer is nonelementary), and it can be uniquely extended to a Holder continuous
function on the whole plane.

PROPOSITION 4.5.1. Let (u, K) be a nonelementary global minimizer of Ey. Then there

is a function v : R? — R with the following properties:
(i) v is harmonic and smooth on R?\ K, where Vv = Vu*;
(i) v € W,L2(R?), it is Holder continuous with exponent 1 and the Hélder seminorm

is globally bounded, i.e.

D =00

oty |z —yl
(iii) v is constant on each connected component of K ;
(iv) v is unique up to addition of a constant.

Before coming to the proof of the proposition we observe a simple consequence of
Corollary 4.4.2; which will be useful in other occasions.

LEMMA 4.5.2. Let (u, K) be a restricted, absolute, or generalized minimizer of E\. Let
x,y be two nonterminal points in the same connected component of K. There is then
an injective Lipschitz curve v : [0,1] — K with v(0) = x and (1) = y and a partition
0=150<58 <...<Sny1 =1 such that:

(i> Yisi,si41] € CLQ;
(ii) Fach ~(s;) with i € {1,..., N} is a triple junction, while y(t) is a pure jump for
every t # s;.t

In particular, if K' C K is a connected component, the subset of nonterminal points of K’
is still arc connected.

PrOOF. Consider v as in Lemma C.0.2. Since it is injective, (s) is a nonterminal
point for every s € (0,1). On the other hand v(0) and 7(1) are nonterminal points by
assumption. In particular, by the regularity theory developed so far, for each s € [0, 1] there
is a neighborhood U of s such that (U \ {s}) consist of pure-jump points. It thus turns
out that there are at most finitely many s’s such that v(s) is a triple junction. If we then
parametrize v with constant speed, assertion (i) follows from the regularity theory. U

PROOF OF PROPOSITION 4.5.1. Consider the L? vector field Vut. Observe that (1.6.2)
implies that the distributional curl of Vu* vanishes. In particular Vu' must have a potential
v € W2 (R?). A simple direct proof of the latter claim can be found by convolving with a
standard family of mollifiers ¢.: clearly curl(Vul) * ¢. is a smooth curl-free vector field

1Observe that 0 and 1 can be triple junctions or pure jumps.
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by (1.6.2) and as such it has a potential v, which we can normalize to v.(0) = 0. We can
then use the compact embedding of W2 to extract a sequence ¢; | 0 such that v., has
a local weak limit in W2, Claim (i) is then an obvious consequence of the smoothness
of v in R?\ K, while the uniqueness up to constant is obvious because, by Theorem 4.4.1,
R?\ K is connected. Observe next that

/ |Vo|? = / |Vul? < 277
Br(x) B, (z)\K

for every disk B,(x). Hence (ii) follows from the standard Morrey’s estimate.

Finally, in order to prove (iii) fix a connected K’ C K. Since by Corollary 3.1.5 pure
jump points (which clearly are nonterminal) are dense, it suffices to prove that v(z) = v(y)
for every pair of pure jump points z,y € K’, which from now on we assume to be fixed.
Let v be a curve as in Lemma 4.5.2 and observe that the corresponding partition must
satisfy 0 < s1 < $9 < ... < sy < 1. Observe moreover that v|x must be constant in the
neighborhood of every pure jump point by the regularity theory developed thus far: indeed
at each jump point we have that u has C* extensions u* and «~ on both sides of K, while
the Euler-Lagrange conditions for u imply 85”—; = (0. This in turn implies that v as well
has O extensions v+ and v~ on both sides of K, and since Vv is a counterclockwise 90
degree rotation of Vu, we conclude that both Vo™ and Vv~ are orthogonal to K. Hence

s — v(y(s)) is constant on the arcs [0, s1), (s1,52), ..., (Sn—1,5n), (sn, 1]. By continuity
we conclude that v o 7y is constant over the whole interval [0, 1], which in turn implies
v(xz) =v(y(0)) = v(y(1)) = y as desired. 0

4.6. The level sets of the harmonic conjugate: Part 1

In this section we study the level sets of the harmonic conjugate introduced in Proposi-
tion 4.5.1. Our main conclusion is Proposition 4.6.2 below. Observe that for both v and «
we have a quite good description of their behavior at every point of K which is either a
pure jump point or a triple junction. We thus wish to first gain some more information
on points which belong to the remaining set K*, i.e. points which either turn out to form
a connected component of K by themselves or which are terminal points of a connected
component with positive length (cf. Definition 1.5.1). At all such points we claim that u
can be extended continuously.

PROPOSITION 4.6.1. There is a universal constant C with the following property. Let
(u, K) be a nonelementary global minimizer and assume that v € K* (i.e. that v € K is
neither a triple junction nor a pure jump point). Then there is a u € R such that

o —u(y)| <Clz—yl?  VygK. (4.6.1)

In particular there is a unique continuous extension of u to K* and from now on we will
just use the same notation u for such extension. We are now ready to state the following
structural proposition.

PROPOSITION 4.6.2. Let (u, K) be a nonelementary global minimizer and let v be as in
Proposition 4.5.1. Then for a.e. m € R we have the following properties:
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(i) w is continuous at every point of {v =m};
(ii) H2 (K N{v=m}) =0;
(iii) {v =m} \ K is the union of countably many real analytic arcs;
(iv) {v =m} has locally finite H' measure;
(v) for every injective Lipschitz curve v : [0,1] — {v = m} the function u o~y is
absolutely continuous, u is differentiable at v(s) for a.e. s such that ¥(s) # 0 and

L won) = (Vu)or) 4 (462

where the right hand side is defined as 0 at every point s where 4(s) = 0, irrespec-
tively of whether u is differentiable or not at that point.

REMARK 4.6.3. Note that, as a consequence of (v) we have the integral identity

u(7(1)) — u(+(0)) = / V(1)) - 4(t) dt (4.6.3)

4.6.1. Proof of Proposition 4.6.1. Without loss of generality assume that = = 0.
Given an open set U we define

osc (u,U) :=sup{|u(z) —u(y)| : x,y e U\ K}.

We just need to show that there is a universal constant C' such that osc (u, B,(0)) < Cr2
and then we can simply define

w:= lim wu(x)
yZK,y—0

to conclude (4.6.1). Since we are claiming that the constant C' in our estimate is independent
of (u, K), we can assume by scaling that » = 1 and we are thus reduced to show

sup{|u(z) —u(y)| : z,y € By \ K} < C. (4.6.4)
We will accomplish the latter estimate in three steps.

Step 1 Firs of all consider F':= {r € (1,2) : {(K N IB,) < oo} and for each r € F we
define
d(K,r) :=min{lz —y| :x #yand z,y € KNIB,}.
We then claim that there is a k € N such that
{re F:d(K,r) >k} >2k". (4.6.5)

Assume indeed that the statement is false for every k and let (uy, Kj) be a counterexample
for k. Hence a subsequence (uy,, Kx,) converges to a global generalized minimizer (uso, Ko ).
By the coarea formula [5, Theorem 2.93] there must be at least one radius r € (5/4,7/4)
such that 0B, N K., consists of finitely many pure jump points 1, ..., zy, intersecting
OB, transversally. But then there is § > 0 such that (B, 25 \ B,_25) N Ko consists of N
arcs, intersecting all circles at an angle no smaller than 26. In turn the regularity theory
developed in the first part implies the existence of a positive n such that, for sufficiently
large j, d(Ky,;, p) > n for all p € (r —n,r +n), which is a contradiction.
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Fix now a k € N such that (4.6.5) holds and set
R = {r €F:d(K,r)>k" and / |Vul? < 87rk} .
OB,

Observe that |R| > k71
For each r € R we let I;(r),...,Inw)(r) be the connected components of 0B, \ K.
Observe that the length of each I;(r) is at least . For each I;(r) let

9;(r) == max{dist (z, K) : x € I;(r)}

and

d(r) :==min d;(r) .
j
We claim that there is some M € N universal constant such that §(r) > M ™! for at least
one r € R. Assume the contrary and for each M > 0 let (ups, Kir) be such that 6(r) < 57
for every r in the set

Rar = {r : d(Ky,r) >k '},

Let then (uas,, Ka,) be a sequence which converges to (e, o). Let Ry be the set of all
p € (1,2) which are cluster points of a sequence {r;} with r; € Rp;,. Then R cannot
be finite. Fix now p € Ro,. We then easily conclude that 0B, N K contains at least one
interval of length larger than % However this would imply that H!(K, N By) = oo.

Step 2 Let now Q(K, 0, R) := {x € B : dist (z, K) > ¢}. We then claim that for
every 9 > 0 there is L € N such that Q(K,0,2) is contained in the same connected
component of Q(K, 1, L). Indeed, assume the claim is false and for every L let (ur, Kp)
be a counterexample. Extract a subsequence (ur,, Kr,) which is converging to a global
generalized minimizer (e, Ko ). Note that K, must then disconnect R? and thus, by
Theorem 4.4.1, (us, Ko) is a generalized global minimizer. Recall that by assumption
0 € Kz, for every L € N and hence 0 € K. In turn, by the regularity theory 0 € K7, must

be a triple junction or a pure jump point, while we are assuming that 0 € K*.

Step 3 Fix now M and k as in Step 1 and let » € R be such that 6(r) > M~'. Let L be
as in Step 2. Let I;, ¢ € {1,..., N}, be the connected components of 9B, \ K, and for each i
select x; € I; such that By-1(z;) C R?*\ K. Fix now ¢ and consider that x, and x,,; are in
the same connected component of Q(K, %, L), which we denote by €. Consider a maximal
subset of points . = {y;} C Q' with the property that |y; — y;| > s%: for each distinct pair
Yi,y;- We then have that {Br)-1(y;)} covers . At the same time the cardinality of .77 is
bounded by a constant since Bgr)-1(y;) are pairwise disjoint.

A chain of . is given by a choice of balls {Br)-1(vi(j)) }jef1,..ny Where the i(j) are all
distinct and B(4L)—1 (yz(j)) N B(4L)—1 (yi(j+1)) 7& @ We say that B(4L)—1<yK) and B(4L)—1($J)
are chain-connected if there is a chain such that I = i(1) and J = i(N). Assume now,
without loss of generality, that Bz)-1(y1) contains z, and let ¢ C . be the subset of
points such that B)-1(y;) is chain-connected to Bz)-1(y1). € must coincide with



96 4. THE BONNET-DAVID RIGIDITY THEOREM FOR CRACKTIP

otherwise the two open sets

U .= U B(4L)—1(yi) (466)
1€¢

V.= U B(4L)*1(yi) (467)
1€\C

would be disjoint and would disconnect €. Upon reindexing our balls we can thus assume
that {Br)-1(¥i) Yieq,..., v} 18 a chain such that 2, € Bupy-1(y1) and xpy1 € Bupy-1(yn). Set
29 = Tg, ZN = Tg41, and choose z; € Bupy-1(y;) N Bar)-1(Yit1) for every other 1 <i < N —1.
Consider then the piecewise linear curve «y consisting of joining the segments [z;, z;11]. Since
|zit1—2i| < 1/(2L), the length of the curve is bounded by a universal constant. Furthermore,
each point z on the curve is at distance at least 1/2L from K. In turn this and the energy

upper bound in (1.4.1) imply
/ Vul? < T
Bi/20)(2) L

By the mean-value property of harmonic functions, we conclude that |Vu| is bounded by a
universal constant on the curve . This then implies that |u(z;) — u(ze11)| is bounded by a
universal constant too.

Next recall that

/ |Vul? < 87k .
OB,

Hence, by Morrey’s embedding, we conclude that osc (u, 9B, \ K) is bounded by a universal
constant. At this point the maximum principle of Lemma 2.1.1 implies that osc (u, B, \ K)
is bounded as well by the same constant, concluding the proof.

4.6.2. Proof of Proposition 4.6.2. Consider first the union K of the connected
components of K with positive length. Since K\ K consists of irregular points, H*(K\K) = 0
and thus Proposition E.0.1 implies that H2 (K \ K) N {v =t}) = 0 for a.c. ¢ since v € C'z
by (ii) in Proposition 4.5.1. On the other hand, v(K) is a countable set, because the
connected components of K with positive length are countaly many, and on each such
component the function v is constant. Thus, except for a countable values of t’'s we have
K n{v=t}=0. In particular, (ii) follows. Moreover, Proposition 4.6.1 implies that  is
continuous at every point = € {v =t} if {v =t} does not intersect K, hence giving (i).

The fact that {v =t} \ K consists of a locally finite union of real analytic arcs is a
direct consequence of the harmonicity of u on R?* \ K. Next, for every N € N consider that
by the coarea formula [5, Theorem 2.93] it is true that

/'Hl({v — 1A (By \ K))dt = /BN\K Vol = /BN\K|VU| <00

Therefore for a.e. ¢ we have that H'({v =t} N (By \ K)) < oo for every N € N, thus
implying (iv).
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Again by the coarea formula [5, Theorem 2.93] we know that

// |Vu|d7—[1dt:/ Vol [V :/ Vu? < oo.
Byn{v=t)\K BN\K BN\K

We thus infer that for a.e. ¢
/ |VuldH' <o VYR >0. (4.6.8)
Brn{v=t}\ K

Fix now a t which satisfies (i), (ii), and (4.6.8) and let 7 : [0, 1] — {v = t} be an injective
Lipschitz curve. We want to show that uw o~ € W', In order to do that we set

hs) = { IVuEDIFEN i) ¢ K

otherwise.

Observe that, by injectivity of v and the 1-dimensional area formula

1
/ h(s)ds:/ |Vu| < oo
0 Y([0,ID\K

The absolute continuity of u o will then follow once we prove that, for all o, s € [0, 1],

ur(s) — ulrio))| < | Ch(r)dr (4.6.9)

First of all, (4.6.9) is obvious if v([o,s]) C R? \ K, because in that case u is smooth
on [0,s]. On the other hand it is not possible that v([o,s]) C K for o < s because
H2(K N {v=1t}) =0, hence K N {v =t} is totally disconnected and y(|o, s]) € K would
imply that + is constant on [0, s], contradicting the injectivity of ~.

Fix now an arbitrary o < s. By the above argument we know that there is a sequence
or § 0 and a sequence s; T s such that y(oy),v(sx) € K, hence it suffices to prove (4.6.9)
when (s),v(0) € K. However, if v([o, s]) C R? \ K, then we already observed that the
inequality is correct. Thus, we can assume the existence of at least one 7 € (o, s) such that
v(7) € K.

Fix now 6 > 0 and using the fact that H2(K N {v = t}) = 0 cover 4([0,1]) N K with a
collection € of open disks B,,(x;) such that z; € v([0,1]) N K and

Zr§<5.
i

Observe that v([0,1]) N K is compact and thus we can assume that the cover is finite.
Moreover, by taking the disks suitably small, we can assume that y(o) and v(s) do not
belong to any of them. Finally, since 2 (v([0,1]) N K) = 0 we can choose the disks so that
B, (x;) N (([0,1]) N K) = (), which in turn implies that

v([0,1)) N K N B, (x;) is compact for every i. (4.6.10)

Select now the smallest s; € (o, s) such that v(s;) € K. Then clearly ~y(s1) belongs to
some disk of the cover ¥ and by reindexing it we can assume it is B, (z1). We then let
oy be the largest number such that vy(o2) € K N B, (z1), which exists by (4.6.10) and is
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smaller than s because y(s) € K. If v((02,s]) N K = () we stop the procedure, otherwise
we select the smallest sy > 09 such that vy(sy) € K. Then v(s2) must belong to a disk of ¢
which however cannot be B,,(x;), and upon reindexing we can assume is B,,(x2). We then
proceed as in the first step and since % is finite the procedure stops in finite time. We let
on be the last chosen number and set o7 = ¢ and sy = s. We can then partition [, s| as

[0'1,81> U [81,0’2] U (0'2,82) Uu...u [SN_l,O'N] U (UN,SN] .

Each (03, s;) is contained in R? \ K. Thus u is smooth on the arc v((0;, s;)) and for every
sufficiently small € we can write

ulr(s = <)) —ulaoi+ ) = [ C o)) dr.

oi+€

In particular

Si

lu(y(s:)) — u(y(02))] < / h(r) dr

[

On the other hand w(y(s;)),u(v(0i41)) € By,(x;). Recall that z; € v([0,1]) N K and
since ([0, 1]) does not intersect any connected component of K with positive length, we
necessarily have x; € K*. Hence by Proposition 4.5.1

u(v(0i11)) — uly(s:)] < Cr?

We can thus estimate

N-1

[u(v(s)) = u(y(o))] < D fu(v(s:) — u(y(o)| + X |uly(oi1)) — uly(s:))]

i=1 i=1

N Si N-1 S
gZ/ h(T)dT+CZr;g/ h(r)dr+ C5.

i=1

Since § is arbitrary, we then conclude (4.6.9).

As for (4.6.2) recall first that, since u o v is in Wbl it is a.e. differentiable. The
derivative at a.e. 7 € [0,1] \ 7 }(K) can be computed using the chain rule because u is
smooth on R? \ K. Nex observe that, by (4.6.9),

<h a.e.

d
o)
and since g vanishes on 7~ }(K), we conclude that

d
%(uo'y)zo a.e. on vy 1K),

However, as already noticed we have that 4 = 0 a.e. on y~'(K). Hence we can claim (4.6.2)
a.e. on [0, 1] if we interpret the expression as 0 at every point where % exists and vanishes.
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4.7. The level sets of the harmonic conjugate: Part 11

In this section we deepen the analysis of the level sets of the harmonic conjugate. We
will make use of the following terminology:

DEFINITION 4.7.1. A set J C R? contains no loops if any injective continuous map
v : St — J is necessarily constant. A point p € J is terminal if there is no injective
continuous map: 7 : (—1,1) — J such that v(0) = p. Points p € J which are not terminal
will be called nonterminal.

Note that the terminology is consistent with the terms terminal and nonterminal points
introduced in Definition 1.5.1 and used thus far for points of K.

PROPOSITION 4.7.2. Let K,u, and v be as in Proposition 4.6.2. Then:

(i) For every m the level set {v =m} does not disconnect R* and in particular contains
no loops.
(i) v satisfies the mazimum and minimum principle, i.e.

max v = maxuv, (4.7.1)
U ou

minv = minv, (4.7.2)
U ou

for every bounded open set U. Moreover, if x € U is a local minimum (resp.
mazximum,), then necessarily x € K.

(iii) For every m to which all the conclusions of Proposition 4.6.2 apply, the level set
{v =m} contains no terminal points.

PROOF. Proof of (i) If {v = my} contains a loop, then it disconnects R? and at least
one connected component of {v # mg}, which we denote by U, must be bounded. Clearly v
on U must either be strictly larger than mg or strictly smaller than mgy. To fix ideas let us
assume that it is strictly larger and let 6 > 0 be such that U, := {v > m}NU is not empty
for every m € (mg, mo+6). Consider that dU,, is rectifiable for a.e. m by Proposition 4.6.2
and that

mo+6
/ H(OU,,) dm < C'.

mo

We fix next a suitable regularization v, of v, for instance by convolution, so that

mo+0
lirnsup/ H (0{vr, >m}NU)dm < co.
k mo
By a standard diagonalization procedure we can find a sequence of values m; converging to
some m € (mg, mg + 0) with the properties that:

(a) All the conclusions of Proposition 4.6.2 apply.

(b) {vx = my} NU consist of non degenerate points (i.e. Vug # 0 everywhere on
{Uk == mk} N U)

(c) H'({vr = my} NU) converge to H'({v =m} NU).
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Since {vy = my} N U is (for sufficiently large k) compactly contained in U, it consists
of finitely many loops. Each such loop bounds a corresponding disk. Fix a point p in
{v >m} NU: for sufficiently large k’s p must belong to one such disk. We denote it by Dj,
and we let 74 be the corresponding loop. Note that the length of ~; is uniformly bounded in
k. We can thus parametrize 7; by a constant multiple of the arc length over S*. Without loss
of generality we keep denoting by 7, such parametrization. By Ascoli-Arzela we can assume
that v, converges to some Lipschitz map 7 : S' — U. Observe that v(S') C {v =m} NU.
But observe also that the length of v(S') must be equal to the limits of the lengths of ~;(S!)
(which we might assume exist by extraction of a subsequence), otherwise item (c) above
would be violated. In particular we obtain that

[l =

Observe also that we can choose d positive so that Bs(p) C {v >m}NU. In particular,
for all sufficiently large k the disk Bs(p) must be contained inside the disk Dj. We thus
conclude from the isoperimetric inequality that

H'((Sh) > 0.
Choose now the orientation of 7, so that
i
|V
for some positive function A\,. In particular
ol
|V
is the inward unit normal to D, and v, increases in its direction. It is then easy to see that
L

L-V00720

il
holds a.e., since the convergence of vy to v is in fact smooth on v(S')\ K, which has measure

zero. But then we conclude that in fact

o1
L'VUO")/>0

il
a.e., since both vectors are collinear and nonzero a.e. on y(S') (recall that v is harmonic
outside K and as such the set of points not contained in K where its gradient vanishes
must be countable).
In particular, we conclude

= MV o

v-Vuovy >0 a.e..
However, by Proposition 4.6.2 the latter would imply

o=mw%»—uwm»=A”vwww»wwﬁ>o,
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which is a contradiction.

Proof of (ii) The two cases are entirely analogous and we focus on the case of maxima for
simplicity. Consider, by contradiction, a bounded open set V' for which maxy-v > maxay v.
Then there is an mq such that {v = mg} does not intersect OV and {v > my} NV is
not empty. Setting U := {v > mg} we can argue as in the previous step to obtain a
contradiction. Next, if x € U is a local maximum and x ¢ K, by the harmonicity of v we
conclude that Vv must vanish in a neighborhood of . But this is not possible because
Corollary 4.4.4 would imply that (u, K) is an elementary minimizer.

Proof of (iii) We will prove the claim for any m such that all the conclusions of
Proposition 4.6.2 apply. Fix then a point 2 in {v = m} and assume, without loss of
generality, that o = 0. The proof will be split in several step

Step 1. Choice of a good radius. Let r > 0, and G be any connected component
of {v = m} N B, and observe that it must necessarily intersect B,. Otherwise, using
Lemma C.0.1 we find a Jordan curve v which does not intersect {v = m} and bounds a disk
D which contains G. Clearly we must have either v < m or v > m on dD and in particular
we would violate (ii).

We thus infer that {v = m} NIB, # 0 for every r, because some connected component
of {v =m} N B, must contain the origin (recall that o = 0 € {v =m}).

We next appeal to the coarea formula [5, Theorem 2.93] to choose an r € (1,2) with
the properties that

(1) {v =m}NJIB, is finite;

(2) {v=m}NIB.NK =0

(3) Vou(y) # 0 for every y € {v = m} N9IB, (hence {v = m} is a smooth arc in a
sufficiently small neighborhood of any such y);

(4) {v = m} intersects OB, transversally at any y € 0B, N {v = m}.

Fix now any point y € 9B, N {v = m}. By (4) the normal to {v = m} at y cannot be
perpendicular to 0B,: recall that this normal is colinear with Vu(y), which by (3) does
not vanish. We thus conclude that Vu(y) cannot be perpendicular to 0B,. Hence, if we
consider the restriction of the function v — m to 9B,, such function is changing sign at
each point y € 0B, N {v = m}. Therefore {v = m} N OB, consists of an even number of
points which divide the cirle 9B, into an even number of arcs 7;: on half of them v — m is
positive, while on the other half it is negative, cf. Figure 6.

Step 2. 0 € 0A for some connected component A of B, \ {v =m}. Consider now
the connected components {A;} of B, \ {v =m}. v —m does not change sign nor vanishes
on each A;. 0A; must then intersect 0B,: otherwise we would have v = m on JA;, violating
(ii). Since each A; is connected, if 0A; intersects a given +;, the latter being one of the arcs
introduced in the previous step, then v; C A;. In particular each «; is contained in at most
one dA;, while each 0A; contains at least one 7;. Hence the A;’s are finitely many.

Next, since {v = m} contains no interior point, every z € {v = m} N B, must be
contained in 0A; for some i. This holds for 0 as well. We therefore assume that 0 € 0A;
and for simplicity we set A = A;.
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V4 "1

V3 2

FIGURE 6. 0B, \ {v =m} consists of an even number of arcs, on which the
function v — m takes alternating signs. The picture depicts {v = m} only in
a neighborhood of 0B,.

Step 3. A is simply connected. Furthermore, to simplify our discussion we assume
that v > m on A. Note next that A must be simply connected: if v is a smooth simple
Jordan curve in A, then it bounds a disk D and the latter must be contained in A otherwise
D would contain a portion of A which does not intersect v, and from the latter we would
get a connected component of {v = m} which does not intersect B,. Since A contains D,
v is contractible in A.

Step 4. Finding a suitable Jordan curve in JA. Having established that A is
simply connected, i.e. it is a topological disk, we infer that its boundary dA cannot be
disconnected by a point p € 0A. We next devise a suitable algorithm to generate a suitable
Jordan curve contained in 0A.

Fix first a =; contained in JA, relabel it so that ¢ = 1 and consider its two endpoints a;
and b;. If we remove the (open arc) v, from JA, the remainder is a closed connected set
with finite Hausdorff measure. We can thus apply Lemma C.0.2 to conclude that there is an
injective curve 7 in A \ v, which connects b; and a;. Consider it as a parametrized curve
n:[0,1] — A with n(0) = by and n(1) = a;. Since in a neighborhood U of by {v =m}NU
consists of a single smooth arc crossing {v = m} precisely in by, for a sufficiently small
d > 0 n([0,6)) must be contained in this arc. In particular 7((0,d)) does not intersect 0B,.
On the other hand 7(1) = a; € 0B,. Consider therefore the smallest positive s such that
n(s) € 0B,: the arc n; = n([0, s]) is then a simple arc joining b; with either a; or with one
extremum of some other arc v;, and 7;((0, s)) is contained in 0A \ 0B,. If n1(s) = a; we
stop and we conclude that ~; Un; is a Jordan curve.

Otherwise 7, (s) must be an extremum of a second +; contained in JA. We relabel so
that 7 = 2 and denote by as and by its extrema, with the convention that as = n;(s). We
now remove y; Un; Ny, from 0A (where we follow the convention that the arcs «y; are open
while the arcs 7; are closed). The remaining set is still connected, has finite #! measure,
and contains by and a;. We can thus repeat the procedure above to produce a second
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by 71
aq
a2
Y2
by
bs
as V3

F1GURE 7. The picture is an illustration of the algorithm to find a Jordan
curve inside 0A. The algorithm finds inductively the pairs of Jordan arcs
(7i,mi) starting from ~;.

simple arc o C A\ (71 Um U~y,) which connects by with the endpoint of some other arc
v, contained in 0B, taking care that ny lies in B, except for its two extrema. Recall that
one extremum of 7y is by: if the second is a; we stop the procedure. Otherwise note that
it cannot be an extremum of either 7, or 7,: it must be the extremum of some =, with
k # 1,2, cf. Figure 7. We then let k = 3 after relabeling and proceed as above.

Since the 7,’s are finitely many, the procedure must end. Assume it ends after N steps.
If we string together v; Un; Uy, U. .. Uny, we achieve a Jordan curve.

Step 5. Describing dA. The Jordan curve 3 : S' — 0A found by the previous
algorithm bounds then a topological disk D which must be contained in B, and which
contains 0. Observe that A must be contained in D. Indeed D is a connected component of
B, \ B(S') and, since 3(S') € A C {v = m}, any connected component of B, \ {v =m}
either does not intersect D, or it is contained in D. On the other hand both A and
D contains 0, so AN D # (. Next v = m on all the n;’s, while v > m on all the ~,;’s
(v > m on each of them because they are in JA and the strict inequality is because none
of them intersects {v = m}). But then we conclude that v > m on D, by (ii). We
now want to exclude that v = m somewhere in D. Indeed, if z € {v = m} N D notice
that there is a connected component G of {v = m} which contains z and intersects 0B, ..
But then H!({v = m} N D) > 0. Since H!({v = m} N K) = 0, we must have some
z€{v=m}ND\ K. But then, by Proposition 4.6.2(ii) v — m takes both signs in any
neighborhood of z, contradicting v > m in D. Having concluded that v > m in D, we infer
that D N {v =m} = (. In particular D is a connected component of B, \ {v = m}. Since
it contains A, it actually must be equal to A.

We are now ready to conclude: recalling that 0 € 0A, it must be contained in some
nj. The latter is an injective curve, it is contained in {v = m}, and 0 is not one of its two
extrema: in particular 0 is a nonterminal point of {v = m}. O
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4.8. The level sets of the harmonic conjugate: Part III

We are now ready to conclude our analysis of the level sets of v. While so far all the
conclusions apply for a global generalized minimizer which is not elementary, in this section
we use substantially the additional assumption that all but one connected component
of K are contained in a fixed disk Bgr. Before coming to the relevant statement, let us
point out that, given any global generalized minimizer (u, K, {py;}) and any constant c,
(£(u—¢), K,{£pu}) is also a global generalized minimizer.

PROPOSITION 4.8.1. Let (u, K) be a nonelementary global minimizer satisfying (a) and

(b) in Theorem 4.1.1 and let v be as in Proposition 4.5.1. Then:
(i) every blow-down of (u, K) (i.e. any limit of (uo,, Kor;) forr; 1 00) is the cracktip;

(ii) |Vo(x)| > Co|$|_% for all x ¢ K large enough and for a positive geometric cy;
(iii) up to changing the sign of u, v achieves its global minimum minv;
(iv) for every m > minwv there is a radius R = R(m) such that {v =m} \ B, is smooth

and {v = m} intersects each OB, transversally in ezxactly two points for every

r > R(m);
(v) for a.e. m > minv the level set {v =m} is a properly embedded unbounded line;
(vi) the unbounded connected component of K is {v = minuv}.

PRrROOF. Proof of (i). Since K \ Bp, is a single connected component for a sufficiently
large Ry, by Proposition 2.6.1 the quantity

1
~ [ IVuf?

T B,

is monotone for r > Ry. Let (w, J) be any blow-down. It then turns out that J consists of
a single unbounded connected component and that

! |Vwl|?

r /g,

is a nonzero constant thanks to Corollary 4.4.4, being (u, K') nonelementary. But then
Proposition 2.6.1 implies that it is a cracktip. Observe that, while we lack at this point
any uniqueness statement and the half-line of the cracktip could change depending on the
blow-down sequence, it is easy to verify that the sign of the constant b in (2.5.13) must
always be the same, independently of the subsequence (cf. Proposition 2.5.6).

Proof of (ii), (iii), and (iv). Fix r > 0 sufficiently large and rotate the coordinates
by an angle §(r) so that Ry()(K) N OB, = {(r,0)}. We consider the pair

sziRwﬂK) (4.8.1)
U (7)== 1 Pu(rR gy (2)) (4.8.2)

and the function
() = 17 Po (PR g (7)) -
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Up to a change of the sign of u we can assume (u,., K,.) is converging to the following specific
cracktip (Weo, Koo ):

Ko ={(t,0) : t > 0} (4.8.3)
Woo () = \/irl/2 Cosz . (4.8.4)

On the other hand v, is converging (locally uniformly, thanks to the Holder estimate of
Proposition 4.5.1) to a Holder function v, which is harmonic on R? \ K, and satisfies
Vs = Vul and v4,(0) = 0. But then it turns out that

2, 0
Voo (T) = \/;7“ /zsini.

We next appeal to the e-regularity theory at pure jumps to argue that the convergence of
K, to K, isin CY* on B4\ B 1. Hence we can appeal to the regularity theory coming from
the Euler-Lagrange conditions of Proposition 2.5.2 to conclude that the convergence of wu,

and v, t0 U and v is also in C “up to the discontinuity set K,”: more precisely, there
are Ct diffeomorphisms @, of By \ (Bi/4 U K,.) onto By \ (B1/4 U K« ) such that

e &, converges to the identity in C** as r 1 oo;
e u, 0® ! v, 0® ! converge in C* t0 Uy, Vo 0N By \ (B% UKy).
We can then easily draw the following conclusions:
(1) [Vu,| > ¢>0o0n By \ (B% U K,) for some suitable positive constant ¢ and every
sufficiently large r. This clearly implies (ii).
(2) Since |Vo,| = |Vu,| we infer that the level sets of v, are smooth on By \ (B% UK,).

(3) Since +2%==(1,+6) > ﬁ for € (0,%), we conclude +%(1,+6) > 4\}g for
6 € (0,%) and r large enough.
(4) Since vao(1,6) > 7=/ for 6 € (%,25), clearly v,(1,60) > L= for 6 € (Z,%) and
r large enough.
The last two facts imply that, if r is large enough, then v,.(1,60) > v,(1,0) for all § € (0, 27).
Translating this information back to v, we conclude that, if we denote by m the constant
value achieved by v on the unbounded connected component of K, then v > m on 0B, \ K.
By the maximum principle of Proposition 4.7.2 the latter implies that m is the absolute
minimum of v.
Fix now m > m, then

{fv=m}\ B: =r({v, = = Pm)\ Bi).

If 7 is sufficiently large, the set {v, = r~"*m} intersects 0B, transversally in exactly two
points, by (3) and (4). This shows (iv)

Proof of (v). Pick m > m to which all the conclusions of Proposition 4.7.2 apply and
let r be large enough so that 0B, intersects {v = m} transversally in exactly two points.
Since B, N {v = m} has no terminal points and no loops, {v = m} N B, must be a Jordan
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arc. Indeed we could even notice that the very argument given in the previous section for
Proposition 4.7.2(iii) shows this fact directly.

Proof of (vi). Let L be the unbounded connected component of K. Observe that
we have already shown that L C {v = m}, where m = minwv. Next observe that, for a.e.
m > m, the level set {v < m} is connected, because of (v). Since {v = m} = Nem{v < m},
we conclude that {v = m} is connected as well. Next notice that {v =m} C K, because
by Proposition 4.6.2(ii) any point of {v = m} is a global minimum for v. We have thus
inferred that L C {v = m} C K and that {v = m} is connected. Recalling that L is a
connected component of K, we must have L = {v = m}. O

4.9. A special bounded connected component of K

From now on we will establish a set of conditions which we can assume for a couple
(u, K) as in Theorem 4.1.1 without loss of generality, thanks to Proposition 4.8.1.

ASSUMPTION 4.9.1. (u, K) is a nonelementary global generalized minimizer (in particular
R?\ K is connected) and v is an harmonic conjugate of u as in Proposition 4.5.1, which
satisfy in addition the following properties.

(i) v>0.
(ii)) L := {v = 0} is the only unbounded connected component of K.

(iii) There is R > 0 s.t. K\ Bg C L and L N 0Bpg has cardinality 1.

We then let my be maxg v.

Observe that mg is well defined because it is in fact max 5, v by (ii) and (iii) above,

while v is continuous and K N Br compact. We next point out a pivotal (yet simple)
outcome of the Bonnet monotonicity formula.

COROLLARY 4.9.2. Let (u, K) be as in Assumption 4.9.1. If mg = 0, then (u, K) is a
cracktip.

