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VARIATIONAL FORMULAS FOR SUBMANIFOLDS
OF FIXED DEGREE

GIOVANNA CITTI, GIANMARCO GIOVANNARDI, AND MANUEL RITORE

ABSTRACT. We consider in this paper an area functional defined on subman-
ifolds of fixed degree immersed into a graded manifold equipped with a Rie-
mannian metric. Since the expression of this area depends on the degree, not
all variations are admissible. It turns out that the associated variational vec-
tor fields must satisfy a system of partial differential equations of first order
on the submanifold. Moreover, given a vector field solution of this system,
we provide a sufficient condition that guarantees the possibility of deforming
the original submanifold by variations preserving its degree. As in the case
of singular curves in sub-Riemannian geometry, there are examples of isolated
surfaces that cannot be deformed in any direction. When the deformability
condition holds we compute the Euler-Lagrange equations. The resulting mean
curvature operator can be of third order.
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1. INTRODUCTION

The aim of this paper is to study the critical points of an area functional for
submanifolds of given degree immersed in an equiregular graded manifold. This
can be defined as the structure (N, H!,...,H?), where N is a smooth manifold and
H' C H?2 C - C H® =TN is a flag of sub-bundles of the tangent bundle satisfying
[H!, H/] C HI when 4,5 > 1 and i + j < s, and [H?, H'] C H® when 7,7 > 1 and
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i+ 7 > s. The considered area depends on the degree of the submanifold. The
concept of pointwise degree for a submanifold M immersed in a graded manifold
was first introduced by Gromov in [28] as the homogeneous dimension of the tangent
flag given by

T,MNH, C - CT,MNH;.

The degree of a submanifold deg(M ) is the maximum of the pointwise degree among
all points in M. An alternative way of defining the degree is the following: on
an open neighborhood of a point p € N we can always consider a local basis
(X1,...,X,) adapted to the filtration (H%);—1, s, so that each X; has a well defined
degree. Following [36] the degree of a simple m-vector X, A...AX;  is the sum of
the degree of the vector fields of the adapted basis appearing in the wedge product.
Since we can write a m-vector tangent to M with respect to the simple m-vectors
of the adapted basis, the pointwise degree is given by the maximum of the degree
of these simple m-vectors.

We consider a Riemannian metric g = (-,-) on N. For any p € N, we get an
orthogonal decomposition T,N = IC; ®...® K,. Then we apply to g a dilation
induced by the grading, which means that, for any r > 0, we take the Riemannian
metric g, making the subspaces IC;, orthogonal and such that

1
grlxi = Ti—_19|/a' .

Whenever H! is a bracket generating distribution the structure (IV, g,-) converges in
Gromov-Hausdorff sense to the sub-Riemannian structure (N, H', gj1) as r — 0.
Therefore an immersed submanifold M C N of degree d has Riemannian area
measure A(M,g,) with respect to the metric g.. We define area measure Ay of
degree d by
(1.1) Ag(M) = 17%1 T(deg(M)—dim(M))/2A(M7 )
when this limit exists and it is finite. In (3.7) we stress that the area measure A4
of degree d is given by integral of the norm the g-orthogonal projection onto the
subspace of m-forms of degree equal to d of the orthonormal m-vector tangent to M.
This area formula was provided in [36, 35] for C! submanifolds immersed in Carnot
groups and in [19] for intrinsic regular submanifolds in the Heisenberg groups.
Given a submanifold M C N of degree d immersed into a graded manifold
(N, (H");), we wish to compute the Euler-Lagrange equations for the area func-
tional A4. The problem has been intensively studied for hypersurfaces, and results
appeared in [22, 15, 8, 9, 16, 2, 30, 31, 33, 48, 46, 37, 12]. For submanifolds of
codimension greater than one in a sub-Riemannian structure only in the case of
curves has been studied. In particular it is well know that there exists minimizers
of the length functional which are not solutions of the geodesic equation: these
curves, discovered by Montgomery in [38, 39] are called abnormal geodesics. In this
paper we recognize that a similar phenomenon can arise while studying the first
variational of area for surfaces immersed in a graded structure: there are isolated
surfaces which does not admit degree preserving variations. Consequently we focus
on smooth submanifolds of fixed degree, and admissible variations, which preserve
it. The associated admissible vector fields, V = oLy satisfies the system of par-

ot 1t=0
tial differential equations of first order (5.3) on M. So we are led to the central
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question of characterizing the admissible vector fields which are associated to an
admissible variation.

The analogous integrability problem for geodesics in sub-Riemannian manifolds
and, more generally, for functionals whose domain of definition consists of integral
curves of an exterior differential system, was posed by E. Cartan [7] and studied by
P. Griffiths [26], R. Bryant [3] and L. Hsu [32]. These one-dimensional problems
have been treated by considering a holonomy map [32] whose surjectivity defines
a regularity condition implying that any vector field satisfying the system (5.3) is
integrable. In higher dimensions, there does not seem to be an acceptable gen-
eralization of such an holonomy map. However, an analysis of Hsu’s regularity
condition led the authors to introduce a weaker condition named strong regularity
in [11]. This condition can be generalized to higher dimensions and provides a
sufficient condition to ensure the local integrability of any admissible vector field
on M, see Theorem 7.2. Indeed, in this setting the admissibility system (5.3) in
coordinates is given by

(1.2) > Ci(D)E;(F)(p) + B(p)F(p) + A(p)G(p) =0,

j=1

where Cj, B, A are matrices, F' are the vertical components of the admissible vec-
tor field, G are the horizontal control components and p € M. Since the strong
regularity tells us that the matrix A(p) has full rank we can locally write explicitly
a part of the controls in terms of the vertical components and the other part of
the controls, then applying the Implicit Function Theorem we produce admissible
variations.

In Remark 7.6 we recognize that our definition of strongly regular immersion
generalizes the notion introduced by [28] of regular horizontal immersions, that are
submanifolds immersed in the horizontal distribution such that the degree coin-
cides with the topological dimension m. In [27], see also [43], the author shows
a deformability theorem for regular horizontal immersions by means of Nash’s Im-
plicit Function Theorem [41]. Our result is in the same spirit but for immersions
of general degree.

For strongly regular submanifolds it is possible to compute the Euler-Lagrange
equations to obtain a sufficient condition for stationary points of the area Ay of
degree d. This naturally leads to a notion of mean curvature, which is not in general
a second order differential operator, but can be of order three. This behavior doesn’t
show up in the one-dimensional case where the geodesic equations for regular curves
have order less than or equal to two, see [11, Theorem 7.2] or [32, Theorem 10].

These tools can be applied to mathematical model of perception in the visual
cortex: G. Citti and A. Sarti in [12] showed that 2 dimensional minimal surfaces
in the three-dimensional sub-Riemannian manifold SFE(2) play an important role
in the completion process of images, taking orientation into account. Adding cur-
vature to the model, a four dimensional Engel structure arises, see § 1.5.1.4 in [45],
[17) and § 4.3 here. The previous 2D surfaces, lifted in this structure are codi-
mension 2, degree four strongly regular surfaces in the sense of our definition. On
the other hand we are able to show that there are isolated surfaces which do not
admit degree preserving variations. Indeed, in Example 7.8 we exhibit an isolated
plane, immersed in the Engel group, whose only admissible normal vector field is
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the trivial one. Moreover, in analogy with the one-dimensional result by [4], Propo-
sition 7.9 shows that this isolated plane is rigid in the C! topology, thus this plane
is a local minimum for the area functional. Therefore we recognized that a similar
phenomenon to the one of existence of abnormal curves can arise in higher dimen-
sion. Finally we conjecture that a bounded open set {2 contained in this isolated
plane is a global minimum among all possible immersed surfaces sharing the same
boundary 9f2.

We have organized this paper into several sections. In the next one notation and
basic concepts, such as graded manifolds, Carnot manifolds and degree of subman-
ifolds, are introduced. In Section 3 we define the area of degree d for submanifolds
of degree d immersed in a graded manifold (N, H') endowed with a Riemannian
metric. This is done as a limit of Riemannian areas. In addition, an integral for-
mula for this area in terms of a density is given in formula (3.6). Section 4 is
devoted to provide examples of submanifolds of certain degrees and the associated
area functionals. In Sections 5 and 6 we introduce the notions of admissible varia-
tions, admissible vector fields and integrable vector fields and we study the system
of first order partial differential equations defining the admissibility of a vector
field. In particular, we show the independence of the admissibility condition for
vector fields of the Riemannian metric in § 6.2. In Section 7 we give the notion
of a strongly regular submanifold of degree d, see Definition 7.1. Then we prove
in Theorem 7.2 that the strong regularity condition implies that any admissible
vector vector is integrable. In addition, we exhibit in Example 7.8 an isolated plane
whose only admissible normal vector field is the trivial one. Finally in Section 8 we
compute the Euler-Lagrange equations of a strongly regular submanifold and give
some examples.

2. PRELIMINARIES

Let N be an n-dimensional smooth manifold. Given two smooth vector fields
X,Y on N, their commutator or Lie bracket is defined by [X,Y] := XY —-Y X. An
increasing filtration (H%);en of the tangent bundle T'N is a flag of sub-bundles

(2.1) H'cH*C---CcH' C---CTN,
such that
() i = TN
(ii) [H', H!] C H'TI, fori,j > 1,
where [H', H7] := {[X,Y]: X € H',Y € H/}. Moreover, we say that an increasing
filtration is locally finite when

(iii) for each p € N there exists an integer s = s(p), the step at p, satisfying
H, =T,N. Then we have the following flag of subspaces

1 2 s
(2.2) H,CH,C--CH,=T,N.

A graded manifold (N,(H")) is a smooth manifold N endowed with a locally
finite increasing filtration, namely a flag of sub-bundles (2.1) satisfying (i),(ii) and
(iii). For the sake of brevity a locally finite increasing filtration will be simply called
a filtration. Setting n;(p) := dim H,, the integer list (n1(p),- -+, ns(p)) is called the
growth vector of the filtration (2.1) at p. When the growth vector is constant in a
neighborhood of a point p € N we say that p is a regular point for the filtration.
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We say that a filtration (#¢) on a manifold N is equiregular if the growth vector is
constant in N. From now on we suppose that N is an equiregular graded manifold.

Given a vector v in T, N we say that the degree of v is equal to £ if v € Hf; and
v ¢ H In this case we write deg(v) = £. The degree of a vector field is defined
pointwise and can take different values at different points.

Let (N, (H!,...,H®)) be an equiregular graded manifold. Take p € N and con-
sider an open neighborhood U of p where a local frame { X1, -+ , X,,, } generating H*
is defined. Clearly the degree of X, for j = 1,...,n1, is equal to one since the vector
fields X1,..., X,, belong to H!. Moreover the vector fields X1, ..., X, also lie in
H?2, we add some vector fields X, 11, -+, Xn, € H2\ H! so that (X1)p, ..., (Xn,)p
generate ’Hg. Reducing U if necessary we have that Xi, ..., X,, generate H? in U.
Iterating this procedure we obtain a basis of T M in a neighborhood of p

(2.3) (X1, 3 Xy Xty -5 Xngs e ooy Xng_11s -+, Xn),

such that the vector fields X,, ,+1,..., Xy, have degree equal to ¢, where ng := 0.
The basis obtained in (2.3) is called an adapted basis to the filtration (H1!, ..., H?).

