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1 Generalized Toric Varieties for Simple

Non-Rational Convex Polytopes

Fiammetta Battaglia and Elisa Prato

Abstract

We call complex quasifold of dimension k a space that is locally isomorphic to
the quotient of an open subset of the space C

k
by the holomorphic action of a

discrete group; the analogue of a complex torus in this setting is called a complex

quasitorus. We associate to each simple polytope, rational or not, a family of
complex quasifolds having same dimension as the polytope, each containing a dense
open orbit for the action of a suitable complex quasitorus. We show that each of
these spaces M is diffeomorphic to one of the symplectic quasifolds defined in [P],
and that the induced symplectic structure is compatible with the complex one, thus
defining on M the structure of a Kähler quasifold. These spaces may be viewed
as a generalization of the toric varieties that are usually associated to those simple
convex polytopes that are rational.

Mathematics Subject Classification 2000. Primary: 14M20. Secondary: 32S99, 32C15, 53D20.

Introduction

Consider a vector space d of dimension n. To each simple convex polytope ∆ ⊂ d∗ that
is rational with respect to a lattice in d there corresponds a toric variety with at worst
quotient singularities. What happens in the case that the simple convex polytope is no
longer rational? To answer this question we consider a special class of spaces, called
quasifolds, which were first introduced by one of the authors in [P]. A quasifold is not
necessarily a Hausdorff space: it is locally modeled by orbit spaces of the action of
discrete, possibly infinite, groups on open subsets of Rk. A quasitorus, on the other
hand, is the natural replacement of a torus in this geometry.

In this article we define the notions of complex quasifold and complex quasitorus
and we associate to each simple convex polytope ∆ ⊂ d∗ a family of compact complex
quasifolds of dimension n, each endowed with the holomorphic action of a complex
quasitorus DC having a dense open orbit. Our construction is explicit: each space M
is the topological quotient of a suitable open subset of Cd by the action of a suitable
subgroup NC ⊂ T d

C
= Cd/Zd, and DC is isomorphic to T d

C
/NC, d being the number

of facets of the polytope. We show that M is a complex quasifold by covering it with
mutually compatible local models of the type Cn modulo the action of a discrete group.
If the polytope is rational our procedure matches the standard one for constructing toric
varieties as quotients that is described in Appendix 1 of Guillemin’s book [G].
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It is shown in [P] that to the same simple convex polytope ∆ one can also asso-
ciate a family of symplectic quasifolds of dimension 2n, each endowed with the effective
Hamiltonian action of a quasitorus D, having the property that the image of the cor-
responding moment mapping is exactly ∆. The construction extends the one given by
Delzant [D] in the smooth case: it is explicit and uses the symplectic quotient operation.
In the last section of this paper we show that each complex quotient M is equivari-
antly diffeomorphic to one of these symplectic quotients, that the induced symplectic
structure is compatible with the complex one, and thus defines on M the structure
of a Kähler quasifold; of course DC here is the complexification of the corresponding
quasitorus D.

For these reasons these spaces may well be thought of as a natural generalization
of toric varieties for simple convex polytopes that are not rational.

1 Complex quasifolds and complex quasitori

This section is devoted to defining complex quasifolds and their geometry. We will not
repeat the remarks and results that are in common with the real case, for which we
refer the reader to the article [P]. The local model for complex quasifolds is a complex
manifold acted on holomorphically by a discrete group.

Definition 1.1 (Complex model) Let Ṽ be a connected, simply connected complex
manifold of dimension k and let Γ be a discrete group acting on Ṽ holomorphically so
that the set of points, Ṽ0, where the action is free, is connected and dense. Consider
the space of orbits, Ṽ /Γ, of the action of the group Γ on the manifold Ṽ , endowed with
the quotient topology, and the canonical projection p : Ṽ → Ṽ /Γ. A complex model of
dimension k is the triple (Ṽ /Γ, p, Ṽ ), shortly Ṽ /Γ.

Remark 1.2 We remark that the assumption in Definition 1.1 that the manifold Ṽ
be simply connected is not as strong as one may think. Consider the triple (Ṽ /Γ, p, Ṽ )
as defined above but assume that the manifold Ṽ is not simply connected; consider
its universal cover, π : V # → Ṽ , and its fundamental group, Π. The manifold V # is
connected and simply connected, the mapping π is holomorphic, the discrete group Π
acts holomorphically, freely and properly on the manifold V # and Ṽ = V #/Π. Consider
the extension of the group Γ by the group Π, 1 −→ Π −→ Λ −→ Γ −→ 1, defined as
follows

Λ =
{
λ ∈ Diff(V #) | ∃ γ ∈ Γ s. t. π(λ(u#)) = γ · π(u#) ∀ u# ∈ V #

}
.

It is easy to verify that Λ is a discrete group, that it acts on the manifold V # according
to the assumptions of Definition 1.1 and that Ṽ /Γ = V #/Λ.

Definition 1.3 (Submodel) Consider a model (Ṽ /Γ, p, Ṽ ) and let W be an open
subset of Ṽ /Γ. We will say that W is a submodel of (Ṽ /Γ, p, Ṽ ), if (p−1(W ), p,W )
defines a model according to Remark 1.2.
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Definition 1.4 (Holomorphic mapping, biholomorphism of models) Given two
models (Ṽ /Γ, p, Ṽ ) and (W̃/∆, q, W̃ ), a mapping f : Ṽ /Γ −→ W̃/∆ is said to be holo-
morphic if there exists a holomorphic mapping f̃ : Ṽ −→ W̃ such that q ◦ f̃ = f ◦ p;
we will say that f̃ is a lift of f . We will say that the holomorphic mapping f is a
biholomorphism of models if it is bijective and if the lift f̃ is a biholomorphism.

If the mapping f̃ is a lift of a holomorphic mapping of models f : Ũ/Γ −→ Ṽ /∆ so are
the mappings f̃γ(−) = f̃(γ · −), for all elements γ in Γ and δ f̃(−) = δ · f̃(−), for all
elements δ in ∆. If the mapping f is a biholomorphism, then these are the only other
possible lifts and the groups Γ and ∆ are isomorphic; the proof goes exactly as in the
real case, see [P, orange and green lemmas].

Geometric objects on a model Ṽ /Γ are defined by Γ-invariant geometric objects on
the manifold Ṽ . For example:

Definition 1.5 (Differential form on a model) A differential form of degree h, ω,
on a model Ṽ /Γ is the assignment of a Γ-invariant differential form of degree h, ω̃, on
the complex manifold Ṽ .

