
J
H
E
P
0
5
(
2
0
2
6
)
3
0
1

Published for SISSA by Springer

Received: February 8, 2026
Accepted: March 29, 2026

Published: May 27, 2026

Probing the dynamics of stringy flux tubes with large
R-charge

Davide Bonomi ,a Valentina Forini ,b Valentina Giangreco M. Puletti ,c
Luca Griguolo d and Domenico Seminara e

aDeutsches Elektronen-Synchrotron DESY,
Notkestr. 85, 22607 Hamburg, Germany

bInstitut für Physik, Humboldt-Universität zu Berlin and IRIS Adlershof,
Zum Großen Windkanal 2, 12489 Berlin, Germany

cScience Institute, University of Iceland,
Dunhaga 3, 107 Reykjavík, Iceland

dDipartimento SMFI, Università di Parma and INFN,
Gruppo Collegato di Parma,
Viale G.P. Usberti 7/A, I-43100 Parma, Italy

eDipartimento di Fisica, Università di Firenze and INFN Sezione di Firenze,
via G. Sansone 1, 50019 Sesto Fiorentino, Italy
E-mail: davide.bonomi@desy.de, valentina.forini@hu-berlin.de, vgmp@hi.is,
luca.griguolo@unipr.it, seminara@fi.infn.it
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1 Introduction

Wilson loops are gauge-invariant observables that serve as fundamental probes of non-Abelian
gauge theories. In conformal field theories like N = 4 supersymmetric Yang-Mills (SYM),
their vacuum expectation values encode a large set of physical data: a particularly rich
class emerges when the contour develops a cusp, i.e. a point of non-differentiability along
the contour, with a finite opening angle ϕ. Such a behavior induces a specific ultraviolet
divergence, whose strength is governed by the cusp anomalous dimension Γcusp(λ, ϕ, θ) [1–4],
a function of the ’t Hooft coupling λ and of both the geometric angle ϕ and an internal
angle θ associated with a sudden change in the coupling to the scalar fields. Far from being
a regulator artifact, this quantity lies at the center of several core aspects of the theory. It
is intimately related to the Bremsstrahlung function of an accelerated quark [5, 6], controls
the infrared structure of planar scattering amplitudes through the Wilson loop/amplitude
duality [7–10], and can be interpreted as a heavy quark-antiquark potential on the three-sphere
within a specific quantization scheme [3]. In the planar limit, the exact functional form of
Γcusp(λ, ϕ, θ) is accessible through integrability techniques, providing a closed description
for any value of the ’t Hooft coupling [11–13]. Furthermore, the AdS/CFT correspondence
offers a dual geometric description in terms of minimal surfaces in AdS5 × S5 [14, 15], while
supersymmetric localization yields exact results for specific protected BPS cusps [5, 16, 17].

A profound feature of the cusp anomalous dimension, Γcusp(λ, ϕ, θ), is its ability to connect
distinct physical regimes in N = 4 SYM through the simple variation of its opening angle ϕ.
In one extreme, the straight line limit (ϕ→ 0), it corresponds to the scaling dimension of a
local operator in the Defect Conformal Field Theory (DCFT) defined on a Wilson line [18–22].
This framework provides powerful insights into the DCFT’s operator spectrum [23–25]. In the
other extreme, the antiparallel limit (ϕ = π), it directly governs the static quark-antiquark
potential [14, 26, 27]. Thus, a single function elegantly bridges the abstract world of defect
conformal data with the concrete dynamics of a fundamental force law.

A natural generalization of this system involves inserting a non-trivial local operator
at the cusp. Actually, the original integrability-based description of the cusp anomalous
dimension [11, 12] relied on inserting a specific type of operator: a chiral primary with
large R-charge, chosen to be orthogonal to the scalars already coupled to the Wilson loop.
This large R-charge is crucial, as it maps the problem onto an integrable open spin chain
with reflecting boundaries. The Thermodynamic Bethe Ansatz (TBA) equations for this
spin chain then yield the cusp anomalous dimension exactly for any value of the coupling.
The standard cusp anomalous dimension is recovered in the limit where this additional
R-charge vanishes. From a physical standpoint, inserting such an operator in the context
of the quark-antiquark potential corresponds to exciting the system into a state different
from the standard vacuum. In the infinite R-charge limit, this state coincides with the BMN
vacuum [28], see discussion in [18].

One might expect that insertions carrying a small R-charge (small compared to the ’t
Hooft coupling) would only perturb the quark-antiquark flux tube slightly, leading to a minor
correction of the effective Coulomb charge that governs the interaction potential at both
strong and weak coupling. However, integrability-based computations of the cusp anomalous
dimension at large R-charge [11, 29] show no evidence of a singularity in the antiparallel limit

– 2 –



J
H
E
P
0
5
(
2
0
2
6
)
3
0
1

ϕ→ π, which is a distinctive feature of the standard potential. This suggests a non-trivial
interplay between the R-charge and the physics of the flux tube. So far, detailed studies of
the strong coupling regime, employing the AdS/CFT correspondence [29], supersymmetric
localization [30, 31], and the quantum spectral curve technique [13], have largely been confined
to near-straight line or near-BPS configurations. This motivates an extensive investigation of
the cusp anomalous dimension with R-charge for general values of the parameters. In this
work, we focus on insertions constructed from scalars orthogonal to the Wilson loop. We
perform a comprehensive analysis of this system using its dual string description in AdS/CFT,
which includes studying the one-loop fluctuations around the classical string solutions.

1.1 Setup: cusped Wilson loop with scalar insertions

In this work, we study a generalized cusped Wilson loop operator in N = 4 supersymmetric
Yang-Mills (SYM) theory. The operator consists of two rays meeting at a cusp with opening
angle ϕ, where we insert L copies of a specific complex scalar field Z = Φ1 + iΦ2 at the
cusp point. The scalar coupling along each ray is specified by different directions in the
internal SO(6)R space: the first ray couples to scalars projected along a direction n⃗q, while
the second ray couples to scalars projected along n⃗q̄, with an internal angle θ between
them (cos θ = n⃗q · n⃗q̄). The operator is explicitly written as [11, 12]

WL = Tr

P exp
{ˆ 0

−∞
dt
[
iA · ẋq + Φ⃗ · n⃗q |ẋq|

]}
ZL(0)P exp

{ˆ ∞

0
dt
[
iA · ẋq̄ + Φ⃗ · n⃗q̄ |ẋq̄|

]},
(1.1)

where P denotes path ordering, xq(t) and xq̄(t) parameterize the two rays and the complex
scalar Z = Φ1 + iΦ2 is chosen to be orthogonal to both Φ⃗ · n⃗q and Φ⃗ · n⃗q̄.

The bare cusp and conformal mapping. For L = 0, the expectation value of the cusped
Wilson loop exhibits a logarithmic divergence,

⟨W0⟩ ≃ e−Γcusp(λ,ϕ,θ) log Λ
ϵ , (1.2)

where Γcusp(λ, ϕ, θ) is the generalized cusp anomalous dimension, and Λ and ϵ denote IR
and UV cutoffs, respectively.

This system can be mapped via a conformal transformation to ℝ× S3, where the cusped
Wilson loop becomes a pair of antiparallel lines separated by an angle π − ϕ along a great
circle of S3, with opposite time orientation. In this picture, the expectation value computes
the potential V (λ, ϕ, θ) between two heavy static sources propagating over a large time T :

⟨Wlines⟩ ≃ e−TV (λ,ϕ,θ). (1.3)

Conformal invariance relates the two descriptions via

Γcusp(λ, ϕ, θ) = V (λ, ϕ, θ), (1.4)

which allows one to recover the standard quark-antiquark potential in flat space as ϕ→ π

(see, e.g., [3] for details).
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n⃗q̄

ϕ
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⟨L|

Figure 1. Cusped Wilson line with opening angle ϕ and a ZL insertion, see equation (1.1). The
two line segments in the figure couple differently to the scalar fields, corresponding to an angle θ in
an internal space. Using a conformal transformation, this configuration can be mapped to a pair of
antiparallel Wilson lines on the cylinder ℝ× S3, as in the figure on the right.

Insertions as excitations of the flux tube. When L > 0 scalar insertions are present,
the L-dependent generalized cusp anomalous dimension ΓL(λ, ϕ, θ) defined by

⟨WL⟩ ≃ e−ΓL(λ,ϕ,θ) log Λ
ϵ (1.5)

has been shown to satisfy a Thermodynamic Bethe Ansatz (TBA) system in which L plays
the role of the volume [11, 12]. The L = 0 case is recovered in the limit of vanishing volume.
In the ℝ× S3 picture, the insertions ZL impose nontrivial boundary conditions at past and
future infinity, effectively placing the quark-antiquark system in an excited state with non-zero
R-charge (see figure 1). Consequently, ΓL(λ, ϕ, θ) can be interpreted as the interaction energy
of two heavy particles immersed in a constant R-charge background.

Strong coupling dual. The AdS/CFT correspondence provides a dual geometric description
in terms of strings in AdS5 × S5. For large R-charge L, the system admits a semiclassical
description in which the string carries angular momentum on S5 [5, 18, 29]. More precisely,
the expectation value ⟨WL⟩ can be obtained from the large-L limit of the defect two-point
function ⟨Z̄L(∞)ZL(0)⟩W0 , where the scalar fields are inserted in the Wilson line (1.2). In
this limit, the cusp anomalous dimension ΓL(λ, ϕ, θ) is given by the Legendre transform
of the classical string area with respect to the conserved R-charge L [15, 32, 33] (see also
discussion in [30, 31]).1

1In the L = 0 case, the cusp anomalous dimension is proportional, at strong coupling, to the on-shell
worldsheet action [3]. When L insertions are present, the relevant semiclassical saddle must be projected onto
a state of fixed angular momentum L. As discussed in [32], this projection replaces the classical action by
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1.2 Summary and results

We have conducted a thorough analysis of the classical string solution dual to the cusped
Wilson loop operator WL and of its quadratic fluctuations, extending previous investiga-
tions [29, 34],2 while clarifying several physical aspects that were previously overlooked.
Our study focuses on the interplay between the geometrical parameters of the cusp and
the effects of the R-charge insertion L.

Semiclassical regime and parametrization. In the semiclassical regime, in which L ∼
g =

√
λ

4π , it is convenient to define the rescaled R-charge parameter

L ≡ L

4g , (1.6)

which, together with the geometric opening angle ϕ and the internal scalar angle θ, controls
the cusp anomalous dimension. Solving the string equations of motion subject to appropriate
boundary conditions leads to a solution parameterized by four auxiliary parameters: n, m
(associated with the AdS5 part) and nL, mL (associated with the S5 part). These are related
to the physical parameters through the following equations

ϕ = π − 2
√
1− n

√
n−m√
n

[
Π(n|m)−K(m)

]
, (1.7)

θ = 2
√

(1− nL)(nL −mL)
nL

Π(nL|mL), (1.8)

L =
√
nL

mL

[
K(mL)− E(mL)

]
, (1.9)

in terms of elliptic functions defined in appendix E.

Effective R-symmetry angle and consistency. The apparent mismatch between the
number of parameters in the classical string solution and in the dual gauge theory operator
is resolved by introducing an effective R-symmetry angle Θeff(θ,L). This quantity emerges
from the consistency condition between the AdS5 and S5 parts of the worldsheet evolution:

2
√
1− n−mK(m) = Θeff(θ,L) , (1.10)

see section 2.3.
The energy of the classical solution, which gives the leading strong-coupling contribution

to the cusp anomalous dimension ΓL(λ, ϕ, θ), depends only on ϕ and Θeff, and not separately
on θ and L:

E ≡ E

4g = 1√
n−m

[
(1−m)K(m)− E(m)

]
. (1.11)

the Hamiltonian governing evolution in global AdS time. Equivalently, fixing L via a Legendre transform
leads to a Routhian [33] that coincides exactly with the physical energy of the string configuration. The
exponential behavior of the cusped Wilson loop is therefore controlled by this energy, yielding ΓL(λ, ϕ, θ) = E

at strong coupling.
2In [34] there is no presence of R-charge insertions; the solution of [29] has been studied only in the near

BPS limit.
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Figure 2. Critical curve, defined implicitly by Θeff(θ,L) = π, for the cusp internal angle θ as a
function of the rescaled R-charge L. The shaded region in light blue corresponds to Region AL, the
light gray one to Region BL.

Two regimes of parameter space. The interpretation of Θeff as an angular variable leads
to a natural division of the parameter space into two distinct regimes:

• Region AL: Θeff(θ,L) < π. Here, the energy functional coincides with that of the
generalized cusp solution without R-charge insertion [3], provided one substitutes
θ → Θeff. The insertion effectively dresses the internal scalar angle.

• Region BL: Θeff(θ,L) > π. In this region, the effect of the R-charge cannot be
absorbed into a simple redefinition of θ; the solution changes character qualitatively
and connects to the large charge regime studied in [11, 12, 18].

The implicit curve in the plane (L, θ) defined by the value Θeff(θ,L) = π is represented in
figure 2. We have determined that there exists a critical value Lmax

c ≃ 0.6986882(5) such
that for L > Lmax

c one is always in region BL, regardless of θ.

The antiparallel limit and flux-tube interpretation. The limit ϕ→ π corresponds to
antiparallel lines in flat space and reveals a striking difference between the two regimes:

• In region AL, the energy exhibits a Coulomb-like divergence:

E(A) = E(A)
Cas

π − ϕ
+ b(A) (π − ϕ) +O

(
(π − ϕ)3

)
, (1.12)

where E(A)
Cas is a function of Θeff that monotonically decreases from a positive value

at Θeff = 0 to zero at Θeff = π (the latter point formally coincides with the BPS
configuration [3]). From the viewpoint of the inserted R-charge, this implies that for
any fixed θ there exists a critical Lc(θ) at which the Coulomb potential dynamically
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vanishes — a phenomenon interpreted in earlier flat-space studies as the “ionization”
of a quarkonium bound-state [35]. The explicit form of the energy in this region is
in (3.6).

• In region BL, the energy remains finite as ϕ→ π:

E(B) = ∆(B) + β (π − ϕ)2 +O
(
(π − ϕ)4

)
, (1.13)

with ∆(B) = 0 precisely at the transition line Θeff = π, ensuring continuity of the
energy across the two regions even in the antiparallel limit. Equation (3.7a) displays
the explicit expression for the energy in this region.

It is also instructive to contrast this behavior with expectations at weak coupling. For the
ordinary cusp without insertions (L = 0), perturbation theory yields the familiar Coulomb-like
divergence in the antiparallel limit ϕ→ π, corresponding to the standard quark-antiquark
potential [3]. When scalar insertions with fixed R-charge L > 0 are present, however, the
leading perturbative contribution to the generalized cusp anomalous dimension [11] appears
only at order λL+1.3 This indicates that, for any fixed L > 0, the weak-coupling behavior is
already qualitatively similar to our Region BL, where the Coulomb pole is absent and the
energy remains finite as ϕ→ π. All this suggests that the transition between Regions AL and
BL observed at strong coupling might persist at weak coupling, and may reflect a genuine
large-charge phenomenon emerging when L ∼

√
λ rather than at fixed L.

Critical scaling. The behavior near the critical line L = Lc(θ) is non-analytic. Expanding
on either side we find

E(A)
Cas = CA (Lθc − L)3/2 +O

(
(Lθc − L)5/2

)
, (1.14)

∆(B) = CB (L− Lθc)1/2 +O
(
(L− Lθc)3/2

)
, (1.15)

where for compactness of notation we have defined Lθc ≡ Lc(θ). These scaling forms highlight
the different nature of the solutions in the two regimes and signal a genuine transition in
the classical string configuration as the effective angle Θeff crosses π.

Expansions in different regimes. We have verified that our expressions reproduce known
results in several limits. In region BL, our solution matches the large-charge expansion
of [11, 12] and correctly yields the leading Lüscher correction to the BPS energy. Furthermore,
we have successfully compared our small-angle expansions with those presented in earlier
works [29, 36], finding complete agreement. We have also extended the analysis of the
large-charge limit by computing explicitly the next two subleading exponential corrections
to the energy, see (3.26).

3In this case the angular dependence involves Bernoulli polynomials, see section 2.4.1, eq. (45), in [11]. They
vanish linearly as ϕ→ π, cancelling an explicit 1/ sinϕ factor and yielding a finite result in the antiparallel limit.
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Quantum fluctuations and normal modes. The next step of our investigation concerns
the spectrum of the quadratic quantum fluctuations around the classical string solution, dual
to the cusped Wilson loop with R-charge insertions. We focus on its semiclassical (WKB)
approximation and its behavior in several physically interesting limits.

The eight physical transverse bosonic fluctuations ξi (i = 1, . . . , 8) around the classical
string background satisfy a system of coupled differential equations that can be schematically
written as

Kij ξ
j = 0, i, j = 1, . . . , 8, (1.16)

where the operator matrix Kij is obtained following the general procedure outlined in [37, 38].
The system naturally decomposes into two sectors:

• Uncoupled modes (i = 1, . . . , 4): these four modes are diagonal and can be quantized
exactly by mapping the problem to Schrödinger equations with Lamé potentials.

• Coupled modes (i = 5, . . . , 8): the exact quantization of these modes is considerably
more challenging due to the presence of both a non-diagonal mass matrix and a non-
trivial SO(4) connection on the normal bundle. A possible approach toward their
systematic WKB treatment is discussed in appendix D.2.

Given these difficulties, we have employed the WKB approximation to study all bosonic
frequencies, while obtaining more precise results for the uncoupled sector. For large quantum
numbers ℓ≫ 1, we find a universal asymptotic expression for the physical frequencies. At
leading order, it reads

ωphys,ℓ =
πℓ

2
√
n−mK(m)

, ℓ ∈ ℕ. (1.17)

This formula serves as the starting point for our analysis of various regimes.

The antiparallel limit. As with the classical energy, the limit ϕ → π (corresponding to
antiparallel lines in flat space) exhibits markedly different behaviors in regions A and B.

Region AL: From the exact quantization condition for the uncoupled modes, we obtain
at leading order

ω
(A)
phys,ℓ =

πℓ
[
E(m)− (1−m)K(m)

]
√
m(1−m)K(m) (π − ϕ)

, (1.18)

where m ∈ (0, 12) is a solution of the consistency condition in the antiparallel (n→ m) limit,
equation (3.4), and parameterizes the position along the transition line between the two
regions (see figure 2). The singular factor 1/(π − ϕ) corresponds, in the decompactification
limit, to the expected 1/Lsep dependence on the distance Lsep between the two lines.

Setting m = 1/2 recovers the result of [34] for the standard quark-antiquark flux tube:

ω
(A)
phys,ℓ

∣∣∣
m=1/2

= 8π3ℓ
Γ(1/4)4 (π − ϕ) , (1.19)

upon the identification of π − ϕ with the distance between the heavy static particles.
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Region BL: In this regime, at leading order, the frequencies remain finite as ϕ→ π:

ω
(B)
phys,ℓ =

πℓ

2
√
−m̂K(m̂)

, (1.20)

where m̂ < 0 is the solution of the consistency condition in this region, equation (3.8), and
parameterizes the transition point from the B side. This finiteness contrasts sharply with
the divergent behavior in region AL. The same behavior is found for the coupled modes in
the WKB approximation, since the antiparallel limit is ultimately controlled by the constant
velocity κ =

√
(n−m)/(1− n−m) that governs the evolution of the decompactified global

time, see (2.2).

Critical scaling near Lθ
c . A further interesting aspect is the behavior of the bosonic

fluctuations near the critical line L ∼ Lθc . There, the normal mode frequencies exhibit a
characteristic scaling behavior that mirrors that of the classical energy.

• Region AL: Here we are approaching the blue line in figure 2 from below. The
coefficient of the pole at ϕ = π vanishes as L → Lθc :

ω
(A)
phys,ℓ ∼

ℓ

π − ϕ

√
2π
3

4

√
mc
L

mc
L(ncL − 1) + ncL

√
Lθc − L , (1.21)

where ncL and mc
L denote the values of nL, mL at the critical point.

• Region BL: Slightly above the blue transition curve, the finite frequencies diverge as
(L− Lθc)−1/2:

ω
(B)
phys,ℓ ∼

ℓ
√
π 4
√
mc
L(ncL − 1) + ncL

2
√
2 4
√
mc
L

√
L− Lθc

. (1.22)

This divergence originates from the factor κ mentioned above, which itself becomes
singular at the critical point.

Large L expansion and connection to BMN. To connect with earlier literature and
to clarify the quantum fluctuations of the R-charged cusp, we have also studied the bosonic
frequencies in the large-L limit. We expected, and indeed found, a relation to the BMN
picture that underlies the integrability framework of [11, 12]. Expanding the one-loop
frequencies of the uncoupled transverse fluctuations for L ≫ 1 and ℓ ≫ 1, keeping fixed
the ratio η =

√
λ ℓ
L , we obtain

ωℓ =

√
1 + π2η2

4 +O

( 1
L

)
. (1.23)

This matches precisely the spectrum of an open string in a pp-wave background [18]. For the
coupled modes (for which we can only perform a WKB analysis, corresponding effectively to
take η ≫ 1) we reproduce as expected the leading order of the expansion in η of (1.23).
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Frequency densities and decoupling from the cusp. To further elucidate the relation
between exact frequencies ωℓ and the quantum number ℓ at large L, we have introduced
“frequency densities” ρω (for AdS5 modes) and ρ̃ω (for S5 modes) following [31]:

ℓ =
ˆ ωℓ

ω0

ρω(ω) dω, ℓ ∈ ℕ, (1.24)

and similarly for ρ̃ω. We find that the physical angles ϕ and θ contribute to both ρω and ρ̃ω
only via exponentially suppressed terms at large L. This indicates that the string fluctuations
effectively decouple from the cusped Wilson loop geometry in the large L limit — a fact
anticipated from earlier studies [11, 12]. In other words, the leading terms in the frequency
densities agree with those for a straight Wilson line [18, 31], and the effective quantization
condition becomes independent of the cusp angles up to exponentially small corrections.

1.3 Discussion and outlook

It is instructive to compare our results with earlier related investigations. In the L = 0
case studied in [34], the frequencies (1.19) were interpreted as excitations of quark-antiquark
bound states near the dissociation threshold E = 0 at strong coupling (

√
λ ≫ 1). The

authors argued that the flux-tube dynamics at strong coupling differs dramatically from its
weak-coupling counterpart: the string in AdS5 possesses a rich spectrum of discrete energy
levels between the ground state (determined by the Coulomb potential) and E = 0, reflecting
the many internal degrees of freedom of a fluctuating flux tube. Finding no evidence for
such bound states at weak coupling, they concluded that a critical coupling λc must exist,
above which these excitations emerge. Remarkably, our transition line Θeff = π corresponds
precisely to configurations with zero classical string energy, consistently with their picture.

Another setup we consider for comparison is the following. In the D3–D7 brane system
of [35]4 — which describes dynamical quarks interacting with scalar bosons — a similar
interaction potential was derived. In that context, the fluctuation modes of the string should
be viewed as excitations of a generalized quarkonium system near dissociation. However, [35]
did not analyze the behavior of quantum fluctuations, nor the region corresponding to our
region BL, where the bound state disappears and the interpretation of (1.20) becomes less
straightforward.

On the other hand, both [34] and [35] effectively overlooked region BL: in the former it
reduces to a single point, while in the latter the dynamical quark mass begins to dominate.
In contrast, we have shown that the qualitative distinction between regions AL and BL

persists at the quantum level. This indicates that the classical transition is not washed
out by one-loop effects, even though a complete analysis would require exact closed-form
expressions for all fluctuation frequencies.

