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The famous two-fluid model of finite-temperature superfluids has been recently extended to describe
the mixed classical-superfluid dynamics of the newly discovered supersolid phase of matter. We show
that for rigidly rotating supersolids one can derive a more appropriate single-fluid model, in which the
seemingly classical and superfluid contributions to the motion emerge from a spatially varying phase of
the global wave function. That allows one to design experimental protocols to excite and detect the
peculiar rotation dynamics of annular supersolids, including partially quantized supercurrents, in which
each atom brings less than ℏ units of angular momentum. Our results are valid for a more general class
of density-modulated superfluids.
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Introduction—When the global gauge symmetry and
translational symmetry are both spontaneously broken,
the supersolid phase emerges, featuring a crystalline struc-
ture coexisting with superfluidity [1–3]. After the original
attempts in solid helium [4], supersolids have been observed
in quantum gas platforms such as Bose-Einstein conden-
sates in cavities [5], with spin-orbit coupling [6,7] and
with dipolar interactions [8–11]. Fundamental properties
assessed in these supersolid quantum gases could also play a
role in more complicated condensed matter systems
[12–18]. The competition between superfluid flow and
crystal rigidity requests modifications to the standard
paradigm of superfluidity, some of which could be
addressed in the inhomogeneous trapped systems available
so far [19–21]. However, persistent currents in an annular
geometry [22,23], one of the most intriguing phenomena
related to superfluidity, are still experimentally unexplored.
In superfluids, the hallmark of persistent currents is the
quantization of the angular momentum per particle,
L=N ¼ wℏ, with w an integer [24]. The quantization arises
from the single-valuedness of the macroscopic wave func-
tion, whose phase wraps linearly along the annulus,
accumulating w2π radians per turn. In contrast, supersolids
host persistent currents with a reduced angular momentum
per particle [25], L=N ¼ wfsℏ < wℏ, with fs the super-
fluid fraction of the supersolid [3]. The phase wrapping
along the ring still determines the quantization rule, but it
coexists with a classical angular momentum sustained by

the crystalline lattice. Partially quantized supercurrents pose
new conceptual and experimental challenges. On the
experimental side, usual measurements of annular super-
currents extract the winding number w [26–28], which is not
enough to demonstrate the partial quantization. On the
conceptual side, the standard interpretation of the phenome-
non is with a two-fluid model [25], where the supersolid
consists of Nfs particles in a fully superfluid phase, and
Nð1 − fsÞ particles behaving as a classical solid [29–31].
This mirrors the Landau two-fluid theory for a superfluid at
finite temperature [32]. However, one notes that supersolids
have a subunity superfluid fraction even at T ¼ 0 [20];
hence the normal component is not related to a thermal
population, but rather to a “crystalline component,” which
emerges from the same mean-field macroscopic wave
function. Separating the system into two fluids with
opposite behavior is therefore in contrast with the very
nature of supersolids.
Here we solve this seeming contradiction, showing how

rotating annular supersolids can be described with a single-
fluid model, based on the continuity equation, in which the
space-dependent phase profile of the unique wave function
dictates the properties of the currents. We derive an
analytical expression for the microscopic phase field, which
allows us to design phase imprinting protocols to impose
the desired velocity field into the supersolid ground state.
We then introduce an innovative method to measure the
angular momentum, designed to be sensitive to the partial
quantization rule. We perform numerical simulations to
benchmark these techniques in experimentally relevant
conditions for the case of dipolar supersolids. Our model*Contact author: giulio.biagioni@institutoptique.fr
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also applies to standard superfluids in which an external
potential imposes a density modulation. We finally show
that the standard two-fluid description emerges from our
more fundamental single-fluid model in the proper limit,
losing however the information on the phase.
Single-fluid model—We consider a superfluid of N

particles with mass m, confined in a ring of radius R
and thickness δ ≪ R so that the system can be considered
one-dimensional. To account for a periodic modulation of
the wave function, we introduce the superfluid fraction
0 ≤ fs ≤ 1, distinguishing supersolids from homogeneous
superfluids (fs ¼ 1) and crystals of independent droplets
(fs ¼ 0). It is directly connected to the depth of the density
modulation by the upper bound derived by Leggett [3],
which becomes equality in 1D systems [33]:

fs ¼
�
1

d

Z
unit cell

dx
ρðxÞ=ρ̄

�
−1
; ð1Þ

with d the lattice constant, ρðxÞ the number density,
ρ̄ ¼ N=2πR the average density, and x∈ ½0; 2πR� the
position along the 1D ring.
Our starting point is a single-component supersolid