Given an adapted basis (X;)1<i<n, the degree of the simple m-vector field X, A
...NXj, is defined by

deg(Xj, N...NXj ) = Zdeg(in).
i=1

Any m-vector X can be expressed as a sum

Xp = Z As(P)(Xg)p,
J

where J = (j1,...,4m), 1 < j1 < -+ < jm < n, is an ordered multi-index, and
Xy = X; N...NXj, . The degree of X at p with respect to the adapted basis
(Xi)lgign is defined by

max{deg((X)p) : As(p) # 0}.

It can be easily checked that the degree of X is independent of the choice of the
adapted basis and it is denoted by deg(X).

If X =) ;XX is an m-vector expressed as a linear combination of simple
m-vectors X j, its projection onto the subset of m-vectors of degree d is given by

(2.4) (X)a= Y. Xy,
deg(X)=d
and its projection over the subset of m-vectors of degree larger than d by

m(X)= > AX
deg(Xj)>d+1

In an equiregular graded manifold with a local adapted basis (X1,...,X,), de-
fined as in (2.3), the maximal degree that can be achieved by an m-vector, m < n,
is the integer d'”,  defined by

max

(2.5) dinax = deg(Xn—m41) + -+ + deg(Xn).
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2.1. Degree of a submanifold. Let M be a submanifold of class C'! immersed in
an equiregular graded manifold (N, (H!,...,H®)) such that dim(M) = m < n =
dim(N). Then, following [34, 36], we define the degree of M at a point p € M by

degyy (p) := deg(vi A ... Aom),

where v1,...,vy is a basis of T, M. Obviously, the degree is independent of the

choice of the basis of T, M. Indeed, if we consider another basis B = (v}, - ,v},)

of T, M, we get

VI A Avy, =det(Mg ) vy A+ Aul,
where Mp g denotes the change of basis matrix. Since det(Mp /) # 0, we conclude
that deg,;(p) is well-defined. The degree deg(M) of a submanifold M is the integer

deg(M) := d .
eg(M) := max deg, (p)

We define the singular set of a submanifold M by
(2.6) Mo = {pe M :degy(p) <deg(M)}.
Singular points can have different degrees between m and deg(M) — 1.
In [28, 0.6.B] Gromov considers the flag
(2.7) HLCHLC - CHE =T,M,
where 7:{{, =T,MnNn ’H{; and m; = dim(?j{g;). Then he defines the degree at p by

Du(p) =) j(m; —mj1),
j=1

setting mo = 0. It is easy to check that our definition of degree is equivalent to
Gromov’s one, see [23, Chapter 2.2]. As we already pointed out, (M, (H7);en) is a
graded manifold.

Let us check now that the degree of a vector field and the degree of points in a
submanifold are lower semicontinuous functions.

Lemma 2.1. Let (N, (H!,...,H*)) be a graded manifold reqular at p € N. Let V
be a vector field defined on a open neighborhood Uy of p. Then we have

liminf deg(V,) > deg(V,).
im in eg(Vy) = deg(V})

Proof. As p € N is regular, there exists a local adapted basis (X1,...,X,) in an
open neighborhood Uy C Uy of p. We express the smooth vector field V' in U, as

(2.8) Vg = Z Z cij(a)(X;j)q
i=1 j=n; 141

on U, with respect to an adapted basis (X1, - -- , X,,), where ¢;; € C*°(Uz). Suppose
that the degree deg(V},) of V' at p is equal to d € N. Then, there exists an integer
ke {ng_1+1,---,nq} such that cqi(p) # 0 and ¢;;(p) =0 foralli =d+1,---,s
and j =n;_1+1,---,n;. By continuity, there exists an open neighborhood U’ C Us
such that cqx(q) # 0 for each ¢ in U’. Therefore for each ¢ in U’ the degree of V,
is greater than or equal to the degree of V(p),

deg(V) > deg(V;) = d.

Taking limits we get
lim inf deg(Vg) > deg(V}). O

q—p
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Remark 2.2. In the proof of Lemma 2.1, deg(V;) could be strictly greater than d
in case there were a coefficient ¢;; with ¢ > d + 1 satisfying ¢;;(q) # 0.

Proposition 2.3. Let M be a C! immersed submanifold in a graded manifold
(N, (HY, ..., H?)). Assume that N is reqular at p € M. Then we have

liminf deg,,(q) > deg,,(p).
q—p,qeEM

Proof. The proof imitates the one of Lemma 2.1 and it is based on the fact that
the degree is defined by an open condition. Let 7a; = > ;77X be a tangent m-
vector in an open neighborhood U of p, where a local adapted basis is defined. The
functions 7, are continuous on U. Suppose that the degree deg,,(p) at p in M is
equal to d. This means that there exists a multi-index J such that 7;(p) # 0 and
deg((X5)p) = d. Since the function 75 is continuous there exists a neighborhood
U’ C U such that 75(q) # 0 in U’. Therefore, deg(7ar(¢)) > d and taking limits we
have

liminf deg,,(q) = degy,(p). O

q—p

Corollary 2.4. Let M be a C' submanifold immersed in an equireqular graded
manifold. Then

1. degy, is a lower semicontinuous function on M.
2. The singular set My defined in (2.6) is closed in M.

Proof. The first assertion follows from Proposition 2.3 since every point in an
equiregular graded manifold is regular. To prove 2, we take p € M ~ My. By
1, there exists a open neighborhood U of p in M such that each point ¢ in U has
degree deg,;(q) equal to deg(M). Therefore we have U C M ~ My and hence
M ~\ My is an open set. O

2.2. Carnot manifolds. Let N be an n-dimensional smooth manifold. An [-
dimensional distribution H on N assigns smoothly to every p € N an [-dimensional
vector subspace H, of T, N. We say that a distribution # complies Hormander’s
condition if any local frame {X7,..., X;} spanning H satisfies

dim(L(X1,...,X1))(p) =n, forallpe N,

where £(X1,...,X;) is the linear span of the vector fields Xi,...,X; and their
commutators of any order.

A Carnot manifold (N, H) is a smooth manifold N endowed with an {-dimensional
distribution H satisfying Hormander’s condition. We refer to H as the horizontal
distribution. We say that a vector field on N is horizontal if it is tangent to the
horizontal distribution at every point. A C' path is horizontal if the tangent vector
is everywhere tangent to the horizontal distribution. A sub-Riemannian manifold
(N, H,h) is a Carnot manifold (N, #H) endowed with a positive-definite inner prod-
uct h on H. Such an inner product can always be extended to a Riemannian
metric on N. Alternatively, any Riemannian metric on N restricted to H provides
a structure of sub-Riemannian manifold. Chow’s Theorem assures that in a Carnot
manifold (N, ) the set of points that can be connected to a given point p € N by
a horizontal path is the connected component of N containing p, see [40]. Given a
Carnot manifold (N, H), we have a flag of subbundles

(2.9) H'  =HcH>C---CcH C---CTN,



8 G. CITTI, G. GIOVANNARDI, AND M. RITORE

defined by
HT =H A+ [HHY), i1,
where
[H,H]:={[X,Y]: X € H,Y € H'}.
The smallest integer s satisfying H, =T, N is called the step of the distribution H
at the point p. Therefore, we have

H, CH. C - CHy=T,N.

The integer list (nq(p),---,ns(p)) is called the growth vector of H at p. When
the growth vector is constant in a neighborhood of a point p € N we say that p
is a regular point for the distribution. This flag of sub-bundles (2.9) associated
to a Carnot manifold (N, H) gives rise to the graded structure (N, (#?)). Clearly
an equiregular Carnot manifold (N, H) of step s is an equiregular graded manifold
(N,H!,...,H*). In particular a Carnot group turns out to be an equiregular graded
manifold.

Given a connected sub-Riemannian manifold (N, H, k), and a C* horizontal path
v : la,b] = N, we define the length of ~ by

b
(210) L) = [ VAG@ ) d.
By means of the equality
(2.11) de(p,q) == inf{L(7) : v is a C* horizontal path joining p,q € N},

this length defines a distance function (see [5, § 2.1.1,§ 2.1.2]) usually called the
Carnot-Carathéodory distance, or CC-distance for short. See [40, Chapter 1.4] for
further details.

3. AREA FOR SUBMANIFOLDS OF GIVEN DEGREE

In this section we shall consider a graded manifold (N, H', ..., H*) endowed with
a Riemannian metric g, and an immersed submanifold M of dimension m.

We recall the following construction from [28, 1.4.D]: given p € N, we recursively
define the subspaces K} := H,, Kit! := (i) NHLT, for 1 <i < (s—1). Here L
means perpendicular with respect to the Riemannian metric g. Therefore we have
the decomposition of T, N into orthogonal subspaces

1 2 s
(3.1) TLN=K.eK2a- - &K

Given r > 0, a unique Riemannian metric g, is defined under the conditions: (i)
the subspaces K; are orthogonal, and (ii)

(32) or !

When we consider Carnot manifolds, it is well-known that the Riemannian distances
of (N, g,) uniformly converge to the Carnot-Carathéodory distance of (N, H, h), [28,
p. 144].

Working on a neighborhood U of p where a local frame (Xi,..., X)) gener-
ating the distribution H is defined, we construct an orthonormal adapted basis
(X1,...,X,) for the Riemannian metric g by choosing orthonormal bases in the
orthogonal subspaces K% 1 < i< s. Thus, the m-vector fields

(3.3) Xn = (T%<deg<xj1>—1>le) ALA (ﬁ(deg(xjm)—l)ij),

Ki 1=1,...,s.
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where J = (j1,72,- -+, Jm) for 1 < j1 < -+ < jm < n, are orthonormal with respect
to the extension of the metric g, to the space of m-vectors. We recall that the
metric g, is extended to the space of m-vectors simply defining

(3.4) Gr(VI Ao AU, VLA L A Y) = det (g’“(vi’v;))lgi,jgm’

for vi,..., vy and vf,...,v), in T,N. Observe that the extension is denoted the

same way.

3.1. Area for submanifolds of given degree. Assume now that M is an im-
mersed submanifold of dimension m in a equiregular graded manifold (N, H!, ..., H?)
equipped with the Riemannian metric g. We take a Riemannian metric 4 on M.
For any p € M we pick a p-orthonormal basis eq,..., e, in T,M. By the area
formula we get

(3.5) AM',g,) = / et A Aeml, du(p),
M/

where M’ is a bounded measurable subset of M and A(M’, g,) is the m-dimensional
area of M’ with respect to the Riemannian metric g,.
Now we express

erN. /\em—ZT] X]p—z r > 0.

From (3.3) we get f(? = r%(deg(XJ)_m)XJ, and so 7y = r—3(des(Xs)=m) . More-
over, as { X"} is an orthonormal basis for g,, we have

let AL A em|!2]T - Z(;}(p))z — er(dcg(XJ)fm)Tg(p)

J J

Therefore, we have

lim 7% (deg(M)—m) le1 Ao Aeml, = (ZT deg(M) deg(XJ))Tg(p)>l/2
J

rl0
(X s

deg(X j)=deg(M)
By Lebesgue’s dominated convergence theorem we obtain
1 o 3
(36)  lim (120 A g,)) = / (X #Bw) .
deg(X j)=deg(M)

Definition 3.1. If M is an immersed submanifold of degree d in an equiregular
graded manifold (N, H!,...,H?®) endowed with a Riemannian metric g, the degree
d area Ay is defined by

1
Ag(r'y = Tim (r2 A g,) ),

rl0
for any bounded measurable set M’ C M.