We postpone its simple proof, for the moment, and note that it gives us a route to the
proof of Theorem 4.1.1: we assume that my > 0 and wish to derive a contradiction. To
that end it will be useful to make the following preliminary analysis.

PROPOSITION 4.9.3. Let (u, K) be as in Assumption 4.9.1 and assume that mg > 0.
Then any x € KNo{v > mg} is either a pure jump or a triple junction. In particular, if G
is any connected component of K contained in {v = mqy}, then

(i) G is bounded and H*(G) > 0;
(ii) if = € G is a terminal point, then there is a neighborhood of x in which v < my.

4.9.1. Proof of Corollary 4.9.2. If my = 0 it follows immediately from our assump-
tions that K = {v = 0}, it is connected, and it is unbounded. Since K does not disconnect
R2, K must have at least one terminal point, which without loss of generality we can assume
to be 0. By Proposition 2.6.1 we know that

D(r 1
( ) — |vu’2

r r B,
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is monotone nondecreasing. Recall that the blow-downs of (u, K) are cracktips by (i)
Proposition 4.8.1. Observe that, if lim,;o7 ' D(r) = 0, then the blow-ups of (u, K) at 0
are elementary minimizers. By the density lower bound none of them can be a constant,
so they must be either pure jumps or triple junctions. But then the e-regularity theory
developed thus far would imply that K N B, is diffeomorphic either to a diameter of B, or
to three radii meeting at the origin, contradicting the hypothesis that 0 is a terminal point
of K. We thus conclude that ¢ := lim, o7~ 'D(r) > 0. But then any blow-up (ug, Ky) at 0
must have Ky connected and must satisfy

1
/ IVuol* = ¢ >0

r

Thus the second part of Proposition 2.6.1 implies that (ug, Ky) is a cracktip. We thus
conclude that 71 D(r) is as well constant and nonzero. Hence we can once again appeal to
Proposition 2.6.1 to conclude that (u, K) itself is a cracktip.

4.9.2. Proof of Proposition 4.9.3. First of all we address the two consequences
(i) and (ii) of the main statement. (ii) is indeed obvious because of the main part of the
Proposition.

Next consider any connected component G of K in {v = mg}, and note that G is
necessarily bounded in view of Assumption 4.9.1. Let x € G. Recall that the connected
component J of {v = mg} N B,(z) which contains x must intersect dB,(x), by Proposi-
tion 4.7.2 (otherwise Lemma C.0.1 would provide an open disk D with smooth boundary ~
containing J and with v N {v = mg} = (: such a D would then violate the maximum prin-
ciple of Proposition 4.7.2). Therefore, if {x} were a connected component of K, then there
would be a sequence z € J \ K converging to x. v would be harmonic in a neighborhood
of these points, and since it is nowhere constant because of Corollary 4.4.4, v — mg would
need to change sign in these neighborhoods. In particular we could provide a sequence
yi such that |z, — y| < 1 with v(yx) > mo, thus showing that € K Nd{v > mg}. But
then by the first part of the Proposition x would be a pure jump point or a triple junction,
showing that K N B,(z) is connected in some disk B,(z), a contradiction.

We next come to the main part of the Proposition, which will be split in several steps.

Step 1. Consider the set V := {v > my} and fix any point z in R?. In this step we

show that the functional .
Oz, 1) = / Vu?
T JvnB,.(z)

is monotone in r. In this step for convenience of notation we assume that x = 0 and,
arguing as in the proof of Proposition 2.6.1, we observe that O(0, -) is absolutely continuous
and its derivative is given by

1 1
o'(0,r) == Vul* — = |Vul?.
r r2
VOB, VNB,

0
/ Vuf? = / ey (4.9.1)
VNB, VNOB\K on

We next claim that
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In order to prove it we observe first that the identity can be justified if V' is replaced by
{v > m} for some m bigger than my for which the conclusion of (v) of Proposition 4.8.1
applies, because then we can let m | mg. Next, for any such m the set {v = m} is a
nonintersecting infinite curve which does not intersect K (because by definition v < mg on
K). It then turns out that Vo cannot vanish on it: as it is well known, since v is harmonic,
around a point p where Vo vanishes the level set {v = v(p)} cannot be a Jordan arc, and it
is rather diffeomorphic to the union of N > 4 segments joining at p. This follows simply
from the fact that, in a sufficiently small neighborhood of p, the level set {v = v(p)} is
diffeomorphic to the zero set of the first nontrivial harmonic polynomial in the Taylor
expansion of v — v(p) at p: up to rotations, the latter is necessarily of the form Re(z — 2)*
for some k > 2, where 2y = g + iyo for p = (2, %), and z = z + dy. It thus turns out that
{v > m} is a smooth set and we can use the relation % = 0 on 0{v > m} = {v = m}.
Next observe that
ou
— =0
5 on
for every connected component v of {v > my} N OB,. Again it suffices to show it first
for every connected component of {v > m} N OB, for the m > mgy to which we can apply
Proposition 4.8.1 and then pass to the limit. In fact by varying m we can assume that
the intersection of {v = m} with 0B, is transversal. Then it suffices to observe that for
each such v we can find an arc  in {v = m} with the same endpoints as « such that n U~
bounds a disk D. We then use
0 ou ou
wup O ) o
where the second identity is due to %Z = 0 on n, and the first is implied by the harmonicity
of uin D, if DN K = (). More generally we can use Proposition 2.5.1 if K N D ## (), because

(taking into account that A = 0) (1.6.2) is the weak formulation of the Neumann condition
% = 0 on K. However in this particular instance we can show that D N K = (). Indeed
{v>m} CR*\ K as m > mg and my > v on K, therefore K N D is contained in the
endpoints of v, which are actually points of 7 and K Nnp = (. At any rate we are now in

the position of arguing as in Proposition 2.6.1 to show that

1 1
/ |Vul? > 2/ Vul?.
T JvnoB, = JvnB,

Step 2. Fix now any = € R? and observe that V = {v > my} C R?\ K, and that by
Proposition 4.8.1(i),

1
lim O(z,r) = lim — |Vul?,
7100 rfoo 1 Br(z)\K

while the latter value equals the constant value
1

Coo i= / Vu|? =1
T JB\K.
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for a cracktip (u., K.) with terminal point at the origin. Indeed, observe first that
Br_|x|(0) C BT(:E) - BT_HI‘(O)

and therefore it suffices to show that

1
lim — |Vul]* = Oy .
"N J ({wsmonBa)\K
Next, introduce u,(z) := r~?u(rz), K, := r 'K, and v,(z) := r~"2v(rz) and consider

that
1

/ \vu|2:/ V2.
T J({v>monB)\K ({vr>r=1/2mo}NB1 )\ Ky

However, up to extraction of subsequences (which for the sake of keeping our notation
simple we ignore) Vu, converges strongly in L? to Vu,, while v, converges (uniformly, given
that ||v,||c12 < C) to the harmonic conjugate v, of u. normalized to be 0 at 0. Depending
on the sign of the cracktip u., v. is either nonnegative, or nonpositive. In the first case we
have {v, > 0} = R?\ K, while in the second we have {v, < 0} = R*\ K,. In particular
{v, > r~"2mg} converges to {v. > 0}. The second case, namely v, < 0, is then excluded
because the limit of the integrals would be 0. We thus must have {v, > 0} = R?\ K., which
in turn implies

lim |Vur|2=/ V2.
"7 S ({or>r=1/2me By )\ K Bi\K.

In particular, if we set
C(z) = h&)l O(z,r),

we then conclude that C(z) € [0,1]. Observe that, arguing as in Proposition 2.6.1, if
C(z) =1, then O'(z,-) = 0, which in turn implies that:

e cither V N B, (z) has Lebesgue measure zero for every r;

e or B.(z)\ V is a straight segment originating at = and w is %—homogeneous onV.

It is immediate to see that the first case is excluded as it would be C(x) = 0, while we are
assuming that C'(z) = 1. In the second case (u, K) is a cracktip with terminal point at .
But then mg could not be larger than 0, so the latter conclusion is excluded as well. Thus,
C(x) €[0,1).

Assume now that C'(z) € (0,1). Consider then any blow-up (ug, Ko, {pr:}) at x, limit of
some sequence of rescalings U ij) with 7; | 0, and consider the limit vy of the rescaled
harmonic conjugate function

Vo, (Y) =15 /Q(v(rjy +x) —myp) .
In view of Step 1, it then turns out that
1

/ Va2 =C(z) >0 forall > 0.
T J B.n{vo>0}

We again argue as in Step 1 and conclude that the last identity yields that either {vy > 0}NB,
has measure zero for all r (which is excluded from the fact that C(x) > 0), or that wg is the
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cracktip. In this case, however vy is the harmonic conjugate of the cracktip, normalized to
be 0 at 0. Arguing as above, it follows again that either vy is nonnegative or it is nonpositive.
But in the second case {vy > 0} would be empty, which in turns gives C'(x) = 0. It thus
follows that vy is nonnegative, which in turn implies {vy > 0} = R?\ K. In particular we
have C'(x) = 1, which is also a contradiction.
We thus have established that
lim O(x,r) =0

rl0
for every z € R2.

Step 3. Consider now x € K and let (uo, Ko, {pw}) be a blow-up of (u, K) at x. Let

moreover vy be as above. We distinguish two possibilities:

(a) {wo > 0} is not empty;

(b) {vo > 0} is empty.
In case (a), being C(z) = 0, we would have |Vvy| = |Vug| = 0 on a nontrivial open set.
It therefore follows that Vuy vanishes identically on at least one connected component of
R?\ K. Since K, is nontrivial by the density lower bound, K, must disconnect R? (cf.
Corollary 4.4.4). In particular it follows that (ug, Ko, {pi}) is either a pure jump or a triple
junction. The e-regularity theory for these two cases allows then to conclude the main
claim of the proposition.

Step 4. We are now ready to conclude the proof of the Proposition: we just need to
handle case (b). Consider (ug, Ko, {pr}) and vy as above. Consider in addition the closure
H of {v > mg} and observe that HN B, (z) is connected for every r > 0 by Proposition 4.8.1,
while it also contains x. Consider now its rescalings H; :=r; Y(H — z) and assume, up to
subsequences, that it converges locally in the sense of Hausdorff to some closed set Hy. H
is connected and moreover it contains the origin. Observe that vy > 0 on Hy. Observe that,
since we are in case (b) above, vg < 0. Therefore, v = 0 on Hy. Now, if exists z € Hy \ Ko,
then vy is harmonic in a neighborhood of z, and hence constant. We can thus argue as in
the previous step to conclude that (ug, Ko, {pg}) is either a pure jump or a triple junction.
Otherwise we have Hy C K. Since Hy must be unbounded, we conclude that it contains
some regular jump point z. Let B,(z) be such that B,(z) N Hy is a smooth arc v and denote
by B (z) and B, (z) the connected components of B,(z) \ Hy. By the unique continuation
for harmonic functions at smooth boundaries, Vug§ cannot vanish identically on -, unless
ug is constant on B (z). The latter situation however falls back in what already analyzed
in Step 3 and we can ignore it. We thus conclude that Vug does not vanish indentically on
v and likewise Vv, does not vanish indentically on ~ either, which means of course that
855 do not vanish identically on v. By possibly changing z and making p smaller we can
assume that they do not vanish on v at all (recall that vy = 0 on Hy).

Consider now that, by the e-regularity theory, K, ,, N B,(z) is converging smoothly to
7N B,(2). So for a sufficiently large j it is an arc y; very close to . Now, the value of v;
over ; is converging to 0. On the other hand we also know that v; < 0 on v;, because
v < mgon K.
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Let now B;r and B; be the two connected components in which B,(z) is divided by
. o .
7;. Consider that \;—“ > ¢ > 0 on v; for some constant c. At the same time the second

s . o .
derivatives D?v; are uniformly bounded on the B;E. Observe that ;—TJL cannot change sign
on v;, which is connected. We thus can examine the following cases, depending on their
signs:

v

° 8—5 > c¢>0on v or 86% > ¢ > 0 on v, for j sufficiently large. Thanks to the
uniform bound on the second derivatives and to the smooth convergence towards -,
we can choose p sufficiently small but independent of j, so that B} (z) (or B, (2)),
is contained in Hj, which is a contradiction, because H, does not contain interior
po+ints.

C(ZJi < —c and % < —c¢ < 0 on 5 for j sufficiently large. Again thanks to
the bound on the second derivatives, if we then choose p sufficiently small and
j sufficiently large, we must have v; < 0 on B;f and B . In particular, since H;
is the closure of {v; > 0}, we conclude that H; N B,(z) = (). But that is also a

contradiction because z is in Hp, which is the Hausdorff limit of H; in B,(z).

4.10. Proof of Theorem 4.1.1

In this section we complete the proof of Theorem 4.1.1. We thus fix a nonelementary
global minimizer (u, K), an harmonic conjugate v as in Assumption 4.9.1, and set mg :=
maxy v. Because of Corollary 4.9.2 we just need to show that my = 0. Towards a
contradiction we assume mg > 0 and we can now use Proposition 4.9.3 to fix a bounded
connected component G of K with H!(G) > 0 and on which v takes the constant value my.
We next recall that, because of Proposition 4.9.3 and Corollary 4.4.2, every point p € G
can be assigned to one of the following three categories:

e Pure jump points p: for each of them there is a disk B,(p) such that B,(p) N K =
B,(p) N G is a smooth arc subdviding B,(p) into two topological disks. From
Proposition 2.5.2 we gather immediately that this arc is smooth.

e Triple junctions p: for each of them there is a disk B,(p) such that G N B,(p) =
K N B,(p) is diffeomorphic to three radii of B,(p) joining at p at 120 degrees.

e Terminal points p (according to Corollary 4.4.2 then p ¢ 0{v > mg} in this case).

Obviously the triple junctions are countably many, because they form a discrete set: if
is a triple junction, by the e-regularity theorem already established there is a punctured
disk B,(x) \ {z} in which the set K is regular, in particular x is the only triple junction in
B, (x). However, we caution the reader that for the terminal points the only information
available is that they form a compact set of H! measure zero.

4.10.1. Touring G counterclockwise. Without loss of generality we will assume
that H(G) = 7 (this can be achieved by a simple rescaling argument). We now wish to
find a surjective Lipschitz map o : S' — G with the following properties:

(i) Each jump point of G has exactly two counterimages;
ii) Each triple junction point o as exac ree counterimages;
ii) Each triple junction point of G h tly th terimag
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FiGURE 8. The picture is a visualization of the map « in case the number
of maximal smooth open subarcs of GG is finite. The map is particularly easy
to define if the arcs are finitely many and very regular: in that case « is
the limit as t | 0 of the clockwise arc-length parametrizations of the sets
{z : dist (z, G) = t}.

(iii) Each terminal point has exactly one counterimage.

The idea is that such a map “goes around G”. In fact it can be shown that, up to a change
of phase in S' and of orientation, the map is unique. We want then to select the one which
“goes around G clockwise”.

Before detailing the construction of this map, it is useful to break down G as the union
of maximal smooth open subarcs: a C* open subarc of GG is the image of a smooth injective
n:(0,¢) — K, parametrized by arc-length, and a maximal one is a C* closed subarc of G
which is not a strict subset of any other closed subarc. Observe that any maximal smooth
open subarc consist only of jump points and has a unique arc-length parametrization up
to orientation. If 7 : (0,¢) — K is one such arc-length parametrization, arbitrarily chosen,
then n can be extended continuously to both 0 and ¢. The corresponding values, which
we will call extrema of the subarc, cannot be equal (G contains no loops by Lemma 4.3.1)
and cannot be jump points (otherwise the subarc would not be a maximal smooth one).
Therefore, they are either terminal points, or triple junctions (and of course one of them
could be a triple junction, while the other is a terminal point). From now on when treating
a maximal smooth subarc of G we will always understand that its parametrization includes
the two endpoints, even though the extension is not at all guaranteed to be smooth (the
best we can say is that it is Lipschitz continuous at extrema which are terminal points, and
C? at extrema which are triple junctions). The underlying idea about the map « is quite
simple to define directly when the number of smooth maximal arcs is finite. We do not give
a precise definition of the map in this case, since it can be easily inferred from the general
construction below, we rather refer to reader to Figure 8 for a visual description of what «
does.

We now describe in the detail the algorithm which produces the map «.

Construction of the map a. Fix a maximal smooth subarc (its choice is not
important). We denote it by G and let py the point which divides it into two arcs of equal
length. Without loss of generality we assume that po = 0 and that the tangent to 7y at 0 is
horizontal. We then fix an arclength parametrization ng : [—Lg, Lo] — R? with 79(0) = 0
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—
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FIGURE 9. The map «q going around Gj.

and 70(0) = (1,0). We start defining a map «y : [~ Lo, 3Lo] — R? as follows:

(6) = n0(0) if —Lo <0< 1L
Qo) = no(2Lo — 0) otherwise .

ap is a map as in Figure 9.

If both extrema of Gy are terminal points, then G = G and thus Ly = 5. In this case
the map « is given by ayp, after we indentify —% with 37“ so that the domain of a is S'.

Otherwise, at least one of the extrema of 7 is a triple junction. If only one of them is,
we consider the two additional maximal subarcs which have that particular extremum in
common, if both of them are, then we consider the four additional subarcs. Either way, the
union of these subarcs and the initial one 7y will be denoted by G;. G; is, schematically, a
tree with finitely many nodes, in the second alternative it will look like the set in Figure 8.
We now define a new map ay : [—ay, b;] — R? which is “going around G; clockwise” by
putting together pairs of oppositely oriented parametrizations of each maximal subarc
forming GG;. The parametrizations are chosen and joined in a unique way, once we prescribe
that [—Lg, Lo] C [—aq,b;] and that it must coincide with ag on [—Lyg, Lo]. Note that Gy
has a finite number of terminal points. If all of them are terminal points of K we then
stop the procedure. Otherwise we select all the ones which are triple junctions and add
to G; all the maximal subarcs that have one of them as extrema. This forms G5 and we
can then construct the corresponding map as. We keep iterating this algorithm: if it stops
after finitely many times N, we then set a = a. If the procedure never stops, then we can
easily check that «; converges to a unique map « (recall that H'(G) < oo, and that the
maximal subarcs are parametrized by arc-length).

Surjectivity of a. Once we show that « is surjective on G, it is a simple fact that it
satisfies all the properties above. .
In order to show its surjectivity, let G be the image of a and observe at first the following

property:
(R1) if p,q € G are two triple junctions extrema of the same maximal open subarc of G,
then p € G if and only if g € G.

In fact, assume p € G. If p € G, for some i, then certainly ¢ € G;+1 C G by construction.
On the other hand if p were not included in some G;, then there would be a sequence
of points p; € G; \ G;_1 converging to p. p; would belong to an arc 7; added at the i-th
stage. Since the total length of G is finite, the length L; must converge to 0 as i 1 oo. Note
however that each such L; must have at least one extremum which is a triple junction. But
then p would be a limit of triple junctions, which is not possible since the latter are isolated.
We next observe the following further simple consequence of the same idea:
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(R2) If p € G is a triple junction, then G contains all three maximal smooth open
subarcs of K which have p as one endpoint.

Fix now a point ¢ € G and observe that, since GG is a connected, there is an injective arc
v : [0, L] — G such that v(0) = 0 and (L) = ¢, which we can assume to be parametrized
by arc-length. If ([0, L]) contains no triple junctions, then 7 is contained in Gy and hence
q € Gy C G. Otherwise let P C [0, L] be the subset of points s such that v(s) is a triple
junction. This set must be discrete in [0, L): we can order its elements as p; < py < ....
Notice that p; is an extremum of Gy and thus contained in G by (R1). In particular by
(R1) and (R2) we must have that p, € G as well. By induction all p;, belong to G. But
then we have two possibilities:

e The number of p;’s is finite: if py is the largest of them, then ¢ = (L) is in the
closure of a maximal smooth open subarc with endpoint py: by (R2) this subarc
belongs to G and since the latter is closed, ¢ € G; ~

e The number is infinite: in this case p; — ¢ and since G is closed and p;, € G for
every k, we conclude again ¢ € G.

4.10.2. Final contradiction. With the map « at hand, we define
J:={t€S':a(t)is a jump point} .

For each ¢t € J we then let e(t) := @&(t). Recall that the latter is well defined (as « is indeed
smooth on J) and has unit norm. We then denote by n(t) its counterclockwise rotation by
90 degrees. Recall that for every t € J there is one (and only one) other element s € J
such that a(s) = «a(t). By construction we then have e(s) = —e(t) and n(s) = —n(t). Next
recall that for every ¢t € J, if p = a(t), then there is a disk B,(p) in which G is a smooth arc
dividing B,(p) in two topological disks. Observe that the restrictions of v and u to any of
these two open sets have smooth extensions to its closure (in particular smooth extensions
up to G N B,(p)). We can therefore define

f(@) = 151&)1 n(t) - Vo(a(t) + dn(t)), (4.10.1)
h(t) := lgg)l u(a(t) 4+ on(t)) . (4.10.2)

Clearly f(t) tells us whether at the point p the function v is decreasing or increasing in
the direction n(t). But it is also easy to check that h'(t) = f(t) (recall that e(t) = &(t)).
Observe in addition that h has a continuous extension to S'. Indeed for a point t & J we
just have two possibilities.

e «(t) is a triple junction. In this case ¢ is an isolated point of S'\ J and h can be
continuously extended at t by the regularity theory at triple junctions.
e «(t) is a terminal point. But then by Proposition 4.6.1 u is continuous at «(t) and

[u(a(t)) = h(s)| < Ot — 5|

for all s € J and a universal constant C.

The final contradiction argument then hinges on the following pivotal lemma.
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LEMMA 4.10.1. The continuous function f : J — R defined above has the following
properties:

(i) {f =0} has empty interior;
(ii) The closure ST of {f > 0} in S' is a connected arc.

Before coming to the proof of Lemma 4.10.1 we show how to conclude the proof of
Theorem 4.1.1 from it. First of all, since v(a(t)) = myg for every ¢, when t € {f > 0}
clearly there is a £ > 0 with the property that v(a(t) 4+ on(t)) > mg for every o € (0,¢).
In particular we conclude that a(t) € 0{v > mg}. Moreover {f > 0} is dense in ST
and therefore a(S*) C 9{v > mg}. Proposition 4.9.3 (ii) implies that «(S*) consists
all of jump points and triple junctions. Since G has at least two terminal points (cf. (i)
Proposition 4.7.2), we conclude that the complement of ST is not empty, and we will denote
it by S™.

At this point it is convenient to change phase to the parametrization « so that «([0, M]) =
ST and «a(M,27) = S= (cf. (ii) Lemma 4.10.1). Clearly, as i/ = f, the function h is
increasing on S and decreasing on S7: h(0) is then the minimum and h(M) is the
maximum. Observe also that in both intervals (0, M) and (M, 27) the monotonicity of h is
strict, because the zero set of h' has empty interior.

Since [0, M| contains no terminal points, we can subdivide [0, M] as [0, %] U [t1,t2] U
... U[ty, M], where each t; is a triple junction and each open interval (to,¢1), ..., (tx, M)
contains no triple junctions. Observe that « is injective on [0, M] (because «([0, M])
contains no terminal point).

The situation is particularly easy when (0, M) itself contains no triple junctions.
a((0, M)) has a second, disjoint, counterimage (sg,so + M). This counterimage must
be contained in S~. We therefore can draw the following conclusions:

e h is strictly decreasing on [sg, so + M].

o 1(0) < h(so+ M) < h(sp) < h(M) (the inequalities are justified as h is strictly
decreasing on S, for the first we also use that h(0) = h(27));

e afs) = asg + M — s) (because recall that | and o5+ are arclength
parametrizations of the same smooth arc with opposite orientations.

Now, define the function
k(s):=h(s) — h(so+ M — s) (4.10.3)

and note that k is strictly increasing on [0, M] while £(0) < 0 < k(M). In particular,
k(0) = [u](«(0)) and k(M) = —[u](a(M)). Therefore k must have a zero zy in (0, M). Such
zero 2o corresponds to a pure jump point p = «(zp) with the property that the two traces
ut(p) and u~(p) on the two sides of K at p are equal. But since u is an absolute minimizer
this is not possible (note that here we are using the property that at a jump point the
one-sided traces of u have to differ: this property does not hold for restricted minimizers).

We now analyze the more general case in which (0, M) is not contained in J. We
then let ¢1,...,fty be as above and set tc = 0 and ty;1 = M. We then find points
SN11 < SN < Sy < Sh_y < Sy_1 <...<s] <sgsuch that:
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e o maps [sy41, 5% onto a([tn, tx+1]), [s1,s0] onto a([to, t1]), and [s}, s],] onto
a(ltj—1, t5]);
o a(syy1) = atyy1), a(se) = afty), and a(s;) = a(sj) = a(t)).
Moreover by (ii) Lemma 4.10.1:

o h(to) < h(SQ);
e h(sny1) < h(tny);
o h(to) < h(tl) < ... < h(t]\url);
o h(sg) < h(sy) < h(sf)<...<h(sy)<h(sk)<h(syi1).
In order to streamline the rest of the discussion we use the convention that si = sg = sq.
Assume now there is j < N such that h(s;) < h(t;). In that case we let j be the
smallest of them. Observe then that h(s} ;) > h(s;_;) > h(t;j_1). We then set a :=t;_1,
a+d:=t;b:= s;“_l and observe that s; = b+ d. Our function k is now defined on
la,a + d] as
k(s)=h(s) —h(b+d—(s—a)) (4.10.4)

Once again k is strictly increasing on [a, a + d] and moreover h(a) < 0 < h(a+ d). Then h
must have a zero zg in (a,a + d]. If this zero is smaller than a 4 d, then we are in the exact
same situation as in the case analyzed when «((0, M)) contains no triple junction. In case
the zero is a + d, we then find a triple junction point at which two of the three traces of u
coincide: this again (thanks to the regularity theory at triple junctions) contradicts the
absolute minimality of w.

If there is no j < N such that h(s;) < h(t;), then obviously h(sy) > h(sy) > h(tn).
But then the exact argument just given can be replicated defining a = ty, b+ d = tyi1,
s =0b. Then sy, = b+d and defining k as in (4.10.4) we find this time h(a) < 0 < h(a+d).
Thus we can repeat the very same argument above and conclude that this case too leads to
a contradiction.

4.10.3. Proof of Lemma 4.10.1. In order to conclude our proof of Theorem 4.1.1 we
are thus left with giving an argument for Lemma 4.10.1. First of all, if {f = 0} contains
an interior point, then there is a jump point p € G' and a neighborhood B,(p) with the
properties that:

e G N B,(p) divides B,(p) into two topological disks, BT and B~;
e the trace of Vu on GNB,(p) from one of the two sides BT or B~ vanishes identically

(as g—zi =0on K).

Assume without loss of generality that the side is BT. The unique continuation of harmonic
functions then implies that Vv vanishes identically on B*. But then u would be constant on
BT and we know this is not possible in view of Corollary 4.4.4 being (u, K') nonelementary.

In order to prove the second statement of the lemma, consider first ¢ € J with f(t) > 0
and let s be the only other point on S' such that a(s) = a(t). We want to show that
f(s) < 0. Assume indeed f(s) > 0. We can then select 6 > 0 such that v is strictly
increasing on the two segments [a(s), a(s) + on(s)] and [a(t),a(t) + dn(t)]. For any
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m > mgy = v(a(s)) = v(a(t) sufficiently close to mgy we find then a,b € (0, ) such that
v(a(t) +an(t)) = v(a(s) + bn(s)) =m.

For an appropriately chosen m we can apply the conclusion (v) of Proposition 4.8.1. So the
two points p = «a(t) + an(t) and ¢ = a(s) + bn(s) lie in the properly embedded unbounded
line {v = m}. In particular p and ¢ determine a bounded Jordan arc 5 on {v = m}.
The union of the arc 8 with the segment [p, ¢| (which is directed along n(t) = —n(s) and
hence contains the point «(t) = a(s)) is a simple curve, which by the Jordan’s Theorem
bounds a disk D. Note that on 9D we have v > mg and thus v > mg on D. In particular
DNK C 0{v>mp}. But K NOD consists only of the point a(s). In particular it would
follow that D N K contains a terminal point, contradicting Proposition 4.9.3.

Having established the claim above, we are now ready to prove the second conclusion of
the lemma. Towards a contradiction we assume that there are points ¢y, to, t3,t4 in J C S
with the property that ¢, and ¢4 belong to the two distinct arcs of S' delimited by #; and 3
and at the same time f(¢3), f(t1) > 0 and f(t2), f(t4) < 0. Moreover, because of the first
statement of the lemma, by perturbing t; and t3 we can assume that, if s; and s3 are the
two other points such that a(s;) = a(t;) and a(s3) = a(ts), then f(s1), f(s3) <0

Consider now as above a ¢ > 0 such that v is strictly increasing on both segments
S1 = [a(ty), a(ty) + on(t1)] and S5 = [a(ts), ats) + dn(ts)]. Fix as above an m > my to
which the conclusion (v) of Proposition 4.8.1 apply and let p;, ps be the only intersections
of Sy and S3 with {v = m}. Again as above let § C {v = m} be the Jordan arc delimited
by p1 and p3. Meanwhile let v be a Jordan arc connecting «(t;) and «a(t3) in G (which
exists by Lemma C.0.2). The curve v U S U [a(t1), p1)] U [a(t2), p2] is simple and therefore
it delimits a disk D. Arguing as above, v > mg in D and thus D cannot intersect K. In
particular it follows that v = K N dD contains a finite number of triple junctions. So we
can chop v as the union of closed arcs

YoUrnU...UywUrnt

such that:
e The right endpoint p; of ; is the left endpoint ¢;;1 of v;11;
e For i € {1,..., N} each ; is the closure of a maximal smooth open subarc ~;

joining the triple junctions ¢; and p;;
® 7 joins qo = «(t1) to the triple junction py = ¢; while vy, joins the triple junction
PN = qn+1 the pyi1 = a(ts), but both vy and x,; contain no other jump points.
We parametrize v by arclength so that, while we are following it from ¢y to pyi1, the
counterclockwise rotation of 4 by 90 degrees points “inwards” with respect to D
It is now easy to see that there is an interval I C S! over which « is injective and
a(l) =~ and that we can choose it so that n(s) always agrees with the counterclockwise
rotation of 4(o) for the only o with v(0) = a(s). But then clearly the two extrema of the
intervals must be t; and t3, because n(s;) and n(s3) point outwards. We conclude that g is
never negative over the interval I. So neither ¢, nor ¢4 can belong to it, and rather we have
to,ty € ST\ I. This is however precisely in contradiction to our initial assumption.






CHAPTER 5

Epsilon regularity at the cracktip

This chapter is devoted to the final part in the proof of Theorem 1.3.3. In view of the
previous chapters, and in particular of Corollary 4.1.2 and of the e-regularity of pure jumps,
to establish the case (a) of Theorem 1.3.3 it will suffice to prove the following statement.

THEOREM 5.0.1. There are positive constants €g, ag and ro with the following property.
Assume that (u, K) is a critical point of Ey in Bz and that:

v is Cige in By \ {0};
distg (K, [0,p]) < 0.

Then, up to a suitable rotation of coordinates, K N [0,10)* is given by {(t,¥(t)) : t € [0,70]}
for some C120 function v : [0,7¢] — R with ¢(0) = ¢'(0) = 0. If A\ = 0 then, in addition,
P € C%% and ¢"(0) = 0.

Let us now briefly describe the contents of the Chapter. In Section 5.1 we rescale and
reparametrize v and vy to obtain in the new variables a nonlinear evolution system from the
outer and inner variation identities satisfied by (u, K'). Theorem 5.0.1 is then reduced to
prove suitable decay estimates for solutions of the latter. To this aim, Section 5.2 contains a
first linearization of the evolution system around the cracktip, the tangent couple to (u, K)
dictated by the assumptions in Theorem 5.0.1. Section 5.3 is then devoted to the spectral
analysis of the linearized system in order to rewrite conveniently its solutions. Taking
advantage of this, in Section 5.4 we establish a notable property for such solutions, called in
what follows linear three annuli property, that implies a suitable decay of the corresponding
coefficients. A crucial ingredient for this, is the linearized version of the boundary variations
in Proposition 2.5.4 in order to exclude some slowly decaying solution of the linearized
system itself (cf. (5.3.22)). In turn, a nonlinear three annuli property for solutions to
the nonlinear system is used in Section 5.5 to improve upon the above mentioned first
linearization, and get the appropriate decay estimates to finally prove Theorem 5.0.1 in
Section 5.1.

For the sake of simplifying the calculations, we will actually not work with w, but rather
with its harmonic conjugate w if A = 0, and a suitable substitute if A > 0. Therefore, we
need some preparatory work. Thanks to Lemma 5.0.4 u is continuous at 0 and we may
assume without loss of generality u(0) = 0. Thus, by Corollary 4.1.2 and the e-regularity
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at pure jumps we infer (cf. again Lemma 5.0.4) that’
[u(@)] + || Vu(@)] < fo] 7. (5.0.1)

Moreover, in view of Proposition 2.5.2 v has C"!'” extensions on each side of K N By>
and the variational identities (1.6.2)-(1.6.4) imply the following three conditions

Au= Au—g) on By \ K (5.0.2)
ou
v 0 on K (5.0.3)

k=—(Vur|? = |Vu|?) = M|Jut — gx|* — |u™ — gk|?) H' ae. on KN By (5.04)

We stress that the equivalence in Proposition 2.5.2 has been obtained assuming K to be
locally a C*! graph. We do not know that this property holds at the origin, the loose end,
but we know it on K \ {0}. Indeed, Corollary 4.1.2 provides only a parametrization of K
in polar coordinates smooth up to the tip excluded, i.e. v € C*1((0,2)) such that

K ={v:10,2] = By: v(r) =r(cosa(r),sina(r))}. (5.0.5)

On the other hand, it is reductive to focus only on (5.0.3)-(5.0.4) and it turns out that
we can deduce more pieces of information from (1.6.2)-(1.6.4) using Proposition 2.5.4,
which will play a key role in our analysis. In particular, we need the following simple
consequence of Corollary 2.5.5 in which we consider the situation described in item (ii)
above of Theorem 5.0.1, i.e. K N OB, consists of a single point. We can then take a suitable
linear combination of (2.5.11) and (2.5.12) (in fact we subtract the second from the first) to
derive a boundary integral identity, which does not involve the set K in case A = 0. Recall
the notation n(z) = #/z| and 7(z) = = /| for all z € R*\ {0}.

COROLLARY 5.0.2. Let (u, K) be as in Theorem 5.0.1, and assume that K N OB, = {p}.
Then, for a.e. r € (0,dist(0,02)) it is true that

Ju

0= /GBT\{p} (\vuﬁn -7(p) + 26nVu (T — T(p))) dH?