Definition 1.6 (Kähler form on a model) A Kähler form on a model Ṽ /Γ is a
differential form, ω, such that ω̃ (see Definition 1.5) is Kähler.

Complex quasifolds are obtained by gluing together the models in the appropriate way:

Definition 1.7 (Complex quasifold) A dimension k complex quasifold structure on
a topological space M is the assignment of an atlas, or collection of charts, A =
{ (Vα, φα, Ṽα/Γα) |α ∈ A } having the following properties:

1. The collection {Vα |α ∈ A } is a cover of M .

2. For each index α in A, the set Vα is open, the space Ṽα/Γα defines a model, where
the set Ṽα is an open, connected, and simply connected subset of the space Ck,
and the mapping φα is a homeomorphism of the space Ṽα/Γα onto the set Vα.

3. For all indices α, β in A such that Vα ∩ Vβ 6= ∅, the sets φ−1
α (Vα ∩ Vβ) and

φ−1
β (Vα ∩ Vβ) are submodels of Ṽα/Γα and Ṽβ/Γβ respectively and the mapping

gαβ = φ−1
β ◦ φα :φ−1

α (Vα ∩ Vβ) −→ φ−1
β (Vα ∩ Vβ)

is a biholomorphism of models. We will then say that the mapping gαβ is a change
of charts and that the corresponding charts are compatible.

4. The atlas A is maximal, that is: if the triple (V, φ, Ṽ /Γ) satisfies property 2. and
is compatible with all the charts in A, then (V, φ, Ṽ /Γ) belongs to A.

We will say that a space M with a complex quasifold structure is a complex quasifold.

A complex quasifold of dimension k has an underlying structure of real quasifold of
dimension 2k.
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Remark 1.8 To each point m ∈M there corresponds a discrete group Γm defined as
follows: take a chart (Vα, φα, Ṽα/Γα) around m, then Γm is the isotropy group of Γα

at any point ṽ ∈ Ṽ which projects down to m. One can check that this definition does
not depend on the choice of the chart.

Definition 1.9 (Holomorphic mapping, biholomorphism) Let M and N be two
complex quasifolds. A continuous mapping f : M −→ N is said to be a holomorphic

mapping if there exists a chart (Vα, φα, Ṽα/Γα) around each point m in the space M , a
chart (Wα, ψα, W̃α/∆α) around the point f(m), and a holomorphic mapping of models
fα : Ṽα/Γα → W̃α/∆α such that ψα ◦ fα = f ◦ φα. If f is bijective, and if each fα is a
biholomorphism of models, we will say that f is a biholomorphism.

We remark that two biholomorphic quasifolds are also diffeomorphic with respect to
their underlying real quasifold structure.

Geometric objects on quasifolds are defined as geometric objects on the charts that
respect the changes of charts. For example:

Definition 1.10 (Differential form) A differential form of degree h, ω, on a complex
quasifoldM is the assignment of a chart (Vα, φα, Ṽα/Γα) around each point m ∈M and
of a differential form of degree h, ωα, on the model Ṽα/Γα. We require that whenever
we have two such charts, (Vα, φα, Ṽα/Γα) and (Vβ , φβ , Ṽβ/Γβ), with the property that
Vα ∩ Vβ 6= ∅, then (gαβ)

∗ωβ = ωα for the corresponding change of charts gαβ .

Definition 1.11 (Kähler form) A Kähler form, ω, on a complex quasifold M is a
differential form, ω, such that each ωα (see Definition 1.10) is a Kähler form on the
model Ṽα/Γα. A Kähler structure on a quasifold M is the assignment of a Kähler form,
ω, and we will say that (M,ω), or simply M , is a Kähler quasifold.

The analogue of a torus in the real setting is a quasitorus. Let d be a vector space
of dimension n. We recall from [P] that a quasitorus of dimension n and quasi-Lie
algebra d is the quotient of the space d by a quasilattice Q, which in turn is the Z-span
of a set of spanning vectors in d. Consider now the complexification of d, the complex
vector space dC = d+ id; the quasilattice Q acts naturally on dC:

Q × dC −→ dC

(A , X + iY ) 7−→ (X +A) + iY.
(1)

Definition 1.12 (Complex quasitorus, quasi-Lie algebra, exponential) Let d be
a vector space of dimension n and let Q be a quasilattice in d. Then we call the quotient
DC = dC/Q complex quasitorus of dimension n and quasi-Lie algebra dC. We call the
corresponding projection dC → DC exponential mapping and we denote it by exp.

If the quasilattice Q is a lattice L we obtain the honest complex torus dC/L, which
is the complexification of the torus d/L. The complex quasitorus DC is a quasifold of
one chart and may be naturally thought of as the complexification of the quasitorus
D = d/Q. The main result that we will be needing is the following:
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Proposition 1.13 Let T be a torus and N a Lie subgroup. Then TC/NC is a complex

quasitorus of complex dimension n = dimT − dimN .

Proof. This proposition has a real analogue, the proof of which is quite similar (com-
pare with [P, Proposition 2.5]). Denote by n the Lie algebra of N , and by t the
Lie algebra of T . Let d be a complement of n in t, then the complex vector space
dC = d + id is a complement of nC in tC. We define a projection p : dC −→ TC/NC

by the rule p(Z) = Π(expZ), Z ∈ dC, where Π : TC −→ TC/NC denotes the canonical
projection. Notice that, by definition of exp the kernel of p is a quasilattice Q and p
induces a group isomorphism dC/Q ∼= TC/NC. ✷

We conclude this section with the definition of holomorphic action of a complex
quasitorus on a complex quasifold.

Definition 1.14 (Holomorphic action) A holomorphic action of a complex qua-
sitorus DC on a complex quasifold M is a holomorphic mapping τ : DC ×M −→ M
such that τ(d1 · d2,m) = τ(d1, τ(d2,m)) and τ(1DC

,m) = m for all elements d1, d2 in
the quasitorus DC and for each point m in the space M .

2 From simple polytopes to complex quasifolds

Let d be a real vector space of dimension n, and let ∆ be a simple convex polytope of
dimension n in the dual space d

∗ (we recall that a polytope of dimension n is simple
if there are exactly n edges stemming from each of its vertices). It is our intention to
associate to this polytope a family of complex quasifolds, in much the same way that
one associates a toric variety to a simple convex polytope that is rational. To do so
we follow and extend the procedure for constructing toric varieties as global quotients
that is described by Guillemin in [G].