Equation (3.6) provides an integral formula for the area A;. An immediate
consequence of the definition is the following
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Remark 3.2. Setting d := deg(M) we have by equation (3.6) and the notation
introduced in (2.4) that the degree d area Aq is given by

(3.7) Ag(M) :/ Jea A ey dulp).

for any bounded measurable set M’ C M. When the ambient manifold is a Carnot
group this area formula was obtained by [36]. Notice that the d area A, is given
by the integral of the m-form

(e1 Ao Nem)d
[(e1 AeoAem)dlg”

(3.8) wWa(v1, .., 0m)(P) = (V1 Ao A Uy,

where vy, ..., v, is a basis of T, M.

In a more general setting, an m-dimensional submanifold in a Riemannian man-
ifold is an m-current (i.e., an element of the dual of the space of m-forms), and
the area is the mass of this current (for more details see [18]). Similarly, a natural
generalization of an m-dimensional submanifold of degree d immersed in a graded
manifold is an m-current of degree d whose mass should be given by A;. In [19]
the authors studied the theory of H-currents in the Heisenberg group. Their mass
coincides with our area (3.7) on intrinsic C' submanifolds. However in (3.8) we
consider all possible m-forms and not only the intrinsic m-forms in the Rumin’s
complex [49, 42, 1].

Corollary 3.3. Let M be an m-dimensional immersed submanifold of degree d
in a graded manifold (N, H',..., H*) endowed with a Riemannian metric g. Let
My C M be the closed set of singular points of M. Then Aq(My) = 0.

Proof. Take an orthonormal basis vy, ..., v, of M at p and express v1 A... Avy, =
> 77(P)(X7)p. When p is a singular point, deg(vi A ... Avy,) < deg(M) = d and
so 7;(p) = 0 whenever deg(X ;) > d.

Since My is measurable, from (3.6) we obtain

Aq(My) = /

Mo
and so Aq(Mp) = 0. O

Remark 3.4. Another easy consequence of the definition is the following: if M
is an immersed submanifold of degree d in graded manifold (N, H!,...,H?®) with
a Riemannian metric, then Ay (M') = oo for any open set M’ C M when d’ < d.
This follows easily since in the expression

pa(d=m) let Ao Aeml,,
we would have summands with negative exponent for 7.

In the following example, we exhibit a Carnot manifold with two different Rie-
mannian metrics that coincide when restricted to the horizontal distribution, but
yield different area functionals of a given degree

Example 3.5. We consider the Carnot group H' ® H', which is the direct product
of two Heisenberg groups. Namely, let R? xR3 be the 6-dimensional Euclidean space
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with coordinates (z,y,z,2’,y’,2"). We consider the 4-dimensional distribution H
generated by

Yy X
X =0, — 20, Y =0, + =0,
2 vt 2
/ ’
X' = Opr — %8z/ Y = 3y/ + %8z/.

The vector fields Z = [X,Y] = 0, and Z' = [X',Y'] = 0, are the only non
trivial commutators that generate, together with X, Y, X’,Y’, the subspace H? =
T(H' ® H'). Let Q be a bounded open set of R? and u a smooth function on ©
such that u(s,t) = 0. We consider the immersed surface
d:0— H' @ H!,
(57 t) H (S’ 07 u(S7 t), 07 t, u(s, t))?
whose tangent vectors are
D, =(1,0,us,0,0,us) = X +us Z +us Z',
®, =(0,0,0,0,1,0) =Y".
Thus, the 2-vector tangent to M is given by
P NP, =XANY' +us(ZAY' +Z' ANY).

When u(s,t) is different from zero the degree is equal to 3, since both Z A Y’
and Z' A'Y’ have degree equal to 3. Points of degree 2 corresponds to the zeroes
of us. We define a 2-parameter family gy, of Riemannian metrics on H' ® H!, for
(A, 1) € R? by the conditions (i) (X,Y,X’,Y’) is an orthonormal basis of H, (ii)
Z, Z' are orthogonal to H, and (iii) ¢(Z,Z) = A\, 9(Z',Z') = p and g(Z',Z) = 0.
Therefore, the degree 3 area of 2 with respect to the metric g, , is given by

A3(Q) = /Qus(/\ + v) dsdt.

As we shall see later, these different functionals will not have the same critical
points, that would depend on the election of Riemannian metric.

4. EXAMPLES

4.1. Degree of a hypersurface in a Carnot manifold. Let M be a C! hyper-
surface immersed in an equiregular Carnot manifold (N, ), where H is a bracket
generating [-dimensional distribution. Let @) be the homogeneous dimension of NV
and pe M.

Let us check that deg(M) = @Q — 1. The pointwise degree of M is given by

degy(p) = Y j(m; —1inj 1),
=1

where 1; = dim(#J) with HJ = T,M NHJ. Recall that n; = dim(H}). As T,M
is a hyperplane of T, N we have that either 7:[;, = ’Hf, and m; = ny, or 7:[;, is a
hyperplane of ’H; and m; = m; — 1. On the other hand,

My — M1 <Ny — Ni—1.
Writing

Ng —Ng—1 = My — Myi—1 + 24,
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for non-negative integers z; and adding up on ¢ from 1 to s we get

S
E Z; = 1,
i=1

since ms = n — 1 and ns; = n. We conclude that there exists ig € {1,...,s} such
that z;, =1 and z; = 0 for all j # ¢yp. This implies

mi:ni; i<i07
fni:ni—l, ’L}’LO

If ig > 1 for all p € M, then H C T M, a contradiction since H is a bracket-
generating distribution. We conclude that iyp = 1 and so
deg(M) = i (i — 1) = 111 + Y _ i (170; — 1)
i=2

i=1

=2

4.2. As,y1-area of a hypersurface in a (2n + 1)-dimensional contact mani-
fold. A contact manifold is a smooth manifold M?"*! of odd dimension endowed
with a one form w such that dw is non-degenerate when restricted to H = ker(w).
Since it holds

dw(X,Y) = X (w(Y)) = Y (w(X)) — w([X,Y]),
for X,Y € H, the distribution A is non-integrable and satisfies Hormander rank
condition by Frobenius theorem. When we define a horizontal metric h on the
distribution H then (M,#H,h) is a sub-Riemannian structure. It is easy to prove
that there exists an unique vector field 7" on M so that

wT)=1, Ly(X)=0,

where L is the Lie derivative and X is any vector field on M. This vector field T
is called the Reeb vector field. We can always extend the horizontal metric h to the
Riemannian metric ¢ making 7" a unit vector orthogonal to .
Let ¥ be a C! hypersurface immersed in M. In this setting the singular set of
Y is given by
So={peX :T,X =H,},

and corresponds to the points in ¥ of degree 2n. Observe that the non-integrability
of H implies that the set X \ X¢ is not empty in any hypersurface X.

Let N be the unit vector field normal to ¥ at each point, then on the regular
set X\ X the g-orthogonal projection Ny, of N onto the distribution H is different
from zero. Therefore out of the singular set ¥y we define the horizontal unit normal
by

vp = N
h |Nh| )

and the vector field

S = (N,T)vy — |Nu|T,
which is tangent to ¥ and belongs to H?. Moreover, T, N (H2 ~\H,) has dimension
equal to one and T,%X N ’H,; equal to 2n — 1, thus the degree of the hypersurface &
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out of the singular set is equal to 2n+ 1. Let ey, ..., e2,—1 be an orthonormal basis
in T,X N ’H,é. Then ey, ..., ea,—1,5p is an orthonomal basis of T),> and we have
e1N...Neagp1 NS = <N,T>61/\.../\€2n_1 ANvp — |Nh|€1 AN.o.Negp_1 NT.

Hence we obtain
(4.1) A2n+1(2):/ | Ny |dS.
p)

In [20] Galli obtained this formula as the perimeter of a set that has C' boundary
¥ and in [50] Shcherbakova as the limit of the volume of a e-cylinder around %
over its height equal to . This formula was obtain for surfaces in a 3-dimensional
pseudo-hermitian manifold in [9] and by S. Pauls in [44]. This is exactly the area
formula independently established in recent years in the Heisenberg group H"”, that
is the prototype for contact manifolds (see for instance [15, 9, 10, 47, 30]).

Example 4.1 (The roto-translational group). Take coordinates (x,y,6) in the 3-
dimensional manifold R? x S'. We consider the contact form
w = sin(f)dx — cos(9)dy,
the horizontal distribution H = ker(w), is spanned by the vector fields
X = cos(0)9; +sin(0)d,, Y =g,

and the horizontal metric h that makes X and Y orthonormal.

Therefore R? x S' endowed with this one form w is a contact manifold. Moreover
(R? x S, H, h) has a sub-Riemannian structure which is also a Lie group known as
the roto-translational group. A mathematical model of simple cells of the visual
cortex V1 using the sub-Riemannian geometry of the roto-translational Lie group
was proposed by Citti and Sarti (see [13], [14]). Here the Reeb vector field is given
by

T =[X,Y] =sin(0)0; — cos(6)0y.
Let Q be an open set of R? and u : @ — R be a function of class C'. When we
consider a graph ¥ = Graph(u) given by the zero set level of the C'* function

f(@,y,0) = u(z,y) =0 =0,
the projection of the unit normal N onto the horizontal distribution is given by
B X(u)X-Y
" T+ X (R + T(ue

Hence the 3-area functional is given by

Az (X, 0) = /Q (1+ X(U)Q)% dzdy.

4.3. Aj-area of a ruled surface immersed in an Engel structure. Let £ =
R2 x St x R be a smooth manifold with coordinates p = (z,y,0,k). We set H =
span{ X7, Xo}, where

(42) X1 = cos(0)dy +sin(0)d, + kdy,  Xo = .

Therefore (E,H) is a Carnot manifold, indeed H satisfy the Hormander rank con-
dition since X7 and X

X3 =[X1,X2]=—0s

(43) X4 = [Xl, [Xl,Xg]] = — s1n(9)6m + COS(@)ay
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generate all the tangent bundle. Here we follow a computation developed by Le
Donne and Magnani in [34] in the Engel group. Let €2 be an open set of R? endowed
with the Lebesgue measure. Since we are particularly interested in applications to
the visual cortex (see [23],[45, 1.5.1.4] to understand the reasons) we consider the
immersion ® : Q — E given by ® = (x,y,0(z,y), x(x,y)) and we set & = &(Q).
The tangent vectors to X are

(44) (I)z = (Lanmvkz)v (I)y = (07 15097’%9)'

In order to know the dimension of 7,3 N H,, it is necessary to take in account
the rank of the matrix

1 0 0, Kz

. 0 1 0y Ky

(4.5) B= cos(f) sin(d) x O
0 0 0 1

Obviously rank(B) > 3, indeed we have

1 0 kK
det{ 0 1 Ky | #0
0 0 1
Moreover, it holds
cos(f) sin(f) K
rank(B) =3 <& det 1 0 0, | =0
(4.6) 0 Lo,
& Kk —0;cos(f) —0,sin(f) =0

& k=X1(0(z,y)).

Since we are inspired by the foliation property of hypersurface in the Heisenberg
group and roto-translational group, in the present work we consider only surface
Y ={(x,y,0(z,y), x(x,y))} verifying the foliation condition x = X;1(0(x,y)). Thus,
we have

D, AP, =(cos(0)ky — sin(f)ky) X1 A Xo — (cos(0)8, — sin(0)0,) X1 A X3
+ X1 A Xy + (Oz5y — Oykig — K(cos(0)ky — sin(f)rg)) Xo A X3
+ (sin(f)ky + cos(0) k)Xo A X4
+ (k — sin(6)0, — cos(0)0;)Xs N Xy.