—2)\/ (u—g)(T —7(p)) -Vudx—l—)\/ (|u+ — gk|? — |u” —gK|2)7'(p) cvdH!.
B\K B.NK
(5.0.6)

It is also convenient to define a natural substitute of the harmonic conjugate in case
A > 0. We argue similarly to Proposition 4.5.1 and consider an auxiliary function u, which
satisfies

Au, = —Mu — g) on B

and

ua(0) =0, Vug(0) = 0. (5.0.7)

'Here and in what follows we adopt the notation ¢ < 9 if there is C' > 0 such that ¢ < C1.
2namely, u has extensions on each side of K N By that are C1@ for every a < 1.
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In order to obtain a canonical choice, we fix a cut-off function ¢ supported in Bs and
identically 1 on By and we let

U = AI'x (p(u = 9)),

where I'(z) = —5-log|z| is the fundamental solution of the Laplace equation. Clearly
i, € H?> N CY (Bs) by elliptic regularity (namely u, € C1%(B,) for all a € (0,1)). We
then set u,(x) = Ug(z) — Ua(0) — Vg (0) - z. Observe that, with this canonical choice,
u, = 0if A = 0.

By the very definition of u,, the L? vector field V(u+wu,)* is curl free on By in the sense
of distributions. By mollification we find a potential w € H} (By), i.e. Vw = V(u + u,)*,
which is harmonic and smooth on By\ K. The following facts follow from simple modifications
of arguments already used in the previous sections, which we anyway report for the reader’s
convenience.

LEMMA 5.0.3. w € C%2(By) and we can normalize it so that w(0) = 0. Let v €
C11((0,2)) be as in (5.0.5), and define

)= [ Vi) -5 oo (508
and
hy :=2(Vu" — Vu~) - Vu, — MJut — gx|* — [u™ — gk|?)
=2(Vu" = Vu™) - Vg — M|Ju™]? = [u™ ] = 2(u™ —u)gk) . (5.0.9)
Then

Aw =0 on By \ K
w=hy on K (5.0.10)
k= —([Vwt]> = [Vw™|?) + hy H! a.e. on KN By,

and the functions hy and hy satisfy the growth estimates®

hy € CEU([0,2), and  |hy| 4+ r|R)| < 1?0 (5.0.11)
hy € LX.(By), and  |ho(x)] < 2| . (5.0.12)

when A > 0, while they vanish identically if X = 0.
Finally, if r € (0,2) and 0B, N K = {p}, then the following identity holds

2 / Vul - D1 Vu,
B,

dug
= / <|Vua|2n -7(p) + 2 81:1 Vug - (1 — 7'(]9)))(1’7'—[1 + 2)\/ (u—g)(t —7(p)) - Vg,
0B r
(5.0.13)
where () = % (a function which belongs to W,-P(R%; R?) for every p € [1,2)).

3Here and in what follows we write 0 < p(z) < (¥(2))? if p(z) < (¥(z))* for all a < B, with a
constant depending on « in the last inequality.
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PROOF. Observe that, since |Vu,|lco < C, we have
/ Vw|? = / |Vu + Vu,|* < 2/ |Vul? +Cr* < Cr.
B,«(m) Br($) Br($)

In particular w € C%' follows from the usual Morrey’s embedding. The equation Aw = 0
on By \ K is obvious from the definition, while the Dirichlet condition w|x = h; follows from
w(0) = 0 integrating Vw along K. The last equation in (5.0.10) follows immediately from
(5.0.4) using |Vw*|? = |Vu* + Vu,|2. The estimates (5.0.11)-(5.0.12) follow immediately
from (5.0.1) and the formulas for hy; and hy. Finally, (5.0.13) is a simple integration by
parts using Au, = —A(u — g). O

LEMMA 5.0.4. Under the assumptions of Theorem 5.0.1 u is continuous at 0 and
moreover there are constants C,ry > 0 such that

lu(z) — u(0)| + ||| Vu(z)| < O] Vre B, \ K. (5.0.14)

ProoOF. Consider a point « € (B, \ B:) \ K. We distinguish two situations:
e B(z) N K = 0. Recalling that |[ B.\(0) |Vu|> < Cr and using the mean value

property for harmonic functions we immediately infer

8 8 2 g —1/2 —1/2
Vu(z)| < — |[Vu| < = |Vul <Cr < Cle|™ 2.
% J B, (@) " \/B..@)

e B.s(x) N K # 0. We can then fix a point = € B.x(x) N K. We consider therefore
B.),(z) C Bs, \ Brjs and notice that we can apply the jump case of the e-regularity
theory to B./,(z) because of Corollary 4.1.2, provided |z| < r; for a sufficiently

small r;. In particular the conclusion of the e-regularity theory, classical estimates
for the PDE (5.0.2) and (5.0.3), and the estimate

/ |Vul* < Cr,
B.),(7)

we conclude again
\Vu(z)| < Cr='? < Ol ™.

We observe next that, again by the e-regularity theory at pure jumps, for every 0 < r < ry
0B, N K consists of a single point. In particular, by the estimate on |Vu|, we conclude that
osc (v, 0B,) < Cr'/. In particular, by the maximum principle Lemma 2.1.1, we conclude
that

osc (u, B,) < Cr'?,

In particular u is continuous at 0 and |u(z) — u(0)| < C|z|">. O
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5.1. Rescaling and reparametrization

Before starting our considerations, we introduce the model “tangent function” of a
minimizer at a loose end. By Theorem 4.1.1, in polar coordinates the latter is given by the
function

Rsq(o,r) := \/Q;TCOS% (5.1.1)

with jump set Kgyq equal to the open half line {(¢,0) : ¢ € R*} (in cartesian coordinates).

Observe that Rsq is, up to the prefactor \/g , the real part of a branch of the complex
square root. We will likewise use the notation for its harmonic conjugate Isq, which is the
imaginary part of the same branch, multiplied by the same prefactor, namely

Isq(op,7) := \/%sing . (5.1.2)

5.1.1. Rescalings. From now until the very last section, (u, K) will always denote
a critical point of E) in B, satisfying the assumptions of Theorem 5.0.1. Keeping the
notation introduced in (5.0.5), for p > 0 set

w(¢,r) = p~ P u(d +alpr), pr), (5.1.3)
al(r) = alpr).

LEMMA 5.1.1. For every 6 > 0 the following holds.
If X >0, then for every € > 0 there is €1 > 0 such that, if (u, K) is as in Theorem 5.0.1
and « is as in (5.0.5) with eg < &1, then

1
||up — quHcl,l—s([OQﬂ-}X[1/272]) + HO[pHCl,l—s([l/z’zD < ) Vp < Z . (515)
If A =0, then for every k € N there is €1 > 0 such that, under the very same assumptions,
1
[u” — Rsdllero,2nixpe) + 0 lorqra) <6 Vp < 1 (5.1.6)

PROOF. First of all, we introduce the function u”(z) := p~"*u(pr) and the rescaled
singular set K, := %. Recall that (u,, K”) converges, up to subsequences, to a global

minimizer of Ey, which we denote by (ug, Ko). We also know that |Vu(z)| < C|z|~"/* from
Lemma 5.0.3. But then it follows easily that the rescaled set K, satisfies uniform C!
estimates on By \ Bi,. Hence the estimate of a” in (5.1.5) simply follows from the fact that
the curve parametrized by a” is converging to the straight segment [0, (1,0)], while o has a
uniform C' bound. As for the other estimate in (5.1.5) it follows from classical regularity
for the Neumann problem, using Au = A(u — g) (and the uniform L* bounds on u and g).

Next, observe that, for the case A = 0, the rescaled pair (u,, K*) is still a minimizer of
the Mumford-Shah functional, and the estimate (5.1.6) would follow (by compactness) once
we show uniform C*'/2 estimates for both w? and K p in By \ Bij,. However, the latter is a
simple bootstrapping process using the equation. Note for instance that Theorem 3.1.1 gives
a uniform C** bound on K, N (By_, \ B,) for every u € (0,1). But then using the uniform
L? bound for Vu and classical estimates for the Neumann problem, we conclude uniform
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C estimates for Vu in By s, \ (Bs, U K,) for every p € (0,1/2). We can now use the
equation for the curvature  to conclude uniform C?* estimates for K, N (Ba_3, \ Bs,) for
every p € (0,1/3). In turn this implies uniform C** estimates for Vu in By_y4,, \ (By, U K),)
for every p € (0,1/4). This bootstrap argument can be repeated finitely many times, until
we achieve C*+1:2 estimates. O
COROLLARY 5.1.2. For every d > 0 the following holds.
(a) If X > 0, then for every e > 0 there is e1 > 0 such that, if (u, K) and « satisfy the
assumptions of Theorem 5.0.1 with €y < €1, then
Ir* =030 (u(¢ + a(r), 1) = Rsa(@, 7)) |oor-e(oan oy <6 Vitj <1, (5.L7)

e (1) | coa-=(0,1)) < 9, (5.1.8)
(b) If A\ =0, then for every k € N there is 1 > 0 such that, if (u, K) and « satisfy the
assumptions of Theorem 5.0.1 with €9 < &1, then

sup 210000 (u(é + afr),r) — Rsq(o, 7)) <8 Vi+j <Kk, 5.1.9
[0,27)x (0,1/2) .
2] % (0,1/2

sup r|a@(r)] < § Vi<k. (5.1.10)
(0,1/2)
PrRoOOF. We discuss only the case A = 0, the other being analogous. Observe first that
(@)@ (r) = p'a(pr).
Taking the supremum in r € [1/2,2] in the latter identity, we easily infer
Pl lleoop s = 1) oo

and hence conclude (5.1.10) from Lemma 5.1.1.
Next, from (5.1.3) and the 1/2-homogeneity of Rsq we conclude

u(é+a(r),r) = Rsa(,r) = p”* (u” (¢,%) = Rsq (¢, %)) -

Differentiating the latter identity j times in # and ¢ times in r, we conclude

015 (u(o + alr), r) — Rsa(@,r)) = p" 61 (u” — Rsa) (4, %)

Substitute first p = r and take then the supremum in ¢ and r to achieve (5.1.7), again from
Lemma 5.1.1. O

5.1.2. Reparametrization. Following Simon’s insight for studying the uniqueness of
tangent cones to minimal surfaces [42] we next introduce the functions

0(t) =a(e™),
o(t) :==e~ (00819( ), sind(t)),,

—t

(5.1.11)
): (5.1.12)
t) i=ew(p +0(t),e ") =w (4,1), (5.1.13)
) :=Rsa(s,1), (5.1.14)
) =Isa(¢, 1), (5.1.15)

f(&,
rsq(
(

isq

¢
¢
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where Rsq, Isq are defined respectively in (5.1.1), (5.1.2). Note that the change of phase
in the definition of f in (5.1.13) maps the set K onto the halfline {0} x [0, c0).

In the next lemma we derive a system of partial differential equations for the functions
f and 9, exploiting the Euler-Lagrange conditions satisfied by v and K (cf. (1.6.2) and
(1.6.4)). The effect of the negative exponential reparametrization is that we will get an
evolution equation for f. The claimed regularity for v corresponds to exponential decay
estimates in time ¢ for 1}, which will be the object of study in the next sections.

We also rewrite the estimates of Corollary 5.1.2 in terms of the new functions. It is
more convenient to work with w rather than w. This is clear when A = 0 because of the
homogeneous Dirichlet boundary condition satisfied by w on K instead of its Neumann
counterpart satisfied by wu.

LEMMA 5.1.3. If (u, K) satisfies the assumptions of Theorem 5.0.1 and 9, f are given
by (5.1.11) and (5.1.13), then

fo= ﬁ t+ Foo + fu + (05 + 92 fop — 20 fr — Ufy)

F0,8) = f(2m,t) = Hy(t) (5.1.16)
D — 0 — 9

W = f£(27r,t) - f;(O,t) + H,(t)

where (recalling the definition of hy in (5.0.8) and hy in (5.0.9)) the functions H; are given
by the following formulas:

Hi(t) :=ezhy(e7), (5.1.17)

20(t) (Hy(t) . et _
(1) = 20\ ( —Ht) 2. 1) — £4(0,1)) + ——hy(9(t), ) . (5.1.18
o) = s (T~ 0 ol2m ) = £u0.0) + 1 g P00 ) (5118

Moreover, it is true that

Hy € H”n O™ ((1,4)), and  Hy € L*®((1, +00)), (5.1.19)

and for every € > 0 there is a constant C. > 0 such that for allt >0 and s >t
[Hy(8)] + [ Hi(6)] + [Ha(1)] S (7)) (5.1.20)
|H,(t) — Hy(s)| < Coe39)|s —¢]1= (5.1.21)

Finally, for every fivzed o, § > 0, € € (0,&9) and k € N, the following estimates hold provided
go in Theorem 5.0.1 is sufficiently small: if A >0

|h9”COJ*EQUpoD <9d, (5.1.22)
H%ﬁﬁf—@ﬁﬂmmqu%ymmnéé foralli+ 7 <1, (5.1.23)

and if A =10 .
19 ooy <6 foralli <k, (5.1.24)

H@;@g(f — isq)||c’0([0’2ﬂ-]><[o-’oo)) S (5 fO’I" CL” 7 —I—j S ]{Z (5125)
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T2

x

FIGURE 1. The tangent vector e(p) and the normal vector e(p) and a point
p € K. Since t — |o(t)] is a decreasing function, e(p) points towards the
origin. Consequently the convention for the symbols £ on traces of functions
is as illustrated in the picture.

PROOF. Let us first introduce the unit tangent and normal vector fields to K denoted
by e(t) and for the normal vector v(t), the latter is obtained from e(t) by a counterclockwise
rotation of 90 degrees, that is:

Moreover, we will denote by Vut and Vu~ the traces of Vu on K where =+ is identified by
the direction in which the vector v is pointing. More precisely, if p € K, then

Vut(p) = lim Vu(p + sv(p))

Vu(p) = lim Vu(p — sv(p)).

Observe that, under the assumptions of Lemma 5.1.1, e(¢) is pointing “inward”; i.e. towards
the origin, and hence for p = o(t) = (e~ *(cos(¥(t)),sin(¥(t))) (cf. (5.0.5)) we have

Vut(p) = dl)lTIerlr Vu(e *(cos(9(t) + ¢),sin(d(t) + ¢)), (5.1.26)
Vu~(p) = 1(;&)1 Vu(e *(cos(V(t) + @), sin(I(t) + @)) . (5.1.27)

We refer to Figure 1 for a visual illustration.
Since (u, K) is a critical point of the E) energy on By, the identities (5.0.2)-(5.0.4) are
true. Note that the curvature x of K is given by
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In particular, the auxiliary function w defined in Lemma 5.0.3 satisfies (5.0.10), which we
rewrite for the readers’ convenience

Aw =0 on By
w=h on K (5.1.28)
k= —|VwT|]? + [Vw™|* + hy on K,
where hy and hy are defined in (5.0.8) and (5.0.9), respectively. Recalling that
w(p,r) =r"f(¢p —0(—1nr), —Inr), (5.1.29)
we compute
w, =71~ (g — fi + 29f¢> cwe =1 f, (5.1.30)

Next we recall the formula for the Laplacian in polar coordinates:
Aw=0 <= 1 2wey+r '(rw,), =0.
By means of (5.1.30) we get
_9 _ —3h
I Wee =1 fos

r_l(rwr)r :r_l <’l“1/2 (g - ft + 19f¢>>

o (e IR o (e )

+ P (r_lftt — 2 W fyy — M fy + r_1192f¢,¢>

and

=p P (i — fi + ﬁf¢> + fu — 279ft¢ - 79f¢ + 792f¢¢> :

In conclusion, we get
fi ==+ + + 9 fo+ 92 — 29 — 9 5.1.31
t 4 f¢¢ fu ( ) f¢¢ ft¢ f¢>>' ( -4 )

Next, recalling equality (5.1.29), we may rewrite the Dirichlet condition in the new
coordinates simply as

F(0,1) = f(2m,t) = ezhy(e™) = Hy(t). (5.1.32)

Finally, we derive the equation satisfied by the scalar curvature . To this end take into
account that

o(t) = — olt) + V()" () , (5.1.33)
and thus differentiating (5.1.33) we get
§(t) = — o+ Dot +Jo". (5.1.34)
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On the other hand, explicitly we have
o(t)t = —e7H(—sind(t), cos 9(t)) — e~(t)(cos ¥(t), sin ¥(t))
= —o(t) —I(t)o(t). (5.1.35)

Hence, we conclude

o) =] <d g‘(t)),@L(t)_sz)-@i(t)

o) \dt ()] ) Te®)] ()P
_@+ P = De)P _ I+~
(1 +2)Llo(t)F ¢ (L4 32) (5.1.36)
As 2
'VUP=|VwF=<w»2+r2@%F==T1<§+ﬂ%¢—ﬁ>-+r1ﬁ
we get
G G 3 21
9+ 93— , 2
(1++192)3/2 - (g + 05y - ft) + || e tha(0(t), 7). (5.1.37)
0

Thus, by taking into account (5.1.32) and (5.1.37) we conclude the third equation in (5.1.16).
If A =0 we note that in terms of ¥ the bound of « in (5.1.10) reads as

sup [0 (1) < C;6  for every i < k.

te[o,00)

Indeed, differentiating ¢ times the identity J(t) = a(e™") we get
IO (t) = Z bi,je_jta(j)(e_t) 7
j=1

with b; ; € R. Then, (5.1.24) follows at once.
Instead, the bound (5.1.25) is a consequence of the linearity and elementary arguments,
together with the decay (5.1.9). Indeed, the latter translates into

sup |8;3§(§ —r1sq)| < Cj6 for every t € [o,00) and i + j < k,
¢

having set £(¢,t) := e”*u(¢ + J(t),e~*). To prove the latter estimate we argue as follows.
Using the 1/2-homogeneity of Rsq, we infer

£(6,t) —1sq(¢) = €7 (u(g +a(e™),e™") — Rsq(¢,e™"))
—=: e”h(p,e7t). (5.1.38)
We conclude that (5.1.9) can be reformulated as

s(lolp/)ri’l/QHGgaih(-,7“)Hco < C;0 for every t € [0,00) and i +j < k.
re(0,1/2
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On the other hand, differentiating (5.1.38) yields

8@32'(5(@& t) —15q(¢)) = Z bi e et/Z_Zt[aéﬁfh](ﬁb, e,

=0

t

for some b;y € R. Setting r = e™*, we then conclude

Ha;@tj(f —159) || copo,20)x [,00)) < O foralli+j <k,

and thus (5.1.25) follows at once, using that the gradient of the harmonic conjugate is the
counterclockwise rotation by 90 degrees of the gradient of w.
Instead, if A > 0 we argue analogously to infer (5.1.22) and (5.1.23), using in addition

classical estimates for the function u,. Finally, being u, € CLl (By), in view of the bounds
in (5.0.11)-(5.0.12), we infer (5.1.19)-(5.1.21). O

5.2. First linearization

In this section we consider a sequence (u;, ;) as in Theorem 5.0.1 where condition (iv)
holds for a vanishing sequence £y(j) J 0. Without loss of generality we assume «;(1) = 0.
With fixed € € (0,3/2) we define §;, §;, and v; thanks to (5.1.11)-(5.1.13) as follows:

0 1= I1£i (- +3) = isall (om0 + 1050+ Dlloay +re™ 79, (5.2.1)
0;(t) == 0;0;(t + )., (5.2.2)
vi(,t) == 05 (fi(d, t + J) —isa(6)) - (5.2.3)

Next, we show that the limit of (v;,6;) solves a linearization of (5.1.16), and in addition
it satisfies the linearization of (2.5.9) (actually it suffices to consider (5.0.6)). The latter
remark is crucial for our purposes.

PROPOSITION 5.2.1. Let (u;, ;) as in Theorem 5.0.1 where the smallness condition in
item (iv) holds for a vanishing sequence £9(j) | 0. Assume o;(1) =0 and define 9; and f;
as in (5.1.11)-(5.1.13) and v; and 8; as above. Then, up to subsequences,

(a) v; converge to some function v weakly in H?*((0,27) x (0,3)) and strongly in
WhP((0,27) x (0,3)) for allp > 1;

(b) 0, converge to some 0; weakly in H2((0,27)) and in CY275(]0,3]) for all & € (0,1).

More precisely, the convergences are

() either if A = 0: in C**([0,27] x [0,3 — o]) for v;, and in C**([0,3 — o]) for b;,
for all o € (0, %), a € (0,1), respectively;

(d) orif A > 0: in C1=2([0, 27] X [0, 3 —]) and strongly in H*((0,27) X (0,3 —0)) for
vj, and strongly in H*((0,3 — o)) for 0;, for all o € (0,3), £ € (0,1), respectively.
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Moreover, the pair (v,0) solves the following linear system of PDEs in (0,2m) x (0,3)

Vi — Uy = 7+ Vgg + (9 — 9)isq¢

v(0,t) =v(2m,t) =0

. ) (5.2.4)
6(t) = 0(t) = \/ 2 (vs(2m, 1) +v5(0, 1))
6(0) =0,
and satisfies the following integral condition for every t € (0,3):
21
/ vg(@,t) sin Z dp =0. (5.2.5)
0

PROOF. The statements in (a) and (b) are obvious consequences of the bounds on
(v;,6;) (and of the fact that H?((0,2m) x (0,3)), resp. H?((0,3)), embeds compactly in

WLe((0,2r) x (0,3)) for all p > 1, resp. C272([0,3]) for all ¢ € (0, 1)). Observe that, by
assumption, #;(0) = 0 and thus #(0) = 0 is a consequence of the umform convergence.
We next observe that the PDE in (5.1.16) is linear in the unknown f. Hence, recalling

that (f5(6.t + 7). V(¢ + 1)) = (isa(6) + d03(, 1), 8;65(¢)), we infer

Vit + Vjpp = —Z] + v+ (9] — Qj)(lsqd) + 5jvj,¢) + 2(5]-0]-1)]‘775(1) — 5j932»(18q¢¢ + 5jvj7¢¢) (526)
and
v;(0,t) = v;(2m,t) = 6; "Hy(t + j) . (5.2.7)

Passing into the limit we therefore conclude easily that v solves the PDE in the first line
of (5.2.4). Likewise the boundary condition v(0,-) = v(27,0) = 0 is also a consequence of
uniform convergence, of the bounds (5.1.20) and (5.1.21), and of the very definition of ¢, in
(5.2.1), in turn implying for all € € (0, €)

Hé;lHl( —|—j)‘|01,1—5([073]) + H(S;lHQ( —{—j)HLoo((Qg)) — 0 j — 400. (528)

Moreover, note that again thanks to the bounds in (5.1.20) and (5.1.21) we can also deduce
that for all j > 1

: - |H,y (s) — Hy(t)]?
[H, (- +.]>]H1/2((O,oo)) / dt/ |S _ t|2 ds

oo pltk+tl _ 2
0> ()~ L (0
J

t+k |s — t[?

00 k+1 e (3—2¢)(t+k) B )
<2C? / dty ————dr < C.e” 7%,
J

T2

Therefore,
Hé]'_lHl(' +j)||H3/2((0,oo)) — 0. (5.2.9)
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We next write the third equation in (5.1.16) in terms of §; and v;:
0; — 0; =020% + 4(1 + 6263) (0, (v} 5 (27, 1) — 13,0, 1))
— 2 (0027, 1) +0;6(0,)) + 0 Ha(t + ). (5.2.10)

Observe that, by the trace theorems, v; 4(27,-) and v;4(0, -) enjoy uniform bounds in H:.
Clearly, by (5.2.8) we get that the third equation in (5.2.4) holds.

Moreover, by (5.2.8) and by the Sobolev embedding, we conclude that the right hand
side of (5.2. 10) has a uniform control in L9 for every ¢ < oo, in particular the same bound
is enjoyed by 6; — 0, and, using that ||6;]|co is bounded, we conclude that 6; has a uniform
W14 bound for every q < o0.

Next, we distinguish the two cases A = 0 and A > 0, the former being considerably
simpler at least for what computations are concerned.

Case A = 0. We start off rewriting the equation in (5.2.6) above in the following way:

U. .. . .
—— i+ (0 — 0;)(isq, + 0;v54) — 9; GJ 1504

(1 + 6]20?)'0‘77(#(# + /Ujﬂft - 25‘70‘7’0‘7715(;5 = 4

::Fj

(5.2.11)

Observe that the left hand side is an elliptic operator with a uniform bound on the ellipticity
constants and a uniform bound on the C'z~¢ norm of the coefficients, for all ¢ € (0,8).
Thanks to the uniform W4 bound on 6; and v; for every ¢ < oo, we infer a uniform bound
on || F}|| ago,2x)x(0,3)) for every g < oo.

In addition, as v; = 0 on {0, 27} x (0, 3), using elliptic regularity we conclude a uniform
bound for ||v;||w2.a(0,27)x(e,3-0))- We now can use Morrey’s embedding to get a uniform
estimate on ||v;|cre(o,2x]x[20,3—20)) for every a < 1. We now turn again to (5.2.10), to
conclude that the right hand side has a uniform C* bound in [20,3 — 20] for every o > 0.
This gives uniform C® bounds on the coefficient of the elliptic operator in the left hand
side of (5.2.11) and uniform C* bounds on the right hand side of (5.2.11). We can thus
infer a uniform C** bound in [0, 27] X [30,3 — 30] on v; from elliptic regularity.

It thus remains to prove (5.2.5). The latter will come from (5.0.6). First of all, we fix
t € (0,3), set ¢; := e~*"7 and observe that 0B, N K; consists of a single point p;. We can
thus apply Corollary 5.0.2. Hence using the relation between harmonic conjugates, we
rewrite (5.0.6) as

ow;
0= / <|ij|2n -7(p;) — Qaijij - (n— ”(I%’))) dH" .
9Bt \{p;} T

Next, we assume without loss of generality that p; = (¢;,0) and rewrite the latter equality
using polar coordinates:

2 1 27
tj /0 (t Wy, — tjwf-,(b) (¢,t;) sind dep — 2/0 (wjrwje) (6, t)(1 — cos¢)dp =0 (5.2.12)

=41, =4z,
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We next write w; in terms of v;, ; and 0; as

wi(¢,r) = r'Pisq(¢ — 6;0;(—Inr — j)) + 5,7 v;(¢ — 6;0;(— Inr — j), —Inr — j) ,

Note that, having normalized so that p; = (¢;,0), we conclude that 0;(—1Int;) = 0;(t+j) = 0.
Using the latter we compute:

awﬂ G £ sald) t; (W cos £ 4+ U0 s t)) +o(d;)  (5.2.13)

2 V2 2 2
=:a;(¢) —b ()
ow; 1, 18q (P 1
f%j (¢,t;) =t 2( ) +0;t0;4(6,1) - (5.2.14)
—_———— ——
=:¢;(¢) =d;(¢)

Note now that the function a? — %c? is even. Since sin ¢ is odd, we thus conclude
J

Ay =2 | " (tas(005,(0) — 15, (6)dy()) sin6 dé + o(s,).

Letting 7 — oo we obtain

Jli}rgoé YAy —\/z/o27r <3(% cosé) + v(q;, b _ v (o, t)) sin ;b sin ¢ d¢

2m
— \/E/o vg(0, 1) Cos;bsingzﬁd(ﬁ. (5.2.15)

By direct computation it follows that

27 1 21
/ aj(@)ci(¢)(1 — cos¢) dop = 3 / sin(1 —cos¢)dep =0,
0 0

from which we conclude

Az j = 20, /0 W(aj(cb)dj(cb) +0;(9)¢;(0))(1 — cos ¢) dg + 0(5;) -

Hence

2m
lim 6; ' Ay :\/E/ V(9. 1) sin?(l — cos ¢) do

\/7/ (\/(_ -+ U(Q;’ b_ v (o, t)) cos ;b(l —cosp)dp. (5.2.16)
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Combining (5.2.15) and (5.2.16) with (5.2.12) we conclude
9 t 2
0 :”/ <sin2 ¢ — 2 cos® ;b(l — cos ¢5)> d¢
0

™

2
1 \/E/O27r <v(¢; b _ vt(gf),t)) <sin§sin¢ — COs ?(1 — CO8 gb)) d¢
_ \/Z/O27r vy, t) <COS§Sin¢+SiH§(1 - COS(b)) do.

Using the identities

sin® ¢ — 2 cos® 2(1 —cos¢) =sin?¢ — (1 +cos¢)(1 —cos¢p) =0,
¢

Sinzsingb—cosg(l — Cos 9) :singsin¢+cosq2§cos¢—0082 =0,

¢ . . 9 .0 )
co8 sin ¢ + sin 2(1 — oS @) = cos 5 sin ¢ — sin 5 cos ¢ + sin 5 = 2 sin 5
we conclude (5.2.5).
Case )\ > 0. We rewrite the equation in (5.2.6) above in the following way:

Ujigs + Vi = =+ U5+ (6; — 0;)(isq, + 0;v;,6) — 6;07i50y — 07020; 46 + 26;0;v;45 ,

=:Fj
(5.2.17)
and observe that, as before in case A = 0, we can now get a uniform bound on the norms
15| a(0,2m)x0,3)) for every ¢ < oo.

With fixed o € (0,2) consider a domain A diffeomorphic to the circle such that
(0,27) x (0,3) € A C (0,27) x (—0,3+40), and extend it to A with C*'~5(9A) and H**(OA)
norms bounded by a multiple of the corresponding one for 5;1]{1(- + j). Denote by H;
the extended function, and define the auxiliary functions v](-l) and v](?) to be the solutions
respectively of

Vg +vju =0 onA

ot = ﬁj on O\,

j
and of
2 2
Uj(‘,<;¢ + Ug(‘,:% = FjX(02m)x(03) onA
vj(»z) =0 on OA .
30, Corollary 8.36, Theorems 8.29 and 8.16| imply that oM e 0115 (R) with
j

1 _ .
105l ey < lld; Y HL G+ ) lora—<qo) -
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where the constant ¢ depends on A. In particular, from (5.2.8) we infer that vj(»l) converges

strongly to zero in C1~¢(A). Moreover, [36, Theorem 5.1] imply that vj(-l) € H?*(A\) with

o7 20y < ell67 H (- + )l

where the constant ¢ depends on A. Thus, from (5.2.9) we infer that v( ) converges to zero
strongly in H?((0,27) x (0,3)), as well. In addition, [30, Theorems 9. 13 and 9.15] implies
that v]@) € W2P((0,27) x (0,3 — 7)) for all p > 2.

The function v; — U](»l) — v](?) is then harmonic on (0,27) x (0,3) with null Dirichlet
boundary conditions on {0, 27} x (0, 3). By odd reflection with respect to those segments we
find an harmonic function on (—2,47) x (0, 3). By interior estimates for harmonic functions
(see for instance [30, Theorem 2.10]) we conclude that v, —v](-l) —UJ(-Q) € C>~([0,27] x[0,3—0])
with

1 2 _ 1 2
108 (v; — 08 — 0] 000 2mixpos—op) < (1Bl v; — 08 — 08| o0 2m1x0.3-01) »

for any multi-index , where || denotes the length of 5. From this we conclude item (d).
Hence, v; turns out to converge in C'~¢([0, 27] x [0, 3 — ¢]) and strongly in H?((0, 27) x
(0,3—0)). Finally, from (5.2.10) we then conclude that 6; converge strongly in H?((o,3—0)).

Let us now turn to the proof of (5.2.5). Assume p; = (r;,0)) where r; := e*7 for
some t € (0,3). Then we rewrite (5.0.6) by taking advantage of (5.0.13), recalling that
V- (u; + u;,) = Vw; we conclude

aw]‘

/ <|ij\2n - T(p;) — 28—ij (n— n(p]))> dH! = Ci;j+Cy+0Cs;
0B \{p;} T

=:B;
where
1 dw,

Crj =2 ((ij Vo uja)n - 7(py) + 5, Ve (7 —7(p)))

9B \{p;} T

~ Ouja

on
Cy; = 2/\/ (uj — g;)Vw; - (n —n(p;)) — 2/ VTuj’a - D1Vu,,
By \K;

By,

V- (n = nlpy) ) dH!

Cs; = —2)\/ (|Uf — gk, I° = Ju; — gj,Kj\Q)T(pj) cvdH.
By .NK;

Since the term B; equals the sum of the terms A, ; and A, ; already discussed in the proof
of the analogous identity when A = 0, we immediately conclude that

Ein 0;'B; = \/>/ v, t) sin — d¢ (5.2.18)
j 9]
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Next, recall that Vu;,(0) = 0 while u;, € CY'" | so that in particular we can achieve
VU 0| () < Or'=72, where € > 0 has been chosen in the definition of §; (cf. (5.2.1)).
Since |Vw;(z)| < C|z|~"2, we thus can estimate

3 /o0&
Ol < ClIVwjllzm s, I Vttjall s, 1y < COr)*

where C'is a universal constant. On the other hand, §; > er-/ > for some positive constant

C and so
lim 67'Cy; =0. (5.2.19)

j—+oo
As for Cy; we write
|Ca4l <

+ (2 / VT, - DTVU;
B

)

[0V (=)

< c/ 2|7 < or)”.
Brj

Likewise,

/B o = = 5 gy, )7 0) - v
r]ﬂ

< Ollgjlleery* < Cr),

/B ; (\uj 2_ |u;|2 —2(uj — uj’)gj,Kj)T(pj) cvdH!
0

where we have used that |u} ()| < C|z|"2 (cf. (5.0.1)), the estimate ||g; , ||z=@n1r;) <
19]|00, and the density upper bound in (1.4.1)). Therefore, thanks to the very definition of
d; in (5.2.1) we conclude that

jggloo 51-_1<027j + 03,]') =0. (5220)
Collecting (5.2.18)-(5.2.20) we deduce again (5.2.5). O

5.3. Spectral analysis

In this section we will find a suitable representation of solutions to (5.2.4) on [0, 27| x
(0,3), based on the spectral analysis of a closely related linear PDE.
To this aim we introduce the following terminology: a function h on (0, 27) x (0, 3) will
be called even if h(¢,t) = h(2m — ¢,t) and odd if h(p,t) = —h(2m — ¢,t). Moreover, a
. h(dt)—h(2r—g,t

general h can be split into the sum of its odd part h$(¢,t) := f) and its even

part h$(o,t) = w Note finally that, if h is even (resp. odd), then 8éﬁfh is odd
(resp. even) for j odd, and even (resp. odd) for j even for every k.
In what follows it will be convenient to consider the change of variables

C(d,t) == 0(p, ) — O(t)isqu(t) = v7(,t) — \0/(% cos (5 : (5.3.1)
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LEMMA 5.3.1. The pair (v,0) € H*((0,27) x (0,3)) x H3((0,27)) solves (5.2.4) if and
only if v¢, ¢ € H*((0,27) x (0,3)) are such that v¢(-,t) is even for every t € (0,3) and it
solves the partial differential equation with homogeneous boundary conditions

Ui V5 + 5 —vf =0
(5.3.2)
ve(0,t) = v*(2m,t) =0,
C(-,t) is odd for every fort € (0,3), ¢(0,0) =0, ¢(0,t) = —thzr, and ¢ solves the partial
differential equation with Ventsel boundary conditions

Ctt‘f‘CqsqﬂL%—Ct:O

(5.3.3)
Co(0,6) + 5 (5(0,8) + Cou(0,)) = 0,
and in addition 6 € H3((0,27)) solves
O(t) — O(t) = 2,/ 2(4(0, ¢
(1) = 6(t) = 2¢/2¢5(0,1) -

0(0) = 0.