Write the polytope as

∆ =
d⋂

j=1

{ µ ∈ d
∗ | 〈µ,Xj〉 ≥ λj } (2)

for some elements X1, . . . ,Xd in the vector space d and some real numbers λ1, . . . , λd.
Let Q be a quasilattice in the space d containing the elements Xj (for example the one
that is generated by these elements) and let {e1, . . . , ed} denote the standard basis of
Rd and Cd; consider the surjective linear mapping

π : Rd −→ d

ej 7−→ Xj,

and its complexification
πC : Cd −→ dC

ej 7−→ Xj .

Consider the quasitorus d/Q and its complexification dC/Q. The mappings π and πC
each induce a group homomorphism,

Π : T d = Rd/Zd −→ d/Q
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and
ΠC : T d

C = Cd/Zd −→ dC/Q.

We define N to be the kernel of the mapping Π and NC to be the kernel of the mapping
ΠC. Notice that neither N nor NC is a torus unless Q is a honest lattice. The mapping
ΠC defines an isomorphism

T d
C/NC −→ dC/Q (3)

Remark 2.1 For the complexified group NC the polar decomposition holds, namely

NC = NA, (4)

where A = exp(in). In other words every element w ∈ NC can be written uniquely

as x exp(iY ) where x ∈ N and Y ∈ n. This follows from the definition of N and
NC, indeed NC = { exp(Z) | Z ∈ Cd and πC(Z) ∈ Q }. Write Z = X + iY , then
πC(Z) ∈ Q if and only if π(X) ∈ Q and π(Y ) = 0, which implies (4).

Let F denote a codimension-k face of the polytope; this face is defined by a system
of k equalities: 〈µ,Xj〉 = λj, for j ∈ I ⊂ {1, . . . , d}. Then we consider the T d

C
-orbit

Cd
F = { (z1, · · · , zd) ∈ Cd | zj = 0 iff j ∈ I } and we take the union over all the possible

faces of the polytope
Cd
∆ =

⋃

F

Cd
F .

The group NC acts on the space Cd
∆. Consider the space of orbits Cd

∆/NC. We then
have:

Theorem 2.2 Let d be a vector space of dimension n, and let ∆ ⊂ d
∗ be a simple

convex polytope. Choose inward-pointing normals to the facets of ∆, X1, . . . ,Xd ∈ d,

and let Q be a quasilattice containing these vectors. Then the corresponding quotient

space Cd
∆/NC is a complex quasifold of dimension n. The complex quasitorus dC/Q

acts on Cd
∆/NC, this action is holomorphic and has a dense open orbit.

Before we prove this theorem we need a lemma that will be crucial not only now but
also throughout the rest of the article. Consider any face F of the polytope and denote
by SF

C
the stabilizer of the T d

C
-action on Cd

F and by sF
C

its Lie algebra. Then the fact
that the polytope is simple implies that

nC ∩ s
F
C = {0}, (5)

and this in turn implies that
A ∩ SF

C = {Id}, (6)

and that the following group is discrete

NC ∩ SF
C = N ∩ SF

C . (7)

Equation (5) also implies that π, restricted to sF
C
, is injective for any face F . In the

special case that F is equal to a vertex, µ, we get that sµ
C
is a complement of nC in
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Cd, and that the linear mapping πC, when restricted to s
µ
C
, defines a (very useful)

isomorphism
πµ : s

µ
C
−→ dC. (8)

One can then deduce:

Lemma 2.3 Let µ be a vertex of the polytope ∆, consider the stabilizer Sµ
C
of the orbit

Cd
µ, its Lie algebra s

µ
C
, and the discrete group Γµ = Sµ

C
∩NC. Then we have that

(i) T d
C
/Sµ

C
≃ NC/Γµ;

(ii) NC = Γµ exp (nC);
(iii) given any complement bC of s

µ
C
in Cd, we have that

nC = {V − π−1
µ (πC(V )) | V ∈ bC }.

Proof. (i) Consider the group homomorphism

λµ : NC −→ T d
C
/Sµ

C

n 7−→ [n].

Since nC and s
µ
C
are complementary, we have that T d

C
= Sµ

C
NC, therefore λµ is surjec-

tive. The kernel of λµ is given by Γµ, so λµ induces an isomorphism T d
C
/Sµ

C
≃ NC/Γµ.

(ii) Every element in NC can be written in the form exp (Z), where Z ∈ Cd is such that
πC(Z) ∈ Q. Write now Z = Z − π−1

µ (πC(Z)) + π−1
µ (πC(Z)); it is easy to check that

Z−π−1
µ (πC(Z)) ∈ nC, and that exp (π−1

µ (πC(Z))) ∈ Γµ. The group Γµ∩ exp (nC) is not
necessarily trivial, so the decomposition is not necessarily unique.
(iii) Every element of the form V − π−1

µ (πC(V )), V ∈ bC clearly belongs to nC. Con-
versely, write every element Z ∈ nC as Z = U + V according to the decomposition
Cd = s

µ
C
⊕ bC, and notice that πC(Z) = 0 implies that U = −π−1

µ (πC(V )). ✷

Proof of Theorem 2.2. We want to define a complex quasifold atlas on the topo-
logical space Cd

∆/NC. We start by considering a rather special covering of Cd
∆. To do

so we restrict our attention to each vertex µ of the polytope (the corresponding orbit
Cd
µ has the smallest possible dimension d− n) and we take the following T d

C
-invariant,

open and connected neighborhood of the orbit Cd
µ in Cd:

V̂µ = { (z1, · · · , zd) ∈ Cd | zj 6= 0 if j /∈ I },

where I is the index set corresponding to the vertex µ according to the recipe given
below Remark 2.1. Notice that we have Cd

∆ =
⋃

µ V̂µ, where µ ranges over all the

vertices of the polytope ∆. Indeed, take (z1, · · · , zd) ∈ Cd
∆; then (z1, · · · , zd) ∈ Cd

G

for some face G, and (z1, · · · , zd) ∈ V̂µ for any vertex µ contained in the face G. The
opposite inclusion holds because the polytope is simple. The neighborhoods V̂µ are
rather special, they are tubular. Let us check this. Fix a point zµ in the orbit Cd

µ, for
example zµ = (zµ1 , · · · , zµd ) with

{
zµj = 0 if j ∈ I

zµj = 1 if j /∈ I.
(9)
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Then there is a T d
C
-equivariant biholomorphism given by

T d
C

×Sµ

C
Ṽµ −→ V̂µ

[t : z] 7−→ t · (z + zµ),

where
Ṽµ =

∏

i∈I
Cei ≃ Cn

is the holomorphic slice at zµ for the T d
C
-action on Cd

∆ and

Sµ
C
= { (z1, · · · , zd) ∈ T d

C | zj = 1 if j /∈ I }

is the stabilizer of the action at zµ. Notice that Ṽµ = s
µ
C
. We now prove that the

subsets Vµ = V̂µ/NC are complex charts for the quotient space Cd
∆/NC. Consider the

continuous surjective mapping

pµ : Ṽµ −→ Vµ
z 7−→ [zµ + z].

