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The quantum effective action yields equations of motion and correlation functions including all quantum
corrections. We discuss here how it encodes also Noether currents at the full quantum level. Interestingly,
the construction can be generalized beyond the standard symmetry transformations that leave the action
invariant. We also discuss an extended set of transformations, which change the action by a term that is
locally known on the level of the quantum effective action. Associated to such extended gauge
transformations are currents for which we obtain a divergence-type equation of motion, but they are
not conserved. We call them nonconserved Noether currents. We discuss, in particular, symmetries and
extended transformations associated to space-time geometry for relativistic quantum field theories. These
encompass local dilatations or Weyl gauge transformation, local Lorentz transformations, and local shear
transformations. Together they constitute the symmetry group of the frame bundle GLðdÞ. The
corresponding nonconserved Noether currents are the dilatation or Weyl current, the spin current, and
the shear current. In particular, for the latter, we obtain a new divergence-type equation of motion.
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I. INTRODUCTION

The relation between the microscopic formulation of a
quantum field theory and the macroscopic formulation
which includes the effect of quantum and statistical
fluctuations can be nicely discussed in terms of actions.
The microscopic action S½χ� defines a theory at a micro-
scopic scale or at very high momenta where quantum
fluctuations are suppressed. This is the object that enters the
functional integral. In classical situations where quantum
fluctuations are negligible, the microscopic action yields
directly the classical Euler-Lagrange equations, and for this
reason, it is sometimes called classical action. The micro-
scopic action depends of course on the field values but is
otherwise independent of the state. Initial conditions enter

only as boundary conditions for solutions to the equations
of motion.
In contrast to this, the one-particle irreducible or quantum

effective action (see, e.g., [1–3], we recall its construction
below) depends on field expectation values and can be used
to derivevarious quantities forwhich all quantumcorrections
have already been taken into account. For example, the
propagators and vertices obtained from functional deriva-
tives of the one-particle irreducible effective action around a
vacuum solution yield the full correlation functions and S-
matrix elements when used in tree diagrams.
Similarly, from the variation of the quantum effective

action with respect to the fields, one obtains renormalized
equations of motion. It becomes already clear from these
statements that the determination of the quantum effective
action itself is typically a formidable task. In particular, it
differs from the microscopic action through both perturba-
tive and nonperturbative quantum and statistical correc-
tions. There are several methods to take these corrections
into account; one of them is the functional renormalization
group [4–7].
One should remark here that the quantum effective action

can, and will, contain terms of higher derivative order in the
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fields and possibly nonlocal terms. All terms allowed by
symmetries can appear and are typically present. Scaling
arguments based on the classification of operators into
relevant, irrelevant, and marginal can sometimes be used in
the vicinity of renormalization group fixed points, but that
is not the generic situation. One should also remark that
the quantum effective action depends, in general, on the
quantum state through the boundary conditions of the
functional integral.
With the present paper, we have two major goals. First,

we want to clarify how expectation values and correlation
functions of standard Noether currents [8], associated to a
continuous symmetry of a theory, can be obtained from the
quantum effective action. This goal is reached by using
external gauge fields that are used to render the symmetry
transformation local and by then using these external gauge
fields to take functional derivatives to obtain expectation
values and correlation functions of the currents.
The second goal is a generalization of the entire con-

struction to an extended class of transformations, which
have been called extended symmetries [9–11]. Indeed, it is
possible to study continuous transformations under which
the action of a theory is actually not invariant and to still
derive very useful relations, under certain circumstances.
The class of transformations we have in mind here is such
that the quantum effective action changes by a term that is
locally known, because it is proportional to a field expect-
ation value or to the expectation value of a composite
operator, to which an external source field has been
coupled. Associated to such extended transformations
are currents with a divergence-type equation of motion,
which are, however, not conserved. Because their con-
struction is still very close to the construction of Noether
currents, we call them nonconserved Noether currents.
Let us emphasize why we believe it is useful to employ

the quantum effective action to discuss conserved and
nonconserved Noether currents. The quantum effective
action differs from the microscopic action through the
effect of quantum and statistical fluctuations, and these can
make a crucial difference for the obtained currents. For
example, in the presence of quantum anomalies, it is
possible that a current is conserved at the classical level
but not conserved when quantum fluctuations have been
taken into account. It is even possible that a current seems
to vanish when one attempts to derive it from the micro-
scopic action but that it is in fact nonvanishing when
obtained from the quantum effective action. It has then
contributions from quantum and statistical fluctuations
only. We present a concrete example where this happens
in a scalar field theory below.
As a further motivation for our study, one may think

about fluid dynamics. Experience shows that in the macro-
scopic regime, i.e., for large time intervals and long
distances, one can approximate quantum field dynamics
often rather well by a variant of fluid dynamics [12–14].

This follows the rational that those degrees of freedom are
important over long time intervals that are preserved from
relaxation by conservation laws [15–17]. In practice, for a
relativistic fluid, it is for reasons of causality not possible to
take only the strictly hydrodynamical degrees of freedom
(which are directly governed by conservation laws, e.g.,
energy and momentum densities) into account, but some
nonhydrodynamical fields must be propagated, as well
[18–22]. For example, in Israel-Stewart theory [23,24], for
a fluid with a conserved energy-momentum tensor but no
additional conserved quantum number, these are the shear
stress and bulk viscous pressure. Equations of motion for
the latter are typically postulated in a phenomenological
way. We argue that these identities should follow from the
additional nonconservation laws for the dilatation current
and shear current. In some regard, the equations we find are
close to those proposed in Ref. [25].
An extension of fluid dynamic equations to include the

spin tensor has been proposed and discussed in several
recent publications [26–32], partly with the motivation to
explain the measurement of the polarization of the hyperon
Λ produced in high energy nuclear collisions [33] (see
Ref. [34] for a review).
Correlation functions of conserved and nonconserved

currents are also of high interest. For example, they can be
used to describe critical behavior in the vicinity of phase
transitions. In the context of linear or weakly nonlinear
response theory around equilibrium states, they can be used
to obtain transport properties, e.g., through the Kubo
relations [35–43].
We discuss different examples for normal and extended

symmetries related to the geometry of space-time for a
relativistic quantum field theory. These transformations
encompass local changes of coordinates (diffeomor-
phisms), but also transformations in the frame and spin
bundles such as local Lorentz transformations, dilatations,
and shear transformations. While diffeomorphisms can be
seen as a conventional gauge transformation, which leaves
the action invariant, the situation is more complicated for
the other transformations. Local dilatations only leave the
action invariant in a scale-invariant theory (for which a
conformal theory is an example), but more generally, they
should be seen as extended symmetry transformations. For
local shear transformations and also local Lorentz trans-
formations, this is always the case, at least for the class of
quantum field theories usually considered.
The currents we discuss encompass two versions of the

energy-momentum tensor (a generalization of the canonical
energy-momentum tensor to the quantum effective action
and the symmetric energy-momentum tensor), the spin
current, the dilatation or Weyl current, and the shear
current. The latter three form together a tensor of rank
three known as the hypermomentum tensor [44–48].
Hypermomentum was initially investigated mainly in

the context of modified theories of gravity, because it
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constitutes a natural source for non-Riemannian geomet-
rical structures such as torsion and nonmetricity [44–58].
We essentially obtain the currents of hypermomentum from
varying these geometrical structures and observing the
response of the quantum effective action. However, we
want to argue that hypermomentum is not only of interest
in the context of somewhat speculative extensions of
Einstein’s theory of general relativity. In fact we believe
that the spin current, dilatation current, and shear current
can all be nonzero for generic interacting quantum field
theories in nonequilibrium situations. Even if these currents
are apparently absent at the classical level, they can arise
from quantum fluctuations, similar to quantum anomalies.
We also discuss an effective action for a scalar field with
nonminimal coupling to gravity to underline this point.
This paper is organized as follows. In Sec. II, we recall

the construction of the quantum effective action and discuss
continuous symmetry transformations of quantum field
theories. In particular, we review the derivation of the
Slavnov-Taylor identity as a constraint to the quantum
effective action and point out how it generalizes in a useful
way to a class of extended symmetry transformations
beyond the normal symmetry transformations that leave
the action invariant. In Sec. III, we discuss how one can
obtain Noether currents associated to continuous sym-
metries from the quantum effective action through the
use of external gauge fields. Here, we also point out how
the construction can be generalized from the well known
standard continuous symmetries to extended symmetry
transformations for which we obtain divergence-type equa-
tions of motion for currents that are, however, not con-
served. In Sec. IV, we concentrate then on space-time
transformations. We first recall the standard discussion of
general coordinate transformations or diffeomorphisms
with the metric-compatible and torsion-free Levi-Civita
connection. In a subsequent step, we introduce a more
general affine connection, which has also torsion and
nonmetricity, and we study on that basis an extended class
of space-time transformations. The latter encompasses
local Lorentz transformations for which the associated
current is the well known spin current and Weyl gauge
transformations with associated dilatation current but also
less known local shear transformations and their associated
shear current. In Sec. V, we discuss as a concrete example a
scalar quantum field theory. We illustrate there that the
components of the hypermomentum current are nonvanish-
ing as a consequence of a nonminimal coupling to the
curvature tensor in the quantum effective action. This
coupling is itself generated by quantum fluctuations even
in a situation where it vanishes in the microscopic action.
Finally, we draw some conclusions in Sec. VI.

II. SYMMETRIES AND EXTENDED SYMMETRIES

Symmetries play an important role in quantum field
theory, for at least three reasons. First, they constrain

substantially the form of a microscopic action S½χ� and
define in this sense to a large extent a microscopic theory.
Together with renormalizability, symmetries provide the
main guiding principle for the construction of microscopic
physics theories.
The second reason is that symmetries constrain also to a

large extent the quantum effective action Γ½ϕ� where
ϕ ¼ hχi. One may think that this is less important because
Γ½ϕ� is anyway derived from S½χ� (we recall the construc-
tion below), but in practice the effective action Γ½ϕ� can
usually not be obtained exactly, so that insights gained
through symmetry considerations are particularly important
and powerful.
In the absence of anomalies or explicit symmetry break-

ing, only terms that are allowed by the symmetries are
allowed to appear in the quantum effective action. It is this
aspect of symmetries (and extended symmetries) that is
discussed in the present section. The third important aspect
of symmetries is the conservation laws they lead to. This is
discussed in the subsequent section.
While traditionally a symmetry is a transformation that

leaves the action invariant, in the present paper, we also
discuss more general transformations (or formally Lie
group actions) for which this is not the case but that are
nevertheless very useful. Infinitesimal transformations that
change the action by a term that is linear in the fields
fall into this class, and they have been called extended
symmetries [9–11]. We extend this idea to transformations
where the change in the action is linear in composite
operators to which an external source has been coupled, so
that the corresponding expectation values are available on
the level of the quantum effective action. However, before
discussing these new developments in further detail, let us
recall some standard constructions, such as the quantum
effective action.

A. Functional integral, partition function,
and effective action

We consider a theory for quantum fields χðxÞ which we
do not specify in further detail here. In practice, χðxÞ can
stand for a collection of different fields and may encompass
components transforming as scalars, vectors, tensors, or
spinors. The theory is described by a microscopic action
S½χ�. The latter enters the partition function,

Z½J� ¼
Z

DχeiS½χ�−i
R
x
fJðxÞχðxÞg: ð1Þ

In Eq. (1), we have introduced sources JðxÞ for the
fundamental fields χðxÞ. More generally, one may also
introduce sources for composite operators as is discussed in
more detail below. For example, the metric gμνðxÞ acts like
an external source for the energy-momentum tensor TμνðxÞ.
We are using in (1) for relativistic theories the abbreviation
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Z
x
¼

Z
ddx

ffiffiffi
g

p ¼
Z

ddx
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− detðgμνðxÞÞ

q
: ð2Þ

The space-time metric gμνðxÞ has the signature
ð−;þ;þ;þÞ.
The functional integral

R
Dχ is defined as usual. Even

though we do not write this explicitly, a microscopic theory
S½χ� is first defined in the presence of ultraviolet (and
possibly infrared) regularization, and for renormalizable
theories, there is a renormalization procedure that allows
one to make the corresponding ultraviolet scale arbitrarily
large, in particular, much larger than any other relevant
mass scale. It is through this procedure that a more rigorous
definition of the partition function is achieved.
It is worth noting here that the partition function in (1)

depends also on the quantum state or density matrix ρ
through the boundary conditions in the temporal domain.
This is, in particular, important in nontrivial situations
such as at finite temperature, density, or out of equilibrium.
For initial value problems, one should work with the
Schwinger-Keldysh double time path formalism. For the
present paper, we keep the boundary condition, and there-
fore the state dependence, implicit. This could be easily
changed, however.
From the partition function, one defines the Schwinger

functional W½J� ¼ i lnZ½J� and from there the quantum
effective action or one-particle irreducible effective action
Γ½ϕ� as a Legendre transform,

Γ½ϕ� ¼ sup
J

�Z
x
JðxÞϕðxÞ −W½J�

�
: ð3Þ

The effective action Γ½ϕ� depends on ϕ, which is the
expectation value of the field χ. To see this, one evaluates
the supremum by varying the source field JðxÞ leading to

ϕðxÞ ¼ 1ffiffiffiffiffiffiffiffiffi
gðxÞp δ

δJðxÞW½J� ¼ 1ffiffiffiffiffiffiffiffiffi
gðxÞp i

Z½J�
δ

δJðxÞZ½J�

¼
R
DχχðxÞeiS½χ�−i

R
Jχ

R
DχeiS½χ�−i

R
Jχ

: ð4Þ

One also writes this as

ϕðxÞ ¼ hχðxÞi; ð5Þ

with the obvious definition of the expectation value h·i in
the presence of sources J. In addition, W½J� and Γ½ϕ�
depend on additional sources that have been introduced for
composite operators, such as the metric gμνðxÞ.
An interesting property of Γ½ϕ� is its equation of motion.