Taking into account standard regularity theory, the lemma is reduced to elementary
computations which are left to the reader.

From (5.3.4) it is evident that the decay properties of 6 are related only to the odd part
v° of the solution v to (5.2.4) (cf. (5.3.1)). The analysis of the latter would suffice in case
A = 0. Instead, for A > 0 it is necessary to discuss the spectral property of the even part v®
of the solutions to the linearized system, as well.

We aim at a representation for v and (, i.e. a representation as a series of functions in
¢ with coefficients depending on ¢, for which we can reduce (5.3.2), (5.3.3), respectively, to
an independent system of ODEs for the coefficients. To that aim we introduce the spaces

& = {y e H'((0,27)) : ¥(¢) = (21 — ¢)}, (5.3.5)
and

0= {y € H'((0,27)) : ¥(¢) = —¢(27 — ¢)} . (5.3.6)
We start off discussing the spectral analysis for the even part which is standard. Instead,
that for the odd part is more subtle in view of the Ventsel boundary conditions.

5.3.1. Spectral analysis of the even part. The representation for v¢ is given in the
next proposition.

PROPOSITION 5.3.2. If v € H?*((0,27) x (0,3)) is even and v°(0,t) = 0 for every
t € (0,3) then
o ax(t)

Ue(¢7 t) = kz_: \/7_1'

sin ((k +1)0) (5.3.7)

where:
(a) CTVp K2z (t) < |lv(, 1) |12 < C Xy k2ai(t) for a universal constant C';
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(b) For k >0, the coefficients ay, satisfy ai(t) = (v(-, 1), ﬁ sin((k + 1)) 2.
If additionally v¢ solves (5.3.2) then v¢ € C*°([0,2x] x (0,3)) and for every k > 0 the
coefficients ay(t) in the expansion satisfy

an(t) — ap(t) — (K> + k)ag(t) = 0. (5.3.8)
From (5.3.8) it follows in particular that, for every k >0
ap(t) = Cp e® V! L Dy e (5.3.9)

for some Cy, Dy € R.

REMARK 5.3.3. Observe that, as a consequence of the regularity of v., the coefficients
Cy and Dy will satisfy appropriate decay estimates in k as k 1 oo, even though this is not
explicitly stated.

PRrooOF. Consider for h € & the eigenvalue problem

hey = Bh

h(0) = 0.

By solving the ODE and imposing the Dirichlet boundary condition it is easy to show that
S = —v? < 0 and that 2v is odd. From this one finds that necessarily h(¢) = Asin ((l{;—i—%)qﬁ)
for some k € N and A € R\ {0}, and that a; are as in item (b).

The rest of the statement follows easily from standard Fourier analysis, and explicit
calculations. O

5.3.2. Spectral analysis of the odd part. The representation for ( is detailed in
the following

PROPOSITION 5.3.4. If ¢ € H?*((0,27) x (0,3)) is odd then

(1) =S ant)eu(@) (5.3.10)

k=0
where:
(a) CTV Y viai(t) < ||C(-,t)||§{1((0’27r)) < CYLviai(t) for a universal constant C;
(b) The functions ( are defined in Section 5.53.4 (cf. (5.3.20)-(5.3.22));
(c) For k > 2, the coefficients ay, satisfy ax(t) = (((-,t), k) for the bilinear symmetric
form (-,-) defined in Section 5.3.3 (cf. (5.3.15)),
(d) the coefficients ao(t) and ai(t) are given by ao(t) = Lo(C(+,t)) and a1 (t) = L1(C(+, 1))
for appropriately defined linear bounded functionals Ly, L1 : O — R.
Nezt, if additionally ¢ solves (5.3.3) then ¢ € C*([0,27] x (0,3)) and for every k > 2 the
coefficients ay(t) in the expansion satisfy

ar(t) — an(t) — (v — Hak(t) =0 (5.3.11)
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where the number vy’s are given in Lemma 5.3.7 (cf. (5.3.18)). In particular, for every
k>2
ap(t) = Cpe! =" + Dyetr+t (5.3.12)

where the C}, and D), are constants and,

1
Mk,iziiw«

The proof is an obvious consequence of Proposition 5.3.8 below, which will be the main
focus of the rest of this section.

5.3.3. The Ventsel boundary condition. For every ) € & we look for solutions
h € O of the following equation:

hop =
(5.3.13)

hg(0) = —g (hio) + h¢¢(0)> :

The following is an elementary fact of which we include the proof for the reader’s convenience.

LEMMA 5.3.5. For every ¢ € O there is a unique solution h := ¢ (¢) € O of (5.3.13).
In fact the linear operator X : O — O is compact.

PROOF. h € O solves the first equation in (5.3.13) if and only if

h(¢) = hy(m)(¢ — ) //¢ )dsdr . (5.3.14)

On the other hand the initial condition holds if and only 1f
2 w0
he(m) (7; — 1) = 0'(0) + g (i) + \If"(0)> )

Since VU is determined by 1), the latter determines uniquely hys(7) and thus shows that there
is one and only one solution h = % (¢) € 0 of (5.3.13). Moreover, we obviously have

|2 ()]s < CllYflg
which shows that the operator is compact. U

We next introduce in ¢ a continuous bilinear map

2 1 2
(u,v) ::/ UgUyp — / uv . (5.3.15)
0 4 Jo

If (-,-) were a scalar product on &, # would be a self-adjoint operator on & with respect

to it and we would conclude that there is an orthonormal base made by eigenfunctions
of 2. Unfortunately (-,-) is not positive definite, it has a one dimensional radical. This
causes some technical complications.
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LEMMA 5.3.6. The bilinear map (-,-) satisfies the following properties:
(a) (v,v) >0 for everyv € O;
(b) (v,v) =0 if and only if v(¢) = /Lcos% for some constant p;
(c) (v,cos€) =0 for every v € O;
(d) (F(v),w) = (v, H (w)) for every v,w € 0.

PROOF. (a) & (b) First observe that (a) is equivalent to

1 2 ) 2 )
4/0 v S/o vy - (5.3.16)

If we write v using the Fourier series expansion v(¢) = 372, ajcos %2, the inequality
becomes obvious and it is also clear that equality holds if and only if a; = 0 for every
k> 2.

(c) Let z(¢) := cos £ and observe that 2 + z4, = 0 and that 24(0) = z4(27) = 0. We

therefore compute
2w 2
z
—/ w(z¢¢—|—)20.
0 0 4

2w 1 2
(w, z) :/ Wezy — 4/ 2W = Wz
0 0

(d) Consider z = # (v) and u = # (w). We then compute

21 1 27
(A (v), w) =(2, ugg) :/o ZgUggp — 4/0 ZUgep

2 2 1 2 1 21
— / Z¢¢U¢¢ — Zzu(z, + Z / Z¢U¢
0 0 0

0
2 2 1

— Z¢¢U¢ + Z Z¢U
0 0

U
=2 (w0 3)

2 T2
= — —ZsU + —zZyu
7r¢¢0 T e

=ZpUgg

2T 2 1
+ / Zopolls — 4 7Us
0

2 1 27
- — 2ol
0 0 4/0 ¢9
2 z 2

~ o (560 + )
0 0

T o A (w)) = (0, H (w)) O

=ZpUgg

+ (2¢9, )

0

5.3.4. Spectral decomposition. We are now ready to prove the following spectral
analysis. First of all we start with the following

LEMMA 5.3.7. If B is a real number and h € O a solution of the following eigenvalue
problem

hgy = Bh
) (5.3.17)
T 0
7(0) = =5 (M2 + hgy(0))
then
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(a) B <0 and if we set B = —v?* for v > 0, then v is a positive solution of
1
VCosSVUT = g (4 - 1/2> sin v . (5.3.18)

(b) h is a constant multiple of sin(v(¢ — )).
(c) The positive solutions of (5.3.18) are given by an increasing sequence {vg}, € N in
which vy = %, Vg > % and

lim 2% =1 (5.3.19)

We will postpone the proof of the lemma and introduce instead the following notation.
For k =1 we set

C1(¢) = cos Z) , (5.3.20)
while for £ > 1 we let
Ce(@) = cpsin(vg(op — m)), (5.3.21)
where ¢, is chosen so that ((y,(x) = 1. Furthermore, we set
() = (6~ m)sin £, (5.3.22)
the relevance of the latter function is that it solves

Coo = —$+ G

Go(0) = =5 (47 + sl0)) -

In particular, if we restrict the second derivative operator on the 2-dimensional vector space
generated by (7 and (p, its matrix representation is given by

()

Consequently, the operator % is not diagonalizable in ¢, which is the reason why its
spectral analysis is somewhat complicated.

(5.3.23)

PROPOSITION 5.3.8. The set {(x} C O is an Hilbert basis for O, namely for every
¢ € O there is a unique choice of coefficients {ay} such that

(= i kG » (5.3.24)
k=0

where the series converges in H'. The coefficients ay, in (5.3.24) are determined by
ar = (C, Ck) forall k > 2, (5.3.25)

while ay and ay are continuous linear functionals on O.
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PrROOF OF LEMMA 5.3.7. First of all, consider § = 0. An odd solution of (5.3.17)
must then take necessarily the form ¢(¢ — 7) and the boundary condition would imply
c¢=0. If B > 0 observe that a nontrivial function ¢ € & solving (5.3.17) would also satisfy
H(C) = % If B =1v%>0for v >0, then h(¢) = c(e*?~™ — ¢7¥(®=™) for some constant c.
If ¢ # 0 the boundary condition becomes

v (e"”r + e’”r) = —g (i + 1/2> (e_l’“ - e’”r) . (5.3.26)

The latter identity is equivalent to
™ (m + dmwv? — 8v) = 7 + 4 + 8v. (5.3.27)

If we make the substitution x = 27, we then are seeking for zeros of the function

O(z) =" (m* + 22 —4o) — 7 —2* — 4o = 0.
The derivative is given by

'(z) =e"(2* =22+ 7 —4) — 2(2+x),

the second derivative by

P'(z) =e"(2* +7° —6) —2>3e" —2>0.

In particular @ is convex and ®'(0) = 72 — 8 > 0. Thus ® is strictly increasing and, since
®(0) = 0, it cannot have positive zeros.

Consider now p = —f3? for v > 0. A solution of the PDE in (5.3.17) must then be a
linear combination of sinv(¢ — ) and cosv(¢ — 7): the requirement that h € & excludes
the multiples of cosv(¢ — 7) in the linear combination.

For h(¢) = sinv(¢ — ) the boundary condition becomes

1
vcos(—vm) = —g (4 — y2) sin(—vm), (5.3.28)
which is equivalent to (5.3.18). If we introduce the unknown z = 7v, then the equation
becomes

U(x) := 8z cosx — (7r2 - 4x2) sinz =0.

Since W'(z) = (42® + 8 — 7*) cos, ¥’ has a single zero in the open interval (0,%). Since
U(0) = ¥(3) = 0, we infer that there is no zero of ¥ in the open interval (0, 7), i.e. any
positive v satisfying (5.3.28) cannot be smaller than % Moreover, as ¥’ is strictly negative
on (%,37) and ¥(37) < 0 < ¥(27), the next solution v lies in (2, 2).

Next, there is a unique solution v, € (k — 1,k), for every k > 3. Indeed, ¥((k — 1)) -
U(k7) < 0 and ¥ has a single zero in the open interval ((k — 1) 7, km). Therefore (vy)g

satisfies (5.3.19). O

PROOF OF PROPOSITION 5.3.8. Let Y be the closure in H' of the vector space V
generated by {(x}r>2. First of all observe that, for some constant C' independent of k,

1= (G G) = CYIGIE Wk >2. (5.3.29)
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Indeed set gi := sinvg (¢ — 7): (5.3.29) is then equivalent to say that the g;’s satisfy the
same inequality. An explicit computation shows that this is equivalent to

27 ) p 1 27 oy p
/0 cos” V(¢ — ) ¢_4V1%/0 sin® v (¢ — m) do

2m 2m
>C ! </o cos® vg(¢ — ) d¢+y1£/0 sin® v (¢ — 7) dd)) :

For each fixed v, the fact that the inequality holds for a sufficiently large constant is an
easy consequence of the fact that [ cos®vy(¢ — ) is positive while [ sin® vy (¢ — ) is finite,
and v, > vy > % for k£ > 2. On the other hand by (5.3.19) both integrals converge to 7 as
k 1 oo and thus for a sufficiently large k the inequality holds for C' > 2. Now, for k£ # ;7 we
have

(s i) = =V (A (Ch), G = =il H(G5)) =

implying that ((x, ¢;) = 0.
We next claim that (;(¢) = cos § ¢ &Y. Otherwise there is a sequence {vp,} C V such

that v, — (; strongly in H'. v, takes therefore the form v, = ZkZQ an xCr. Using that
(Un, v,) converges to ((q,¢;) = 0. Thus we have

<Ck7 CJ>

bw‘?ﬁo

N(n)
,H&Z%ﬁkzo- (5.3.30)
Now, given that the operator J# is compact we also have that z, := @ converges
strongly in H! to //(Cl) = — cos % On the other hand
N(m) 4
Zp = — kz:; r}/}gan,k@.

We then would have by item (c¢) of Lemma 5.3.7 and (5.3.29)

TL
)
0 <l = Jim llznlf < Jisn k.ZQ

7]:

[@n.jllan k|

fo e Il 16

2
‘ N(n)| nj| N(n) N(n) (5.3.30)
<C'lim sup Z > <Chmsupz k;4 Za <Chmsup2a =70,

J

Consider now the standard H' scalar product (-,-) on & and for every ¢ € Y let ¢ = ¢+l
be the decomposition of ¢ into a multiple of (; and an element ¢+ orthogonal in the scalar
product (-,-) to ¢;. Since ¢(; € Y and Y is closed in H', there is a constant o > 0 such that
1¢H1%: > @||¢][%:. On the other hand using the Fourier expansion of ¢ we easily see that
(¢, ¢) = (¢, ¢ty > C7Y|¢H]|%, for some universal constant C' > 0. In particular ¢ is a
compact self-adjoint operator on Y, which implies that {(j},>2 is an orthonormal basis on
the Hilbert space Y (endowed with the scalar product (-, -)).
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Consider now the 2-dimensional vector space Z := {ag(o+a1(1 : a; € R}. If aglp+a1(; =
z € ZNY, using Lemma 5.3.6 and the fact that (y, ;) = 0 for every y € Y, we can compute

(2,¢) = ao(Co, GG) = —vi{aoCo, H ((;)) = —vi{aoH (o), &) = 4v7{aoo, ) = 4w (2, ;)

for every j > 2. Since v; > % we infer that (z,(;) = 0, i.e. that z = 0, since {(;};>2 is
an orthonormal Hilbert basis of Y with respect to the scalar product (-,-). We have thus
concluded that ZNY = {0}. The proof of the proposition will be completed once we show

that Z +Y = €. Consider an element ¢ € & and define

(€0, C) L
Gy @+ 21606

It turns out that ¢ € Z +Y and that ¢ := ¢ — ( satisfies the condition (f, zy = 0 for

every element z € Z +Y =: X. We claim that the latter condition implies that CA is a

constant multiple of cos £. Indeed set X := {v : (v,w) =0 Vw € X}. Then clearly

H(X1) C X+, Moreover # on X+ has only one eigenvalue, namely —4. Consider now

Xt 30 Qv,v) = (A (v), 2 (v)) = (H?(v),v) and set
m:=sup{Q(v,v) ;v € X+ and (v,v) =1}, (5.3.31)

=

where at the moment m is allowed to be oo as well. If m = 0 we then have that J¢ (v)
is a multiple of (; for every v and this would imply that v itself is a multiple of (;. We
therefore assume that m is nonzero. Using the fact that Q(v,(;) = 0 for every v, we can
find a maximizing sequence with Fourier expansion

Vg =Y Cpj COS ((j + %)qb)

Jj=1

for which we easily see that (vy,vr) > C7 | vgl|3:. We can thus extract a subsequence
converging weakly to some v. v clearly belongs to X+ and, by the compactness of the
operator £ is actually a maximizer of (5.3.31). The Euler-Lagrange condition implies
then that J#?(v) = mv + b(; for some real coefficients b. Consider now the vector space
W generated by (;,v and £ (v). W is then either 2-dimensional or 3-dimensional and ¢
maps it onto itself. If W were three-dimensional, then the matrix representation of J# |y

in the basis (;,v and J# (v) would be

—4 0 0
0 10
a 0 m
Since the characteristic polynomial of the latter matrix is (z — 1)(z — m)(x + 4), £ would
have an eigenvalue different from —4 on W C X+, which is not possible. On the other hand

if W were 2-dimensional, then v and cos% would be a basis and the matrix representation
of X |w in that basis would be

("7
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Since J |y cannot have an eigenvalue different than —4 this would force § = —4. We
then would have J# (v) = —4v + a(y. This would imply that v is an odd solution of
Vg + 7 = QCOS % The general solution of the latter equation is given by ¢ cos % + ¢ sin % +
a(¢p — m)sin %, for real coefficients ¢; and cy. The fact that v is odd implies ¢y = 0, namely
c1(1 + ay. The fact that v is not colinear with ¢; implies that o # 0, but on the other
hand since v € X+, (v,(;) = 0, which implies o = 0. We have reached a contradiction: X+
was thus the line generated by (;, proving that indeed X = 0. Il

5.4. The linear three annuli property

We now define a functional which will be instrumental in proving a suitable decay
property for the coefficients of solutions to (5.2.4) and hence to (5.1.16). The latter called
three annuli property, is a way to encode the presence of positive exponentials among the
coefficients ay, defined by (5.3.9), (5.3.11) in the representations of v¢, v°, respectively.

We separate the behaviour of the even and odd parts. We start off with the former.

DEFINITION 5.4.1. Consider any 0 < 0 < s < 3 real numbers and functions v such that
v is even, v € H%((0,27) x (0,s)) and v(0,t) = v(2m,t) = 0 for every t.
We then define the functional

0.(0,0,5) 1= [ (1) 0 (541)

PROPOSITION 5.4.2. There is a constant C' > 0 such that for all v € H*((0,27) x (0,3))
even with v(0,t) =0

[ 6oy & £ 00,09 < C [ oClpoam dt. (542
Moreover, there is a constant n € (0,1) such that the following property holds
If Ge(v,1,2) > (1 = 1)Ge(v,0,1) then Ge(v,2,3) > (1+1)G(v, 1,2), (5.4.3)
for every even solution v € H*((0,2m) x (0,3)) of (5.2.4) satisfying:
27
/ v(¢,t)sin ;bdqb =0. (5.4.4)
0

PROOF. Since v(0,t) = v(2m,t) = 0, we have by the Poincaré inequality
(s Dl L2(0.20)) < Cllve(s ) L2 (0,27 -
Moreover, using that v,(7,t) = 0, we conclude
[v(s Ol z2(0.27)) < Cllvgg (-, D)l 22 (0,20

which clearly implies (5.4.2).
We now establish (5.4.3). Recall that, since v is even and satisfies (5.4.4), the Fourier
decomposition of v reads as (cf. (5.3.7))

(g, t) = g af/(;) sin ((k+ 3)) ,
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where by (5.3.9) the coefficients a;’s satisfy for all £ € N with £ > 1
ar (t) == Ck 6(k+1)t + Dk €_kt
for some Cy, Dy € R. A simple calculation then gives for all £ > 1

d2
dt2 (ak:(t)) > akz(t) > 07 (545)
establishing the convexity of each aj for k > 1. Moreover, note that
G.(v,0,3s) Z (k+3 ) dt.
o k=1

h(t):=

We now want to argue that, there is a constant 1 > 0 with the following property. If A > 0
is a nontrivial L' function such that h > h on (0,3), in particular h is convex, then

/12h(t)dt2(1—77)/01h( N / P dt > 1+n)/12h(t)dt.

Indeed, assume by contradiction this were not true and let h; be a sequence of nontrivial
functions such that h; > h; > 0 and

/2 hj(t) dt > max {(1 — 1/5) /1 hi(t)dt, (1 +1/5)"" /3 h;(t) dt} .

After multiplying by a suitable constant we can then assume

/12hj(t)dt:1.

The convexity of the h; and the uniform bound on ||h;||11(,3)) implies easily a uniform
bound on ||A;|| e ((s,s)) for any 0 < o < s < 3 and therefore (again by convexity) a uniform
Lipschitz bound on any compact subset of (0, 3). This ensures the local uniform convergence
of a subsequence of h; (not relabeled) to a nonnegative convex function h, which is L' (and
thus locally finite) on the open interval (0, 3). In particular, f1 t)dt = 1. On the other
hand it is also easy to see that

1 3
/h(t)dtgl, and /h(t)dtgl.
0 2

By the mean-value theorem this implies the existence of three points 0 < t; <1 <ty <2 <
ts < 3 where h(ty) > 1 > max{h(t1), h(t3)}. But then the convexity of h implies that h
must be constantly equal to 1 on [t1,#5]. Since the inequality h > h is verified in the limit
in the sense of distributions, this is a contradiction. [l

Next we consider the odd part.

DEFINITION 5.4.3. Fix a constant ¢q > 0 appropriately small (whose choice will be
specified in Proposition 5.4.4 below). Consider now any couple of real numbers 0 < o < s < 3
and a pair of functions (v, #) such that
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(i) v is odd, v € H*((0,27) x (0,5)) and v(0,t) = v(27,t) = 0 for every ¢;

(ii) 6 € H?*([o, 3]).
Define ¢ as in (5.3.1) and let ax(t) be the coefficients in the representation (5.3.10) and v
the numbers in Lemma 5.3.7. We then define the functionals

E(v,0,0,5) Z uk.ak (t) + az(t)) dt (5.4.6)

F(v,0,0,s) = / (92(t) + 0%(t) + al(t) + a3(t) + a2(t) + a(t)) dt (5.4.7)

g

Go(v,0,0,5) :=max{&(v,0,0,s),coF(v,0,0,5)} (5.4.8)

PROPOSITION 5.4.4. There is a constant n € (0,1) such that the following property
holds for every solution (v,0) € H?((0,2m) x (0,3)) x H3((0,27)) of (5.2.4) with v odd:

() If £(v,60,1,2) > (1 —n)E(v,0,0,1) then E(v,0,2,3) > (14 n)E(v,0,1,2).

Furthermore, there are positive constants C and co such that the following properties hold
for every solution (v,0) of (5.2.4) with v odd which satisfies in addition (5.2.5):

(b) If Go(v,0,1,2) > (1 —1)Gy(v,0,0,1) then G,(v,0,2,3) > (1 4+ n)G,(v,0,1,2).

and

_1(||UH?{2((O,2W)X(U,5)) + ||9||§{1((075))) < Go(v,0,0,5) < O(||U\|§{2((o72w)x(a,s)) + ||0||%Il((a,s)))>
(5.4.9)
forall0 <o <s<3.

PROOF. In order to prove claim (a) consider any of the functions ay(t) and d(t) and
call it w(t), and observe we know k& > 2 by assumption. From Proposition 5.3.4 and
Lemma 5.3.7 it follows that w solves then the ODE

G(t) — a(t) — cw(t) =0,

where ¢ is a constant which depends on k, but it satisfies the bound ¢ > ¢ > 0 for some
positive ¢ independent of k. The polynomial 22 — z — ¢ has then a positive and a negative
solution a™ and —a~ (also depending on k) with a® > ay > 0. The function w(t) is then
given by De®'t 4+ Ce~ t. A simple computations shows that

G N2

SR 2 (),

where the positive constant ¢ can be chosen to depend on «q and in particular independent
of k. Summing the square of all the coefficients involved in the computation of & we ﬁnd a
non negative function h(t) with the property that A(t) > é¢h(t) and E(v,0,s,0) = [7 h(t
The rest of the argument follows the lines of that employed for proving the analogous
property for G, in Proposition 5.4.2, to which we refer.

Having shown (a) we now turn to (b). We claim that (b) holds for ¢ sufficiently small.
Observe that if £(v,0,1,2) > ¢gF(v,0,1,2), then (b) is simply implied by (a). Thus we
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may assume G,(v,0,1,2) = ¢gF(v,0,1,2). We argue by contradiction: for ¢y = 1/;j choose
(vj,0;) such that

go(vjv 9]7 17 2) > max{(l o n)g0<vj7 9j7 07 1)7 (1 + n)ilgo(vjv '9,27 3)} :

Using the linearity we can normalize it so that F(v;,0;,1,2) = 1. Observe that we have
the inequalities

= F(Ujveja L, 2) > ma’X{(l - )’F(Ujvgjﬁoa 1)7 (1 + 7]>_1'F(Uj70j7 27?))} (5410)
1= F(v;,0;,1,2) > jmax{&(vj,0;,1,2), (1 —n)E(vy,0;,0,1), (1 +n)"'E(v;,04,2,3)}.
(5.4.11)

From Proposition 5.3.4 we gain a uniform bound on ||v;]| g2 (j0.2x)x 0.3 and [|0;]| 1 ((0,3)) and
consequently (since 6;(0) = 0) on ||0;||m2(03)). We then extract a sequence converging
weakly to (v,0) € H? which satisfies (5.2.4) and (5.2.5). Consider the functions v and (,
which are the limit of the corresponding maps constructed from v;. From (5.4.11) and
(5.4.6) we conclude that ((¢,t) = ag(t)o(¢) + a1(t)(i(¢). Unraveling the definition of ¢ we

infer
v(p,t) = ap(t)(¢ — ) sin Q; + a;(t) Cos;b ,

where a1(t) = a1 (t) + \9/(%. However the boundary conditions v(0,t) = v(2m,t) = 0 imply
a1 = 0. We are thus left with the formula v(¢, t) = ag(t)(¢ — 7)sin £. Inserting in (5.2.4)

we get:
fo(t) — dolt) = 0
0(t) — 0(t) = —v2map(t) (5.4.12)
{ 6(0) =0.
From the first equation we find ag(t) = ¢; + ce’, while from the second we find 6(t) =
— V2meit + dyel — co\/2mtel, ie. O(t) = —\/2mtag(t) + di + dye?. Using 0(0) = 0 we
thus get 0(t) = —v/2mtag(t) + d(e! — 1). We next use (5.2.5) to derive that aq is actually
identically null. Indeed, the latter reads as

2
ag(t)/o <51n(§+¢; cos?) sin;bdqﬁz().

=:1

We compute the integral I as

( 2¢ ¢_7Tcos¢sin¢> do
2 2
271'
:/0 <;1—cos¢ ¢;Wsin¢>d¢
B ¢ 27 1 2 _7T
=7 — cosqbo —1—4/0 cospdp = —
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Using the convergences established for (v, 6;) and passing to the limit into (5.4.10) we
find

1=F(v,0,1,2) > max{(1 - 7)F(v,0,0,1), (1 + 1)~ F(v,0,2,3)},
to get by an explicit computation

2 1 3
1= 2d2/ e dt > 2d* max {(1 — 77)/ e dt, (1 + 7})1/ e dt} :
1 0 2

Thus, d # 0 and the latter inequality is equivalent to
¢! —e* > max{(1 —n)(e* = 1),(1+n) 7" (" — &)},
which in turn is equivalent to
e? > max{(1 —n), (1 +n)te'}.

Since 0 < 1 < 1, the latter would imply e > %, which is clearly a contradiction.
The growth conditions in (5.4.9) easily follow from Proposition 5.3.4 by taking into
account that (v, ) solves (5.2.4). O

5.5. Second linearization and proof of Theorem 5.0.1

The three annuli property of the previous section allows us to improve upon Proposi-
tion 5.2.1.

PROPOSITION 5.5.1. Let v; and 0; be as in Proposition 5.2.1. Then, there is a pair
(v,0) € CL.([0,27] x [0,00)) and a subsequence, not relabeled, such that (v;,0;) converges

loc

in C%([0,27] x [0,T)) to (v,0) for every T > 0. Moreover, (v,0) solves (5.2.4), satisfies
(5.2.5) and there are positive constants w and C' such that:
[0° = isalloz(o2mx k1)) + 100 lo2 (0 2m)x w1y + 101l gty < Ce™=F
for all k € N\ {0} if A = 0, while
[0 — i8al| 20,20y x (k1)) + 10Nl 2020 x (k1)) F 101 E1 ((r 1)) < Ce™ =
for all k € N\ {0} if A > 0.

PrRoOF. We prove the estimates claimed above separately for the odd and even parts
by showing in both cases a nonlinear three annuli property.

We start with the case A > 0 by observing that by Proposition 5.2.1 and by Proposi-
tion 5.4.4 we can prove: given > In2 (to be chosen suitably in what follows), if €y in
Theorem 5.0.1 is sufficiently small and (u, K') satisfies the assumptions of Theorem 5.0.1,
for every k € N we have that if

max{G,(f°(-,- + k), 9(- + k), 1,2), \e P0+0}
> (1= B max{Go(f°(,- + k), 0(- + k), 0,1), he 7}
— max{G,(f°(-,- + k), (- + k),2,3), e P}
> (L+ P max{Go(f(-+ k)00 + 7). 1,2, 2P0} (55.)
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where G, is the functional defined in (5.4.8), ¥, f are given by (5.1.11) and (5.1.13), respec-
tively.

Indeed, assume the claim is false, no matter how small £y in Theorem 5.0.1 is chosen,
and let thus f7, ¥; be a sequence which violates it for some k; € N when we choose g9 = %
By rescaling the time variable ¢ (which just implies a rescaling of the variable r in the
original problem), we can assume k; = j. Furthermore, by adding a rotation we can assume

that 9;(0) = 0, so that we can apply Proposition 5.2.1. Assume by contradiction that
maX{go(f;(-, -+ j)v 19]( + .])7 17 2)7 )\e_ﬁ(1+j)}
> max { (1= §) max{Go(f7 (- + ), 05 + 1),0,1), e},

(1 + g) max{go(fj(?(U -+ ])a 19]( + j)v 2, 3)7 /\e_B(Q—H)}} ' (552)
Note that if A > 0 and 8 > In 2, then necessarily
go(f;('v -+ j)a 19]( + j)7 (17 2)) > /\6_6(1+j) (553)

for all j > 0, since otherwise from (5.5.2) we would conclude for some ¢ > 0 that

e PUH) > max{(l — g) e 7, (1 + g)il 65(2+i)} ,

which is equivalent to

~1 _
(+1) <o <(-g)
in turn implying e’ € (2/3,2), as n € (0,1). Clearly, this is a contradiction in view of the
choice § > In 2.
Therefore, from this observation, from the definition of v; in (5.2.3), from (5.5.2), and
since the functional G, is quadratic, we immediately obtain that

Go(v2,0;,1,2) > max{(l — g) Go(v2,0;,0,1), (1 + g)*l Go(v2, 05,2, 3)} : (5.5.4)

Upon choosing > 3/2—&(> In2), where ¢ has been fixed in the definition of §; (cf. (5.2.1)),
from (5.5.3) we conclude that lim inf; [[v9]| z2((0,.2x)x[1,27) > 0, because of (5.4.9).

Thus, we can apply Proposition 5.2.1 (d) (recall that 6;(0) = 0) to extract a subsequence
converging to some (v,6) strongly in H?((0,27) X (0,3 — o)) x H*((0,3 — o)) for all
o € (0,3/2). Therefore, we have that

g0<,UO’ 67 17 2) = hm gO(U;7 6j7 17 2) )
J

and in particular we conclude that the pair (v°,6) is nontrivial. On the other hand, the
functional G, is lower semicontinuous with respect to the mentioned convergences, and we
thus infer from (5.5.4)

Go(v°,0,1,2) > Inax{(l — 1) Go(0,0,0,1), (14+2) " Go(v".0,2, 3)} ,

contradicting Proposition 5.4.4 (b) being (v°, §) nontrivial.
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Therefore, having completed the proof of (5.5.1), if for some ky € N we were to have
max{Go(f°(,- + ko), O(- + ko), 1,2), Ae 1)}
> (1= 2) max{Go(f°(-, + ko), ¥(- + ko), 0,1), e M},
then from (5.5.1) itself, and the choice 8 > In2, we would infer that for all j > ko + 1

Gol £+ 1):0,0,1) = (142 G0 (- 4 ko) V(- + ko), 0,1).

However the latter contradicts the fact that f°(-,- 4 j) and (- + j) converge smoothly to 0
for 7 — oo.
We thus conclude that for every k € N

max{Go(f7( -+ k), V(- + k), 1,2), Ae 70}
= (1 B %) max{G,(f°(-,- + k),9(- + k),0,1), \e ¥} |

in turn implying, by iteration and by (5.4.9), the existence of constants C' > 0 and
w € (0,1n2) such that

||fo||§{2((0,27r)><(k,k+1)) + ||19||12Hl((k,k+1)) < Ce @k (||fOH12H2((0,27r)x(0,1)) + WH%{l((o,n) + >\) :

In turn, if (vj,6;) are as in the statement of the proposition, we infer

||U§||§{2((0,27r)><(k,k+1)) + ||9j||%11((k,k+1))
<Ce™ (105120 2mxo1 + IillEn oy +A) = Ce™™F. (5.5.5)

The estimate for the even part follows analogously. Indeed, one first shows the nonlinear
three annuli property for

g (o, t+ k) = f(o,t+ k) — (f(-,t + k), ﬁ sin(%))Lzﬁ sin(2).

Note that ¢°(-,- + j) is still even and rescaled by ¢; is converging to an even solution to
(5.2.4) satisfying (5.4.4). Hence, by using Proposition 5.3.2 and by arguing as above one
deduces that if

max{ge(ge(., -+ k)? ]-7 2)7 Ae_ﬂ(l—i_k)} Z (1 - g) maX{ge<ge('a -+ k)v )\G_ﬁk}

then
max{g€<ge('7 -+ k)7 27 3)7 )‘675(2+k)} > (1 + g) max{ge(ge('7 Ct k)7 17 2)7 )‘eiﬁ(l+k)} :

where G, is the functional defined in (5.4.1).
By assumption f€(-, -+ j) converges smoothly to isq for j — oo, so that for every k € N

max{ge(ge(" iy k)a 1’ 2)7 /\e_B(k—H)} < (1 o g) max{ge(ge<'7 s k>’ 19( + k)a 07 1>a )‘e_ﬂk} :

In turn implying, by iteration and by (5.4.2), the existence of constants C' > 0 and
w € (0,In2) such that

ngHiIQ((O,Zn)x(k,kJrl)) < Ce ™" (”96H12L12((O,27r)><(0,1)) + )\) :
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Therefore, we conclude that

||vj—(vj,ﬁsin(%)>y (2)||H2 ((0,2m) x (k,k+1))
< Cem™ (|lof = (v5, J= sin(9)) 2= sin() Bgoamnoay ¥ A) - (55.6)

Having fixed k£ € N, in view of (5.5.5) and (5.5.6), the conclusion of the proposition
is then a simple application of Proposition 5.2.1 with [0, 1] replaced by [k, k + 1], that is
equivalently by applying it to f(-,- + k + j) and 9(- + k + j) on [0, 1], together with a
diagonal argument over k and j.