(4.7)

By the foliation condition (4.6) we have that the coefficient of X3 A X4 is always
equal to zero, then we deduce that deg(X) < 4. Moreover, the coefficient of X7 A Xy
never vanishes, therefore deg(X) = 4 and there are not singular points in ¥. When
k = X1(0) a tangent basis of T,¥ adapted to 2.7 is given by

e1 = cos(0)®, +sin(0)®, = X7 + X1(k)Xo,

(48) es = —sin(0)®,, + cos(0)®, = Xy — X4(0) X3 + X4(r)Xa.

When we fix the Riemannian metric g; that makes (X7, ..., X4) orthonormal we
have that the A4-area of ¥ is given by

(4.9) A4(E,g)=/ﬂ(1+X1(H)2)% dxdyz/Q(HXf(e)?)% drdy.
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When we fix the Euclidean metric go that makes (91, 02,99, 0x) we have that the
Ay-area of ¥ is given by

(4.10) A4(Z,go):/9(1+l£2+X1(/£)2)% dxdy.

5. ADMISSIBLE VARIATIONS FOR SUBMANIFOLDS

Let us consider an m-dimensional manifold M and an immersion ® : M — N
into an equiregular graded manifold endowed with a Riemannian metric g = (-, -).

We shall denote the image ®(M) by M and d := deg(M). In this setting we have
the following definition

Definition 5.1. A smooth map I': M x (—¢,e) — N is said to be an admissible
variation of ® if Ty : M — N, defined by I'y(p) := I'(p,t), satisfies the following
properties
(i) To =2,
(ii) T'¢(M) is an immersion of the same degree as ®(M) for small enough ¢, and
(iii) T+(p) = ®(p) for p outside a given compact subset of M.

Definition 5.2. Given an admissible variation I', the associated variational vector
field is defined by

6.1) V() = 5 (p.0)

The vector field V is an element of Xo(M, N): i.e., a smooth map V : M — TN
such that V(p) € Ty N for all p € M. Tt is equal to 0 outside a compact subset
of M.

Let us see now that the variational vector field V' associated to an admissible
variation T' satisfies a differential equation of first order. Let p = ®(p) for some
p € M, and (X1, --,X,) an adapted frame in a neighborhood U of p. Take a
basis (€1,...,ém) of TzM and let e; = d®z(e;) for 1 < j < m. As ['y(M) is a
submanifold of the same degree as ®(M) for small ¢, there follows

(5:2) ((dl1)per) Ao A(dTe)p(em), (Xg)r, () =0,

forall X; = X;, A...ANXj,, with 1 < j1 <--- < jm < n, such that deg(Xy) >
deg(M). Taking the derivative with respect to ¢ in equality (5.2) and evaluating at
t = 0 we obtain the condition

m
0= <el/\...Aem,vv(p)XJ>+Z<e1A.../\VekV/\...Aem,XJ)

k=1
for all X7 such that deg(X ;) > deg(M). In the above formula, (-, ) indicates the
scalar product in the space of m-vectors induced by the Riemannian metric g. The
symbol V denotes, in the left summand, the Levi-Civita connection associated to g
and, in the right summand, the covariant derivative of vectors in X (]\7[ ,N) induced
by g. Thus, if a variation preserves the degree then the associated variational vector
field satisfies the above condition and we are led to the following definition.

Definition 5.3. Given an immersion ® : M — N, a vector field V € Xo(M, N) is
said to be admissible if it satisfies the system of first order PDEs

(5.3) 0= <elA.../\em,VV(p)XJ)+Z<elA...AvekVA.../\em,XJ>
k=1
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where X; = X;, A... A X, , deg(X;) > d and p € M. We denote by Ag (M, N)
the set of admissible vector fields.

It is not difficult to check that the conditions given by (5.3) are independent of
the choice of the adapted basis.

Thus we are led naturally to a problem of integrability: given V € Xo(M, N) such
that the first order condition (5.3) holds, we ask whether an admissible variation
whose associated variational vector field is V exists.

Definition 5.4. We say that an admissible vector field V' € Xo(M, N) is integrable
if there exists an admissible variation such that the associated variational vector
field is V.

Proposition 5.5. Let @ : M — N be an immersion into a graded manifold. Then
a vector field V € Xo(M, N) is admissible if and only if its normal component V =+
s admissible.

Proof. Since the Levi-Civita connection and the covariant derivative are additive
we deduce that the admissibility condition (5.3) is additive in V. We decompose
V =V T + V", inits tangent V' and normal V+ components and observe that V' T
is always admissible since the flow of VT is an admissible variation leaving ® (M)
invariant with variational vector field V' '. Hence, V1 satisfies (5.3) if and only if
V verifies (5.3). O

6. THE STRUCTURE OF THE ADMISSIBILITY SYSTEM OF FIRST ORDER PDES

Let us consider an open set U C N where a local adapted basis (X1,...,Xy) is
defined. We know that the simple m-vectors X := X;, A... A Xj  generate the
space A, (U) of m-vectors. At a given point p € U, its dimension is given by the
formula

i, (©),) = (1):

Given two m-vectors v,w € A, (U),, it is easy to check that deg(v + w) <
max{degv, degw}, and that deg \v = degv when A # 0 and 0 otherwise. This
implies that the set

AL (U), = {v € Ap(U), : degv < d}
is a vector subspace of A,,(U),. To compute its dimension we let v; := (X;), and
we check that a basis of A2 (U), is composed of the vectors
tm
v, A ... Awv;,, such that Z deg(v;) < d.
J=u
To get an m-vector in such a basis we pick any of the k; vectors in ’Hzl, N{v1,...,0n}
and, for j = 2,...,s, we pick any of the k; vectors on (M ~ H)~') N{v1,...,vn},
so that
e ki +---+ks=m, and
o 1 -ki+--+s-ks<d.
So we conclude, taking ng = 0, that

dim(Ap(U),) = ( S (n _k?i_l> )

kitotko=m, Ni=1
Lki+-tsks<d
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When we consider two simple m-vectors v;; A...Av; and vj A...Av; , their
scalar product is 0 or £1, the latter case when, after reordering if necessary, we have
v, = v;, for k =1,...,m. This implies that the orthogonal subspace A‘fn(U)j; of
AL (U), in A (U), is generated by the m-vectors

i’VTL
Vi, A ... Avi,, such that Y deg(v;) > d.
Jj=i1

Hence we have

(6.1) dim(AL O = > <1:[1("_k”1>)

i+t ks=m,
1-ki+-+s-ks>d

with ng = 0. Since N is equiregular, £ = dim(A¢, (U);) is constant on N. Then we
can choose an orthonormal basis (X,,...,Xy,) in A% (U); at each point p € U.

6.1. The admissibility system with respect to an adapted local basis.
In the same conditions as in the previous subsection, let £ = dim(A% (U )ZJ;) and
(Xs,,...,X,) an orthonormal basis of A% (U),. Any vector field V € X(M,N)

can be expressed in the form

V=>" faXn,
h=1

where f1,...,fn € C®(@"1(U),R). We take py € ® (U) and, reducing U if
necessary, a local adapted basis (E;); of TM in ®~}(U). Hence the admissibility
system (5.3) is equivalent to

(6.2) SN e Eif) + Y Binfa=0, i=1,....1,

j=1h=1 h=1
where
- (4)
(6.3) cijn(P) =1 Ao . A Xp)p A v Aem, (X)p)s
and
ﬂzh(ﬁ) = <€1 N A em, V(Xh)pXJi>+
+ Z<€1 VANAN Ve].Xh N A em, (XJi>;0>
(6.4) j=1

=D {er Ao AEL X)) A A e, (X))
j=1
In the above equation we have extended the vector fields F; in a neighborhood of
po = P(Pg) in N, denoting them in the same way.

Definition 6.1. Let m,(p) be the dimension of 7:[3 =T,MNHy, a€{l,...,s},
where we consider the flag defined in (2.7). Then we set

to(U) = max min {a: mq(p) # 0}.

pelU 1<a<s

and

(6.5) p:i=mn,, =dim(H°) > dim(Hl) =n;.
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Remark 6.2. In the differential system (6.2), derivatives of the function f; appear
only when some coefficient c¢;;5(p) is different from 0. For fixed h, notice that
cijn(@)=0,foralli=1,....0,j=1,...,mand p in &~ 1(U )1fand0n1y1f

()
deg(er A A (Xp)p A Aem) <d, foralll<j<m,pec® (U).

This property is equivalent to
deg((Xn),) < deg(e;), for all 1 < j < m,p € V).
So we have ¢;;, = 0 in ®~1(U) for all 4, j if and only if deg(Xy) < wo(U).

We write
V= ZghXh + Z fr X,
r=p+1
so that the local system (6.2) can be written as

n

m n p
(6.6) Z Z cijr Ej(fr) + Z bir fr + Z aingn =0,

j=1 r=p+1 r=p+1 h=1
where ¢;j, is defined in (6.3) and, for 1 <i < ¢,
(6.7) ain = Biny  bir = Bir, 1<h<p, p+1<r <,
where 3;; is defined in (6.4). We denote by B the ¢ x (n — ) matrix whose entries
are b;, by A the ¢ x p whose entries are a;, and for j =1,...,m we denote by C;
the ¢ x (n — p) matrix C; = (c”h)h p.;l,e . Setting
fp+1 g1
(6.8) F=| ], G=]:
fn 9o
the admissibility system (6.2) is given by
(6.9) i C;E;(F)+ BF + AG =0.

6.2. Independence on the metric. Let g and g be two Riemannian metrices on
N and (X;) be orthonormal adapted basis with respect to g and (Y;) with respect
to g. Clearly we have

Y=Y dji X,
j=1
for some square invertible matrix D = (dﬂ)zzlln of order n. Since (X;) and (Y;)
are adapted basis, D is a block matrix
Dy Dz Dis ... Dig
0 Doy Doz ... Doy
D= 0 0 D33 ... Dass )
0 0 0 S
0 0 0 0 Dygs
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where D;; for i« = 1,...,s are square matrices of orders n;. Let p be the integer

14 n
V=>"aYh+ Y. LY

h=1 r=p+1
then we set
foit 7
F=| |, G=]:
fra 9p
and F and G as in (6.8).
Given I = (i1,...,4m) With i1 < ... < i, we have

n n
3/}:}/7/1/\/\}/7/77122Zdjllld]m“n'X] /\/\'X]nl
Ji=1 Jm=1
= D NulXpaeenX, =3 X
jl <<]m J
Since the adapted change of basis preserves the degree of the m-vectors, the square

matrix A = (A;7) of order (') acting on the m-vector is given by

[ An Ap,
o e (3 )

where Aj and A, are square matrices of order (:D — ¢ and ¢ respectively and Ay,
is a matrix of order ((7’:1) — é) x £. Moreover the matrix A is invertible since both
{X s} and {Y7} are basis of the vector space of m-vectors.