The discrete group Γµ = NC ∩ Sµ
C
acts on the set Ṽµ as follows:

Γµ × Ṽµ −→ Ṽµ
(t , z) 7−→ t · z.

This action is holomorphic, free on a connected dense open set and the mapping pµ
induces a continuous bijection

φµ : Ṽµ/Γµ −→ Vµ.

To show that φµ is actually a homeomorphism, we only need to show that it is an open
mapping. This amounts to showing that, given a Γµ-invariant open subset W of Ṽµ,
then NC · (zµ +W ) is an open subset of Cd

∆. Since W is Γµ-invariant, by Lemma 2.3,
(ii), we have that NC · (zµ +W ) = exp(nC) · (zµ +W ). Applying Lemma 2.3, (iii), we
construct the surjective mapping

W × Πj /∈ICej −→ exp(nC)(z
µ +W )

(w , V ) 7−→ exp(V ) · zµ + exp(−π−1
µ (πC(V ))) · w.

The determinant of its Jacobian matrix is given by
∑n

j=1 e
Kj(Y ) + 4π2

∑
h/∈I e

−4πYh ,

where Y = i
2(V − V ) and the Kj ’s are real linear functions. This implies, by the

inverse function theorem, that exp(nC)(z
µ +W ) is an open subset of Cd

∆.
Let us now show that these charts are compatible. Consider two vertices of ∆, µ

and ν, and let I and J be the corresponding subsets of {1, . . . , d}. Assume that the
corresponding charts, Vµ and Vν , have non-empty intersection, and consider the two
sets Wµ = φ−1

µ (Vµ ∩ Vν) and Wν = φ−1
ν (Vµ ∩ Vν). We want to describe these two

sets as submodels of Ṽµ/Γµ and Ṽν/Γν respectively, and show that gµν = φ−1
ν ◦ φµ
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is a biholomorphism of models. Consider W̃µ = p−1
µ (φ−1

µ (Vµ ∩ Vν)) ⊂ Ṽµ and W̃ν =

p−1
ν (φ−1

ν (Vµ ∩ Vν)) ⊂ Ṽν . Now,

W̃µ =


 ∏

j∈I∩J
Cej


×


 ∏

j∈I\I∩J
C∗ej




and

W̃ν =


 ∏

j∈I∩J
Cej


×


 ∏

j∈J\I∩J
C∗ej


 .

Consider the universal covers W#
µ , W#

ν of W̃µ, W̃ν respectively. Notice that we have
that

W#
µ =


 ∏

j∈I∩J
Cej


×


 ∏

j∈I\I∩J
Cej


 ≃

∏

j∈I
Cej = Ṽµ

and

W#
ν =



∏

j∈I∩J
Cej =


×




∏

j∈J\I∩J
Cej


 ≃

∏

j∈J
Cej = Ṽν ,

with projection maps
W#

µ −→ W̃µ

(z, ζ) 7−→ (z, exp ζ)

and
W#

ν −→ W̃ν

(u, η) 7−→ (u, exp η).

Consider the discrete groups

Λµ =



 (expZ,W ) | Z ∈

⊕

j∈I∩J
Cej , W ∈

⊕

j∈I\I∩J
Cej , πC(Z +W ) ∈ Q





and

Λν =



 (expU, V ) | U ∈

⊕

j∈I∩J
Cej, V ∈

⊕

j∈J\I∩J
Cej , πC(U + V ) ∈ Q





acting respectively on W#
µ , W#

ν as follows

(Λµ , W#
µ ) −→ W#

µ

((expZ,W ) , (z, ζ)) 7−→ (expZ · z,W + ζ)

(Λν , W#
ν ) −→ W#

ν

((expU, V ) , (u, η)) 7−→ (expU · u, V + η).

Notice that the projections induce homeomorphismsW#
µ /Λµ ≃Wµ andW#

ν /Λν ≃Wν .

Now we want to show that there is an equivariant biholomorphism g#µν :W
#
µ −→ W#

ν



Generalized Toric Varieties for Non-Rational Polytopes 10

that projects down to the mapping gµν . Consider the isomorphisms πµ and πν defined
by (8). Notice that π−1

ν · πµ defines a biholomorphism from W#
µ to W#

ν that is equal
to the identity on

∏
j∈I∩J Cej . Let moreover ρ, respectively σ, denote the projection of

W#
ν onto the factor

∏
j∈I∩J Cej , respectively

∏
j∈J\I∩J Cej. Define

g#µν : W#
µ −→ W#

ν

(z, ζ) 7−→
(
exp

(
ρ
(
π−1
ν ◦ πµ(ζ)

))
· z, σ

(
π−1
ν ◦ πµ(ζ)

))
.

It is straightforward to check that g#µν is an equivariant biholomorphism that projects
down to gµν . Now complete this collection of charts with all the other compatible
charts. This concludes the proof that Cd

∆/NC is a complex quasifold of dimension
n. The standard holomorphic action of T d

C
on Cd

∆ induces a holomorphic action of
T d
C
/NC on Cd

∆/NC. The isomorphism (3) allows us to define a holomorphic action
τ : (dC/Q) × (Cd

∆/NC) → Cd
∆/NC. To check that τ is holomorphic, consider, for each

vertex µ of the polytope, the chart Vµ, and the bijection πµ given in (8). We then have
that the following diagram commutes

dC × Ṽµ
τ̃µ−→ Ṽµ

(W, z) 7−→ exp(π−1
µ (W )) · z

↓ ↓
(dC/Q)× (Ṽµ/Γµ)

τµ−→ Ṽµ/Γµ

([W ], [z]) 7−→ [exp(π−1
µ (W )) · z]

↓ ↓
(dC/Q)× Vµ

τ−→ Vµ
([W ], [z + zµ]) 7−→ [exp(π−1

µ (W )) · (z + zµ)] = [exp(π−1
µ (W )) · z + zµ]

and that τ̃µ is a holomorphic mapping. Notice finally that the dense open orbit for this
action is given by Cd

F/NC, where F = Int(∆). ✷

Remark 2.4 Suppose that the polytope ∆ is rational with respect to a lattice L ⊂ d.
Choose inward-pointing normal vectors to the facets of ∆ that are primitive in L,
and take Q = L. Then the corresponding quotient Cd

∆/NC is a complex orbifold and
contains a dense open orbit for the action of the honest torus TC = dC/L; it is the usual
toric variety associated to the polytope ∆.

