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1. Introduction

For several centuries now, complex analysis has been an attractive field of research.
Its richness, already in one variable, has pushed scholars to seek analogs in higher-
dimensional settings. Besides complex functions of several variables, functions of one
variable over real algebras have been extensively studied: this gave rise to a new area
of research, known as hypercomplex analysis. Some examples are: Fueter’s theory of
quaternionic regular functions [10,11,33]; the celebrated theory of monogenic functions
over Clifford algebras [2,3,24]; Gentili and Struppa’s theory of quaternionic slice-regular
functions [12,14,15]; and Colombo, Sabadini and Struppa’s theory of slice-monogenic
functions over Clifford algebras [6,7]. Hypercomplex analysis is not limited to the asso-
ciative setting: for instance, octonionic function theories have been introduced in [8,16]
and studied in subsequent works. It is also not limited to one variable, but well-developed
also in several variables, see [5,20,29] and references therein. While each of the afore-
mentioned theories has been successfully developed and usefully applied in other areas
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of mathematics and physics, hypercomplex analysis ended up fragmenting while it grew
in scope and importance. Even theories based on the same differential operator, such as
Fueter’s theory and monogenic function theory, traditionally required separate, algebra-
specific, presentations.

The purpose of this work is to reduce the fragmentation of hypercomplex analysis,
offering a unified approach at two different levels. At a first level, we unify the treatment
of function classes defined as kernels of Cauchy-Riemann operators, such as Fueter’s
theory and monogenic function theory. At a second, deeper, level, we develop a uni-
fied theory of regularity in one hypercomplex variable encompassing Fueter-regularity,
slice-regularity, monogenicity, slice-monogenicity and even examples not yet considered
in literature. Surprisingly, an example of this kind is already available in an associative
lower-dimensional algebra such as the real algebra of quaternions: it is presented and
studied in some detail in [22]. The same article announced the general definitions of the
concepts of monogenic function on a hypercompler subspace and of T-regular function,
upon which the present work is based. Independently, the work [38] (see also [37]) devel-
oped the notion of generalized partial-slice monogenic function, which is a sub-case of the
notion of Clifford-valued T-regular function on the paravector subspace. For generalized
partial-slice monogenic functions, the same authors proved a version of the Fueter-Sce
Theorem in [39].

We provide here, for T-regular functions over a general associative x-algebra A, inte-
gral and series representations, an Identity Principle and a Representation Formula valid
under specific hypotheses on the domains. Some important tools to prove these results
are the properties that monogenic functions on a hypercomplex subspace of A share with
classical Clifford monogenic functions. However, the proofs of the properties of T-regular
functions require original ideas that do not follow the lines of any previously-known func-
tion theory. As a final addition, we provide foundations for a theory of T-regular functions
in the alternative but nonassociative setting. The paper is organized as follows.

Section 2 is devoted to preliminaries. Alternative real x-algebras are covered in Sub-
section 2.1. Subsection 2.2 covers the concept of hypercomplex subspace, defined in [28].
The notions of Cauchy-Riemann operator on a hypercomplex subspace (from [28]) and
of monogenic function on a hypercomplex subspace (from [22]) are recalled in Subsec-
tion 2.3.

Section 3 studies monogenic functions on hypercomplex subspaces, in the associative
case. Subsection 3.1 presents a family of polynomial examples, which turn out to generate
all polynomial monogenic functions. Integral representations and a reproducing kernel
are provided in Subsection 3.2. Subsection 3.3 studies the reproducing kernel and es-
tablishes that monogenic functions on hypercomplex subspaces are harmonic functions.
Subsection 3.4 provides series expansions. These results resonate with classical Clifford
monogenic function theory and their proofs are postponed to the final Appendix.

Section 4 concerns T-regular functions. For each list of steps T', Subsection 4.1 recalls
the concepts of T-fan, mirror and T-torus given in [22]. The definition of T-regular
function, as well as the concepts of T-slice domain and T-symmetric set, are recalled in
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Subsection 4.2. In the associative case, Subsection 4.3 provides integral representations
of T-regular functions: a Cauchy Formula and a Mean Value Formula.

Section 5 is entirely devoted to T-regular functions over an associative algebra. For
each k € N, a finite set %, of polynomial T-regular functions is constructed in Sub-
section 5.1. The elements of % are related to the polynomial functions constructed in
Subsection 3.1 in a highly nontrivial fashion. After the construction of adapted partial
derivatives in Subsection 5.2, % is proven to generate all k-homogenous polynomial
T-regular functions in Subsection 5.3. In the same subsection, % is used to determine
for which other lists of steps T the class of f—regular functions coincides with the class
of T-regular functions.