described by the density ρðx; tÞ ¼ jψðx; tÞj2, periodic in
space, and velocity vðx; tÞ ¼ ðℏ=mÞ∇ϕðx; tÞ, where ψ is
the complex many-body wave function and ϕ its phase.
We consider rigid rotations at a constant velocity V ¼ ΩR,
with Ω the angular velocity, so that the density satisfies
ρðx; tÞ ¼ ρðx − VtÞ. In this case, the continuity equation
∂tρþ ∂xðρvÞ ¼ 0 [31] becomes V∂xρ ¼ ∂xðρvÞ, with vðxÞ
the microscopic velocity field. By integration, we obtain

vwðxÞ ¼ V½1 − kw=ρðxÞ�; ð2Þ

where kw is an integration constant fixed by the irrotational
condition

H
vwdx ¼ wh=m, and w represents the winding

number of the current [i.e., the phase accumulates a jump
Δϕ ¼ ϕð2πRÞ − ϕð0Þ ¼ w2π] and h the Planck constant.
We get kwðΩÞ ¼ ρ̄fsð1 − 2wΩc=ΩÞ, where we have
defined Ωc ¼ ℏ=2mR2. The superfluid fraction fs coin-
cides with the Leggett result in Eq. (1). A similar derivation
of Eq. (1) for w ¼ 0 can be found in [34].
In the classical and superfluid limit (fs ¼ 0 or fs ¼ 1

respectively), all the atoms rotate with the same velocity.
In the classical case, v ¼ V, while for the superfluid
the velocity is quantized, vw ¼ wℏ=mR. In the supersolid
phase, 0 < fs < 1, the velocity field is instead space
dependent, as reported in Fig. 1. Interestingly, even in
the lowest manifold (w ¼ 0), the velocity v0ðxÞ ¼ V½1 −
fsρ̄=ρðxÞ� is different from zero; see Fig. 1(a). The irrota-
tional condition is satisfied thanks to two counterpropagat-
ing terms: the atoms in the density maxima (v=V > 0)
move in the opposite direction from the superfluid back-
ground (v=V < 0). When the rotation is imparted by an

external potential rotating at V, this can be seen as the
density maxima being dragged by the external potential.
From the more general Eq. (2), we derive the angular

momentum of the supersolid also for w > 0:

L ¼ Icð1 − fsÞΩþ Nwfsℏ; ð3Þ

as well as its kinetic energy, Ew ¼ R
dxρv2w=2,

Ew ¼ ðL − NwfsℏÞ2
2Icð1 − fsÞ

þ ðfsNwℏÞ2
2fsIc

; ð4Þ

with Ic ¼ NmR2 the classical moment of inertia. These
results coincide with the two-fluid model in [25] and
contain indeed a classical contribution Lc ¼ Icð1 − fsÞΩ,
increasing linearly with Ω, and a superfluid contribution
Ls ¼ Nwfsℏ, quantized in units of fsℏ.
Depending on the value of L, the rotational states

with minimum energy belong to different manifolds. In
Fig. 1(c), we plot E0 and E1 for different fs, highlighting
the local energy minima of E1. These are persistent current
states, protected from decaying into L ¼ 0 by an energy

(a)

(b)

(c)

FIG. 1. Single fluid model. Microscopic velocity field (blue)
and corresponding phase profile (magenta) for a rotating super-
solid with fs ≈ 50% in the classical manifold with zero circu-
lation quanta (a), w ¼ 0, and with one circulation quantum (b),
w ¼ 1. The supersolid density is plotted in gray. The horizontal
axis is in units of the lattice period d. In this plot Ω=Ωc ≈ 1.3.
(c) Energy in the lab frame E0 (dashed) and E1 (dashed-dotted)
versus the angular momentum L, for three different values of fs.
Thick lines indicate minimum energy states for a given L. EV ¼
ðNℏÞ2=2Ic is the vortex energy (≈3 μK × kB with our parame-
ters). The stars indicate the local energy minima, corresponding
to persistent currents.
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barrier Eb. In the minima, ∂LE ¼ Ω ¼ 0; thus the overall
density does not move and the angular momentum is fully
superfluid, L ¼ Ls. The barrier protecting the persistent
current is formed by states with an additional classical
component, causing the density to rotate in the opposite
direction of the superfluid current [i.e., with Ω < 0 in
Eq. (3)]. These states have a smaller total L than the
persistent current, but a higher energy. The energy barrier
reads as Eb ¼ ½ðNℏÞ2=ð8IcÞ�½ð1 − 2fsÞ2=ð1 − fsÞ� ≈
1 μK × kB for fs ¼ 0.8 with our parameters [gray line in
Fig. 1(c)]. It disappears when fs → 0.5 and the local
minimum of E1 lies on the E0 curve (green line).
When fs < 0.5, the persistent current always has higher
energy than the corresponding classical state with the
same L (red line).
To establish a connection with the two-fluid model, we

average the microscopic current density jðxÞ ¼ ρðxÞvðxÞ
over many unit cells, jcg ¼