Remark 6.3. One can easily check that the inverse of A is given by the block
matrix
Al (An A AAL!
0 At ’
Setting G = (§(X7, X)) we have

G = ((éi’;)t C’éh) = (AT,
Thus it follows
Gy = (A7) A+ (AT AL (AL AL AR AL,
Gho = —(A;H)IA P A ALY
Gn = (AN

Let A be the associated matrix

A= (g(YJi,iElA...A[Ej,Yh](p)A---AEm))_



20 G. CITTI, G. GIOVANNARDI, AND M. RITORE

Setting
wr ZZQ(XJ,El N NEj Xp] Ao A B,
=1

1,...,n

and ) = (Qh Qv) = (WJT)Sjg(.])gd’

a straightforward computation shows

A=(Ap)* <éh QD+ Gro ADL+ G > OjEj(Dh)>

j=1
+ (A,) ((éhv)t QuDy + Gy ADp, + (G ) i OjEj(Dh)>
=1
By Remark 6.3 we obtain J
A=(h) (A7) AT (@0 Dy + 30 1 (D1)
j=1
— (A DA A A ADh)

6.11 ’”
(611 - (A;U(A,;l)m;l QD+ CjEj(Dh)))

j=1
+ (A + AL (A AL ARALY) AD)
=A;'AD,.

Preliminary we notice that if h =1,..., p we have

()
Cijh =G(Ys, By A . AYR A A Ep)

p
Z Z Z/\J,Ji 9(X1, X7)crjk din
i

deg(J)<d k=1

p
= Z Z Z/\J,Ji 9(X1, X7)csjk den+

deg(I)<d deg(J)<d k=1

p
+ Z Z Z/\J,Ji 9(X1, X7)csjk din-

deg(I)>d deg(J)<d k=1

(6.12)

Therefore, setting
<5 N ) h=1,....p
;= (g(YJ,El/\.../\Yh/\.../\Em))

/ deg(J)<d

and
~0 - &) h=1,....p
Cj:(g(YJi,El/\.../\Yh/\.../\Em))‘ ,
by (6.12) we gain
C9 = (A}, Gn + AL(Gpo))(CF Dy) = 0.
Let C’j be the associated matrix
7 )h:erl ..... n

éj:(g(YJi,El/\.../\Yh/\.../\Em) L
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Setting

(- (7)
C; :(g(YJ,ElA.../\Yh/\.../\Em))
deg(J)<d

it is immediate to obtain the following equality
Cj =(Any)" (éh(CJHth + C'JHVDU) + éthjD'u)

(6.13) + (M) ((G)! (C Dy + €IV D) + G,C5D, )
:A_;chDU.

Let B be the associated matrix
B= (g(YJi,ZEl Ao NE;, Y] /\.../\Em))
j=1
A straightforward computation shows

B =(An)' (G0 Diy + Dy + Y CHE;(Dn) + CJIV B (D))

J=1

+ Gho(ADpy + BDy + Y OjEj(Dv)))

j=1

+ (A (G (@0 Dio + 2Dy + 3 CF B (Diy) + Y (D)

j=1
+ Gy(ADpy + BD, + Zm: chj(Dv)))
j=1
By Remark 6.3 we obtain
(6.14) B=A;'ADy, +A;13Dv+iA;10jEj(Dv).
j=1
Finally, we have G = D,G + Dy F and F = D,F.

Proposition 6.4. Let g and g be two different metrics, then a vector fields V is
admissible w.r.t. g if and only if V is admissible w.r.t. g.

Proof. We remind that an admissible vector field

P n
V:ZginF Z fiX;
i=1

1=p+1
w.r.t. g satisfies

(6.15) > C,E;(F)+ BF + AG = 0.

Jj=1
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By (6.11), (6.14) and (6.13) we have

In the previous equation we used that G = D,G + D;WF, F = D,F and
E;(D,)Dy' + D, E;(D; 1) = 0,

for all j =1,...,m, that follows by D, D, ! = I,,_,. Then the admissibility system
(6.15) w.r.t. g is equal to zero if and only if the admissibility system (6.16) w.r.t.
3. 0

Remark 6.5. When the metric g is fixed and (X;) and (Y;) are orthonormal
adapted basis w.r.t g, the matrix D is a block diagonal matrix given by

_(Dy O
p=(% 5)
where Dy, and D, are square orthogonal matrices of orders p and (n — p), respec-

tively. From equations (6.11), (6.14), (6.13) it is immediate to obtain the following
equalities

F=D;'F,
G =D, G,
A= A; A Dy,
(6.17) .
B=A;'BD,+Y A,'C,E;(Dy),
j=1
C;=A,'C;D,.

6.3. The admissibility system with respect to the intrinsic basis of the
normal space. Let £ be the dimension of Af, (U);- and (X, ,..., X ,) an orthonor-
mal basis of simple m-vector fields. Let py be a point in M and ®(py) = po. Let
€1,...,em be an adapted basis of T, M that we extend to adapted vector fields
Ey, ..., E,, tangent to M on U. Let vy,41,...,v, be a basis of (T]DOM)L that we
extend to vector fields V41, ..., V, normal to M on U, where we possibly reduced
the neighborhood U of py in N. Then any vector field in X(®~(U), N) is given by

V= ZwJE + Z YV,

h=m-+1

where 11, ...,%, € C"(®~1(U),R). By Proposition 5.5 we deduce that V is admis-
sible if and only if V1 = . 41 %nVh is admissible. Hence we obtain that the
system (5.3) is equivalent to

(618) Z Z §ZJhE wh Z ﬁzhwh = 0, 1= 1, e ,f,
j=1h=m+

h=m-+1
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where
_ ()
(6.19) Eiin(P) =(er A AURA ... Aem, (X7,)p)
and
Bin(@) = (e1 A ... A em, Vo, X7,)+
+ <61/\.../\Veth/\.../\em,(XJi)p>
(6.20) =
=Y {er A ANELVRIP) A A e, (X1,)y).

j=1
Definition 6.6. Let (o(U) be the integer defined in 6.1. Then we set k := n,, —m,,.

Assume that k£ > 1, and write

m-+k n
V= Z on Vi + Z e Vi,
h=m-+1 r=m+k+1

and the local system (6.18) is equivalent to

m n n m+k

(6.21) SN G Bi)+ D Burte+ > aindn =0,
j=1r=p+1 r=p+1 h=m+1

where ;j, is defined in (6.19) and, for 1 <i < ¢,

(6.22) aih:Bih, ﬁiT:BiT,m—l—lghgm—Fk,m—|—k—|—1§r§n.

We denote by Bt the £ x (n —m — k) matrix whose entries are 3;., by A+ the £ x k
whose entries are «;, and for every j = 1,---m by C’jL the ¢ x (n —m — k) matrix

with entries (fijh);'f:l;l'jr’ﬁﬂ VVVVV ,, Setting
Ymtht1 Pm+1
(6.23) Ft= : , Gt = :
"/’n ¢m+k
the admissibility system (6.2) is given
(6.24) > C}E;(FY) +B*Ft+ ALGH =0
j=1

Remark 6.7. We can define the matrices AT, BT, C'T with respect to the tangent
projection V' in a similar way to the matrices A+, B+, C*. First of all we notice
that the entries
&5, (P) = (e1 /\.../\gy)/\.../\em,(XJi)ﬁ
fori =1,...,f and j,v = 1,...,m are all equal to zero. Therefore the matrices
CT and BT are equal to zero. On the other hand, AT is the (¢ x m)-matrix whose
entries are given by
m
a,(P) = (s A AELEJ(D) A Aem, (X0,)p)

Jj=1
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fori=1,...,fand v =1,..., m. Frobenius Theorem implies that the Lie brackets
[E;, E,] are all tangent to M for j,v = 1,...,m, and so all the entries of AT are
equal to zero.

7. INTEGRABILITY OF ADMISSIBLE VECTOR FIELDS

In general, given an admissible vector field V', the existence of an admissible
variation with associated variational vector field V' is not guaranteed. The next
definition is a sufficient condition to ensure the integrability of admissible vector
fields.

Definition 7.1. Let ® : M — N be an immersion of degree d of an m-dimensional
manifold into a graded manifold endowed with a Riemannian metric g. Let ¢ =
dim(A$,(U)F) for all ¢ € N and p = n,, set in (6.1). When p > £ we say that ® is
strongly reqular at p € M if

rank(A(p)) = ¢,
where A is the matrix appearing in the admissibility system (6.9).

The rank of A is independent of the local adapted basis chosen to compute the
admissibility system (6.9) because of equations (6.17). Next we prove that strong
regularity is a sufficient condition to ensure local integrability of admissible vector
fields.

Theorem 7.2. Let ® : M — N be a smooth immersion of an m-dimensional man-
ifold into an equiregular graded manifold N endowed with a Riemannian metric g.
Assume that the immersion ® of degree d is strongly reqular at p. Then there exists
an open neighborhood W5 of p such every admissible vector field V with compact
support on Wj is integrable.

Proof. Let p = ®(p). First of all we consider an open neighborhood U, C N of
p such that an adapted orthonormal frame (X7,...,X,,) is well defined. Since ®
is strongly regular at p there exist indexes hi,...,hy in {1,...,p} such that the
submatrix

aip, () -+ ain,(p)

aen, () -+ aon, (D)
is invertible. By a continuity argument there exists an open neighborhood Wy C
®~1(U,) such that det(A(g)) # 0 for each g € Wj.

We can rewrite the system (6.9) in the form

9hy m 9iy
(7.1) t =AY CE(F)+BF+A| :
Gh, =1 i,y
where 41, ...,9,—¢ are the indexes of the columns of A that do not appear in A and

Ais the £ x (p—£) matrix given by the columns i, ..., i, of A. The vectors (E;);
form an orthonormal basis of TM near p.
On the neighborhood Wj; we define the following spaces
1. X5(Wp,N), r > 0 is the set of C" vector fields compactly supported on W
taking values in T'N.
2. AL(W5,N) ={Y € X{(Wp,N): Y =>°_, g X}
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3. 7£70(W5,N) = {Y € AS(WﬁaN) Y = Zf:l ghiXhi}'
4. A5 (W, N) ={Y € AG(W;,N) : (Y, X) =0V X € A7 o(Wj, N)}.

5 Vi(Ws,N)={Y € X" (Wp,N) : (Y, X) =0VX € A5 (W5, N)} = A5 (W5, N)*.
6. AG(Wp, N) = {31, fiX, : fi € C5(Wp)}.
Given r > 1, we set

B = Ay (Wp, N) x Vi (Wp, N),
and consider the map
(7.2) G:Ex A (Wp, N) = E x Ay (W5, N),
defined by
G(Y1,Y2,Y3) = (Y1, Y2, F(Y1 + Y2 + V3)),

where I, is the projection in the space of m-forms with compact support in W
onto A"(Wj5, N), and

F(Y) =0, (dD(Y)(e1) A ... AdT(Y ) (em))

where I'(Y')(p) = expg ) (Yp). Observe that F(Y') = 0if and only if the submanifold
L(Y) has degree less or equal to d. We consider on each space the corresponding
[|-1r or || - ||r—1 norm, and a product norm.

Then
DG(0,0,0)(Y1,Y2,Y3) = (Y1, Y, DF(0)(Y1 + Ya + Y3)),

where we write in coordinates

p—L 14 n
Vi=Y g, Xi,, Yo=Y gn Xp, and Ys= Y [ X,
t=1 i=1 r=p+1

Following the same argument we used in Section 5, taking the derivative at ¢ = 0
of (5.2), we deduce that the differential DF(0)Y is given by

n

14 m n P
D]:(O)Y = Z <Z Z Cierj(fr) + Z birfr + Z aihgh>XJi.

i=1 j=1r=p+1 r=p+1 h=1

Oberve that DF(0)Y = 0 if and only if YV is an admissible vector field, namely
Y solves (7.1).

Our objective now is to prove that the map DG(0,0,0) is an isomorphism of
Banach spaces.