The proof of the case A = 0 proceeds similarly: the inequality analogous to (5.5.1)
in this setting is obtained by revisiting the argument outlined above, upon normalizing
Go(v5,05,1,2) = 1 for every j. Then, the conclusion follows by taking advantage of (5.5.5),
of elliptic regularity and of the stronger convergences described in Proposition 5.2.1 (¢). O

Using the second linearization procedure in Proposition 5.5.1 and again the spectral
analysis for solutions of (5.2.4) we will then conclude the decay for the curvature at the tip
when \ = 0.

COROLLARY 5.5.2. There is a constant dg with the following property. Assume (u, K) is
as in Theorem 5.0.1 and O as in (5.1.11). Then there are constants C, 6y > 0 and §; € (0, 1)
such that, if A =0,

£ )l e2qoznmy + ()] + [9(8)] < Cem 00 (5.5.7)
£ 1) — isql|e2(jo.2n)) < Ce (=0t (5.5.8)
while, if A > 0 for every e € (0,1) there is a constant C. > 0 such that
1£°(, )| cra—e(oan) + [9(t)] < Cee™", (5.5.9)
1£6(- 1) — isqllcri-e(oam) < Cee™™" . (5.5.10)

In particular, in case A\ =0 we also have

5o o o
(1+92(t))
PROOF. First of all consider any limit (v,0) as in Proposition 5.5.1. We discuss

separately the behavior of the odd and even parts of v. Let ¢ be as in (5.3.1). Recalling
that v satisfies (5.2.5), Proposition 5.3.4 yields the expansion

C(6.8) = (B cos o + 3 (@0 + 0 )G(6).
k=2

where ((¢) = Ci sin(vg(¢ — 7)), ¢ is such that ((, () = 1 for every k > 2 (cf. (5.3.21)),
where the ay, i 's are constants, and jy 1 is the positive/negative zero of the quadratic
polynomial 2% — z — (v — 1), i.e. (cf. (5.3.11))

1
Mk,i=§:|:1/k-
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Recalling item (c) in Lemma 5.3.7, we have v > vy > % when k£ > 2 and thus we conclude
that pu+ > poy > 2and py - < o - < —1forall £ > 2. Therefore, by the decay properties
of v and @ in Proposition 5.5.1, we easily infer that ELk + =0 for every k > 2, so that

vo(p,t) = ((p,t) + 6(t) cos? = ay(t) cos o + Z are "),

V2m 2 k=2

where we have set uy = |y | > 1, ag := ap—, and ay(t) :

ap(t) + f/%)r. In particular, note

that pf + pu, = v} — . From the boundary conditions v°(0,¢) = v°(2m,t) = 0 we conclude

that .
= arGe(0)e "t (5.5.12)
k=2

An elementary computation together with the Ventsel boundary condition satisfied by the
Ce's (cf. (5.3.17)) and the definition of vy (cf. Lemma 5.3.7 (a)) imply that

v3(0,1) Z a(v Ce(0)eHet (5.5.13)
Thus, using the ODE in (5.3.4) and i + pu, = v} — 1 we get that
0(t) = A+ Be' — V21 > apCe(0)e "
k=2

As limy 1 0(t) € R we infer that B = 0, in turn implying A = lim;_,; 0(¢). Finally, as
0(0) = 0 we deduce that

= VIR Y GG O0)(1 - ). (5.5.14)

Note that the latter together with (5.5.12) easily imply that a;(t) = —\/%.
We argue similarly for the even part. Namely, Proposition 5.3.2 yields the expansion

0(61) = 3 (Crel™ V! 4 Dy ) Lsin((k + 1)g)

k=0
and by the decay properties of v in Proposition 5.5.1, we infer that Cy = 0 for all £ > 0,
and moreover that Dy = /2, namely

v°(g,t) = isq(¢ Z Dye *sin((k+ 1)¢). (5.5.15)

Case \ = 0. From (5.5.12), (5.5.13), (5.5.14) and (5.5.15) it is then easy to check that
for every T' > 0 we have the estimate

[0°lc2(o2mxir2n) + 10l rory < Ce 2T (HUOHH?([O,Qw]X[O,l}) + ||9HH1([0,1])) ;
and

[v° —isqllc2po.2n)x r2ry < Ce™ T [[v¢ — isql m2(po.2n]x[0.1))
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where C' is a constant independent of 7. Fix now 7', whose choice will be specified a few
paragraphs below. Using the conclusions of Proposition 5.5.1 if A = 0 we then conclude
that, if u is as in Theorem 5.0.1 and ¥ and f as in Lemma 5.1.3 and ¢, sufficiently small
(depending on T'), then

1/ 2o nxizary + 1llorqrery < 2CeT (£ a2 qoznxto. + 101l o)
< Ce " (£ lle2oznxiom + 19llcrqoy) -
and
| fe=isal|c2o2mxmer < 2Ce || f¢ = isqll m2(o2nx o1y < Ce™ |1 f¢ — isallez(o,2mx0.17) -

where the constant C' is independent of 7. By a simple rescaling argument, this actually
implies that for all £k € N

12l c2qo.2m x (ks 1y ks 2y + 9]l ey raay)
<Ce™" (|11 lle2qoamxierernm + 19llon e, -
and
1€ = isallc2 (o2 x (4 b7y < Ce™ 1€ = isallen (o2 x kT (k1)) -

We stress that the constant C is independent of 7. On the other hand, recalling that o > 1
(because pp = vy — 3 > 1, ¢f. (¢) Lemma 5.3.7), while given dy € (0, uo — 1) and §; € (0, 1),
we can choose T itself large enough so that

Ce 1T < e—(1+6o)T, Ce T < 6—(1—61)T‘
We then can iterate the latter inequalities to infer

12 ez qo.2mx v+ vz, 2ya) H 1Nl or s vy ey
<e R (|| follceqoamixtoary + I1Dllero)
and
17¢ = isallozqo.omx s yr, ey < €T~ isall e o e 077 -
This easily gives the conclusions (5.5.7), (5.5.8) and, in particular, (5.5.11).

Case A > 0.
The proof of the estimates in (5.5.9) and (5.5.10) follows as in the previous case by
using the conclusions of Proposition 5.5.1 for A > 0 rather than those for A\ = 0 there. [

The latter Corollary 5.5.2 implies easily Theorem 5.0.1.
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5.5.1. Proof of Theorem 5.0.1. Corollary 5.5.2 gives a C?% estimate for the
parametrization of K N By if A = 0 and a C"% estimate if A > 0. More precisely,
the unit tangent 7(r) to K N By at the point y(r) = r(cosa(r),sina(r)) (cf. (5.0.5)) is
given by the expression

1
7(r) = ————={(cos a(r),sina(r)) + ro/(r) (— sina(r),cos a(r)))
1+ r2a/(r)?
using the relation 7 = e~* and «(r) = 9(] Inr]) (cf. (5.1.11)) and (5.5.7) if A = 0, respectively
(5.5.9) if A > 0, we easily check that |77(r)] < Cr®~! respectively |7/(r)] < Cro-1,
Integrating the latter inequalities between r; and 7 we reach the estimates

|7 (re) — 7' (r1)| < Clrg — 7"1)60 VO <r <ry<lf,
for A\ =0, and for A > 0
|7(re) — 7(r1)| < C(rg — 7’1)50 VO<r <ry<lf.

In turn, the latters imply respectively C1% and C%% estimates on the tangent 7(r) to K
at the point (r), and moreover that 7(r) has a limit 79 € S* as r — 0 in both cases.

In addition, we get a decay estimate for the curvature when A = 0. Indeed, using
(5.1.36), namely ' . )
o) = 11 Y| Inr|) + 193(| Inr|) —319(| Inr|) |

(1+92(|Inr|))*>
from estimate (5.5.11) in Corollary 5.5.2 we conclude that
|k(r)| < Cr%

when A = 0. Note that the denimonator of the quantity estimated in (5.5.11) differs from
the denominator appearing in the formula of the curvature by a multiplicative factor which
is 1+ 0%*(|Inr|): the latter however converges to 1 as r — 0, and in fact according to our
estimates is bounded above by an absolute constant on the interval of interest.

Moreover, it follows easily that there is an > 0, depending only upon C' and w, such
that B, N K is a graph {t 7o + ¢ (t) 13-} N B, for some function ¢ : [0,7] — R. If A = 0 the
latter is C*% smooth, with (0) = ¢/(0) = ¢"(0) = 0 and ||1)||c2s, < C. When A > 0, ¢ in
C% with 4(0) = ¢'(0) = 0 and |[1)||c1.60 < C.

On the other hand, if ¢ is sufficiently small, since |/(1)| < go/n for r € (n,1/2) (recall
that v € C*((0,2))), we conclude that K N By, is a graph in the coordinates induced
by the orthonormal base {my,7;-}. Finally, since such graph will have to be sufficiently
close to the line {(s,0) : s > 0} by assumption (iv), we conclude that 75 must be close to
(1,0). Therefore, K N By, is in fact a graph in the standard coordinates, as claimed in
Theorem 5.0.1.




CHAPTER 6

Some consequences of the epsilon-regularity theory

6.1. Main statements

In this chapter, we use the e-regularity theory and some more ideas to prove several
structural results about the set K and a more refined analysis of the behavior of K around
some particular points.

More precisely, consider the subset KU) C K of points p such that K is a regular
arc in a neighborhood of p and p is not an endpoint of the arc. This is in fact the set of
pure jumps, also called in what follows jump points. Through the e-regularity criterion of
Theorem 3.1.1 we can characterize its complement K \ K in K according to whether the
scaled Dirichlet energy or the scaled mean flatness or none of them is infinitesimal. In this
respect, we shall show that triple junctions are the only points where the scaled Dirichlet
energy decays while the scaled mean flatness does not, and regular loose ends (or cracktips)
are the only points where the scaled mean flatness decays but the scaled Dirichlet energy
does not. On the remaining set, which turns out to coincide with K@, both the scaled
mean flatness and the scaled Dirichlet energy are above some positive thresholds at all
scales.

The Mumford-Shah conjecture is thus equivalent to showing that K is indeed the
empty set. While this is still open, it is possible to estimate the size of the latter set in
Section 6.1.2 assuming that some LP norm of Vu is finite, following the approach introduced
by Ambrosio, Fusco, and Hutchinson in [2]. Indeed a suitable implementation of the latter
idea shows that the Mumford Shah conjecture is equivalent to a sharp integrability property
of Vu, namely that it belongs to the weak L* space.

That Vu is higher integrable (namely in L**¢) was in fact conjectured by De Giorgi for
minimizers in all dimensions. We shall give two proofs of this fact. In Section 6.4 we show
how it follows from a suitable reverse Holder inequality, which can be inferred from the
e-regularity theory and the compactness result of Theorem 2.2.3. The validity of the latter
argument has not been explored in higher dimensions. A second proof, due to De Philippis
and Figalli and which can be extended to higher dimensions, establishes first the porosity
of K, in the spirit of David, again as a consequence of the e-regularity at jump points, cf.
Section 6.5. It then shows the higher integrability of Vu leveraging the latter property.

The final Section 6.6 is dedicated to proving that the Mumford-Shah conjecture holds
when the number of connected components of K is limited apriori. This follows a classical
argument of Bonnet, who proved in [9] that each connected components is formed by finitely
many arcs whose common endpoints are triple junctions. Note however that the e-regularity
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theorem for cracktips was missing at the time and therefore Bonnet could not exclude that
such arcs could form slowly rotating spirals at an endpoint which is not in common with
another arc.

6.1.1. Structure of K. We consider the set K of pure jump points and as discussed
above note that, according to Theorem 3.1.1, they can be characterized as those points
where the scaled Dirichlet energy and the flatness of K both converge to 0. Its complement
Y= K\ KU, usually called in the literature the singular set, can then be decomposed as
follows as the disjoint union of K, K© and ¥\ (K® U K©), where

KY . ={zex: limui)nfd(x,r) =0},
K9 :={ze¥%: limi%nfﬁ(x,r) =0},

Y\ (KOUKY):={zeX: limsupd(z,r) > 0, and limsup B(z,r) > 0}.
rl0 rl0
According to the Mumford-Shah conjecture, we should have ¥\ (K U K©) = ). Note
also that the set K* of high energy points is in fact given by ¥\ K ),
We will use this subdivision to prove Theorem 1.5.2. A starting point will be the
following one.

THEOREM 6.1.1. Let (u, K) be an absolute, or generalized global minimizer of Ey in Q.
Then the following holds:

(1) K® consists of the triple junctions of K and is discrete.
(i) K@ consists of the reqular loose ends of K and is discrete.
(iii) ¥\ (K® U K©)) consists of those connected components of K which are singletons
and of irreqular terminal points of connected components with positive length. Every
Y\ (KW U K©) can also be characterized as an accumulation point of infinitely
many connected components of K.

In particular, we conclude that ¥\ (K® U K(9)) is the set of irregular points K ® and
coincides with the set K*\ K(° i.e. those high energy points which are not regular loose
ends. In view of the above theorem we will refer to K*) as the set of triple junctions and
to K(© as the set of cracktips, or regular loose ends. Observe that the discreteness of the
sets immediately implies their countability. Note also that the case of restricted minimizers
is not covered in Theorem 6.1.1 for the following reason:

e If the number of connected components of a minimizer is infinite, then the “restrict-
edness” is in fact an empty condition, and the minimizer is actually an absolute
minimizer;

e [f the number of connected components is finite, it follows from the theory exposed
so far that the conclusion of the Mumford-Shah conjecture holds since any blow-up
at a point of K is either a global pure jump, or a global triple junction, or a
cracktip (this is the content of Bonnet’s theorem).
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REMARK 6.1.2. Finally, we remark that the conclusions of the structure theorem can be
slightly strengthened, in the sense that K® (resp. K(9) can be also characterized as those
points in K \ K where the liminf of d(z,r) (resp. of B3(z,r)) is below a certain universal
threshold ¢, cf. Proposition 6.3.2 below.

6.1.2. Higher integrability of the gradient and the size of the singular set.
As already remarked, the Mumford-Shah conjecture is equivalent to proving that the

set K is empty for an absolute minimizer. An obvious consequence of the identity
KO =%\ (K®uUK®) =K\ K© is the following

COROLLARY 6.1.3. HY(K®) = H!(K*) = 0.

Using a porosity argument it was first shown by David [14] that indeed the Hausdorff
dimension of K* must be strictly smaller than 1. We will show the latter theorem differently.
Following the approach of Ambrosio, Fusco, and Hutchinson in [2], we relate a higher
integrability estimate of Vu to a suitable dimension estimate for K*. More precisely, using
again K = K*\ K we can immediately conclude the following

COROLLARY 6.1.4. If Vu € LP, then H* % (K®) = 0.

It was indeed conjectured by De Giorgi (in all space dimensions) that Vu € L}, . for
all p < 4 (cf. with [20, conjecture 1]). So far only a first step into this direction has been
established.

THEOREM 6.1.5. There is p > 2 such that Vu € L}, .(Q) for all (u, K) either absolute
minimizers of Ex in Q, and for all open sets @ C R%2. The same conclusion holds for
generalized global minimizers in R2.

Theorem 6.1.5 has been proven first by the authors in [24] using a reverse Holder
inequality (cf. Section 6.4). Shortly after De Philippis and Figalli established the result
without any dimensional limitation in [26], as a more direct application of the e-regularity
theory at pure jumps (cf. Section 6.5). In this chapter we will present both proofs.

6.1.3. An equivalent formulation of the Mumford-Shah conjecture. Note that,
because cracktip is indeed a minimizer, we certainly cannot expect Vu € L*, while on the
other hand the Mumford-Shah conjecture would easily imply Vu € L} _ for every p < 4.
Introducing a finer scale of spaces, it is in fact possible to characterize the conjecture in
terms of a sharp integrability result for Vu. The relevant statement was given in the

introduction in Theorem 1.5.4, which for the reader convenience we recall here.

THEOREM 6.1.6. Let (u, K) be an absolute, or generalized global minimizer of Ey in Q.
The set KW is empty if and only if Vu € L2, namely if and only if for every compact set

loc

U C Q there is a constant C = C(U) such that

Hox e U |Vu(x)|* < M}| < ]\i VM > 1. (6.1.1)



158 6. SOME CONSEQUENCES OF THE EPSILON-REGULARITY THEORY

6.1.4. The case of finitely many connected components. Finally, we recall the
statement of Corollary 1.3.4, namely that the Mumford-Shah conjecture holds when K has
finitely many connected components, even for reduced minimizers.

COROLLARY 6.1.7. Conjecture 1.3.1 hold for restricted minimizers (u, K) such that K
has a finite number of connected components.

It is in fact a consequence of the work of Bonnet [9] that Theorem 1.3.3 is applicable at
all points of K under the latter assumption and we include a proof in Section 6.6.

6.2. Proof of Theorem 6.1.1

By the e-regularity theory, in order to show (i) and (ii) it suffices to show, respectively,
that:

(i) If € K®, then there is one blow-up (U, Yoo) at = which is a triple junction
centered at the origin.

(ii") If # € K(©, then there is one blow-up (s, Lo) at = which is a cracktip centered
at the origin.

In fact, in both cases it would follow that K is regular in some punctured disk B,(z) \ {z},
implying that both K® and K(© are discrete sets.

In both cases, we will assume, without loss of generality, that x = 0. We start with (i’).
Hence, we fix a sequence of radii r; | 0 with the property that

lim 1/ [Vu|*> =0

J—00 7"]- Brj
and assume, upon extraction of a subsequence, that the corresponding rescaled functions
and sets as in Theorem 2.2.3 converge to a generalized global minimizer (uy, Ky ). By
Theorem 2.2.3(i) we know that the Dirichlet energy of u, vanishes identically, and so by
Theorem 2.4.1 we know that (ue, K) is either a constant, or a global pure jump, or a
global triple junction. On the other hand, by the Hausdorff convergence of the rescaled
sets Ko,; to K, Ko must contain the origin, hence the constant is excluded. If it were a
global pure jump, then the e-regularity theory would imply that 0 € KU, a contradiction
to the assumption 0 € . Hence, (us, Ko ) must be a global triple junction. Now, if 0 were
not the meeting point of the three half lines forming K., then it would be a pure jump
point of K., and a simple diagonal argument would imply the existence of a blow-up of
(u, K) at 0 which is a pure jump, a possibility which has already been excluded.

In case (ii’) we choose our sequence so that 3(ry) converges to 0 and we see immediately
that the corresponding blow-up (s, K ) has the property that K, is contained in a line.
As above observe also that K, contains the origin. A result by Léger, cf. [32], implies then
that K is either the whole line or a half-line. In Chapter 4 (cf. Theorems 4.1.1 and 4.4.1)
we already saw the arguments leading to the conclusion that in the first case, we have a
pure jump and in the second we have a cracktip. On the other hand, the pure jump case is
excluded because the e-regularity theory would imply that 0 is a pure jump of (u, K).
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For completeness, we give a simple self-contained argument that K, is either a line or
a half-line. Even though we follow Léger’s ideas, rather than relying on his “magic formula”
in Proposition 2.5.7, we give a direct elementary derivation from the inner variations.

Without loss of generality we assume that Ko, C {x : 29 = 0}. We will show below that

(Cl) any nontrivial connected component of K, is infinite.

Taking (Cl) for granted, observe that, since the e-regularity theory implies that regular
pure jumps are dense in K., the existence of a connected component of K., which is a
singleton implies the existence of infinitely many connected components of K., which are
closed intervals of bounded positive length. Therefore, (Cl) implies that K, is either a line
or a half-line or the union of two half-lines. We then just need to exclude the possibility
that K, contains two connected components which are half-lines. To exclude the latter,
observe that we can use Theorem 2.3.2 to “blow-down” the pair (oo, Ko) introducing

Kip={R'z:2¢€ K.} wp(z) := R™""u(Rx)

and letting R 1 oo. For an appropriate sequence Ry the pair (u}, , Kj, ) converges then to a
global minimizer (v, J& ) for which J. is a full line, which implies that the global minimizer
is a pure jump. But then the e-regularity theory would imply that for all sufficiently large
k the set K M By is connected, which is a contradiction.
We now come to the core of the argument for (ii’), which is the proof of (Cl). Consider
a connected component K’ of K., with positive length: it is either a closed interval or
a closed half-line or the full line. By symmetry, it suffices to show that, if K’ has a left
extremum, which we will denote by a, then it cannot have a right extremum. Observe that
any point p = (x1,0) € K’ which is not an extremum is necessarily a regular jump point
(since any blow-up at such points would be a global pure jump) and we define
4+ .
u(p) = ltlf(r)l Uoo (21, 1) .
It is also the case that, since we are assuming that K’ is not the full line, K does not
disconnect R2. It then follows from Proposition 4.6.1 that u., is continuous at a. Recall

that % = 0 at all p € K’ which are not extrema, while (since the curvature of K, is 0),

oud, augo( )
8[)31 P 8x1 Py

The above derivatives can only vanish at isolated points: if the zeros were to accumulate to
a point ¢ which is not an extremum, the classical theory of harmonic functions would imply
that both u®™ would be constant in a neighborhood of ¢. But then unique continuation
would imply that u., is actually constant on R? \ K. If we next fix a point p where

out
> 0
o, D) # 0
then in a neighborhood of it, we either have
dul,  Oug,

or,  on (6.2.1)
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or we have

out ou
®© = = 2.2
8x1 8951 <6 )

But then, again the unique continuation theory for harmonic function would tell that one
of the two alternatives holds on K’ with the exception of its extrema. However, if the
first alternative were to hold, integrating it starting from the left extremum a we would
conclude that uX, = u_ on K’: we could then remove it and decrease the energy, violating
the minimality. We must therefore have (6.2.2). We next claim that % never vanishes in
the interior of K’: that, and (6.2.2) would imply that there cannot be a right extremum of
K', because at such extremum us, would be continuous, and hence v}, and u_ would have

to coincide, while integrating (6.2.2) from a to b we would conclude that uZ_(b) # u (D).

We thus are left to show that, if (x1,0) is an interior point of K, then %(m, 0) # 0.

By translation we can assume that (z1,0) = (0,0) and we will then show that

out 2 dt
o ( uoo> (0) = / S (6.2.3)
Oz, {(t0)e®x {0\ Kac} T

Léger in [32] derives (6.2.3) directly from his “magic formula” (2.5.18), while here we will
show how it follows immediately from the inner variation formula (1.6.3), using the same
test of the proof of Proposition 2.5.7.

We fix positive radii p < R and consider the vector field ¥ (x,y) = o(|(z,y)|)(z, —y)
where

p~2— R2 ift<p
o(t)=4 t?—R? itp<t<R
0

otherwise .

Strictly speaking, the latter is not a valid test in the inner variation formula, which in our
case would read

/ (2VTuOO~D1/JVuOO—|Vuoo|2divw):/ el - DpedH?, (6.2.4)
R2\ K

oo

because 1 is not C'. However, if we assume that H' (K, N (0B, UdBg)) = 0, it is easily
seen that the left hand side (6.2.4) makes sense because v is H'-a.e. differentiable on
K., while a standard regularization argument shows the validity of the formula. Next we
compute D) in the two relevant domains where it does not vanish:

1 1 10
po-(L-2)(50)) wa 62

L [f10 1 y? —a? 2y =
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Inserting on (6.2.4) we immediately get

2 dus\”  (Ous )’ _2/ duss\”  (Ous\’
p? Bp\Keo Oy Oy R? Jg\ ke Oy Oy

1 1 dt
=—M' (KN B,) — —M' (K N Bg) — / —
p R {(£,0)

12
€(Br\Bp)NKoo}

We choose p sufficiently small so that B, N K = B, N (R x {0}). Then we let R 1 oo and
use

/ (Vs + HY(BrN Ky) < 27R,
BR\Koo

A (C I DT
P* JB ke \\ 071 Oy P Jiwoera By

Since, however, the choice of p yields
2 / dt
P Jeoemsios,}

2 Ou\’  [Ouw\’ dt
= <“>_<“> :/ . (6.2.7)
0* I ke \\ OT1 01y {(£.0)E@®X{OP\ Koo} T

2 2
We now observe that, because 0 is a regular jump point, the function (%“Tof) — (%“T";) is

to conclude

we arrive to

actually continuous over B, and its value at 0 is (%)2 (0). So, letting p | 0 in (6.2.7), we
obtain (6.2.3).

It finally remains to show (iii). It is however a straightforward consequence of the
material in Chapter 4 that, if a point p € K is not the accumulation point of infinitely
many connected components of K, then the blow-ups at K are either cracktips or global
pure jumps or triple junctions, while it is a straightforward consequence of the e-regularity
theory that if one of the blow-ups belong to these subsets, then K N B,(p) is connected for
all sufficiently small radii p.

REMARK 6.2.1. Along the proof of the previous result we have given a different argument
for a rigidity property originally due to Léger [32]: if the jump set of a global generalized
minimizer is contained in a line, then necessarily it is either a cracktip or a pure jump. An
analogous rigidity property in higher dimensions is not yet known as it is pointed out at
the end of David’s book [15], though some interesting results in this direction have been
obtained by Lemenant in [34].
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6.3. Proofs of Corollary 6.1.4 and Theorem 6.1.6
Corollary 6.1.4 is a simple consequence of the structure theorem and standard results in
measure theory.
PROOF OF COROLLARY 6.1.4. Suppose that |Vu| € LI () for some p > 2. For every
s € [0, 2] consider the set
Ay = {x €Q: limsuprs/ |VulP > 0} :
r—0 B (z)
then A, is a subset of K. Choose s :=2 — £, then Hélder’s inequality, yields that
.1 2
lim — Vul* =0
O T ) B o)\ K

for every x € K\ A,. In particular, Theorem 6.1.1 implies that every point x € K \ A, is
either a pure jump point or a triple junction. We thus conclude that K c A,. Consider

the Radon measure defined on any subset £ C Q) by
u(E) = / VP
E

As Ay C K, then pu(Ag) = 0. We can employ [5, Theorem 2.56] to infer that H*(A;)
which concludes the proof.

For the proof of Theorem 6.1.6 we first make the following preliminary observation.

=0,
U

LEMMA 6.3.1. Let f € Li°(Q), Q C R2, then for all € > 0 the set

loc

1
D, = {x eQ: liminf/ Ay) > 5} (6.3.1)
" T B
is locally finite.
PROOF. We shall show in what follows that if f € L»*°(Q) then D, is finite. An obvious

localization argument then gives the general case.
Let € > 0 and consider the set D, in (6.3.1) above. First note that for any B,(z) C 2

and any A > 0 we have the estimate

/ Ply) < / ()
{yeBr(z):|f(y)|>A} {yeu:|f(y)|=A}
> 92C C

:2/A zs|{yeQ;|f(y)|zzs}|dtg/A Sdt=15, (632)

where C' > 0 is the constant introduced in (6.1.1). If € D, and r > 0 satisfy

/ RACE (6.3.3)

r,

DN ™
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by choosing A = 2(C'/re)'? in (6.3.2) we conclude

FPly) > —r (6.3.4)

AN

/{yEBT(m):|f(y)< 2(5)"2}
Furthermore, the trivial estimate
/ Fy) < %,
{yeBr(2): [f(y)I<A}
implies for A\ = (¢/87r)"?
/ y) < <r (6.3.5)
{WeB (@) FWI<(55)") 8
By collecting (6.3.4) and (6.3.5) we infer

/ ly) = ET,
{yEBT(x):(&%)'/Zﬁ\f(y)|<2(%)‘/2} 8
that in turn implies

e Buo): 17| 2 (2)#) > S0 6.3
' o B Sar = 991" eJ.
! Y 8mr 320

Let {x1,...,zx} C D. and r > 0 be a radius such that the balls B,(z;) C €2 are disjoint
and (6.3.3) holds for each z;. Then, from (6.3.6) and the fact that f € L**°(Q), we infer

g2r? € . C(87r)? 2122
N-— < Q: >(—)PH < L = N< ——
w0 S|WeQ Il = (g )"} = — <
and the conclusion follows at once. O

Another ingredient in the proof of Theorem 6.1.6 is the following strengthened version
of the first conclusion in Theorem 6.1.1. We in fact only need (6.3.7), but for completeness
we also prove statement (6.3.8), which has its own independent interest.

PROPOSITION 6.3.2. There is a universal constant € > 0 with the following property. If
(u, K) is an absolute or generalized minimizer of E, then

KO UK = {x € K :limnf d(z, 1) < 5} (6.3.7)
KOUKY = {x € K: 1im¢(i)nfﬁ(x,r) < 5} . (6.3.8)

ProOOF. We start by addressing (6.3.7). We first of all observe that there is an absolute
constant £ > 0 such that, if (u, K) is a generalized global minimizer with 0 € K and
Il Be\K |Vul? < &, then either BjNK is diffeomorphic to a pure jump or B;NK is diffeomorphic
to a triple junction. This can be done using the compactness Theorem 2.3.2 and the e-
regularity theory. Indeed, assume by contradiction (u;, K;) is a sequence of generalized

global minimizers which satisfy
1
/ [V |* < =~
Bs\K; J
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but violate our claim. Then up to subsequences they converge to a global generalized
minimizer (s, Ko ) with 0 € K, and such that

/ Vs> =0.
Bs\Koo

It follows from the theory of Chapter 5 that u, is an elementary global minimizer. If it is a
pure jump, then it would follow from the e-regularity theory that K; N B, is diffeomorphic
to a line for a sufficiently large j. If it is a triple junction, but the meeting point of the
three half-lines is not contained in By, then the very same conclusion can again be drawn.
If on the other hand, it is a triple junction with a meeting point at x € By, then we can
use the e-regularity theory to say that Bg(z) N K is diffeomorphic to a triple junction for
a sufficiently large j.

Given the first part, consider now ¢ := % and fix a point where liminf, o d(x,r) < ¢ for
some absolute minimizer or generalized global minimizer (u, K'). Then we draw from the
above argument that there is at least one blow-up (u., K ) at x with the property that
0 € K, is either a pure jump point or a triple junction. A further blow-up with a simple
diagonal argument implies then that there is a blow-up of (u, K') at x which is either a pure
jump or a triple junction. This concludes the proof.

The argument for the second statement is analogous with a slight twist. We claim that,
for an appropriate choice of € > 0 sufficiently small, if 3(0,1) < e* and 0 € K, then one of
the following (non-exclusive) alternatives holds:

(i) K N B. is a C* arc with both endpoints contained in 9B; B
(i) K N Bs. is a C! arc with one endpoint in dBs. and the other endpoint in Bs,.

Obviously this is enough to prove (6.3.8).
We again argue by contradiction and assume to have a sequence (u;, K;) which goes

against the latter statement but where each pair satisfies the assumption with n = 1. Let

N j
(vj, K;) be suitable rescalings of the pairs by a factor 7! and note that, looking at the
definition of 3, we find a sequence of affine lines ¢; with the property that

/ dist?(x, £;)dH (z) < 1
By'nK; J

In particular, since 0 € ¢; and using the density lower bound, dist(0,¢;) converges to
0. Extracting suitable subsequences, we can assume that (v;, K ;) converges to a global
generalized minimizer (us, K ) with the property that K, is a subset of a line £.,. The
latter line must, moreover, pass through 0, which is also an element of K. However by
Remark 6.2.1 this implies that either K, = /., and hence the global minimizer is a pure
jump, or that the global minimizer is a cracktip ending at some point pg, in particular K
is an half-line originating at py and containing the origin.

If we are in the first case, or we are in the second case but the point py € Bs, then
clearly the sets K ;N By converge, in the Haudorff distance, to £o, N By. But then, from the
e-regularity theory it follows that, for j sufficiently large, the sets K ;N Bsjs are CT arcs
converging in C* to the segment /o, N Bs)s, in particular K; N Byy; is a C' arc with both
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endpoints in 0By ;, falling in alternative (i). If we are in the second alternative and the
point py € Bs, we now conclude that K N Bag(po) is converging in the Hausdorff distance to
a segment [pg, p1| containing the origin and with p; € 9Bs(po). In particular, again by the
¢ regularity theorem, the sets K ; N Bio(po) are, for j sufficiently large, C* arcs converging
in C" to [po, p1] N Bio(po). This implies that K; N Bs is, for j large enough, a C* arc with
one endpoint in B, and the other endpoint in dBs. Scaling back, K ; falls under case (ii)
above. This provides a contradiction and completes the proof. O

PROOF OF THEOREM 6.1.6. First of all assume that (u, K) is an absolute minimizer
of E (or a generalized minimizer of E) in some Q and that Vu € Ly>°(Q). Without loss

of generality we can assume that €2 is the unit ball By and that Vu € L»*(By). Let € be
the positive number of Proposition 6.3.2 and define

1
D, = {:c : liminf/ |Vul* > e} :
™0 T B (o)\K

By Lemma 6.3.1 D, is a finite set, which we enumerate as {p1,...,py} and by Proposi-
tion 6.3.2 any point p € K \ {p1,...,pn} is either a pure jump or a triple junction. It then
turns out that, if p € K\ {p1,...,pn} there are only two possible alternatives: either there
is a Lipschitz curve v C K connecting p with a point ¢ € 0By, or there is a Lipschitz curve
v C K connecting p to one of the p;’s. So, we can partition K into a collection of those
finitely many connected components which contain at least one of the p;’s and a countable
number of connected components which do not, but whose closure must contain a point of
0B;. A point ¢ € 0B; cannot be the accumulation point of an infinite number of the latter,
because otherwise, we would have H'(K) = oo. It follows therefore from Theorem 6.1.1
that each p; is necessarily a regular loose end of K.

Consider on the contrary an absolute minimizer (u, K) in €2 for which the Mumford-Shah
conjecture holds. Let U CC 2. Then there is a finite subset {pi,...,pn} C U N K of
regular loose ends, while all the other points of K N U are regular jump points or triple
junctions. From the regularity theorem at regular loose ends, we infer the existence of balls
B,,(p;) and of an absolute constant C' with the properties that |Vu(x)| < Clz —p;|~2. On
the other hand by the regularity theory at triple junctions and regular jump points, |Vu| is
bounded on U \ U; B,,(p;). Hence, we conclude that there is a constant C(U) such that

|Vu(z)| < C'max {|x — pi|_1/2} :
Since the function on the right-hand side belongs to L**°(U), this completes the proof. [J

6.4. Reverse Holder inequality for Vu

Following a classical path, the key ingredient used in [24, Theorem 1.3] to establish
Theorem 6.1.5 (for Ey) is a reverse Holder inequality for the gradient, which we state
independently.

THEOREM 6.4.1. For all g € (1,2) there exist Cy > 0, 9 € (0,1) such that if (u, K) is
either a restricted, or an absolute, or a generalized global minimizer of Ex(-,-, B1,g), with
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A <1, ||lgllee £ My (we use the notation introduced in Assumption 2.2.1), then for every
x € By, and r € (0, 7))

1/2 1/q
(][ \Vu\2> < Cy (][ \Vu\q> + Coll|loo - (6.4.1)
By (z)\K Bar (2)\K

Theorem 6.1.5 is then a consequence of a by now classical result by Giaquinta and
Modica [29].