Coming back to the fluctuation spectra discussed in this work, they are naturally defined
in global AdS5, whose boundary is ℝ× S3. As a result, all frequencies are initially measured
in units of the inverse curvature radius a of the three-sphere. The flat-space quark-antiquark
potential is recovered only after taking the decompactification limit a → ∞ while keeping
the physical separation Lsep = a(π − ϕ) fixed. In this limit, the distinction between the
two regimes becomes sharp. In Region AL, the physical fluctuation frequencies scale as

4The analysis of [35] has been largely inspired by [39]. Despite the similarities, there is a crucial difference
between [39] and [35] (and thus between us) on the boundary conditions imposed on the rotational angle in S5.
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ωphys ∼ 1/(π−ϕ), so that the factor of a cancels and finite flux-tube excitations survive in flat
space, in agreement with the standard picture of a string stretched between two static sources.
In Region BL, by contrast, the frequencies approach a constant as ϕ → π and therefore
scale as ωphys ∼ 1/a, vanishing in the decompactification limit. This behavior signals that
Region BL is dominated by large R-charge dynamics: the classical string effectively localizes
in the AdS directions while remaining extended on the internal S5, and its excitations are
governed by the global curvature scale a rather than by the quark-antiquark separation
Lsep. Such modes are analogous to BMN excitations of semiclassical strings carrying large
angular momentum [28, 40, 41], and to local excitations of defect states in large-charge
sectors of defect CFTs [31].

Operator insertions have been used to describe scattering amplitudes on the Coulomb
branch of N = 4 SYM via cusped Wilson lines [10, 42]. This approach reveals deep connections
between the cusp anomalous dimension, Regge-limit behavior, and the spectrum of flux-tube
excitations. In particular, subleading Regge trajectories are encoded by specific operator
insertions at the cusp, involving scalars whose couplings are either parallel or orthogonal
to the Wilson loop [43, 44]. Using quantum spectral techniques, in [44] the authors show
that the coefficient of the Coulomb potential in the presence of parallel insertions vanishes
below a certain critical λ̂c, becomes finite above it, and asymptotes to the value without
insertions as λ→ ∞. Our analysis is consistent with this picture: our large-L regime (region
BL) corresponds parametrically to weak coupling (where R-charge is a finite integer and
λ is small), and indeed we find no Coulomb potential there, with quantum fluctuations
being of BMN type. Conversely, for small L (or large

√
λ at fixed integer L), a flux tube

emerges and the Coulomb coefficient approaches its standard L = 0 value. Although the
nature and strength of the operator insertions differ between the two setups, we believe the
underlying transition shares a common origin.

Cusped Wilson loops also provide a tool for studying the fusion of conformal defect
lines [45, 46]. The antiparallel limit ϕ→ π relates to the effective field theory of defect fusion,
yielding explicit predictions for the leading terms in the expansion. Inserting a local operator
promotes this fusion from occurring in the vacuum to taking place in an excited state [46].
We briefly discuss this scenario at strong coupling in section 5, where we also propose a
prediction, see equation (5.32), for the asymptotic spectrum of defect three-point functions
involving heavy bulk operators in the presence of a straight Wilson line with ZL insertions.

Several direct extensions of our work present themselves as natural next steps. The
most concrete follow-up would be to study the system using the Quantum Spectral Curve
technique. This would determine whether the transition we observed at strong coupling
persists at intermediate coupling and for finite values of the R-charge. Such an analysis
could reveal whether the classical transition corresponds to a genuine effect in the full
quantum theory, or is merely an artifact of the semiclassical approximation. Understanding
the quantum field theory origin of the two distinct regimes remains an open challenge. One
promising approach would be to identify specific classes of Feynman diagrams that dominate
the generalized quark-antiquark potential in a suitable limit.5 Such a diagrammatic analysis
might elucidate how the transition emerges from the microscopic dynamics of N = 4 SYM.

5In [47], a fishnet-like class of diagrams was used to study the all-coupling behavior of a related system.
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From the string theory perspective, it would be interesting to study correlation functions
involving operator insertions on the cusped Wilson loop. These correlators could probe
aspects of the transition not captured by the vacuum expectation value alone, potentially
revealing signatures in higher-point functions or in the operator product expansion.

More ambitiously, one could explore whether large orthogonal insertions play a role
in the description of scattering amplitudes on the Coulomb branch of N = 4 SYM. The
connection between cusped Wilson loops and Regge trajectories [43, 44] suggests that our
findings might have implications for the high-energy limit of amplitudes in the presence
of vacuum expectation values.

Recently, Thermodynamic Bethe Ansatz (TBA) equations for the cusp anomalous di-
mension have been derived in ABJM theory [48]. In that context, operator insertions at
the cusp have only been studied at leading order in weak coupling. It would be valuable to
explore their effects on the quark-antiquark potential in ABJM, both to uncover universal
features and to identify theory-specific aspects of the transition.

The paper proceeds as follows. In section 2 we review the classical string solution
dual to the generalized cusped Wilson loop and fix our conventions and parameters. In
section 3 we study the main kinematical regimes of the classical solution, including the
antiparallel lines limit, the near-BPS limit, and the large L expansion. Section 4 contains the
quantum analysis: we set up the quadratic fluctuation problem, derive the corresponding
frequency/quantization conditions, and analyze them in the relevant limits, with particular
emphasis on the antiparallel lines regime and on the large L (BMN-type) expansion. In
section 5 we discuss the field-theory interpretation, focusing on the small-angle limit in terms
of integrated correlators and on the antiparallel lines limit in terms of defect fusion. Several
technical details are collected in the appendices: Appendix A summarizes the classical setup
and the relation to parameterizations used in the literature; appendix B collects explicit
expansions of the classical energy in the various regimes; appendix C presents the full bosonic
and fermionic fluctuation operators derived from the Green-Schwarz action; appendix D is
devoted to the analysis of fluctuation frequencies; appendix E collects conventions and useful
formulae for elliptic functions employed throughout the paper.

2 The classical string solution

In this section we review the classical string solution dual to the Wilson loop WL in (1.1) [5,
18, 29], referring to appendix A for some details. In terms of embedding coordinates, the
ansatz for the classical solution reads

AdS5 : X1+iX2=coshρ(σ)eiκτ , X3+iX4=sinhρ(σ)eiφ(σ), X5=X6=0,
S5 : Y1+iY2=cosψ(σ)eiγτ , Y3+iY4=sinψ(σ)eiϑ(σ), Y5=Y6=0,

(2.1)

where we have set the AdS (and S) length to 1. Above, Y1 and Y2 are turned on to account
for the insertion of ZL = (Φ1 + iΦ2)L at the cusp vertex, while Y3 and Y4 represent the two
scalars, Φ3 and Φ4, which in our case are chosen to appear in the generalized connection of the
Maldacena-Wilson loop (1.1). The ansatz (2.1) probes an AdS3×S3 subspace.6 Equivalently,

6In the ansatz (2.1), with the choice X5 = X6 = 0 and Y5 = Y6 = 0 one exploits the invariance under
rotation in the two spheres complementary to the AdS3 × S3 subspace.

– 12 –



J
H
E
P
0
5
(
2
0
2
6
)
3
0
1

given the AdS5 × S5 parametrization (A.2), it can be written as

t = κ τ, ρ = ρ(σ), φ = φ(σ), x1 = 1, y1 = 0 ,
ν = γ τ, ψ = ψ(σ) , ϑ = ϑ(σ), x2 = 1, y2 = 0 .

(2.2)

Worldsheet coordinates are τ ∈ ℝ and σ ∈ [−s/2, s/2]. The range s of σ is determined
dynamically, as we explain in details in the following subsections. The decompactified global
time (−∞ < t < ∞) evolves with constant velocity κ and the AdS boundary, where the
Wilson loop is defined, is reached at infinite radial direction ρ→ ∞. The geometrical and
internal angles, ϕ and θ respectively, are described respectively by the φ-rotation in the
(X3, X4)-plane and the ϑ-rotation in the (Y3, Y4)-plane, with φ ∈ [0, 2π) and ϑ ∈ [0, 2π).
The R-charge L of the inserted operator ZL is realized as conserved angular momentum
associated to a uniform ν-rotation in the (Y1, Y2)-plane characterized by constant γ, with
ν ∈ [0, 2π) and ψ ∈ [0, π2 ). Notice that, within S5, the rotations in θ and in ν take place in
mutually orthogonal planes. The boundary conditions of the problem are such that, at the
AdS boundary ρ(±s/2) → ∞, the cusp width in AdS5 and in S5 reach their limiting values:
φ(s/2) = π − ϕ/2, φ(−s/2) = ϕ/2, ψ(±s/2) = π/2 and ϑ(±s/2) = ±θ/2.7 The parameter
κ in (2.2) can be restricted to positive values, since a change of sign can be absorbed into
the redefinition τ → −τ . Likewise, we choose γ > 0 in (2.2), as it controls the sign of L (see
eq. (A.10)), which in our setup is taken to be positive.

To make contact with the relevant literature and obtain compact expressions for the
Noether charges and the integrals of motion of the problem [29], it is useful to proceed with
the parametrization and metric in (A.5)–(A.6), corresponding to the identification

sinh ρ = r , sinψ = ρ̃ . (2.3)

The bosonic part of the GS string action is

Sb = − 1
4πℓ2s

ˆ
dσ dτ

√
hhαβ∂αX

µ∂βX
νGµν , (2.4)

where the hαβ is the worldsheet metric (with curved indices α = 0, 1), Gµν the target-
space metric (with curved indices µ, ν = 0, . . . , 9), and here Xµ represents collectively the
embedding coordinates. In conformal gauge, using the metric (2.1) and the ansatz (2.2),
then string Lagrangian reads

Lb =
g

2

[
κ2(1 + r2) + r′2

1 + r2
+ r2φ′2 − γ2(1− ρ̃2) + ρ̃′2

1− ρ̃2
+ ρ̃2ϑ′2

]
≡ LAdS3 + LS3 , (2.5)

where we have included the overall factor

g := 1
4πℓ2s

=
√
λ

4π

in Lb (the AdS radius is set to 1), and primes denote derivatives with respect to σ. The
Lagrangian Lb naturally splits into two separate pieces, LAdS3 and LS3 , whose corresponding

7In the case of ψ(±s/2), we have a shift of π/2 with respect to the notation of [18].

– 13 –



J
H
E
P
0
5
(
2
0
2
6
)
3
0
1

Hamiltonians, HAdS3 and HS3, are separately conserved. The dynamics is further constrained
by the Virasoro condition

HAdS3 +HS3 = r′2

1 + r2
+ r2φ′2 − κ2(1 + r2) + ρ̃′

2

1− ρ̃2
+ ρ̃2ϑ′2 + γ2(1− ρ̃2) = 0 , (2.6)

which makes the induced metric conformally flat

hαβ = e2Λ(σ)ηαβ , e2Λ(σ) = κ2(1 + r2)− γ2(1− ρ̃ 2) = κ2 cosh2 ρ− γ2 cos2 ψ . (2.7)

Above, we used (2.3) in the last step, to have the Weyl factor 2Λ(σ) written in both the
parametrizations used in this paper. There are also two cyclic coordinates, φ and ϑ, which
give rise to two conserved (σ-conserved) canonical momenta,

r2φ′ = ℓφ and ρ̃2ϑ′ = −ℓϑ. (2.8)

Substituting these relations into the conserved Hamiltonians, we obtain two first-order
differential equations for r and ρ̃

HAdS3 = r′2

r2 + 1 +
ℓ2φ
r2

− κ2(1 + r2) = −1 , (2.9)

HS3 = ρ̃′2

1− ρ̃2
+ ℓ2ϑ
ρ̃2

+ γ2(1− ρ̃2) = 1. (2.10)

Here we have used the invariance of our ansatz under a rescaling of σ and τ by a common
positive constant c0, together with a rescaling of the parameters ℓφ and ℓϑ by 1/c0, to fix
the constant values of the Hamiltonians to ∓1 [11].8

2.1 AdS5 sector

We now trade the parameters κ, ℓφ of the solution in AdS5 for two modular parameters n
and m that govern the elliptic integrals appearing in the solution,9

n ≡ 1
2 + κ2 − 1

2
√
∆

, m ≡ 1
2 − κ2 + 1

2
√
∆

, ∆ ≡ (κ2 − 1)2 + 4κ2ℓ 2φ . (2.11)

Given that ∆ ≥ 0 and
√
∆ ≥ |κ2 − 1|, the two auxiliary parameters in (2.11) have the range

0 ≤ n ≤ 1 , m ≤ 1
2 , (2.12)

and the following inequalities hold

n−m = κ2√
∆

≥ 0, 1− n−m = 1√
∆

≥ 0 . (2.13)

8The vanishing of the Virasoro constraint ensures that the two integration constants are opposite [49].
Moreover, the right-hand side of the HS3 equation must be positive, since its left-hand side is positive definite
for ρ̃ ⩽ 1.

9The vanishing of ∆, i.e. when κ2 = 1 and ℓϕ = 0, corresponds to a singular point in the above
parametrization. While m always diverges to −∞, the behavior of n depends on the relative scaling between
(κ2 − 1) and ℓϕ. For instance, if κ2 → 1+ and the ratio (κ2 − 1)2/ℓϕ remains finite, the system approaches the
straight line configuration.
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Both of these parameters vanish as κ approaches zero; however, their ratio n/m remains
finite and, in this limit, it is equal to ℓ2φ

ℓ2φ−1 . It is useful to write also the inverse relations
among the two sets of parameters, that is

κ2 = n−m

1− n−m
, ℓ2φ = n(1− n)

(n−m)(1−m− n) . (2.14)

Rather than σ, one can use φ to parameterize the spatial direction of the worldsheet [3].
The equation (2.9) for the AdS radial coordinate r takes then the form

(∂φr)2 =
r2(r2 + 1)
(1− n)

(
r2
(
1− m

n

)
+ 1

) (
r2 (n−m)− 1 + n

)
. (2.15)

Because of (2.12) and (2.13), only the last factor above can vanish. Then

rmin =
√
1−n√
n−m (2.16)

is the minimal value, or deepest penetration of the minimal surface in the AdS bulk. Notice
that this is reached at σ = 0.

Equation (2.15) can be inverted and solved for the cusp angle φ. We choose φ to span
the interval ϕ

2 ⩽ φ ⩽ π − ϕ
2 , so that the geometric opening of the cusp is π − ϕ. The bulk

turning point rmin is obtained when φ = π
2 , the midpoint of the interval. For the branch

of the surface where φ runs from ϕ
2 to π

2 , one can then write

φ(r) = ϕ

2 +
ˆ ∞

r2

dy
√
n(1− n)

2y
√
(y + 1)

(
y (n−m) + n

) (
y (n−m)− 1 + n

) , (2.17)

where the integral has been put in a standard elliptic form. We perform the integral assuming
the following ordering of the roots in the denominator: r2 > 1−n

n−m > − n
n−m > −1, which is

equivalent, due to (2.12) and (2.13), to assume m > 0. One then obtains

φ(r)= ϕ

2+
√
1−n√n−m√

n

[
Π
(
n;ξ |m)−F (ξ |m)] , ξ=arcsin

(√
1

r2(n−m)+n

)
. (2.18)

The other possible ordering (r2 > 1−n
n−m > −1 > − n

n−m) corresponds to negative values of m
in the elliptic functions appearing above. At the bulk turning point rmin =

√
1−n√
n−m , it is ξ = π

2
and φ(rmin) = π

2 . This boundary condition determines then ϕ in terms of n and m as

ϕ = π − 2
√
1− n

√
n−m√
n

(
Π
(
n|m)−K(m)

)
. (2.19)

The invariance under global time translations in AdS5 (Kt = ∂t) fixes the conserved energy
density and the corresponding conserved charge. The resulting integral is power-like divergent
and only the finite part (f.p.) should be retained,

E =
[ˆ s/2

−s/2
dσΠ0

t

]
f.p.
= 2gκ

[ˆ s/2

−s/2
dσ(1 + r2(σ))

]
f.p.
= 2g


ˆ ∞

rmin

dx
√
x+ 1√(

x+ n
n−m

) (
x− 1−n

n−m

)

f.p.

(2.20)
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Introducing a cut-off x = 1/ϵ2, expanding for ϵ → 0 and dropping the purely divergent
part [3], one obtains

E ≡ E

4g = 1√
n−m

(
(1−m)K(m)− E(m)

)
. (2.21)

Taking into account the relations (A.26), these are formally the same expressions of ref. [3].
Since all classical conserved charges are proportional to g ∼

√
λ, in what follows it is more

natural to work with the rescaled variable E introduced above.10

Finally, the range of the wordsheet coordinate σ is fixed by integrating dσ = dr/r′ with
r′ given by the solution of (2.9) (i.e. (A.11)). We obtain

sAdS5= 2
ˆ ∞

rmin

r dr
√
n−m

√
1− n−m√

(r2 + 1)
(
r2(n−m) + n

)(
r2(n−m)− 1 + n

) = 2
√
1− n−mK(m).

(2.22)

2.2 S5 sector

Two convenient auxiliary moduli, functions of the parameters γ and ℓϑ of the solution in
S5, are in this case defined as11

nL ≡ 1
2 + 1−

√
∆L

2γ2 , mL ≡ 1− 2
√
∆L

γ2 + 1 +
√
∆L

, ∆L ≡ (γ2 − 1)2 + 4γ2ℓ 2ϑ . (2.23)

They obey the following inequalities

nL

mL
= γ2 + 1 +

√
∆L

2γ2 ⩾ 1, 1 +mL

(
1− 1

nL

)
= 2
γ2 + 1 +

√
∆L

⩾ 0 . (2.24)

Since the three terms in equation (2.10) are non-negative for ρ̃2 ⩽ 1,12 and sum to 1, one
has in particular ℓ2ϑ/ρ̃2 ⩽ 1. Hence ℓ2ϑ ⩽ 1. Using the inverse relations

γ2 = mL

nL −mL(1− nL)
, ℓ2ϑ = (1− nL)(nL −mL)

nL −mL(1− nL)
, (2.25)

combined with the inequalities (2.24), the requirements γ2 ≥ 0 and 0 ⩽ ℓ2ϑ ⩽ 1 translate
into the following ordering for the moduli mL and nL

0 ⩽ mL ⩽ nL ⩽ 1 . (2.26)

Using the second relation in (2.8), we rewrite equation (2.10) by replacing the derivative
with respect to σ by the derivative with respect to ϑ. In terms of the parameters (2.23),
we then obtain

(∂ϑρ̃)2 =
ρ̃2
(
1− ρ̃2

) (
ρ̃2 − (1− nL)

) (
ρ̃2mL −mL + nL

)
(1− nL) (nL −mL)

. (2.27)

10Similarly, rather than with the angular momentum L, we will work below with a rescaled momentum
L = L/(4g), see (2.33).

11The apparent singularity in the expression for nL as γ → 0 is removable: although the denominator
vanishes, the numerator scales with the same power of γ, ensuring that the limit remains finite.

12Recall that ρ̃2 ⩽ 1 by construction (see eq. (2.3)).
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Due to eq. (2.3), we look for solutions where ρ̃2 ⩽ 1. Moreover, the right-hand side of
eq. (2.27) must be non-negative in order for real solutions to exist. This requirement is
satisfied when ρ̃min ⩽ ρ̃2 ⩽ 1, with

ρ̃min ≡
√
1− nL . (2.28)

For the branch of the solution in which ρ̃ decreases monotonically from its maximal value 1 to
its minimal value

√
1− nL, symmetry allows us to take ϑ to run from −θ/2 to 0. Integrating

equation (2.27) with the boundary condition ϑ|ρ̃=1 = −θ/2, we find

ϑ(ρ̃) = −θ2 + 1
2

ˆ 1

ρ̃2

dw
√
(1− nL)(nL −mL)

w
√
(1− w) (w − 1 + nL)(wmL + nL −mL)

. (2.29)

Performing the integral we obtain

ϑ(ρ̃) = − θ
2 +

√
1−nL

√
nL−mL√
nL

Π
(
nL;χ|mL

)
, χ = arcsin

(√
1−ρ̃2

nL

)
(2.30)

Setting ρ̃ = ρ̃min ≡ √
1− nL, the requirement that ϑ|ρ̃=ρ̃min = 0 determines the value of θ

in terms of the parameters nL and mL

θ = 2
√

(1−nL)(nL−mL)
nL

Π
(
nL |mL

)
. (2.31)

We then evaluate the conserved angular conserved momentum L, corresponding to rotations
along the ν direction in S5, see (A.10), as

L=−
ˆ s/2

−s/2
dσΠ0

ν =2gγ
ˆ s/2

−s/2
dσ(1−ρ̃2(σ))= 4g

ˆ 1

ρ̃min

dρ̃
ρ̃
√
1−ρ̃2√mL√

nL+ρ̃2−1
√
ρ̃2mL+nL−mL

,

(2.32)
where we used (A.12). Performing the integral leads to

L ≡ L

4g =
√
nL

mL

(
K(mL)− E(mL)

)
. (2.33)

When L vanishes the results in [3] must be recovered. From eq. (2.33), this can be
achieved taking nL → 0, which in terms of the original parameters corresponds to ℓ2ϑ → 1.
When ℓ2ϑ approaches 1, mL also vanishes, causing the ratio nL/mL to remain finite

nL

mL

∣∣∣∣
L→0

= 1
1− θ2

π2

. (2.34)

Notice that L still goes to zero because the expression in brackets in eq. (2.33) vanishes as
mL → 0. Alternatively, one might attempt to reach this limit by directly taking mL → 0, since
K(mL)− E(mL) vanishes faster than √

mL. The limit mL → 0 is however again equivalent
to ℓ2ϑ → 1 and consequently nL → 0. Thus, we return to the previous case.
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2.3 An effective cusp opening in S5

The range s of the spatial worldsheet coordinate σ can also be evaluated using (A.12),
obtaining

sS5 =2
ˆ 1

ρ̃min

dρ̃ρ̃
√
mLnL−mL+nL√

1−ρ̃2
√
nL+ρ̃2−1

√
ρ̃2mL−mL+nL

=2
√
1+mL

(
1− 1

nL

)
K(mL). (2.35)

Clearly, the two different ways of computing s, equations (2.22) and (2.35), must produce
the same result. This gives the constraint

sAdS5 = sS5 or 2
√
1− n−mK(m) = 2

√
1 +mL

(
1− 1

nL

)
K(mL) . (2.36)

This equation obviously solves the apparent mismatch between the number of parameters in
the classical string solution and in the dual gauge theory operator. There are four parameters
in the string description, two free constants from the ansatz for the minimal surface (κ and γ)
and two integration constants from conserved quantities (ℓϑ and ℓφ), which we traded for
convenience with (n,m) and (nL,mL) in (2.11) and (2.23). The constraint (2.36) makes
only three of them independent and related to the three physical quantities defining the
dual gauge theory operator, the cusp angle ϕ in AdS5, the angular width θ in S5, and the
number L of Z insertions at the cusp.