It follows from the variation of (3) as

δ

δϕðxÞΓ½ϕ� ¼
ffiffiffiffiffiffiffiffiffi
gðxÞ

p
JðxÞ: ð6Þ

In particular, for vanishing source J ¼ 0, one obtains
an equation that resembles very much the classical equa-
tion of motion, δS=δχ ¼ 0. However, in contrast to the
latter, (6) contains all corrections from quantum fluc-
tuations. Another interesting property is that tree-level
Feynman diagrams become formally exact when propa-
gators and vertices are taken from the effective action Γ½ϕ�
instead of the microscopic action S½χ�.

B. Symmetry transformations of microscopic action

Both the microscopic action S½χ� and the quantum
effective action Γ½ϕ� are functionals of fields. When one
speaks of a symmetry transformation of the action, one
means in practice a symmetry transformation of the fields
on which the action depends. A symmetry of the micro-
scopic action means an identity of the form

S½gχ� ¼ S½χ�: ð7Þ

Here, the group element g ∈ G is acting on the fields (not
necessarily linearly), and the symmetry implies that the
action is unmodified by this transformation. (More gen-
erally, the right-hand side could differ from the left-hand
side by a constant or boundary term that does not affect the
equations of motion.) So far, G could be either a finite
group, an infinite discrete group, or a Lie group. In the latter
case, one can compose finite group transformations out of
infinitesimal transformations. One can write for the latter

χðxÞ→ gχðxÞ ¼ χðxÞþdχðxÞ ¼ χðxÞþ idξjðTjχÞðxÞ; ð8Þ

where Tj is an appropriate representation of the Lie algebra
acting on the fields χ (at this point not necessarily linearly).
The microscopic action transforms as

S½gχ� ¼ S½ð1þ idξjTjÞχ�

¼ S½χ� þ
Z

ddx

�
δS½χ�
δχðxÞ idξ

jðTjχÞðxÞ
�
: ð9Þ

One also abbreviates the right-hand side of (9) as
S½χ� þ dS½χ�, and a continuous symmetry corresponds then
to the statement dS½χ� ¼ 0.

C. Symmetry transformation of integral measure

For the transformation of the integral measure, we write
for an infinitesimal continuous transformation

DðgχÞ ¼ Dðð1þ idξjTjÞχÞ

¼ Dχ exp

�
i
Z

ddx
ffiffiffi
g

p
dξjA jðxÞ

�
; ð10Þ

where A jðxÞ denotes the quantum anomaly. In particular,
in the absence of an anomaly, one has Dχ ¼ DðgχÞ.
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(More generally, one may also allow a field-independent
constant which can be dropped for most purposes.)
In the following, we use a somewhat generalized notion

of anomaly which also applies to transformations that are
not necessarily symmetries of the microscopic action but
may correspond to extended symmetries (see below). It is
a priori not clear how the functional integral measure
behaves with respect to these transformations or, in other
words, what the relevant anomaly A jðxÞ is. This is an
important question to be addressed in the future.

D. Continuous symmetries of effective actions

We now specialize to continuous transformations which
we can study in the infinitesimal form (8). After a change of
integration variable χ → gχ, we write the Schwinger func-
tional (1) as

Z½J� ¼
Z

Dðχ þ idξjTjχÞeiS½χþidξjTjχ�

× e−i
R
x
JðxÞðχðxÞþidξjTjχðxÞÞ: ð11Þ

We use now Eq. (10) and expand for small dξj to

Z½J� ¼
Z

Dχ exp

�
iS½χ þ idξjTjχ� þ i

Z
x
dξjðxÞA jðxÞ

�

× exp

�
−i

Z
x
JðxÞðχðxÞ þ idξjTjχðxÞÞ

�

¼
Z

Dχ

�
1þ

Z
x
dξj

��
−

1ffiffiffiffiffiffiffiffiffi
gðxÞp δ

δχðxÞ S½χ� þ JðxÞ
�

× TjχðxÞ þ iA jðxÞ
��

eiS½χ�−i
R
x
JðxÞχðxÞ: ð12Þ

The leading term on the right-hand side is just Z½J� itself.
Subtracting it, one finds using (6) the Slavnov-Taylor
identity,

	
dS½χ� þ

Z
x
dξjA jðxÞ




¼
	Z

ddx

��
δ

δχðxÞ S½χ�
�
idξjTjχðxÞ

�
þ
Z
x
dξjA jðxÞ




¼
Z

ddx

��
δ

δϕðxÞΓ½ϕ�
�
idξjhTjχðxÞi

�
: ð13Þ

An important class of transformations is such that the Lie
algebra generators Tj act on the fields χ in a linear way. In
that case, one can write

hTjχðxÞi ¼ TjhχðxÞi ¼ Tjϕ: ð14Þ

In that case, the right-hand side of (13) can be written as
dΓ½ϕ�, and one has

hdS½χ� þ
Z
x
dξjA jðxÞi ¼ dΓ½ϕ�: ð15Þ

In particular, the most important case is here that the
microscopic action is invariant, dS½χ� ¼ 0, and that the
anomaly vanishes, A j ¼ 0, from which it follows that also
the effective action is invariant, dΓ½ϕ� ¼ 0, or

Γ½gϕ� ¼ Γ½ϕ�: ð16Þ

In summary, in the absence of a quantum anomaly, and
for a linear representation of the Lie algebra on the fields,
we conclude that the effective action Γ½ϕ� shares the
symmetries of the microscopic action S½χ�. This is very
useful in practice because it constrains very much the form
the effective action can have. This is important, for
example, for proofs of renormalizability or also for solving
renormalization group equations in practice [3].

E. Extended symmetries

Interestingly, Eq. (15) can be also useful when the
microscopic action S½χ� is not invariant, i.e., dS½χ� ≠ 0.
For example, if dS½χ� is linear in the field χ, one can infer
that the effective action Γ½ϕ� must change under a corre-
sponding transformation of the expectation value field ϕ in
an analogous way such that Eq. (15) remains fulfilled. This
can also constrain the form of Γ½ϕ� substantially [9–11].
Such transformations, which are not standard symmetries
because they change the action, have been called extended
symmetry transformations. The fact that they are also very
useful has been appreciated only rather recently.
When dS½χ� is nonlinear in the fields χ, Eq. (15) is

less useful to constrain the form of Γ½ϕ�, because the left-
hand side involves then expectation values of composite
operators that are not easily available on the level of the
effective action Γ½ϕ�. For example, the connected two-point
correlation function hχχi − hχihχi involves the inverse of
the second functional derivative of Γ½ϕ�. In such a case, one
may however use Eq. (15) to calculate the expectation value
on the left-hand side through a simple transformation of the
effective action Γ½ϕ�.
Another interesting situation is when the change in the

action on both sides of Eq. (15) is linear in composite
operators that are available on the level of the effective
action Γ½ϕ� because external sources have been coupled to
them. This is a new case that has not been studied
previously but is in fact very interesting and useful. We
discuss several examples in Sec. IV.
An additional example we mention at this point is the

partial conservation of the axial current in QCD, leading to
the so-called PCAC relations [59–66]. In the presence of
quark masses, the axial rotation of flavors is not a symmetry
of the microscopic action. However, one can couple the
quark bilinear to an external field and the quark current
to an external gauge field, precisely as discussed above.
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One obtains then an identity for the quantum effective
action which can be seen as a consequence of an extended
symmetry.
Let us note here that our discussion of extended

symmetries is not as extensive as one may wish it to be,
specifically from a more mathematical point of view. We
plan to revisit the topic in the future.

III. CONSERVED AND NONCONSERVED
NOETHER CURRENTS

We now come to the second implication of symmetries
besides constraints to the form of the microscopic and
quantum effective action, namely, conservation laws. We
discuss two methods that can be used to extract conserved
currents from the quantum effective action and argue that the
second method is superior to the first. For the first method,
one makes the symmetry transformations space-time depen-
dent, while for the second method one also introduces an
appropriate external gauge field. Beforewego into this, let us
first discuss why it is useful to obtain a Noether current from
the effective action instead of the microscopic action.

A. Noether current from microscopic action versus
Noether current from quantum effective action

On the classical level of a field theory, one can obtain the
Noether currents from the microscopic action S½χ� through
the standard textbook procedure. Sometimes such an
expression is useful also for a quantum description as a
starting point to calculate its expectation value when
quantum and statistical fluctuations are taken into account.
Alternatively, one can obtain the expectation value of a
Noether current directly from the quantum effective action
as is discussed below.
However, one should be aware of the fact that the

difference between the classical or microscopic action
and the quantum effective action is a rather nontrivial
result of quantum and possibly statistical fluctuations. In
particular, quantum fluctuations are present on all scales
and need proper regularization and renormalization proce-
dures. It is well known that quantum fluctuations can
modify a theory substantially; for example, the propagating
degrees of freedom can change from fundamental fields to
composite fields for bound states [67–69]. In this sense, it is
possible that Noether currents differ substantially in form
when derived from microscopic actions or quantum effec-
tive actions, respectively. Moreover, there can be contri-
butions from anomalies to the currents that are present in
the quantum effective action but not in the microscopic or
classical action.
The above arguments show that it can be rather advanta-

geous to calculate Noether currents directly from the quan-
tum effective action, instead of aiming at an expression in
terms of the microscopic action and expectation values in
terms of complicated composite operators.

One should note here, however, that Noether currents
that follow from the quantum effective action are usually
not monomials or polynomials in the field expectation
values and their derivatives. There can be additional terms
that do not vanish, even when the field expectation values
do. For example, at finite temperature, the energy-momen-
tum tensor is nonzero even when the field expectation
values vanish. It has contributions from quantum fluctua-
tions or quasiparticle excitations. Also, one should keep in
mind that the effective action is state dependent and
accordingly the Noether currents derived from it also
are. Again, the finite temperature state may serve as an
example.

B. Noether current from local transformations

Consider the transformation of the fields,

ϕðxÞ → ϕðxÞ þ idξjðxÞTjϕðxÞ; ð17Þ

where dξjðxÞ are space-time position-dependent, infinitesi-
mal parameters. The generators Tj act linearly on the field
expectation value fields ϕðxÞ such that Eq. (14) holds. The
transformation law (17) is inherited from the corresponding
transformation of the microscopic fields in Eq. (8).
The quantum effective action Γ½ϕ� changes to linear

order in dξj like [70],

Γ½ϕþ idξjTjϕ�

¼ Γ½ϕ� þ
Z

ddx
ffiffiffi
g

p �
I jðxÞdξjðxÞ þ J μ

jðxÞ∇μdξjðxÞ

þ 1

2
Kμν

j ðxÞ∇μ∇νdξjðxÞ þ…

�
: ð18Þ

If the transformation (17) is a global symmetry of the
effective action, this implies that I jðxÞ ¼ 0, so that
the expansion on the right-hand side of (18) starts with the
second term, which has one derivative. However, one can
also consider transformations that are not global sym-
metries such that I jðxÞ is nonvanishing. One can now write
Eq. (18) after partial integration as

Z
ddx

ffiffiffi
g

p
dξjðxÞ

�
1ffiffiffi
g

p δΓ
δϕðxÞ iTjϕðxÞ − I jðxÞ

þ∇μJ
μ
j ðxÞ −

1

2
∇μ∇νK

μν
j ðxÞ þ…

�
¼ 0: ð19Þ

Surface terms have been dropped here. Because dξjðxÞ is
arbitrary, this implies

1ffiffiffi
g

p δΓ
δϕðxÞ iTjϕðxÞ − I jðxÞ þ∇μJ

μ
j ðxÞ

−
1

2
∇μ∇νK

μν
j ðxÞ þ… ¼ 0: ð20Þ
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Using the field equation (6) one obtains a set of con-
servation-type relations,

∇μ

�
−J μ

j ðxÞ þ
1

2
∇νK

μν
j ðxÞ −…

�
¼ iJðxÞTjϕðxÞ − I jðxÞ:

ð21Þ

For a transformation which defines a global symmetry such
that I jðxÞ ¼ 0, and for vanishing source, J ¼ 0, the right-
hand side vanishes, and the expression in brackets on the
left-hand side of (21) defines then a set of conserved
Noether currents.
Let us note here that a relation of the type (21) as derived

from a quantum effective action may also be useful when
I jðxÞ is nonvanishing, as long as this field is known, for
example, because an external source is coupled to it. In that
case, one may call the expression in brackets on the left-
hand side of (21) a set of nonconserved Noether currents
corresponding to an extended symmetry.
A problem with the above derivation is that the expan-

sion on the left-hand side of (21) does, in general, not
terminate. This makes the entire construction somewhat
implicit. A notable exception is when Γ½ϕ� ¼ S½ϕ� is the
microscopic or classical action which contains at most
second derivatives of the fields such that the equations of
motion are partial differential equations of at most second
order. In this case, the above construction leads to the
standard Noether currents of the classical theory (the
method is called Noether method in Ref. [71]). In contrast,
when the effective action Γ½ϕ� differs from S½ϕ� by the
effect of quantum fluctuations, one cannot assume that only
low orders of derivatives of the fields are present. In fact,
the quantum effective action contains, in general, all orders
of a derivative expansion, as well as nonperturbative terms.
These remarks show that an alternative approach is

needed to obtain Noether currents from the quantum
effective action when the latter cannot be assumed to have
a derivative expansion terminating at finite order. To such a
construction, we turn next.