R
jðxÞdx=ð2πRÞ. This operation

corresponds to a coarse-grained description of the macro-
scopic current state. We get jcg ¼ ρcvc þ ρsvs, where we
have defined the crystal density ρc ¼ ð1 − fsÞρ̄ and veloc-
ity vc ¼ ΩR, and the superfluid density ρs ¼ fsρ and
velocity vs ¼ nℏ=mR. The current jcg is the same as for
a superfluid at temperature T > 0, once we replace the
crystal with the thermal density [22].
In this thermal case, the angular momentum also takes

the same form as Eq. (3), since the thermal component
behaves classically. There is however a crucial difference
between our model and the thermal two-fluid model. While
in the latter the classical component is thermal and has no
phase coherence, in our model the classical component is
instead part of the same quantum many-body ground state.
As such, we can derive a unique phase profile describing
both the classical and superfluid motion, which would
be impossible instead in the thermal case. The phase
corresponding to a current with w circulation quanta is
ϕw ¼ ðm=ℏÞ R vwðxÞdx, giving

ϕwðx;ΩÞ ¼
mΩR
ℏ

�
x −

Z
x

0

ρ̄fsð1 − 2wΩc=ΩÞdx0
ρðx0Þ

�
; ð5Þ

which we plot in Fig. 1 together with the velocity field in
Eq. (2), for a given fs.
Phase imprinting protocol—We now show how to rotate

supersolids in annular potentials. A common way to inject
angular momentum is to bring the system into equilibrium
with a rotating container, as in the “rotating bucket”
experiment of superfluid helium [35]. The analog for
quantum gases consists of rotating the harmonic trap [36],
stirring the superfluid with a laser [37] or, as recently
developed for dipolar systems, with a rotating magnetic
field [38]. It is natural in this case to look at the angular
momentum acquired versus the angular velocity Ω of the
container. The knowledge of the phase profile in Eq. (5),
instead, allows us to phase imprint the desired angular

momentum to the supersolid ground state, through the
application of a potential VPIðxÞ ¼ ℏϕwðx;ΩÞ=τ for a small
time τ. Experimentally, VPIðxÞ can be an optical potential
engineered with a spatial light modulator. Phase imprinting
techniques were employed in dipolar supersolids to excite
Josephson oscillations [20], in bosonic [39] and fermionic
[28] superfluids to excite persistent currents in ring
geometries, as well as in driven quantum gases with
supersolid-like properties [40]. We start by simulating
the ground state of N ¼ 5 × 104 atoms of 162Dy in a ring
trap with radius R ¼ 5 μm, solving the Gross-Pitaevskii
equation (GPE); see the Supplemental Material [41].
Figure 2(a) displays an example of a supersolid ground
state, which we employ to compute VPIðxÞ from Eq. (5),
shown in Fig. 2(b). After applying the potential VPIðxÞ for
τ ≈ 100 μs, the supersolid rotates freely, and we compute
the acquired angular momentum L ¼ R

ψ�L̂ZψdXdYdZ
[44]. We repeat the phase imprinting protocol for different
superfluid fractions, angular velocities, with and without
one circulation quantum (w ¼ 0, 1). We find that the
supersolid rotates rigidly for all the phase profiles we

(a)

(d)

(b) (c)