This consistency condition is the key distinction with respect to the setup in [3] and
defines its generalization. Indeed, it is easy to see that in the limit L → 0 the expression
for sAdS5 stays unvaried, while the expressions for sS5 in (2.35) and for θ in (2.31) coincide.13

For L = 0 equation (2.36) reduces to

θ = 2
√
1− n−mK(m) , (2.37)

thus reproducing the result of [3].14 It is then natural, in the case of general L (or general L) of
interest here, to interpret the right-hand-side of (2.36) as an effective R-symmetry opening in
S5, encoding the effect of θ and L on the AdS3 sector of the minimal surface. We then define

Θeff(θ,L) ≡ 2
√
1 +mL

(
1− 1

nL

)
K(mL) , (2.38)

and, below, use the consistency condition (2.36) written in the form

2
√
1− n−mK(m) = Θeff(θ,L) . (2.39)

While θ is bounded to take values in the interval [0, π], Θeff(θ,L) can span the entire
positive line. For a fixed value of L, the function Θeff(θ,L) is monotonic with respect
to θ.15 It has a minimum value when θ = 0, which implies nL = mL, so that Θmin

eff (L) =
2√mLK(mL). Its maximum value is realized when θ = π, which corresponds to nL = 1, so
that Θmax

eff (L) = 2K(mL). In figure 3, the shaded region between the curves represents the
range of allowed values for Θeff(θ,L) as L varies. One can observe the existence of the critical
value Lmax

c = 0.6986882(5), above which Θeff(θ,L) > π for all values of θ.
Below the critical value Lmax

c , for each value of L two distinct regions can be identified:
13Namely, in the limit nL → 0, mL → 0, with nL/mL = (γ2 + 1)/γ2, sS5 in (2.35) and θ in (2.31) are both

equal to π/
√

1 + γ2.
14See formula B.14 there, together with (A.26) and (A.25a).
15This behavior has been verified numerically for various values of L.

– 18 –



J
H
E
P
0
5
(
2
0
2
6
)
3
0
1

0.5 1.0 1.5 2.0

1

2

3

4

5

6

<latexit sha1_base64="LXa+xIIRlXDMdiGChpcVDhPfRMk=">AAACIXicbVDLSsNAFL3xWetbl24Gi+CqJCLqUnTjwkUF+4AmlMlkqoPzCDMTpYR8hltd+DXuxJ34M07aLLT1wAyHc+6LE6ecGev7X97c/MLi0nJtpb66tr6xubW90zEq04S2ieJK92JsKGeSti2znPZSTbGIOe3GD5el332k2jAlb+0opZHAd5INGcHWSf1QYHtPMM+vi8FWw2/6Y6BZElSkARVag20PwkSRTFBpCcfG9AM/tVGOtWWE06IeZoammDzgO9p3VGJBTZSPby7QgVMSNFTaPWnRWP3dkWNhzEjErrK80Ux7pfivl5hy4NR2OzyLcibTzFJJJsuHGUdWoTIUlDBNieUjRzDRzN2PyD3WmFgXXT2U9IkoIbBM8lAnRe5+gZKiqLvMgumEZknnqBmcNE9ujhvnF1V6NdiDfTiEAE7hHK6gBW0goOAZXuDVe/PevQ/vc1I651U9u/AH3vcPf2+j9Q==</latexit>L

<latexit sha1_base64="UwpNY8wxxB5Afkqg6ThAV4y/yZ0="></latexit>Lmax
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!eff(ω,L)

Figure 3. The light-blue and light-gray shaded regions are the images, in the (L,Θeff) plane, of Regions
AL and BL of figure 2. For a fixed value of L, the effective angle Θeff(θ,L) spans the interval between
the lower envelope Θmin

eff (L) = 2√mL K(mL) (purple) and the upper envelope Θmax
eff (L) = 2K(mL)

(black dashed). The curve Θmin
eff (L) is the image of the θ-axis in figure 2, whereas Θmax

eff (L) is the image
of the dashed boundary of the light-gray region (θ = π) in figure 2. The blue line segment separating
the two shaded regions is the image of the transition curve in figure 2. The plot clearly highlights the
two regimes as L is varied. For L > Lmax

c , one has Θeff(θ,L) > π for all θ. For L < Lmax
c , varying θ

at fixed L yields two distinct branches: the red segment corresponds to Region AL in the main text,
while the green segment corresponds to Region BL (for the chosen L).

Region AL: Θeff(θ,L) ⩽ π. This region exists only for L < Lmax
c , and it corresponds

to the red vertical segment in figure 3.

Region BL: π < Θeff(θ,L). This region is present for L > 0. If L < Lmax
c , it corresponds

to the green segment in figure 3. For L > Lmax
c any point betwen the blue and brown

curve belongs to this region.

Given 0 ⩽ L ⩽ Lmax
c , the transition between the two regions occurs when one reaches

the value of θ for which Θeff(θ,L) = π, an equation which implicitly defines the curve in
figure 2. A plot analogous to the one in figure 2 is in appendix B of [35].16 The Region BL

allows us to investigate the large L limit of our solution, used in [5] to compute Lüscher
corrections to the BMN vacuum from the string point of view.

16In [35] the authors study the potential for a “quarkonium” state with the insertion of J particles in
the adjoint representation. In our notation, their problem is mapped to finding the potential in the θ = 0
case. They also notice that the potential vanishes when they approach a critical value of L which coincides
with our value at θ = 0, and interpret this fact with the breaking of the fluxtube binding the quarkonium.
In appendix B they very briefly described that it is possible to generalize this analysis to the case θ ≠ 0,
recovering as a main result the same transition curve. However, they do not realize that the solution continues
to exist also above the critical line.
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3 Antiparallel and near BPS limit

We are now ready to discuss two interesting behaviors, the limits of antiparallel lines (ϕ→ π,
or “potential” limit) and the near BPS (ϕ2 → θ2), of the energy for the R-charged flux tube
in the leading strong coupling regime. Below, we first discuss the distinct parameter limits to
which they correspond at the level of the classical string solution, and then evaluate the energy.

3.1 Antiparallel lines limit

The limit of antiparallel lines can be studied looking at the condition ϕ → π in (2.19),
√
1− n

√
n−m√

n

(
Π(n |m)−K(m)

)
→ 0 . (3.1)

This can be achieved in two different ways:

1. n → m: When the two moduli coincide, Π(n|n) = E(n)/(1− n) and the factor
√
n−m

in (3.1) forces the product to vanish. Because of (2.12), in this case the range of m is
restricted to the interval 0 ⩽ m ⩽ 1

2 .

2. n → 0: The expansion

Π(n |m) = K(m) + K(m)− E(m)
m

n+O(n2), (3.2)

shows that in this limit the bracket in (3.1) decays faster than
√
n. Recalling the first of the

inequalities (2.13), the value ϕ = π is obtained when n → 0 for any m < 0.
Notice that n → 1 does not satisfies the condition (3.1). This is because, though the

prefactor
√
1− n vanishes, Π(n|k2) diverges like 1/

√
1− n. In fact, the limit n→ 1 in (2.19)

implies ϕ → 0, thus defining the limit of straight line.
To understand the behavior of the energy E (2.21) in the antiparallel line limit, it is

instructive to look at the accessible values of m when Θeff is varied, see figure 4. The
combined red and green regions form Region AL, while the orange region corresponds to
Region BL. The red portion specifically identifies the part of Region AL that is relevant in
the antiparallel line limit. The lower green curve represents the consistency condition (2.39)
in the limit ϕ→ 0 (i.e. n→ 1). The red curve reproduces (2.39) at ϕ = π in the Region AL

(i.e. n → m), whereas the orange curve does the same in the Region BL (i.e. n → 0). The
red and orange curves meet at the transition point Θeff = π, but with different slopes. The
fact that the condition ϕ = π is realized by two distinct curves in Region AL and Region
BL anticipates a qualitatively different energy profile in the two regions.

Let us now analyze the energy in the two different regimes producing the antiparallel
line configuration. Despite E being formally identical to the L = 0 case considered in [3], its
evaluation gets modified by the new conserved charge L (2.33) because of the consistency
condition (2.39). The presence of L opens the possibility to explore the Region BL, which
otherwise collapses to a point when L is set to 0.

We start by considering the consistency condition (2.39) in the case 1. When 0 ≤ n ≤ 1
and 0 ≤ m ≤ 1

2 , the left-hand-side of (2.39) takes values between 0 and π. Therefore θ and L
must belong to a subregion of the Region AL defined in the previous section.
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Figure 4. Range of the possible values of m in the plane (m,Θeff), as defined by the consistency
condition (2.39).

.

The behavior of E as a function of ϕ, θ and L is obtained following the steps in (B.1)–(B.4).
First we obtain the energy as an expansion in odd powers of π − ϕ

E(A)= −
2
(
(m− 1)𝕂+ 𝔼

)
2√

m (1−m) (π − ϕ)
+

(π − ϕ)
((
m (4− 3m)− 1

)
𝕂+ (1− 2m)𝔼

)
12
√
m (1−m)

(
(m− 1)𝕂+ 𝔼

) +O
(
π−ϕ)3

≡ E(A)
Cas

π − ϕ
+ b(A) (π − ϕ) +O

(
π − ϕ)3 , (3.3)

where 𝔼 = E(m), 𝕂 = K(m), and m is a solution of the consistency condition (2.39) in
the same antiparallel (n → m) limit

2
√
1− 2mK(m) = Θeff(θ,L) . (3.4)

The expression (3.3) is formally identical to the results of [46], in particular one observes the
familiar pole singularity — controlled by the “Casimir energy” E(A)

Cas — and the absence of
a constant term. The difference lies in the modular parameters: while here m solves (3.4),
the modulus in the corresponding formula of [46] — which we denote m0 here — satisfies
the L → 0 limit of (3.4)

2
√
1− 2m0K(m0) = θ . (3.5)
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The explicit corrections in L to the results of [46] are then obtained expanding the consistency
condition around small L, see (B.5)–(B.7) for details. The result for the coefficients in (3.3)
of both the pole and the linear term reads then, in this region,

E(A)
Cas =−

(
(m0−1)𝕂0+𝔼0

)2√
m0(1−m0)

2−2
√
1−2m0

√
π2−θ2L

θ
(
(m0−1)𝕂0+𝔼0

) +O(L2)

,
b(A)= 1√

m0(1−m0)

(m0(4−3m0)−1
)
𝕂0+(1−2m0)𝔼0

12
(
(m0−1)𝕂0+𝔼0

) (3.6)

+
√
1−2m0

((
(m0−1)𝕂0+𝔼0

)2+m0(1−m0)𝔼0(𝕂0−𝔼0)
)√

π2−θ2L
12
(
(m0−1)𝕂0+𝔼0

)2((1−m0)𝕂0+(2m0−1)𝔼0
)
θ

+O(L2)

,
where 𝔼0 ≡ E(m0) and 𝕂0 ≡ K(m0).

In the case 2. (n→ 0 and negative m) the left-hand-side of the consistency condition (2.39)
is always greater than π, so that (2.39) can only be solved in the Region BL. To obtain the
energy, one can similarly proceed with the steps summarized in (B.8)–(B.10). The novel,
anticipated feature is the absence of the Coulomb-like potential term, and the appearance
of a constant one

E(B) = (1− m̂)𝕂̂− 𝔼̂√
−m̂ + 1

8
√
−m̂(𝔼̂− 𝕂̂)

(π − ϕ)2 +O (π − ϕ)4 (3.7a)

≡ ∆(B) + β (π − ϕ)2 +O (π − ϕ)4 . (3.7b)

Above, 𝕂̂ ≡ K(m̂), 𝔼̂ = E(m̂) and m̂ is a solution of the consistency condition (2.39)
in this limit,

2
√
1− m̂ 𝕂̂ = Θeff(θ,L) . (3.8)

The expansion in Region BL contains only even powers in π − ϕ, in contrast with what
occurs in Region AL. Also, while in Region AL the energy (2.21) is negative, leading to
a negative dominant contribution in the parallel line limit (3.3), in Region BL the energy
is always positive.

Figure 5 illustrates the qualitative change of the energy in the antiparallel line behavior
across the critical R-charge L. When L approaches Lθc from below, the point at which the
energy vanishes is pushed arbitrarily close to ϕ = π, and the fall-off of the curve becomes
increasingly steep. At L = Lθc , the zero of the energy sits exactly at ϕ = π, leaving no interval
in which a divergence can develop. For larger values of L, the curves lie above the transition
and remain finite in the limit ϕ → π. The limiting value increases with L and, at large
R-charge, asymptotically tends to E ≃ L, consistently with the behavior predicted in (3.26).

The vanishing of the Coulomb-like term in the expansion of the energy can be interpreted,
in the language of [34], as the breaking of the flux tube binding the generalized quarkonium
state due to an excessive rotation of the string in S5. The exact value at which the breaking
occurs for θ = 0 was firstly found in [35].

Clearly, a small-L expansion of (3.7a) for general θ is not possible. When L = 0, Θeff

coincides with θ, whose range never exceeds the value of π and thus does not have access
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Figure 5. Energy E in (2.21) as a function of the geometric angle ϕ at fixed internal angle θ = π/3,
shown for several values of the R-charge L. The first four curves correspond to L values below the
transition, where the system exhibits the familiar Coulomb-like divergence: as ϕ → π (antiparallel
lines limit), the energy grows without bound. In contrast, the curves corresponding to larger L lie
above the transition and remain finite as ϕ→ π. Their limiting value increases with L, asymptotically
approaching E ≃ L for large R-charge, consistent with the expectation (3.26). The dashed line marks
the critical value L = Lθ=π/3

c , for which the zero of the energy lies exactly at ϕ = π, leaving no interval
where a divergence can arise.

0.45 0.50 0.55 0.60 0.65

-100

-80

-60

-40

-20

0.70 0.75 0.80 0.85

0.1

0.2

0.3

0.4

0.5

0.6

Figure 6. E versus L for θ = π/3 and ϕ very close to π, i.e. ϕ = 3.14, both in the Region AL and
in the Region BL. The numerics, in red and blue dots, start following the analytical blue curves,
equations (3.11) and (3.12), as Lθ

c is approached.

to Region BL. This is clear when looking at the curve in figure 2. There, the Region BL

cannot explore arbitrary small values of L, since L = 0 is possible only when θ is exactly
equal to π. In other worlds, Lθ=πc = L = 0, and the Region BL actually shrinks to a point
(L = 0, θ = π) discussed in [3]. In this region, meaningful expansions are the ones around
the minimal and maximal values of L here, respectively L = Lθc and L = ∞.
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The transition from Region AL to Region BL occurs when the moduli have critical values
ncL and mc

L which solve, see (2.38) and (2.31),

2K (mc
L)

√√√√mc
L

(
1− 1

ncL

)
+ 1 = π , 2

√
(1− ncL) (ncL −mc

L)
ncL

Π
(
ncL|mc

L

)
= θ , (3.9)

and which then fix a critical value Lθc for the angular momentum via

Lθc =
√
ncL√
mc

L

[K(mc
L)− E(mc

L)]. (3.10)

As a function of θ, the transition is captured by the curve displayed in figure 2. The behavior
of the potential at fixed θ and just below the transition can be obtained following the steps
summarized in (B.11)–(B.15).

We can study the behavior of the energy E as a function of L close to the transition
point at a given value of the internal angle θ. Next to Lc, one finds that the coefficient
E(A)

Cas(θ,L) of the pole in π − ϕ scales as

E(A)
Cas = −

√
8π
27

mc
L
3/4

(−mc
L +mc

Ln
c
L + ncL) 3/4

(Lc − L)3/2 +O
(
(Lc − L) 5/2

)
. (3.11)

Similarly, one can obtain the behavior close to Lc in the region BL

E B) =

√
π
2

4
√
mc

L

4
√−mc

L +mc
Ln

c
L + ncL

(L− Lc)1/2 +O
(
(L− Lc)3/2

)
. (3.12)

A numerical analysis confirms this leading behavior close enough to the critical region,
see figure 6.

3.2 Near BPS limit

In the case ϕ2 = θ2 the Wilson loop is BPS [50]. The goal of this subsection is to expand
the energy around this BPS configuration. Specifically, we fix θ and L to finite values and
expand E for ϕ ∼ θ. Given nL and mL producing those values of θ and L, the first step is to
determine n and m such that ϕ = θ. Starting from θ in (2.31) and using the identities (E.22)
and (E.23) one obtains the equivalent expression

θ = π − 2
√

(nL −mL)
nL (1− nL) (1−mL)

Π
mL(nL − 1)
nL(mL − 1)

∣∣∣∣∣ mL

mL − 1

−K

(
mL

mL − 1

) . (3.13)

In terms of the new parameters

m̃≡ mL

mL−1 , ñ≡ mL(nL−1)
nL(mL−1) , with inverse mL = m̃

m̃−1 , nL = m̃

m̃−ñ , (3.14)

equation (3.13) reads

θ = π − 2

√
(1− ñ)(ñ− m̃)

ñ

[
Π
(
ñ| m̃)−K (m̃)

]
, (3.15)
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Figure 7. Plot of the energy E versus ϕ and L at fixed θ = π/3. This three-dimensional figure
manifestly shows the change of behavior across the vertical light-blue plane indicating the location
of Lθ

c . On the left the energy is unbounded and becomes arbitrarily negative when ϕ approaches
π, on the right it is smooth and positive for all values of ϕ. The transition in the behavior of the
classical solution arises when ϕ approaches π, i.e. when the configuration probes the boundary of the
parameter space shown in the red and orange curves of figure 4. As the figure illustrates, for values of
ϕ away from π the energy displays a smooth dependence on the parameters.

which is identical in form to the equation (2.19) that computes ϕ. Therefore, choosing
(n,m) = (ñ, m̃) realizes the BPS point. In terms of the original parameters entering the
classical string solution, the BPS point is obtained for κ = γ and ℓ2φ = ℓ2ϑ.

We can check that the energy at the BPS point coincides with L. Setting the modular
parameters (m,n) in (2.21) equal to (m̃, ñ) in (3.14), one obtains

E=
√
nL(1−mL)

mL

(
1

1−mL

K

(
mL

mL − 1

)
− E

(
mL

mL − 1

))
=
√
nL

mL

(
K (mL)− E (mL)

)≡ L ,

(3.16)
where in the last equality the modular transformation (E.21) was used.

The expansion of the energy close to the BPS points and at small L reads

E = L+ ϵ θ

sin θ
√
π2 − θ2

(
1
2 + 3L

2
√
θ2 − π2

−
3
(
θ2 − 3π2

)
L2

8π2(π2 − θ2) +

(
5π4 − 3θ4 + 6π2θ2

)
L3

8π4
(
π2 − θ2

)3/2 +

+
15
(
−3θ6 + 3π2θ4 + 11π4θ2 − 3π6

)
L4

128π6(π2 − θ2)2 +O(L5)
)
+O(ϵ2) , (3.17)

where ϵ = cosϕ − cos θ, and we used (B.32)–(B.33). The O(ϵ2) term in the expansion is
algebraically cumbersome and is displayed in (B.34).
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Starting from (3.17), one can compute L-generalized Bremsstrahlung BL(g, ϕ) and Cur-
vature CL(g, ϕ) functions defined as follows

ΓL(λ,ϕ,θ)
4g ≡ E = 1

4g

cosϕ−cosθ
sinϕ

2ϕ
1− ϕ2

π2

BL(g,ϕ)+
(
cos(ϕ)−cos(θ)

sin(ϕ)

)2

ϕ2CL(g,ϕ)+. . .

 .
(3.18)

At the leading order in the strong coupling expansion, we can compute BL(g, ϕ) as a series
in small L:

BL(g, ϕ) =g

√π2 − ϕ2

π2
− 3L
π2

+
3
(
3π2 − ϕ2

)
L2

4π4
√
π2 − ϕ2

+

(
−3ϕ4 + 6π2ϕ2 + 5π4

)
L3

4π6
(
π2 − ϕ2

)
+

15
(
−3ϕ6 + 3π2ϕ4 + 11π4ϕ2 − 3π6

)
L4

64π8
(
π2 − ϕ2

)3/2 +O
(
L5
) .

(3.19)

In [36], a strong-coupling expansion up to O(g−4) and arbitrary L was presented. With
the identification L → 4gL and expanding to leading order in g, we find exact agreement
with (3.19), if we take into account an overall multiplicative factor which arises from a slightly
different parametrization of the linear coefficient in (ϕ−θ). Our expression (B.34) allows us to
also evaluate the curvature function in (3.18) at the leading order in g as a series in L, that is

CL(g,ϕ)= g

−3ϕ2+2(ϕ−π)(ϕ+π)ϕcot(ϕ)+2π2

2ϕ2
(
π2−ϕ2)3/2 +

3
(
ϕ2+4π2ϕcot(ϕ)−4π2

)
4π2ϕ2

(
π2−ϕ2) L

+

(
−9ϕ6+45π2ϕ4−48π4ϕ2−6π2(ϕ4−4π2ϕ2+3π4)ϕcot(ϕ)+18π6

)
8π4ϕ2(π2−ϕ2)5/2 L2

+

(
−45ϕ8+231π2ϕ6−303π4ϕ4+141π6ϕ2−8π2(3ϕ6−9π2ϕ4+π4ϕ2+5π6)ϕcot(ϕ)+40π8

)
32π6ϕ2(π2−ϕ2)3 L3

+ 1
128π10(π2−ϕ2)7/2ϕ2(ϕ+π)

((
30π4(π−ϕ)ϕ(ϕ+π)2

(
3ϕ6−3π2ϕ4−11π4ϕ2+3π6

)
cot(ϕ)

−45
(
4851ϕ13+4851πϕ12−24790π2ϕ11−24790π3ϕ10+51419π4ϕ9+51419π5ϕ8

−55279π6ϕ7−55279π7ϕ6+33680π8ϕ5+33680π9ϕ4

−19747π10ϕ3−35π11ϕ2+2π12ϕ+2π13
))

L4+O(L5)
) . (3.20)

At ϕ → 0, the generalized Bremsstrahlung and Curvature functions reduce to

BL(g)=g
[
1
π
−3L
π2 +

9L2

4π3 +
5L3

4π4 −
45L4

64π5 +O(L5)
]
,

CL(g)=g
[
2π2−3
6π3 +

(
3−4π2)L

4π4 +3
(
π2−4

)
L2

4π5 +
(
399+40π2)L3

96π6 +
(
3465−90π2)L4

384π7 +O(L5)
]
.

(3.21)
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The leading order term of BL(g) reproduces the result of [5]. The subleading terms in BL(g),
together with the expansion of CL(g), are in perfect agreement with the strong coupling
results of [36], upon identifying L → 4gL.

It is instructing to look at the behavior of the energy when ϕ = Θeff, which reduces to
the actual BPS limit for L = 0. Formally, the calculation is identical to the L = 0 case
(identifying θ with Θeff), obtaining

E = (cosϕ− cosΘeff)
Θeff

2 sinΘeff

√
π2 −Θ2

eff

+ (3.22)

+ (cosϕ− cosΘeff)2
(−3Θ2

eff + 2(π2 −Θ2
eff)Θeff cotΘeff − 2π2)

8 sin2Θeff(π2 −Θ2
eff)3/2

+O
(
(cosϕ− cosΘeff)3

)
.

This expression is just a rewriting of (3.17), where all the dependence on L is absorbed in Θeff,
as can be checked inserting (B.6) and expanding for small L.

3.3 Large-L expansion

The large-L regime is controlled by the endpoint behavior of the elliptic moduli entering (2.33).
The ordering 0 ≤ mL ≤ nL ≤ 1 implies the bounds (B.18). Together with the inequality (B.19)
for K and E on [0, 1], these bounds show that mL → 1 as L → ∞ with exponentially small
corrections, and consequently nL → 1 at the same rate. This motivates an ansatz of the
form (B.21) in terms of a small parameter ϵL ∼ e−2L. The leading term of (2.33) fixes
the normalization of ϵL,

L = 1
2

(
log 16

ϵL
− 2

)
=⇒ ϵL = 16

e2
e−2L , (3.23)

while higher coefficients are obtained by solving (2.31) and (2.33) order by order using the
expansion of the complete elliptic integral of the third kind Π given in appendix E.