C. Noether currents from external gauge fields

Let us now introduce an external gauge field for the local
transformation (17). All derivatives of the field χðxÞ in the
microscopic action and of the expectation value field ϕðxÞ
in the quantum effective action Γ½ϕ� are now replaced by
covariant derivatives,

DμϕðxÞ ¼ ð∇μ − iAj
μðxÞTjÞϕðxÞ: ð22Þ

When the generators Tj are not commuting, the external
gauge field is non-Abelian. In that case, we may introduce
structure constants through the relation

½Tk; Tl� ¼ ifkljTj: ð23Þ

The transformations of the expectation value fields ϕðxÞ
continue to be of the form (17), while the (non-Abelian)
gauge fields transform as usual according to

Aj
μðxÞ → Aj

μðxÞ þ fkljAk
μðxÞdξlðxÞ þ∇μdξjðxÞ

¼ Aj
μðxÞ þ ðDμdξÞj: ð24Þ

In the last equation, we defined the covariant derivative
of dξj in a variant of the adjoint representation. We
call an infinitesimal transformation dξjðxÞ “global” when
ðDμdξÞjðxÞ ¼ 0.
When the microscopic action S½χ; A� has a symmetry or

extended symmetry under the transformation (24), this will
also be the case for the quantum effective action Γ½ϕ; A�. An
important consequence is that derivatives of fields ϕ can
appear in Γ½ϕ; A� only as covariant derivatives of the form
(22). One should note here, however, that Γ½ϕ; A� can
contain covariant derivatives of arbitrary order and also
nonlocal gauge invariant terms.
The gauge field has been introduced in such a way that a

local transformation [with space-time-dependent dξjðxÞ] is
equivalent to a global transformation when Aj

μðxÞ is trans-
formed, as well. One has now for the transformation of the
effective action,

Γ½ϕþ idξjTjϕ; A
j
μ þ fkljAk

μdξl þ∇μdξj�

¼ Γ½ϕ� þ
Z

ddx
ffiffiffi
g

p fI jðxÞdξjðxÞg: ð25Þ

In contrast to (18), no higher order derivatives are present
on the right-hand side of (25). This is a consequence of the
external gauge field and the fact that all derivatives have
been replaced by covariant derivatives (22). Note that this
includes possible regulator terms that have been added to
make the functional integral well defined.1

We can write now

Z
ddx

ffiffiffi
g

p ��
1ffiffiffi
g

p δΓ
δϕðxÞ iTjϕðxÞ−I jðxÞ

�
dξjðxÞ

þ 1ffiffiffi
g

p δΓ
δAj

μðxÞ
ðfkljAk

μðxÞdξlðxÞþ∇μdξjðxÞÞ
�
¼ 0: ð26Þ

Using partial integration, the field equation (6), and the fact
that dξjðxÞ is arbitrary, this implies now with the definition

1Note that the second term on the right-hand side of Eq. (25)
has the form of a source term for the operator I jðxÞ. Accordingly,
if such a source term is already present in the setup, one can
possibly combine the transformations in Eqs. (17) and (24) with a
change in this source field to obtain a standard symmetry instead
of an extended symmetry.
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Jμ
j ðxÞ ¼

1ffiffiffi
g

p δΓ
δAj

μðxÞ
; ð27Þ

the covariant conservation-type relation

DμJ
μ
j ðxÞ ¼ ∇μJ

μ
j ðxÞ þ fjklAk

μðxÞJμ
l ðxÞ

¼ iJðxÞTjϕðxÞ − I jðxÞ: ð28Þ

The first equation defines a covariant derivative Dμ for the
current Jμ

j ðxÞ in a variant of the adjoint representation of
the gauge symmetry.
If there is a global symmetry, i.e., if the effective action

is invariant for ðDμdξÞj ¼ 0, one has I jðxÞ ¼ 0, and for

vanishing external sources, JðxÞ ¼ Aj
μðxÞ ¼ 0, this is

indeed a covariant conservation law of the standard form
∇μJ

μ
j ¼ 0. More general, the “source term” on the right-

hand side of (28) might be nonvanishing. The equation is
then still potentially very useful, as long as the source
term is known explicitly, as for an extended symmetry
transformation.
In summary, the above discussion gives a recipe to

derive conservation-type equations by introducing gauge
fields associated with fields transformations in the par-
tition function and taking functional derivatives with
respect to it. When the transformation corresponds to a
real symmetry, one obtains in this way a conserved
Noether current for which all quantum corrections have
been taken into account. When the transformation is
instead an extended symmetry, one obtains a conserva-
tion-type equation with a source term on the right-hand
side. It should also be seen as a macroscopic equation of
motion for which quantum corrections have been taken
into account.

IV. SPACE-TIME SYMMETRIES AND
EXTENDED SYMMETRIES

In the following, we discuss a number of transforma-
tions related to space-time geometry. Following the
general principles introduced in Sec. III C, we intro-
duce appropriate (external) gauge fields and discuss what
kind of conservation laws follow from their variation.
We start our discussion by recalling general coordinate
transformations in Riemannian geometry, i.e., with the
Levi-Civita connection. Subsequently, we generalize this
setup to a more general geometry where the connection
contains additional fields beyond the Levi-Civita terms,
parametrized by nonmetricity and torsion. Here, one
can discuss local changes of frame in the tangent space
of the space-time manifold. This is done first for the
restricted set of orthonormal frames where the trans-
formations can be seen as local versions of Lorentz
transformations. Subsequently, we turn to general linear
local frame changes which include besides local Lorentz

transformations also local dilatations as well as shear
transformations. We argue that the latter two should be
understood as extended symmetry transformations, in
general. In all cases, we discuss what are the associated
conserved and nonconserved Noether currents.

A. General coordinate transformations
with the Levi-Civita connection

We start with a one-particle irreducible or quantum
effective action Γ½ϕ; g� that depends on, besides the field
expectation values ϕðxÞ, the space-time metric gμν. For the
present subsection, we assume that ϕðxÞ contains only
fields of integer spin, or in other words, that fermionic
fields have been fully integrated out from the partition
function at vanishing source. This simplifies somewhat
the discussion in the sense that we do not yet have to
introduce a tetrad. The matter fields ϕðxÞ could be scalars,
vectors, or tensors with respect to general coordinate
transformations.
Under a general coordinate transformation or diffeo-

morphism xμ → x0μðxÞ, the metric transforms like

gμνðxÞ → g0μνðx0Þ ¼
∂xρ
∂x0μ

∂xσ
∂x0ν gρσðxÞ: ð29Þ

Changing afterwards the coordinate label from x0μ back to
xμ gives the transformation rule

gμνðxÞ → g0μνðxÞ ¼
∂xρ
∂x0μ

∂xσ
∂x0ν gρσðxÞ − ½g0μνðx0Þ − g0μνðxÞ�:

ð30Þ

For an infinitesimal transformation, x0μ ¼ xμ − εμðxÞ, this
reads

gμνðxÞ → gμðxÞ þ ερðxÞ∂ρgμνðxÞ
þ ð∂με

ρðxÞÞgρνðxÞ þ ð∂νε
ρðxÞÞgμρðxÞ

¼ gμνðxÞ þ LεgμνðxÞ: ð31Þ

We are using here the Lie derivative Lε in the direction
εμðxÞ. More general, any coordinate tensor field transforms
under infinitesimal general coordinate transformations
with the corresponding Lie derivative Lε. This fixes, in
particular, how the components of the matter fields ϕðxÞ
transform.
In the following, we also need the covariant derivative. In

the present section, it is based on the Levi-Civita con-
nection given by the Christoffel symbols of the second
kind,

Γμ
ρ
ν ¼

�
ρ

μν

�
¼ 1

2
gρλð∂μgνλ þ ∂νgμλ − ∂λgμνÞ: ð32Þ
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For future reference, we note also the variation of the Levi-
Civita connection, which can be written as

δ

�
ρ

μν

�
¼ 1

2
gρλð∇μδgνλ þ∇νδgμλ −∇λδgμνÞ: ð33Þ

The covariant derivative with notation ∇μ is here, and in
the remainder of this paper, the covariant derivative with
respect to the Levi-Civita connection is Eq. (32). Note that
in contrast to the Christoffel symbol in (32) itself, its
variation in (33) is actually a coordinate tensor.
The change of the metric in Eq. (31) can also be

written as

gμνðxÞ → gμνðxÞ þ∇μενðxÞ þ∇νεμðxÞ: ð34Þ

This illustrates that the metric can be seen here as the gauge
field of general coordinate transformations. Variation of
the effective action Γ½ϕ; g� with respect to the metric at
stationary matter fields, δΓ=δϕ ¼ 0, yields the energy-
momentum tensor,

δΓ½ϕ; g� ¼ 1

2

Z
ddx

ffiffiffi
g

p
TμνðxÞδgμνðxÞ: ð35Þ

In fact, TμνðxÞ as defined by this expression should be
seen as the expectation value of the symmetric energy-
momentum tensor (see also below) in the state that defines
the effective action Γ½ϕ; g�. The variation includes the
connection, with (33) obeyed. For an extensive discus-
sion of Eq. (35) in the context of classical field theory,
see Ref. [72].
Inserting (31) in (35) shows that invariance under general

coordinate transformations yields the covariant conserva-
tion law for the energy-momentum tensor,

∇μTμνðxÞ ¼ 0: ð36Þ

In this sense, one may see the covariant conservation of
energy and momentum as a special case of the general
principles discussed in Sec. III C.

B. General connection

The Levi-Civita connection is uniquely determined by
being both metric compatible and torsion free. It seems that
the space-time we inhabit fulfills these two conditions to an
excellent approximation. Nevertheless, it is interesting to
relax these constraints and to study more general con-
nections. Usually, this is done in order to understand and
constrain alternative theories of gravitation in more detail.
For us, the purpose is different. We are interested in
constraining the form of the effective action for matter
fields and to derive conservation-type relations. A very
interesting possibility to this end is to study the quantum

field theory in a geometry characterized by a general affine
connection and to take functional derivatives of the
quantum effective action with respect to the connection
field. For modern introductions to non-Riemannian geom-
etry, see Refs. [71,73,74].
Parallel transport.—As a starting point for the definition

of a covariant derivative, one may take the notion of a
parallel transport. The rule is here that a vector field UμðxÞ
counts as parallelly displaced from a position xμ to xμ þ
dxμ when it changes by

dUρðxÞ ¼ −½Γμ
ρ
σðxÞ − ΔUBμðxÞδρσ�UσðxÞdxμ: ð37Þ

The square bracket on the right-hand side contains two
terms. The first is a geometric part proportional to the
affine connection Γμ

ρ
σðxÞ which generalizes the Levi-

Civita connection. For the second term, we take the
field Uρ to have the (momentum or mass) scaling
dimension or conformal weight ΔU. The Weyl gauge
field BμðxÞ performs an additional local scaling of the
field UρðxÞ. In contrast to the first term in (37), the
second term or dilatation term is also present for scalar
fields φðxÞ when they have a nonvanishing scaling
dimension Δφ and when the Weyl gauge field BμðxÞ is
nonvanishing.
Co-covariant derivative.—The so-called cocovariant

derivative [75,76] associated to the parallel transport (37)
is given by

∇̄μUρðxÞ ¼ ∂μUρðxÞ þ ½Γμ
ρ
σðxÞ − ΔUBμðxÞδρσ�UσðxÞ:

ð38Þ

In particular, this vanishes when UρðxÞ is parallelly trans-
ported according to (37). Equation (38) is easily general-
ized to other tensor fields in a coordinate basis. For
example, the cocovariant derivative of a tensor field
χρλðxÞ with scaling dimension Δχ would be

∇̄μχ
ρ
λðxÞ ¼ ∂μχ

ρ
λðxÞ þ Γμ

ρ
σðxÞχσλðxÞ

− Γμ
τ
λðxÞχρτðxÞ − ΔχBμðxÞχρλðxÞ: ð39Þ

For a scalar field φðxÞ, the cocovariant derivative is
given by

∇̄μφðxÞ ¼ ∂μφðxÞ − ΔφBμðxÞφðxÞ: ð40Þ

The cocovariant derivative has its name because it is
covariant with respect to both general coordinate trans-
formations x → x0ðxÞ and local scaling or Weyl gauge
transformations,

ϕðxÞ → e−ΔϕζðxÞϕðxÞ; gμνðxÞ → e2ζðxÞgμνðxÞ;
BμðxÞ → BμðxÞ − ∂μζðxÞ; ð41Þ

CONSERVED AND NONCONSERVED NOETHER CURRENTS FROM … PHYS. REV. D 105, 085015 (2022)

085015-9



see below. By going to noncoordinate frames, we below
also introduce variants of the cocovariant derivative (39)
that are covariant in a generalized sense.
Affine connection.—Generalizing beyond the Levi-

Civita connection (32), one may write the affine
connection as

Γμ
ρ
σ ¼

�
ρ

μσ

�
þ Nμ

ρ
σ

¼ 1

2
gρλð∂μgσλ þ ∂σgμλ − ∂λgμσÞ þ Nμ

ρ
σ; ð42Þ

where Nμ
ρ
σ is known as the deviation or distortion tensor.

(It transforms indeed as a tensor under general coordinate
transformations, in contrast to Γμ

ρ
σ.)