Section 6 concerns possible symmetries in T-regular functions. The concept of T-
stem function defined in [22] is recalled in Subsection 6.1. The definitions of T-function
and strongly T-regular function are recalled and studied, in the associative case, in
Subsection 6.2. Proofs of most results therein are postponed to Section 8. Subsection 6.3
defines and studies, still in the associative case, the concept of mirror T-stem function,
which is a technical preparation for the subsequent section.

Section 7 studies T-regular functions over an associative algebra more in depth. Sub-
section 7.1 provides series expansions for any T-regular function on an open ball centered
at a point of the mirror. As a consequence, an Identity Principle for T-regular functions
on T-slice domains is established and used, in turn, to prove a Maximum Modulus Prin-
ciple. In Subsection 7.2, T-regular functions on a T-symmetric T-slice domain are proven
to be automatically strongly T-regular, with the so-called Representation Formula.

Section 8 studies the notions of T-function and of strongly T-regular function in full
generality, without assuming the algebra considered to be associative.

The final Appendix comprises the proofs of all properties of monogenic functions on
hypercomplex subspaces stated in Section 3.

2. Hypercomplex subspaces and monogenic functions

Complex and hypercomplex analysis traditionally study classes of monogenic func-
tions from C,H or O to itself, or functions from the space of paravectors R™*! to the
Clifford algebra C'¢(0,m). These setups have mostly been treated separately in literature
because of the different natures of the algebras considered. In this section, we present an
approach that allows to treat all these cases, and further cases, at once.

2.1. Alternative real x-algebras

Assumption 2.1. We assume (A, +, -,°) to be an alternative real x-algebra of finite dimen-
sion. Additionally, we endow A (whence all its real vector subspaces) with the natural
topology and differential structure as a real vector space.
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We recall that a real x-algebra of finite dimension is a finite-dimensional R-vector
space endowed with an R-bilinear multiplicative operation and with an involutive R-
linear antiautomorphism x — x¢ (called *-involution). We recall that A is alternative if,
and only if, z(zy) = 2%y, (vy)y = zy? for all x,y € A. This is automatically true if A is
associative. More details about nonassociative algebras can be found in [31].

Function theory over A has been extensively studied, especially in the following special
cases.

Examples 2.2 (Division algebras). The x-algebras of complex numbers C, quaternions H
and octonions @ can be built from the real field R by means of the so-called Cayley-
Dickson construction:

o C =R+iR, (a+if)(y+id) = ay—LBo+i(ad+57), (a+if)° = a—if VYa,B,7,6 € R.

« H=CH+jC, (a+jB)(v+jd) =ay—068+j(ad+8), (a+jB)" =a°—jB
Ya,B,v,0 € C.

o O =H+/H, (a+L€8)(y+4€5) = ay—08°+ L(ad +vp), (o +£8)° = a° — {8
Va,B,7,6 € H.

Set N* := N\ {0}. For any m € N*, let #(m) denote the power set of {1,...,m}.
Furthermore: for all K € &2(m), let |K| denote the cardinality of K.

Examples 2.3 (Clifford algebras). The Clifford algebra C¥(p, q) is the associative x-algebra
constructed by taking the real vector space R?” with m = p + ¢ and with the following
conventions:

» (ex)ke®(n) denotes the standard basis of R2"if K = {k1,..., ko) with 1 < k; <
... < ks <m, then the element ex is also denoted as ey, .. k.;

e ¢y is defined to be the neutral element and also denoted as 1;

e el:=1forallke{l,...,p}and el :=—1forallke {p+1,...,m};

o 1 <k; <...<ks<m,then the product eg, --- e, is defined to be e, . k.;

o eper, = —egep, for all distinet h, k € {1,...,m};
o e =ek if |[K|=0,3 mod 4 and e} := —ek if |[K| =1,2 mod 4.

The *-involution x — x¢ is called Clifford conjugation.

For more details on these two examples and their history, we refer the reader to [9,24].
Another example follows.

Example 2.4 (Dual quaternions). The associative x-algebra DH of dual quaternions can
be defined as H + eH, where (a+€8)(y+€d) = ay+e(ad+57) and (a+€8)¢ = a+€5°
for all a, 3 € H. In particular, e commutes with every element of DH and €2 = 0.
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On our alternative x-algebra A, we will use the notations t(x) := x4 and n(x) := xz°
for all x € A and call the elements of

Sa:={reA:t(x)=0,n(x) =1}
the imaginary units of A.
Assumption 2.5. We assume S 4 # 0.