In the AdS5 problem, the consistency condition places the solution in region B where
m < 0 and m→ −∞ as L → ∞, with the scaling m = −ϵ−1

L +O(1), while n remains finite.
To keep the elliptic-modulus expansions within [0, 1], a modular transformation is performed,

m′ = m

m− 1 , n′ = n−m

1−m
, (3.24)

under which the defining equation for ϕ retains its form (with (m,n) → (m′, n′)) and the
consistency condition becomes (B.26). Since m′, n′ → 1 for large L, one expands (B.27) and
solves (2.19) and (B.26) perturbatively in ϵL, using appendix E together with the standard
m → 1 asymptotics of K and E. The explicit expansions for m′ and n′ up to O(ϵ4L) are
collected in appendix B.2; here we quote the final result for the energy. In terms of the
transformed parameters, the energy reads

E = 1√
n′

(
K(m′)− E(m′)

)
, (3.25)

and its large-L expansion takes the compact form

E = L+ 1
4 (cosϕ− cos θ)

ϵL + ϵ2L
8

(
(4L+ 1) cos θ + (4L+ 5) cosϕ

)

– 27 –



J
H
E
P
0
5
(
2
0
2
6
)
3
0
1

− ϵ3L
128

(
2
(
32L(L+ 1) + 1

)
cos θ cosϕ+

(
16L(2L+ 1) + 5

)
cos 2θ

+
(
16L(2L+ 5) + 49

)
cos 2ϕ+ 4L(4L− 1)

)
+O(ϵ4L)

. (3.26)

The leading term agrees with the result first obtained in [11]. Additional details of the
derivation, including the intermediate expansions of the moduli and of Θeff , are presented
in appendix E. The expansion of the energy also allows one to extract straightforwardly
the functions BL(ϕ) and CL(ϕ) defined in (3.18):

BL(ϕ) = 4g
(
1− ϕ2

π2

)
sinϕ
ϕ

ϵL

8 − ϵ2L
32(4L+ 3) cosϕ+ ϵ3L

1024((32L(3L+ 4) + 55) cos 2ϕ+

+ 4L(12L+ 7) + 1) +O(ϵ4L)

 , (3.27)

and

CL(ϕ) = 4g sin
2 ϕ

ϕ2

[ 1
64g(32L+ 8)ϵ2L − 1

64g(32L(3L+ 2) + 11)ϵ3L cosϕ+O
(
ϵ4L

)]
. (3.28)

4 String normal modes

In this section we analyze quadratic quantum fluctuations around the classical configuration
defined by the ansatz (2.2). The classical string geometry is specified by the two functions
ρ(σ) = arcsinh(r(σ)) and ψ(σ) = arcsin(ρ̃(σ)), whose explicit forms are given in (A.13)
and (A.14). In particular, we derive the quadratic Lagrangian for the bosonic fluctuations in
this background (see section 4.1), and use it to determine the corresponding normal mode
frequencies (section 4.2) in the semiclassical (WKB) regime. The quadratic Lagrangian for
the fermionic fluctuations is computed in appendix C.2. We then examine the behavior of
these frequencies in the antiparallel lines limit, in the vicinity of the transition curve (the
blue line in figure 2), and in the large-L expansion.

4.1 Fluctuations

In this section we compute the quadratic string action for the bosonic fluctuations. In what
follows, we use α, β, · · · = 0, 1, to denote curved worldsheet indices, and a, b, · · · = 0, 1, to
denote flat worldsheet indices. Target spaces indices are denoted by µ, ν, · · · = 0, . . . , 9 for
the curved case and A,B, · · · = 0, 1, . . . 9 for the flat ones, respectively. The indices on
the normal bundle are: i, j = 1, . . . , 8. In order to simplify the exposition we define the
following positive functions

X (σ) :=
√
κ2 cosh2 ρ(σ)− 1 =

√
n−m

1− n−m
cosh2 ρ(σ)− 1 , (4.1)

Y(σ) :=
√
1− γ2 cos2 ψ(σ) =

√
1− mL

nL −mL(1− nL)
cos2 ψ(σ) ,
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where we have used (2.14), (2.25) in the second equality. From the discussion in section 2,
it follows that both functions are well defined and real for all the range of σ. The Virasoro
constraints (2.9)–(2.10) in terms of X ,Y become

XX ′ =
√
1 + X 2

√(
X 2 − n

1−m− n

)(
X 2 + 1− n

1−m− n

)
,

YY ′ =
√
1− Y2

√√√√(Y2 − nL −mL

nL −mL(1− nL)

)(
Y2 + mL(1− nL)

nL −mL(1− nL)

)
.

(4.2)

Notice that the conformal factor of the induced worldsheet metric (2.7) can be rewritten
as e2Λ(σ) = X 2 + Y2.

We expand the bosonic string action around the classical solution (2.2) (where ρ, ψ satisfy
the eom (2.9)–(2.10)) following the general procedure illustrated in [38, 51]. Choosing a
convenient basis in the normal bundle, see appendix C.1, the Lagrangian for the physical
eight normal bosonic modes reads

L(2)b =
√
h
(
hαβDαξ

iDβξi −Mijξ
iξj
)
, (4.3)

where hαβ is the on-shell induced worldsheet metric (2.7), the covariant derivative acting
on a section of the normal bundle is given by

Dαξ
i := ∂αξ

i −Aij αξ
j , (4.4)

with Aij α a connection on the normal bundle. The “mass” matrix Mij contains contributions
from the (projected) Riemann tensor and the extrinsic curvature. We refer the reader
to [38, 51] for more details. Given the conformal gauge choice of (2.7), we can write the
bosonic operators acting on the fluctuations ξi as

ξiKijξ
j = ξi

(
−ηαβDαDβ −

√
gM

)
ij
ξj , (4.5)

where i, j are SO(8) indices. With our choice of the basis in the normal bundle, the operators
acting on the first four bosonic modes turn out to be rather simple, since the covariant
derivative is actually a partial derivative, and the mass matrix is diagonal. Explicitly we have

Kii = −ηαβ∂α∂β − 1 + 2κ2 cosh2 ρ = −ηαβ∂α∂β + 1 + 2X 2 , i = 1, 2 , (4.6a)

Kii = −ηαβ∂α∂β − 1 + 2γ2 cos2 ψ = −ηαβ∂α∂β + 1− 2Y2 , i = 3, 4 , (4.6b)

where we remind the reader that ρ, ψ (and so X ,Y) are functions of σ. The remaining four
transverse directions are all coupled, via normal bundle connections as well as the extrinsic
(squared) curvature which makes the mass matrix M non-diagonal. The gauge connections are

A 5 6
τ = γℓϑ e

−Λ
√
1 + X 2

Y , A 5 7
τ = κℓφ e

−Λ
√
1− Y2

X , (4.7a)

A 5 8
τ = −1

2e
−2Λ

√
1− Y2

√
1 + X 2

(
Y
X ∂σ log(1 + X 2)− X

Y ∂σ log(1− Y2)
)
,
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A 6 8
σ = −γℓϑ e−Λ X

√
1− Y2

Y2 , A 7 8
σ = κℓφ e

−Λ Y
√
X 2 + 1
X 2 . (4.7b)

The elements of the mass matrix are given by

−√
gM55 = −1 + 1

2 e
−4Λ

(
X 2 + 1

) (
1− Y2

)(
∂σ log

1 + X 2

1− Y2

)2

, (4.8a)

−√
gM66 = 1− 2Y2 + 2γ2ℓ2ϑ e−2Λ 1− Y2

Y2 , (4.8b)

−√
gM67 = −2γκℓϑℓφ e−2Λ

√
X 2 + 1

√
1− Y2

X Y , (4.8c)

−√
gM68 = 2γ ℓϑ e−3ΛX

√
1− Y2 ∂σ log

X
Y , (4.8d)

−√
gM77 = 1 + 2X 2 − 2κ2ℓ2φ e−2Λ X 2 + 1

X 2 , (4.8e)

−√
gM78 = 2κ ℓφ e−3Λ Y

√
1 + X 2 ∂σ log

X
Y , (4.8f)

−√
gM88 = 1− 2 e−4ΛX 2 Y2

(
∂σ log

X
Y

)2

. (4.8g)

In the expression above the parameters (κ, ℓφ, γ, ℓϑ) can be easily converted into (n,m, nL,mL)
using the formulae (2.14) and (2.25). In appendix C.2 we also compute the quadratic fermionic
Lagrangian, and we check that the trace relation among the bosonic and fermionic masses
is satisfied, ensuring a consistent string worldsheet theory.

4.2 Frequencies

As explained in the Discussion (see section 1), the classical string solution (2.2) describes two
heavy W-bosons in a large R-charge background. Alternatively, following [35] we can think
about this system as a quarkonium with the insertion of L scalar particles in the adjoint
representation. The fluctuations computed in section 4.1 represent small perturbations
around this solution (2.2), which can then be interpreted as excitations of this bound
system [11, 18, 34]. In this section we study the normal mode frequencies of these excitations.
We focus on the frequencies of the eight scalar fields ξi in view of their interpretation as
excitations of “mesonic” states following [34, 35, 52].

The physical transverse bosonic fluctuations are governed by the Lagrangian computed in
section 4.1. From there we can compute the equations of motion, which can be schematically
written as

Kijξ
j = 0 , i, j = 1, . . . , 8 , (4.9)

according to (4.5). In this section we analyze the frequencies of these eight bosonic mode
ξi in a WKB approximation. The first four bosonic modes ξi (i = 1, . . . , 4) are uncoupled,
see equations (4.6a) and (4.6b), and their computation can be performed exactly, as shown
in appendix D.1. However, computing exactly the frequencies for the remaining coupled
modes (i = 5, . . . , 8) turned out to be rather challenging, and for this reason we choose to
present here the WKB approximation for all bosonic frequencies. In appendix D.1 we show
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that the semiclassical expansion of the exact frequencies for the uncoupled scalar fields agree
with the WKB analysis described in this section.

We start by illustrating the general procedure for the transverse uncoupled AdS
modes (4.6a). By Fourier transforming the modes ∂τ → eiωτ , one obtains a one-dimensional
Schroedinger equation for the radial component, which we rename ξ̂(σ):

−∂2σ ξ̂i(σ)− ω2ξ̂i(σ) + (1 + 2X 2(σ))ξ̂i(σ) = 0 , i = 1, 2 . (4.10)

The potential V (σ) = 1 + 2X 2(σ) behaves as a well potential, where at the center of the
worldsheet (σ → 0) approaches a constant, while it blows up at the boundaries σ → ±s/2.
We impose Dirichlet conditions at the boundaries, that is ξ̂(±s/2) = 0. We want to compute
the frequencies ω in a semiclassical approximation, which implies a large ω expansion. Then,
we expand the modes ξ̂i(σ) in a WKB approximation where the parameter of the expansion
is indeed ω:

ξ̂(σ) ∼ e
i
´ σ
−s/2 P (σ′) dσ′

, with P (σ) =
M∑
ℓ=0

ω1−ℓPℓ(σ) , (4.11)

where M determines the order of the approximation, and the overall amplitude does not
matter for our discussion. The second-order equation (4.10) becomes a first-order Riccati
equation for the function P , which can be solved order by order in ω. The odd functions
P2ℓ+1 (with ℓ ≥ 0) contribute only to the overall amplitude of the wave function ξ̂, while
the first even functions are given by

P0,±(σ) = ±1 , P2,±(σ) = ∓(12 − κ2 cosh2 ρ(σ)) = ∓(12 + X 2(σ)) , (4.12)

and higher terms can be easily determined recursively. The Dirichlet boundary conditions
for ξ̂ result in a sine wave function, which has to vanish at σ = s/2:

ξ̂i(s/2) ∼ sin
(
ω

ˆ s/2

−s/2
dσ′
(
P0,+(σ′) +

1
ω2P2,+(σ′) + . . .

))
= 0 , i = 1, 2 .

This is equivalent to impose the following quantization condition

ωℓ

ˆ s/2

−s/2
dσ′
(
P0,+(σ′) +

1
ω2
ℓ

P2,+(σ′) + . . .

)
= ℓπ, ℓ ∈ ℕ . (4.13)

The integrals of the functions P0,+, P2,+ have been already computed in section 2.1, and
we have

ˆ s/2

−s/2
dσ′P0,+(σ′) = s ,

ˆ s/2

−s/2
dσ′P2,+(σ′) =

1
2

(
s− κ

g
E

)
, (4.14)

if we use equation (2.20). The integral of P2,+ is divergent, and we choose to regularizing
it as in (2.20), such that the quantization condition reads now

ωℓ

(
s+ 1

2ω2
ℓ

(s− 4κE) + . . .

)
= ℓπ , ℓ = 1, 2 , . . . , i.e. ℓ ∈ ℕ , (4.15)
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in terms of the rescaled regularized energy E (2.21). The higher order corrections P2ℓ cannot
be written in such a neat form in terms of s and the conserved charge E . However, it should
be kept in mind that our semiclassical analysis is only valid at very large ℓ, hence solving the
above condition perturbatively for large quantum numbers ℓ ≫ 1, we obtain

ωℓ =
πℓ

s
− 1

2πℓ (s− 4κ E) + . . . , ℓ ∈ ℕ , ℓ≫ 1 . (4.16)

The analysis for the uncoupled transverse directions in the five-sphere is completely
analogous. Given the operator (4.6b), the Schrodinger equation reads now

−∂2σ ξ̂i(σ)− ω2ξ̂i(σ) + (1− 2Y2(σ))ξ̂i(σ) = 0 , i = 3, 4 , (4.17)

and the semiclassical expansion (4.11) of the wave function gives

P0,±(σ) = ±1 , P2,±(σ) = ±(12 − γ2 cos2 ψ(σ)) = ∓(12 − Y2(σ)) . (4.18)

Repeating the same steps as before, the quantization condition is now expressed in terms
of the conserved R-charge L (2.33) (see equation (2.32)):

ωℓ

(
s+ 1

2ω2
ℓ

(s− 4γL) + . . .

)
= ℓπ, ℓ ∈ ℕ , (4.19)

which for large quantum number ℓ is

ωℓ =
πℓ

s
− 1

2πℓ (s− 4γL) + . . . , ℓ ∈ ℕ , ℓ≫ 1 . (4.20)

In appendix D.1, we obtain the exact frequencies corresponding to the modes i =
1, 2, 3, 4 and we check that their semiclassical expansions reproduce (4.16) and (4.20) at
the leading order.

For the remaining coupled bosonic modes (i = 5, . . . , 8) we can proceed in a similar way,
keeping in mind that we are now dealing with a 4× 4-matrix second-order coupled differential
equation. The method used is summarized in appendix D.2, here we report only the leading
order result for the frequencies ω in the large quantum number ℓ, that is

ωℓ =
πℓ

s
+ θI

2s + . . . , ℓ ∈ ℕ , ℓ≫ 1 , I = 1, . . . , 4 . (4.21)

Here eiθI denotes the eigenvalues of the SO(4) holonomy matrices constructed from the
background gauge connections (Aτ , Aσ) of the normal bundle. For their appearance in the
semiclassical solution of the coupled differential equations for the modes i = 5, . . . , 8, we
refer the reader to appendix D.2.

In summary, a WKB analysis of the equations of motion of the physical bosonic fluctuations
has lead to the semiclassical computation of the related frequencies, that is equations (4.16),
(4.20), and (4.21). This naive implementation of the WKB analysis for the uncoupled modes
misses the corrections of order ℓ 0,17 as expected [34], see (4.16), (4.20). For the coupled
modes, our analysis captures the additional shift induced by the gauge fields, see (D.36).

17Recovering this correction would require a more refined analysis of the boundary conditions. Within the
EBK/WKB approximation, Dirichlet boundary conditions at both endpoints behave as two hard walls, leading
to a unit shift of one of the integers ℓ in the leading quantization condition. This is confirmed by the exact
analysis in appendix D.1.2, see discussion around equation (D.23).
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We should keep in mind that the actual physical frequencies, that is the frequencies
measured by an observer at time t, differ by ω due to the rescaling among the worldsheet
and target space time, see (2.2). Hence, for all the bosonic frequencies, at large quantum
numbers, we have

ωphys,ℓ =
ωℓ
κ

= πℓ

sκ
+ . . . , ℓ ∈ ℕ , ℓ≫ 1 . (4.22)

In the next sections we discuss their behavior in some relevant regimes. In all cases, we
proceed by first examining the exact frequencies for the uncoupled modes, and then for the
semiclassical frequencies, valid for all the bosonic string modes. To understand the relation
between exact frequencies ωℓ and quantum number ℓ, as well as to facilitate the various
expansions, we employ the “frequency densities” ρ̃ω, ρω, as in [31]:

ℓ =
ˆ ωℓ

ω0

ρω(ω) dω , ℓ ∈ ℕ , (4.23)

and similarly for ρ̃ω. The densities as well as their corresponding extremes of integration
ω0, ω̃0 are worked out in appendix D.1.

4.2.1 Antiparallel lines limit

It is interesting to understand how the physical frequencies (4.22) behave in the limit of
antiparallel lines discussed in section 3.1, close enough to the transition curve (see figure 2).

We begin our analysis by studying the exact frequencies for the transverse modes in
AdS. In Region AL, introduced in section 2.3, i.e. below the transition, the antiparallel
lines limit is reached by taking

n→ m, m ∈ (0, 1/2) ,

as discussed in case 1 in section 3.1. It is useful to understand the exact relation between the
parameter κ and the geometric opening angle of the cusp in this limit. We use the expression
of κ as a function of the parameters (n,m) (2.14), and the expansions (B.2) and (B.4), to find

1
κ
= 2

√
1− 2m
m(1−m)

(
E(m)− (1−m)K(m)

)
π − ϕ

+O((π − ϕ)2) , m ∈
(
0, 12

)
, (4.24)

where m is determined in terms of θ and L via the consistency condition (3.4). As we will
see, this plays a crucial role for the frequencies close to the transition. Expanding the density
ρω (D.17) according to (B.2) and (B.4), then integrating this from ω0 =

√
m

1−2m +O((π −
ϕ)2) (D.19) to large ω, we obtain

ℓ =
ˆ ωℓ√

m
1−2m

ρω(ω) dω = 2
π

√
1− 2mK(m)ωℓ +O((π − ϕ), ω2) , ℓ ∈ ℕ . (4.25)

Then, at the leading order in the large quantum number ℓ, dividing the above expression
by κ (4.24), we have

ω
(A)
phys,ℓ =

πℓ
(
E (m)− (1−m) K (m)

)√
m(1−m)K (m) (π − ϕ)

+O((π − ϕ), ℓ−1) , m ∈
(
0, 12

)
, (4.26)
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where the superscript A underlines that the limit is valid in Region AL. The 1/(π−ϕ) behavior
in the decompactification limit becomes the usual 1/Lsep behavior (with Lsep distance between
the two lines) present in the plane [14, 26].18 We stress that the coefficient of the pole in (4.26)
is not corrected by the next-to-leading order terms in π − ϕ and ℓ−1.

In the expression above we set m ∈ (0, 1/2). However, there are two delicate and yet
interesting limits to consider. When m = 1/2, we have

ω
(A)
phys,ℓ =

8π3ℓ

Γ
(
1
4

)4
(π − ϕ)

+O((π − ϕ), ℓ−1) , (4.27)

which agrees with the result of [34] once we replace π−ϕ with Lsep, where Lsep is the distance
between the two probe charges on the plane. In this limit, the condition of quantization (4.25)
seems rather problematic. Notice that also sAdS (2.22) vanishes. This simply signals that
our reparameterization is not suited for the limit. In fact, in this limit the length of the
string interval stays finite in [3], the vanishing of sAdS (2.22) is due to the vanishing of the
pre-factor

√
1− n−m, which is scaled out in [3]. The same factor should be scaled out in

the frequencies ω, and thus in (4.25), leaving again a finite result.
Let us consider m→ 0. The coefficient of the pole in (4.24), and thus in (4.26) vanishes, as

well as E(A)
Cas in (3.3). In this limit, the effective angle Θeff = π, according to (3.4), and looking

at figure 4, we expect to find pairs of (nL,mL) parameters which satisfy Θeff = π (2.38). In
fact these are nothing but those describing the curve plotted in figure 2. Such a singular
expansion for m→ 0 and the vanishing of the Casimir energy were already observed in [46]
for the generalized cusp (that is L = 0), and this is nothing but an effect of the BPS condition
θ = ϕ. Here, we observe an analogous behavior once we replace θ by Θeff, in agreement
with what discussed in section 3.2.

Approaching the critical point from above means we are in the region BL, that is in
the limit of case 2 as discussed in section 3.1, where n → 0 and m < 0. According to the
expansions (B.8) and (B.10), the parameter κ scales as

1
κ
=
√
1− 1

m̂
+O

(
(π − ϕ)2

)
, (4.28)

where m̂ < 0 is the solution of the consistency condition, equation (3.8). Expanding the
density ρω (D.17) by means of (B.8) and (B.10), and in the large ω approximation, we have

ℓ =
ˆ ωℓ

√
m̂/

√
m̂−1

ρω(ω) dω = 2
√
1− m̂K(m̂)

π
ωℓ +O((π − ϕ)2, ω2) , ℓ ∈ ℕ . (4.29)

Combining the above relations we obtain

ω
(B)
phys,ℓ =

πℓ

2
√
−m̂K(m̂)

+O((π − ϕ)2, ℓ−1) , m̂ < 0 , (4.30)

where again the superscript B stresses the validity of this formula in Region BL, showing
how the physical frequencies (4.22) are finite when we approach the antiparallel lines from
above the transition.

18This replacement should be really thought as a(π − ϕ) → Lsep where a is the radius of the sphere, which
approaches to ∞, such that a(π − ϕ) remains finite and can be interpreted as the distance among the quarks
on the flat space.
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All the other frequencies (4.20) and (4.21) are not affected by the antiparallel lines limit,
only indirectly via the relation (3.4), or (3.8) and via the value of the parameter m, that
is either m or m̂, for region AL and BL respectively, thus remaining finite quantities. It is
solely due to the overall factor κ−1, and its different behavior above and below the transition,
see equations (4.24) and (4.28) respectively, that the physical frequencies (4.22) will develop
(or not) a pole when ϕ → π.

In summary, the semiclassical normal mode frequencies of the bosonic fluctuations preserve
the features shown by the classical string energy close to the transition point. It is important
to stress that this analysis is valid only sufficiently close to the transition point. In [34], for
L = 0, the frequencies (4.27) were interpreted as those of excited quark-antiquark bound
states near the unbinding threshold E = 0. Extending this to our setup and to [35], they
can be viewed as the excitation frequencies of a quark-antiquark-scalar bound system near
the unbinding transition point. Above the transition, the bound system disappears, and
the interpretation of (4.30) is less clear.

Expansion around the critical point Lc. As in section 3.1, we can investigate the
behavior of normal mode frequencies when L ∼ Lc. We recall that this means to be in the
antiparallel lines limit, at fixed θ, but L → Lc. In terms of the modular parameters, we
specify m in (4.26) as in (B.15), and m̂ in (4.30) as in (B.17), with the modular parameters of
the 5-sphere (ncL,mc

L) satisfying the critical condition (3.9). For the region AL, the coefficient
of the pole at ϕ = π in (4.26) approaches zero when L → Lc as

ω
(A)
phys,ℓ ∼

ℓ

π − ϕ

√
2π
3

4

√
mc

L

mc
L(ncL − 1) + ncL

√
Lc − L+ . . . , (4.31)

while for the region BL, the physical frequencies (4.30) behave as

ω
(B)
phys,ℓ ∼

ℓ
√
π 4
√
mc

L(ncL − 1) + ncL
2
√
2 4
√
mc

L

√L− Lc
+ . . . (4.32)

The (L − Lθc)−1/2 divergence of the physical frequencies above the transition is entirely
driven by the κ−1 dependence.