Cocovariant and Levi-Civita covariant derivatives.—
We use in the following a notation where ∇̄μ denotes the
cocovariant derivative based on a general affine connection
as introduced in (38), while ∇μ is the ordinary covariant
derivative based on the Levi-Civita connection (32).
Equation (38) can also be written as

∇̄μUρðxÞ ¼ ∇μUρðxÞ þ ½Nμ
ρ
σðxÞ − ΔUBμðxÞδρσ�UσðxÞ:

ð43Þ

Nonmetricity.—The cocovariant derivative of the metric
itself is given by

∇̄μgρσðxÞ ¼ −½NμρσðxÞ þ NμσρðxÞ� − ΔgBμðxÞgρσðxÞ
¼ −½NμρσðxÞ þ NμσρðxÞ� þ 2BμðxÞgρσðxÞ: ð44Þ

In the second line, we have used that the metric gμνðxÞ
has conformal weight Δg ¼ −2, as follows from Eq. (41).
The first term on the right-hand side of (44), namely, the
combination

BμρσðxÞ ¼
1

2
½NμρσðxÞ þ NμσρðxÞ�; ð45Þ

is known as the nonmetricity tensor. It is obviously
symmetric in the last two indices. [Our convention differs
by the factor 1=2 on the right-hand side of (45) from other
places in the literature.]
It is convenient below to further split the nonmetricity

tensor according to

Bμ
ρ
σðxÞ ¼ B̂μ

ρ
σðxÞ þ BμðxÞδρσ; ð46Þ

where B̂μ
ρ
σðxÞ is traceless and sometimes called the proper

nonmetricity tensor,

B̂μ
ρ
ρðxÞ ¼ 0; ð47Þ

and BμðxÞ ¼ ð1=dÞBμ
ρ
ρðxÞ corresponds to the trace of the

nonmetricity tensor and is the Weyl vector or Weyl gauge
field [77] introduced already in Eq. (37).
Note that the full cocovariant derivative of the metric in

(44) is in fact given by the proper nonmetricity tensor
−2B̂μρσðxÞ.
Torsion.—Consider the commutator of two cocovariant

derivatives acting on a scalar field φðxÞ,

∇̄μ∇̄νφðxÞ − ∇̄ν∇̄μφðxÞ ¼ −Tρ
μνðxÞ∇̄ρφðxÞ

− Δφ½∂μBνðxÞ − ∂νBμðxÞ�φðxÞ:
ð48Þ

This contains two kinds of field strengths. One is the
torsion tensor which is formally defined through the
following combination of vector fields with vanishing
scaling dimension,

TðU;VÞ ¼ ∇̄UV − ∇̄VU − ½U;V�: ð49Þ

In components, it is given by the antisymmetric part of the
affine connection,

Tρ
μσðxÞ ¼ Γμ

ρ
σðxÞ − Γσ

ρ
μðxÞ ¼ Nμ

ρ
σðxÞ − Nσ

ρ
μðxÞ: ð50Þ

The term in the last line of (48) is the combination
BμνðxÞ ¼ ∂μBνðxÞ − ∂νBμðxÞ, known as the segmental
curvature tensor (see also below).
Decomposition of distortion tensor.—Using Eqs. (45)

and (50), we may write the distortion tensor as

Nμ
ρ
σ ¼

1

2
½Tμ

ρ
σ − Tσμ

ρ þ Tρ
μσ� þ Bμ

ρ
σ þ Bσμ

ρ − Bρ
μσ

¼ Cμ
ρ
σ þDμ

ρ
σ: ð51Þ

The combination

Cμ
ρ
σ ¼

1

2
½Tμ

ρ
σ − Tσμ

ρ þ Tρ
μσ�

¼ 1

2
½Nμ

ρ
σ − Nμσ

ρ þ Nρ
μσ þ Nρ

σμ − Nσμ
ρ − Nσ

ρ
μ�;
ð52Þ

is known as the contorsion tensor. It is antisymmetric in the
last two indices, Cμρσ ¼ −Cμσρ, so it does not contribute to
the nonmetricity in (45). In contrast, the combination

Dμ
ρ
σ ¼ Bμ

ρ
σ þ Bσμ

ρ − Bρ
μσ

¼ B̂μ
ρ
σ þ B̂σμ

ρ − B̂ρ
μσ þ Bμδ

ρ
σ þ Bσδμ

ρ − Bρgμσ

¼ 1

2
½Nμ

ρ
σ þ Nμσ

ρ − Nρ
μσ − Nρ

σμ þ Nσμ
ρ þ Nσ

ρ
μ�;
ð53Þ
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which we may call conmetricity tensor, is symmetric in μ
and σ and does not contribute to torsion in Eq. (50).
We may therefore write the torsion tensor in terms of

contorsion as

Tρ
μσðxÞ ¼ Cμ

ρ
σðxÞ − Cσ

ρ
μðxÞ; ð54Þ

and the nonmetricity tensor in terms of the conmetricity
tensor as

BμρσðxÞ ¼
1

2
½DμρσðxÞ þDμσρðxÞ�: ð55Þ

The proper nonmetricity B̂μρσðxÞ corresponds to the sym-
metric and traceless part of conmetricity with respect to the
last two indices. However, conmetricity has also an anti-
symmetric part. The Weyl gauge field can also be obtained
directly from the trace of conmetricity as

BμðxÞ ¼
1

d
Dμ

ρ
ρðxÞ: ð56Þ

With this, the trace of the complete affine connection (42)
can be written as

Γμ
ρ
ρðxÞ ¼

1ffiffiffiffiffiffiffiffiffi
gðxÞp ∂μ

ffiffiffiffiffiffiffiffiffi
gðxÞ

p
þ dBμðxÞ: ð57Þ

In this sense, the Weyl gauge field is actually determined by
the affine connection and the metric,

BμðxÞ ¼
1

d

�
Γμ

ρ
ρðxÞ −

1ffiffiffiffiffiffiffiffiffi
gðxÞp ∂μ

ffiffiffiffiffiffiffiffiffi
gðxÞ

p �
: ð58Þ

This relation underlines the geometric significance of the
Weyl gauge field [77].
For our purposes, it is particularly useful to work with

contorsion Cμ
ρ
σ, the Weyl gauge field Bμ, and proper

nonmetricity B̂μ
ρ
σ as the fields that parametrize the dis-

tortion tensor, so that the full connection becomes

Γμ
ρ
σ ¼

1

2
gρλð∂μgσλ þ ∂σgμλ − ∂λgμσÞ þ Cμ

ρ
σ

þ B̂μ
ρ
σ þ B̂σ

ρ
μ − B̂ρ

μσ þ Bμδ
ρ
σ þ Bσδμ

ρ − Bρgμσ:

ð59Þ

Variation of affine connection.—The full variation of the
affine connection is now given by

δΓμ
ρ
σ ¼

1

2
gρλð∇μδgσλþ∇σδgμλ −∇λδgμσÞþ δNμ

ρ
σ: ð60Þ

The covariant derivative on the right-hand side uses the
Levi-Civita connection. In particular, it follows from (60)
that all components of the connection field Γμ

ρ
σ can be

varied free of constraints when this variation is understood
as a superposition of the variation of the Christoffel
symbols due to a variation of the metric and variations
of the torsion tensor and nonmetricity tensor. In some
situations, one may further restrict this and demand, for
example, that the nonmetricity vanishes.
Curvature tensor.—One may define the curvature tensor

by the commutator of covariant derivatives of vector fields
with vanishing scaling dimension,

R̄ðU;VÞW ¼ ∇̄U∇̄VW − ∇̄V∇̄UW − ∇̄½U;V�W: ð61Þ

In components,

R̄ρ
σμν ¼ ∂μΓν

ρ
σ − ∂νΓμ

ρ
σ þ Γμ

ρ
λΓν

λ
σ − Γν

ρ
λΓμ

λ
σ

¼ Rρ
σμν þ∇μNν

ρ
σ −∇νNμ

ρ
σ

þ Nμ
ρ
λNν

λ
σ − Nν

ρ
λNμ

λ
σ: ð62Þ

This is obviously antisymmetric in the last two indices. In
the second line of (62), Rρ

σμν is the standard Riemann
tensor based on the Levi-Civita connection, and the
covariant derivatives are also based on the Levi-Civita
connection.
It is also useful to have the variation of (62) at hand. It

can be written as

δR̄ρ
σμν ¼ ∇̄μδΓν

ρ
σ − ∇̄νδΓμ

ρ
σ þ Tλ

μνδΓλ
ρ
σ; ð63Þ

with torsion as in (54). We are using here the cocovariant
derivative with vanishing scaling dimension for the varia-
tion of the connection δΓν

ρ
σ .

Ricci scalar.—There is a unique complete contraction of
(62) which forms the analog of the Ricci scalar R ¼ Rρσ

ρσ,

R̄ ¼ R̄ρσ
ρσ ¼ Rþ∇ρNσ

ρσ −∇σNρ
ρσ

þ Nρ
ρ
λNσ

λσ − Nσ
ρ
λNρ

λσ

¼ Rþ 2∇ρCσ
ρσ þ 2∇ρB̂σ

σρ − 2ðd − 1Þ∇ρBρ

þ Nρ
ρ
λNσ

λσ − Nσ
ρ
λNρ

λσ: ð64Þ

In contrast to Riemann geometry, R̄ρσμν is, in general, not
antisymmetric in the first two indices. Based on (62), one
may define different contractions. One is the segmental
curvature tensor,

Bμν ¼
1

d
R̄ρ

ρμν ¼
1

d
½∂μΓν

ρ
ρ− ∂νΓμ

ρ
ρ� ¼ ∂μBν − ∂νBμ: ð65Þ

The other two possibilities are R̄μν ¼ R̄ρ
μρν and R̄μ

ρ
νρ

which both equal the standard Ricci tensor in the absence
of nonmetricity and torsion.
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The variation of the Ricci scalar is given by

δR̄ ¼ −R̄μνδgμν þ gνσ∇̄ρδΓν
ρ
σ − gνσ∇̄νδΓρ

ρ
σ þ Tλ

ρ
σδΓλ

ρ
σ:

ð66Þ

On the right-hand side, one may use (60) for further
simplification. In the absence of contorsion and nonme-
tricity, this reduces to the standard identity,

δR ¼ −Rμνδgμν þ ½∇μ∇νδgμν − gμν∇ρ∇ρδgμν�: ð67Þ

C. Variation of the quantum effective action

In the following we investigate how a quantum effective
action for matter fields reacts to the contorsion and non-
metrcity as external sources, and specifically, what kinds of
equations can be derived from transformations for which
the connection acts as a gauge field.
Let us write the variation of the action with respect to the

metric gμν and the connection Γμ
ρ
σ as

δΓ ¼
Z

ddx
ffiffiffi
g

p �
1

2
U μνðxÞδgμνðxÞ

−
1

2
S μ

ρ
σðxÞδΓμ

ρ
σðxÞ

�
: ð68Þ

The variation with respect to gμνðxÞ at a fixed connection
defines a symmetric tensorU μνðxÞ, while the variation with
respect to the connection at a fixed metric defines a tensor
field S μ

ρ
σðxÞ. The latter is known as a hypermomentum

current [45–48]. We have assumed in (68) that the Weyl
gauge field BμðxÞ has been expressed through Eq. (58) in
terms of the affine connection and the metric.
It is conventional and convenient to further decompose

the hypermomentum current S μ
ρ
σðxÞ according to

S μ
ρ
σðxÞ ¼ Qμ

ρ
σðxÞ þWμðxÞδρσ

þ SμρσðxÞ þ Sσ μρðxÞ þ SρμσðxÞ: ð69Þ

Here, SμρσðxÞ is antisymmetric, SμρσðxÞ ¼ −SμσρðxÞ, in the
last two indices and known as the spin current. It can be
written in terms of the hypermomentum as

Sμρσ ¼ 1

2
ðS μ ρσ −S μσ ρÞ: ð70Þ

In contrast, Qμ
ρ
σðxÞ is symmetric in the last two indices,

QμρσðxÞ ¼ QμσρðxÞ, and traceless, Qμ
ρ
ρðxÞ ¼ 0, and

known as the (intrinsic) shear current. Finally, WμðxÞ is
the (intrinsic) dilatation current orWeyl current. With these
definitions, we follow Refs. [44,46,47]. The combination of
shear current and dilatation current can be written in terms
of the hypermomentum current as

Qμρσ þWμgρσ ¼ 1

2
ðS μ ρσ þS ρσ μ −S ρμσ þS μσρ

þS σρμ −S σμρÞ: ð71Þ

Alternatively to (68), one can write using (60) the
variation of the quantum effective action as

δΓ ¼
Z

ddx
ffiffiffi
g

p �
1

2

�
U μν þ 1

4
∇ρðS ρμν þS ρνμ

þS μνρ þS νμρ −S μρν −S νρμÞ
�
δgμν

−
1

2
S μ

ρ
σδNμ

ρ
σ

�
: ð72Þ

The first two lines gives the full variation of the effective
action with respect to the metric at fixed distortion tensor.
Because this must equal2

δΓ ¼
Z

ddx
ffiffiffi
g

p �
1

2
Tμνδgμν −

1

2
SμρσδNμ

ρ
σ

�
; ð73Þ

we find for the energy-momentum tensor the decomposition

Tμν ¼ U μν þ 1

4
∇ρðS ρμν þS ρνμ

þS μνρ þS νμρ −S μρν −S νρμÞ

¼ U μν þ 1

2
∇ρðQρμν þWρgμνÞ: ð74Þ

Let us note here that U μνðxÞ is not conserved by itself,
even in the absence of nonmetricity and torsion. The
contributions from the shear current and dilatation
current in (74) are needed to obtain a conservation law.
However, these two terms come unavoidably with
derivatives.
Taking the trace of (74), we obtain the divergence-type

relation

∇ρWρ ¼ 2

d
ðTμ

μ −U μ
μÞ: ð75Þ

Similarly, by subtracting the trace, we find

∇ρQρμν ¼ 2ðTμν −U μνÞ − 2

d
ðTσ

σ −U σ
σÞgμν: ð76Þ

2It is in fact not fully unique how to define the energy-
momentum tensor at a nonvanishing distortion tensor. We use
here the prescription where the variation with respect to the
metric is done at a fixed distortion tensor, but one could
alternatively also keep, e.g., contorsion, proper nonmetricity,
and the Weyl gauge field fixed, which would lead to a slightly
different form. For a vanishing distortion tensor, the definition
becomes unique again.
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We argue below that these two relations should be under-
stood as conservation-type relations for nonconserved
Noether currents associated to extended symmetries.
While variants of Eq. (75) have been discussed in the
context of dilatation and conformal symmetry (see also
Sec. IV E), Eq. (76) is new to the best or our knowledge.
The decomposition in (74) is particularly interesting

from the point of view of relativistic fluid dynamics and its
derivation from quantum field theory. The first part con-
tains the equilibrium part of the energy-momentum tensor,
while the second term is by construction at least one order
higher in derivatives and can give a nonequilibrium part of
the energy-momentum tensor.
In the following, we investigate different transformations

in the frame bundle for which the affine connection acts
as a gauge field, in more detail. This leads to further
insights into the physics significance of the spin current,
dilatation current, and shear current. We start with Weyl
transformations and local Lorentz transformations and turn
then to shear transformations before we combine every-
thing into general linear transformations.