FIG. 2. Phase imprinting of angular momentum to the super-
solid. Supersolid ground state with fs ≈ 0.5 (a) and correspond-
ing 2D potential (b) used to phase imprint a current.
(c) Supersolid density ρðx; tÞ as a function of time, with Ω=Ωc ≈
0.7 and fs ≈ 0.5, showcasing the rigid body motion of the
density. (d) Angular momentum L vs angular velocity Ω for a
rotating supersolid. The points are the results of numerical
simulations, while the straight lines represent the prediction of
the model, Eq. (3). The corresponding superfluid fractions are
indicated. Full points represent ground states in the corotating
frame, while open points are metastable states; see inset. The
points for w ¼ 1 andΩ ¼ 0, surrounded by the box, are persistent
current states corresponding to the energy minima in Fig. 1(c).
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imprint [see Fig. 2(c)], validating our initial hypothesis.
The results of the phase imprinting are shown in Fig. 2(d),
where we plot L versus Ω. The GPE simulations confirm
the predictions of the 1D model and the results of [25]. We
observe the classical angular momentum Lc ¼ ð1 − fsÞIcΩ
of the w ¼ 0 manifold separated by a “partially quantized”
jump, equal to fsNℏ, from the w ¼ 1 manifold, as
predicted by Eq. (3) (full circles). The jump happens at
Ω ¼ Ωc. These states are the absolute minima of the
corotating energy E −ΩL, as sketched in the inset in
Fig. 2, and would be populated in the hypothetical “rotating
bucket” experiment. With our protocol, instead, we can also
prepare metastable states [open circles in Fig. 2(d)],
corresponding to local minima of E −ΩL, either in the
w ¼ 0 (Ω > Ωc) or in the w ¼ 1 (Ω < Ωc) manifolds. In
particular, we can excite the persistent current states,
having w > 0, Ω ¼ 0, and L ¼ Ls ¼ Nwfsℏ [enclosed
in the rectangle in Fig. 2(d)]. Since these states are not
ground states in the rotating frame, contrary to homo-
geneous superfluids, they cannot be populated in a rotating
bucket experiment, unless following a hysteric path by
increasing and decreasing the rotational velocity [25].
Additionally, the phase imprinting protocol has the advan-
tage of leaving the density distribution almost unaffected,
contrary to the stirring techniques.
We make two experimental remarks. First, to match the

position of the supersolid clusters with the potential VPIðxÞ,
we find the ground state in the presence of a shallow
pinning potential [29]; see the Supplemental Material [41].
The same solution can be adopted in experiments. Second,
for the w ¼ 1 manifold, the imprinted phase should be
adjusted such that the 0 − 2π jump lies in one density
minimum, to avoid density excitations [39].
Measure of the angular momentum—Many protocols

have been developed to measure the angular momentum and
its quantization in rotating superfluids [26,27,36,45–47].
However, generalizing these protocols to supersolids is
challenging [30,48]; see the Supplemental Material [41].
Here we propose an innovative protocol that takes advan-
tage of the supersolid’s mixed superfluid and classical
rotational nature. We consider a supersolid with superfluid
fraction fs rotating with some initial angular momentum
Linitial ¼ Lc þ Ls; see Eq. (3). We then ramp the system to
the droplet crystal phase, where fs ¼ 0 and the angular
momentum is purely classical, Lfinal ¼ IcΩfinal. Owing to
the conservation of L, the superfluid angular momentum is
transferred to the classical component. At this point, the
rotational velocity of the isolated droplets is directly related
to the initial angular momentum throughΩfinal ¼ Linitial=Ic.
A measurement of the droplet crystal velocity through
nondestructive in situ imaging, together with the knowl-
edge of Ic, yields the angular momentum Linitial of the
initial current. Remarkably, this method is sensitive to the
partial quantization, as it gives access to the full L and not
only to the winding number w [41]. In Fig. 3, we simulate

the measurement of a persistent current with Linitial=N ¼
fsℏ, hence starting with L ¼ Ls. The persistent current
corresponds to Ω ¼ 0, so the clusters do not move.
We ramp down the scattering length as to reach the
droplet crystal phase. We plot Ls=N ¼ fsðtÞℏ and Lc=N ¼
½1 − fsðtÞ�IcΩðtÞ, with fsðtÞ and ΩðtÞ computed with
Leggett’s bound Eq. (1) and the velocity of the density
maxima, respectively. During the ramp, as fs gets lower,
the velocity of the clusters increases, reflecting the transfer
of angular momentum to the classical component. In the
limit fs → 0, reached in our simulation after t ≈ 50 ms, the
cluster’s velocity absorbs the full initial angular momentum
Linitial. A discrepancy of about 0.5% is compatible with the
residual fs at the end of the ramp. The superfluidity of the
single droplets is instead negligible for our thin ring. We
observe a weak excitation of an amplitude mode [49]
corresponding to an oscillation of the cluster’s population,
which reflects in a corresponding oscillation of fs and the
cluster’s velocity, visible in Fig. 3. Experimentally, it is
important to engineer an adiabatic ramp in the scattering
length that does not excite additional modes, but at
the same time does not require spending too much time
in the droplet crystal phase, where the lifetime is strongly
reduced [8]. Using the isotope 164Dy, which exhibits a
longer lifetime in the supersolid phase [9], could allow
for longer ramps. We note that a similar mechanism of
angular momentum transfer between classical and super-
fluid components was proposed to model glitches in
neutron stars [50].
Partially quantized currents in optical lattices—