4.2.2 Large L expansion and BMN

In this section we investigate the large L regime of the normal mode frequencies obtained
in the previous section. In this limit we need to expand the parameters (mL, nL) according
to (B.22)–(B.23), see discussion in appendix B.2. We start by looking at the decoupled modes
i = 1, 2, 3, 4. In this case, the frequencies are known exactly, see appendix D.1, and we can
use the expressions for the related densities (D.17), (D.13), obtained in appendix D.1.

Considering the transverse modes in S5, expanding ρ̃ω (D.13) according to (B.22)–(B.23),
we obtain

ρ̃ω = 2ωL
π
√
ω2 − 1

+ 2
√
ω2 − 1
πω

+ e−2L−2 8 cos θ
π
√
ω2 − 1

[
2ω

ω2 − 1 +
1
ω − 2

ω3 − ω

L

]
+O(e−4L) , (4.33)
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and the extreme of integration ω̃0 (D.14) approaches ω̃0 = 1 + 8e−2L−2 cos θ +O(e−4L). In
the large L regime, the effective angle Θeff (2.38) approaches to

Θeff → log 16
ϵL
, (4.34)

as it can be seen in (B.24), taking into account the definition of ϵL in (3.23). Then, in order
to satisfy the consistency condition (2.36), m has to approach −∞ for fixed n ∈ (0, 1), as
amply discussed in appendix B.2. That is,

m = − 1
ϵL

+ 1
2(1 + cos θ − (L+ 1) cosϕ) + ϵL

4 (1− cos θ + (L+ 1) cosϕ)2 + . . . , (4.35)

n = 1− 1
2 sin2

(
ϕ

2

)
+ ϵL

4 sin2
(
ϕ

2

)(
2L+ 2− cos θ + (3L+ 2) cosϕ

)
+ . . . .

Using the above expansion for the parameters (n,m), we can then expand the density ρω
for the transverse AdS modes:

ρω=
2ωL

π
√
ω2−1

+2
√
ω2−1
πω

(4.36)

− 8e−2L−2

π
√
ω2−1

ω4−ω2+2
2ω3 +

ω
(
ω2−3

)
L

2
(
ω2−1

) +ωcosθ−
ω4+ω2−2

2ω3 +

(
ω3+ω

)
L

2
(
ω2−1

)
cosϕ


+O(e−4L).

The lowest extreme of integration ω̂0 (D.21) approaches to ω̂0 = 1+O(e−2L), while ω0 defined
in (D.19) for the region AL is exponentially suppressed.

It is interesting to notice that, at the leading order, there is no contribution from the
internal and physical angles θ, ϕ in ρ̃ω (4.33) and ρω (4.36), that is, the string does not
see anymore the cusped Wilson loop as expected [11, 12]. Said in other words, the two
leading terms in (4.33) and (4.36) agree with the result in [31] for the straight line. The
integral (D.11) gives us the relation between the normal mode frequencies ωℓ and the quantum
number. Hence, neglecting exponentially suppressed terms, the integral of ρ̃ω (4.33) and
ρω (4.36) between one and ωℓ result in

ℓ = 2
π
(L+ 1)

√
ω2
ℓ − 1− 2

π
arctan

(√
ω2
ℓ − 1

)
+O(e−2L) , (4.37)

which is in agreement with eq. (5.31) in [31] once we take into account that L → J /4.19 We
stress that for the transverse modes in AdS the correct extreme of integration is ω̂0 (D.21)
which is approaching one. Integrating from ω0 ∼ e−L−1 (D.19) would lead to an imaginary
integral, signaling an instability. This is simply saying that in the large L limit the correct
region of phase space is the region BL as expected, see also figure 2.

Given the relation (4.37), it is possible to compute the various interesting regimes such
as ℓ ≪ L, ℓ ≫ L , ℓ ∼ L. Since at the leading order there is no difference with the straight

19Notice that for us ℓ = 1, 2, . . . , while in [31] the quantum number is an integer. The difference is due to
the fact that we are imposing homogenous Dirichlet boundary conditions [34], see appendix D.1.
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line, we refer the reader to [31]. We only mention here the BMN limit, obtained when ℓ ∼ L,
that is rescaling the quantum number ℓ = ηL [31], we have

ωℓ =

√
1 + π2η2

4 +O

( 1
L

)
, (4.38)

where πη
2 =

√
λℓ

2L as obtained in [18].
All the above analysis has be done for the uncoupled frequencies. However, the WKB

result for the remaining normal modes (4.21) is equivalent to take η = ℓ
L ≫ 1. Indeed, once

s is expanded according to (4.33), we have

ωℓ =
πη

2 +O

( 1
L

)
=

√
λℓ

2L +O

( 1
L

)
, (4.39)

agreeing with the above findings at the leading order.
In summary, we expanded the one-loop frequencies of the uncoupled transverse worldsheet

fluctuations in the large L limit (discussed in appendix B.2). In particular, when the R-charge
L and the quantum number ℓ are comparable, this expansion reproduces the excitations of
an open string in a pp-wave background [18].20 From the worldsheet perspective, in this
regime, the deepest penetration of the string in AdS, i.e. rmin (2.16), is approaching zero as
rmin ∼ 4e−1−L√1− n, receding at the center of AdS, while reaches the north pole on the
sphere ρ̃min ∼ 4e−1−L cos θ/2, with ρ̃min defined in (2.28). In this limit, the string is effectively
describing a very long open chain made of scalars TrZL [18], namely a BMN-like vacuum,
where there is no hint of the initial cusped Wilson loop, where the scalars were inserted,
at the leading order. Only the exponentially suppressed terms in L encode information on
the angles ϕ, θ, see equations (4.33) and (4.36).

5 The cusp with ZL insertion: field theory aspects

We discuss here the field theory interpretation of the results presented above. As reviewed in
section 1, the generalized cusp anomalous ΓL(λ, ϕ, θ) defined by (1.5) measures the dimension
associated with a cusped Wilson line containing an insertion of a chiral primary operator ZL,
chosen to be orthogonal to the scalars already coupled to the Wilson line. This observable is
dual to the energy [15, 32, 33] (see also [30, 31]) of the corresponding string configuration
in the holographic description.

There are two physically interesting limits of this quantity: the small-angle limit, where
either the geometrical or the internal opening angle is small, and the antiparallel line limit.
The former case, with ϕ ∼ 0 and θ ∼ 0, corresponds to a small deformation of the 1/2-BPS
straight line [3], and defines a one-dimensional superconformal defect. A small deformation
of the Wilson line in the physical (or internal) space can be interpreted as the insertion
of a displacement (or tilt) operator [53], integrated over the defect worldline. The leading
order in the small-angle expansion of ΓL(λ, ϕ, θ) is thus equivalent to the expectation value
of a correlator of displacement or tilt operators inserted along the straight line defect, and

20This is true also for the semiclassical frequencies of the coupled worldsheet scalar fields, once we assume
η := ℓ

L ≫ 1.
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averaged over the defect. Such integrated correlators have recently attracted considerable
attention [25, 54–58]. When expanded at small angles, the BPS limit result in (3.17) and the
large-L expansion (3.26) impose nontrivial constraints on these integrated defect correlators
at strong coupling.

The second limit of interest is the antiparallel line limit, corresponding to ϕ → π. As
discussed in section 1, in this regime ΓL(λ, ϕ, θ) can be interpreted as the energy of a
generalized quark-antiquark pair in an excited background carrying R-charge L. The limit
ϕ→ π, where the two Wilson lines approach each other, admits an effective description in
terms of defect fusion [45, 46, 59]. Our results (3.3) and (3.7a) encode information about
the Casimir energy (or potential) associated with the defect fusion, as well as the scaling
dimension of the resulting fused conformal defect, in various regimes of the parameter L.

5.1 The small-angle limit and integrated correlators

At ϕ = θ = 0 and L = 0, the cusped WL (1.1) reduces to the straight 1/2-BPS Wilson
line W defined as [14]

W = Tr
(
P e
´∞
−∞ dτ (iA0+Φ6)

)
, (5.1)

where one takes the contour to lie along x = (τ, 0, . . . , 0) and n⃗q = n⃗q̄ = (0, 0, . . . , 1). This
line defect preserves an SL(2,ℝ) subgroup of the bulk conformal group, and is therefore
a conformal line defect. Correlation functions of operators inserted along the Wilson line
are defined as

⟨⟨O1 . . .On⟩⟩ =
⟨TrP {O1(τ1)W(τ1, τ2)O2(τ2)W(τ2, τ3) . . .On(τn)W(τn, τ1)

}⟩
⟨W⟩ , (5.2)

where W(τi, τj) denotes the Wilson line segment (5.1) between points τi and τj . The presence
of the line defect breaks translational invariance in the directions orthogonal to the line, an
effect captured by the displacement operator 𝔻i defined through the Ward identity [53]

∂µTµi(τ, x⊥) ∼ δ3 (x⊥)𝔻i(τ) , i = 2, . . . , 4 , (5.3)

where Tµi(τ, x⊥) is the stress-energy tensor and x⊥ are the coordinates orthogonal to the
line. The displacement operator has protected dimension ∆𝔻 = 2 and generates infinitesimal
deformations of the Wilson line in the orthogonal directions. Explicitly, a deformation of
the contour xi(τ) → xi(τ) + δxi(τ) induces the variation

δW = Tr
(
P
ˆ
dτ δxi(τ)𝔻i(τ)W

)
+O(δx2) . (5.4)

One can also consider deformations of the line in the internal space. In that case, the
deformation is generated by the tilt operator tI , which plays a role analogous to the dis-
placement operator but acts on the internal S5 directions. The tilt operator is associated
with the breaking of the global SO(6) R-symmetry to SO(5) caused by the defect (5.1) and
satisfies the Ward identity

∂µJ
µ
I (τ, x⊥) ∼ δ3 (x⊥) tI(τ) , I = 1, . . . , 5 , (5.5)
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where JµI (τ, x⊥) is the SO(6) R-symmetry current and ∆tI = 1. This equation implies
the analogue of (5.4),

δW = P
ˆ
dτ δnI(τ) tI(τ)W +O(δn2) , I = 1, . . . , 5 , (5.6)

where δnI(τ) parametrizes an infinitesimal change of the coupling to the scalar fields. In the
case of the Wilson line (5.1), the tilt operator has a particularly simple expression in terms of
the fundamental scalars of the theory inserted on the defect, that is tI = ΦI for I = 1, . . . , 5.

We can use the tilt and displacement operators to express the cusped Wilson line (1.1) at
small physical or internal angles as a deformation of the straight line (5.1). This perspective
naturally leads to an expansion of the generalized cusp anomalous dimension in terms of
integrated correlators of defect operators [5, 25].

For simplicity, we consider a deformation in the internal space along a direction orthogonal
to the polarization of the insertions, for instance δnI = θ δI3 . Then the small-angle expansion
allows us to relate the generalized anomalous dimension to the integrated correlators of the
displacement and tilt operators with the insertions of ZL(0) and Z̄L(∞) as in

ΓL(λ, ϕ, 0) ∼= ϕ2
ˆ
dτ1dτ2 τ1τ2

⟨⟨ZL(0)𝔻2 (τ1)𝔻2 (τ2) Z̄L(∞)⟩⟩c
⟨⟨ZL(0)Z̄L(∞)⟩⟩ + perm. +O

(
ϕ3
)
, (5.7)

ΓL(λ, 0, θ) ∼= θ2
ˆ
dτ1dτ2

⟨⟨ZL(0)t3 (τ1) t3 (τ2) Z̄L(∞)⟩⟩c
⟨⟨ZL(0)Z̄L(∞)⟩⟩ + perm. +O

(
θ3
)
. (5.8)

Above, perm. stands for contributions from cyclic permutations of the insertions and we have
omitted correlators that vanish by symmetry.21 Integrated correlators of tilt and displacement
operators with external insertions have recently been studied in [55, 58]. These expansions
provide a defect CFT interpretation of the small-angle limit of (3.17) and (3.26) in terms
of integrated correlators of defect insertions. For instance,22 setting ϕ = 0, from (3.18) we
can read the small-θ expansion of the cusp anomalous dimension,

ΓL(λ, 0, θ) = BL θ
2 −

(
BL

12 − CL

4

)
θ4 +O(θ6) , (5.9)

where BL ≡ BL(0) and CL = CL(0) are respectively the generalized Bremsstrahlung and
Curvature functions defined in (3.18). Their explicit value at L << 1 is given in (3.19),
(3.20) and (3.21), while the L >> 1 result can be read from (3.27) and (3.28). Comparing
with (5.7), we read

BL
∼=
ˆ
dτ1dτ2

⟨⟨ZL(0)t3 (τ1) t3 (τ2) Z̄L(∞)⟩⟩c
⟨⟨ZL(0)Z̄L(∞)⟩⟩ + perm. . (5.10)

21For example, the linear order term
´
dτ ⟨⟨ZL(0) t3(τ) Z̄L(∞)⟩⟩c

⟨⟨ZL(0)Z̄L(∞)⟩⟩ vanishes because t3 = Φ3 carries an R-
symmetry polarization which is by construction orthogonal to that of ZL. The three-point function, whose
structure involves scalar products of the R-symmetry polarizations, is thus identically zero.

22We focus on the tilt correlators, since the tilt and displacement operators belong to the same supermultiplet
and the tilt is the superprimary [60]. Furthermore, we always consider the ϕ2 ∼ θ2 limit in order to
preserve supersymmetry.
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Conformal symmetry of the four-point function implies

⟨⟨O(τ1)O(τ2)O(τ3)O(τ4)⟩⟩ = ⟨⟨O(τ1)O(τ2)⟩⟩⟨⟨O(τ3)O(τ4)⟩⟩G(z) , z = τ12τ34
τ13τ24

, τij = τi−τj ,
(5.11)

where G(z) is function of the cross-ratio z. By performing an appropriate conformal trans-
formation, we can set τ1 = 0, τ3 = 1 and τ4 = ∞. In this frame, the cross-ratio reduces to
z = τ2. With these simplifications, the integrated correlator (5.10) takes the form

BL
∼=
ˆ
dz

⟨⟨ZL(0)t3(z)t3(1)Z̄L(∞)⟩⟩c
⟨⟨ZL(0)Z̄L(∞)⟩⟩ + perm. . (5.12)

To regulate potential divergences, we follow the prescription of [61] and use a hard-sphere
regularization scheme, which amounts to replacing the domain of integration with

Σε (τ1, τ2) =
{
(τ1, τ2)

∣∣∣ε−1 > |τ1| > ε, ε−1 > |τ2| > ε, |τ1 − τ2| > ε
}
. (5.13)

The integrated correlator then simplifies to [57]

BL =
ˆ
dτFε(τ)

⟨⟨ZL(0)t3(τ)t3(1)Z̄L(∞)⟩⟩c
⟨⟨ZL(0)Z̄L(∞)⟩⟩ + perm.

=
ˆ
dτ log |τ | ⟨⟨Z

L(0)t3(τ)t3(1)Z̄L(∞)⟩⟩c
⟨⟨ZL(0)Z̄L(∞)⟩⟩ + perm. , (5.14)

where one uses [61]

Fε(τ) =
(ˆ

Σε(x,xτ)
−
ˆ
Σε(xτ,x)

)
dx

x
, lim

ε→0
Fε(τ) = log |τ | . (5.15)

In principle, higher orders in the small-angle expansion of the near-BPS generalized cusp
anomalous dimension (3.17) correspond to integrated higher-point23 defect correlators involv-
ing tilts/displacements and ZL. For example, expanding the generalized cusp anomalous
dimension (3.17) at order θ4, we obtain a constraint on an integrated six-point function.
We can write it as

−BL

12 + CL

4
∼=
ˆ
dτ1dτ2dτ3dτ4

⟨⟨ZL(0) t3(τ1)t3(τ2)t3(τ3)t3(τ4)Z̄L(∞)⟩⟩c
⟨⟨ZL(0)Z̄L(∞)⟩⟩ + perm. , (5.16)

where CL is the curvature function defined in (3.18). In principle, one can reduce the six-point
function to a function of three cross-ratios and then regularize the corresponding integral,
similarly to what was done in (5.11) and (5.14) for the four-point function.

5.2 The antiparallel lines limit and defect fusion

We now turn to the interpretation of the ϕ→ π limit of the cusp, which corresponds to two
antiparallel Wilson lines, in terms of defect fusion. When the two Wilson lines approach each

23Higher orders in the small-angle expansion generate integrated correlators involving operators beyond the
tilt, tI = ΦI with I = 1, . . . 5, including, for example, Φ6.
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other, they fuse and undergo an RG flow that terminates at a new conformal line defect. The
dynamics on the fused defect are governed by an effective action of the form [45]

Seff =
ˆ
dτ

√
γ

λ11 +
∑
O
λOO

 , λO ∼ (π − ϕ)∆O−1 , (5.17)

where γ is the induced metric on the defect and λO are the Wilson coefficients associated
to the irrelevant operators O that live on the fused conformal defect. The cusp anomalous
dimension encodes information about these coefficients. As discussed in [45, 46], in this limit
the energy or the cusp anomalous dimension admit an expansion of the type

ΓL(λ, ϕ, θ) = E = ECas
π − ϕ

+∆L + b (π − ϕ) +O(π − ϕ)2 , (5.18)

where each term can be interpreted as a (higher-derivative) correction to the Wilson coefficient
of the identity or of an irrelevant operator. The divergent term represents the Casimir energy
(or potential) that must be overcome to fuse the two line defects, and can be interpreted as
arising from λ1. The constant term corresponds to the scaling dimension of the defect-creating
operator and in particular it vanishes precisely when the fused defect is trivial. Higher-order
terms arise from higher-derivative corrections to the Wilson coefficient of the identity as
well as from the coefficients of irrelevant operators generated by the RG flow on the fused
defect. For example, the linear term is related to λ1 as [45],

λ1 = − ECas
π − ϕ

− 3b (π − ϕ) + · · · (5.19)

Thus, we see that our results (3.3) and (3.7a) provide substantial information about the
effective action of the fused defect. By expanding it to a sufficiently high order at ϕ → π,
one can in principle extract all Wilson coefficients appearing in the defect effective action.

In contrast to the case without insertions [3], at strong coupling g, we find two qualitatively
distinct behaviors of the cusp anomalous dimension depending on the value of L.

For L < Lc, the energy of the string (3.3) takes the form

ΓL(λ, ϕ, θ)
4g = E(A) = E(A)

Cas
π − ϕ

+ b(A)(π − ϕ) +O((π − ϕ)2) , (5.20)

where E(A)
Cas and b(A) are defined in (3.6). The first term, proportional to E(A)

Cas, is the potential
energy between the generalized quark-antiquark pair in the excited state generated by ZL,
or in other words, the Casimir energy between the two line defects. The linear term gives
a prediction for the Wilson coefficient λ1 at strong coupling, see (5.19). The absence of a
constant term indicates that, in this regime, the fused defect is trivial (its creating operator
is the identity). This is precisely the same behavior observed in the case without insertions.
Physically, this suggests that the local insertion carries only a small charge and therefore
has a negligible effect on the fusion process.

For L > Lc, the structure of the cusp anomalous dimension changes dramatically,

ΓL(λ, ϕ, θ)
4g = E(B) = ∆(B)

L + β (π − ϕ)2 +O((π − ϕ)4) , (5.21)
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with ∆(B) defined in (3.7b). In this regime, the constant term is non zero but the potential
term is absent, suggesting that the large charge insertion screens the interaction between
the two Wilson lines.

We can also extract information about the behavior of correlators of bulk operators (i.e.
operators not inserted on the defect) in the presence of a circular24 Wilson loop from the
structure of the potential energy. In particular, the value of the potential determines the
asymptotic behavior of one-point functions of bulk operators with large scaling dimension in
the presence of a circular Wilson loop [45]. To see this, we need to consider the two-point
function of two circular Wilson loops with opposite orientation, ⟨WW̄ ⟩, and expand it as
an infinite sum of correlators of local bulk operators On [62–64].

If we take the first Wilson loop to lie on a unit circle in some plane, and describe the
second loop by its radius r and relative angular orientation θ⃗ = (θ1, θ2), the two-point
function can be written as

⟨WW̄⟩ = ⟨W| elog rD−θ⃗·M⃗ |W⟩ , (5.22)

where D and M⃗ are the generators of dilatations and rotations. Following [45], we insert a
complete basis of bulk operators On and rewrite the two-point function as

⟨WW̄⟩ =
∑
n

⟨W|On⟩⟨On|elog rD−θ⃗·M⃗ |W⟩ =
∑
n

∣∣⟨W|On⟩
∣∣2 r∆ne−iJ⃗n·θ⃗ , (5.23)

where ∆n and the J⃗ are the scaling dimensions and spins of On,

D|On⟩ = ∆n|On⟩ , (5.24)
M⃗ |On⟩ = iJ⃗n|On⟩. (5.25)

Introducing the one-point function density ρ(∆, J⃗), the equation above becomes

⟨WW̄⟩ =
ˆ
d∆dJ⃗ ρ(∆, J⃗) r∆e−iJ⃗ ·θ⃗ , (5.26)

ρ(∆, J⃗) =
∑
n

|⟨W|On⟩|2δ(∆−∆n)δ(J⃗ − J⃗n) . (5.27)

Comparing the above decomposition with the predictions of the effective theory (5.17) in the
regime where the two defects approach each other and fuse, r → 1, the authors of [45] obtained
the asymptotic expansion of ρ(∆, J⃗) at large ∆. For scalars operators J⃗ = 0, they found [45]

ρ(∆, J⃗ = 0) ∼ ∆−3/4 exp
[
2
√
2πECas ∆1/2

]
, ∆ ≫ 1 , (5.28)

where ECas is the potential energy for the fusion of the two Wilson lines, which can be read
from the ϕ → π limit of the cusp anomalous dimension with L = 0.25

24Since a circle can be mapped to a straight line by a conformal transformation, correlators of local operators
on a circular defect coincide with those on a straight line, up to a change of variables.

25The potential or Casimir energy for two circular loops is exactly the same as the one for two antiparallel
lines [63]. Intuitively, this follows from the fact that the Casimir energy is a short-distance effect that does not
know about the global structure of the defects.
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We can extend the analysis of [45] to Wilson lines containing insertions of local operators
ZL. Repeating the same steps, the correlator of two such Wilson lines becomes

⟨WLW̄L⟩ =
ˆ
d∆dJ⃗ ρL(∆, J⃗) r∆e−iJ⃗ ·θ⃗ (5.29)

where WL here denotes the circular Wilson loop with insertions ZL and Z̄L and

ρL(∆, J⃗) =
∑
n

|⟨WL|On⟩|2δ(∆−∆n)δ(J⃗ − J⃗n) . (5.30)

In terms of the original defect without insertions, the overlaps become the squares of defect
three-point functions involving two defect operators and one bulk operator

|⟨WL|On⟩|2 = |⟨⟨ZLZ̄LOn⟩⟩|2 . (5.31)

From the analysis of [45], the large ∆ asymptotic behavior of ρL(∆, J⃗) for scalar opera-
tors is then

ρL(∆, J⃗ = 0) ∼ ∆−3/4 exp
[
2
√
2π ECas ∆1/2

]
, ∆ ≫ 1 , (5.32)

where ECas ≡ −4 g E(A)
Cas in (3.6) if L < Lθc . Thus, in this regime, our result for the potential

energy leads to a prediction for the asymptotic spectrum of defect three-point functions
involving heavy bulk operators in the presence of a straight Wilson line defect with ZL

insertions. If L > Lθc , ECas = 0 and the fusion limit is governed by subleading contributions
in the effective action (5.17). Therefore, we expect that the density of defect three-point
functions will exhibit a qualitatively different behavior for L > Lθc .