Remark 2.5 Notice that, just like for honest toric varieties, the quasitorus dC/Q is
contained in Cd

∆/NC as a dense open subset, and the action of dC/Q on Cd
∆/NC extends

the standard action of dC/Q on itself.

Let us test this construction on three examples. Only the third is an example of a truly
non-rational polytope.
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Example 2.6 (The unit interval) Let us consider the polytope [0, 1] ⊂ R∗ and let
us apply the above construction to the choice of vectors X1 = s, X2 = −t, with s, t > 0,
s/t /∈ Q, and to the choice of quasilattice Q = sZ+ tZ. It is easy to check that C2

∆ =
C2 \ {0} and that NC = { (e2πiZ , e2πi stZ) | Z ∈ C }. We cover C2

∆/NC with two charts,

one for each of its vertices, s = {0} and n = {1}: Vs =
{
[z1 : z2] ∈ C2

∆/NC | z2 6= 0
}

and Vn =
{
[z1 : z2] ∈ C2

∆/NC | z1 6= 0
}
. Consider now the the discrete group Γs = Z

acting on the set Ṽs = C according to the rule (k, z) 7→ e2πi
t
s
k · z; this action is

holomorphic and free on the connected, dense subset Ṽs \ {0} and the mapping

φs : Ṽs/Γs −→ Vs
[z] 7−→ [z : 1]

is a homeomorphism. Similarly the group Γn = Z acts on Ṽn = C by the rule (m, z) 7→
e2πi

s
t
m ·w; this action is holomorphic and free on the connected, dense subset Ṽn \ {0}

and the mapping
φn : Ṽn/Γn −→ Vn

[w] 7−→ [1 : w]

is a homeomorphism. Let us show that these two charts are compatible. The set
φ−1
s (Vs ∩ Vn) is a submodel of Ṽs/Γs: it is the quotient of the space W#

s = C by the
action of Λs = Z2 given by (h, k) · ζ = ζ + h+ t

sk. Similarly the set φ−1
n (Vs ∩ Vn) is the

quotient of the space W#
n = C by the action of Λn = Z2 given by (l,m) ·η = η+ l+ s

tm.
The bijective mapping

gsn = φ−1
n ◦ φs :φ−1

s (Vs ∩ Vn) −→ φ−1
n (Vs ∩ Vn)

[z] 7−→
[
w = z−

s
t

]

is a biholomorphism of models: its lift is given by ζ 7−→ η = − s
t ζ. Now complete this

collection with all the other compatible charts.

Remark 2.7 We can see from the previous example that complex quasifolds corre-
sponding to the same polytope ∆ are not in general biholomorphic, in fact they are not
even diffeomorphic. This was also visible in the rational case: the same construction
applied to s, t relatively prime integers yields in fact either ordinary or weighted pro-
jective space, which have different complex orbifold structures. This may appear to be
in contradiction with Theorem 9.4 of Lerman-Tolman [LT], which implies that these
spaces are biholomorphic - in reality their notion of biholomorphism is algebraic and,
unlike ours, does not keep track of the orbifold structure.

Example 2.8 (The right triangle) Consider the right triangle in (R2)∗ of vertices
(0, 0), (s, 0) and (0, t), where s, t are two positive real numbers such that s/t /∈ Q.
We apply the construction to the choice of inward-pointing normals X1 = (1, 0),
X2 = (0, 1), X3 = (−t,−s) and to the quasilattice Q = X1Z +X2Z +X3Z. Then we
have that C3

∆ = C3 \ {0} and NC = { (e2πitZ , e2πisZ , e2πiZ) | Z ∈ C }. We cover C3
∆/NC
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with three charts, one for each of its vertices: V1 =
{
[z1 : z2 : z3] ∈ C3

∆/NC | z1 6= 0
}
,

V2 =
{
[z1 : z2 : z3] ∈ C3

∆/NC | z2 6= 0
}

and V3 =
{
[z1 : z2 : z3] ∈ C3

∆/NC | z3 6= 0
}
.

The discrete group Γ1 = Z acts on Ṽ1 = C2 according to the rule h · (z2, z3) =

(e2πi
s
t
h · z2, e2πi

1

t
h · z3) and the mapping

φ1 : Ṽ1/Γ1 −→ V1
[z2, z3] 7−→ [1 : z2 : z3]

is a homeomorphism. Similarly the group Γ2 = Z acts on Ṽ2 = C2 by the rule k ·
(z1, z3) = (e2πi

t
s
k · z1, e2πi

1

s
k · z3) and the mapping

φ2 : Ṽ2/Γ2 −→ V2
[z1, z3] 7−→ [z1 : 1 : z3]

is a homeomorphism. Finally the group Γ3 = Z acts on Ṽ3 = C2 according to the rule
l · (z1, z2) = (e2πitl · z1, e2πisl · z2) and the mapping

φ3 : Ṽ3/Γ3 −→ V3
[z1, z2] 7−→ [z1 : z2 : 1]

is a homeomorphism. The changes of charts work as in the previous example.

Example 2.9 (The regular pentagon) Let us take the regular pentagon in (R2)∗

of vertices (1, 0, ), (a, b), (c, d), (c,−d) and (a,−b), where a = cos 2π
5 , b = sin 2π

5 ,
c = cos 4π

5 , d = sin 4π
5 . There exists no lattice L with respect to which this simple

convex polytope is rational. Let us apply the above construction to the choice of
inward-pointing normal vectors X1 = (1, 0), X2 = (a, b), X3 = (c, d), X4 = (c,−d),
X5 = (a,−b) and to the choice of quasilattice Q =

∑5
j=1XjZ. Then we have that

NC =
{(

e2πiZ1 , e2πiZ2 , e2πiZ3 , e2πi[2a(Z2−Z3)+Z1)], e2πi[2a(Z2−Z1)+Z3)]
)
| (Z1, Z2, Z3) ∈ C3

}
.

We cover the quasifold C5
∆/NC with five charts:

V1 =
{
[z1 : z2 : z3 : z4 : z5] ∈ C5

∆/NC | z1, z2, z3 6= 0
}
,

V2 =
{
[z1 : z2 : z3 : z4 : z5] ∈ C5

∆/NC | z2, z3, z4 6= 0
}
,

V3 =
{
[z1 : z2 : z3 : z4 : z5] ∈ C5

∆/NC | z3, z4, z5 6= 0
}
,

V4 =
{
[z1 : z2 : z3 : z4 : z5] ∈ C5

∆/NC | z1, z4, z5 6= 0
}

and
V5 =

{
[z1 : z2 : z3 : z4 : z5] ∈ C5

∆/NC | z1, z2, z5 6= 0
}
.