D. General coordinate transformations
with general affine connection

It is interesting to discuss the implications of general
coordinate transformations or diffeomorphisms for a
general affine connection with a nonvanishing distortion
tensor. The quantum effective action must still be a
coordinate scalar and therefore invariant under diffeomor-
phisms. However, it depends now on the distortion tensor
as an external field, which affects the resulting conservation
law. Starting from (72), using the change in the metric (34)
and the change in the distortion tensor,

δNμ
ρ
σ ¼ LεNμ

ρ
σ

¼ εκ∂κNμ
ρ
σ þ ∂με

κNκ
ρ
σ − ∂κε

ρNμ
κ
σ þ ∂σε

κNμ
ρ
κ

¼ εκ∇κNμ
ρ
σ þ∇με

κNκ
ρ
σ −∇κε

ρNμ
κ
σ þ∇σε

κNμ
ρ
κ;

ð77Þ

one finds for the variation of the effective action

δΓ ¼
Z

ddx
ffiffiffi
g

p
εκ
�
−∇μTμ

κ −
1

2
S μ

ρ
σð∇κNμ

ρ
σÞ

þ 1

2
∇μðS μ

ρ
σNκ

ρ
σ −S μ

ρ
σNρ

μ
σ þS μ

ρ
σNσ

ρ
κÞ
�
:

ð78Þ

One could insert here the decompositions for hypermo-
mentum in Eq. (69) and the distortion tensor in Eq. (51), but
that is not particularly instructive. The modified covariant
conservation law for the energy-momentum tensor in the
presence of nonmetricity and torsion becomes

∇μTμ
κ ¼ −

1

2
S μ

ρ
σð∇κNμ

ρ
σÞ

þ 1

2
∇μðS μ

ρ
σNκ

ρ
σ −S μ

ρ
σNρ

μ
σ þS μ

ρ
σNσ

ρ
κÞ:
ð79Þ

Of course, for a vanishing distortion tensor, this reduces to
the standard covariant conservation law (36).

E. Weyl gauge transformations

It is interesting at this point to discuss dilatations or Weyl
gauge transformations as defined in Eq. (41) in more detail.
Interestingly, the general connection in Eq. (59) is left
unchanged by this transformation because contributions
from the Levi-Civita part and the Weyl nonmetricity part
cancel. This assumes that also the contorsion and proper
nonmetricity are invariant.
Let us also note here that

ffiffiffi
g

p
→ edζ

ffiffiffi
g

p
and Tμν →

e−ð2þdÞζTμν, so that the energy-momentum tensor with two
upper indices has the scaling dimension ΔTμν ¼ 2þ d.
Similarly, the scaling dimension of the hypermomentum
tensor must be ΔSμρσ ¼ d.
For the effective action, we find from (68) the following

change under an infinitesimal Weyl transformation:

δΓ ¼
Z

ddx
ffiffiffi
g

p 1

2
U μνðxÞδgμνðxÞ

¼
Z

ddx
ffiffiffi
g

p
U μ

μðxÞδζðxÞ: ð80Þ

For a generic quantum field theory, U μ
μðxÞ is nonvanish-

ing, and the effective action is not invariant under Weyl
transformations. An exception is a scale-invariant theory at
a renormalization group fixed point where U μ

μðxÞ ¼ 0.
(Even then there are corrections to the right-hand side in
curved space due to the conformal anomaly.)
It is interesting to note that a symmetry under dilatations

implies U μ
μðxÞ ¼ 0 and not directly a vanishing trace of

the energy-momentum tensor Tμ
μðxÞ ¼ 0. The latter con-

dition would be implied by a symmetry of the theory under
the larger group of conformal transformations (again up to
anomalous corrections arising in curved space).
Assume now that we consider a theory that is invari-

ant under scaling transformations, so that U μ
μðxÞ ¼ 0.

Equation (75) implies then

Tμ
μ −

d
2
∇μWμ ¼ 0: ð81Þ

In this context, Vμ ¼ − d
2
Wμ is known as the virial current

[78]. It was shown in Ref. [79] that under the condition that
the virial current is itself a divergence, Vμ ¼ ∇ρσ

ρμ, one
can actually define an “improved” energy-momentum
tensor which is then traceless. In practice, this improvement
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can be done by changing the way the theory couples to
space-time curvature, more specifically the Ricci scalar and
Ricci tensor. In fact, it has been shown [80] that if the
theory has a conformal symmetry in flat space one can
couple it to the Ricci tensor in such as way that the energy-
momentum tensor following through Eq. (35) is in fact the
“improved” energy-momentum tensor. Assuming now that
our theory is conformal and that this kind of improvement
has been done implies that the energy-momentum tensor
is traceless (in flat space), and from (81), it follows that in
this case

∇μWμ ¼ 0: ð82Þ

To summarize, the (intrinsic) dilatation or Weyl current
Wμ is, in general, not conserved and fulfills the divergence-
type relation (75). Because the right-hand side is known
(or calculable), one should understand Wμ as a noncon-
served Noether current. For a scale-invariant system, the
divergence-type relation simplifies to (81). Finally, for
conformal systems, one has an actual conservation law
for the Weyl current (82). One should mention here,
however, that oftentimes for a conformal field theory the
Weyl current actually simply vanishes, Wμ ¼ 0.
Finally, let us mention that the conservation law asso-

ciated to full dilatation symmetry in Minkowski space (for a
review, see Ref. [81]) has an additional part due to the
scaling of coordinates. It can be written as

JμD ¼ xνTμν −
d
2
Wμ; ð83Þ

and is indeed conserved when Eq. (81) is fulfilled.

F. Local Lorentz transformations

As a next step, we want to investigate local changes of
frame that leave the space-time metric invariant. One can
also understand them as a local version of Lorentz trans-
formations. Mathematically, these transformations corre-
spond to changes of basis in the frame bundle restricted to
orthonormal frames.
Let us note that parts of the material in this subsection—

the tetrad formalism for Riemannian geometry—is well
known and can be found in textbooks [71,73,74,82]. We
cover it here mainly to introduce our notation. The
generalization to situations with nonvanishing nonmetricity
is less studied.
Orthonormal frames are anyway needed to describe

fermionic fields because the standard version of the
Clifford algebra uses them. (For an alternative approach,
see Ref. [83] and references therein.) A choice of frame is
usually parametrized in terms of the tetrad field, through a
formalism we recall below. The tetrad can be defined
formally as a Lorentz vector valued one-form Vμ

AðxÞdxμ.
The latin index A is here a Lorentz index (in a sense to be

made more precise below), while the greek index μ is a
standard coordinate index. The tetrad parametrizes the
change of basis in the frame bundle, and its associate
bundle, from the holonomic or coordinate frame to an
orthonormal frame. More precisely, θAðxÞ ¼ Vμ

AðxÞdxμ
could be seen as a new basis for one-forms, out of which
any one-form can be composed, ωðxÞ ¼ ωAðxÞθAðxÞ.
We also introduce the inverse tetrad Vμ

AðxÞ such that Vv
A

Vμ
AðxÞVν

AðxÞ ¼ δμ
ν; Vμ

AðxÞVμ
BðxÞ ¼ δAB: ð84Þ

The inverse tetrad can be seen as constituting a new basis
for vectors, vAðxÞ ¼ Vμ

AðxÞ∂μ, such that any vector field
can be written locally as UðxÞ ¼ UAðxÞvAðxÞ.3 The dual
basis for one-forms is precisely θAðxÞ. With Minkowski
metric ηAB ¼ diagð−1;þ1;þ1;þ1Þ, one can write the
coordinate metric gμνðxÞ as

gμνðxÞ ¼ ηABVμ
AðxÞVν

BðxÞ: ð85Þ

Under a coordinate transformation or diffeomorphism
xμ → x0μðxÞ on the coordinate side, the tetrad transforms
like a one-form,

Vμ
AðxÞ → V 0

μ
Aðx0Þ ¼ ∂xν

∂x0μ Vν
AðxÞ: ð86Þ

Changing afterwards the label or integration variable from
x0μ back to xμ gives the transformation rule

Vμ
AðxÞ → V 0

μ
AðxÞ ¼ ∂xν

∂x0μ Vν
AðxÞ − ½V 0

μ
Aðx0Þ − V 0

μ
AðxÞ�:

ð87Þ

For an infinitesimal transformation x0μ ¼ x0μ − εμðxÞ, this
reads

Vμ
AðxÞ → Vμ

AðxÞ þ ενðxÞ∂νvðxÞ þ ð∂με
ρðxÞÞVρ

AðxÞ
¼ Vμ

AðxÞ þ LεVμ
AðxÞ: ð88Þ

We are using here again the Lie derivative Lε in the
direction εμðxÞ.
From (85) and (41), one finds that under a Weyl

transformation one has

Vμ
AðxÞ → eζðxÞVμ

AðxÞ; ð89Þ

so that the tetrad has the scaling dimension ΔV ¼ −1.
(Obviously the inverse tetrad has the opposite scaling
dimension.)

3We are following here the conventions of Ref. [82]. Other
authors refer to Vμ

AðxÞ as the tetrad field.
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In addition to coordinate and Weyl transformations, one
may also consider local Lorentz transformations or changes
of the orthonormal frame acting on the tetrad according to

Vμ
AðxÞ → V 0

μ
AðxÞ ¼ ΛA

BðxÞVμ
BðxÞ; ð90Þ

where ΛA
BðxÞ is at every point x a Lorentz transformation

matrix such that

ΛA
BðxÞΛC

DðxÞηAC ¼ ηBD: ð91Þ

In other words, at every space-time point x, the matrices
ΛA

BðxÞ are elements of the group SOð1; d − 1Þ. Note
that these local Lorentz transformations are intrinsic or
internal; i.e., they do not act on the space-time argument x
of a field as a conventional Lorentz transformation would
do. In infinitesimal form, the local Lorentz transformation
(90) reads

Vμ
AðxÞ → V 0

μ
AðxÞ ¼ Vμ

AðxÞ þ dωA
BðxÞVμ

BðxÞ; ð92Þ

where dωABðxÞ ¼ −dωBAðxÞ is antisymmetric and
infinitesimal.
Coordinate vector and tensor fields can be transformed

using the tetrad and its inverse to become scalars under
general coordinate transformations, e.g.,

φBðxÞ ¼ Vμ
BðxÞφμðxÞ;

χABðxÞ ¼ Vμ
AðxÞVν

BðxÞχμνðxÞ: ð93Þ

The results are then Lorentz vectors and tensors, respec-
tively. In other words, these objects have now been fully
transformed to the orthonormal frame. At this point, it is
worth noting that an action that is stationary with respect to
coordinate tensor fields like χμνðxÞ is also stationary with
respect to the resulting Lorentz tensor field χABðxÞ.
More generally, a field Ψ might transform in some

representation R with respect to the local, internal Lorentz
transformations or changes of orthonormal frame,

ΨðxÞ → Ψ0ðxÞ ¼ LRðΛðxÞÞΨðxÞ; ð94Þ

or infinitesimally, with Lie algebra generators MAB
R ,

ΨðxÞ → Ψ0ðxÞ ¼ ΨðxÞ þ i
2
dωABðxÞMAB

R ΨðxÞ: ð95Þ

One would also like to have a covariant derivative
with respect to the local Lorentz transformations. This
leads to the spin connection. The spin covariant derivative
Dμ is defined such that for the spinor field ΨðxÞ trans-
forming under local Lorentz transformations according to
(94) one has

Vμ
AðxÞDμΨðxÞ → ΛA

BðxÞVB
μðxÞLRðΛðxÞÞDμΨðxÞ: ð96Þ

In other words, the covariant derivative of some field
transforms as before, with an additional transformation
matrix for the new index, but without any extra nonho-
mogeneous term. The full cocovariant derivative is now

Dμ ¼ ∇̄μ þΩμðxÞ: ð97Þ

Here, ∇̄μ is the cocovariant derivative as introduced in
Sec. IV B including the Weyl gauge field; the affine
connection for coordinate indices and Ωμ depend on the
Lorentz representation of the field the derivative acts on.
We also use the abbreviation DA ¼ Vμ

AðxÞDμ.
The derivative Dμ is now covariant with respect to

general coordinate transformations (diffeomorphisms),
Weyl gauge transformations, and local Lorentz transfor-
mations. To realize this, the spin connection ΩμðxÞ must
transform like a non-Abelian gauge field for local Lorentz
transformations,

ΩμðxÞ → Ω0
μðxÞ ¼ LRðΛðxÞÞΩμðxÞL−1

R ðΛðxÞÞ
− ½∂μLRðΛðxÞÞ�L−1

R ðΛðxÞÞ: ð98Þ

We also write this for an infinitesimal Lorentz trans-
formation ΛA

BðxÞ ¼ δAB þ dωA
BðxÞ as

ΩμðxÞ → Ω0
μðxÞ ¼ ΩμðxÞ þ

i
2
dωABðxÞ½MAB

R ;ΩμðxÞ�

−
i
2
MAB

R ∂μdωABðxÞ: ð99Þ

This is the transformation rule for a non-Abelian gauge
field associated to SOð1; d − 1Þ. Quite generally, one may
write the spin connection as

ΩμðxÞ ¼ ΩμABðxÞ
i
2
MAB

R ; ð100Þ

where ΩμABðxÞ is antisymmetric in the Lorentz indices A
and B and now independent of the representation R.
Sometimes it is also called spin connection. As an example,
we note here the covariant derivative of a Lorentz vector
with upper index and scaling dimension ΔA,

DμABðxÞ ¼ ∂μABðxÞ þ Ωμ
B
CðxÞACðxÞ − ΔABμðxÞABðxÞ:

ð101Þ

At present, the spin connection Ωμ
A
BðxÞ could be of a

quite general form, as long as it is antisymmetric in the
last two indices. However, in practice, it is most useful
to define the spin connection Ωμ

A
B such that the fully

covariant derivative of the tetrad vanishes up to nonme-
tricity terms,
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DμVν
A ¼ ∂μVν

A þ Ωμ
A
BVν

B − Γρ
μνVρ

A þ BμVν
A

¼ −ðB̂μ
ρ
ν þ B̂νμ

ρ − B̂ρ
μν þ Bνδ

ρ
μ − BρgμνÞVρ

A:

ð102Þ

Note that the terms involving nonmetricity arrange such
that only the Levi-Civita and torsion parts of Γρ

μν enter,
while the nonmetricity terms actually cancel. In the absence
of nonmetricity, Eq. (102) is known as the “tetrad postu-
late” and leads to a consistent formalism where derivatives
of coordinate and Lorentz tensors are compatible.
Equation (102) implies, for example, for some vector

field UA with conformal weight ΔUA ¼ ΔUμ − 1,

Vμ
ADρUA ¼ ∇̄ρUμ − ðDρ

μ
σ − Bρδ

μ
σÞTσ

¼ ∇ρUμ þ Cρ
μ
σU

σ − ΔUABρUμ: ð103Þ

This extends similarly for other Lorentz tensor fields. In
this sense, the covariant derivative Dμ acting on ortho-
normal frame tensor indices contains effectively a con-
torsion term and the Weyl gauge field but not the proper
nonmetricity term.
One may solve Eq. (102) for the spin connection,

leading to

Ωμ
A
B ¼ −ð∂μVν

AÞVν
B þ ðΓμ

ρ
ν −Dμ

ρ
νÞVρ

AVν
B

¼ −ð∇μVν
A − Cμ

ρ
νVρ

AÞVν
B: ð104Þ

Again, one observes that the nonmetricity components
of the affine connection cancel but contorsion remains.
One can show that ΩμAB defined by Eq. (104) is indeed
antisymmetric.
With this construction, the present formalism allows one

to embed fermionic fields into space-times with nonvanish-
ing torsion, Weyl gauge field, and proper nonmetricity.
Finally, we note a useful identity for the variation of the

spin connection that can be easily derived from (104),

δΩμ
A
BðxÞ ¼ −½DμδVν

A þ ðDμ
ρ
ν − Bμδ

ρ
νÞ�Vν

B

þ δðΓμ
ρ
ν −Dμ

ρ
νÞVρ

AVν
B

¼ −½∇μδVν
A − Cμ

ρ
νδVρ

A þ Ωμ
A
CδVν

C�Vν
B

þ δ

��
ρ

μσ

�
þ Cμ

ρ
σ

�
Vρ

AVν
B: ð105Þ

We use here the fully covariant derivative Dμ, taking into
account (89), and the variation of the affine connection as
specified in (60) (with nonmetricity canceling). Note that
in contrast to the spin connection itself, which is a gauge
field, its variation transforms simply as a tensor with one
upper and one lower index under local Lorentz transforma-
tions. Under coordinate transformations, both Ωμ

A
BðxÞ and

δΩμ
A
BðxÞ transform as one-forms.