Before proceeding to set up the domains of the A-valued functions we are going to
study, it is useful to understand conjugation, ¢t and n a bit more in detail.

Definition 2.6. A fitted basis of A is an ordered basis (wg, w1, ..., wq) of A such that
we = tw, for all s € {0,...,d}.

Remark 2.7. Every element w; of a fitted basis is an eigenvector for ¢, with eigenvalue 2
or 0. Moreover, n(ws) = Fw?.

For v,p € N, let I, denote the real v x v identity matrix and 0, , denote the real v x p
zero matrix.

Lemma 2.8. Fix m > 1. If vy, ..., v € Sa are linearly independent, then (1,v1,...,0m)
can be completed to a fitted basis of A.

Proof. Since 1¢ = 1, the element 1 € A is an eigenvector with eigenvalue 1 for the
s-involution A — A a — a° For s € {1,...,m}, the hypothesis v € Ss implies
0 = t(vs) = vs+0vS, whence v = —v;: in other words, vy is an eigenvector with eigenvalue
—1 for the x-involution. Let C denote the real matrix associated to the x-involution
A — A a+— a® with respect to a fixed basis of A. Since (a)¢ = a for all a € A, the
equality C2 = I, holds true and the complex spectrum of C? is {1}. Thus, the complex
spectrum of C' is {+1}. The generalized eigenspace relative to +1 is the eigenspace
relative to £1, i.e., Ker(C F I411), because the equality C? = I, implies (CF I441)? =
C? F2C + Iy41 = F2(C F I441). By Jordan’s Theorem, there exist p,v € N with
p>1l,v>mand p+v =d+1, as well as a basis B := (wp,ws,...,wq) of A with
wo = 1,wp = V1,...,Wprm—1 = Um, sSuch that

IP OPW
Opp —1,

is the matrix associated to the *-involution A — A, a — a® with respect to B. O

We will need to endow A with a Hilbert space structure, as follows.
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Definition 2.9. Fix an ordered real vector basis B’ = (vg,v1,...,vq) of A with vy = 1.
We denote by the symbols (-,-) = (-,-)p and ||- || = || - ||z the standard Euclidean scalar
product and norm associated to B’.

In other words, we consider the real space isomorphism

d d
Cdtl _ _
Lp R 5 4, LB/(ﬂc07...7xd)—E xsvs—g Vg Tg
s=0 s=0

and endow A with the Hilbert space structure that makes Lz a Hilbert space isomor-
phism. For future reference, we make the following remark.

Remark 2.10. There exists a (real linear) isomorphism CON : R4+ — R*+1 such that
(Lp ©CON o Ly}) (z) = a°

for all x € A. For every a € A, there exist unique (real linear) endomorphisms L., R, :
R4+ — R4*1 such that

(LB’ oL, o0 Lg,l) (z) = ax, (LB/ o0R, 0 Lg}) (z) = za

for all x € A. Moreover: L, is an isomorphism if, and only if, a is not a left zero divisor
in A; R, is an isomorphism if, and only if, a is not a right zero divisor in A.

Example 2.11 (Division algebras). Let us assume A = O (or H, or C). The standard
basis B = {1,i,5,k,¢,¢i,05, ¢k} (or B = {1,4,5,k}, or B' = {1,i}) of O (or H, or
C, respectively) is fitted. For every nonzero element a € A, the isomorphism £, is a
conformal transformation: namely, a rotation about the origin composed with a dilation
whose scaling factor is ||al|. The same is true for R,.

Example 2.12 (CY¢(0,3)). The standard basis B’ = (eg, e1, €2, 3, €12, €13, €23, €123) of the
Clifford algebra C¢(0,3) is fitted. If we set a := (1 + e123),b:= (1 — e123) in C£(0, 3),
then a? = a and ab = 0. The endomorphism £, : R® — R® has rank 4 and the direct
sum decomposition R® = £, (R¥)@Ker(L,) corresponds to the decomposition C¢(0,3) =
aC¥?(0,2) +bC£(0,2).

Example 2.13 (Dual quaternions). In DH = H + €H, by direct inspection, the standard
basis B’ = (1,1, ], k, €, €i, €], ek) is fitted. The endomorphism £, : R® — R® has rank 4.
Both the image £.(R8) and the kernel Ker(L,.) correspond to the 4-subspace ¢H of DH.