The discrete group Γ1 = Z3 acts on the set Ṽ1 = C2 according to the rule (h, k, l) ·
(z4, z5) = (e4πia(k−l) · z4, e4πia(k−h) · z5) and the mapping

φ1 : Ṽ1/Γ1 −→ V1
[z4 : z5] 7−→ [1 : 1 : 1 : z4 : z5]

is a homeomorphism. We leave the discussion of the other four charts, and their mutual
compatibility, to the reader.
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3 Kähler structures

In the previous section we associated to any simple convex polytope ∆ ⊂ d
∗, together

with a choice of normal vectors Xj, j = 1, . . . , d, and of a quasilattice Q ⊂ d containing
the Xj’s, a complex quasifold of dimension n. Starting with the same data it is possible
to construct a symplectic quasifold of dimension 2n, endowed with an effective Hamil-
tonian action of the quasitorus d/Q, such that the image of the corresponding moment
mapping is exactly ∆ (see [P, Theorem 3.3]). The complex and symplectic quasifolds
are both described as orbit spaces, the first is the quotient of Cd

∆ by NC, the second is
a symplectic quotient with respect to the action of N on Cd. We want to prove that
the complex and symplectic quotient can be identified, according to a general principle
initiated by Kempf-Ness [KN] and later developed by Kirwan [K] and Ness [N]. More
precisely, we shall prove that the two quotients are diffeomorphic and that the complex
and symplectic structure are compatible, and thus define the structure of a Kähler
quasifold (see Definition 1.11).

To begin with, let us briefly recall from [P] the construction of the symplectic
quotient that we are interested in. Consider the mapping J(z) =

∑d
j=1(|zj |2 + λj)e

∗
j ,

where the λj ’s are given in (2) and are uniquely determined by our choice of normal
vectors. The mapping J is a moment mapping for the standard action of T d on Cd.
Consider now the subgroup N ⊂ T d and the corresponding inclusion of Lie algebras
ι : n → Rd. The mapping Ψ : Cd → n∗ given by Ψ = ι∗ ◦ J is a moment mapping
for the induced action of N on Cd. Then the quotient space Ψ−1(0)/N is a compact
symplectic quasifold of dimension 2n; the quasitorus d/Q acts on Ψ−1(0)/N in an
effective, Hamiltonian fashion, and the image of the corresponding moment map is
the polytope ∆. Let us now define a mapping between the symplectic and complex
quotient. To define this mapping and to show that it is bijective we adapt to our setting
the method described by Guillemin in [G, Appendix 1] for the smooth case. Before we
can define this mapping, we need a preliminary lemma.

Lemma 3.1 The zero set Ψ−1(0) is contained in Cd
∆. Moreover, for any face F of the

polytope ∆, the orbit Cd
F intersects Ψ−1(0) in at least one point.

Proof. We summarize the proof given in [G, page 115], which goes through without
modification. Consider the exact sequence

0 −→ d
∗ π∗

−→ (Rd)∗
ι∗−→ (n)∗ −→ 0, (10)

where π is the projection defined in (2). Notice that z ∈ Ψ−1(0) if, and only if ι∗(J(z)) =
0. By (10) we have that, for a given z ∈ Ψ−1(0), there exists a unique ζ ∈ d∗ such that
J(z) = π∗(ζ). By making use of the explicit expression of J we find

|zj |2 = 〈ζ,Xj〉 − λj , j = 1, . . . , d. (11)

This implies that, given z ∈ Ψ−1(0), the corresponding ζ lies in ∆ and that, again by
(11), z is in Cd

F , where F is the face of ∆ containing ζ in its interior. Similarly, given
any face F of the polytope, we can always find a point z ∈ Ψ−1(0) ∩Cd

F . ✷
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By Lemma 3.1, there is an injection

I : Ψ−1(0) −→ Cd
∆, (12)

which induces the mapping

χ : Ψ−1(0)/N −→ Cd
∆/NC (13)

that sends an N -orbit to the corresponding NC-orbit. This mapping is equivariant with
respect to the actions of the quasitori d/Q and dC/Q. We are now ready to state the
main result of this section.

Theorem 3.2 Let d be a vector space of dimension n, and let ∆ ⊂ d∗ be a simple

convex polytope. Choose inward-pointing normals to the facets of ∆, X1, . . . ,Xd ∈ d,

and let Q be a quasilattice containing these vectors. Then the mapping

χ : Ψ−1(0)/N −→ Cd
∆/NC

is an equivariant diffeomorphism of quasifolds. Moreover the induced symplectic form

on the complex quasifold Cd
∆/NC is Kähler.

For the definitions of symplectic quasifold, diffeomorphism of quasifolds, and pullback
of a differential form, we refer the reader to [P]. Before we can proceed with the proof
of this theorem we need a number of remarks and lemmas.

Remark 3.3 The group A = exp(in) moves any point z ∈ Ψ−1(0) out of Ψ−1(0). To
see this, remark that, for any vector Y ∈ n, the corresponding function ΨY satisfies
dΨY = ıỸ ω0, where ω0 =

1
2πi

∑d
j=1 dzj ∧ dzj is the standard symplectic form of Cd and

Ỹ is the vector field generated by Y . This implies that the gradient of the function ΨY

is the vector field generated by iY , which by (6) does not vanish in Cd
∆. The function

ΨY is therefore strictly increasing along its gradient flow, hence exp(tiY ) · z /∈ Ψ−1(0),
for all Y ∈ n and all t 6= 0.

Lemma 3.4 The following facts are equivalent:

(i) the mapping χ is bijective;

(ii) every NC-orbit in Cd
∆ intersects Ψ−1(0) in an N -orbit;

(iii) every A-orbit in Cd
∆ intersects Ψ−1(0) in at least one point.

Proof. It is obvious that (i) is equivalent to (ii). Before going on with the proof let
us re-state the second and third point:
(ii) for each NC-orbit through a point z ∈ Cd

∆ there exists a point u ∈ Ψ−1(0) such that
(NC · z) ∩Ψ−1(0) = N · u;
(iii) for each A-orbit through a point z ∈ Cd

∆ there exists at least one point w ∈
(A · z) ∩Ψ−1(0).