Indeed suppose that DG(0,0,0)(Y1,Ys,Ys) = (0,0,0). This implies that Y3
and Y3 are equal zero. By the admissible equation (7.1) we have that also Y3
is equal to zero, then DG(0,0,0) is injective. Then fix (Z1, Za, Z3), where Z; €
Ay (Wi, N), Zy € VE(W;,N), Zs € Ay~ (W5, N) we seek Y1,Y2,V3 such that
DG(0,0,0)(Y1,Ys,Y3) = (Z1, Z2, Z3). We notice that DF(0)(Y1 + Y2 +Y3) = Z3 is
equivalent to

21 Giy 9hy

=Y CGE(F)+BF+A| = |[+A| :
=1

Zy Gi,_o Gh,
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where with an abuse of notation we identify Z3 = Zle zi X, and Ele zi Xp,;-
Since A is invertible we have the following system

9hy m 9iy 21
(7.3) t | =-A" D . CEj(F)+BF + A : -

Ghe =1 Gip_y 20
Clearly Y1 = Z; fixes gi,,..., i, , in (7.3), and Yo = Z3 fixes the first and second
term of the right hand side in (7.3). Since the right side terms are given we have
determined Y3, i.e. gn,,--..,gn,, such that Y3 solves (7.3). Therefore DG(0,0,0) is
surjective. Thus we have proved that DG(0,0,0) is a bijection.

Let us prove now that DG(0,0,0) is a continuous and open map. Letting
DG(0,0,0)(Y1,Y2,Y3) = (Z1, Za, Z3), we first notice DG(0,0,0) is a continuous
map since identity maps are continuous and, by (7.3), there exists a constant K
such that

1Zs]lr—1 < K(Z IVi¥allr1 + [Yallrr 4+ [Y2llr1 + ||Y3|r1>

j=1
S K(IV2llr + 1Yallr—1 + [[¥3]lr—1)-

Moreover, DG(0,0,0) is an open map since we have

[Y3[lr—1 < K(Z IViZallr—1 + 1 Z2llr—1 + [| Z1[lr—1 + ||Z3||T1>

j=1
< K([|Zallr + | Z1]lr—1 + [ Z5]lr-1)-
This implies that DG(0,0,0) is an isomorphism pf Banach spaces.

Let now us consider an admissible vector field V' with compact support on W),
We consider the map

G:(—e,6) x Ex Aj7' (W, N) = E x Ay~ (Wp, N),
defined by

G(s,Y1,Y3,Ys) = (Y1, F(sV + Y1 + Y3+ Y2)).

The map G is continuous with respect to the product norms (on each factor we put
the natural norm, the Euclidean one on the intervals and || - ||, and || - ||,—1 in the

spaces of vectors on ®(M)). Moreover

G(0,0,0,0) = (0,0),

since ® has degree d. Denoting by Dy the differential with respect to the last three
variables of G we have that

DyG(0,0,0,0)(Y1,Y2,Ys) = DG(0,0,0)(Y1, Yz, Y3)

is a linear isomorphism. We can apply the Implicit Function Theorem to obtain
unique maps

Vi (—g,e) = Ap, (W, N),
(7.4) Ys : (—¢,e) = Vg (W5, N),
Y3 :(—g,e) = Aj7H (W, N),
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such that G(s, Yi(s), Ya(s), Y3(s)) = (0,0). This implies that ¥;(s) = 0, Ya(s) = 0,
Y3(0) = 0 and that
F(sV +Yz(s)) =0.
Differentiating this formula at s = 0 we obtain
9Y3
DFO0)|V+—=(0)) =0.
7o) (v+520)

Since V' is admissible we deduce
o%,

s
Since %(O) = Zle gn, Xn,, where g, € C5 ' (Wp), equation (7.1) implies g5, = 0
for each i = 1,...,£. Therefore it follows 8—’;3(0) =0.

Hence the variation T's(p) = T'(sV + Y3(s))(p) coincides with ®(g) for s = 0 and
g € Wj, it has degree d and its variational vector fields is given by

DF(0)=2(0) =0.

ar' Y3
=V+—(0)=V.
s |, + 0s 0)
Moreover, supp(Y3) C supp(V). Indeed, if § ¢ supp(V), the unique vector field
Y3(s), such F(Y3(s)) = 0, is equal to 0 at q. O

Remark 7.3. In Proposition 5.5 we stressed the fact that a vector field V' =
VT + V16 is admissible if and only if V1 is admissible. This follows from the
additivity in V of the admissibility system (5.3) and the admissibility of V'T. In-
stead of writing V' with respect to the adapted basis (X;); we consider the basis
Ey,....En, Vg1, ..., V, described in Section 6.3.

Let A+ Bt C* be the matrices defined in (6.22), AT be the one described
in Remark 6.7 and A be the matrix with respect to the basis (X;); defined in
(6.7). When we change only the basis for the vector field V by (6.11) we obtain
A = ADy,. Since AT is the null matrix and A = (AT|A') we conclude that
rank(A(p)) = rank(AL(p)). Furthermore ® is strongly regular at p if and only if
rank(A*(p)) = ¢ < k, where k is the integer defined in 6.6.

7.1. Some examples of regular submanifolds.

Example 7.4. Consider a hypersurface ¥ immersed in an equiregular Carnot man-
ifold N, then we have that 3 always has degree d equal to d”.1 = Q — 1, see 4.1.
Therefore the dimension ¢, defined in Section 6, of A% (U), is equal to zero. Thus
any compactly supported vector field V' is admissible and integrable. When the
Carnot manifold N is a contact structure (M?"+1, H = ker(w)), see 4.2, the hyper-

surface ¥ has always degree equal to d>", = 2n + 1.

Example 7.5. Let (E,H) be the Carnot manifold described in Section 4.3 where
(2,9,0,k) € R? x S x R = F and the distribution H is generated by

X1 = cos(0)0y + sin(0)9y + kdg, Xo = 0.
Clearly (Xi,...,X4) is an adapted basis for H. Moreover the others no-trivial
commutators are given by
(X1, X4] = —kX1 — k* X3
[X3, X4] = X1 + EXs.
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Let © C R? be an open set. We consider the surface ¥ = ®() where

(z,y) = (x,9,0(x,y), £(x,y))
and such that X1(0(z,y)) = k(x,y). Therefore the deg(¥) = 4 and its tangent
vectors are given by

€1 =X1 + X1(K) X,

€y =Xy — X4(6‘)X3 + X4(I€)X2.
Let g = (-,-) be the metric that makes orthonormal the adapted basis (X1, ..., X4).
Since (A3(N))+ = span{X3 A X;} the only no-trivial coefficient c11,., for r = 3,4
are given by

<X3/\52,X3 /\X4> =1, and <X4/\ég,X3/\X4> :X4(9)

On the other hand c¢125, = (€1 A Xk, X3 A X4) = 0 for each h = 1,...,4, since we
can not reach the degree 5 if one of the two vector fields in the wedge has degree
one. Therefore the only equation in (6.2) is given by

4
(7.5) e1(fs) + Xa(0)e1(fa) + Z ({(X3 A Xy, 61 A [E2, Xp] + [€1, Xp] A é2)) frn=0.
h=1
Since deg(é1 A[éz2, Xp]) < 4 we have (X3A Xy, e1A[62, X)) =0foreachh =1,...,4.
Since [uX,Y] =u[X,Y] - Y(u)X for each X,Y € X(N) and u € C*°(N) we have

(€1, Xn] = [ X1, Xn] + X1(r)[ X2, Xp] — Xin(X1(K)) X2
— X1 (k) X3 — X1 (X1 (k)Xo h=1
) X - Xo(X ()Xo h=2
) Xy — Xs3(X1 (k)Xo h=3

kX1 — k2 X3 — X4(X1(k))Xs h=4.
Thus, we deduce
— X1 (k)
1
X4(0)

—K

(X3 A Xy, 1, Xp] N é2) =

IS MRS s

Il
W N =

Hence the equation (7.5) is equivalent to
(7.6) e1(fs) + Xa(0)er(fa) — Xu(k) i + f2 — Xa(0)f5 — k*f2 =0
Since 19(2) = 1, we have p = ny = 2, where p is the natural number defined in
(6.1). In this setting the matrix C is given by
C=(1 0 X406) 0),
Then the matrices A and B are given by
A=(-Xi(w) 1),

B={( —-X40) —r*).
Since rank(A(z,y)) = 1 and the matrix A(z,y), defined in the proof of Theorem
7.2, is equal to 1 for each (z,y) € Q we have that ® is strongly regular at each point
(7,y) in © and the open set W, ) = . Hence by Theorem 7.2 each admissible
vector field on (2 is integrable.
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On the other hand we notice that ¥ = ny — m; = 1. By the Gram-Schmidt
process an orthonormal basis with respect to the metric g is given by

1

e = a—l(Xl +X1(H>X2)a

ey = aiz <X4 — X4(9)X3 + X;(;Q) (X2 - Xl(ﬁ)Xl)) )

vy = Oéig(X3 + X4(0)X4),

Vg = = ((—Xl(“)Xl + X2) + X4—(2K)(X4(9)X3 a X4)> 7
o0 a3

where we set

o] = \/1+X1(Ii)2, a3 = \/1—|—X4(9)2

X4(k)? a?a2 + Xy (k)2
= /1+ X4(0)> + =Y13 :
(6%) \/ 4( ) (1+X1(Ii)2) a;
Since it holds
<’U3 Aeg, X3 A X4> = %,
Q2

<1)4 N 62,X3 N X4> = O,

<[€1,’U3] Neg, X3 /\X4> = w,

10903
Qa3 X4 R 2 o)
<[€1’U4Mez,XsAX4>——(1+ ) )-—,
a2 ajas o3

then a vector field V+ = v3(x,y) v3 + ¥4(z,y) v4 normal to ¥ is admissible if and
only if 93,14 € CF(Q) verify

a3

—e1(¢3)
That is equivalent to
(7.7) X1(¢h3) + b s +at vy =0,
where X7 = cos(0(z,9))0, + sin(f(z,y))d, and
L Xa(0)(1 - X1(0)%)

L Xa@®)@ - K?)

Q2
Y3+ —Py = 0.
Q1203 a3

b
1+ X400)2
X 2
CLJ— = 1 (1 —|— 42(142 ) .
Qa3

In particular, since a*(x,y) > 0 we have that rank(a™(z,y)) = 1 for all (z,y) € Q.
Along the integral curve +/(t) = X7 on  the equation (7.7) reads

Us(t) + b7 (0¥ (t) + o (D)Ya(t) =0,
where we set f(t) = f(y(t)) for each function f: Q — R.

Remark 7.6. Let (IV,H) be a Carnot manifold such that H = ker(¢) where  is
a R"* one form. Following [28, 43] we say that an immersion ® : M — N is
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horizontal when the pull-back ®*¢ = 0 and, given a point p € ®(M), the subspace
T,M C H, is regular if the map

(78) V — (LVd9)|TpM

is onto for each horizontal vector V on M. Let X be an horizontal extension of V'
on NV and Y be another horizontal vector field on N, then

do(X,Y) = X (0(Y)) - Y (0(X)) — 0([X, Y]) = —0([X, Y])

Assume that the local frame Fi, ..., E,, generate T, M at p then the map (7.8) is
given by 6([X, E;](p)), for each j = 1,...,m. In [24, Section 3] the author notice
that there exist special coordinates adjusted to the admissibility system such that
the entries of the control matrix A are a;jn = (Vi, [E;, Vi]), where Vipy1,...,V,
are vector fields in the normal bundle. In this notation the surjectivity of this map
coincides with the pointwise condition of maximal rank of the matrix (a;;p,). Since
by equation (6.17) the rank of A is independent of the metric g we deduce that
this regularity notion introduced by [28, 27] is equivalent to strongly regularity at
D (Definition 7.1) for the class of horizontal immersions.