THEOREM 6.4.2. Let v € L{ (), ¢ > 1, be nonnegative such that for some constants
6>0,t>1and Ry >0

1/q
(7[ vq> <p v —|—][ h
B (2) By r(2) B r(2)

for all z € Q, r € (0, Ry A dist(z,09)), and with h € L*(2) for some s > 1.
Then v € LY}, () for some p > q and there is C = C(8,n,q,p,\) > 0 such that

1/p 1/q 1/q
(f o) cclf @'iolf w)"
B (2) Bar(2) Bar(2)

We provide here a new proof of Theorem 6.4.1 relying on the compactness properties
established in Theorem 2.2.3 rather than on the theory of Caccioppoli partitions as originally
done in [24]. Nevertheless, the overall strategy is the same.

PROOF OF THEOREM 6.4.1. Assume by contradiction that there is ¢ € (1,2) such that
for every j € N one can find (u;, K;) either restricted, or absolute, or generalized global
minimizer of Ey, (-, -, By, g;) with A; <1 and ||g;[|oc < M, radii r; | 0, and points z; € B,

such that
1/q 1/2
Bar (2)\K; By (2)\K;

J

Consider the rescalings (i, K;) := ((%))a;.r;» (K)a,.r, ), the conditions in Assumption 2.2.1
are satisfied, then by Theorem 2.2.3 (4, K ;) converge up to a subsequence to a blow-up
limit (oo, Koo) which is a global generalized (restricted) minimizer of Ey (in case (u;, Kj)
are restricted minimizers). Moreover, by (6.4.2) and the density upper bound (1.4.1) we get

1/q 1/2
(7[ N yvajr?) <41 (f N \vaj|2> < jN2m + M)
B2\ K Bi\Kj;

The latter inequality and Theorem 2.2.3 yield that

im [ |V, = / Vo = 0.
K Bo\Koo

7 JB\K;
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Therefore, Corollary 4.4.4 implies that (u.., K ) is an elementary global minimizer; in turn,
this and Theorem 2.2.3 imply that for every R > 0

lim [ |V]*=0. (6.4.3)

7 JBR\K;

In particular, (ue, K« ) is either a constant, or a global pure jump or a global triple junction
(cf. Theorem 2.4.1). In any case, for all R > 0

HO(K. NOBg) < 3, H' (K. N Br) <3R.

With fixed R > 0 we shall now choose a radius p € [%, R] conveniently as outlined in what
follows
(ay) if HO(K NOBg) = 0 choose p = R;
(ag) if HY(K,NIBg) = 2 then K, N Bg is a segment and dBg \ K, is the union of two
arcs. Then, either each of them has a length less or equal to %”R or KN Bg = 0.

In the first instance set p = R, in the second p = g;

(ag) if H'(Kw NOBg) = 3, then K, N By is a (possibly off-centered) propeller and
OBRr \ K« is the union of three arcs. Then, either each of them has length less
or equal to (2m — £)R, in this case set p = R, or H(K, N 8B§) = 2. In the last
event, we are back to the setting of item (a2) with the radius g playing the role
of R. Thus, K, N Bg is a segment, and 8B§ \ K is the union of two arcs, and

either each of them has a length less or equal to %”R or KNB B = (). In the first
R

. _ R . _
instance set p = 5, in the second p = .

By (6.4.3) and Theorem 2.2.3 we may select jo € N such that for all j > jo

/ |V ? + dist3(K; N B,, Koo N B,) < ep.
Bo\K;

Therefore, thanks to Theorem 3.1.1 and Theorem 3.1.2 for all j > jo and for some 3 € (0, 5)
one of the following alternatives is true

(b1) K;N B, =0;

(by) For each t € ((1 — B)p, p), B, \ K is the union of two arcs 7] and 73 each with
length < (2 — §)¢, whereas K ;N By is connected and divides B; in two components
Bi, B} with B! = 4/ U (K, N By);

(bg) For each t € ((1— f)p,p), OB \ ’[?j is the union of three arcs 77, 74 and +} each
with length < (2r — §)t, whereas B; N K is connected and divides B, in three
connected components B], B} and Bj with B! c 4/ U (% N By).

We finally choose r € ((1 — f)p, p) and a subsequence, not relabeled, such that
(A) h; :=1i;|ap, belongs to W2(v) for any connected component v of OB, \ Kj;

(B) h; satisfies
1
h|dH < / Vaul|?.
/aB,.\f(j| J’ Bp Bp| d



168 6. SOME CONSEQUENCES OF THE EPSILON-REGULARITY THEORY

Let us conclude our argument by showing that (6.4.2) is violated for j sufficiently big. To
this aim, we note first that the choice g < % yields that r > %p.

In case (by) holds, B, N K; = () and 4, is the harmonic extension of its boundary
trace h;. Hence, the embedding W4(9B,) — H'*(9B,) implies for some constant C' > 0
(independent of 7)

[ v < [ 9P < cminlh, -
Bs B, ceER

/ 1 I (B) 1 ~ s
<C mrant) <o (— [ |vig)
dB; Bp B,

Choosing R = p € [2,2] and scaling back, we get a contradiction to (6.4.2).

In case (bg) or (bs) hold the construction is similar. Denote by J; a minimal connection
relative to K. ;NOB,, ie. aclosed and connected set in B, containing K ;N OB, with shortest
length (cf. [7, Theorem 4.4.20]). Then J; splits B, into two (case (by)) or three (case
(bs)) regions denoted by B:. Let 4% be the arc of OB, contained in the boundary of B:.
The ensuing Lemma 6.4.3 provides a function wé € W?(B,) with boundary trace h; and
satisfying for some absolute constant C' > 0

Q/q
L|w@ﬁgc</ymwﬂﬁ | (6.4.4)
™ ’yl

Denote by w; the function equal to w} on B, equal to %; on B,-1(—x;) \ U; B}, and extend
J; as J;\ B, = K, \ B,. Clearly, w; € H(B, 1+(—z;,) \ J;). Scaling back (w;, J;) to B, we
J

2
H'/2(0By)

obtain a pair admissible to test the minimality of (u;, K;). On setting g, := Tj-_l/ng(xj +7;4),
for some constant C' > 0 we then deduce that

/ ~|vaj|2§/ Vi, 2
By \K; B\J;

i :

é/ IVw,|? +H(J; N B,) — "' (K, N B,)
Br\Jj

<0
+)‘7"32‘/ \wj—ng—)\rf/ =gl
Br\Jj BT\K]-
2 ~ N2 2 2(6'4'4) / 1 o 2 2
<[ vwpsclglier < o[ prant] o+ Clle
Br Jj BBT\K]'
®) 1 ~ 14 B 2 2
<Ol [ _IVwl" ) +Clgllzp™;-
Bp By\K;

Choosing p € [%, 2] and R accordingly, scaling back we find a contradiction to (6.4.2). O
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In the proof above we have used an elementary extension result that we prove in what
follows.

LEMMA 6.4.3. For any q € (1,2) there exists C = C(q) > 0 such that the following
holds. For any arc v C OBy and any h € Wh4(v), there exists w € WY2(By) with trace g
on vy and

C
||VUOO||L2(Bl < T ||h/||Lq(,y). (645)

S @r=H ()
In addition, if h € L>(y), then ||wl||re(B,) < 2||h] Lo (y)-

PROOF. Let a, f € OB, denote the extreme points of v. By the Hélder inequality
) = (@) = | [ war:
v

Linearly interpolating h on By \ 7, we get an extension h € Wh4(dBy) of h satisfying the
estimate

I o = (25 = )W) ) < (500N Wy (6s)

< (H )7l acr -

In turn, if we set h:=h — fa B h, the Poincaré inequality and (6.4.6) yield

~ 27 -t
lscon < O lsomy < C (5] Wiy (6
The embedding W'9(0B,) — H'*(0B;) provides us with a function v € W2(B;) with
boundary trace h and such that
(6.4.7) C

weep) < Clhllwiaep,) < r 171 Loy
q

IV0ll 20z, < Cllh| T
(2m —H'(7))

By the latter inequality the function w := v+ fa B, R fulfills the assertions of the Lemma. [J

6.5. Higher integrability of Vu via the porosity of K

A central role in the approach by De Philippis and Figalli [26] to establish the higher
integrability of the gradient in any dimension is played by the ensuing improvement of
Theorem 3.1.1 due to David [14], and in higher dimension to Rigot [40], and Maddalena
and Solimini [37]. Here, we provide a proof in the two-dimensional setting using again
Theorem 2.2.3.

THEOREM 6.5.1. There are constants Cy, r1, €1 > 0 such that for every e € (0,e;)
there ezists t. € (0, %) with the following property. If (u, K) is either a restricted, or an
absolute, or a generalized global minimizer of Ex(-,+, B2, g), with A\ < 1, ||g|lcc < My (we
use the notation introduced in Assumption 2.2.1), then for every x € K N By, and for every
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r € (0,71) there exist y € K N B.(x) and p € (t.r,r) such that B,(y) C B,(x) and the
assumptions of Theorem 3.1.1 are satisfied in B,(y), namely for some 0 € [0, 27]

, 1
(0,9, p) + Algllzp? < eo

(g0 > 0 being the constant in Theorem 3.1.1).
In addition, it is true that
(i) KN B,(y) is a CY* graph;
(ii) and,
pHVU”%m(BP(y)) < Cie. (6.5.1)

PROOF. Assume by contradiction that we can find sequences ¢; | 0, r; | 0, (u;, Kj)
of either restricted, or absolute, or generalized global minimizers of Ej (-, -, By, g;), with
Aj <1, [lgjlle < My, points z; € K; N By, and scalars t; € (0, 5) such that for every
y € K;N B, (z;) and p € (t;7;,7;) with B,(y) C By, (x;), then

21 - 1
p~*disty; (K N Bay(y), Ro(70)) N Baply)) +p / [V + Ajllg;ll5p® > 20 (6.5.2)
Bap(y)\K;
for every 6 € [0, 27] (we are using the notation introduced at the beginning of Section 3.1).
Consider the rescalings (u;, K;) := ((4j)z; ;> (Kj)z,r,;), being the conditions in Assump-
tion 2.2.1 satisfied, by Theorem 2.2.3 (% , K;) converge up to a subsequence to a blow-up
limit (oo, K{) which is a global generalized (restricted) minimizer of £, (in case (u;, K;)
are restricted minimizers). Moreover, Corollary 3.1.5 yields that the subset of K, of pure
. . . . 1 .
jump points is relatively open and has full H* measure. Let z € K, be one such point,
then necessarily Theorem 3.1.1 implies that

£2dist?, (K 1 Bor(2), Ro. (%)) N Ban(2)) + £ / Vsl < 20
By (2)\ Koo
for some 6, € [0, 27] and for every t > 0 sufficiently small. In turn, Theorem 2.2.3 implies
the existence of points z; € K; N B, (z;) such that

(tr;)*disty; (K N Bow, (2), Ro. (%)) N Bowr, ()
T () / V2 + M52 (tr7)F < e
Batr; (zj)\K;

contradicting (6.5.2).

Item (i) follows directly from Theorem 3.1.1; instead estimate (6.5.1) is a consequence
of item (i) and classical elliptic regularity results for the Neumann problem since u satisfies
(2.5.3) and (2.5.4) (cf. [5, Theorem 7.53]). O

Theorem 6.5.1 can be rephrased by asserting that the set K \ K9 is (t., 1)-porous in K
(cf. for instance [38]). Hence, following the papers by David [14], Rigot [40] and Maddalena
and Solimini [37], one can estimate the Minkowski dimension (and thus the Hausdorff
dimension) of the set K \ K using Theorem 6.5.1, a by now classical result by David and
Semmes [18], and the Alfohrs regularity of K (cf. Lemma 2.1.2 and Theorem 2.1.3), which
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we restate for convenience: if (u, K) is either an absolute or a restricted, or a generalized
minimizer of £, on By then

er < H' (K N B.(1)) <exr (6.5.3)

for some constant € > 0, for €y := (2 + A||g||% )7, for every z € K, and for every r €
(0,1 A dist(z, 00)).

Instead, in Proposition 6.5.4 below, an estimate of the Minkowski dimension will
be obtained directly. The key technical results to prove the higher integrability of Vu
are contained in Proposition 6.5.4 for which we need two preparatory lemmas. The
first one provides the selection of suitable families of radii obtained via the De Giorgi’s
slicing/averaging principle.

LEMMA 6.5.2. There are positive constants My, Cy such that if M > M, for every
(u, K) (absolute, restricted, generalized, or generalized restricted) minimizer of E) on By
we can find three decreasing sequences of radii such that

(1) 1> Ry, > Sh > Ty, > Rh—i—l;

(i) 8M -+ < Ry, — (h7 c)md Sy — T, = Tj, — Rpsr = AM~(+1)
+1
)

(111 'Hl(Kﬂ (BSh \ BRh+1)) < Cl ;
(iv) Roo = S0 = Tno > 1/2.

ProOOF. Let Ry =1, given Rj we construct Sy, T}, and Rj.1 as follows.

ht1 ht1
Set Ny, := [*5—| € N and fix M; € N such that N, > [#2—] for M > M. Here, |t]
denotes the integer part of t € R. -
The annulus Bg, \ BR ot contains the N, disjoint sub annuli B, _g¢_1)p-n+1) \
-

B, _sirr-tniv, @ € {1,...,N,}, of equal width 8 M~"*1). By averaging we can find an
index i, € {1,..., Ny} such that
H'(K N (B

o\ B ip1))

gm”Hl(KH(ERh\E b))

R,—8M~ "%

Rp,—8(ip— 1)M Rp,—8ip M~

(6.5.3) R 41
) < 8)\Fh<88)\M 2,

so that (iii) is established with C} := 8¢,. Finally, set
1
Sp = Ry, — 8(ip, — )M~ "V Ry i= Ry — 8ipy M~"D | Ty, = i(Sh + Ryt1),

then items (i) and (ii) follow by the very definition, and item (iv) from (ii) if M is sufficiently
big. U

The second lemma has a geometric flavor.
LEMMA 6.5.3. Let f: R" ' — R be Lipschitz with
f(O) =0, HVfHLoo(Rnfl’Rnfl) <n. (654)
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If G := graph(f) N By and n € (0,1/15], then for all § € (0,1/2) and z € (B145\ B1) NG

. — 3
dlSt($, (Bl+25 \ Bl+5) N G) S 55

Proor. Clearly by (6.5.4) we get

1 lwee(m2) < 3.

Let x = (y, f(y)) € (Biss \ B1) NG and 2 := (\y, f(\y)), with A to be chosen suitably.
Note that as |z| > 1 we have

[fAy) = AfW) < 1F(Ay) = FW)l + A= 1] f(y)]

< = 1 (IS gz Iyl + | Fll oo sy) < 3n1A = 1 al.
Hence,
2 — 2| <[ = Azl + A= 1f[z] < (B3 + DA = 1] [z].

It is easy to check that the choice A =1+ %5 |z|~! gives the conclusion. g

Following De Philippis and Figalli [26], we prove next a version of the mentioned porosity
result by David and Semmes [18] that is suitable for our purposes. In what follows, (£),
denotes the open r-neighborhood of a given set E, i.e. (E), = {x € R? : dist(z, E) < r}.

PROPOSITION 6.5.4. There exist constants Co, My > 0 and «, 5 € (0,1/4) such that for
every M > My, for every (u, K) (absolute, restricted, generalized, or generalized restricted)
minimizer of Ex on By, we can find families F; of disjoint balls

Fj ={Ban-i(yi) : vi € K, 1 <i < N;}
such that for all h € N
(i) if B, B' € U?Zl]:j are distinct balls, then (B) —wmin N (B ) -t = 0;
(ii) i Baar—i (i) € Fj, then K 0 Bogar—i(yi) is a CY7 graph, v € (0,1), containing y;,

inf (0, y;, 2aM ) + Allg |3 (M )2 < e,
IVull oo (B, 5wy < M7 (6.5.5)
(iil) let {Rn}nen, {Sh}nen, {Th}nen be the sequences of radii in Lemma 6.5.2, and let
Ky = (K NBs,)\ (U, U, B),
(by construction Ky C Ky \ Ug,,,B), and

Ky = (K N Bp,) \ (UL, Uz, (B)oy-0i41)) C K. (6.5.6)
Then, there exists a finite set of points Cp, := {x; }icr, C K, such that
l2; — x| > 3M- MY ke I, 5 #k; (6.5.7)
(KN §3h+1)M_<h+1) C Uier, Bsyr—oin ()5 (6.5.8)
HYK)) < Cyh M~2h5, (6.5.9)
(K N Br,,, ) a0 | < Cy h M2 (6.5.10)
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(iv) XN B, C Ky, for all h € N and

(SN B, < Cor'™  Vre (0,14 (6.5.11)

In particular, dimpy (X N Bip) <1 - B.

PRrROOF. In what follows we shall repeatedly use Theorem 6.5.1 with ¢ € (0,1) fixed
and sufficiently small. We split the proof into several steps.

In addition, consider the constants ¢, C, M; introduced in (6.5.3) and Lemma 6.5.2,
respectively.

Step 1. Inductive definition of the families Fy,.
For h =1 we define

fl = (Z), Kl :KQESI, f(/l :KQETU

and choose C; to be a maximal family of points in K 1 at distance 3M 2 from each other.
Of course, properties in items (i) and (ii) and in (6.5.7) are satisfied. To check the others,
one can argue as in the verification below.

Suppose that we have built the families {]-"J}?:1 as in the statement, to construct Fj, 14

we argue as follows. Let C, = {z;}icr, C K}, be a maximal family of points satisfying
(6.5.7), i.e. |z; — x| > 3M~FV for all j, k € I, with j # k. Consider

Ghy1 = {BM*(h+1)($i)}ielh'

For every ball By,;—n1)(x;) € Gryq we can find a sub-ball By, y—mr1) (vi) C By-men (),
a € (0,1/1) for which the theses of Theorem 6.5.1 are satisfied. Then, define for M > M;

Fri1 = { By p-osn) (i) Yier, -
By condition (6.5.7), the balls Bs ;-1 (;) are disjoint and do not intersect

U?Zl Ur, (B)%M—(h-',-l)

by the very definition of K}, in (6.5.6). Thus, item (i) and (ii) are satisfied for M, sufficiently

large. Hence, we can define K11, Kp41 and Cp41 as in the statement.
We verify next the rest of the conclusions.

Step 2. Proof of (6.5.8). B
Let € (Ky11NBRr,,) -+ and let z be a point of minimal distance from K, 1N Bg, .

In case z € K}, 41, by maximality of Cp,; there is some point x; € C,41 such that |z — x;| <
3M~("+2 and thus we conclude © € B,y ni (7;). Instead, if 2 € (Kppq N B, ,,) \ Kpa,

the definitions of Kj,; and f@lH yield the existence of a ball B € U?Ill]-"j for which

z € (KN (B)yy-msn) \ B. Item (ii) and a scaled version of Lemma 6.5.3 (applied with

§ = 2M~"*+2) and radii p (that of B) and p + 2M~"+2) in place of 1 and 1 + §) give a
point y satisfying

y e (K N (§)4M*(h+2)) \ (B)ayr-tniny, and |z —y| < 3M~ "2,
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Therefore, as z € Bp,,, and Tj11 = Rpi2 + 4M -2 we get by property (i) and the
definition of K}

NS (K N BTh+1 N <§)3M—(h+2)) \ (B)QM—(hJ,-Q) - Eh-&-l‘

Finally, by maximality of ;41 we may find x; € Cy11 such that |y — z;| < 3M~(+2), In
conclusion, we have
o — | <o —z[+ |z =yl + |y — x| <7TMOF),
so that (6.5.8) follows at once.
Step 3. For every h € N and for every x; € Cy,
Kn N By (x;) = KN By—man () (6.5.12)

Indeed, assume by contradiction that we can find z; € C, and x € (K \ K3) N Byy-msn) (x;).

As x; € ’[?h then x; € By, , in turn implying « € Bg, since Sy, — 1}, = AM~(+D) - Therefore
z € (K \ K) N Bg,, and by definition of Kj, we can find a ball B € F;, j < h, such that
x € B. We conclude that

dist(z;, B) < |z — z;| < M~0+),

contradicting the assumption that z; € K, e

Step 4. Proof of (6.5.9).
We get first a lower bound for H°(I): use (6.5.8) and the density upper bound in (6.5.3)
to get

Hl(Kh N ERhH) = Hl(Kh N ERhH N UiethSM—(h+l)(xi>> < €>\8M_(h+1) HO(]h)
where we recall that ey = (2 + A||g||2,)7. Equivalently, we have that

1 —

HO (1) M~ > S—Hl(Kh N Bg,,,)- (6.5.13)
EX

Thus, we estimate as follows by taking into account that by item (i) the balls in the family

Fry1 are disjoint

H' (Kny1) < H' (Kn\ Uz, B) = H'(Ky) — > H' (K, B)
Fht1

(6.5.13) _
HY(K) — eaM~"OHO(L,) < Hl(Kh)—%aHl(KhmBRhH)
EX

(6.5.3), (6.5.12)
<

= (1= n)H'(K)) + 0 (H'(Ky) = H'(Ky N Bh,,.))

< (1 =mH (Kp) +nH' (KN (Bs, \ Br,,,)) < (1 —=n)H (Kp) +C:M ™=,
(6.5.14)

where we have set 1 := g—a € (0,1), and we have used the very definition of K}, in the last

but one inequality, and item of (iii) Lemma 6.5.2 in the last one. By taking into account
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(iii) in Lemma 6.5.2 and (6.5.13), an iteration of (6.5.14) implies

h
HY(K,) < C Z(l — 77)h_iM_i/2 < C1 h (max{1l —n, M_l/z})h.

i=1
Choose 3 € (0,1/4) such that (1 —n) < M=%, the previous estimate then yields (6.5.9),
HY(K,) < Cyh max{M 2" M~} = Cy h M—5,

Step 5. Proof of (6.5.10).
We use (6.5.8) to get for some dimensional constant C'

’(Kthl N ER;LJ@)M*(*#?) <CM~ h+2)7'l0([h+1)

<

UlGI}H,lBSM (h+2) ($1)

(6.5.3),(6.5.12) h49 1
CEM*( +2) Z H (Kh+1 ﬂBMf(h+2) (SI}@))

1€1p 41
(6.5.9)
< C'EM_(h+2)H1(Kh+1) < CeCy(h+1) N2 DA (ht2)

where in the last but one inequality we have used that the balls B,,-n+2 (z;) are disjoint
by construction.
Step 6. Proof of (6.5.11)

By construction we have that XN 51, C Kj. Therefore, (6.5.10) gives as R, > Ry, > 1/2

‘(Z N Bl/2>M (h+1) < Cyh M POH28) =1

‘(KhmBRthl) —(h+1)

Hence, if 7 € (M =2 M ~(+D] we get

!(Z N Bip),

h MM < Oy ML < Oy 1t O
We are now ready to establish the higher integrability of the gradient.

THEOREM 6.5.5. There is p > 2 such that for all open sets Q C R? and for all (u, K)
either a restricted, or an absolute, or a generalized global minimizer of Ex(-,-,$2,g) then

Vue LD (Q\ K) .

Proor. Clearly, it is sufficient for our purposes to prove a localized estimate. Hence,
for the sake of simplicity, we suppose that 2 = Bs.
We keep the notation of Proposition 6.5.4 and furthermore denote for all h € N

Api={z € B\ K : |Vu(z)]* > M1} (6.5.15)
We claim that
Ah+2 N BRh+2 C (Kh N BRhH)M_(hH). (6516)

Given this, for granted we conclude as follows: we use (6.5.10) to deduce that

| A2 N Bg,,,| < ‘(Kh N Bg,, ) a-oin| < Co h M1 (6.5.17)
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Therefore, recalling that % < Roo < Ry, in view of (6.5.17) and Cavalieri’s formula for ¢ > 1
we get that

/ |Vul* = q/ t""{z € Bip, \ K : |Vu(z)]* > t}| dt
Bl 0
Mh+1
<q) t7 \{x € Bip \ K ¢ |Vu(z)|]> > t}| dt + M| By,|
h>3J M"

<> M9 A N By| + M| B |

=0 2 2
< 02 Z hM(h+4)q7h(l+2,3)fl + ng’Bl ’
= 3

h>0

The conclusion follows at once by taking g € (1,14 25) and p = 2q.

To conclude we prove formula (6.5.16) in two steps.

Step 1. For every M > 0 large enough, for every h € N and for every R € (0,1] we have
that

Ah ﬂ BR—QM_h C (K ﬂ BR)M—h . (6518)
Indeed, for x € Ay N Br_op—» let z € K be such that dist(x, K) = |x —z|. If [z —2| > M ™"
then By,-n(x) N K = 0 so that u solves (2.5.2), i.e. Au = A u—g), on By;-n(x). Therefore,
being the right-hand side of the PDE in L*°, by standard Lipschitz bounds in elliptic
regularity [30, estimate (4.45)] and the density upper bound in (6.5.3), as z € A, we infer
that

M"Y < |Vu(x)]? < C M"

with C' depending on ||g||s- The latter estimate is clearly impossible for M large enough.
Furthermore, as © € Bp_sp;— and |z — z| < M~" we conclude that z € Bp.

Step 2. Proof of (6.5.16).
Since Rpy1 — Rpyo > SM~*2 (cf. (i) Lemma 6.5.2), we apply Step 1 to A, o and
R = Rj,41 and then (6.5.18) implies that

Ah+2 N BRh+2 C (K N BRh+1)M7(h+1)'

Let x € Apy2 N Bg,,,, 2 € K N B, , be a point of minimal distance, and suppose that
z € K\ Kj,. Being Rp, 11 < Sp, by the very definition of K, there is a ball B € U?Zl]-"j such
that z € B. In turn, since B = B,(y) for some y and radius p >t M ™", then x € By(y) as
|z — 2| < M~(*D for M sufficiently large. Thus, estimate |Vu(z)|> < M"** follows from
(6.5.5) in item (ii) of Proposition 6.5.4. This is in contradiction with = € Ap . O

6.6. Proof of Corollary 6.1.7

Consider a pair (u, K') which is a restricted minimizer in some open set 2. We wish
to show that at every point xzy € K any possible blow up (v, J) is either an elementary
minimizer, or a cracktip. Fix such an xy and, without loss of generality, assume that it is the
origin. We select the connected component K of K which contains 0 and observe that, since
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K consists of finitely many connected components, we find r¢ such that B,,NK = B,, N K°.
By the monotonicity formula of Proposition 2.6.1, r % / BAK |Vul? is then monotone

nondecreasing for € (0, 7o]. In particular, the function has a limit as r | 0, which in turn
is the constant value of the function r — 1 f BAJ |Vv|?. If we can argue that J is itself
connected, we can then apply Proposition 2.6.1 again and conclude, from its analysis of the
equality case, that either Vv = 0 (and hence (v, J) is an elementary minimizer) or (v, J) is
a cracktip.

We thus focus on proving the connectedness of .J, which is the limit, in the local
Hausdorff topology, of the rescaled sets (K O)O,T]. for some sequence r; | 0. The argument
follows closely that of [9, Lemma 2.8].

Recall the classical fact that closed connected sets with finite H! measure are arcwise
connected (see Lemma C.0.2). In particular, for every pair of points z,y € K° we can
introduce the intrinsic distance d(z,y), defined as the length of a shortest path in K°
connecting x and y. We wish to show the following chord-arc property:

(Ch) There are 7 > 0 and C > 0 such that d(x,0) < C|z| for every z € K° N B;.

With the latter property at hand we conclude immediately that J is connected: if we fix
any y € J \ {0}, we know it is the limit of points y; € (K°)g,,. It turn this means that
there are y; € K° such that y; = f—j In particular |y;| < 2|y|r; for sufficiently large j. We
then find arcs 7; C K° connecting 0 and y;, with length bounded by 2C|y|r;. In turn this
means that we find arcs ; C (K)o, connecting 0 and y; of length bounded by 2C|y|. In
particular, by extraction of a converging subsequence, we find an arc v C J connecting 0
and y.

To prove (Ch) we argue by contradiction and assume that there is a sequence of points
{y;} € K° with y; — 0 and such that |y;|~*d(0, y;) — oo. We then distinguish two cases,
to which we can restrict after extraction of a subsequence:

(a) d(0,y;) 0
(b) liminf; d(0,y;) > 0.

Case (a). We let ; C K be an arc connecting 0 and y; with minimal length. Because
of the minimality, 7; is an injective arc. Let z; € 7, be a point which is furthest away from
the origin and note that it therefore subdvides «; in two arcs 7; and 'y]?, one connecting
0 and z;, and the other connecting z; and y;, with no other point in common except for
z;. Since |y;|71d(0,y;) = oo and H'(B, Nv;) < H'(B, N K) for r > 0 sufficiently small,
by the energy upper bound E—j" must converge to infinity. Let p; := |z;| and consider the
rescaled maps (uo,,,, Ko, ), the rescaled points z; = % and y; := %, and the rescaled arcs

J J
"y} and f_y?. Without loss of generality, we can extract a subsequence and assume that

e (ug,,, Ko,,) converges to a global generalized restricted minimizer (u, K);

) '_y]l and '7]2 converge to two arcs, 7' and 42, included in K and connecting 0 with
some point z € 0B;.

There are then two possibilities:
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(i)
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K contains a Jordan curve. The latter would however bound a “pocket”, i.e. a
bounded connected component of R?\ K. One could then argue as in Lemma 4.3.1
to get a contradiction. Note that the argument in there, which is written for
an absolute minimizer, is, strictly speaking, not applicable to (i, K) which is a
restricted minimizer: however it is easy to see that the idea leads to the construction
of a competitor which does not increase the number of connected components of
K.

' and 42 are the same arc 7. In this case we know that 7 must contain a regular
jump point y' with 0 < |y| < 1. In a sufficiently small ball B, (') the set K is then
a single smooth arc. But then, by case (a) of Theorem 1.3.3, for a sufficiently large
j and a sufficiently small o, Ko ,, N B,(y') is also a single smooth arc. However,
this is not possible since, for a sufficiently large j, the two arcs f‘y} and f_y]? both
intersect B, (y').

Case (b) Again we let ; C KY be an arc connecting 0 and y; with minimal length,

concluding that +; is an injective arc. Parametrize it by arclength so that v;(0) = y;, fix an
arbitrary positive € and focus on the arc v;([0, €]). v, converges to a map v : [0,¢] — K with
7(0) = 0, which however cannot be the constant map, because otherwise +;([0,¢]) C Bs, for
some sequence ¢; J 0, contradicting the energy upper bound. Hence H'(y([0,¢])) > 0 and
so there must be a regular jump point 3" € ([0, ]) with the property that, in a sufficiently
small ball B,(y'), K N B,(y') is a smooth arc and K N B,(y") C v([0,¢]). But then for j
sufficiently large we must necessarily have that K N B, /2(y’') C 7;([0,¢]). In other words,
the arcs ([0, €]) and 7,([0,¢]) share a point, for j sufficiently large. But then there is an
arc in K connecting 0 and y; and whose length is at most 2e. Since ¢ is arbitrary and
lim inf; d(0,y;) > 0, this would contradict the minimality of ~;.



APPENDIX A

Variational identities

We give here the proofs of Proposition 2.5.1 and Proposition 2.5.2. We recall that
v denotes the counterclockwise rotation by 90 degrees of a C° unit tangent vector e
locally orienting K, while x is the curvature of the curve, namely 4 - v, for an arclength
parametrization v such that ¥ = e. Finally, w™ and w™ are the one-sided traces of the
relevant function w on K (following the obvious convention that w™ is the trace on the
side which v is pointing to).

PROOF OF PROPOSITION 2.5.1. The proofs of the outer variations formula (1.6.2) is
standard, and we leave it to the reader.

Let v € C1(Q,R?), and consider the Cauchy problems (parametrized in terms of the
initial condition = € )

0
a@t(@ = (Py(z))

Oy(x) =z,

then the map ®,(z) is a diffeomorphism of Q onto itself for t € (—tg,to), to > 0 suf-
ficiently small. We recall the notation (u;, K;(7)) = (®,(K),u(®;'(x))), and define
f(t) :== Eo(u, K;). We claim that f is differentiable on (—to, ty) with

f’(t):/ <|Vut|2div¢—2VutT-Dqut)+/ el - Dipe,dH", (A.0.1)
N\ Py (K)

Q¢ (K)

where ¢; : ®;(K) — S' is a Borel vector field tangent to the rectifiable set ®;(K). Given
this, if (u, K) is either an absolute or a restricted or a generalized minimizer of Fy we get
(1.6.4) (for A = 0) as necessarily f'(0) = 0.

First, note that for all € small

VO 1 (®.(7)) = [Id + eDyp(z)]F = Id — eD(x) + o(e)
det VO, (z) = det[ld + eDy(x)] = 1 + edivp(z) + o(e),

179
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o(¢) uniform with respect to z € . Thus, by changing variables as u;,. = u,(®-'), for
t € (—to,to) and ¢ € R sufficiently small, we get

/ Vg |* = / |V, - DO (D)% det DO, |
NPy (K) MNP (K)

= / |Vu; — eV - D|*(1 + e divy) + o(e)
Q\P¢(K)

= / V| + a/ (IVwPdivey — 2Vu - Dy V) + o(e). (A.0.2)
O\P+(K) O\P;(K)

In addition, as @y (K) = ®,(P.(K)), from the coarea formula [5, Theorem 2.93] we infer
that

HY (P (K)) = HYDUK)) + el - Dip ey + ofe) (A.0.3)

In conclusion, we deduce from (A.0.2) and (A.0.3) that f is differentiable in ¢t € (—to, to)
and that (A.0.1) holds.
To prove (1.6.4) in the general case we need to consider further the fidelity term. To

this aim, for t € (—to, %) set
- 2
ht) = [ gl
Q\P¢(K)

Let us first assume that g € C*(2), and prove that h, is differentiable on (—to,ty) with
) =<2 [ (=)o Vue— [ (uf = g = o = g0 v (A0.0)
Q ®4(K)
where vg, (k) denotes the counterclockwise rotation by 90 degrees of the Borel unit tangent
vector e; to O (K).

Indeed, by changing variables, the fact that g € C''(€) implies that, for some function
o(¢) that is uniform with respect to = € ,

bt 4= [ fuee—gP= [ ju-gl@)P|det Do
O\ P4 (K) O\ @+ (K)
[ g eV o) divd) +ofe)
Q\®¢(K)
—hy(®)+e [ (= gPdive - 2w - 9)99- ) + ofe)
O\ (K)
Therefore,

m = [ (ju-gaive - 20w - Vg - 0).
Q\&4(K)

and the identity in (A.0.4) follows from an integration by parts by taking into account that,
under the standing assumptions, |u — g|*> € BW,. N L2 ().
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If g € L*(Q), let g. € C' N L=(Q) be such that g. — g in L*(2). Consider therefore

the functions
fe(t) == f(t) + Ahy. (1)

f(t)
and observe that, by the above formulas |f(¢)| is uniformly bounded. Thus f.(¢) converge
uniformly to the Lipschitz function fo(t) = f(t) + Ah,(t), which has a minimum in 0. We
rewrite formula (A.0.4) for the derivative of h,_as follows

By (1) = =2 / (= 9.0 - oty — / ()2 = (V20 vy
O\P (K) O (K)
=:Ac(t) =I'(t)

+ 2/ (uf —uy )g-1 - I/cpt(K)dHl )
P (K)

:3Lt,s(w)
Note that A.(t) converge uniformly as ¢ — 0 to

A(t) = —2 / (uy — g) - Vi,
O\ (K)

while T' € C°((—to,t)), because u € W2?(Q \ K) and we can use the Generalized Area
Formula [5, Theorem 2.91]. We use the Generalized Area Formula also to rewrite

Lol =2 [ (0% =) (@00 ®) - o (B0) JedtH
K
where Ji(x) = |D®i(x)(e(x))], and e(x) is the unit tangent to K at .