We would like the Hilbert space structure we defined on A to be as adapted to the
x-algebra structure as possible.
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Definition 2.14. Fix an ordered real vector basis B’ = (vg,v1,...,v4) of A with vy = 1.
Consider the symmetric real bilinear form [a, b] = [a,b]s := %(t (abc) 1)p. If the matrix
associated to [, ] with respect to B’ takes the form

Ip Op,v OP,C
0vp —1I, O,¢
Ocp Ocw Ocye

for some p, v, € N, then B’ is called an adapted basis of A. We call (p, v, () the signature
of B’. An adapted basis B’ with signature (d+ 1,0, 0) is called a distinguished basis of A.

Remark 2.15. Assume B’ = (v, v1,...,v4) to be an adapted basis of A with signature
(p,v,¢). Ifa= Zg:o asvg, b= ZZ:O bsvs € A, then

p—1 p+r—1 ptv—1
la,b] = Zasbs - Z asbs, (n(a),1) = [a,a] = Za - Z ai < ||aH2.
s=0 s=p s=p
In particular, [a,z] = {(a,z) and [z,z] = |z||? for all z € Span(vg,...,v,-1). The

following are equivalent:

B’ is a distinguished basis of A;

. [, -] is positive definite;

. [a,b] = (a,b) for all a,b € A;

. (n(a),1) = [a,a] = ||a||? for all a € A.

=~ w N

Examples 2.16 (Division algebras). Let A € {C,H, O}. By direct inspection, the stan-
dard basis B’ is a fitted distinguished basis of A. The functions t,n : A — A take values
in R. We have (a,1) = [a,1] = t(a), (a,b) = [a,b] = Ft(ab®) and |ja||* = [a,a] = n(a)
for all elements a,b € A.

Examples 2.17 (Clifford algebras). The standard basis B’ = (ex) ke (m) of C£(0,m) is
a fitted distinguished basis of C¢(0,m), by direct inspection.

For m < 2, we find the two division algebras C¢(0,1) ~ C and C¢(0,2) ~ H and the
considerations made in the previous examples apply.

If, instead, m > 3, for the element a = 1 + ejp3 we have a® = a,a? = 2a, whence
t(a) = 2a = 2{(a, 1) + 2e123 = 2[a, 1] + 2e123, n(a) = 2a = ||a||* + 2e123 = [a, a] + 2e123.

We now provide an example of an adapted basis that is not distinguished.
Example 2.18 (Dual quaternions). Within the x-algebra DH = H + ¢H of dual quater-

nions, we already remarked that the standard basis B’ = (1,1, j, k, €, €i, €j, €k) is fitted.
Let us prove that it is also adapted, but not distinguished.
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For a1 = p1 +€q1, a3 = pa + €q2 (with p1,p2, q1,¢2 € H) we have t(a1) = t(p1) + et(q1)
and

t(a1(az2)®) = t(p1(p2) + e(p1(q2)® + q1(p2)°)) = 2(p1,p2) + 2¢({p1, q2) + {q1,p2))
n(a1) = a1a§ = n(p1) + et(praf) = [|p1|* + 2€(p1, 1) -

Thus,

[ar,az] = (p1,p2),  (n(a1),1) = [pal* < Jlaa .

It follows at once that the matrix associated to [, -] with respect to B’ is
[ Iy 04,4]
04,4 044
and that B’ is an adapted basis with signature (4,0,4).
An adapted basis always exists, as shown in the next proposition.

Proposition 2.19. It is always possible to complete 1 to an adapted basis B of A.

Proof. Lemma 2.8 guarantees that A has a fitted basis (1, w1, ..., wq). In particular, the
hyperplane H := Span(ws, ..., wy) of A is preserved by conjugation and A decomposes
into the direct sum R & H. We can now define the real linear map Re: A — R to act as
the identity on R and to vanish identically in H. Moreover, a € H implies a® € H, whence
t(a) = a+a® € H and Re(t(a)) = 0. We can define a symmetric bilinear form % : AxA —
R by means of the formula %(a,b) := 3 Re(t(ab®)) and let (p,v,() denote the signature
of #. We remark that #(1,1) = 4 Re(t(1)) = 1 and that %(a, 1) = 3 Re(t(a)) = 0 for all
a € H. By Sylvester’s theorem, we can complete vy = 1 to a basis B’ = (v, v1,...,04)
of A, with vq,...,v9 € H, so that, for all distinct s,u € {0,1,...,d}: B(vs,v,) = 0;
Bvs,vs) =110 <s<p—1; Blus,vs) = —1if p<s<p+v—1; Bluvs,vs) =0
if p+v <s <d. Clearly, p > 1. We now endow A with the standard Euclidean scalar
product (-,-} = (-,-)p and norm || - || = || - ||g- associated to B’. The very definition of
(-,-) implies that (1,1) =1 = Re(1) and that (vs,1) = 0 = Re(vs) for all s € {1,...,d},
whence (a,1) = Re(a) for all a € A. Recalling the definition [a,b] := 3 (t(ab®), 1), we
conclude that [-,-] = %(-,-). Thus, B’ is an adapted basis with signature (p,v, (), as
desired. O