7.2. An isolated plane in the Engel group.

Definition 7.7. We say that an immersion ® : M — N in an equiregular graded
manifold (N, H' C ... C H?) is isolated if the only admissible variation normal to
M = ®(M) is the trivial one.

Here we provide an example of isolated surface immersed in the Engel group.
Example 7.8. Let N = R* and H = span{ X1, X5}, where
X1 =0y, Xo=0z,+ 210z, + 2304,
and X3 = 0,, and X; = 0,,. We denote by E* the Engel group given by (R*, #).
Let T : Q C R? — E* be the immersion given by
Y (v,w) = (v,0,w,0).

Since T, A Ty = X1 A X3 the degree deg(X) = 3, where ¥ = YT () is a plane. An
admissible vector field V' = Ei:l fx X verifies the system (6.2) that is given by
Afn

Py
Z hXh/\X3,XJ>+a—3<X1/\Xh,XJ>

+ fr (([X1, X A X3, X)) + (X1 A [Xs, Xn], X)) =0,
for Xj, = XaAXy, Xy, = XoA Xy and X5, = X3A Xy, Therefore (7.9) is equivalent
to
Ofa
=0
(%c =
0=0
_Ofs
8171

Let K = supp(V). First of all we have ‘9f4 = 0. Since fy € C*(Q) there follows
Of2 a2f4

8—$1 B _8$38$1 B

(7.9)

=0.
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Then let (x1,22) € K we consider the curve
v:s (21 + 8,3)

along which f4 and f5 are constant. Since f; and f> are compactly supported at the
end point, (1450, 23) € 0K we have fy(x1+50,23) = f2(21+80,23) = 0. Therefore
we gain fy = fo = 0. Therefore the only admissible vector fields f1X; + f3X3 are
tangent to . Assume that there exists an admissible variation I's for T, then its
associated variational vector field is admissible. However we proved that the only
admissible vector fields are tangent to X, therefore the admissible variation I's has
to be tangent to > and the only normal one a trivial variation, hence we conclude
that the plane X is isolated.
Moreover, we have that & = 1 and the matrix A+ defined in 7.1 is given by
-1
A(u,w) = 0
0

Since rank(A4) = 1 < 3 we deduce that T is not strongly regular at any point in €.

In analogy with the rigidity result by [4], here we prove that X is isolated without
using the admissibility system. This also implies that the plane X is rigid in the
C'! topology.

Proposition 7.9. Let E* be the Engel group given by (R* H), where the distribu-
tion H is generated by
X1 :(911, X228m2+$16m3+$3(914.

Let Q C R? be a bounded open set. Then the immersion Y : Q — E* of degree 3
given by
T(v,w) = (v,0,w,0)

15 isolated.

Proof. An admissible normal variation I'y of T has to have the same degree of T
and has to share the same boundary T(992) = 9%, where clearly ¥ = T(Q2). For a
fix s, we can parametrize I'g by

d:Q = EL B(v,w) = (v, d(v,w), w, (v, w)),
where ¢, € C} (€, R). Since deg(®(Q)) = 3 we gain
(Py AN Dy, X1 A Xy) =0
(7.10) (Py AN Dy, Xo A Xy) =0
(Py APy, X3 A Xy) =0,
where
Qy =01 + 902 + P01 = X1 + ¢u(Xo — v X3 + wXy) + 9y Xy
and
Dy = P02 + 03 + V04 = oy (Xo — v X35 + wXy) + X3 + 0 X4.
Denoting by 74 the projection over the 2-vectors of degree larger than 3, we have
774((1)0 A (I)w) :(7/}71) + w¢w)X1 AN Xy + ¢v(1/}w + w¢w)X2 A Xy
— 0y (Y + Why) X3 A Xa + ¢ (Vo + W) Xa A Xo
+ (1 = voy) (W + wehy ) Xy A X3.
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Therefore (7.10) is equivalent to

Yoy + Wy =0
(7'11) ¢v7/}w - 7/}v¢w =0
v((b'tﬂ/}w - wv(bw) - (1/11; + wgbv) =0.

The second equation implies that (7.11) is equivalent to

Yo + Wy =0
(712) (bv"/]w - wv¢w =0
Yy + wep, = 0.

Then we notice that the first and the third equations implies the second one as it
follows

vaww - 1/)1)(2571) = _¢vw¢w + UJvad)w =0.

Therefore the immersion ® has degree three if and only if

ww = _w(bw

Py = —wehy.
Only when the compatibility conditions ([29, Eq. (1.4), Chapter VI]) for linear
system of first order are given we have a solution of this system. However the
compatibility condition is given by

Ozwwv_d}vw:d)v

Since ¢ € CL(Q2) we obtain ¢ = 0. Therefore also 1, = 0, then ¢ = 0. Hence
d=T. O

(7.13)

8. FIRST VARIATION FORMULA FOR SUBMANIFOLDS

In this section we shall compute a first variation formula for the area Ay of
a submanifold of degree d. We shall give some definitions first. Assume that
® : M — N is an immersion of a smooth m-dimensional manifold into an n-
dimensional equiregular graded manifold endowed with a Riemannian metric g.
Let 4 = ®*g. Fix p € M and let p = ®(p). Take a p-orthonormal basis (&1, ..., €my)
in T;M and define e; := d®;(e;) for i = 1,...,m. Then the degree d area density
O is defined by

1/2
(8.1) o(p) ::|(el/\.../\em)d|=( Z (el/\...Aem,(XJ)p>2> ,

deg(Xj)=d
where (X71,...,X,) is an orthonormal adapted basis of TN. Then we have
A1) = [ ©@)dutp)
M
Assume now that V € X(M, N), then we set

m

(8.2) (divi V)(@) =D (1 A . AV VAL Aem,(e1 Ao Aem)a).
1=1
Finally, define the linear function f by

83)  f(Ve)= Y. {er A Aem, VXM er A Aem, (X))p).
deg(Xj)=d
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Then we have the following result

Theorem 8.1. Let ® : M — N be an immersion of degree d of a smooth m-
dimensional manifold into an equiregular graded manifold equipped with a Riemann-
ian metric g. Assume that there exists an admissible variation T' : M x (—e,&) — N
with associated variational field V' with compact support. Then

- 1 . _ _

AT = [ (v V@) + £() ).
w1 ©(P)

Proof. Fix a point p € M. Clearly, &(t,p) = dl e (€i), i = 1,...,m, are vector

fields along the curve ¢t — T'(p,t). Therefore, the first variation is given by

(8.4) %

t=0

d _ p )
F_ A = [ F @@ A A L), ldnr)
d 3 i
= /M E o <dcg(XZJ)_d<gl (t) VAYAN gm(t), XJ>2> du(p)

The derivative of the last integrand is given by

1 D e A Aem, (Xg)p) X

[(ex AvooAem)dl deg X )=d

X <<61 Ao Nem,Vy,Xg) +Z<e1 A ...AveiVA...Aem,(XJ)p>>.

i=1

Using (8.2) and (8.3) we obtain (8.4). O

Definition 8.2. Let ® : M — N be an immersion of degree d of a smooth m-
dimensional manifold into an equiregular graded manifold equipped with a Rie-
mannian metric g. We say that & is Ag-stationary, or simply stationary, if it is a
critical point of the area A, for any admissible variation.

Proposition 8.3. Let ® : M — N be an immersion of degree d of a smooth
m-dimensional manifold into an equireqular graded manifold equipped with a Rie-
mannian metric g. Let T'y be admissible variation whose variational field V =V

is compactly supported and tangent to M = ®(M). Then we have
d

g7 Ag(Te(M)) = 0.

t=0

Proof. Since I';(M) C ®(M) for all t, the vector field V,, = d®, ' (V}) is tangent to
M and we have

4 Aqg(M) = /M(V(@) +Odivy V)du = /ﬁ div,; (©V)du = 0.

dt|,_, N

O

Lemma 8.4. Let f,g € C*°(M)and X be a tangential vector field in C°(M,TM).
Then there holds,

(i) fdivar(X) + X(f) = divar(fX),

(i) gX(f) = divm(fgX) — gf divar (X) — fX(g).
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Proof. By the definition of divergence we obtain (i) as follows

m

leM(fX):Z<V Z Xez +f< ( )aei>'

i=1 i=1
To deduce (ii) we apply twice (i) as follows
divar(9fX) = fX(9) = gdivar (fX) = gX(f) + g.f divar(X). O

Theorem 8.5. Let ® : M — N be an immersion of degree d of a smooth m-
dimensional manifold into an equireqular graded manifold equipped with a Riemann-
ian metric g. Assume that there exists an admissible variation T : M x (—g,e) — N
with associated variational field V' with compact support. Then

d ~
|, Adren) = [ v Hd

where Hy is the vector field

> divay (&E)N

(8.5)

j=m+1i=1
(El/\ --/\Em)d
8.6 + (EyN...ANVg,N;\...\ Ep, YN
(8.6) j:;m; j (B A A Bm)a
—~ f(N)
~ N
+ 2 g
Jj=m+1

In this formula, (E;); is a local orthonormal basis of TM and (N;); a local or-
thonormal basis of TM*. The functions &; are given by

() (Ex A...ANEp)a
8.7 i =(FE1A...ANN; A...NE,,, )
®.7) G = g (B A A Bl

Proof. Since our computations are local and immersions are local embeddings, we
shall identify locally M and M to simplify the notation.

We decompose V =V T 4+ V1 in its tangential VT and perpendicular V =+ parts.
Since divﬁlw and the functional f defined in (8.3) are additive, we use the first
variation formula (8.4) and Proposition 8.3 to obtain

d . 1
Sl ) = [ S (@i vHe) + 1) duto)
dt{,—g x ©(p) ((diviy )

To compute this integrand we consider a local orthonormal basis (E;); in TM
around p and a local orthonormal basis (N;); of TM* with (N;);. We have

Vi= 3" (V,N))N;.
j=m-+1
We compute first

(El/\---/\Em)d>
[((E1 A ... A Em)dl

div, Vi &
WM =SB A AVEVEALLAEp,
=1
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as

> (E A (Ve (V,N)N;) A ... A Ep,
1 j=m+1

Ms

3

that it is equal to

- () (ByA...NEp)g
EiAN...AN; A...NEp,,
_Z < Ni}) (B J |(E1/\.../\Em)d|>
j=m+1

i

(8.8)

(%) (Ex A...ANEp)a
VoNEL A A VEN; Ao A By .
R BN |(E1/\.../\Em)d|>>

The group of summands in the second line of (8.8) is equal to (V, Hs), where

_ AVEN; A...AEmn, Nj.
PV PRI B n o Bl

To treat the group of summands in the first line of (8.8) we use (ii) in Lemma 8.4.
recalling (8.7) we have

EZ(<VY, Nj))fi]‘ = diVM (<V, NJ>§UE1) — <V, diV]u (gijEi)Nj%

so that applying the Divergence Theorem we have that the integral in M of the
first group of summands in (8.8) is equal to

[ v

where
=30 divar (§5E)N.
i=1 j=m+1

We treat finally the summand

fvh) - J(V;)
= V,N V.H
@ l:;"_l< Y ]> @ < 3>
where
) ©
j=m-+1
This implies the result since H; = H; + Hy + Hs. O

In the following result we obtain a slightly different expression for the mean
curvature Hy in terms of Lie brackets. This expression is sometimes more suitable
for computations.