The proof is based on three key facts: the polar decomposition for the group NC

(see Remark 2.1), the invariance of Ψ−1(0) under the action of N , and Remark 3.3.
To see that (ii) implies (iii), consider an A-orbit through z ∈ Cd

∆. Then, by (ii), there
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exists u ∈ Ψ−1(0) such that (NC · z) ∩ Ψ−1(0) = N · u. Since NC = NA, there exists
w ∈ N · u ⊂ Ψ−1(0) such that w ∈ A · z. To see that (iii) implies (ii), consider any
NC-orbit through z. By assumption, the orbit A · z intersects Ψ−1(0) in at least one
point w. Since NC = NA we have that NC · z = NC ·w, that N ·w ⊂ (NC · z)∩Ψ−1(0),
and that this inclusion is in fact an equality by Remark 3.3. ✷

Remark 3.5 If there exists a point w ∈ (A·z)∩Ψ−1(0), then w is uniquely determined
by this property. If w and w′ are in (A · z) ∩ Ψ−1(0), then there exists an a ∈ A such
that a · w = w′. By Remark 3.3 we have that a is the identity and that w = w′.

The following result will be essential to proving that the mapping χ is a bijection.

Lemma 3.6 The moment mapping Ψ maps any A-orbit diffeomorphically onto an open

convex cone in n∗; moreover, if two A-orbits lie in the same T d
C
-orbit Cd

F ⊂ Cd
∆, then

their images with respect to Ψ are identical.

Proof. The proof given in [G, Appendix 1: Theorem 2.1 and Theorem 2.2] applies,
the only delicate point here is to notice that, by (6), A still acts freely on Cd

∆. Notice
also that, by (7), this is certainly not true for the action of N . We now want to study
the image by Ψ of an A-orbit through a point z ∈ Cd

∆, namely

Ψ(A · z) =
{
Ψ
(
e−2πα1(X) · z1, . . . , e−2παd(X) · zd

)
| X ∈ n

}
,

where αj = ι∗(e∗j ), j = 1, . . . , d. Since A acts freely on Cd
∆, the exponential mapping

defines a diffeomorphism between n and A · z, and we can identify the A-orbit with n.
Therefore the set we are interested in is the image of the mapping

f : n −→ n∗

X 7−→ Ψ
(
e−2πα1(X) · z1, . . . , e−2παd(X) · zd

)
.

The point z lies in Cd
F for a face F of the polytope ∆. Let I be the corresponding set

of indices, as defined in Section 2, then

f(X) =
∑

j /∈I
e−4παj(X)|zj |2αj + λjαj.

Now we only have to check that

span{αj ∈ n
∗ | j /∈ I} = n

∗; (14)

this is equivalent to saying that there does not exist a non zero X ∈ n such that
αj(X) = 0 for all j /∈ I. Indeed, if there was such an X, it would lie in n∩ sF

C
which is

{0}. Using (14) one can prove, following [G], that f maps n diffeomorphically into an
open convex cone of n∗, and also that the image of f depends only on I. ✷

We are now ready to proceed with the proof of the main result of this section.

Proof of Theorem 3.2. The proof is divided into several steps. We first prove that
the mapping χ is bijective and continuous. Then we lift χ locally to prove that it is a
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diffeomorphism, and finally we show that the pull-back via χ−1 of the symplectic form
of Ψ−1(0)/N , is Kähler on the complex quasifold Cd

∆/NC.
In order to prove that χ is bijective we will show that Lemma 3.6 implies that,

for a given A-orbit through a point z ∈ Cd
∆, there exists a point w ∈ Ψ−1(0) such

that (A · z) ∩ Ψ−1(0) = {w}. Then we will apply Lemma 3.4 to conclude. To prove
the existence of w, consider the T d

C
-orbit Cd

F containing A · z. By Lemma 3.1 this Cd
F

intersects Ψ−1(0) in at least one point, u. On the other hand Ψ(A · z) = Ψ(A · u) ⊂ n∗

by Lemma 3.6, and the common image contains 0 = Ψ(u). So there exists a ∈ A such
that Ψ(a · z) = 0; then w = a · z ∈ (A · z) ∩ Ψ−1(0). Notice that, by Remark 3.5, the
point w is uniquely determined. Continuity of the mapping χ is implied by that of the
immersion I.

For the next step we need a covering of the symplectic quotient by a collection of
its charts. We refer the reader to [P, Theorem 3.1] for the construction of the full
atlas. Let µ be a vertex of the polytope ∆, and let I = {r1, . . . , rn} ⊂ {1, . . . , d} denote
the corresponding subset of indices. For each vertex of ∆ we want to construct a
corresponding chart. Let (ajh) ∈M(n,d)(R) denote the matrix of the mapping π : Rd →
d with respect to the basis {Xj | j ∈ I } of d and the standard basis of Rd. Consider
the open subset of Ṽµ defined as follows

Ũµ =



w ∈ Ṽµ |

n∑

j=1

ajh
(
|wrj |2 + λrj

)
− λh > 0, h /∈ I



 .

The group Γµ defined in Lemma 2.3 acts on Ũµ. Consider, for a given element w ∈ Ũµ,
the element wµ = (wµ

1 , · · · , wµ
d ) ∈ Cd defined as follows




wµ
h = 0 if h ∈ I

wµ
h =

√∑n
j=1 ajh

(
|wrj |2 + λrj

)
− λh if h /∈ I.

Notice that w + wµ belongs to Ψ−1(0): define ν ∈ d∗ so that < ν,Xj >= |wj |2 + λj,
for all j ∈ I; then it is easy to check that J(w + wµ) = π∗(ν) and ν ∈ ∆. Consider
now the open sets Ûµ = V̂µ ∩ Ψ−1(0) ⊂ Ψ−1(0) and Uµ = Ûµ/N ⊂ Ψ−1(0)/N . Then
the surjective mapping

qµ : Ũµ −→ Uµ

w 7−→ [wµ + w]

induces a homeomorphism

ψµ : Ũµ/Γµ −→ Uµ

[w] 7−→ [wµ +w].

The above data define a chart, and the union of the Uµ’s, for µ ranging over all the
vertices of ∆, cover the symplectic quotient.