Although all standard bases in our examples are both fitted and adapted, we do not
know an a priori reason why a general x-algebra should possess a basis that is both fitted
and adapted.

The work [18] defined the quadratic cone of A as

Qa=RU{zec A\R:t(z) € R,n(z) € R,4n(x) > t(z)?}
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and proved the property

Qa={J ¢y,

JES 4

where C; := R 4+ JR for all J € S4. Since each C; is *-isomorphic to C, we can make
the following remarks for every © = o+ 8J € Q4 (with o, 5 € R, J € S4): the conjugate
x¢ = a — (J belongs to C; C Qu; t(z) = 2a € R; n(z) = n(z¢) = o? + 2 is a positive

real number; provided z # 0, the element 2 has a multiplicative inverse, namely z~! =

n(z)1z¢ = 2°n(x) "1, which still belongs to Q4. In particular, x € Q4 \ {0} is neither a
left nor a right zero divisor and the endomorphisms £,, R, defined in Remark 2.10 are
isomorphisms. Our previous assumption Sy # () guarantees that R C Q 4.

The next remark is a simple application of [21, Proposition 1.11]. We recall that the
associative nucleus of A is the real vector subspace of all elements a € A such that

a(xy) = (az)y for all z,y € A. The associative nucleus of A includes the real axis R.

Remark 2.20. Assume the trace function t : A — A to take values in the associative
nucleus of A, a fact which is always true if A is associative. Take any a,x € A. If
n(x) belongs to the commutative center of A, then n(ax) = n(a)n(z) = n(x)n(a). If
n(z¢) belongs to the commutative center of A, then n((za)¢) = n(a®z®) = n(a®)n(z) =
n(xz®)n(a®). In particular: if z € @4 (which implies n(z) = n(z°) € R), then

Examples 2.21 (Division algebras). The complex field C, the skew field H of real quater-
nions and the real algebra O of octonions are alternative real x-algebras of dimensions
2,4,8, respectively. The equalities Qc = C,Qm = H, Qo = O hold true. The sets
Sc,Su,So are, respectively, the 0,2, 6-dimensional unit spheres in the respective sub-
spaces t(x) = 0, each called the sphere of imaginary units. For all elements x, y, we have
n(xz®) = n(x) and, since ¢, n take values in R, n(zy) = n(z)n(y) = n(y)n(z) = n(yz).

Examples 2.22 (Clifford algebras). For any m € N* consider the Clifford algebra
Ct(0,m). The sets Scyo,m) and Qce(o,m) are nested proper real algebraic subsets of
C?(0,m). While Remark 2.20 holds true, if m > 4 then n(ab) does not equal n(a) n(b)
for general a,b € C¢(0,m). For instance: the elements a := (1 + e123), b := (1 + €1234)
are preserved by conjugation and have n(a) = a? = a and n(b) = b*> = b, while
n(ab) = ab(ab)® = an(b) a = aba # ab = n(a) n(b) because

4ab =

—~

1+ e123)(1 + e1234) = 1+ €4 + €123 + 1234,

4aba = (1 + eq4 + €123 + 61234)(1 + 6123)

N | =
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1
= 5(1 +es+e1o3+ 1234+ €123 — €130+ 1 —eq) =1+ eq03.

Example 2.23 (Dual quaternions). Within the associative x-algebra DH of dual quater-
nions, t(p + €q) = t(p) + €t(q) and n(p + eq) = n(p) + €t(pg©) for all p,q € H. The set
Spum = {p+e€q:p € Smu,q € Im(H), (p,q) = 0} is a 4-dimensional algebraic subset of
DH, while Qpg is a 6-dimensional semialgebraic subset of DH. By direct inspection,
n(a) = n(a) for all a € DH. Since ¢ and n take values in the commutative center R + eR
of DH, we conclude that n(ab) = n(a)n(b) = n(b)n(a) = n(ba) for all a,b € DH.