If we consider the vector-valued measures

pe = 2(ut —u") Vo, (i) © Pr Jy HIL K,

and the pushforward oy := ()¢, we can then write

Li(y) = /ge¢ ~doy .

Next, consider the measures g.do; @ dt on Q x (—tg, tg) and, given the uniform boundedness
of g. (in a pointwise sense), we can assume that a suitable subsequence, not relabeled,
converges to a measure of the form

ngét ® dt 5

for some Borel function g with ||g| zec(@x (—to,t0),dar@dt) < ||g]|oo- SO We can rewrite

folt) = fo(0) + / fls)ds + A / {(A(5) + T(s)) ds + X / t / G0 - dowy ds.

Since fy is Lipschitz and has a minimum in 0, while f’, A, and I" are continuous, we conclude
that, for every positive sg
/¢ ’ das

[/(0) + A(A(0) + T(0))] < Allglloo sup

Is|<so
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We now use the fact that ¢ is continuous and that so are the maps ¢ — v, x)(P:(x)) =

DP(v(z))
Dy And ¢ Ji(x) to conclude that
it sup | [ 6oy <2 [ fut —urfju - vjin
s0{0 ls|<so K

Since the map ¢ — (f’(0) + A(A(0) + I'(0))) is linear in ), we conclude from the
Riesz representation theorem that there exists a function g € L>®(Q, H' L K) with

|95 || Lo (1K) < [|9]]oo such that

£/(0) + A(A(0) + T(0)) = 2\ / (0 — Y gret - v dHE

K
U

We show next the second form of the Euler-Lagrange conditions together with the higher
regularity of K.

PROOF PROPOSITION 2.5.2. Assume that K N A is a graph for some open subset
A C Q. Up to a rotation, there are an open interval I C R and ¢ : I — R such that

KNA={(t.o(t): tel}.

Let A* := {(t,s) € A: +s > ¢(1)}, and let ¢ € C*(A) be such that ¢ = 0 in a
neighbourhood of 0AT \ K. Let v = w on A~ and v = u + ep on A", then from the
(restricted) minimality of (u, K) for F\ we infer

/ (Vu~V<p+)\g0(u—g)) =0.
A+
Clearly, a similar identity can be obtained on A™. Therefore, u is a weak solution to

{Au =ANu-—g) A%

ou __
&0 KNA.

(A.0.5)

From elliptic regularity theory we infer that if ¢ € CY*(I) then u € Ch*(A*) (see [5,
Theorem 7.49]). The conclusions in item (a), in (2.5.2) and in (2.5.3) then follow at once.
We assume next that v € W22(AT U A™), and moreover that v is the interior normal
vector to AT. Let 1 € C!(A;R?), then integrating twice by parts give
/ |VulPdivip = -2 [ Vu-Vuy F / |Vu® |2y - vdH?
AL

AT KNA

:Q/Ai (AuVu-w—i-VuT-quVu)
+ /KmA ((Vu . w)gz + | VuF |2 - u)d%l

(A.05) 2/ (/\(u —9)Vu -+ Vu' - Dy V“) + / [V vdH
A+ KnA
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Therefore, from (1.6.4) we infer that

/ el - DiyedH!
KnA
= / (IVuT|? + Mu™ — gx > — |Vu > = MNu™ — gg [P - vdH?* . (A.0.6)
KnA

The last formula still holds even if u € W2*(ATUA™), which is actually the known regularity
for w. Indeed, it suffices to deform smoothly K inside A* and to take into account (A.0.5)
and the fact that both v and Vu are bounded to conclude.

Consider ¢ € C!(A) and let ¥(x) = (0,¢(z)), as KN A= {(t,6(t)) : t € [}, we infer

that
e(t 0007 + D, 6(0)) et 6(0) = 1 (008, 0) T30

and thus

T Dped = [ & Y
/KnAe i _/Idt(‘P(t»aﬁ(t))) 1+|¢>’(t)|2dt'

Moreover, if ¢(t,s) = ((t)n(s), where ¢ € C(I) and n € C}(R) such that n = 1 on
[—=2[|@[| oo (1), 2]| @] Loo ()], o setting H = [Vut|? + Aut — gk|* — [Vu™|* = Au™ — gx|* €
L*(KNA), (A.0.6) rewrites as

o e
1+ [¢'(8)[?
¢()__ ¢ yiee(]), and in turn this implies ¢ € W*(I), as ¢/ € L>=(I).

In particular, ————
P 9 OF

Item (b) is then established.
Eventually, (A.0.7) yields that the distributional curvature of the graph of ¢ satisfies

d ¢'(t) 1
- = —H(t,o(t L a.e. on I,
L ( e \¢f<t>|2) nenr s

(2.5.4) then follows at once. O

(A.0.7)






APPENDIX B

Equivalence of SBV and classical formulations

In this section, we prove the density lower bound for K, where (u, K) is a minimizer
of Ey, as well as the same property for the jump set S, of a minimizer u of the SBV
counterpart F. The equivalence of the weak and strong formulations of the problem then
follows easily from the latter property. We also add one important consequence on the local
compactness of bounded minimizers which will then be used to prove Theorem 2.2.3.

B.1. Interior density lower bound

This subsection aims at giving a direct simple proof of the density lower bound estimate
valid for (restricted) minimizers of the functionals E), and also for minimizers of the
corresponding S BV relaxed versions. In addition, we prove such property also for minimizers
of F) subject to Dirichlet boundary conditions. The latter result will be crucial for the

applications in section B.6, in turn instrumental for the proof of the compactness result
Theorem 2.2.3.
We start with proving the following decay result.

LEMMA B.1.1. For every T > 0 there are constants (1) > 0 and J(1) € (0,1) such that
if (u, K) is a (restricted) minimizer of Ex on Q then the following property holds.

If HY(K N B,(x)) < ep for some x € Q and p € (0,dist(z,0Q)) with X € [0,1] and
gllec < Mo, then

Eo(u, K, Brp(x)) < max{r"*Ey(u, K, B,(z)), 322 MZp*} . (B.1.1)

Proor. We distinguish the case A = 0 from the case A > 0.
Case X\ = 0. Assume by contradiction that for some 7 > 0 there is a sequence of (restricted)
minimizers (u;, ;) on , points z; € Q and radii p; such that pj_lHl(Kj N B, (x;)) is
infinitesimal and, on setting I; := Ey(u;, K;, By, (x;)),

Eo(uja Kj7 B’T'Pj (l‘])) > TS/QEj :
Define next v; : By — R by v;(z) = E]»_I/Quj(xj + pjz) and H; := By N %(Kj —z;). By
scaling we get

/ [Vy|* = Ejl/ V[P <1, HU(H;) = p; "H (K0 By, () -
Bi\H; By (zi)\K

J

As H!'(H,) is infinitesimal, for a subsequence not relabeled, by the coarea formula [5,
Theorem 2.93] and by the Mean-value theorem we may find a radius r € (7/*,1) (independent

185
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from j) such that
H;NdB, =10, / V|2 < (1— 7771, (B.1.2)
0B,

In particular, v; € W2(9B,) with oscsp,v; < C (independent from j). Therefore, up to

subtracting the mean value of v; over B, and relabeling the sequence v;, we may conclude
that ||vj||z~@p,) < C. In turn, scaling back to u; and using Lemma 2.1.1 yields that
|v;]| B,y < C. Define for an admissible pair (w, J) in B; and for all open subsets A C B

Fy(w, J, A) = A\Jwa|2+ng1(JmA>. (B.1.3)
J

Then, the conditions above are rewritten as
F}(Uj,Hj,Bl) = 1, Fj(w,J,Bl) 2 Fj(Uj,Hj,Bl), (B14)

for all admissible pairs (w, J) such that {v; # w} U (H;AJ) CC By (with the number of
connected components less than that of K in case u; is a restricted minimizer of Ey), and

Fj(v;, Hj, B;) > 7' (B.1.5)

Moreover, v; € SBV(B;) with S,;, C H; being v; harmonic on B; \ H;. Hence, thanks
to the first condition in (B.1.4), and the L*>(B,) bound on v;, Ambrosio’s compactness
theorem [5, Theorem 4.8] implies that there exists a subsequence (not relabeled) and a
function v € SBV(B,) such that v; converge to v in L?(B,), and that for all open subsets
ACB,

H'(S, N A) < liminf H'(S,, N A) =0, / |Vo]? < lim.inf/ V) <1.  (B.1.6)
A J A

J

In particular, v € W2(B,). Actually, we claim that v turns out to be harmonic on B, and
satisfying for all s € (0,7)

lim Fj(v;, Hj, B,) = lim |vuj|2 /|W|2 (B.1.7)
J J

Given this for granted, we conclude as follovvs: on one hand from (B.1.5) and the energy
convergence in (B.1.7) and being 7 < r* < r < 1, we infer that

/ Vol = 7 (B.1.8)

but on the other hand being v harmonic on B, and using the first condition in (B.1.4), we

conclude that e
[ower < [ v <
B, 72

therefore we get a contradiction recalling that r<rt<r<l1,

We finally establish (B.1.7) together with the harmonicity of v on B,. To this aim let
w € WH(B,) with {v # w} CC By, s € (0,r). Let s <t € (0,r) and ¢ € C>(B;) be
such that ¢ =1 on By. Define functions ¢; = pw + (1 — ¢)v; and sets J; by J; N By = 0,

2
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JiN (B \ Bs) = H; N (B, \ Bs). Then, (¢j,J;) is a pair to test the (restricted) minimality
of (vj, H;) for F; (note that the number of connected components of J; is less than that of
H;, ie. of Kj). The locality of the energy leads to

Fj(vj, Hj, Bs) < Fy(vy, Hy, By) < Fy(, Jj, By)

_ — C
S F}'(UJ,@,BS) + Cﬂ(w,Hj7Bt \ BS) + CF}'(Uj,Hj,Bt \ BS) + <t8)2/ L |’Uj —w 2
- B¢\B;

< ]Vw|2+6’/ |Vv]2+CFj(vj,Hj,Bt\Bs)+C/ lv; —v]?.
B, B\B; (t =5)* JonBe

As the sequence of Radon measures (Fj(vj, H;,))jen is equi-bounded in mass on By in view
of (B.1.4), it converges to some Radon measure p on B; up to a subsequence not relabeled
for convenience. Assume that u(0B;) = u(0B;) = 0, by passing to the limit as j 1 oo and
by Ambrosio’s lower semicontinuity result we find

|VU|2 < lirnjinf Fj(Uj,Hj, Bs) < limsup Fj<Uj>Hj7 BS)
Bs J

<[ [wupsc | Vil +CuBAB).
Bs Bt\Bs

Thus, by letting t | st along values satisfying ;(0B;) = 0 we conclude that for all but a
countable set of radii in (0,r) we have

[Vol? < 111%ianj(vj,Hj,BS) < limsup Fy(v;, Hj, B;) < [ [Vw]*. (B.1.9)
Bs J

Moreover, the latter inequality is extended to all radii s € (0,7) as the Dirichlet energies of
v and of w, as set functions, are the trace of a Radon measure on open sets.

Eventually, equality (B.1.7) follows by taking w = v in (B.1.9), and by taking into
account (B.1.6).

Case A > 0. The proof of the general case needs a further argument in addition to those
used for A = 0. We fix A € (0, 1] and we claim that

Eo(u, K, B,,(x)) < 7" Ey(u, K, B,(x)), (B.1.10)
if in addition
(1 —9)Eo(u, K, B,(2)) < Eo(w, J, B,(x)) (B.1.11)

for all (w, J) with {u # w} U (KAJ) CC B,(z) and ||w||e < My (where 9(7) € (0,1) is
the parameter in the statement). In case the condition in (B.1.11) is not satisfied for some
admissible pair (w, J) with {u # w} U (KAJ) CC B, and ||w||s < My, then we have

Eo(u, K, B,(x)) < 5(Eolu, I, B(2)) — Eo(w, J, B,(x))).
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Using that (u, K) is a (restricted) minimizer of E on €2 and that ||w||. < My, we get from
the latter inequality

EO(ua K, BTP<x>> < E()(u?K? Bp<x)) < %(EO(uv K, Bp(x)) - E0<w7 J, Bp(x»

By(x

Thus, to conclude (B.1.1) we are left with proving (B.1.10) under the further condition
(B.1.11). In what follows we highlight only the necessary changes in the argument used
for the case A = 0. We argue by contradiction and consider 7 > 0 for which we can
find (restricted) minimizers (u;, K(;) of Ey, (-,-,Q,g;), with A; € [0,1] and ||g;]|oc < My (cf.
Assumption 2.2.1), and infinitesimal sequences ¢; and ¥;, points z; € Q and radii p; so that
H'(K; N B, (x;)) < gjp; and, on setting E; := Ey(u;, Kj, By, (x;)), we have

(1—9,)E; < Eo(w, J,B,,(x))),  Eo(u;, Kj, By, (x;)) > 77E;. (B.1.12)
for all (w, J) with {u; # w} U (K;AJ) CC B,,(7;) and [|w|lc < M. Consider next the

functions v,(x) := E]-_l/2uj (zj + pjx), the sets H; :== By N pij(Kj — z;), and the functionals

F; as defined in (B.1.3). By rescaling (B.1.12)
Fi(v;, Hj,Bl) =1, 1-9; < Fy(w,J,B)) (B.1.13)
for all (w, J) with {v; # w} U (H;AJ) CC By and ||[w|e < EJI/QMO, and moreover
Fj(v;, H;, By) > 7 (B.1.14)

(cf. with (B.1.4) and (B.1.5)). Note that E; is actually infinitesimal by the energy upper
bound in Lemma 2.1.2 and p; — 0 as j — oo. Thus, we may find a radius r € (74 1)
such that (B.1.2) hold, v; € W'2(9B,) with oscop,v; < C, and, up to subtracting the
mean value of v; over 9B, and relabeling the sequence v;, we infer that ||v;||z~@s5,) < C.
Consider next the function

5 . Jmind[|vllz=(os,), max{v;, —|[vjll =@, 1} By
J Uj B1 \ BT

Thus, 0; € SBV(By) with H'(S5, \ S,,) = 0. In particular, H'(S5,) < H'(S,,) < H'(H;).

J J
Ambrosio’s compactness theorem implies that there exists a subsequence (not relabeled)
and a function v € SBV(B,) such that 9; converge to v in L*(B,), and that for all open

subsets A C B,
H'(S, N A) < liminf 1 (S,, N A) =0, / Vo2 < nminf/ V<1,
J A J A
Therefore, v € W12(B,). Moreover, for every t € (0,7) we have

lim( Vo, 2 —/ yvajP) ~0. (B.1.15)
J By By
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Indeed, on one hand being v, a truncation of v;, we have for every Borel subset B of B;

/ Vi, s/ Vo,
B B

In turn, from this and (B.1.13) applied to the pair (7;, H;), we deduce that for all ¢t € (0,r)

Vo2 < [ [VE[* + ;.
Bt Bt
Therefore, we conclude (B.1.15). In turn, arguing as for the case A = 0, through (B.1.15)
one can prove that for all s € (0,7)

lim P}(vijjaB ) - 11II1 |VU]|2 / |VU|2
J

together with the fact that v is harmonic on Br by exploiting the (restricted) almost
minimality of v; for F; on B;, namely the second condition in (B.1.13). Eventually, the
final contradiction follows again from (B.1.14). d

An immediate consequence of Lemma B.1.1 are the density lower bound estimates for
(restricted) minimizers of E\. We follow the argument in [5, Theorem 7.21].

PrOOF OF THEOREM 2.1.3. We establish the estimates separately in the two cases
A =0and A > 0. In both cases we denote by € := ¢(1/2) the parameter in Lemma B.1.1
having fixed 7 = 1/2.
Case A = 0. Let 0 > 0 be such that 270> < ¢, and consider the set

Q,:={z€Q: H' (KN B,(x)) < e(o)p for some p € (0,dist(x,dQ))}.

Note that if z € ©, and p € (0,dist(x,dQ)) is the corresponding radius, then H'(K N
B,(z)) < (1 — p)e(o)p for some p € (0,1). It is then easy to check that B _um),(x) C Qy,
so that €2, is an open subset of 2.

We claim that if 2 € Q,, namely H'(K N B,(z)) < £(0)p for some p € (0, dist(x, 012)),
then for all j € N

Eo(u, K, Byg-i,(x)) < 277 (6277p). (B.1.16)

In particular, given this for granted, we get

lim EO(U K, Byo- Jp( ))

j—o0 o21 Jp

so that o ¢ Ky, where K := {z € K : lim, 3~ H'(K N B,(x)) = 1}. As the rectifiability of
K implies that K is dense in K, we conclude that K = K; C Q\ €, being Q, open. On
the other hand, v is harmonic on Q \ K, so that Q\ K C Q,, and (2.1.1) thus follows at
once.

Let us now prove (B.1.16) by an induction argument. Indeed, the case j = 0 follows
immediately by from Lemma B.1.1 (applied with 7 = &), the energy upper bound and the
choice of o

=0,

Eo(u, K, Byy(x)) < 0”7 Ey(u, K, By(x)) < 2r0™p < eop.
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Assume now that (B.1.16) is true for some j € N, we show then that it holds for j + 1.
Indeed, in such a case Lemma B.1.1 (applied with 7 = 1/2) and the induction assumption
imply that

Eo(u, K, Bopi-1,(w)) < 27 Eo(u, K, Boas () < €277 (02777 ).

Case A > 0. The proof is very similar to that in the case A = 0, we highlight only the
necessary changes. Moreover, we will prove the estimate, without loss of generality, for
radii smaller than some suitably chosen constant R.

Choose ¢ € (0,1) such that 2r¢'? < £, and R > 0 such that 198(’1’/’;) MZR < eo. Note

29
that, since ||g]lcc < Mo, A < 1 and the parameter ¥(1/2) is fixed from Lemma B.1.1, R can
be indeed chosen to be an absolute constant.

We claim that if H'(K N B,(z)) < e(0)p for some p € (0, min{R, dist(x, 92)}), then
(B.1.16) holds true. Indeed, if j = 0, Lemma B.1.1, the energy upper bound in Lemma 2.1.2,
and the choices of ¢ and R give

Eo(u, K, B,,(v)) < max{c"?Ey(u, K, B,(z)), 22\ M2p2}

) 9(1)2)
< max{o*Ey(u, K, B,(z)), 198’17\2) MZRp}
< max{c"”2n(1 + |g[|% R), a7 Mg R}p < eap.

Assume now that (B.1.16) is true for some j € N, we show that then it holds for j + 1.
Indeed, in such a case the induction assumption, Lemma B.1.1 and the choices of o and R
imply that

Eo(u, K, Byg-i-1,(7)) < max{2™7*Ey(u, K, Byg-i,(z)), 198(717‘2) MZ(0277p)%}

< max {27727 (6277 p), S5 MG R(0277)?p}

< max{e2*(j“)/2 (0273' 1p>, 60(02 )2,0} < RCARC (Uij*lp) .
Therefore, (B.1.16) holds. Set now
Qi ={recQ: H (KN B,(x)) < e(o)p for some p € (0, min{R, dist(z,0Q))}} .

It is easy to check that €, is an open subset of €2, that together with (B.1.16) give K C Q\€,,.

Eventually, by taking into account that u € VVI "(Q\ K) by elliptic regularity we conclude
(2.1.2). O

Recall that the density lower bound in Theorem 2.1.3 together with the energy upper
bound in Lemma 2.1.2 establish the Ahlfors-David regularity of K (cf. (2.1.3)).

B.2. Boundary density lower bound

We prove next similar results for minimizers of F) subject to Dirichlet boundary
conditions. This fact has been first established by Carriero and Leaci for A = 0 in [12]
under slightly more general assumptions on the reference set U. More precisely, given
a bounded open set U with C' boundary, a closed subset ¥ of U with H(X) = 0, a



B.2. BOUNDARY DENSITY LOWER BOUND 191

boundary datum w € C* N L®(R? \ X), we assume that there exists (u, K) minimizing
Ex(-,-,U,g) over the set of admissible pairs (v, /), J closed and Il-rectifiable in U and
ve CH U\ J)NCY U\ (XU J)), such that

v=wondU\ (JUX). (B.2.1)

In fact, the existence of such an optimal pair can be inferred from the analogous density
lower bound property for minimizers of the weak formulation of the problem, namely
for minimizers of F) (the relaxed counterpart of Fy, cf. (B.3.1)) satisfying the Dirichlet
boundary condition, as will be discussed in Section B.3. In particular, the L> assumption
on w is needed to show the existence of a minimizer for F).

We start fixing some notation. For any admissible pair (v, J) satisfying (B.2.1) we
extend v to R? \ U by w and, for simplicity, denote such an extension still by v. With this
agreement, the quantity F) (v, J, B,(x), g) is well defined for every x € U and r > 0.

Being U bounded and open with C* boundary, for every & € U there is a radius p, > 0
such that 9U N B, (z) is the graph of a function ¢, € C*(R) is some system of coordinates.
In case z € QU \ X it is not restrictive to assume that B, (z) N X = (), being ¥ closed.
Finally, fixed = € OU, up to rigid motions, we may always reduce to the following situation:

©2(0) = ¢,(0) = 0, and
UNB, () =x+{y = (y1,42) € By, : y2 > va(th)}-

We prove first a decay result for the energy Ej at boundary points, analogous to the interior
case treated in Lemma B.1.1. We keep the notation introduced there and outline only the
necessary changes in the argument.

LEMMA B.2.1. For every 7 > 0 and M; > 0 there are constants (1, M;) > 0 and
I(r, My) € (0,1) such that if (u, K) is a minimizer of Ex(-,-,U, g) subject to the Dirichlet
boundary condition (B.2.1), then the following property holds.

If H'(K N B,y(z)) < ep and |[Vw||pe(B,@) < My for some z € U \ ¥ and p €
(0, min{1, p, }), with A € [0,1] and ||g||cc < My, then

Eo(u, K, Brp(1))
< max{r"*Eo(u, K, B,(2)), 5| V| 5l M3} (B22)
< olu, £, 5,(x)), & Lo (By(x))r 9 I PzllLo((=rf2pf2))s —g MopP "y - (DB.2.
PROOF. Case A = 0. Fixed x € 0U \ %, we proceed with the same proof of Lemma B.1.1
up to (B.1.7), for which now we claim that v minimizes the Dirichlet energy on the set
v+ W, ?(B, N {z, >0}). Clearly, the claim implies that v is harmonic on B, N {z, > 0}.

To prove such a claim, note first that v is constant on B, N {z, < 0}. Indeed, besides the
conditions in (B.1.4) and (B.1.5), contradicting (B.2.2) gives also

73/2||ij||ioo(3,)j(mj)) + TS/Q”SD;j||L°°((—m/2,pj/z)) < Eo(uj, Kj, By, (7))0; < Ejd;,  (B.2.3)

where we recall that E; = Ey(u;, Kj, B, (z;)). Note that E; < Cp;, for some constant
independent from j, using ||Vuw;,|| Lo°(B,, (x))) < M, and arguing as for the energy upper

1/2wj(:vj +p;-) on By \ ©=5 p. < 1 and (B.2.3) yield that

bound. Thus, since v; = E; .
J
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| V]| = 0(v¥;) = 0 as j — oo. On the other hand, Bl\U “L={z€B;: 2 <

Lm(Bl\U;i;j)
05 " ¢w;(pjz1)}, so that ¢, (0) = 0 and (B.2.3) imply that p; "¢, (p;-) converges uniformly
to 0 on (—1/2,1/2), and thus we conclude that v is constant on By N {ze < 0}.

Given any function w € v+C(B,N{xz, > 0}) with {w # v} CC B,N{z, > 1} = By,
s € (0,7) and 7 € N such that ¢ > 5_1 consider ¢ € C®(By;11), t € (s,r), with ¢ =1 on
B,;. Note that B,; CC By;y1 CC =% for j sufficiently large, therefore the pair (¢;, J;)
defined by ¢; := pw + (1 — p)v;, J; ﬂ BSZ =0 and J; N (B, \ Bs;) = H; N (B, \ Bs,), is
admissible to test the minimality of v; for F;. Thus, mequalities (B.1.7) and (B.1.9) for
w € v+ CX(B, N{z, > 0}) follows by arguing as in Lemma B.1.1. A density argument
concludes the proof for every w € v 4+ Wy*(B, N {z, > 0}). Finally, being v € W'2(B,),
harmonic on B, N{z, > 0} and equal to a constant C on B, N {x, < 0}, v € C°(B,) by
elliptic regularity. Therefore, the odd extension © of v — C across B, N {x,, = 0} is an
harmonic function on B, satisfying

5 ,7_2 7_2
27 < 2/ Vo2 :/ v <2l [ v <2l
BrN{z,>0} B, ™ JB, r

thanks to (B.1.4), (B.1.5) and (B.1.7) (cf. (B.1.8)). The contradiction follows by the choice
r<rt<r<l1.

Case A\ > 0. The proof in this case is completely analogous to that in Lemma B.1.1. The
necessary changes are related to the arguments outlined above for A = 0. Il

We are now ready to establish the density lower bound for minimizers of E, with
Dirichlet boundary conditions.

THEOREM B.2.2. There exists a geometric constant € > 0 with the following property.
If (u, K) is a minimizer of Ex(-,-,U, g) with Dirichlet boundary conditions as in (B.2.1),
then

HY(KNB, (r)>e  forallze KN(OU\YX), pe (0,min{l,p,}). (B.2.4)

ProOF. We follow the proof of Theorem 2.1.3. If A = 0, let z € K N (9U \ ) and

choose o > 0 such that

/2 o2
maX{UB/QEO(uv K7 Bp(x))a 9( 1/2 va”LOO (Bpg (z))? 9( 1/2 HSOIHL‘X’ ((—Paf2,px [2) )} < €op,

where € := ¢£(1/2). To this aim, note that arguing as in the energy upper bound, there is
a constant C' > 0 depending on U and ||Vw||p~(s,, ) such that Ey(u, K, B,(z)) < Cp,.
Define the set

Qu:={z€dU\Y: H(KNB,(x)) <e(o)p for some p € (0,min{1, p,})}
and note that €, is relatively open in U \ &, and K N (U \ ©) € dU \ Q,. Indeed,

if z € Q, one can use Lemma B.2.1 inductively with M; := |Vw||L=(B,, (). The first

induction step is a consequence of the definition of Q, itself (Lemma B.2.1 is applied with
T = 0), the others of the choice of o (Lemma B.2.1 is applied with 7 = 1/2). In addition,

AU \ (2 U K) C Q, by elliptic regularity.
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Finally, the proof of the case A > 0 follows analogously by mimicking that in Theo-
rem 2.1.3 for A > 0 using Lemma B.2.1 in place of Lemma B.1.1. O

B.3. Density lower bounds for SBV minimizers

Results similar to those in the previous section hold for minimizers of the corresponding
weak formulations of the problem. To this aim we define for every A > 0, for every Borel
subset B of 2, and for every v € SBVj,.(2) the (formal) extensions of the functionals E)
as follows:

By(v, B) ;:/ |W|2+H1(smB)+A/ v — gl (B.3.1)
B B

We say that a function u € SBV(Q) is an (absolute) minimizer of Ey on Q, if Ey(u, A) < oo
and E\(u, A) < E\(v, A) for every v € SBVjo.() with {v # u} cC A cC Q, A open. We
warn the reader that in literature the terminology local minimizer is rather used (cf. [5]),
we employ the chosen one for the sake of consistency with Definition 1.2.1.

Dirichlet boundary value problems in the SBV setting are introduced as follows: if U
is a bounded open set with C'! boundary in €2, and if w is the boundary datum in (B.2.1),
we consider any function w in W' N L®(R?\ U) extending w. A function u € SBV (R?)
such that u = @ £2-a.e. on R?\ U is an absolute minimizer of £ on U subject to Dirichlet
boundary conditions if

Ex(u,U) = inf{Ex(v,U) : v € SBV(R?), v =w L*a.e. on R2\ T},

which is clearly equivalent to minimizing

/|VU]2—|—’H1(SU)+)\/|U—9\2
U U

on the same class of functions. The same arguments in Lemma B.1.1 and Theorem 2.1.3
can be used to infer corresponding density lower bound estimates.

THEOREM B.3.1. Let uw € SBV(Q)). There exists a constant € > 0 such that
(a) if u is an absolute minimizer of Ey on Q, then for all x € S,
H' (S, N B,(z)) >ep  forall p € (0,dist(x,09Q)). (B.3.2)
(b) if u is an absolute minimizer of Ex on Q, X\ > 0, then for all z € S,
H' (S, N B,(z)) >ep  forall p € (0, min{1,dist(z,0)}). (B.3.3)

(¢) if w is an absolute minimizer of E\ on U with Dirichlet boundary conditions, \ > 0,
with w=w L*-a.e. on R*\ U, then for allx € S, \ ¥

H'(S.NB,(z)) >ep  forall p € (0,min{l,p,}). (B.3.4)

The conclusions in Theorem B.3.1 and standard density estimates for measures imply
the essential closure of the jump set in the SBV setting (cf. [5, Theorem 2.56]).

COROLLARY B.3.2. The following properties hold.
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(a) if u € SBV(Q) is a local minimizer of Ex on Q, then
H((Su\ Su) N Q) =0.

(b) if u € SBV(U) is a minimizer of Ey on U subject to Dirichlet boundary conditions,

then o o
H((S,\ S,)NU)=0.
B.4. Equivalence of SBV and classical formulations

The starting point to compare the strong and weak formulations of the problem is
the following result due to De Giorgi, Carriero, and Leaci [22, Lemma 2.3] (see also [5,
Proposition 4.4], and [12, Lemma 2.3] for the Dirichlet problem).

LEMMA B.4.1. Let (v,J) be an admissible pair with v € L2.(2). Then, v € SBVjy(Q2)
and S,NQ C J.

PROOF. Since J is 1-rectifiable with finite Hausdorff measure, for every j € N there is
a covering of J, either finite or countable, with balls Bg“ such that p; ; < 1/j and

szi,j <HY ) +1

Define v; := UXouiB, then v; € BV,.(€2) with

Du,|(A) < / V0] + 2ol oy (K () + 1),
A\K

for every open set A compactly contained in 2. Moreover, by construction v; — v in
Li.(Q), so that by the lower semicontinuity of the total variation v € BVj.(Q2), and S, C J

loc

as v € Wb(Q\ J). In turn, being J closed, this yields that S, N Q C .J, and that

Du|(A) = / Vol + [Dul(AN J) = /A|W|+/ ot — o |dH!

ANSy,
/|wy+/ ot — o |dH
ANSy,

where in the second equality we have used that |Dv|(ANJ\ S,) = 0. This clearly implies
that v € SBVjy(Q2). O

From the latter lemma and the density lower bound, it is not difficult to derive that,
for bounded open sets and when the L® norm of the minimizer can be controlled a-priori,
minimizing over pairs (u, K') in the classical formulation or in the SBV formulation is
equivalent. A subtle point for our purposes is that this equivalence holds even if we impose
Dirichlet boundary conditions on a bounded set U which is sufficiently smooth.

We report next the contributions of De Giorgi, Carriero, and Leaci in [22, Theorem 1.1]
and [12, Remark 4.3].

PROPOSITION B.4.2. Assume that X € [0,1] and g € L>(U), with U open and bounded,
then
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(a) for every X\ > 0 there exists u € SBVNL®(U) such that Ex(u,U) = SBiI\}fU) Ex(-,U),

and

Ex(u, S, N U, U, g) = inf{Ex(v, J,U, g) :
veWEHU\K), K C U closed, 1-rectifiable} .

C

(in particular, (u, S, NU) is an absolute minimizer for E)).
(b) for every A > 0, if (u, K), with u € L>(U), satisfies

E\(u, K,U, g) = inf{E\(v, J,U,g) :
ve WU\ K), K CU closed, 1-rectifiable} ,

then Ey(u,U) = SBi\r}fU) E\(-,U), and moreover K =5, NU.

(c) for every A > 0 analogous conclusions as those in items (a) (and (b)) hold
for minimizers (in L>) of Ex(+,-,U,q) (Ex) on U subject to Dirichlet boundary
conditions, provided U has C' boundary.

PROOF. An elementary truncation argument yields that the L>°(U) norms of minimizing
sequences of Ey are equi-bounded by ||¢||se. Next, the lower semicontinuity of the functional
Ej in SBV and the compactness theorem of Ambrosio (cf. [5, Theorems 4.7 and 4.8]) yield
the existence of a minimizer u for Ey on SBV(U). From item (a) in Corollary B.3.2 we
deduce that v € W,"2(U\S,), in turn implying that u € C*(U\S,). Indeed, u € WP (U\S,,)
for every p < oo and solves Au = A(u — g) on each open subset U’ cC U \ S, using
the outer variation equation (1.6.2) and elliptic regularity theory. Finally, item (a) in
Corollary B.3.2 and Lemma B.4.1 imply that (u, S, NU) is a “classical” minimum for E)
with Ey(u) = Ex(u, S, N U). This proves all the conclusions in (a).

For what item (b) is concerned, if & € SBV (U) were such that E\(@; U) < Ex(u, U),
then by item (a) we would conclude that

E)\(aas’iﬂm U7 U7 g) = E/\(ﬁ,, U) < E)\(U, U) S E)\(U, Ka Ua g) )

where in the second inequality we have used Lemma B.4.1. This is a contradiction.

We show next that K = S,NU. Recall that we already noticed that S,NU C K. Clearly,
HY (K '\ S,) =0, since otherwise if H'(K \ S,) > 0, we would have E\(u,S,) < E\(u, K).
Thus, as S, is closed by definition, 1-rectifiable thanks to Corollary B.3.2, and u € C1(U\S,,),
arguing as in item (a) we would get a contradiction. Finally, assume that z € K \ S, and
let r € (0, dist(x, U)) be such that B,(z) does not intersect S,. Then, we have

H'Y(K N B,(z)) < H' (K \'S,) +H'(S,NB(z)) =0,

which is a contradiction because of the density lower bound for K in Theorem 2.1.3.
The proof of the claims in item (c) are completely analogous using item (b) in Corol-
lary B.3.2. U



196 B. EQUIVALENCE OF SBV AND CLASSICAL FORMULATIONS

We establish next the analogous statement for absolute minimizers of E. This property
will be used in the proof of Corollary B.6.1 below, which, in turn, is a crucial ingredient in
the proof of Theorem 2.2.3.