G. Conservation laws in the tetrad formalism

Let us now investigate what kinds of conservation-
type relations we can obtain from the effective action
Γ½ϕ; V;Ω; D�. We take the latter to depend on matter fields
ϕðxÞ which can be taken to be local Lorentz vectors,
tensors, and spinors. In addition, the action depends on the
tetrad field Vμ

AðxÞ which also replaces the metric every-
where. All derivatives of fields are assumed to be Lorentz-
covariant derivatives DA which depend on the spin
connection Ωμ

AB.
Because of relation (104), or (105), the spin connection

can be varied independent of the tetrad and the Weyl gauge
field only through a variation of contorsion. Even at
vanishing physical torsion and contorsion, it is useful to
consider a variation with respect to it. This is similar to
varying the metric as done in Sec. IVA even though the
latter is subsequently fixed, for example, to describe
Minkowski space.
For stationary matter fields δΓ=δϕ ¼ 0, the variation of

the effective action is

δΓ ¼
Z

ddx
ffiffiffi
g

p �
T μ

AðxÞδVμ
AðxÞ − 1

2
SμABðxÞδΩμ

A
BðxÞ

−
�
1

2
Qμ

ρ
σðxÞ þ d

2
WμðxÞδρσ

�
δDμ

ρ
σðxÞ

�
: ð106Þ

The field T μ
AðxÞ is defined through a variation with

respect to the tetrad at a fixed spin connection and fixed
Dμ

ρ
σ. We argue below that it is actually the canonical

energy-momentum tensor. The variation with respect to the
spin connection at a fixed tetrad defines the spin cur-
rent SμABðxÞ.
Finally, the variation with respect to the proper non-

metricity and Weyl gauge field at a fixed tetrad and spin
connection leads again to the shear current and Weyl
current, respectively. All four fields T μ

AðxÞ, SμABðxÞ,
Qμ

ρ
σðxÞ, and WμðxÞ transform under coordinate trans-

formations and local Lorentz transformations as indicated
by their indices. The reason is that the variations δVμ

AðxÞ,
δΩμ

ABðxÞ, and δDμ
ρ
σðxÞ are all transforming as tensors in

this sense, and the variation of the action itself must be a
scalar.
We should also state here that a full variation of the

effective action with respect to the tetrad, with the
spin connection taken to obey relation (104), leads to
the energy-momentum tensor as a mixed coordinate and
Lorentz tensor,

δΓ ¼
Z

ddx
ffiffiffi
g

p �
Tμ

AðxÞδVμ
AðxÞ − 1

2
SμρσðxÞδCμ

ρ
σðxÞ

−
�
1

2
Qμ

ρ
σðxÞ þ d

2
WμðxÞδρσ

�
δDμ

ρ
σðxÞ

�
: ð107Þ
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Using (105), we can relate the quantities in (106) and (107)
and find

TμνðxÞ ¼ T μνðxÞ þ 1

2
∇ρ½SρμνðxÞ þ SμνρðxÞ þ SνμρðxÞ�

−
1

2
½Cρ

μ
σðxÞSρνσðxÞ − Cρ

ν
σðxÞSρμσðxÞ�: ð108Þ

One can recognize the first line as the Belinfante-Rosenfeld
form of the energy-momentum tensor with the first term
T μνðxÞ being the canonical energy-momentum tensor and
TμνðxÞ its symmetric relative. The second and third lines
give additional terms proportional to contorsion.
Note that the expression in square brackets in the first

line of (108) is antisymmetric in ρ and μ. This implies for
vanishing contorsion,

0 ¼ ∇μTμν ¼ ∇μT
μν

þ 1

4
ð∇μ∇ρ −∇ρ∇μÞ½Sρμν þ Sμνρ þ Sνμρ�

¼ ∇μT
μν þ 1

4
Rν
αμρ½Sρμα þ Sμαρ þ Sαμρ�: ð109Þ

We have replaced in (109) the commutator of covariant
derivatives in terms of the standard Riemann tensor. The
latter vanishes of course in flat space, so that both the
symmetric and the canonical energy-momentum tensors are
conserved there. However, more generally, the canonical
energy-momentum tensor is conserved only up to a
curvature term [and a term involving the distortion tensor
if the latter is nonvanishing, see Eq. (79)].
In summary, the canonical energy-momentum tensor

follows from a variation of the action with respect to the
tetrad at fixed spin connection, while the symmetric
energy-momentum tensor follows from a related variation
but at contorsion kept fixed.
By construction, the action is invariant under local

Lorentz transformations. We consider now such a trans-
formation in infinitesimal form. The matter fields are still
assumed to be stationary, δΓ=δϕ ¼ 0, so that it suffices to
consider the variations of the tetrad and spin connection,

δΓ ¼
Z

ddx
ffiffiffi
g

p �
T μ

AðxÞδVμ
AðxÞ − 1

2
SμABðxÞδΩμ

A
BðxÞ

�

¼
Z

ddx
ffiffiffi
g

p �
T μ

AðxÞδωA
BðxÞVμ

BðxÞ

−
1

2
SμABðxÞ½δωA

CðxÞΩμ
C
BðxÞ

−Ωμ
A
CðxÞδωC

BðxÞ − ∂μδω
A
BðxÞ�

�
: ð110Þ

Using partial integration at vanishing nonmetricity, one can
rewrite this as

δΓ ¼
Z

ddx
ffiffiffi
g

p
δωABðxÞ

�
T BAðxÞ − 1

2
½∇μSμABðxÞ

þΩμ
A
CðxÞSμCBðxÞ þ Ωμ

B
CðxÞSμACðxÞ�

�
: ð111Þ

For this to vanish for arbitrary δωABðxÞ, the expression in
square brackets must be symmetric. Because SμAB ¼ −SμBA
is antisymmetric, we find for the divergence of the spin
current

∇μSμAB þ Ωμ
A
CS

μCB þ Ωμ
B
CS

μAC ¼ T BA −T AB: ð112Þ

This is the conservation-type relation we were looking for.
We argue that the spin current SμρσðxÞ should be seen as a
nonconserved Noether current associated to an extended
symmetry. The transformation in Eq. (110) is not a full
symmetry in the sense of Sec. II because a global trans-
formation with Dμδω

A
BðxÞ ¼ 0 does not make the action

stationary as long as T ABðxÞ ≠ T BAðxÞ. Nevertheless,
Eq. (112) is still a very useful identity as long as the
right-hand side is known. This is indeed the case, because it
follows from a variation of the quantum effective action
according to Eq. (106).
We emphasize again that the spin current is, in general,

not conserved. What needs to be conserved as a conse-
quence of full Lorentz symmetry in Minkowski space (also
including a coordinate transformation) is the sum of spin
current and orbital angular momentum current,

M μABðxÞ ¼ xAðxÞT μBðxÞ − xBðxÞT μAðxÞ þ SμABðxÞ:
ð113Þ

We assume here DμxAðxÞ ¼ Vμ
AðxÞ [which essentially

defines what is meant by xAðxÞ in non-Cartesian coordi-
nates], and one has indeed DμM

μABðxÞ ¼ 0 as a conse-
quence of (112) and the conservation law DμT

μAðxÞ ¼ 0.

H. General linear frame change transformations

Mathematically, the frame bundle allows for changes of
basis transformation that are more general than the restric-
tion to orthonormal frames we discussed above. The full
group of local transformations is the general linear group
GLðdÞ, which contains SOð1; d − 1Þ as a subgroup but
encompasses also dilatations and shear transformations.
We consider the general linear group as an extension of

the Lorentz group. Accordingly, we introduce in addition to
the generators MAB for infinitesimal Lorentz transforma-
tions also generators SAB for shear transformations and D
for dilatations. Note that we are using indices A and B as for
an orthonormal frame to label the generators.
The generators for shear transformations are symmetric,

SAB ¼ SBA, and traceless, SABηAB ¼ 0. For d space-time
dimensions, one has dðd − 1Þ=2 generators MAB, dðdþ
1Þ=2 − 1 generators SAB, and 1 generator D. Indeed, these
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make up the d2 generators of the general linear group
GLðdÞ. Without the generator for dilatations D, the gen-
erators MAB together with SAB generate the Lie algebra of
the special linear group SLðdÞ. The fundamental represen-
tation and the Lie brackets are recalled in the Appendix.
The generators of Lorentz transformation MAB and of

dilatations D each generate subgroups, while the SAB alone
do not. The center of the Lie algebra is generated by D.
It is sometimes convenient to split GLðdÞ into to the
Abelian subgroup of dilatations and the remaining
group SLðdÞ.
Previously, we have already discussed a group of trans-

formations consisting of SOð1; d − 1Þ and the dilatations in
terms of orthonormal frames. We now extend first the
indefinite orthogonal group SOð1; d − 1Þ to the larger
group SLðdÞ and subsequently also add the dilatation part.
Similar to the discussion of orthonormal frames in

Sec. IV F, we introduce now a frame field, or soldering
form, that parametrizes the change from a coordinate basis
to a more general frame that we may call an unimodular
frame. It can be introduced as a vector valued one-form
eμaðxÞdxμ. The smaller case latin index a is now belonging
to a frame that is, in general, neither holonomic (induced by
a coordinate system) nor orthonormal. We also introduce
the inverse frame field such that

eμaðxÞeνaðxÞ ¼ δμ
ν;

eμaðxÞeμbðxÞ ¼ δab: ð114Þ

The frame field eμaðxÞ behaves with respect to coordinate
transformations very similar as the tetrad Vμ

AðxÞ, and we
do not discuss this further.
The metric gμνðxÞ in the coordinate frame is expressed

through the frame field as

gμνðxÞ ¼ ĝabðxÞeμaðxÞeνbðxÞ;
ĝabðxÞ ¼ gμνðxÞeμaðxÞeνbðxÞ: ð115Þ

Here, we introduce the metric in the unimodular frame
ĝabðxÞ. It has the property

ĝ ¼ − det ĝabðxÞ ¼ 1; ð116Þ

but can otherwise be a quite general symmetric matrix. In
this sense, Eq. (115) generalizes Eq. (85).
In order to discuss how general linear transformations act

on the frame field, let us first exclude dilatations, which
need a separate discussion because their generator is in the
center of the algebra. Excluding them means here to restrict
from GLðdÞ to SLðdÞ. Such a special linear transformation
acts on the frame field according to

eμaðxÞ → e0μ aðxÞ ¼ Ma
bðxÞeμbðxÞ; ð117Þ

where Ma
bðxÞ is at every point x a matrix with unit

determinant, MðxÞ ∈ SLðdÞ. Similarly one can transform
other vector fields and tensors with upper indices.
Covectors and tensor fields with lower indices transform
with the transpose of the inverse of MðxÞ. This makes sure
that contractions of upper and lower indices can be done
consistently.
Two remarks are in order:
(i) The unimodular metric ĝabðxÞ and its inverse ĝabðxÞ

are not invariant symbols with respect to SLðdÞ; the
transformation law is

ĝabðxÞ → ðM−1ÞcaðxÞðM−1ÞdbðxÞĝcdðxÞ: ð118Þ

(ii) In a theory with spinor fields, one would now have
to work with three different frames and correspond-
ing indices. Besides the coordinate frame and the
general frame, one also needs there an orthonormal
frame where the Clifford algebra is rooted. An exten-
sion of spinor representations from SOð1; d − 1Þ to
SLðdÞ is not easily possible. (In principle, it is
possible to define the operation of general linear
transformations on the Clifford algebra by employ-
ing a basis for the latter in terms of p-forms [84], but
that has substantial implications we do not discuss
further here.) The transition from the orthogonal
frame to the general frame is then mediated by
eBaðxÞ ¼ eμaðxÞVμ

BðxÞ. We largely avoid this tech-
nical complication here and assume similar as in
Sec. IVA that all fermionic fields have been inte-
grated out, already. We are then left with fields of
integer spin that can be organized into scalar, vector,
and tensor representations under Lorentz transfor-
mations. These representations can be extended to
general linear transformations in a rather direct way.