2.2. Hypercomplex subspaces

From now on, we will focus on specific subsets of the quadratic cone @ 4, constructed
in [28, §3] (cf. [19, Lemma 1.4]).

Definition 2.24. Let M be a real vector subspace of our *-algebra A. An ordered real
vector basis (vg,v1,...,vy) of M is called a hypercomplex basis of M if: m > 1; vy = 1;
vs € S4 and vsvy = —wvpw; for all distinet s,t € {1,...,m}. The subspace M is called a
hypercomplex subspace of Aif R C M C Qa.

Equivalently, a basis (1,v1,...,v0y,) is a hypercomplex basis if, and only if, t(vs) =
0,n(vs) = 1 and t(vsvf) = 0 for all distinet s,t € {1,...,m}. Here and later in the
paper, the double use of the letter ¢ as the trace function and as an index should bear no
confusion, as the trace function is always followed either by an argument or by its domain.
We remark that, for any ¢ € {1,...,m}, the shortened ordered set (vg,v1,...,v¢) is a
hypercomplex basis of its span. In the special case m = 1 the hypercomplex subspace
M is always a #-subalgebra of A, isomorphic to the complex field. When m > 2, the
hypercomplex subspace M is not, in general, a x-subalgebra of A. The next theorem was
proven partly in [28, §3], partly in [22].

Theorem 2.25. Let M be a real vector subspace of A. Then M is a hypercomplex subspace
of A if, and only if, M admits a hypercomplex basis B = (v, v1,...,0m). If this is the

case, if we complete B to a real vector basis B’ = (vo, V1, ..., Um, Umt1,---,0q) of A and
if we endow A with (-,-) = (-,-)g and |- || = || - ||/, then
t(zy) = t(yz°) = 2(z,y), (1)
n(z) = n(z°) = =], (2)

forall xz,y € M.

We can draw from Theorem 2.25 a useful consequence.
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Corollary 2.26. Under the hypotheses of Theorem 2.25, the intersection Sy N M is a
compact set: namely, the unit (m — 1)-sphere centered at the origin in Span(vy, ..., V),
with respect to the norm || - ||.

Later in this work, we will need to control the norms of products of a specific form.
We study this matter in the next remark and in the subsequent proposition.

Remark 2.27. Let us define w = wp 5/ := maxXyenm vea, |u|=1=|v| ||uv]]. By construction,
w > ||1]] = 1. Moreover, for all z € M and a € A,

[zall <ozl {lall-

Proposition 2.28. Assume the trace functiont : A — A to take values in the associative
nucleus of A, which is always true if A is associative. Under the hypotheses of Theo-
rem 2.25, choose any x,y € M and any a,b € A. Then

n(az) = n(a)l|lz|* = ||z[*n(a), n((za)?) = n(a®)|z]* = [z]*n(a®)
and

n(ay) = [llyl* = llyl*lll* = n((zy)°) .

If B’ is a distinguished basis of A, it follows that ||ax| = |lalll|z|| = ||z||||al, ||[(za)]] =
laclllzll = llz(llla]l and [lzyll = [l=]l lyl] = [yl =] = [|(zy)“]-

If B’ is fitted, then ||la|| = ||a°||. If B’ is fitted and adapted, then Ja,x] = (a,z) and
[z, 2] = ||=||?. Finally: if B' is a fitted distinguished basis of A, then

laz|| = [lall =]l = [l [a] = [|zall, (3)
whence wpr = 1.

Proof. The first two equalities are applications of Remark 2.20, where we take into
account Theorem 2.25. If, moreover, B’ is a distinguished basis of A, then Remark 2.15
guarantees that [laz|2 = (n(az), 1), all® = (n(a), 1), [|(za)°|2 = (n((za)?),1), la°|]2 =
(n(a®), 1), lley]2 = (n(zy), 1), and [|(zy)°]|2 = (n((2y)°), 1).