Similarly to supersolids, superfluids subjected to optical
lattices exhibit a reduced superfluid fraction due to the
explicit breaking of the translational symmetry [34]. We
expect our microscopic model, designed for rigidly rotating
supersolids, to also be valid for an infinitely rigid lattice.
To simulate this scenario, we again consider N ¼ 5 × 104

atoms of 162Dy atoms in a ring, but this time we keep the

FIG. 3. Measure of the angular momentum of the supersolid.
Superfluid (Ls, gray) and classical (Lc, black) angular momen-
tum as a function of time during a quench to the droplet crystal
regime, fs → 0. The initial state is a persistent current with fully
superfluid angular momentum, L=Nℏ ¼ fs. After the ramp, the
angular momentum is transferred into the classical component,
measurable through the classical rotational velocity of the
droplets (inset).
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system far from the supersolid phase transition; see the
Supplemental Material [41]. The ground state density in
the ring potential is then uniform. To induce an artificially
reduced superfluid fraction, we apply a lattice potential
with eight lattice sites along the ring, emulating the
supersolids in Fig. 2. We tune the superfluid fraction fs
with the lattice depth (see the Supplemental Material
[41]). The acceleration of the external lattice naturally
constitutes an additional tool to impart classical angular
momentum, as shown in Fig. 4(b) using an exponential
ramp. To excite a generic state in the w ¼ 1 manifold,
instead, we first inject Ls through phase imprinting and
then Lc through a rotation of the lattice with the desired
velocity Ω. In Fig. 4(a), we summarize the measurements
of L as a function of the lattice final velocity Ω, for w ¼ 0
and w ¼ 1. The results agree with the 1D model and the
supersolid case, showing that similarly quantized super-
currents can also be explored in superfluids in optical
lattices. We also evaluate the phase acquired by the
superfluid during the lattice rotation for w ¼ 0, shown
in Fig. 4(c). It perfectly matches the prediction of Eq. (5),
confirming that the model correctly describes the rota-
tional states of a modulated superfluid, no matter the
origin of the modulation.

Conclusions—We have shown how a single-fluid model
correctly describes the dynamics of supersolids rotating in
an annular geometry. The knowledge of the microscopic
phase profile allows devising experimental protocols to
excite and detect persistent currents with reduced angular
momentum. Future developments in annular geometries
will address the superflow decay mechanisms beyond the
paradigm of homogeneous systems [26,28,51]. The tools
we developed will be valuable in this context, for instance,
to excite hypersonic currents or to monitor the time
evolution of the angular momentum. Extensions to two-
dimensional supersolids, where vortices have been excited
via magnetostirring [21], could further reveal the role
of partial quantization, whose experimental evidence
remains elusive [52–54]. More broadly, our results may
find application within the wider class of spatially
modulated superfluids, including annular Josephson junc-
tions [55], vortex necklaces [56], and other atomtronic
configurations [57].
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Gabbanini, R. N. Bisset, L. Santos, and G. Modugno,
Observation of a dipolar quantum gas with metastable
supersolid properties, Phys. Rev. Lett. 122, 130405 (2019).

[9] L. Chomaz, D. Petter, P. Ilzhöfer, G. Natale, A. Trautmann,
C. Politi, G. Durastante, R. M.W. van Bijnen, A.
Patscheider, M. Sohmen, M. J. Mark, and F. Ferlaino,
Long-lived and transient supersolid behaviors in dipolar
quantum gases, Phys. Rev. X 9, 021012 (2019).

[10] F. Böttcher, J.-N. Schmidt, M. Wenzel, J. Hertkorn, M. Guo,
T. Langen, and T. Pfau, Transient supersolid properties in
an array of dipolar quantum droplets, Phys. Rev. X 9,
011051 (2019).

[11] T. Bland, E. Poli, C. Politi, L. Klaus, M. A. Norcia, F.
Ferlaino, L. Santos, and R. N. Bisset, Two-dimensional
supersolid formation in dipolar condensates, Phys. Rev.
Lett. 128, 195302 (2022).
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