Weyl gauge transformations of frame field.—Under a
Weyl gauge transformation, the frame field must transform
analogously to the tetrad [see Eq. (89)],

eμaðxÞ → eζðxÞeμaðxÞ: ð119Þ

Combining this with the SLðdÞ transformation in (117)
leads to the general linear group GLðdÞ.
Representations.—We consider now fields ϕ in some

representation R of these generators, so that an infinitesi-
mal transformation reads

ϕðxÞ → ϕ0ðxÞ ¼ ϕðxÞ þ i
2
dωABðxÞMAB

R ϕðxÞ

þ i
2
dζABðxÞSABR ϕðxÞ þ idζðxÞDRϕðxÞ: ð120Þ

As an example, a vector field φaðxÞ is in the fundamental
representation with respect to Lorentz and shear trans-
formations and would transform for dζ ¼ 0 according to
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ψaðxÞ→ ψ 0aðxÞ ¼ ψaðxÞþdωa
bðxÞψbðxÞþdζabðxÞψbðxÞ:

ð121Þ

We use here dωa
bðxÞ ¼ dωA

BðxÞeAaðxÞeBbðxÞ, etc. Note
that Lorentz boosts parametrized by dωa

bðxÞ and shear
transformations parametrized by dζabðxÞ are represented in
a closely related way.
More formally, the fundamental representation has the

generators,

ðMAB
F ðxÞÞcd ¼ −i½eAcðxÞeBdðxÞ − eBcðxÞeAdðxÞ�;

ðSABF ðxÞÞcd ¼ −i½eAcðxÞeBdðxÞ þ eBcðxÞeAdðxÞ
− ð2=dÞηABδcd�: ð122Þ

Note that the generators depend here on the space-time
position x. In a similar way, one can find other tensor
representations. For example, a covector field would trans-
form as

χbðxÞ → χ0bðxÞ ¼ χbðxÞ − dωa
bðxÞχaðxÞ − dζabðxÞχaðxÞ:

ð123Þ
A general ðn;mÞ-tensor representation of SLðdÞ changes
under a finite group transformation as

ϕa1���an
b1���bmðxÞ → Ma1

c1ðxÞ � � �Man
cnðxÞðM−1Þd1b1ðxÞ � � �

ðM−1ÞdmbmðxÞϕ
c1���cn
d1���dmðxÞ: ð124Þ

Dilatations.—Let us now come to dilatations. Because
they are in the center of the algebra, one can assign, in
principle, an arbitrary charge to some field φðxÞ. Usually,
this is done such that a scalar field with the (momentum)
scaling dimension Δϕ would transform as in Eq. (41). In a
similar way, any ðn;mÞ-tensor field in an orthonormal
frame would transform under dilatations according to its
scaling dimension Δϕ,

ϕA1���An
B1���Bm

ðxÞ → expð−ζðxÞΔϕÞϕA1���An
B1���Bm

ðxÞ: ð125Þ

Dilatations in the unimodular frame are as in an
orthonormal frame, because the transition matrix eBaðxÞ ¼
eμaðxÞVμ

BðxÞ has the scaling dimension ΔeBa
¼ 0. This

implies, in particular, that the metric in the unimodular
frame ĝabðxÞ also has a vanishing scaling dimension, and
for a general tensor, one has

ϕa1���an
b1���bmðxÞ → expð−ζðxÞΔϕÞϕa1���an

b1���bmðxÞ: ð126Þ

Covariant derivative.—In order to make derivatives
transform in the appropriate representation of GLðdÞ, we
need to define an appropriately generalized covariant
derivative. We write the latter as

Dμ ¼ ∇̄μ þΩμðxÞ: ð127Þ

Equation (100) is now generalized to

ΩμðxÞ ¼ ΩμABðxÞ
�
i
2
MAB

R ðxÞ þ i
2
SABR ðxÞ þ i

d
ηABDR

�
:

ð128Þ

The general linear connection ΩμABðxÞ is now not anti-
symmetric as the spin connection in the last two indices
anymore but has also a symmetric and traceless contribu-
tion which determines the shear transformation sector, as
well as a trace which governs dilatations. The trace is
directly related to the Weyl gauge field by

BμðxÞ ¼
1

d
Ωμ

a
aðxÞ: ð129Þ

For tensor representations of GLðdÞ, one can directly
work with

Ωμ
a
bðxÞ ¼ ΩμABðxÞeAaðxÞeBbðxÞ; ð130Þ

so that, for example, Dμχ
a
bðxÞ ¼ ∂μχ

a
bðxÞ þΩμ

a
cðxÞ×

χcbðxÞ − Ωμ
c
bðxÞχacðxÞ − BμðxÞΔχχ

a
bðxÞ.

Gauge transformations.—The general linear connection
is now a gauge field for the group GLðdÞ. As such, it
transforms as

Ωμ
a
bðxÞ → Ω0

μ
a
bðxÞ ¼ Ma

cðxÞΩμ
c
dðxÞðM−1ÞdbðxÞ

− ½∂μMa
cðxÞ�ðM−1ÞcbðxÞ: ð131Þ

For an infinitesimal transformation, this reads

Ωμ
a
bðxÞ → Ω0

μ
a
bðxÞ

¼ Ωμ
a
bðxÞ þ dωa

cðxÞΩμ
c
bðxÞ −Ωμ

a
cðxÞdωc

bðxÞ
− ∂μdωa

bðxÞ þ dζacðxÞΩμ
c
bðxÞ

−Ωμ
a
cðxÞdζcbðxÞ − ∂μdζabðxÞ − ∂μdζðxÞδab

¼ Ωμ
a
bðxÞ −Dμðdωa

b þ dζab þ dζδabÞ: ð132Þ

Similar to the spin connection, the general linear con-
nection Ωμ

a
bðxÞ should be defined such that the fully

covariant derivative of the frame field vanishes,

Dμeνa ¼ ∂μeνa þ Ωμ
a
beν

b − Γρ
μνeρa ¼ 0: ð133Þ

Note that due to Eq. (129), this also naturally contains the
Weyl gauge field with the right prefactor.
Equation (132) has the advantage that derivatives of

tensors can be consistently evaluated in terms of the
coordinate or the general linear frame, but some care
is needed concerning the conformal scaling weight.
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For example, for a vector field in a unimodular frame Ua

with conformal scaling weight ΔU,

eρaDμUa ¼ eρa½∂μUa þ ðΩμ
a
b −Ωμ

c
cδ

a
b=dÞUb

− ðΔU=dÞΩμ
c
cU

a�
¼ ∂μUρ þ Γμ σUσ − ðΔU þ 1ÞBμUρ

¼ ∇̄μUρ; ð134Þ

where the conformal scaling weight in the coordinate frame
is ΔU þ 1 as expected.
One may solve Eq. (133) for the general linear con-

nection, leading to

Ωμ
a
b ¼ −ð∂μeνaÞeνb þ Γρ

μνeρaeνb ¼ −ð∇̄μeνaÞeνb: ð135Þ

One may check that (135) transforms also correctly,
i.e., according to (132), and that in contrast to the spin
connection (104), ΩμabðxÞ is now not antisymmetric in a
and b any more. Also, with Eq. (58), one can see that
Eq. (129) in indeed fulfilled.
An equation analogous to (105) also holds for the

variation δΩμ
a
bðxÞ,

δΩμ
a
bðxÞ ¼ −ðDμδeνaÞeνb þ δΓρ

μνeρaeνb: ð136Þ

One may use here (60) for the variation δΓρ
μν. It is important

to note here that the general linear connection (131) is
consistently defined also with nonvanishing contor-
sion Cμ

ρ
σðxÞ and nonmetricity Bμ

ρ
σðxÞ. In this sense, the

variation δΩμ
a
bðxÞ in (136) is free of algebraic constraints,

even if the frame field eνaðxÞ is kept fixed.
From Eqs. (115), (133), and (45) one finds,

Dμĝab ¼ ∂μĝab −Ωμab − Ωμba þ
2

d
Ωμ

c
cĝab ¼ −2B̂μab:

ð137Þ

The unimodular metric ĝabðxÞ is only covariantly constant
for vanishing proper nonmetricity.
Cartan’s structure equations.—For completeness, we

also note Cartan’s first structure equation for torsion,

Ta
μν ¼ ∂μeνa − ∂νeμa þ Ωμ

a
beν

b −Ων
a
beμb: ð138Þ

Using Eq. (133), one can see that this is indeed in
agreement with Eq. (50). In particular, the right-hand side
vanishes in situationswithout space-time torsion. Similarly,
Cartan’s second structure equation yields the curvature
tensor,

R̄a
bμν ¼ ∂μΩν

a
b − ∂νΩμ

a
bþΩμ

a
cΩν

c
b−Ων

a
cΩμ

c
b: ð139Þ

The Ricci scalar is given by R̄ ¼ gσνeμaeσbR̄a
bμν.

Some possible choices for the frame field.—The unim-
odular frame field eμaðxÞ can be left open, but it can also be
fixed in different ways. Two possibilities are particularly
interesting:
(1) An orthonormal frame is a special case of an

unimodular frame. This is obtained by fixing
ĝabðxÞ ¼ ηab to the Minkowski metric. The frame
field is then a tetrad field, with all the properties
discussed in Secs. IV F and IV G. Note, however,
that the connections in the orthogonal frame Ωμ

A
B

and in the unimodular frame Ωμ
a
b have been

defined differently, and they have different alge-
braic properties.

(2) One can also set eμaðxÞ ¼ δμ
a=χðxÞ. Here we have

introduced a kind of external dilaton field χðxÞ
with scaling dimension Δχ ¼ 1 such that it trans-
forms under Weyl transformations according to
χðxÞ → e−ζðxÞχðxÞ. Accordingly, the frame field
has the correct scaling dimension. For this choice,
the coordinate metric is of the form gμνðxÞ ¼
ĝμνðxÞ=χðxÞ2. Because of ĝ ¼ − det ĝabðxÞ ¼ 1,
one has gðxÞ ¼ − det gμνðxÞ ¼ χðxÞ−2d.

I. Conservation laws in a general linear frame

Let us now discuss the response of a quantum field
theory to general linear changes of frame. We again employ
the quantum effective action which depends on matter
field expectation values ϕðxÞ, the frame field eμaðxÞ, and
the general linear connection Ωμ

a
bðxÞ. In addition, it

also depends on the metric in the unimodular frame
ĝabðxÞ. Because the metric has fixed determinant, ĝ ¼
− det ĝabðxÞ ¼ 1, its variation is trace free, ĝabðxÞ×
δĝabðxÞ ¼ 0.
Because of (136) and (60), the general linear con-

nection and the frame field eμaðxÞ are only independent
when contorsion and nonmetricity are allowed to vary. We
also need to carry the metric ĝabðxÞ because it is needed
to construct the coordinate metric gμνðxÞ according to
Eq. (115). Also, ĝab and its inverse may of course appear
in the effective action.
We write the effective action as

Γ½ϕ; e;Ω; ĝ�; ð140Þ

and for stationary matter fields, it has the variation

δΓ ¼
Z

ddx
ffiffiffi
g

p �
T μ

aðxÞδeμaðxÞ −
1

2
S μ

a
bðxÞδΩμ

a
bðxÞ

þ 1

2
Û abðxÞδĝabðxÞ

�
: ð141Þ

This defines a field T μ
A which must be the canonical

energy-momentum tensor in the unimodular frame. This
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becomes clear when one compares with (106) and realizes
that ĝab could be kept fixed at the Minkowski form ηab,
such that the frame field eμa is just the tetrad.
Similarly, the field S μ

a
b must be the hypermomentum

current [45–48] introduced already in Eq. (68), now in the
unimodular frame. This is because keeping the frame
field eμa and ĝab fixed means to keep also the coordinate
metric gμν fixed, and according to (136), one has then
δΩμ

a
b ¼ δΓρ

μνeρaeνb.

Finally, Û ab must be the traceless part of the field
U μνðxÞ introduced in (68), now in the unimodular frame,

Û ab ¼ ½U μν − ð1=dÞgμνU ρ
ρ�eμaeνb: ð142Þ

This is because keeping the frame field eμa and the
connection Ωμ

a
b fixed but varying the metric ĝab is like

keeping the connection Γμ
ρ
σ fixed and varying only the

metric such that gμνδgμν ¼ 0.
If instead the variation is done such that (136) is obeyed,

we write

δΓ ¼
Z

ddx
ffiffiffi
g

p �
Tμ

AðxÞδeμaðxÞ þ
1

2
T̂abðxÞδĝabðxÞ

−
1

2
S μ

ρ
σðxÞδNμ

ρ
σðxÞ

�
: ð143Þ

Here, Tμ
a must be the symmetric energy-momentum tensor

as follows from comparison with (107) for δĝab ¼ 0.
Moreover, when keeping the frame field fixed, δeμa ¼ 0,
we can compare to (35) and find that

T̂ab ¼ ½Tμν − ð1=dÞgμνTρ
ρ�eμaeνb ð144Þ

must be the trace-free part of the symmetric energy-
momentum tensor in the unimodular frame.
By using (136) and (33) together with the variation in

(141) and comparing to (143), we find the following relation:

Tμν ¼ T μν þ 1

4
∇ρ½S ρμν þS μνρ

−S μρν −S ρνμ þS νμρ −S νρμ�

−
1

2
½Nρ

ρ
σS

σνμ − Nρσ
νS ρσμ þ Nρ

μ
σS

ρνσ�

¼ T μν þ 1

2
∇ρ½Sρμν þ Sμνρ þ Sνμρ�

−
1

2
½Nρ

ρσS σνμ − Nρσ
νS ρσμ þ Nρ

μ
σS

ρνσ�: ð145Þ

In the second equation, we have used Eq. (70), andSρμν is the
spin current.We recognize the Belinfante-Rosenfeld relation
between the symmetric and canonical energy-momentum
tensor as seen before in Eq. (108), corrected by terms
proportional to the distortion tensor. The antisymmetric part
of (145) gives Eq. (112).