A Classical setup

For the reader convenience, we collect here a more detailed description of the classical string
solution [5, 18, 29] presented in section 2. In terms of embedding coordinates, AdS5 and S5

satisfy respectively the hyperboloid and sphere constraints (here with unit radius)

AdS5 : −X2
1 −X2

2 +X2
3 +X2

4 +X2
5 +X2

6 = −1 ,
S5 : Y 2

1 + Y 2
2 + Y 2

3 + Y 2
4 + Y 2

5 + Y 2
6 = 1 .

(A.1)

One of the parametrizations for Xi and Yi used in this paper reads

AdS5 : X1+iX2=coshρeit, X3+iX4= 2x1
x2

1+y2
1+1 sinhρe

iφ, X5+iX6= 2y1+i(1−x2
1−y2

1)
1+x2

1+y2
1

sinhρ,

S5 : Y1+iY2=cosψeiν , Y3+iY4= 2x2
x2

2+y2
2+1 sinψe

iϑ, Y5+iY6= 2y2+i(1−x2
2−y2

2)
1+x2

2+y2
2

sinψ,
(A.2)

with corresponding metric ds2 = (ds2)AdS5 + (ds2)S5 given by

(ds2)AdS5 = − cosh2ρ dt2 + dρ2 + 4 sinh2 ρ
(1+x2

1+y2
1)2 (x21 dφ2 + dx21 + dy21) ,

(ds2)S5 = cos2ψ dν2 + dψ2 + 4 sin2 ψ
(1+x2

2+y2
2)2 (x22 dϑ2 + dx22 + dy22) .

(A.3)
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In AdS5, we single out an AdS3 subspace parametrized by the coordinates (ρ, t, φ), with
ρ > 0, decompactified time t ∈ (−∞,∞), and angular coordinate φ ∈ [0, 2π). Likewise, inside
S5 we select an S3 spanned by (ψ, ν, ϑ), with ψ ∈

[
0, π2

)
, ν ∈ [0, 2π), and ϑ ∈ [0, 2π). Real

stereographic coordinates are adopted for the directions transverse to the AdS3×S3 subspace
probed by the classical string solution: (x1, y1) for the two-sphere S2 ⊂ AdS5 and (x2, y2) for
the two-sphere S2 ⊂ S5. In these coordinates, the ansatz for the classical string solution is

t = κ τ, ρ = ρ(σ), φ = φ(σ), x1 = 1, y1 = 0 ,
ν = γ τ, ψ = ψ(σ) , ϑ = ϑ(σ), x2 = 1, y2 = 0 .

(A.4)

An alternative parametrization for the embedding coordinates is

AdS5 : X1 +X2 = eit
√
1 + r2, X3 + iX4 = r eiφ cos ζ1, X5 + iX6 = r sin ζ1 eiζ2 ,

S5 : Y1 + Y2 = eiν
√
1− ρ̃2, Y3 + iY4 = ρ̃ eiϑ cosχ1, Y5 + iY6 = ρ̃ sinχ1 e

iχ2 ,

(A.5)
with metric

(ds2)AdS5 = −
(
r2 + 1

)
dt2 + dr2

r2+1 + r2
(
cos2 ζ1 dφ2 + dζ21 + sin2 ζ1dζ22

)
,

(ds2)S5 =
(
1− ρ̃2

)
dν2 + dρ̃2

1−ρ̃2 + ρ̃2
(
cos2 χ1 dϑ

2 + dχ1
2 + sin2 χ1dχ

2
2

)
.

(A.6)

This is the choice adopted in [29] and, to avoid confusion with the radial AdS coordinate
ρ in (A.3)–(A.2), we label the radial coordinate on S5 as ρ̃. The AdS5 radial coordinate
is r > 0, the time t is decompactified, t ∈ (−∞,∞), and the angular coordinates range
as φ ∈ [0, 2π), ζ1 ∈ [0, π), and ζ2 ∈ [0, 2π). On S5 we take 0 < ρ̃ < 1, ν ∈ [0, 2π),
ϑ ∈ [0, 2π), χ1 ∈ [0, π), and χ2 ∈ [0, 2π). The ansatz for the classical solution is again
t = κ τ, r = r(σ), φ = φ(σ), ν = γ τ, ρ̃ = ρ̃(σ), ϑ = ϑ(σ) with ζ1 = ζ2 = χ1 = χ2 = 0.
The metrics (A.3)–(A.6) are related, for the relevant AdS3 × S3 subspace, via sinh ρ = r,
sinψ = ρ̃. The induced metric on the worldsheet Σ reads

ds2Σ ≡ ∂αX
µ∂βX

ν Gµν ≡ hαβ dσ
αdσβ

= −[κ2 − γ2 + κ2r2 + γ2ρ̃2]dτ2 +
[
r′2

1 + r2
+ r2φ′2 + ρ̃′2

1− ρ̃2
+ ρ̃2ϑ′2

]
dσ2 .

(A.7)

When Virasoro constraints are satisfied, hαβ becomes conformally the flat one (2.7). The
metric (A.6) admits 15 Killing vectors in AdS5 and 15 in S5, of which the (commuting) ones
associated with the cyclic coordinates for this problem are Kt = ∂t, Kφ = ∂φ, Kζ2 = ∂ζ2 ,
Kν = ∂ν , Kϑ = ∂θ, Kχ2 = ∂χ2 . The corresponding conserved currents are the conjugate
momenta Παµ = 2g ηαβGµν ∂βXν , with µ = t, φ, ζ2, ν, ϑ, χ2. For Kζ2 and Kχ2 the associated
currents are trivial (they vanish identically). In contrast, for Kφ (in AdS5) and Kϑ (in S5),
current conservation is equivalent to requiring that the quantities

Πσφ = 2gr2φ′(σ) , Πσϑ = 2gρ2ϑ′(σ) (A.8)

are σ−independent. The invariance under global time translations in AdS5 (Kt) and rotations
along the ν direction in S5 (Kν) implies the existence of two conserved charges in the usual
sense, the energy E and the angular momentum L:

E =
ˆ s/2

−s/2
dσΠ0

t = 2gκ
ˆ s/2

−s/2
dσ(1 + r2(σ)) , (A.9)
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L = −
ˆ s/2

−s/2
dσΠ0

ν = 2gγ
ˆ s/2

−s/2
dσ(1− ρ̃2(σ)) . (A.10)

Their values can be computed explicitly, as in (2.21) and (2.33), by rewriting the integrals in
terms of the radial coordinates using dσ = dr/r′ and dσ = dρ̃/ρ̃′, and then employing the
equations of motion (2.9), (2.10) to eliminate the dependence on r′ and ρ̃′. In terms of the
auxiliary parameters introduced in (2.11) and (2.23), the radial derivatives are given by

r′ = ±
√
1 + r2

√
r2(n−m) + n

√
r2(n−m)− 1 + n

r
√
n2 −m

√
1− n−m

, (A.11)

ρ̃′ = ±
√
1− ρ̃2

√
ρ̃2 + nL − 1

√
ρ̃2mL + nL −mL

r
√
mLnL + nL −mL

. (A.12)

We can easily solve (A.11) and (A.12) in terms of trigonometric elliptic functions:

r(σ) =
√√√√√ 1−m

(n−m)cn
(

σ√
1−m−n

∣∣∣m)2 − 1 , (A.13)

ρ̃(σ) =

√√√√√1− nL cd

 √
nLσ√

mL(nL − 1) + nL

∣∣∣∣∣mL

2

. (A.14)

A.1 Relation to parameters used in literature

In this appendix we summarize the various convention used in literature, some of the
expressions below appear also in the main body, however for reader’s convenience we collect
all the formulae here. In this paper we use the classical string solution of [29]. The parameters
used there to describe the phase space of the classical string configuration are related to our
parameters according to the following maps for AdS5 (cf. section 2.1):

Region AL : κ2 = n−m

1− n−m
, ℓ2φ = n(1− n)

(n−m)(1−m− n) , (A.15a)

Region BL : κ2 = n′

1 +m′ − n′
, ℓ2φ = (n′ −m′)(1− n′)

n′(1 +m′ − n′) , (A.15b)

where the two sets of parameters are given by

Region AL : 1 ≥ n ≥ 0 , 1
2 ≥ m ≥ 0 , 1 ≥ n ≥ m ≥ 0 , (A.16a)

Region BL : 1 ≥ n′ ≥ 0 , 1 ≥ m′ ≥ 0 , 1 ≥ n′ ≥ m′ ≥ 0 . (A.16b)

As explained in section 2.1, we can cover the two regions AL and BL simply using (n,m) and
extending m to negative values. Sometimes for convenience we use the set (n′,m′) (3.24) to
have a compact phase space. The modular parameters are related by

n′ = n−m

1−m
, m′ = m

m− 1 . (A.17)

For S5 (cf. section 2.2), the parameters used in [29] are related to our (nL,mL) by

γ2 = mL

nL −mL(1− nL)
, ℓ2ϑ = (1− nL)(nL −mL)

nL −mL(1− nL)
. (A.18)
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Moreover, in [29] the angular momenta ℓφ and ℓϑ (2.8) are related to the above parameters with

ℓ2φ =
k4ϕ − (1− κ2)2

4κ2 , ℓ2ϑ = k4θ − (1− γ2)2
4γ2 , (A.19)

and kϕ and kθ in [29] in terms of our notation read

k4ϕ = ∆, k4θ = ∆L, (A.20)

where ∆ and ∆L are defined in (2.11) and (2.23) respectively.

A.1.1 The straight line limit

The solution for L orthogonal scalars inserted on the straight line, that is θ = ϕ = 0 has
been discussed in [18, 30, 31]. In our set-up, this corresponds to

ℓϑ = ℓφ = 0 , κ = γ > 1 , (A.21)

or equivalently

n = 1 , nL = mL , m = mL

mL − 1 ⇒ κ = γ = 1√
mL

> 1 , (A.22)

since mL ∈ (0, 1), see equation (2.26). In particular, In this limit in [30, 31] a parameter c
is introduced to parametrize the minimal radius in S3 reached by the string at the center
of the worldsheet σ → 0. In our notation κ = γ = 1√

mL
= 1

c , and for mL = c → 1 the
solutions of [18] are recovered.

A.1.2 The generalized cusp limit

In [3], the solution is time independent on the compact space, and the string spans AdS3×S1.
This indeed corresponds to set L = 0 while keeping the two opening angles (ϕ, θ). Looking
at the classical configuration (2.2), we should set

ψ = π

2 , or equivalently ρ̃ = 1 , κτ → t .

In [3] the two opening angles (ϕ, θ) of the dual operator enter the elliptic functions of the
classical solution via two parameters, (p, q), or equivalently (b, k). The relation between
these two equivalent sets of parameters are [3]

p2 = b4(1− k2)
b2 + k2

, q2 = b2(1− 2k2 − k2b2)
b2 + k2

,

k2 = b2(b2 − p2)
b4 + p2

, b2 = 1
2

(
p2 − q2 +

√
(p2 − q2)2 + 4p2

)
.

(A.23)

From the discussion around equation (2.34), in order to have L = 0, we need to impose

ℓ2ϑ = 1 , or equivalently nL = 0 . (A.24)

The relations among the parameters introduced in [29] and [3] read then (κ → ±1/J)

p = − κ

ℓφ
, q = 1

ℓφ
, (A.25a)
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κ2 = b2p2(
b2 + 1

)
p2 − b4

, ℓφ = 1
q
= b√(

b2 + 1
)
p2 − b4

. (A.25b)

For notational economy we work with the modular parameters (2.11), related to [3] via

n = b4

b4 + p2
, m = k2 . (A.26)

Notice that this identification is meaningful only in the so-called Region AL, as explained in
section 2.3. It is also worth noticing that we need to use the relation sAdS = sS in this limit,
see (2.37), in order to remove γ, since γ is not constrained by the ansatz in [3].

B Energy expansions in different regimes

B.1 The antiparallel limit

In the case 1 (n→ m), which can only be realized in the Region AL, the first step to obtain
the expansion of the energy in the antiparallel lines limit is to write the factor

√
n−m

in (2.21) as an expansion in π − ϕ via equation (2.19). Using (E.20), one first write

π−ϕ= 2
(
𝔼−(1−m)𝕂

)√
m(1−m)

√
n−m−

(
(1−2m)𝔼−(1−m)𝕂

)
3
(
m(1−m)

) 3
2

(n−m)
3
2 +O((n−m)2), (B.1)

where 𝕂 ≡ K(m), 𝔼 ≡ E(m). Inverting, we get the desired expansion:

√
n−m =

√
m(1−m) (π−ϕ)

2
(
𝔼−(1−m)𝕂

) +
√
m(1−m)

(
(1−2m)𝔼−(1−m)𝕂

)
48
(
𝔼−(1−m)𝕂

)4 (π−ϕ)3+O((π−ϕ)5) ,

(B.2)
and uses it in (2.21) to obtain (3.3)

E =− 1
(π−ϕ)

2
(
𝔼−(1−m)𝕂

)2√
m(1−m)

+ (π−ϕ)((m−1)𝕂+(1−2m)𝔼
)

12
√
m(1−m)

(
𝔼−(1−m)𝕂

) +O(π−ϕ)3) . (B.3)

As a second step, one needs then to express m in terms of a solution of the consistency
condition (2.39) in the same n → m limit. This is done assuming the expansion m = m+
a1(π − ϕ) + a2(π − ϕ)2 + O((π − ϕ)3), with m solution of (3.4), finding

m = m+ m2 (1−m)2𝕂 (π − ϕ)2

4
(
𝔼− (1−m)𝕂

)
2
(
(1− 2m)𝔼− (1−m)𝕂

) +O((π − ϕ)4) , (B.4)

where 𝔼 ≡ E(m) and 𝕂 ≡ K(m). Plugging this into (B.3) one obtains (3.3). The dependence
on the angular momentum L is encoded in m. In the small-L regime, this dependence can
be made explicit by expressing it as O(L) corrections to the results of [46], expanding m

around m0, where m0 is determined by the L → 0 limit (3.5) of (3.4). As explained in the
main body, the limit L → 0 corresponds to taking nL → 0,mL → 0, with their ratio finite
and equal to (2.34). Assuming the expansions mL = ∑∞

j=1 ajLj and nL = ∑∞
j=1 bjLj , one

can solve eqs. (2.31) and (2.33) order by order in L, obtaining

nL = 4L√
π2−θ2

+
2
(
θ2−3π2

)
L2

π2(π2−θ2) +

(
2θ4−7π2θ2+3π4

)
L3

π4
(
π2−θ2

)3/2 +

(
5π4+18π2θ2−7θ4

)
L4

4π6
(
π2−θ2

) +O(L5) ,
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mL = 4L
√
π2−θ2
π2

−
2
(
3π2−5θ2

)
L2

π4
+

(
20θ4−17π2θ2+3π4

)
L3

4π6
√
π2−θ2

(B.5)

+

(
139θ6−105π2θ4−7π4θ2+5π6

)
L4

4π8
(
π2−θ2) +O(L5) ,

from which

Θeff = θ + 2
√
π2 − θ2L
θ

+

(
3θ2 − 2π2

)
L2

θ3
+

(
θ6 + 13π2θ4 − 20π4θ2 + 8π6

)
L3

2π2θ5
√
π2 − θ2

+

+

(
3θ10 + 12π2θ8 + 133π4θ6 − 348π6θ4 + 288π8θ2 − 80π10

)
L4

8π4θ7
(
π2 − θ2

) +O(L5) . (B.6)

Using this result in (3.4), one obtains the power series in L for the modular parameter m
in the antiparallel lines limit

m=m0−
2m0(1−m0)

√
1−2m0

√
π2−θ2L(

(1−m0)𝕂0+(2m0−1)𝔼0
)
θ

+ m0 (1−m0) (π−θ2)3/2L2(
(m0−1)𝕂0+(1−2m0)𝔼0

)3
θ3
√
π2−θ2

×
(m0−1)𝕂0

√1−2m0 (m0−1)

(
3θ2−2π2

)
π2−θ2 𝕂0+

(
4k40−7m0+2

)
θ

−

−2(2m0−1)𝔼0

√1−2m0 (m0−1)

(
3θ2−2π2

)
π2−θ2 𝕂0+

(
2m2

0−2m0+1
)√

ξ−1


+(1−2m0)5/2

(
3θ2−2π2

)
π2−θ2 𝔼0

2

+O(L3
)
, (B.7)

where 𝔼0 ≡ E(m0) and 𝕂0 ≡ K(m0). The expansion above is used to obtain from (3.3)
the expressions (3.6).

The antiparallel line limit of the energy can be also obtained in Region BL. One considers
the n→ 0 limit and negative values of m. Proceeding in a very similar way, here one uses that

√
n√−m = (π − ϕ)

2(𝔼−𝕂) +
(m− 1)𝕂+ (m+ 1)𝔼
48(E(m)−K(m))4 (π − ϕ)3 +O((π − ϕ)3) , (B.8)

and obtains

E = (1−m)𝕂− 𝔼√−m − (1−m)𝕂− 𝔼

8
√−m(𝔼−𝕂)2

(π − ϕ)2 +O((π − ϕ)4) . (B.9)

The modulus m is then expressed in terms of a solution of the consistency condition (2.39)
in the same n → 0 limit, equation (3.8), finding

m = m̂+ m̂2 K̂

4(K̂ − Ê)3
(π − ϕ) 2 +O (π − ϕ) 4 , (B.10)

where K̂ = K(m̂), Ê = E(m̂) and m̂ solves (3.8). Plugging this into (B.9), one obtains (3.7a).
The dependence on L is again encoded in the parameter m̂. In this region, however, the
standard small-L expansion is not meaningful, since the region collapses to a point in the
limit L → 0.
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B.1.1 Expansion around the critical point Lθ
c

We remain in the antiparallel lines limit and explore the behavior of the energy in a neigh-
borhood of Lc. To obtain its expansion around the transition point Lc, we keep θ fixed and
expand in the small parameter L− Lc. The parameters mL and nL must then solve

L=
√
nL√
mL

(K(mL)−E(mL)) , and θ=2
√

(1−nL)(nL−mL)
nL

Π
(
nL|mL

)
. (B.11)

At the lowest order in L − Lc, the solution is26

nL = ncL + a1(L− Lc) +O((L− Lc)2) , mL = mc
L + b1(L− Lc) +O((L− Lc)2) ,

a1 =
2mc

L
3/2(1−mc

L)(1− ncL)
√
ncLE(mc

L)
(ncL −mc

L)((1−mc
L)K(mc

L)− E(mc
L))2 +mc

L
2(1− ncL)E(mc

L)2
,

b1 =
2(1−mc

L)2mc
L
3/2(K(mc

L)(mc
L − ncL) + ncLE(mc

L))√
ncL
(
(ncL −mc

L)((1−mc
L)K(mc

L)− E(mc
L))2 +mc

L
2(1− ncL)E(mc

L)2
) ,

(B.12)

where mc
L and ncL solve (3.9). Then the expansion of Θeff(θ,L) around L = Lc reads

Θeff(θ,L) = π − 2√mc
L(Lc − L)

√
ncL

√
mc

L

(
1− 1

nc
L

)
+ 1

+O((Lc − L)2) . (B.13)

The final step is to find the AdS5 modulus mc satisfying the consistency condition (3.4)
around the critical point. We must solve

2
√
1− 2mcK (mc) = Θeff(θ,L) = π − 2√mc

L(Lc − L)
√
ncL

√
mc

L

(
1− 1

nc
L

)
+ 1

+O((Lc − L)2). (B.14)

The solution is

mc =
8√mc

L(Lc − L)
3π√−mc

L +mc
Ln

c
L + ncL

+O((L− Lc)2) , (B.15)

such that the coefficient E(A)
Cas(θ,L) of the pole in π − ϕ scales, next to Lc, as in (3.11).

Above the transition, the analysis in S5 is unvaried and equation (B.13) still holds.
However, this time we have to solve (3.8) to determine the appropriate m̂c, namely

2
√
1− m̂c𝕂(m̂c) = π + 2√mc

L(L− Lc)
√
ncL

√
mc

L

(
1− 1

nc
L

)
+ 1

+O
(
(L− Lc)2

)
. (B.16)

At the lowest order, this equation is solved by

m̂c = − 8√mc
L

π
√−mc

L +mc
Ln

c
L + ncL

(L− Lc) +O
(
(L− Lc)2

)
, (B.17)

such that the correction to the energy in (3.7a) reads as in (3.12).
26One determines b1 in terms of a1 by imposing that the width of the cusp is still θ at the first order in the

expansion in L− Lc, a1 is then fixed by solving the first equation in (B.11).
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B.2 Large-L expansion

To understand the origin of the large-L expansion, recall the definition of L in (2.33) together
with the parameter ordering 0 ≤ mL ≤ nL ≤ 1. This ordering implies the bounds

K(mL)− E(mL) ≤ L ≤ K(mL)− E(mL)√
mL

, (B.18)

where the lower (upper) bound corresponds to nL = mL (nL = 1). On the interval 0 ≤ mL ≤ 1,
the elliptic integrals K and E satisfy the inequality

K(mL)− E(mL)√
mL

≤ 1
2 log

(
1 +√

mL

1−√
mL

)
. (B.19)

This follows directly from the standard trigonometric representation of K and E.27 Com-
bining (B.18) and (B.19), we obtain

L ≤ 1
2 log

(
1 +√

mL

1−√
mL

)
, which can be inverted to give √

mL ≥ 1− e−2L

1 + e−2L ≥ 1− 2e−2L.

Hence,
1− 2e−2L ≤ √

mL ≤ 1. (B.20)

Therefore, in the large-L limit, one has mL → 1 with exponentially small corrections. Since
mL ≤ nL ≤ 1, the parameter nL must also approach 1 at the same exponential rate. Guided
by this behavior, we introduce the expansions

mL = 1− ϵL +
∞∑
k=2

ak ϵ
k
L, nL = 1−

∞∑
k=1

bk ϵ
k
L, (B.21)

where ϵL is exponentially small in L. Its dependence on L, as well as the coefficients ak
and bk, will be determined by solving (2.31) and (2.33) perturbatively. The choice of unit
coefficient for the linear term in mL fixes the overall normalization of ϵL.
We proceed by first solving (2.31) for θ, using the expansion of Π(m,n) derived in appendix E,
and then solving (2.33) for L. At leading order, (2.33) fixes the expansion parameter ϵL

as in (3.23). Proceeding order by order in the solutions, we get the following expansions
for nL and mL up to ϵ4L:

mL =1− ϵL + ϵ2L
2 (1 + L cos θ)− ϵ3L

64
(
20L2 cos 2θ + 4L2 + 32L cos θ + 6L cos 2θ − 4L+ 15

)
+

+ ϵ4L
1536

(
120L3 cos θ + 392L3 cos 3θ − 132L2 cos θ + 576L2 cos 2θ + 228L2 cos 3θ+

27From the usual trigonometric integral representation for elliptic integrals, we find immediately

K(mL)−E(mL)=
ˆ π/2

0
dθ

mLsin2θ√
1−mLsin2θ

=
ˆ 1

0
dt

mL

√
1−t2√

mLt2−mL+1
⩽
ˆ 1

0
dt

mL√
mLt2+1−mL

=
√
mL log

(
1+√

mL

1−√
mL

)
.