Corollary 8.6. Let ® : M — N be an immersion of degree d of a smooth m-
dimensional manifold into an equiregular graded manifold equipped with a Riemann-
ian metric g, M = ®(M). We consider an extension (E;); of a local orthonormal
basis of TM and respectively an extension (N;); of a local orthonormal basis of
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TM* to an open neighborhood of N. Then the vector field Hy defined in (8.6) is
equal to

n

Hy = Z (divM (@Nj - i&jﬂ')%—
=1

j=m+1
0)+> > wllBi Nl N )N,

i=1 k=m+1

(8.9)

where &;; is defined in (8.7).

Proof. Keeping the notation used in the proof of Theorem 8.5 we consider

UL ©) (By1A...NEp)g
= EiA...AVg,N;A...NEp, N;.
PR Bt |(E1/\.../\Em)d|> J

i=1 j=m+1
Writing
(8.10) Ve N =Y (VeN;, E)E, + Z (V5,Nj, Ng) Ny,
v=1 k=m+1
we gain
Hy= Y (divM(Nj)|(E1/\.../\Em)d|+Z 3 &;c(VEiNj,NQ)Nj.
j=m+1 i=1 k=m-+1

Let us consider

- (El/\.../\Em,XJ>>
8.11) Hy= > ExA...NE,, VN X N;
(8.11) Hs << ! N X) (B A...ANEm)al )7

j=m-+1deg(X;)=d
Since the Levi-Civita connection preserves the metric, we have
(8.12) (EyA.. . AEm, VN, Xs) = Nj((E1A. . AEm, X3)—(Vn, (E1A- - AEw), X ).
Putting the first term of the right hand side of (8.12) in (8.11) we obtain

<E1/\.../\Em,XJ>

> N(EL A ANEn X)) (Bi Ao A En)dl

deg(Xj)=d

= N;(©).
On the other hand writing

VN, B = Z<VNJ-E1',EU>EV + Z (Vn, Ei, N) Ny,
v=1 k=m+1

we deduce

u (@) ExAN...NEp, X
S>> <E1/\.../\VNJ,EZ-/\.../\Em,XJ>< ! X)) _
= o (BL A ... A Em)d

=> > (VN Ei, N)ir.

i=1 k=m+1

Therefore we obtain

z": (Nj(G)—i z": (Vn, Ei, Ni &k)

j=m—+1 i=1 k=m+1
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Since the Levi-Civita connection is torsion-free we have

n

H, +Hs = Z (diVM(Nj) O + NJ(G) + Z Z 5ik<[Ei, Nj], Nk>)
j=m+1 i=1 k=m+1
Since divas(N;) © = diva (© N;) we conclude that Hy = Hy + Hs 4+ Hj is equal to
(8.9). O

8.1. First variation formula for strongly regular submanifolds.

Definition 8.7. Let ® : M — N be a strongly regular immersion (see § 7) at p,
Um+41, - - -, Up, be an orthonormal adapted basis of the normal bundle and k be the
integer defined in 6.6. Let Np,41,..., N, be a local adapted frame of the normal
bundle so that (N;), = v;. By Remark 7.3 the immersion @ is strongly regular at
p if and only if rank(A+) = £. Then there exists a partition of {m +1,...,m + k}
into sub-indices h; < ... < hy and 43 < ... < y4,—¢ such that the matrix

arny (p) -+ aun,(P)

(8.13) At(p) = A
an, (p) -+ am,(p)

is invertible. The mean curvature vector of degree d defined in Theorem 8.5 is given

by

n
H,= Y  HIN;.
j=m+1
Then we decompose Hy into the following three components
t

ey iy i
(8.14) HYy= : , Hi=| - , and HY= :

Hg. H(fiu H;mch
with respect to Npy41,..., Np.

Theorem 8.8. Let & : M — N be a strongly reqular immersion at p in an equireg-

ular graded manifold. Then ®(M) is a critical point of Aq if and only if the immer-
sion @ verifies

(8.15) H, — HY (AL TAL =,

and

(8.16) H; - Hj(AY)'B* -3 E; (Hg (AL)—lch) =0,
j=1

where EY is the adjoint operator of E; for j =1,...,m and Hy, Hg and HY, are
defined in (8.14), B+, Ci- in 6.3, AL in (8.13) and AL is the £ x (m~+k —0) matriz
given by the columns iy, ..., imip_¢ of AL,

Proof. Since ® : M — N is a normal strongly regular immersion then by Theo-

rem 7.2 each normal admissible vector field
m-+k n

VL: Z ¢1N1+ Z U)T’N’I"

1=m-+1 r=m-+k+1
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is integrable. Keeping in mind the sub-indices in Definition 8.7, we set
Ym+k+1 ®h, biy
(8.17) U= ; , I'=| : and T = :
wn (bhz ¢im+k,g

Since the immersion ® : M — N is strongly regular, the admissibility condition
(6.24) for V4 is equivalent to

(8.18) r= —(Al)—l(zm:cjl Ej(W)+Blw+ALT).

By Theorem 8.5 the first variational formula is given by

T A1) = /M<v%Hd>

dt

t=0

:/ﬁ HY Y +H, Y +HIT

/H”\I!+HdT H (A1)~ (ZCL +BL\11+ALT)

_ /M (H; - HZ(AL)%L>T+
+ /M (Hg —Hj(AH)'B" - i E; (Hg (Aﬂ*cj))w

j=1
for every ¥ € C§°(W5,R""™~%) T € C5°(W;, RE=*). By the arbitrariness of ¥
and T, the immersion ® is a critical point of the area A, if and only if it satisfies
equations (8.15) and (8.16) on Wj. O

Example 8.9 (First variation for a hypersurface in a contact manifold). Let
(M?"+1 w) be a contact manifold such that H = ker(w), see § 4.2. Let T be
the Reeb vector associated to this contact geometry and g the Riemannian metric
on M that extends a given metric on H and makes 7" orthonormal to H. Let V be
the Riemannian connection associated to g.

Let us consider a hypersurface 3 immersed in M. As we showed in § 4.2, the
degree of ¥ is maximum and equal to 2n+ 1, thus each compactly supported vector
field V on ¥ is admissible. Following § 4.2, we consider the unit normal N to ¥ and
its horizontal projection V,. Asin § 4.2, we consider the vector fields v, = %,
and eq, ..., eap—1 an orthonormal basis of T,XNH,,. A straightforward computation,
contained in [25], shows that the mean curvature Hy deduced in (8.9) coincide with

(8.19) Hy = — div () + (v, T), T).

When ([vp, T],T) = 0 we obtain well known horizontal divergence of the horizontal
normal. This definition of mean curvature for an immersed hypersurface was first
given by S.Pauls [44] for graphs over the x,y-plane in H*, later extended by J.-H.
Cheng, J.-F. Hwang, A. Malchiodi and P. Yang in [9] in a 3-dimensional pseudo-
hermitian manifold. In a more general setting this formula was deduced in [30, 15].
For more details see also [21, 6, 50, 20, 47, 48].
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Example 8.10 (First variation for ruled surfaces in an Engel Structure). Here we
compute the mean curvature equation for the surface ¥ C F of degree 4 introduced
in Section 4.3. In (4.8) we determined the tangent adapted basis

E; = cos(0)®, +sin(0)®, = X; + X, (k) Xo,
Ey = —sin(0)®, + cos(0)®, = X4 — X4(0) X3 + X4(r) X2

A basis for the space (T'M)1 is given by

N3 = X4(6‘)X4 + X3

N4 = Xl(H)Xl — XQ + X4(I€)X4

By the Gram—Schmidt process we obtain an orthonormal basis with respect to the
metric g as follows

1= — = — (X1 + X1(k) X32),
|E1| aq
Ey = o% <X4 - X4(6‘)X3 + X:;(;L) (X2 - XI(K)X1)>
N5 = Oéis(X3 + X4(0)X4)
Ny= -2 ((—Xl(n)Xl + Xo) + X4—(2H)(X4(9)X3 - X4)>
[e%)e 5] Qg

where we set

] = 4/ 1 +X1(I€)2, a3 = 1/ 1 +X4(9)2

X4(K)? atal + X4 (k)2
= /14 X4(0)2 + = 2
" \/ O X o
and
1
Nh = —Xl(H)Xl + XQ, Vp = a—l(—Xl(li)Xl + XQ)

Since the degree of ¥ is equal to 4 we deduce that

(El A\ E2)4 = (Xl A Xy + Xy (KJ)XQ A\ X4),

Q1o
then it follows |(Fy A Fa)4| = gt and

(BE1 A E2)4 _ i

(B A Byl — o A Xa - Xa (k)Xo A Xa).
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A straightforward computation shows that &;3 for i = 1,2 defined in (8.9) are given
by

(E1 A E2)4
=(NsAE 0,
&13 = (N3 25 |(E1/\E2)4|>
(El A E2)4 X4(9)
= (E1 AN N.
&3 = (Ey 3’|(E /\E2)4|> o
(E1 A E2)4
= (N4 N\ E 0
&1a = (N4 2 |(E1/\E2)4|> )
(Er A E)a ~ Xy(k)
= (E1 AN,
524 < 1 4, |(E1 /\E2)4| a1a2a3
Since we have
LN _ X4(9)E OégX X4(9)X4( )
Qo 3 s 2 Qi ’ Q1203
and
1 X4k 1 ([« X
—Na+ 1) —2(—3 (Nh+ 4(2 )(X4(9)X3 —X4)>
2 1203 a5 \ o1 Qs
X X
4(“)< X4(0) X3 + X4 — 4(2“)N>)
Q103 o
1 X 2 1
S SO VAR G0 5 VR T YA
asa 301 103
1
= —]/h
as

it follows that the third component of H, is equal to

X4(0)X
Hs:—diVM <%X3—74( ) 4(H)Vh> —Ng(Oéz_l)
(65) 10903
X 0 X4k
24O vy, Bl ) — 2 1, ) )
as (821651051
and the fourth component of Hy is equal to
4 v\ _1y, Xa(0) Xy(r)
i == div () = Mo + 22 Bl N - 22 v, ), )

Then first variation formula is given by

(.20) Aa(Ty() = /Wlh /mw+mw

Q

for each 13,14 € C§° satisfying (7.7). Following Theorem 7.2 for each 5 € C§° we
deduce

(8.21) Py = —w,

since a* > 0.

Lemma 8.11. Keeping the previous notation. Let f,g : Q@ — R be functions in
C(Q) and

X1 = cos(0(w,y))0s +sin(6(z,y))dy,
X4 = —sin(f(x, y))0s + cos(8(z, y))0y
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Then there holds

/Q X\ (f) + /Q faXi(0) = — /Q X1(9).

By Lemma 8.11 and the admissibility equation (8.21) we deduce that (8.20) is
equivalent to

bt _ (H} Hi
/Q (HS’ - a—LHé + X5 (a—f> +X4(9)a—f>1/13,

for each 3 € C§°(Q2). Therefore a straightforward computation shows that minimal
(0, k)-graphs for the area functional A, verify the following third order PDE

X4(0)

(8.22) X (H}) +atHS + < > (X1, X4](0) — G%Xl (a™) >H§ =0.
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