Similarly, we find using (71),

T̂μνðxÞ ¼ Û μνðxÞ þ 1

2
∇ρQρμν: ð146Þ

This is actually Eq. (76) obtained previously.
Local GLðdÞ transformations.—In a next step, let us

consider local GLðdÞ transformations. We use

δeμa ¼ ½δωa
b þ δζab þ δζδab�eμb;

δΩμ
a
b ¼ −Dμ½δωa

b þ δζab þ δζδab�;
δĝab ¼ −½δωab þ δζab þ δωba þ δζba�; ð147Þ

in Eq. (143) and find after partial integration

δΓ ¼
Z

ddx
ffiffiffi
g

p f½T b
a −

1

2
DμS

μ
a
b − Û a

b�

× ½δωa
b þ δζab þ δζδab�g: ð148Þ

This variation must vanish, so that we find the conservation-
type relation

DμS
μ
a
b ¼ 2½T b

a − Û a
b�: ð149Þ

This should be understood as the Noether relation for GLðdÞ
seen as an extended symmetry.
We note that Eq. (149) is fully covariant, both in the

sense of general coordinate changes and in the sense of
general linear changes of frame in the tangent space. One
may decompose (137) into separate relations for the spin
current, shear current, and Weyl current but must be careful
to take Eq. (137) into account.
General coordinate transformations.—It is also instruc-

tive to study general coordinate transformations (diffeo-
morphisms) directly in the general linear frame. To that
end, we start again from Eq. (143) and use

δeμa ¼ ερ∇ρeμaþð∇με
ρÞeρa ¼−ερΩρ

a
beμ

bþð∇με
ρÞeρa;

δΩμ
a
b ¼ ερ∇ρΩμ

a
bþð∇με

ρÞΩρ
a
b;

δĝab ¼ ερ∂ρĝab ¼ ερðΩρabþΩρba − 2BρabÞ: ð150Þ

The change in the action becomes accordingly

δΓ ¼
Z

ddx
ffiffiffi
g

p
ερ
�
−∇μT

μ
ρ − B̂ρ

a
bÛ a

b

− Ωρ
a
b

�
T b

a −
1

2
∇μS

μ
a
b − Û a

b
�

−
1

2
S μ

a
b½∇ρΩμ

a
b −∇μΩρ

a
b�
�
: ð151Þ

Using here (149) with

DμS
μ
a
b ¼ ∇μS

μ
a
b −Ωμ

c
aS

μ
c
b þΩμ

b
cS

μ
a
c

− dBμS
μ
a
b; ð152Þ
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allows one to derive from the fact that the variation in (151)
must vanish the modified conservation law for the canoni-
cal energy-momentum tensor,

∇μT
μ
ρ þ B̂ρ

a
bÛ a

b þ d
2
Ωρ

a
bBμS

μ
a
b ¼ 1

2
S μ

a
bR̄a

bμρ:

ð153Þ

On the right-hand side, we are using the curvature full
curvature tensor in the unimodular frame as defined in
Eq. (139). As it should be, Eq. (153) reduced to a real
conservation law in flat space and for vanishing non-
metricity and contorsion.
In summary, in the unimodular frame, one can see nicely

the full transformation group of the frame bundle GLðdÞ.
The associated (nonconserved) Noether current is the
hypermomentum current with the corresponding diver-
gence-type equation of motion given in Eq. (149).

V. EXAMPLE: SCALAR FIELD THEORY
WITH NONMINIMAL COUPLING

In this section, we discuss an example for an effective
action and the resulting construction of the different tensor
fields defined in Sec. IV B. The example is illustrative and
rather simple. We take the effective action for a single real
scalar field to be

Γ¼
Z

ddx
ffiffiffi
g

p �
−
1

2
gμν∂μφ∂νφ−UðφÞ− 1

2
ξRφ2

�
: ð154Þ

Here, UðφÞ is the effective potential, R ¼ gσν; Rσν ¼
gσνRρ

σρν the Ricci scalar, and ξ denotes its nonminimal
coupling to the scalar field φ. For clarity, let us note
that the Einstein-Hilbert action would be in our con-
ventions SEH ¼ R

ddx
ffiffiffi
g

p
R=ð16πGNÞ. From dimensional

analysis, the scaling dimension of φ follows as
Δφ ¼ ðd − 2Þ=2.
The nonminimal coupling has the value ξ ¼ ðd − 2Þ=

ð4d − 4Þ when the action (154) has a conformal symmetry.
This value can also be seen as a renormalization group
fixed point. On the other side, ξ ¼ 0 is not a renormaliza-
tion group fixed point, and thus, ξ is generated by quantum
fluctuations even if it should be absent in the microscopic
action.
Let us note that as an effective action, (154) should be

seen as an approximation. In particular, one can expect
that quantum fluctuation induces more complex kinetic
terms, higher order derivatives, and more involved
couplings to the curvature tensor, as well as nonlocal terms.
Nevertheless, we can use the model in (154) for some
illustrations.
Let us first consider (154) in the context of strictly

Riemannian geometry and determine the energy-
momentum tensor according to Eq. (35). This leads

to the so-called improved energy-momentum tensor [79],
see also [72],

Tμν ¼ ∂μφ∂νφ − gμν
�
1

2
gρσ∂ρφ∂σφþUðφÞ þ 1

2
ξRφ2

�

þ ξðRμνφ2 þ gμν∇ρ∇ρφ
2 −∇μ∇νφ2Þ: ð155Þ

Let us now extend Eq. (154) to a geometry with
general affine connection as discussed in Sec. IV B. This
amounts to taking the connection as independent of the
metric or alternatively to introduce contorsion, the Weyl
gauge field, and proper nonmetricity. The action (154)
becomes4

Γ ¼
Z

ddx
ffiffiffi
g

p �
−
1

2
gμν∇̄μφ∇̄νφ −UðφÞ − 1

2
ξR̄φ2

�
;

ð156Þ

with the cocovariant derivative acting on a scalar
field like

∇̄μφ ¼ ð∂μ − ΔφBμÞφ ¼
�
∂μ −

d − 2

2
Bμ

�
φ: ð157Þ

The Ricci scalar R̄ is given in Eq. (64) and its variation
in (66). We recall also the connection between the Weyl
gauge field and the connection in (58). Similarly one finds
from (60)

δBμ ¼
1

d

�
δΓμ

ρ
ρ −

1

2
gρσ∇μδgρσ

�
: ð158Þ

The (nonconserved) tensor U μν and the hypermomen-
tum tensor Sμρσ are defined through Eq. (68). The varia-
tion of the action with respect to the metric at fixed
connection yields (evaluated at vanishing contorsion and
nonmetricity),

U μν ¼ ∂μφ∂νφ − gμν
�
1

2
gρσ∂ρφ∂σφþ UðφÞ þ 1

2
ξRφ2

�

þ ξRμνφ2 þ d − 2

2d
gμν∇ρðφ∂ρφÞ: ð159Þ

Similarly, the variation with respect to the connection at
fixed metric yields the hypermomentum current,

S μ
ρ
σ ¼ −

d − 2

2d
δσρ∂μφ2 − ξgμσ∂ρφ

2 þ ξδμρ∂σφ2: ð160Þ

4This assumes that only quantities with a direct geometric
significance like the curvature tensor and its contractions can
appear in the effective action. More possibilities arise when
torsion and nonmetricity can couple to matter separately, and
further investigations are needed to settle when that is the case.
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The spin tensor can be obtained from this through Eq. (70),

Sμρσ ¼ 1

2
ðS μρσ −S μσρÞ ¼−ξgμσ∂ρφ2þ ξgμρ∂σφ2: ð161Þ

The shear and dilation currents follow through Eq. (71).
We find for the dilatation or Weyl current

Wμ ¼
�
ξ
2d − 2

d
−
d − 2

2d

�
∂μφ2; ð162Þ

and for the shear current

Qμρσ ¼ −ξgμσ∂ρφ2 − ξgμρ∂σφ2 þ ξ
2

d
gρσ∂μφ2: ð163Þ

We note that the dilatation current vanishes for the
conformal choice ξ ¼ ðd − 2Þ=ð4d − 4Þ. We also note that
the shear tensor is, in general, nonzero. However, it is
proportional to gradients and should therefore vanish in
many equilibrium situations.

VI. CONCLUSIONS

We have developed here a formalism to determine
expectation values as well as correlation functions of
Noether currents from the quantum effective action.
These contain immediately all contributions from quantum
fluctuations. Technically, the method works with external
gauge fields on which the quantum effective action depends
in addition to expectation values of matter fields.
The method is very versatile and can be used, in

particular, for the standard, conserved Noether currents
associated to global symmetries of the quantum effective
action. However, it can also be used for a new class of
transformations that have been called “extended sym-
metries” [9–11], under which the action is not invariant
but changes by a term that is locally known. More precisely,
this change must be proportional to a term that is actually
known at the macroscopic level of the quantum effective
action in order for the transformation to be useful.
Associated to such “extended symmetries” one finds non-
conserved “Noether currents”. Their equation of motion
has a form similar to a covariant conservation law but with a
nonvanishing and known term on the right-hand side. Note
that the situation is very similar to an anomalous symmetry,
where the violation of the conservation law is proportional
to the anomaly.
After a general discussion of this construction, we turned

to applications of these ideas in the context of space-time
geometry. First, the symmetry under general coordinate
transformations leads as usual to the covariant conservation
of the symmetric energy-momentum tensor. More interest-
ing are further transformations corresponding to changes of
basis in the frame and spin bundle. In particular, we recalled
the treatment of local internal Lorentz transformations

(including rotations and boosts), local dilatations, or
Weyl transformations and also discussed the less-known
local space-time shear transformations. The associated
currents are the spin current, the dilatation or Weyl current,
and the shear current. Together they form a rank-three
tensor known as a hypermomentum current [45–48]. The
latter can also be understood as the (nonconserved) Noether
current associated to GLðdÞ transformations in the frame
bundle. In particular, for the shear current, we derived a
new divergence-type equation of motion.
It is only under special circumstances that real con-

servation laws arise. For example, the Weyl current is
conserved in the presence of a conformal symmetry (but
then typically vanishes). Or the spin current is conserved
when the canonical energy-momentum tensor is symmetric.
(Our formalism yields an expression for the canonical
energy-momentum tensor in terms of a variation of the
effective action.) The shear current is usually not con-
served, except when it vanishes.
An interesting application of the insights gained here

might concern relativistic fluid dynamics. While the usual
formulation builds up on the covariant conservation law
for the energy-momentum tensor, additional equations of
motion are available in our formalism, and their con-
nection to the quantum effective action is now under-
stood. It is very interesting that for a given quantum
effective action the currents themselves are known, as
well as their correlation functions, at least in principle.
On the other side, the state dependence of the quantum
effective action might be carried to rather good approxi-
mation by the (fluid dynamic) degrees of freedom of the
energy-momentum tensor, by the matter field expectation
values, and additionally by the components of the
hypermomentum current. This could lead to a rather
powerful formalism for quantum field dynamics out of
equilibrium. Understanding how the components of the
hypermomentum tensor evolve might be of interest for
many situations in nonequilibrium quantum field theory,
such as in condensed matter physics, heavy ion colli-
sions, or cosmology.
We believe that, in particular, the dilatation current and

the shear current are interesting because their divergence-
type equation of motion could give the evolution equations
for the nonequilibrium degrees of freedom related to bulk
and shear viscous dissipation. Moreover, the structure of
the equations of motion is such that these equations could
actually be causal in the relativistic sense as explained in
Ref. [25]. In this regard, our equations are similar to the
equations of motion for the so-called divergence-type
theories of relativistic fluid dynamics. We plan to inves-
tigate these matters in more detail in a forthcoming
publication.
Technically, we obtain equations of motion for the

components of the hypermomentum tensor by varying
the affine connection independent of the metric, tetrad,
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or frame field. Conceptually, this amounts to varying
the non-Riemannian parts of space-time geometry, spe-
cifically contorsion, the Weyl gauge field, and proper
nonmetricity. It is important to note here that for us the
non-Riemannian geometry is a purely calculational
device. After the variations are done, we can evaluate
all expressions at vanishing contorsion and nonmetricity,
i.e., in the (pseudo)Riemannian geometry of general
relativity. However, from the point of view of theories
of modified gravity (beyond Einstein’s theory of general
relativity), our findings may also be of interest.
Specifically, it has been argued that the spin current,
dilatation current, and shear current are natural source
terms to appear in such extended theories of gravity
[44–58]. It is therefore useful to understand well under
which circumstances they are nonzero.
In the present paper, we have focused entirely on

(quantum) field theory. However, in light of our findings,
it might also be interesting to revisit actions for par-
ticles (or strings or branes) and to investigate whether and
how contributions to the shear current, Weyl current,
and spin current would arise from variations in geom-
etry there.
On the example of a scalar field theory with nonminimal

coupling to gravity, we have shown that all components
of the hypermomentum tensor can be nonvanishing.
However, they are proportional to gradients and might
therefore vanish in many equilibrium situations. We believe
that quantum fluctuations indeed induce typically a non-
vanishing shear and dilatation current in nonequilibrium
situations.
The influence of quantum and statistical fluctuations on

the nonequilibrium currents can be investigated further, for
example, with the functional renormalization group [4–7],
and we plan to do so.
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APPENDIX: LIE ALGEBRA OF GL(d)

The Lie algebra of the general linear group GL(d) can be
decomposed into different sectors. In the fundamental repre-
sentation, one may work with ðMABÞCD ¼ −iðηACδBD −
ηBCδADÞ for the generators of Lorentz transformations,
DA

B¼−iδAB for thegenerator of dilatations, and ðSABÞCD ¼
−iðηACδBD þ ηBCδAD − ð2=dÞηABδCDÞ for the generators of
shear transformations.
The Lie brackets are then

½MAB;MCD� ¼ −iðηBCMAD − ηACMBD

þ ηBDMCA − ηADMCBÞ; ðA1Þ

½MAB; SCD� ¼ −iðηBCSAD − ηACSBD

þ ηBDSCA − ηADSCBÞ; ðA2Þ

½SAB; SCD� ¼ −iðηBCMAD þ ηACMBD

− ηBDMCA − ηADMCBÞ; ðA3Þ

½MAB;D� ¼ ½SAB;D� ¼ ½D;D� ¼ 0: ðA4Þ

One observes that Lorentz transformations and dilations
form subgroups, while shear transformations do not.
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