Above, we have used the change of variable θ = arccos(t).
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+ 192L2 + 525L cos θ + 144L cos 2θ + 39L cos 3θ − 96L+ 168
)
+O(ϵ5L) , (B.22)

nL =1− ϵL cos2
θ

2 + ϵ2L
4 cos2 θ2((4L+ 3) cos θ − 2L− 1)− ϵ3L

128 cos2 θ2
(
64L2 − 2(56L2+

+ 52L+ 15) cos θ + (16L(6L+ 7) + 39) cos 2θ + 60L+ 21
)
+

+ ϵ4L
6144

(
6(L(40L2 + 44L+ 43) + 17) cos θ + 4(6L(4L+ 11) + 25) cos 2θ+

+ 2(L(4L(98L+ 183) + 483) + 117) cos(3θ) + (8L(64L(2L+ 3) + 111)+
+ 197) cos 4θ + 24L(4L+ 3) + 39) +O(ϵ5L) . (B.23)

Given the expansion for nL and mL, we can compute the expansion of Θeff(θ,L) in power of ϵL:

Θeff(θ,L) =2(L+ 1)− ϵL

2 cos θ + ϵ2L
32((4L+ 1) cos 2θ − 2) + ϵ3L

256 cos θ(4L(4L+ 5) + 1−

− (16L(2L+ 1) + 5) cos 2θ) + ϵ4L
24576(−8(96L2 + 7) cos 2θ+

+ (8L(32L(4L+ 3) + 45) + 59) cos 4θ + 96(1− 2L)L− 66) +O(ϵ5L) . (B.24)

We now determine the parameters m and n in AdS5 in the large-L regime. Because Θeff(θ,L)
grows linearly with L, the solution lies in region BL, characterized by m < 0. Imposing
the consistency condition (2.39) then requires m → −∞ as L → ∞. Moreover, matching
the leading L-dependence of Θeff fixes the scaling of m to be − 1

ϵL
+ O(1). By contrast, n

remains finite in this limit. In order to apply the expansion of appendix E, it is convenient to
perform a modular transformation that maps the parameters m and n to the interval [0, 1],
see equation (A.17). The complete elliptic integrals then transform according to

K(m) =
√
1−m′K(m′), Π(n,m) =

√
1−m′

n′

(
m′K(m′) + n (1−m′)Π(n′,m′)

)
.

(B.25)
With this reparametrization, the equation (2.19) determining ϕ is unchanged in form, upon
replacing (n,m) by (n′,m′). The consistency condition is correspondingly modified to

Θeff(θ,L) = 2
√
1− n′ +m′K(m′). (B.26)

As L → ∞, the transformed parameters satisfy m′ → 1 and n′ → 1 with exponentially small
deviations. Accordingly, the following ansatz is adopted:

m′ = 1− ϵL +
∞∑
k=2

ck ϵ
k
L, n′ = 1−

∞∑
k=1

dk ϵ
k
L, (B.27)

where the normalization of ϵL is fixed by imposing the asymptotic behavior m = −ϵ−1
L +O(1).

Equations (2.19) and (B.26) are solved perturbatively in powers of ϵL, using the expansion
presented in appendix E, together with the standard asymptotic expansions of the elliptic
integrals K and E in the limit m → 1. The results are given up to, and including, terms
of order O(ϵ4L):

m′ =1− ϵL + ϵ2L
2 (cosϕ− cos θ + L cosϕ+ 1) + ϵ3L

64(−4L2 + 8 cos θ((4L+ 3) cosϕ+ 4)+
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+ (8L− 2) cos 2θ − 32(L+ 1) cosϕ− 10(L+ 1)(2L+ 1) cos 2φ− 12L− 27)+

+ ϵ4L
1536(12 cos 2θ((5− 16L2) cosϕ− 16L+ 12)− 11 cos 3θ − 3 cos θ(4(68L2 + 86L+

+ 23) cos 2ϕ+ 64(6L+ 5) cosϕ+ 8L(2L+ 3) + 195)− 96L2 cos 3θ + 192L2+
+ 3(L(20L(2L+ 7) + 371) + 231) cosϕ+ 48(L+ 1)(12L+ 7) cos 2ϕ+
+ (L+ 1)(4L(98L+ 109) + 119) cos 3ϕ) + 480L+ 648) +O(ϵ5L) , (B.28)

n′ =1− ϵL

2 sin2 ϕ2 + ϵ2L
4 sin2 ϕ2 ((4L+ 3) cosϕ− 2 cos θ + 2L+ 3)− ϵ3L

128 sin2 ϕ2 (64L
2−

− 16 cos θ(2(5L+ 3) cosϕ+ 6L+ 7) + (4− 16L) cos 2θ + 2(4L(14L+ 33)+
+ 71) cosϕ+ 3(16L(2L+ 3) + 17) cos 2ϕ+ 140L+ 101)+

+ ϵ4L
1536

(
1
2(96L

2 + 11) cos 3θ(cosϕ− 1) + sin2 ϕ2 (−12 cos(2θ)(32L2+

+ 2(L(24L− 5)− 9) cos(ϕ) + 6L− 25) + (8L(2L(94L+ 309) + 795) + 2455) cosϕ+
+ 2(L(4L(158L+ 507) + 2013) + 623) cos 2ϕ+ (4 + L(64L(4L+ 9) + 423)+

+ 409) cos 3ϕ+ 2(L+ 1)(4L(94L+ 245) + 895))− 3 cos θ sin2 ϕ2 (4(4L(66L+

+ 133) + 243) cosϕ+ 2(128L(3L+ 4) + 161) cos 2ϕ+ 64L(9L+ 17) + 617)
)
+O(ϵ5L) .

(B.29)

At this stage, all necessary ingredients are in place to evaluate the energy. In terms of the
transformed parameters, it takes the form

E = 1√
n′

(
K(m′)− E(m′)

)
, (B.30)

leading to a compact expression for the large L expansion, equation (3.26).

B.3 Near BPS expansion

To approach the BPS point, we fix L and θ and consider the limit in which ϕ approaches
θ. To isolate how a nonzero L modifies the result, compared to the standard generalized
cusp of [3], we expand in small L. In this small-L limit, the quantities nL and mL take the
form shown in (B.5), and the effective angle Θeff(θ,L) is given by (B.6).

For the AdS5 moduli solving the conditions (2.39) and (2.19), one postulates a double
series-expansion in L̂ and ϵ = cosφ − cos θ

m =
∞∑

k,j=0
mkj(θ̂)ϵkL̂J , n =

∞∑
k,j=0

nkj(θ̂)ϵkL̂j . (B.31)

Here we have defined for future convenience L̂ = L/π and θ̂ = θ/π. At the BPS point
(ϵ = 0, L = 0) one has mL = 0, which because of (3.14) implies m = 0, or m00 = 0. The
expansions read

m =
[
−4
√
1−θ̂2L̂+(6θ̂2−10)L̂2− (4θ̂4−17θ̂2+19)L̂√

1−θ̂2
− (9−5θ̂2)(θ̂4−6θ̂2+13)L̂4

4(1−θ̂2)
+O(L̂5)

]
+
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+ θ̂

π sin πθ̂

[
−2 + 2(3θ̂2 − 4)L̂√

1− θ̂2
+ 3(2θ̂2 − 5)L̂2 + (5θ̂6 − 33θ̂4 + 68θ̂2 − 26)L̂3

2(1− θ̂2)3/2
+

+(−15θ̂8 + 130θ̂6 − 444θ̂4 + 558θ̂2 + 91)L̂4

16(1− θ̂2)2
+O(L̂5)

]
ϵ

+csc(πθ̂)
2π2

[
π(3θ̂4−6θ̂2+2π(θ̂2−1)θ̂ cot(πθ̂)+2)

θ̂(1−θ̂2)
− πL̂
θ̂(1−θ̂2)3/2

(6θ̂6−24θ̂4+21θ̂2+

+2π(3θ̂4−7θ̂2+4)θ̂ cot(πθ̂)−8)+ 3πL̂2

4θ̂(θ̂2−1)2
(5θ̂8−36θ̂6+65θ̂4−42θ̂2+

+4π(θ̂2−1)2(2θ̂2−5)θ̂ cot(πθ̂)+20)− L̂3

8θ̂(1−θ̂2)5/2
(π(15θ̂10−138θ̂8+428θ̂6−444θ̂4+

+359θ̂2+4π(5θ̂8−38θ̂6+101θ̂4−94θ̂2+26)θ̂ cot(πθ̂)−104))+

+ πL̂4

64(θ̂−1)3θ̂(θ̂+1)4
(θ̂(θ̂(θ̂(896100−θ̂(θ̂+1)(218295θ̂8−1116072θ̂6+2317014θ̂4−

−2493676θ̂2+1520151))+9060)+364)−4π(θ̂−1)θ̂(15θ̂8−130θ̂6+444θ̂4−558θ̂2−

−91)(θ̂+1)2 cot(πθ̂)+364)+O(L̂5)
]
ϵ2+O(ϵ2) , (B.32)

n =
[
(1−θ̂2)−2 θ̂2

√
1−θ̂2 L̂+3 θ̂2 (θ̂2−1) L̂2

2 −

(
θ̂6−θ̂4−2θ̂2

)
L̂3

2
√
1−θ̂2

+

(
5θ̂8−15θ̂6−33θ̂4+107θ̂2

)
L̂4

32 (1−θ̂2)
+O(L̂5)

]
+ θ̂

π sin πθ̂

[
2−θ̂2+(3θ̂4−9θ̂2+8) L̂

2
√
1−θ̂2

+3 (θ̂4−3θ̂2+4) L̂2

4 +
θ̂
(
5θ̂8−25θ̂6+51θ̂4−55θ̂2−32

)
L̂3

16(1−θ̂2)3/2

+
θ̂
(
6θ̂8−47θ̂6+129θ̂4−141θ̂2−107

)
L̂4

16 (1−θ̂2)2
+O(L̂5)

]
ϵ+

+csc2(πθ̂)
8π2

[
1

1−θ̂
+ 1
θ̂+1

+θ̂(8π cot(πθ̂)+θ̂(−3θ̂2−4πθ̂ cot(πθ̂)+18))− 10−

− L̂(θ̂(θ̂(θ̂(34π cot(πθ̂)+3θ̂(θ̂2−4)(θ̂2+2πθ̂ cot(πθ̂)−5))−42)−16π cot(πθ̂))+16)
(1−θ̂2)3/2

+

3
8 L̂

2

5θ̂6−37θ̂4+64θ̂2− 8(θ̂4+θ̂2+4)
(θ̂2−1)2

+8πθ̂5 cot(πθ̂)−24πθ̂3 cot(πθ̂)+32πθ̂ cot(πθ̂)

+
+ L̂3

8(1−θ̂2)5/2
(39θ̂10−289θ̂8+827θ̂6−1023θ̂4+614θ̂2−2π(5θ̂10−30θ̂8+76θ̂6−106θ̂4+

+23θ̂2+32)θ̂ cot(πθ̂)+64)+ L̂4

32(1−θ̂)3(θ̂+1)4
(θ̂(θ̂(θ̂(θ̂(θ̂(θ̂(θ̂+1)(218295θ̂8−

−1552098θ̂6+4544430θ̂4−7112988θ̂2+6486403)−3917490)−3030450)+1783344)+
+9264)+856)+8π(θ̂−1)θ̂(−6θ̂8+47θ̂6−129θ̂4+141θ̂2+107)(θ̂+1)2 cot(πθ̂)+
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+856)+O(L̂5)
]
ϵ2+O(ϵ3). (B.33)

The expansion of the energy close to the BPS points and at small L reads

E =L̂+ θ̂

sin θ̂
√
π2 − θ̂2

[
1
2 − 3L̂

2
√
1− θ̂2

− 3(θ̂2 − 3)L̂2

8(1− θ̂2)
+ (5 + 6θ̂2 − 3θ̂4)L̂3

8(1− θ̂2) 3
2

− 15(3θ̂6 − 3θ̂4 − 11θ̂2 + 3)L̂4

128(1− θ̂2)2
+O(L̂5)

]
ϵ

+ csc2 πθ̂
8π(1−θ̂2) 3

2

[
−3θ̂2−2πθ̂3 cot(πθ̂) + 2πθ̂ cot(πθ̂)−2−

− 3L̂(θ̂4−13θ̂2−4πθ̂3 cot(πθ̂) + 4πθ̂ cot(πθ̂)−4)

2
√
1−θ̂2

− 3L̂2

4(θ̂2−1)
(−3θ̂6 + 15θ̂4−28θ̂2+

+2πθ̂5 cot(πθ̂)−8πθ̂3 cot(πθ̂) + 6πθ̂ cot(πθ̂)−6) + L̂3

16(1−θ̂2)3/2
(−45θ̂8 + 183θ̂6−

−159θ̂4−387θ̂2 + 24πθ̂7 cot(πθ̂)−72πθ̂5 cot(πθ̂) + 8πθ̂3 cot(πθ̂) + 40πθ̂ cot(πθ̂)−40)+

+15
64 L̂

4
(
−14553θ̂8 + 45264θ̂6−49200θ̂4+22257θ̂2+

+6−2θ̂(θ̂(θ̂(3737θ̂(θ̂+1)−18450) + 11118)−3)
(θ̂−1)2(θ̂+1)3

+ 6πθ̂5 cot(πθ̂)−22πθ̂ cot(πθ̂)−

− 16πθ̂ cot(πθ̂)
θ̂2−1

)
+O(L̂5)

]
ϵ2+O(ϵ3) . (B.34)

The expansion of (3.19) at small angles, with the substitution L = L/(4g) reproduces of
course all the results in [29].

C Quantum fluctuations

In this appendix, we report some technical details used for the computations of section 4.1.

C.1 Bosonic fluctuations

In order to compute the Lagrangian for the bosonic fluctuations using the algorithm developed
in [38], we need to specify a basis NA

i (with i = 1, . . . , 8 and A = 0, . . . , 9) in the normal
bundle as well as the tangent vectors along the tangent bundle, i.e. tAα = ∂αX

µEAµ where
EAµ are the target space vielbein. We choose the following basis:

tτ =
(√

X 2 + 1, 0, 0, 0, 0,
√
1− Y2, 0, 0, 0, 0

)
, (C.1)

tσ =
(
0, XX ′√

(X 2 + 1)(X 2 + 1− κ2)
,

κℓφ√
X 2 + 1− κ2

, 0, 0,

0, YY ′√
(1− Y2)(Y2 + γ2 − 1)

,− γℓϑ√
Y2 − 1 + γ2

, 0, 0
)
,
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AdS5 : N1 = (0, 0, 0, 1, 0, 0, 0, 0, 0, 0) , N2 = (0, 0, 0, 0, 1, 0, 0, 0, 0, 0) , (C.2)

N7 =
(
0, κℓφ

X
√
X 2 + 1− κ2

,− X ′√
(X 2 + 1)(X 2 + 1− κ2)

, 0, 0, 0, 0, 0, 0, 0
)
,

S5 : N3 = (0, 0, 0, 0, 0, 0, 0, 0, 1, 0) , N4 = (0, 0, 0, 0, 0, 0, 0, 0, 0, 1) , (C.3)

N6 =
(
0, 0, 0, 0, 0, 0, γℓϑ

Y
√
Y2 − 1 + γ2

,
Y ′√

(1− Y2)(Y2 − 1 + γ2)
, 0, 0

)
,

Mixed : N5 = e−Λ
(√

1− Y2, 0, 0, 0, 0,
√
1 + X 2 , 0, 0, 0, 0

)
, (C.4)

N8 = e−Λ
(
0,− YX ′√

(X 2 + 1)(X 2 + 1− κ2)
,− κℓφY

X
√
X 2 + 1− κ2

, 0, 0,

0, XY ′√
(1− Y2)(Y2 − 1 + γ2)

,− γℓϑX
Y
√
Y2 − 1 + γ2

, 0, 0
)
.

C.1.1 The straight line limit

In [30, 31], the Lagrangian for the quadratic bosonic fluctuations was obtained for the case of
L orthogonal insertions on the straight line with ϕ = θ = 0. We remind the reader that for
us this implies (A.21). In this limit the solutions (A.13)–(A.14) satisfy the relation

γ cosψ = 1
cosh ρ , (C.5)

which in terms of the functions X ,Y (4.1) this means

Y → tanh ρ , Y2 = X 2 + 1− κ2

X 2 + 1 = 1− 1
mL(1 + X 2) , (C.6)

e2Λ = 1 + X 2 − κ2

X 2 + 1 = 1 + X 2 − 1
mL(X 2 + 1) .

In this limit (A.21) the mass matrix (4.8) becomes diagonal, and particularly simple:28

−√
gMii = 1 + 2X 2 , i = 1, 2, 7 , (C.7a)

−√
gMii = −1 + 2 κ2

1 + X 2 , i = 3, 4, 6 , (C.7b)

−√
gMii = −1 + 2 1

mL(1 + X 2) , i = 3, 4, 6 , (C.7c)

−√
gMii = 1 +

2κ(κ− 1)2
(
X 2 + 1

)
(−κ+ X 2 + 1

)2 −
2κ(κ+ 1)2

(
X 2 + 1

)
(
κ+ X 2 + 1

)2 , i = 5, 8 . (C.7d)

The connections along the σ-direction (4.7b) vanish identically, and along the τ -direction (4.7a)
only one component survives

A58
τ →

κ
(
κ2 + X 4 − 1

)
(−κ+ X 2 + 1

) (
κ+ X 2 + 1

) . (C.8)

28In (C.7), a mixed used of the modular parameter (mL) and the parameters of the classical solution is
made to ensure compactness of the expression.
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In this limit our quadratic bosonic Lagrangian agree with the one computed in [31] (setting
c = 1

κ = √
mL). Finally the fermionic masses (C.11c) become

Lflux → 2ie−2Λ Θ̄
(
X
√
1 + X 2 Γ2̂3̂4̂ +

κ
√
X 2 + 1− κ2

X 2 + 1 Γ6̂8̂9̂

)
Θ . (C.9)

Finally in the limit κ→ 1+ (mL → 1−) [18], then we have further simplifications as in can
be seen from the above formulae, and notice that X → sinh ρ in this case.

C.1.2 The generalised cusp limit

We have checked that our one-loop Lagrangian for the bosonic and fermionic modes (4.3),
(C.11a) reproduces the results of [3], once taken the appropriate limits (A.24)–(A.25b). In
comparing our results with [3], it should be kept in mind that the worldsheet coordinate σ
spans between (−K(k2),K(k2)) in [3], while we have

−
√
−b4 + b2p2 + p2√

b4 + p2
K(k2) ≤ σ ≤

√
−b4 + b2p2 + p2√

b4 + p2
K(k2) .

C.2 Fermionic Lagrangian

In this section we compute the quadratic part of the fermionic Lagrangian [65], which for
type IIB GS superstring (in Lorentzian signature) is

Lf = Ψ̄I
(√

hhαβ δIJ − εαβτ IJ3

)
Γα
(
δJKDβ +

1
8τ

JK
3 ∂βX

µHµνλΓνλ +
eΦ

8 FJKΓβ
)
ΨK ,

(C.10)
where Γα is the pull-back of the ten-dimensional Gamma matrices onto the worldsheet, Dα

is the pulled back covariant derivative Dµ = ∂µ + 1
4Ωαβµ Γαβ, with Ω the ten-dimensional

spin connection (we follow here the notation of [66]). The ten-dimensional Majorana-Weyl
fermions ΨI (I = 1, 2) satisfy the chiral condition Γ11ΨI = ΨI , and the 2× 2 Pauli matrices
τ1, τ2, τ3 act on the indices I, J . In the case of AdS5 × S5, there is no contribution from
the B-field, and thus to H(3). The ten-dimensional dilaton Φ is simply related to the string
coupling by eΦ = gs, and the only contribution to the flux term is given by (self-dual) five-form
eΦ

8 FJK = − eΦ

8 /F (5)τ
JK
2 . In type IIB GS superstrings, it is useful to set Ψ := Ψ1 = Ψ2 to fix

the κ-symmetry. For the background we are interested in, the general result in [37, 38] gives

Lf = Lkin + Lflux , (C.11a)

Lkin = 2i√ggαβΘ̄Γaeϱδaα
(
∂β +

1
4ω

bc
β Γbc −

1
4A

ij
β Γij

)
Θ , (C.11b)

Lflux = −2ie−2ϱ Θ̄
(
X
√
1 + X 2 Γ127 + Y

√
1− Y2 Γ346

)
Θ , (C.11c)

where the Γ−matrices in (C.11c) are labelled with the SO(8) normal indices. Moreover, the
ten-dimensional spinor Θ is obtained from Ψ via a local SO(1, 9) rotation which allows one
to transform the quadratic fermionic term in the Green-Schwarz action into the action for
a set of two-dimensional fermions [37]. The connections Aijα are defined in (4.7a), (4.7b)
and ωβ is the two-dimensional spin connection

ω01
τ = ∂σΛ = e−2Λ(XX ′ + YY ′) ,
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with all other components vanishing. In writing (C.11c) the chirality condition Γ11Θ = Θ
was used.

The trace relation for fermionic and bosonic mass matrices [37, 38] which controls the
universality of UV logarithmic divergences [67] is obeyed,

TrM+R(2) = −8
(
X 2(1 + X 2) + Y2(1− Y2)

)
= 1

2Tr (MFΓαMFΓα) , (C.12)

providing a consistency check of our result.

D Frequencies

D.1 Normal modes frequencies for the uncoupled fluctuations

In this section we compute in a closed form the normal mode frequencies for the uncoupled
fluctuations ξi, with i = 1, 2, 3, 4, discussed in section 4.1, by recasting the equations of
motion into an integrable Lamé differential equation.

D.1.1 Lamé differential equations

Let us consider the equation (4.6a) for the transverse modes i = 1, 2. We first change the
spatial σ coordinate as follows

σ → x = σ√
1−m− n

−K(m)− iK(1−m) , (D.1)

and, after Fourier transforming ξ(σ, τ) → eiωτ ξ̂(σ), we scale the Fourier frequency ω as

ω → Ω√
1− n−m

. (D.2)

Then, using the above transformations, as well as the explicit form of the solution (A.13),
the equation (4.6a) becomes

−ξ̂′′i (x) + 2m sn2(x|m)ξ̂i(x) = h ξ̂i(x) , h = 1 +m− n+Ω2 , i = 1, 2 , (D.3)

where h is the effective eigenvalue in the Lamé equation. For the single-gap Lamé problem,
two independent solutions can be constructed [68]

ξ̂± = H(x± α)
Θ(x) e∓xZ(α) ,

where H,Θ, Z are Jacobi functions defined in appendix E, and the parameter α is determined
by the condition

sn(α|m) =
√

1 +m− h

m
=

√
n− Ω2

m
. (D.4)

Imposing homogeneous Dirichlet conditions at σ = ±s/2 on the general solution gives the
quantization condition on the phase:

4K(m)Z(α) = 2πiℓ , ℓ = 1, 2, . . . i.e. ℓ ∈ ℕ . (D.5)
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The two equations (D.4) and (D.5) relate the eigenvalues h, and thus the original frequencies
ω, to the quantum number ℓ.

We can repeat the above analysis in complete analogy for the transverse modes in the
compact space, that is i = 3, 4. Indeed, the equation (4.6b) can be brought into a standard
Lamé form by transforming the spatial σ coordinate as follows

σ → x =
√
nL√

nL −mL(1− nL)
σ −K(mL) , (D.6)

and by rescaling the Fourier frequencies as

ω → ω = Ω
√
nL√

nL −mL(1− nL)
. (D.7)

Then, using the above transformations, as well as the explicit form of the solution (A.14),
the equation of motion (4.6b) becomes

−ξ̂′′i (x) + 2mL sn2(x|mL)ξ̂i(x) = h ξ̂i(x) , h = 1 +mL − mL

nL

+Ω2 , i = 3, 4 , (D.8)

where the condition on the effective eigenvalue h reads now

sn(α|mL) =
√
1 +mL − h√

mL

=
√

1
nL

− Ω2

mL

. (D.9)

The Dirichlet boundary conditions then read formally as in (D.5), where now m→ mL, that is

4K(mL)Z(α) = 2πiℓ , ℓ = 1, 2, . . . i.e. ℓ ∈ ℕ , (D.10)

and α satisfies the above condition (D.9).