Let us now show that the mapping χ lifts to a diffeomorphism χ̃µ : Ũµ → Ṽµ for
each vertex µ. For each w ∈ Ũµ, there exists a unique element a(w) ∈ A such that
a(w) · (w + wµ) is of the form z + zµ, where z ∈ Ṽµ, and zµ is given by (9). Then
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we define χ̃µ(w) = z. We compute z explicitly following Lemma 2.3: z = χ̃µ(w) =

exp
(
−iπ−1

µ (πC(C(w))
)
· w, where the h-component of C(w) ∈ ∏

h/∈J Ceh is given by
1
4π logAh, with Ah =

∑n
j=1 ajh(|wrj |2 + λrj ) − λh. Notice that the mapping χ̃µ thus

defined is equivariant with respect to the action of Γµ on Ũµ and Ṽµ, and it is a lift of
χ. It is now straightforward to deduce the bijectivity of χ̃µ from that of χ, using the
explicit expression for χ̃µ. In order to prove that χ̃µ is a diffeomorphism we apply the
inverse function theorem. Therefore we only have to check that its Jacobian matrix
D(χ̃µ) is non-degenerate on Ũµ. Let (x, y) be real coordinates in Ũµ, it turns out that
the Jacobian matrix has the following form

D(χ̃µ)(x, y) = er
(
I2n +

(
M
N

)
(tM,tN)

)
,

where r is the function
∑

h/∈I akh
1
2 logAh, and where M,N are (n, d−n) matrices with

entries ukakh
1√
Ah

and vkakh
1√
Ah

respectively. This implies that D(χ̃µ)(w) is positive

definite for every w ∈ Ũµ. To conclude that χ is a diffeomorphism observe that the con-
tinuity of the equivariant mapping χ̃−1

µ for each vertex µ implies that χ−1 is continuous,
since φµ and ψµ are homeomorphisms.

Now, having proved that χ is a diffeomorphism, we can consider the complex quo-
tient endowed with a symplectic and a complex structure. We want to prove that the
symplectic form is Kähler. This can be checked pointwise: let ŵ = w + wµ be a point
in Ûµ. Then the N -orbit through ŵ is contained in Ψ−1(0) and the A-orbit through ŵ
is orthogonal to Ψ−1(0). This gives the isomorphism

Tŵ(Ψ
−1(0))/Tŵ(N · ŵ) ≃ Cd/Tŵ(NC · ŵ).

To conclude the proof we only have to remark that the symplectic structure on Ψ−1(0)/N
and the complex structure on Cd

∆/NC, read on Tŵ(Ψ
−1(0))/Tŵ(N · ŵ), are exactly the

ones induced by the standard complex and symplectic structures of Cd. ✷

Remark 3.7 Consider the complex quasifold Cd
∆/NC constructed in Theorem 2.2. No-

tice that, by varying the coefficients λj in (2), we can produce many simple convex
polytopes, each allowing the same choice of inward-pointing normals Xj and of quasi-
lattice Q that we had made for ∆ (for example we can “inflate” ∆). The corresponding
complex quasifolds are therefore exactly the same, but on the symplectic side in gen-
eral one obtains non-equivalent symplectic structures. In other terms we obtain many
non-isometric Kähler structures on the same complex quasifold Cd

∆/NC.

We conclude this section with the discussion of an example. The unit interval provides
a very useful model for a thorough understanding of the diffeomorphism χ and a neat
example of Kähler quasifold.

Example 3.8 Consider the polytope [0, 1] ⊂ R∗, with the same choice of vectors and
quasilattice made in Example 2.6 (we refer to that example for the notation). We can
associate to these data the complex quasifold C2

∆/NC and also a symplectic quasifold,
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the quasisphere of [P, Examples 1.13, 1.19, 2.10 and 3.5], of which we recall only some
features.

Consider the symplectic quasifold Ψ−1(0)/N , where

Ψ−1(0) = { (z, w) ∈ C2 | t|z1|2 + s|z2|2 = st },

and
N = { (e2πiX , e2πi stX) | X ∈ R }.

The space Ψ−1(0)/N is covered by two charts

Us =
{
[z1 : z2] ∈ Ψ−1(0)/N | z2 6= 0

}
and Un =

{
[z1 : z2] ∈ Ψ−1(0)/N | z1 6= 0

}
.

The corresponding local models are defined by Ũs = {z ∈ C | |z| < √
s} ⊂ Ṽs acted on

by Γs and by Ũn = {z ∈ C | |z| <
√
t} ⊂ Ṽn acted on by Γn. To complete the picture

we need the homeomorphisms:

Φs : Ũs/Γs −→ Us

[z] 7−→
[
z :
√
t− t

s |z|2
] ,

Φn : Ũn/Γn −→ Un

[w] 7−→
[√

s− s
t |w|2 : w

] .

Now we are ready to write the local lifts χ̃s and χ̃n of the diffeomorphism χ. Notice
that

(χ ◦ Φs)([z]) =

[
z :

√
t− t

s
|z|2

]

NC

=

[
z(t− t

s
|z|2)− s

2t : 1

]

NC

.

Therefore a local lift χ̃s : Ũs −→ Ṽs is given by the equivariant diffeomorphism

χ̃s(z) = z

(
t− t

s
|z|2

)− s
2t

Analogously a local lift χ̃n : Ũn −→ Ṽn is given by the equivariant diffeomorphism

χ̃n(w) = w

(
s− s

t
|w|2

)− t
2s

.

We exhibit now the complex quotient as a Kähler quasifold. We define the Kähler form
ω by giving its local lifts on Ṽs and Ṽn:

ω̃s =
1

2πi

s

t

1
(
1
s +

1
t |z|(1+

s
t
)
)2 dz ∧ dz, ω̃n =

1

2πi

t

s

1
(
1
t +

1
s |w|(1+

t
s
)
)2 dw ∧ dw. (15)

They are invariant under the action of Γs and Γn respectively and it is a straightforward
computation to check that χ̃∗

s ω̃s =
1

2πi dz ∧ dz and χ̃∗
nω̃n = 1

2πi dw ∧ dw. On the other

hand these are precisely the local lifts of the symplectic form on Ũs and Ũn respectively,
so ω is the pullback via χ−1 of the symplectic form on Ψ−1(0)/N and hence defines a
Kähler form on the complex quotient.

To conclude the discussion of this significant example, it is worthwhile to check
directly that the local forms given in (15) fulfill the definition of differential form. We
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have to show that they behave correctly under the change of charts. The first move is
to pull them back to W#

s and to W#
n , which are both equal to C. We obtain

ω#
s =

1

2πi

s

t

e(ζ+ζ)

(
1
s +

1
t e

(ζ+ζ) 1
2
(1+ s

t
)
)2 dζ ∧dζ, ω#

n =
1

2πi

t

s

1
(
1
t +

1
se

(η+η) 1
2
(1+ t

s
)
)2 dη∧dη

which are invariant under the respective action of Λs, Λn. It is easy to check that the
mapping ζ 7→ η = − s

t ζ pulls ω#
n back to ω#

s .
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