THEOREM B.4.3. Assume (u, K) is an absolute minimizer of E\ in some open set €2,
with w € L2.(Q). Then u € SBVioe(Q) and for every C* domain U CC Q with the property

that HY (K NOU) = 0 and let v € SBVioe(Q) be a function such that v =u L*-a.e. on Q\U,
then

/|vU|2+H1(SmU)+A/ g2 > By(u, K.U.g).
U U

Moreover, (KAS,)NQ =0.

PROOF. That u € SBVjy(Q2) follows immediately from Lemma B.4.1. Assume now that
the inequality above fails. By Proposition B.4.2 we can find one such v which minimizes
the energy in the space of SBV,.(Q2) functions which coincide with u on £%-a.e. on Q\ U.

It follows from item (b) in Corollary B.3.2 that H'((S, \ S,) N U) = 0, while at the
same time v € CY(U \ S,) N CO(U \ S,). Indeed, u € C*'(2\ K) and by assumption
U cc Q with H}(K NoU) = 0, therefore the conclusions in Proposition B.4.2 hold. If we
let K':= (S, NU)U(KN(Q\U)) and v’ := vl g + ulg, gk, we then conclude that
K is closed and v’ is locally Lipschitz on Q\ K’, while Vo' € L2 (Q\ K’). In particular,
the pair («/, K') would contradict the minimizing property of (u, K).

The last property follows from Proposition B.4.2 for an invading sequence of domains
compactly contained in €2 and satisfying the assumptions in the statement. U

B.5. Proof of Corollary 2.1.4

Fix (u, K) as in the first part of the statement. The fact that v € SBV and that
S, C K follows from Lemma B.4.1. The fact that KAS, = () for absolute minimizers is
established in item (b) of Proposition B.4.2.

Eventually, let (u, K) be a (restricted) minimizer of Fy with H!(K NU) = 0 in an open
set U CC Q. Then H'(S,NU) = 0, therefore u € W,.?(U). Hence, u extends to a harmonic
function when A = 0, resp. to a function in W2?(U) when A > 0, in view of (1.6.2) and
standard elliptic regularity theory.

B.6. Compactness of bounded minimizers through the SBV formulation

As it is customary in the literature which addresses the Mumford-Shah variational
problem using the “classical” formulation through pairs (u, K), the compactness statements
which are relevant to the purposes of this book could be proved using the “uniform
concentration property” of Dal Maso, Morel, and Solimini, see [13]. A simple corollary of
Theorem B.4.3 is the fact that, on any region where there is a suitable L> bound for the
sequence (u;, K;) in Theorem 2.2.3, it converges in the SBV sense to a minimizer of £
which at the same time is also a classical minimizer.
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COROLLARY B.6.1. Assume (u;, K;) is a sequence as in Theorem 2.2.3, let K be the
(local) Hausdorff limit of K;, u be the local W' limit of u; on the complement of K, and
let U be any bounded C? open set satisfying the following properties:

(a) K NOU is finite and the cardinality of K; N OU is uniformly bounded;
(b) / |Vul? < oo and limsupj/ |Vu,|? < oo;
OU\K OU\K;

J
(¢) [Ju; — mjlle is uniformly bounded for some sequence of constants m;.

Then u is an SBV absolute minimizer of Ey in U with K NU = S, N U, and moreover
Vu; — Vu strongly in L*(U), while H*(K; NU) — HY(K N U).

ProOOF. We give the proof under the assumption that U is the disk By, the general
case is a straightforward modification of the idea using a tubular neighborhood of OU.
First of all u is certainly an SBV function in U with S, N U C K. Moreover, passing to
a subsequence we can assume, without loss of generality, that u; — m; converges to u in
L*(0By). Using a simple interpolation formula between the functions u; — m; and u on the
disk By \ Bj_. it is possible to find closed sets J; and functions w; € WL?(B; \ By_.) with
the properties that

lim sup H'(J;) + lim Sup/ |Vw,|* < Ce
J J B1\Bi1—_¢

and w; = u; on 0B; while w; = u 4+ m; on dB;_.. This is achieved using the explicit

formula
1—|x x z|—(l—e T
o) =2 [a () ] + = )
and letting J; be the union of the segments {Ap : A € [1 — ¢, 1]} where p ranges in the set
S; = (K UK;)N0B;. Note indeed that:

(i) J; is formed by finitely many segments of length e, whose number is uniformly
bounded in j by assumption (a).
(ii) The Dirichlet energy of w; on By \ (Bi_. U J;) is estimated by

o

€ Jop,

=+ Cos [ (Fus 4 [TuP),
0B1\S;
where () is a geometric constant. Note that the first term converges to 0 as 5 1 oo,
while the second is bounded by C'e for a constant C' independent of j by assumption
(b).
In order to handle the fidelity term, recall that ||ul|o, < sup; [lu; —‘mj||OQ < C by assumption
(). On the other hand, m;| < [ujll + 1ty —m; e < Sl + [l ]l Recall

. J
that ||u?||o is uniformly bounded by the assumptions of Theorem 2.2.3. A simple rescaling
argument shows that u; is a minimizer of the functional

Eo(', ° Bl) + )\jT? /

B1
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However, given the above estimates, we immediately see that

2
2
B

S C)\j’f‘j
vanishes in the limit. In particular, we conclude that u must be an absolute minimum of
Ey: a competitor @ which gains energy (and does not increase the L* norm) would lead to
a competitor @; for u; by setting @; = w; on the corona By \ By_. and 4; = 4(;=) in Bi_..
Tuning the parameter ¢ appropriately would then show that #; improves the energy EM of
u; for a sufficiently large j, contradicting Theorem B.4.3.

9i
W5 — N

This very argument also implies convergence of the energies E 5, of u; to Ey of u, which
in turn, using the lower semicontinuity theorem of Ambrosio [5, Theorem 4.7], implies in
addition that

Vu; = Vu in L?(By)
and that
lim H'(Sy, N By) =H' (S, N By). (B.6.1)

Theorem B.4.3 also implies that K; = S,, N U, so it remains to show that K = S, NU.
However, we already noticed that S, N U C K, so, given the density lower bound, H*((K \
S.) N By) = 0. Assume that z € K \ S, and let 7 be such that Bz(x) does not intersect S,.
By the density lower bound in Theorem B.3.1 we have

liminf H'(S,, N B.(z)) > 0
j

for every r < 7. On the other hand, the arguments above apply with B,.(z) in place of
By provided we choose r < T appropriately. Indeed, for £L'-a.e. r € (0, dist(z,9B;)) the
set B,(x) will satisfy the assumptions (a), (b) and (c) of the lemma. But we then reach a
contradiction to (B.6.1). O



APPENDIX C

Useful results from elementary topology

This section collects some useful elementary results, mostly of topological nature, which
have been used extensively in the notes

LeEMMA C.0.1. Consider a closed set K C R? and let J be a bounded connected component
of K. Then, for every 6 > 0 there is a smooth Jordan curve v such that
(a) dist (y, J) < 0 for every y € ~;
(b) yN K =10;

(c) J is contained in the bounded connected component of R? \ ~.

LEMMA C.0.2. Let K C R? be a closed connected set with locally finite Hausdorff
measure. Then K is arcwise connected. Moreover, for every x,y € K there is an injective
Lipschitz path v : [0,1] — K such that v(0) = x, v(1) =y, and its length is minimal among
all paths in K connecting x and y.

Proor oF LEMMA C.0.1. Consider the open set U, := {y : dist (y, K) < n} and let
V,, be the connected component of U, which contains J. Clearly, each point y € 9V, has
distance 7 from K. We next claim that for n sufficiently small V,, is compact. Indeed first of
all observe that there is an open set Z such that J C Z and 9Z N K = (). Next notice that,
since J is bounded, it is contained in some open ball Bg(0). If we take Z' := Z N Bg(0),
then J C Z’ and moreover 07" C (Br(0) N 0Z) U (Z N OBg(0)), hence it does not intersect
K. Since 0Z' is compact, it means that there is some positive constant c¢q such that
dist (y, K) > ¢ for every y € Z'. In particular, for n sufficiently small, 0U, N 0Z" = 0.
Thus Z' N U, is an open subset of U, which contains J, implying that V,, C Z".

Next we claim that, if n is sufficiently small, then we have

V, C{z:dist (2, J) < g} (C.0.1)

Indeed, if the latter were not true, then {V,},~o would be a nested family of connected
closed sets, each of which contains a point z5 € K at distance at least g from .J. Moreover,
for n sufficiently small the sets would be bounded and hence compact. Their intersection
K, would then be a compact connected subset of K and since it contains J, it must be J.
On the other hand, any accumulation point of {z5}s-0 would be an element of K, at a
positive distance from J, which is a contradiction.

Consider next n > 0 for which (C.0.1) holds and a standard family of mollifiers ¢., the
function 1. := 1y, * ¢, and the open sets V., := {y : ¥-(y) > t}. For ¢ sufficiently small we
have that:
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o JC V. forevery 1 >t 2>0;

e V., NK =0 for every 1 >t > i;

o V., C{y:dist(y,J) < d} for every ¢t > 1.
Fix such a small € use Sard’s theorem to select a t € (i, 1) such that V.; has smooth
boundary. Furthermore pick the connected component W of V., which contains J. By
smoothness OW consists of a finite number of disjoint smooth Jordan curves and by classical
differential topology there is one which is uttermost, i.e. such that W is contained in the
topological disk bounded by it. The latter is a curve « which satisfies all the requirements
of the lemma. O

Proor or LEMMA C.0.2. Step 1 We prove the first claim of the lemma when K is
compact. In that case H'(K) is finite. Fix now 6 > 0 and let € := {B,,(z;) }ien be a
cover of K such that sup, r; < 6 and }°; 2r; < H'(K) + . By compactness, we can assume,
without loss of generality that € is finite and we can also assume that B, (z;) N K # ()
for all . A chain of ¢ is given by a choice of balls in ¢ with radii {r;;)};cq1,..ny Where
the i(j) are all distinct and By N By # (. We say that B, (xx) and B,,(z;) are
chain-connected if there is a chain such that K =i(1) and J = i(/N). Assume now, without
loss of generality, that B,,(z1) contains x and let €' C € be the set of balls B,,(z;) which

are chain connected to B, (z1). €’ must coincide with € otherwise the two open sets

U:= | B(z:) (C.0.2)
i€’

V= J B.(z) (C.0.3)
i€\ ?

would be disjoint and would disconnect K. Upon reindexing our balls we can thus assume
that {B,,(x;)}icq1,..,n} is & chain such that ¢ € B, (z1) and y € B, (xn). Set 2y = z,
zn =y, and choose z; € B, (x;) N K for every other i. Consider then the piecewise linear
curve consisting of joining the segments [z;, z;11]. Since |z;41 — 2;| < 2(ri11 + 1), such curve
has length at most 2H'(K) + 26. Observe moreover that, since r; < § for all 4, each point
of the curve has distance at most 20 from K.

Let now ¢ := 1/j and let 7, : [0,1] — R? be a constant speed parametrization of the
latter curve. It turns out that Lip(y;) < 2H'(K) 4 2 and thus by Ascoli-Arzela we can
extract a subsequence converging uniformly to a Lipschitz curve v : [0,1] — K such that
7(0) =z and y(1) = y.

Step 2 We next prove the first claim for K closed. We fix x,y € K and we seek
for an arc connecting x and y in K. By Step 1 it suffices to show that for a sufficiently
large R > 0 the points x and y must be contained in the same connected component of
K N Bg. Now, for each N € N with N > max{|z], |y|} let Ky be the connected component
of KN By which contains z and assume by contradiction that y € Ky for every N. We
set K := Uy Kn. The latter set does not contain y: if we can show that it is at the same
time open and closed in K, we have contradicted the connectedness of K.

First of all observe that, by Step 1, Ky C K41, which in turn implies that K is open
in K. We next claim that:
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(S) for every fixed R > |z| + 1 there is N(R) > R such that KN Br = Ky(r) N Bg
for all N' > N(R).

This would imply that Bg N K = Br N Ky(g) is closed, in turn implying that K is closed.
If (S) is false for some R, then we can find a monotone sequence N, > R such that
Ky, ,NBp is strictly larger than Ky, N Bg. In particular, there is a point 211 € Ky, ,,NBg
which is not contained in Xy, N Bg. Let v, : [0,1] — Ky, ,, be a curve which connects
T t0 Tpy41 in Ky, ,. Such curve cannot be contained in Bp and cannot intersect K Ny
otherwise ;4 would belong to Ky, . Let now s be the smallest positive number such that
|Vk(sk)| = R. It then turns out that the arc 741([0, s¢]) is contained in Ky, ,, N Bpg, but it
has empty intersection with Ky, N Bg. Since such arc has length at least 1 (recall that

|z] < R —1), we conclude

H' (Npy1 N Br) > H' (NN Bg)+ 1.
Letting k 1 oo we would conclude H!(K N Bg) = cc.

Step 3 To prove the last claim, fix x,y € K. By Step 1 and 2 we know the existence of
a Lipschitz curve v : [0,1] — K joining = and y in K. Let L(v) := [ |§(t)| dt and assume
without loss of generality that it is parametrized at constant speed. Consider now the set
& of Lipschitz curves v : [0, 1] — K joining x and y and parametrized at constant speed
L(7). If Ly is the infimum of L(y) for v € ., then there is indeed a curve 4 which attains
it: this follows easily from Ascoli-Arzela and the fact that every Lipschitz curve can be
reparametrized to constant speed. 7y is easily seen to be injective, otherwise it could not be
a minimizer of the functional L. ]






APPENDIX D

Proof of Theorem 2.2.3

With the tools in Appendix B at hand, the conclusions of Theorem 2.2.3 would be
immediate as soon as we had at our disposal some apriori L* bound. This would be the
case if, for instance, the complement of K were connected. However in many situations
this is certainly not the case. For this reason we include a detailed proof with the necessary
workarounds.

PROOF OF THEOREM 2.2.3. Step 0 Assume (u;, K;) is as in Theorem 2.2.3 and let
K be the local Hausdorff limit of the sequence K;. Then

é limsup ' (K, 1 B, (2)) < H'(K N B, (@) < Climinf H'(K; 1\ Bor(2))  (D.0.1)
j—o0 J—00

for every ball B,(x) C R? which is a direct consequence of the density lower bound.

Fix a positive 6 € (0,7] and consider any covering of disks {B,, (zx)} of K N B,(z)
with sup,ry < 6 and 2, € KN Er(x). By compactness extract a finite subcover and
using Vitali’s covering Lemma, let {B,,(z¢)} be a subfamily of pairwise disjoint disks such
that {Bs,,(z¢)} is still a cover. Since the family is finite, for every j large enough we can
find y) € K; N B,,j2(x). In particular, using the density lower bound (which under our
assumption holds with a uniform constant independent of j) we have

Hi(K 0 By (x)) <103 e < C Y H (KGN By, pa(y7))
l L

< CHY(K; N By (2)).

Since § is arbitrary, this implies the right inequality in (D.0.1). Next, fix § > 0 and let
{E)} be a family of closed sets covering K N B, (z) such that

> diam (Ey) < HY(K N B,(z)) +4.

Let ry := diam (E}) and consider disks By, (z;) containing Ej. By Hausdorff convergence,
for j large enough K; N B,(x) C U, Bay,(x¢). We can thus estimate

H' (K; N B(2)) <Y HNEK; N By () <4nd 1 < CHY (K N B,(x)) +C46.
¢ s

The arbitrariness of § completes the proof.

Step 1 Our second step is to show that K is rectifiable and we first give the argument
for (u;, K{;) absolute minimizers. Assume that W CC U is an open set whose closure is a
closed topological disk with the property that 9W N K = (). By a standard approximation

203
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theorem there is a second topological disk W Cc V cC U with 9V N K = () and which
has smooth boundary. Then for a sufficiently large j we have as well that OV N K; = 0.
Set m; = mingy u; and M, := maxyy u; and use the PDE Au; = A;(u; — ¢;) in a
neighborhood of 0V (independent of j) to conclude that M; — m; is bounded uniformly
independently of j. Moreover, by the maximum principle in Lemma 2.1.1 (b) it turns out
that min{—||g;|lec, m;} < wj|ly < max{M;,||g;|lo}. In particular, u; —m; has a uniform
BV bound on V and, up to subsequences, converges to an SBV function @ by the SBV
closure theorem [5, Theorem 4.7]. We can then use Corollary B.6.1 and conclude that
Sz = K and coincides with S5 up to an H!-null set, thus proving rectifiability.

We next argue that in fact all of K is rectifiable. Let K* be the union of the connected
components of K which are singletons. If y € K*, then there is a closed topological disk
D with smooth boundary and containing y in the interior and such that 9D N K = ()
(cf. Lemma C.0.1). We can therefore apply the argument above to conclude that K* is
rectifiable. Consider now K \ K*. Then every y € K \ K* is contained in a nontrivial
connected component of K: since each such component has positive length, there are
countably distinct ones. As it is well known each connected closed set with finite Hausdorff
measure is rectifiable, this completes the proof of our claim (cf. [7, Theorem 4.4.7]).

In the case of restricted minimizers we consider again the situation in which W CC U is
an open set whose boundary is a closed topological disk with the property that OW N K = ().
Choose V' as above and denote by N(j) the number of connected components of V' N K. If
N :=liminf; N(j) < oo, then K NV consists of at most N components and it is therefore
rectifiable. If lim; N (j) = oo, it is not difficult to see that we can apply the same argument
above, i.e. the SBV function @ is a minimizer. The reason is that any SBV function @ can
be approximated in the Mumford-Shah energy with an SBV function whose jump set is
closed and has a finite number of connected components, see for instance [13].

Step 2 We next wish to show that
liminf H'(K; N A) > H' (K N A)

J—00

for every open set A. Consider the measures u;(E) := H'(K; N E), E Borel, and assume
that, up to subsequences, p; —* u for some measure p. Observe that, by Step 1,

C'HYNKNE) < u(E)<CHYKNE) for every Borel E.
We thus have
WK N E) = / 0(z)dH! ()
KNE

for some Borel function 6 taking values in [C ™!, C]. Our claim is thus equivalent to §(x) > 1
for H'-a.e. x € K. Assume not, since K is rectifiable we can choose a point x € K where
the approximate tangent to K exists, the 1-dimensional density of K equals 1 and moreover

o HByf2)

=40 1.
pd0 2p (:v) <
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Using the density lower bounds for K, it then follows that the rescaled sets K, , := {% :
y € K} converge locally in the Hausdorff distance to a 1-dimensional subspace ¢ of R2.
Without loss of generality we can assume that ¢ = {(z1,0) : z; € R}. In addition, by taking
a diagonal sequence, we can assume that K j := (K;)a,p, has the following properties:

J

Introducing the appropriate rescalings of the functions u; we then have the following
situation:

o (uy, K ;) are minimizers of the Mumford-Shah functional in By with appropriate

fidelity functions g; and fidelity constants 5\]-;

e K; converges in the Hausdorff sense to the line {z; = 0};

e H'(K; N B;) <20 < 2 for some § and for all j;

* Aillg;ll% — 0.
Observe that the following holds:

(R) if we replace the sequence p; with any sequence p; such that 0 < liminf; Z—j <

lim sup; % < 00, then all the properties above remain true.
J
Now, for each v sufficiently small compared to 2 — 26, it is easy to see that there is p € (7, 1)
and a subsequence such that

lim Vi, |* < oo
{—00 oB,

Jim H(K;,NOB,) < 2.

On the other hand, by possibly changing the sequence p; to a new sequence p; satisfying
(R) above, and after extracting a further subsequence, we can assume that p € (1 —~, 1).
Moreover, again by a Fubini argument, if ~ is sufficiently small compared to 2 — 26, we
can find a t € (—(1 —~),1 — ~) such that
1
lim |Vt (t, 29)|* drg < 00
L—o0 ]

Kj, 0 {(t, ) : |z <1} =0 VL.

In particular, from this, it is again simple to see that M, — m, := Supyp, Uj, — infyp, i,
is uniformly bounded in ¢. We thus conclude that @;, converges, up to subsequences, to
an SBV function 4. Again the latter is a minimizer of the Mumford-Shah functional and
K N B, must be the closure of J; and

2(1—7) <20 =H'(K N B,) <liminf H'(K;, N B,) < 2.
—00

Since 7 is arbitrary, the latter is a contradiction.
In the case of restricted minimizers we again consider the number of connected compo-
nents N(j) of K; N B,. If the latter goes to infinity, we see that, as in the previous step, @
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is a minimizer of the Mumford-Shah functional. Otherwise there is a uniform upper bound
on the number of connected components and then the inequality

H (K NB,) < nergigfﬂl(f(j,g NB,)

follows from the classical Golab’s theorem (cf. [7, Theorem 4.4.17]).

Step 3 Next observe that
im [ Vol = [ [0

for every open set O CC U \ K. The latter in fact is a consequence of the Hausdorff
convergence of K; to K and of standard regularity properties of harmonic functions.

Next, if we fix any open set O C U, choosing a sequence O, T O \ K of open sets with
O, N K = 0 we easily conclude

/ |Vo? = lim Vo|? < liminf/ (Vu,l?.
O\K {—00 ONK j—ro0 o

In particular, from the last inequality and Step 3, in order to conclude point (i) in the
statement of the theorem we just need to show

lim sup (/ ]Vuj|2+H1(KjﬂO)> < / Vo] + H' (K N O)
j—oo O\K; O\K
under the assumption that H!'(0O N K) = 0. Assume that the inequality fails and fix

a subsequence, not relabeled, for which the limsup on the left is a limit. After possibly
extracting a further subsequence, we can assume that the measures j1; defined through

1 (E) = / V| + H (K; N E)
E\K;
converge weakly” to some measure p and so far we can conclude that
w(E) = / Vo[> if Eis Borel and K N E = (.
E\K

wE)>H(KNE) if Eis Borel and E C K
w(F)>H (KNF) for some F' C K Borel.

Note however that from the upper bound (1.4.1) we immediately conclude u(B,(z)) < 27r
for every disk B,(x) C U. In particular

ue) = [ L | b i),

for some density # with 1 < 0 < 7, but which must be strictly larger than 1 on a set of
positive H' measure. Arguing as in the previous step, we pick a Lebesgue point x € K for
0 with respect to the measure H' and we can assume this is a point where the approximate
tangent to the rectifiable set K exists. We can thus use the procedure in the previous step to
produce a new sequence (i;, K ;) in B3 with corresponding limits ¥ and K and corresponding
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measures fi; converging to fi, with the additional properties that K is a straight segment
and the corresponding density 6 is a constant strictly larger than 1. In order to simplify
our notation we drop the” and we assume that the segment is o := {(21,0) : |z1] < 2}.
Next we choose a vanishing sequence ¢; with the property that

Kj N By C {|£L'2| < Ej} (D02)
lim 1 ((az, b;) x (—€5,€5)) = 0(b —a) (D.0.3)

for sequences a; — a and b; — b in [—2, 2] defined as follows: for each j choose two points
a; € [-2, —%] and b; € [%, 2] with the property that, upon setting L; := ([a;,a; +¢;) U
(bj o €j7bj]) X [_17 1]7 then

i (Ly) < Cejpi([=2,2] x [-1,1]) < 6C%;, (D.0.4)

where C' is a geometric constant independent of j. Construct then the following Lipschitz
deformation @; : Q; — Q;, Q; := [a;,b;] x [—1,1], defined as @;(z1,z2) = (21, pj(21, 22))
where, upon setting f;(x1) := min{ |z, — a4/, |b; — 21|, &;}, the second component is given by

0 if v € X = {Jaa| < fj(21)}
@i (1, 12) = 7?@%%’ if v € T = {fj(21) <22 <1} (D.0.5)
bl ifre Ty = {1 < a < (o)}

(for a similar construction see the definition of the map @, in the proof of Lemma 3.2.3). Note
that ®; is the identity on 0Q);. Moreover, if we introduce the regions Qjc = QjN{xxs > 0},
then
e ®; is a bi-Lipschitz map of TjjE onto Qjc, with a uniform bound of the Lipschitz
constant of both the map and its inverse;
e ®; maps the rectangles R} := [a;+¢;,b; —¢;] x {e; < +x2 < 1} onto the rectangles
[aj +€;,b; — ;] x {0 < £z, < 1} and in these regions both Lip(®;) and Lip(®;")
are bounded by 1 4 C¢; for a universal constant C;
e The restriction of ®; on ¥; is the orthogonal projection onto the horizontal axis.
Let thus (v;, J;) be the pair:
o Jj = (laj, b;] x {0}) U @;(K; \ X));
® V; :ujoq);l on QJ\JJ

It easy to estimate the Mumford-Shah energy of (v, J;) in the rectangle @); as
Ej = / |VUJ"2 + Hl(Jj N Q])
Qi\Jj

< (1+C€j)3/ [Vus|* + (b; — a; — 2¢5) + Cpy(Ly)
RjuR;

< (1+C€])3/Q\K |VUj|2+<bj—(lj—26j)+0//“j(Lj>.
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Then from (D.0.3), (D.0.4) and the convergences b; — b and a; — a, we easily conclude
that

Jj—00

lim </ |Vuj|2+H1(KjﬂQj)—Ej> > (0 —1)(b—a)
Qi\K;

contradicting the minimality of (u;, K;) for j large enough, recalling that § > 1 and
considering that after rescaling the fidelity terms converge to 0 for our competitors.

Note that the competitor does not increase the number of connected components and
therefore the argument remains valid for restricted minimizers.

Step 4 We now prove property (ii) (and come back later to (2.2.5) to complete the
proof of (i)). Fix thus an open set O and a competitor (w,J) as in the statement and
observe that the competitor keeps the same property if we replace O with a larger open
set. In particular, without loss of generality, we can assume that O has a smooth boundary.
Consider now a tubular neighborhood of 0O where the distance function to 9O gives a
smooth foliation. By a Fubini-type argument, we can change slightly the set and assume
that for a subsequence, not relabeled, we have

sup (/ |V |* + HO(K; N 80)) < 0o
DO\K;

J

/ Vof2 + HO(K N00) < oo.
DO\ K

Denote by Os the set Os := {x € O : dist(x,00) > §}. We leave as an exercise to the
reader to show that for each ¢ sufficiently small there is a diffeomorphism &5 of Os onto O
with the property that || D®s —Id||co + || D@5 —Id||co is infinitesimal as § — 0. Enumerate
the connected components of U \ K which intersect 0O and denote them by Uy, ..., Uy.
We leave to the reader to prove the simple fact that, by our definition of the v"’s, there is a
choice of constants p;;’s with the property that, if we define the map 9; on each U; to be
equal to v’ + pji, then there is a suitable sequence d; | 0 and a suitable interpolating pair
(25, J;) on O\ Os, such that

e z; =u; on 00 and J; N 00 = K; N 00;

e z; = 0; 0 ds, on 905, and J; N I0s, = @@1(80 nJ);

o f0\05j Vz;|> +H (J; N (O\ Os,)) = 0as j T oo.

Now, the technical condition in item (ii) of Definition 2.2.2 on the competitor makes sure
that, if x,y € 00 belong to two distinct connected components €2; and Q, of U \ K, then
x,y are in distinct connected components of U \ J. Therefore, given ¢ € U \ J, we define
W;(q) == w(q) + pi if the connected component of U \ J containing ¢ intersects 0O in €,
while we define 0;(q) := w(q) if the connected component of U \ J does not intersect 0O.
We are now ready to define (z;, J;) inside Os; as well: we put J; N Oy, 1= (135_],1(J NO) and
we define z; := w; o ®5,. Observe now that, if the energy of (w,.J) were smaller than that
of (v, K), then for sufficiently large j the energy of (z;, J;) in O would be smaller than that
of (u;, Kj), which is a contradiction.
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In the case of restricted minimizers we split again into two situations, one in which
the number of connected components in O converges to infinity (in which case it can be
shown that the limit is an absolute minimizer) or the one in which the number of connected
components stays bounded. Since the number of connected components of the limit is at
most the limit of the number of connected components of the approximating sequence, the
limit is a restricted minimizer.

Step 5 We next prove (iii). To this aim we first draw some conclusions from (ii).
First of all consider an open set O CC U and assume there is a connected component
A of O\ K whose closure does not intersect dO. Now observe that, if we change the
value of the constant in A, any topological competitor for the new modified function is an
topological competitor for the old function, and viceversa. We can thus assume without
loss of generality that v is identically equal to 0 on any such connected component, and
ultimately on any bounded connected component of U \ K whose closure does not have
some portion of the boundary in common with oU.

Assume now that O intersects K in a finite number of points, that its boundary 0O is
regular and that the restriction of v on each connected component of JO \ K belongs to
W12, Observe that all these properties imply the boundedness of v on 00 \ K. If O’ is a
connected component of O\ K which is not compactly contained in O, v|o, minimizes the
Dirichlet energy among all W2 functions which agree with it on O’N90O. By the maximum
principle we conclude that v is bounded on every such O’. Since we have normalized v to
be 0 on the remaining ones (which do not “touch” 90), we conclude that v is bounded in
O. Ultimately, since for every open A CC U we can easily find a slightly larger O with all
the properties above, we conclude that v is locally bounded.

Consider now €2, as in the statement of point (iii). It then turns out that, for every
A CC Q, the function u, is bounded and has bounded variation in A. Using analogous
reasonings, it is not difficult to see that, upon subtraction of a suitable constant c;, we
conclude as well that u; — ¢; is uniformly bounded and has uniform bound on its BV
norm. Moreover u; — ¢; converge to v — ¢ for some suitable constant c. In particular the
conclusion of point (iii) that u, is a minimizer in A follows from the SBV existence theory
of minimizers, as already argued in Step 2.

In the case of restricted minimizers we argue similarly.

Step 6 In order to show (2.2.5), and hence complete the proof of (i), consider the
measures «; on P'R x R? given by

[ etmyiasina) = [ oK @),
K;

for every ¢ € C.(P'R x U). From now on we use the notation aj = 0r,Kx; @ H L K;.
The convergence in (2.2.5) is equivalent to say that «; converges weakly* to the measure
a =0,k @ H'L K. First of all, up to subsequences we can assume that «; =* (3 for some
measure 3. Secondly, by what proved so far 3(P'R x E) = H'(K N E). In particular,
by the classical theorem on disintegration of measures, we can write 3 = * @ H!' L K,
where 3% is a weakly* measurable family of probability measures on P!R. Thus, (2.2.5) is
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equivalent to 3% = dr,x for H'-a.e. x € K. If the latter conclusion were false, we could
then find a point g where 5% # i1, k, the approximate tangent 7., K to K at xg exists,
and where the rescaled measures $*°" defined by

[ etz =1 [ o (x5 ) dsry)

converges to the product measure 3% x H'L T, K. Observe moreover that, since

lim1 Vul> =0 for H'-a.e. v € K,
rl0 1 Br(z)
we can assume to have selected xy € K such that the last condition holds, as well.
We can now extract a diagonal sequence and find a new sequence of minimizers (4, K i)
with the property that K ; converges to the line ¢ = T, K uniformly on compact subsets,
but the corresponding measures &; = o7, I3 QHLK ; converge weakly* to 37 x H'L{, with

B%0 # §y. Moreover, up to subsequences, (u;, K;) converge to a global generalized minimizer
(¢, 7, p12). Note that necessarily |Va| = 0 vanishes identically. Therefore pjo = oo (as it
follows from Theorem 2.4.1 that the global minimizer is a pure jump).

To fix ideas rotate the coordinates so that ¢ = {(¢,0) : t € R}. For each t € [—2,2]
consider the segment oy 1= {(¢,s) : =1 < s < 1} and define

Ej:={tc[-2,2:0,NK; #0}.

Since for sufficiently large j the @; will be harmonic on [—1,1] x ([-2, —1] U [£,2]) and by
Chebyshev there is always a ¢t € [—2,2] \ £ such that

1
[Vuy[? < Vay[?,
/crz DT A= B e

we must necessarily have |E;| — 4, otherwise we would conclude pip = 0.
Next for each = € K let 6(z) be the angle between the lines ¢ and T, K. Recall that,
by the generalised coarea formula [5, Theorem 2.93],

HY (K N[-2,2]) = > (cosf(z))"dt, (D.0.6)

EJ xEJtﬂf(j

while by the conclusions in item (i)

lim H'(K; N [-2,2]%) = 4. (D.0.7)

j—o0
Define thus Fj := {t € E; : #(0, N K;) = 1} and G, := K; N (Fj x [~2,2]). Then from
(D.0.6) we have

HU(K; 0 [=2,2P) > [Fj + HU(K; 0 (2,27 \ G))) = [Fjl +2|E; \ Fyl.

In particular, from (D.0.7) and |E;| — 4, we conclude |Fj| — 4 and H'(K; N ([~2,2]%\
G;)) — 0. Next, for each § > 0 consider the set

H;:={x € Gj:cosb(x) <1-6}
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and its projection 7,(H;) on ¢. We then have from (D.0.6)
- 1
HUKG 0 [=2,2) = B\ me(H) |+ H(Hy) > |F \ mwe(Hy) | + 37— |me(Hj)l -
In particular, we again conclude from (D.0.7) and |Fj| — 4, that |m,(H;)| — 0 and

H'(H;) — 0. Summarizing, for any positive n > 0 we have
lim H'({z € K;N[-2,2: |T.K; — ¢ >n}) =0.

Jj—o0
This however easily implies that 6, i ® H'LK ; converges to 6, x H'L £ on the open set
(—2,2)?, contradicting our assumption that 5% # §,. O






APPENDIX E

Hirsch’s coarea inequality for Holder maps

In this section we include an elementary observation by Jonas Hirsch, which leads to
a coarea inequality for Holder maps. The argument is similar to that of [28, Theorem
2.10.25] and, in fact, what we need could be concluded directly from the very statement of
[28, Theorem 2.10.25] by selecting an appropriate target metric space Y in there. However
the interesting point is not so much in the argument, but rather in the realization that it is
indeed possible to have a coarea inequality for Holder maps, a fact which we have not seen
anywhere in the literature.

PROPOSITION E. O 1. Le f € C*(R™) and A C R™ closed. For every > 0 there is
then a constant C'(a, B) such that

/Hﬂ Yt nA)dt < C[f]aHPT(A) . (E.0.1)

PROOF Without loss of generality we assume H*™?(A) < oo. Fix i € N\ {0} an almost
optimal 1 cover A with compact sets { Bi}, i.e.

. ; 1
diam (B;) < i (E.0.2)
: 1
3 (diam (B2))*H < O, BYHI(A) + - (E.0.3)
- i
J
The functions . .
)(y) = (diam (B) 15 (v)
are nonnegative and measurable and so is
=>4,
j
So
/gi(y) dy = (diam (B})) AIf( (B;)| <> _[fla(diam BZ))O‘+6
J J
< CLRJH (A) + ).
Note however that .
HL (AN ({y) < ')
Since H. (AN f ({y}) Tt HP (AN F1({y}) and HH(A) + HOHP(A) monotonically, the
desired inequality follows from letting i 1 oo. U
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