If B’ is fitted, then the *-involution p — p°® preserves the norm || - || = | - ||g because
it maps every element of B’ either into itself or into its opposite. Now assume B’, which
includes as its first m + 1 elements the elements of the hypercomplex basis B, to be
fitted and adapted. Taking into account that x € Span(B), Remark 2.15 guarantees that
[a,z] = (a,z) and [z, 2] = ||z||?. Finally: if a distinguished B’ is also fitted, then we can
substitute ||za|| for ||(za)¢|| and ||a| for ||a¢||. O

Example 2.29 (Paravectors). The space of paravectors R™*! is a hypercomplex sub-
space of the Clifford algebra C¢(0,m), with hypercomplex basis B = (eg,e1,...,€m).
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We complete B to the standard basis B’ = (ex ) ke 2 (m) of C£(0,m), which is fitted and
distinguished. Thus, Theorem 2.25 and Proposition 2.28 yield that equalities (1), (2)
and (3) hold true for all a € C4(0,m),z,y € R™T!. In particular, wg g = 1.

On the other hand, for m > 3, the norm ||-|| is not multiplicative over general elements
of C¢(0,m). For instance: the elements a = 1+ €193 and b = 1 —ej23 have ab = 0, whence
labll = 0 # 2 = [[a]|[[b].

For every m > 2, an example of basis B” of C'¢(0,m) that is fitted but not adapted can
be obtained from B’ by substituting peqo for e1o (for some p such that 0 < p < 1). Indeed,
in this case n(ueia) = p? ¢ {1,0, —1}. Moreover, in this case we have wggr > p~! > 1
because [lerea|lsr = llerzllsr = pt||nerzllsr = .

Examples 2.30 (/21, Example 1.15]). For every h € {1,...,m} with h = 1 mod 4, the set

Vi = 2o+ E Ty knChi. ko © L0, Thy. kn € R
1<k1<...<kn<m

is a hypercomplex subspace of C¢(0,m). It has hypercomplex basis B =
(€ky...kn)i<ki<..<kp<m, wWhence dimV; = (T}’;) +1 > (%)h + 1. If we set h(m) :=
4Lm;2j + 1 (whence % — 2 < h(m) < F + 2), then dim V},(,,) grows exponentially
with m. Again, we can complete B to the fitted distinguished basis B’ = (ex) ke (m)
of C?(0,m). Equalities (1), (2) and (3) hold true for all a € C¥¢(0,m),z,y € Vj. Thus,

wB,B" = 1.

Further examples of hypercomplex subspaces can be constructed by means of the next
lemma, also proven in [22].

Lemma 2.31. Let M be a real vector subspace of A with a hypercomplex basis B =
(Vo,V1,...,Vm) and set U := vy ---vy,. The ordered set B := (vo, V1, .., Vm,0) 1S a hy-
percomplex basis of M= Span(vg, v1, ..., Um,0) if, and only if, m = 2mod 4. If this is
the case, then not only M but also M isa hypercomplex subspace of A.

Several applications of Lemma 2.31 follow.

Example 2.32. A further example of hypercomplex subspace of C¢(0,m) is the space
W, = Span(eg,e1,ea,...,¢ep, €12, 1), for any h < m with h = 2mod4. Once more,
we can complete the hypercomplex basis B = (eg,e1,esa,...,en,e12..1) to the fitted
distinguished basis B" = (ex) ke o (m) of C£(0,m). Equalities (1), (2) and (3) hold true
for all a € C4(0,m),z,y € W), and wp g = 1.

We single out the case h = m = 2, as follows.

Example 2.33 (Quaternions). Within the real algebra of quaternions H = C¢(0,2), the
subspace of paravectors R2+! is a hypercomplex subspace, with hypercomplex basis
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(ep, e1,e2). The whole algebra H is also a hypercomplex subspace of H, with hyper-
complex basis (eg,e1,e2,e12) = (1,4,4, k). In all examples and statements concerning
H, unless otherwise stated, we shall assume B = B’ = (1,4, j, k) and endow H with its
standard scalar product and norm. For all z,y € H, we have t(xy®) = t(yz€) = 2(x,y),
n(z) =n(z) = |[z]*, and [lzy| = [lz] |y]| = [lyll [|2]| = llyz||. Moreover, wg s = 1.

Example 2.34 (Dual quaternions). Within the x-algebra DH = H + ¢H of dual quater-
nions, two elements vy = p; + €q1,v2 = p2 + €g2 belong to Spy if, and only if,
p1,P2 € SH,q1,92 € Im(H) and (p1,¢1) = 0 = (p2,qo). If this is the case, then
A = (1,v1,v2) is a hypercomplex basis of the 3-space Span(l,vi,vs) if, and only if,
t(v1v§) = 0. This happens if, and only if, (p1,p2) = 0 and {(q1,p2) = —{g2,p1). If this
is the case, Lemma 2.31 guarantees that A= (1,v1,v2,v102) is a hypercomplex ba-
sis of the 4-space Span(1,vy,vs,v102). Both A and A can be completed to the basis
A" = (1, v1, v2, V102, €, €V, €Uy, €v1v2) of DH.