D.1.2 Energy densities

In order to clarify the implicit relation between the normal mode frequencies and the quantum
numbers, as well as to compute the various asymptotic regimes for large and/or small L, it is
useful to introduce “density” functions of the frequencies ρω, ρ̃ω, following [31].

We start by considering the transverse modes in S5, that is i = 3, 4. The quantization
condition (D.10) can be rewritten as [31]

ℓ = 1
2πi

ˆ αℓ

0
f̃ ′(α) dα = 1

2πi

ˆ ωℓ

ω̃0

f̃ ′(α)dαdω dω =:
ˆ ωℓ

ω̃0

ρ̃ω(ω) dω , ℓ ∈ ℕ , (D.11)

where the function f̃ is defined by

f̃(α) := 4K(mL)Z(α) . (D.12)

The derivatives f̃ ′(α) and dα
dω can be computed using the relations (E.9), as well as the

on-shell condition (D.9). We obtain
ρ̃ω(ω)=

2ω
(
mL(nL−1)+nL

)(
K (mL)

(
ω2
(
mL(nL−1)+nL

)
−mL+nL

)
−nLE(mL)

)
π
√
nL

√(
ω2
(
mL(nL−1)+nL

)
−mL

)(
ω2
(
mL(nL−1)+nL

)
+mL(nL−1)

)(
ω2
(
mL(nL−1)+nL

)
−mL+nL

) .
(D.13)
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The extreme of integration ω̃0 is given by the condition f̃(0) = 0, that implies α = 0 as lowest
root, since mL ∈ (0, 1) according to (2.26).29 Then, from the relation (D.9), we obtain

ω̃0 =
√

mL

mL (nL − 1) + nL

. (D.14)

Notice that the normal mode frequencies ωℓ with ℓ ∈ ℕ are strictly greater than ω̃0.
We can proceed in a similar manner for the transverse modes in AdS5 (i = 1, 2) to

compute the density ρω. In this case, we can define an auxiliary function f according to
the quantization condition (D.5), that is

f(α) := 4K(m)Z(α) , (D.15)

and an extreme of integration ω0, such that

ℓ = 1
2πi

ˆ αℓ

0
f ′(α) dα =:

ˆ ωℓ

ω0

ρω(ω) dω , ℓ ∈ ℕ . (D.16)

We obtain for the energy density

ρω(ω) =
2ω (1−m− n)

(
K(m)

(
ω2(1−m− n)− n+ 1

)
− E(m)

)
π
√(

ω2(1−m−n)−n) (ω2(1−m−n)−n+1
) (
ω2(1−m−n)+m−n) . (D.17)

The only subtle point in this case is the extreme of integration ω0. Indeed, looking at
the equation

f(α) = 0 , (D.18)

with f given in (D.15), we need to recall that now m ≤ 1
2 (2.12), and in particular for

m→ −∞ the elliptic function K vanishes. In order to correctly compute ω0, it is useful to
split the range of the parameters (n,m) according to the sign of m. For m ∈ (0, 1/2), the
lowest solution to equation (D.18) for any m, is given by α = 0, which implies

ω0 =
√
n√

1−m− n
. (D.19)

As discussed in section 3.1 this corresponds to the case 1, that is the Region AL, which plays
a role once we examine the antiparallel lines limit in section 4.2.1.
For negative values of m, it is useful to use the modular parameters (3.24). In terms of
(n′,m′) the two conditions (D.4) and (D.5) read formally the same

sn(α|m′) =
√
1 +m′ − h√

m′
=

√
n′ − Ω2

m′ , 4K(m′)Z(α,m′) = 2πiℓ , ℓ ∈ ℕ , (D.20)

where now the rescaled frequencies are obtained by ω = Ω√
1+m′−n′ .30 Then, the lowest zero

of (D.18) in terms of parameters (n′,m′) is given by

ω̂0 =
√
n′√

1 +m′ − n′
=

√
n−m√

1−m− n
. (D.21)

29For mL → 1 then the elliptic function K has a logarithmic divergence in 1−m, while Z(α, 1) = tanhα.
30It is straightforward to see that by using the following transformations

σ →
√
1 +m′ − n′(x+ iK(1−m′) +K(m′) , ω → Ω√

1 +m′ − n′
,
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This is the correct extreme of integration for the region BL (see also case 2 in section 3.1
in relation to the antiparallel lines limit), and thus for expanding in large L as discussed in
section 4.2.2. Our functions ρω, ρ̃ω (D.17), (D.13) reduce to the energy density computed
in [31] in the straight line limit (A.21) with rescaling our ω by 1/c and renaming it E, that
is ω → E

c , where c in [31] corresponds to our parameter √
mL. It is straightforward to see

that ω̃0 in (D.14) reduces to 1
c in this limit (A.21), however, only ω̂0 in (D.21) reduces to the

same value in agreement with [31], while ω0 in (D.19) reduces to
√
1− c2/c.

It is not difficult to check that in the limit of large quantum number ℓ, the exact analysis
for the uncoupled scalar sector reproduces the WKB result. One starts from the quantization
condition written in the form (D.11) for the S5 case, and its analogue for the AdS5 case.
To single out the behavior for large ℓ it is sufficient to consider the large ω expansions of
the density (D.13) and (D.17)

ρ̃ω(ω) =
2K(mL)

√
−mL
nL

+mL + 1
π

+ 1
ω2

K(mL)
(
mL
nL

−mL + 1
)
− 2E(mL)

π
√
−mL
nL

+mL + 1
+O(ω−4),

ρω(ω) =
2K(m)

√
1−m− n

π
+ 1
ω2

K(m)(1−m+ n)− 2E(m)
π
√
1−m− n

+O(ω−4).
(D.22)

One proceeds substituting them respectively in (D.11) (and in its analog for AdS5) and
integrating term by term between the lower bounds (ω̃0 in (D.14) for S5 and ω0 in (D.19) for
AdS) and ωℓ. In doing this, we have to be careful with possible constant term coming from
the lower extreme of integration in the integrals

´ ωℓ

ω0
ω−2k in the expansion of the densities. To

single out this term one has to subtract from the integral of the density its leading behavior
and take the limit of ωℓ → ∞, for example in the case of S5

r0 ≡ lim
ωS5

ℓ
→∞

 ˆ ωS5
ℓ

ω̃0

ρ̃(ω)dω − 2K(mL)
π

√
1− mL

nL

+mL ω
S5
ℓ

 . (D.23)

In both cases, the result is totally independent on the modular parameters and is given
by r0 = −1. Therefore, its effect is simply to shift the integer ℓ of one unit. Inverting
the expansion, one obtains

ωS
5

ℓ = π (ℓ+1)

2K(mL)
√

1−mL
nL

+mL

+ K(mL)(mL+nL−mLnL)−2nLE(mL)

πnL

√
1−mL

nL
+mL

1
ℓ+1 +O( 1

(ℓ+1)2 ) ,

ωAdS5
ℓ = π

2K(m)
√
1−m−n (ℓ+ 1) + K(m)(1−m+n)−2E(m)

π
√
1−m−n

1
ℓ+1 +O( 1

(ℓ+1)2 ) .
(D.24)

Recalling the expressions for the range of the spatial worldsheet coordinate, equations (2.35)
and (2.22), as well as those of the angular momentum (2.33) and of the energy (2.21), one
can verify that the term linear in ℓ and the term of order 1/ℓ above coincide with the
corresponding expressions appearing in (4.20) and (4.16) respectively.

the equation of motion (4.6a) reduces to the following Lamé form

−ξ̂′′i (x) + 2m′ sn2(x|m′)ξ̂i(x) = h ξ̂i(x) , h = 1 +m′ − n′ +Ω2 , i = 1, 2 .
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D.2 WKB analysis of the normal mode frequencies

In this section we elucidate the WKB analysis for the coupled transverse modes ξi, with
i = 5, . . . , 8. For these modes, the equation of motions (4.9) represent a system of coupled
4×4 differential equations. After Fourier transforming, we write schematically the differential
equation as(

−∂2σ − ω2 − 2iω𝔸τ + 2𝔸σ∂σ + ∂σ𝔸σ +𝔸2
τ −𝔸2

σ −
√
hM

)
Ξ̂(σ) = 0 , (D.25)

where now Ξ̂ is a ℂ4 wave function. We have indicated 𝔸τ ,𝔸σ the 4 × 4 antisymmetric
matrices whose components are the connections (4.7a), (4.7b) respectively, computed in
section 4.1. We can always rescale the radial component Ξ̂ to remove the connection 𝔸σ,
however we find more convenient to not perform such a transformation. We assume that
there exists a 4 × 4 matrix P, which is defined by the relation

∂σΞ̂(σ) = iP(σ) Ξ̂(σ) . (D.26)

In general, P is a (smooth) function of the worldsheet coordinate σ. Using the above relation,
the equation (D.25) becomes a Riccati matrix equation for P:

−i∂σP + P2 − ω2 − 2iω𝔸τ + 2i𝔸σP + ∂σ𝔸σ +𝔸2
τ −𝔸2

σ −
√
hM = 0 . (D.27)

In complete analogy to the semiclassical expansion (4.11), we can assume the following large
ω approximation for the matrix P

P = ω

(
P0 +

1
ω
P1 +

1
ω2P2 + . . .

)
, (D.28)

where now all the Pp, with p = 0, 1 . . . are 4 × 4 matrices. With the ansatz (D.28), the
Riccati equation (D.27) can be solved order by order in large ω. At the leading order,
this is nothing but

P2
0 − I = 0 , that is P0,± = ±I , (D.29)

where I is the 4 × 4 identity matrix. At the next leading order, we obtain an algebraic
equation for P1

{P0,P1} − 2i𝔸τ + 2i𝔸σP0 = 0 , which gives P1,± = −i (𝔸σ ∓𝔸τ ) . (D.30)

At the next-to-next leading order, the algebraic equation for P2 reads

−i∂σP1 + {P0,P2}+ P2
1 + 2i𝔸σP1 + ∂σ𝔸σ +𝔸2

τ −𝔸2
σ −

√
hM = 0 , (D.31)

and a formal solution for P2 is

P2,± = ±1
2
(
i∂σP1,± − P2

1,± − 2i𝔸σP1,± − ∂σ𝔸σ −𝔸2
τ +𝔸2

σ +
√
hM

)
(D.32)

= i

2
(
[𝔸σ,𝔸τ ]− ∂σ𝔸τ ±

√
hM

)
.
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The above formal expansion can be used to reconstruct the wave function Ξ̂ via (D.26). At
the leading order, since P0 is a constant diagonal matrix, the Dirichlet boundary conditions
at σ = ±s/2, give the quantization condition

ωs = ℓπ , ℓ ∈ ℕ . (D.33)

At the next leading order, the connections (4.7a), (4.7b) modify this relation. The solution
Ξ̂ (D.26) can be written formally as path-ordered exponential matrix acting on a constant
vector v±:

Ξ̂±(σ) =
[
P exp

ˆ σ

−s/2

(
±iωσ′ +𝔸σ(σ′)∓𝔸τ (σ′)

)
dσ′
]
v± . (D.34)

As before the Dirichlet boundary conditions at σ = −s/2 will give a relation among the
trivial solutions, while at σ = s/2, we obtain

eiωs
[
P exp

ˆ s/2

−s/2

(
𝔸σ(σ)−𝔸τ (σ)

)
dσ
]
v− = e−iωs

[
P exp

ˆ s/2

−s/2

(
𝔸σ(σ) +𝔸τ (σ)

)
dσ
]
v− .

(D.35)
Defining the holonomy matrix as

U
(1)
± (s/2) := P exp

ˆ s/2

−s/2

(
𝔸σ(σ)∓𝔸τ (σ)

)
dσ , (D.36)

this implies that in order to have a non-trivial solution satisfying the Dirichlet boundary
conditions, we should have

det
(
U

(1)
+

−1
(s/2)U (1)

− (s/2)− e2iωsI
)
= 0 . (D.37)

If the holonomies U (1)
± are SO(4) matrices, then the above quantization relation can be

written as

ω = πℓ

s
+ θI

2s , ℓ ∈ ℕ , I = 1, . . . , 4 , (D.38)

where θI are the eigenvalues of U (1)
+

−1
(s/2)U (1)

− (s/2). The above expression is what reported
in equation (4.21) in section 4.2. The same argument can be applied to the next-to-next
leading order in ω, where formally the quantization condition is now given by (D.37), where
the exponential matrices U±(s/2) contain also the matrix P2,± (D.32), that is

U
(2)
± (s/2) :=P exp

ˆ s/2

−s/2

(
𝔸σ(σ)∓𝔸τ (σ)−

1
2ω
(
[𝔸σ(σ),𝔸τ (σ)]−∂σ𝔸τ (σ)±

√
hM(σ)

))
dσ.

(D.39)
It should be noticed that the above path-ordered exponential matrices, as (D.36) or (D.39),
should be expanded again in large ω, and thus at the leading orders only few terms contribute
to the wave function Ξ̂ (D.26).
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E Elliptic functions

In this appendix we collect miscellaneous formulae for elliptic functions used throughout the
main text. The incomplete elliptic integrals of the first, second and third kind are defined as

F (φ|m) =
ˆ φ

0

dθ√
1−m sin2 θ

, (E.1)

E(φ|m) =
ˆ φ

0

√
1−m sin2 θ dθ, (E.2)

Π(φ|n,m) =
ˆ φ

0

dθ

(1− n sin2 θ)
√
1−m sin2 θ

. (E.3)

The related complete elliptic integrals are obtained by evaluating the above at φ = π
2

K(m) = F

(
π

2

∣∣∣∣m) , E(m) = E

(
π

2

∣∣∣∣m) , Π(n|m) = Π
(
π

2

∣∣∣∣n,m) . (E.4)

Defining the Jacobi amplitude as

α = am(z|m), where z =
ˆ α

0
dθ (1−m′ sin2 θ)−1/2 , (E.5)

with m′ = 1 −m, the Jacobi elliptic functions sn, cn, dn defined as

sn(z |m) = sinα, cn(z|m) = cosα, dn(z|m) = (1−m sin2 α)1/2 (E.6)

are doubly-periodic functions of z, with real-valued periods that are either 2K(m) (dn) or
4K(m) (sn and cn) and purely imaginary periods that are either 2iK(m′) (sn) or 4iK(m′)
(cn and dn).

Other Jacobian elliptic functions useful for us are

cd(z|m) = cn(z|m)
dn(z|m) , sd(z|m) = sn(z|m)

dn(z|m) , (E.7)

ns(z|m) = 1
sn(z|m) , nd(z|m) = 1

dn(z|m) . (E.8)

Useful relations are

cn2(z|m) + sn2(z|m) = 1 , dn2(z|m) +m sn2(z|m) = 1 ,
d
dz sn(z|m) = cn(z|m)dn(z|m) .

(E.9)

The Jacobi H, Θ and Z functions are defined in terms of the Jacobi ϑ functions as

H(z|m) = ϑ1

(
π z

2𝕂 , q

)
, Θ(z|m) = ϑ4

(
π z

2𝕂 , q

)
, Z(z|m) = π

2𝕂
ϑ′4

(
π z
2𝕂 , q

)
ϑ4
(
π z
2𝕂 , q

) ,
(E.10)

where
q = q(m) = exp

(
− π

K(m′)
K(m)

)
. (E.11)
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Useful periodicities for them are

H(z + 2K(m) |m) = −H(z |m), (E.12)
Θ(z + 2K(m) |m) = Θ(z |m), (E.13)
Z(z + 2K(m) |m) = Z(z|m) . (E.14)

A useful representation for the Jacobi Z function is

Z(α;m) =
ˆ α

0
dz dn2(z;m)− E(m)

K(m) α , (E.15)

where α is the Jacobi amplitude in (E.5). It should be noticed that the input argument of
Z(α;m) in (E.15) differs from the one of Z(z|m) in (E.10) and coincides with the one used by
the Mathematica function JacobiZeta[u,m]. In other words, it is the Mathematica function
JacobiZeta[JacobiAmplitude[z,m],m] that reproduces the right-hand-side of (E.10).

Complete elliptic integral of the third kind and its expansion

The Taylor expansion of the elliptic integral Π(n,m) with respect to the first argument,
around a regular point n0, is given by

Π
(
n |m) = π

2

∞∑
j=0

1
j!

(1
2

)
j
F1

(1
2 + j; 1 + j,

1
2; 1 + j;n0,m

)
(n− n0)j , (E.16)

where F1 (a; b1, b2; c; z1, z2) is the Appell function [69]. The latter simplifies to a standard
hypergeometric function when z1 = z2

F1

(1
2 + j; 1 + j,

1
2; 1 + j;m,m

)
= 2F1

(
j + 1

2 , j +
3
2; j + 1;m

)
, (E.17)

and a further simplification occurs using the properties of the Gaussian hypergeometric
function under differentiation,

1
j!

(1
2

)
j

2F1

(
j + 1

2 , j +
3
2; j + 1;m

)
=

√
π

2Γ
(
j + 3

2

) ∂j

∂xj

(
2F1

(1
2 ,

3
2; 1;x

))∣∣∣∣∣∣
x=m

. (E.18)

Using this and the identity

2F1

(1
2 ,

3
2; 1;x

)
= 2E(x)
π(1− x) (E.19)

into (E.16) for n0 = m, one obtains the compact form

Π
(
n |m) = √

π

2

∞∑
j=0

∂j

∂xj

(
E(x)
1− x

)∣∣∣∣∣∣
x=m

(n−m)j

Γ
(
j + 3

2

) . (E.20)

In this paper we also use the modular transformations

K(z) =
K
(

z
z−1

)
√
1− z

/; | arg(1− z)| < π E(z) =
√
1− zE

(
z

z − 1

)
/; | arg(1− z)| < π ,

(E.21)
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and

Π(n|m) =
Π
(

n
n−1 | m

m−1

)
√
1−m(1− n)

/; | arg(1−m)| < π ∧ | arg(1− n)| < π , (E.22)

as well as the identity

Π(n|m) =K(m) + iπ

2
√

m
n −m+ n− 1

−Π
(
m

n

∣∣∣∣m
)

/;(0 < n < 1 ∧ 0 < m < 1) ∨ (0 < n < 1 ∧ 0 < arg(m) ≤ π).

(E.23)

A useful integral representation of Π(m, n)

In this appendix we derive an integral representation for Π(m,n) that is well suited to
analyze the joint limit

m→ 1, n→ 1, (E.24)

with the ratio
1−m

1− n
= α (E.25)

kept finite. Since we always assume 0 ⩽ m ⩽ n ⩽ 1, we have α ⩾ 1. We start from the
canonical integral representation

Π(m,n) =
ˆ π/2

0

dφ(
1− n sin2 φ

)√
1−m sin2 φ

. (E.26)

The potential singularity in the limit m,n→ 1 comes from the region near the upper endpoint
φ ≃ π/2, where sin2 φ ≃ 1. We now perform the change of variables φ = arccot(t), which
maps the interval (0, π/2) to the positive half-line (0,∞) and moves the singular region to
t = 0. In these variables the integral becomes

Π(m,n) =
ˆ ∞

0
dt

√
1 + t2

√
1−m+ t2

(
1− n+ t2

) . (E.27)

Next, we make explicit the dependence on n by rescaling t →
√
1− n t and using the

parametrization m = 1 − α(1 − n) (see eq. (E.25)). This gives

Π(m,n) =
ˆ ∞

0
dt

√
1 + (1− n)t2

(1− n)(1 + t2)
√
t2 + α

. (E.28)

The overall factor 1/(1 − n) makes the leading divergence manifest as n → 1. However, if
one naively expands the square root in the numerator in powers of (1− n), all the resulting
integrals over t diverge, except for the leading-order term. To obtain a representation suitable
for a systematic expansion in (1− n), we rewrite the square root using the integral identity

√
1 + (1− n)t2 = 2

π

ˆ ∞

0
du

1 + (1− n)t2
u2 + 1 + (1− n)t2 , (E.29)
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which follows from
´∞
0 du/(u2 + a2) = π/(2a) with a2 = 1 + (1 − n)t2. Inserting (E.29)

into (E.28) we obtain the double integral

Π(m,n) =
ˆ ∞

0
dt

ˆ ∞

0
du

2
[
1 + (1− n)t2

]
π(1− n) (1 + t2)

√
t2 + α

[
u2 + 1 + (1− n)t2

] . (E.30)

We now exchange the order of integration and first integrate over t. For this purpose it is
convenient to use the partial fraction decomposition

2
(
1+(1−n)t2

)
π(n−1)

(
t2+1

)(
u2+1+(1−n)t2

)= 2
π(u2+n)


n

(1−n)
(
t2+1

)
︸ ︷︷ ︸

𝕀1

+ u2

u2+1+(1−n)t2︸ ︷︷ ︸
𝕀2

. (E.31)

We first consider the contribution from 𝕀1. In this case, both integrations over t and u can
be carried out explicitly, and we obtain

√
n sec−1

(√
α
)

√
α− 1 (1− n)

. (E.32)

For the term associated with 𝕀2, integrating over t and simplifying the result yields

ˆ ∞

0
du

u2
[
2 log

(√
1 + u2 +

√
1 + u2 − (1− n)α

)
− log(1− n)− logα

]
π
√
1 + u2

(
n+ u2

)√
1 + u2 − (1− n)α

. (E.33)

Collecting the two contributions, we arrive at the final representation

Π(m,n)=
√
nsec−1

(√
α
)

√
α−1(1−n) +

ˆ ∞

0
du

u2
[
2log

(√
1+u2+

√
1+u2−(1−n)α

)
−log(1−n)−logα

]
π
√
1+u2

(
n+u2

)√
1+u2−(1−n)α

.

(E.34)
In terms of the original parameter m and n, the above formula reads

Π(m,n)=

√
nsec−1

(√
1−m
1−n

)
√
(1−n)(n−m)

+
ˆ ∞

0
du

u2
[
2log

(√
1+u2+

√
m+u2

)
−log(1−m)

]
π
√
1+u2

(
n+u2

)√
m+u2

. (E.35)

The advantage of (E.35) is that, under the limits (E.24)–(E.25), the divergent contribution
is completely factorized. In fact, the integrand naturally splits into a term proportional to
− log(1−m), which gives the explicit logarithmic divergence, and a remainder that is finite
at m,n = 1. Moreover, expanding the integrand in powers of (1− n) and (1−m) generates
only convergent integrals over u, so that (E.34) provides a convenient starting point for a
controlled asymptotic expansion around m,n→ 1 with fixed α = (1−m)/(1−n). Performing
this double expansion and integrating each term, we arrive at the following expansion:

Π(m,n)−

√
n sec−1

(√
1−m
1−n

)
√
(1− n)(n−m)

=

– 66 –



J
H
E
P
0
5
(
2
0
2
6
)
3
0
1

=
∞∑

j,k=0

log(1−m)
(−1)j+1Γ

(
1
2 + j + k

)
4Γ
(
1
2 − j

)
Γ(1 + j)Γ(2 + j + k)

(1−m)j(1− n)k+

+
∞∑
l=1

(−1)j+l+1π1/2Γ
(
1
2 + j + k + l

)
4l2Γ

(
1
2 − j

)
Γ(1 + j)Γ

(
1
2 − l

)
Γ(l)Γ(2 + j + k + l)

(1−m)j+l(1− n)k+

+
(−1)kπ

(
H1+j+k −H− 1

2+j+k
+ 2 log 2

)
4Γ
(
1
2 − j

)
Γ(1 + j)Γ

(
1
2 − j − k

)
Γ(2 + j + k)

(1−m)j(1− n)k
 . (E.36)
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