For instance, if for some «, 8 € R we set v1 = i + e(aj + Bk), v = j + e(—«i + Bk)
and

v3 = v1ve =i + e(i(—ai + Bk) + (aj + Bk)j) = k — Be(i + j) ,

then Span(1, v, vs,v3) is a hypercomplex subspace of DH and its basis (1,v1,v2,v3) can
be completed to the basis (1, vy, ve, vs, €, €i, €7, €k) of DH.

Choosing « = 0 = 3, we find that H = H + €0 is a hypercomplex subspace of
DH, whose hypercomplex basis B = (1,14, 4, k) can be completed to the standard basis
B' = (1,4, ], k, €, €i, €j, k). While this basis is adapted but not distinguished, we still find
that wg g = 1. Indeed, for z = x+€0,a = p+eq (with x,p,q € H) and for || - || = || - ||z,
we find that za = xp + exq has ||za||®> = ||lzp||® + ||zq||* = ||z||?||a||*>. On the other hand,

if X is such that ||ab|| < Al|al|||b]| for all a,b € DH, then A > % > 1. Indeed, the element

a= \/g—i—ei\/g has ||a|| = 1 but a2:%+ez’%\/§ has [[a®|| = /5 + 5 = % = %Ha”?

Examples of hypercomplex subspaces are available in nonassociative settings, too.

Example 2.35 (Octonions). C,H, O are examples of hypercomplex subspaces of O. In
any example concerning @, we shall assume B = B’ = (1,14, j, k,1,1i,1j, k) and endow O
with its standard scalar product and norm. Not only B’ is a fitted distinguished basis
of Q: we also have t(zy°) = t(yz¢) = 2(z,y) and n(x) = n(z°) = ||z||* for all z,y € O.
Moreover, [[zy| = ||zl lyll = [lyll [|=|| = [ly=|| for all z,y € O and wp,z = 1.

2.8. Monogenic functions on hypercomplex subspaces
For the present subsection, M is a fixed hypercomplex subspace of the alternative

x-algebra A, with a fixed hypercomplex basis B = (vg, v1, - - ., Um ). Moreover, B is com-
pleted to a real vector basis B = (vg, V1, ..., Um, Unm+1,- -, vq) of A. We also fix a domain
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G in the hypercomplex subspace M, i.e., a nonempty connected open subset G of M. We
let the symbol G denote the closure of G in M. Clearly, the real vector space €} (G, A) of
%* functions G — A is both a left A-module and a right A-module. The same is true for
the real vector space €' (G, A), comprising restrictions to G of ¢! functions from some
open neighborhood of G to A. Following [28, Definition 2], we give the next definition.
In addition to the previously defined Lp/ : R4t — A, we will use

m m
Lp:R™ — M, Lg(xo,...,2m) :szvs :szxs.
s=0 s=0

Definition 2.36. Let ¢,¢ € €*(G, A). For s € {0,...,m}, we define G := Lz (G) and

O0s¢p = Lpr o ( 0 (Lg,l ogo (LB)I@)> ° (Lgl)lc € ¢°(G, A).

O,

Moreover, we define dz and Og by means of the equalities

o= 0,050, Op = 05056 = Dod— Y 05050,
s=0 s=0 s=1

1p53 = Z(asw>vs y 1#38 = Z(asw)vg = 80’(/} - Z(asw)vs .
s=0 s=0 s=1

The right A-submodule of those ¢ € € (G, A) such that dgé = 0 is called the left kernel
of 0. Its elements are called left-monogenic with respect to B. The left A-submodule of
those ¢ € €1(G, A) such that 0 = 0 is called the right kernel of Op. Its elements are
called right-monogenic with respect to B.

If G is bounded and has a ¢! boundary G and if ¢, € €1 (G, A), we similarly define
059, 050,105,105 € €°(G, A) and call ¢ left-monogenic with respect to B if dgé = 0,
1 right-monogenic with respect to B if 40 = 0.

The operator Ag : €2(G, A) — €°(G, A) is defined by the formula

AB¢ = Zas(as¢) .

s=0

The elements of the kernel of Ag are termed harmonic with respect to B.
Remark 2.37. For any s € {0,...,m}, we have

dsp(z) = lim e (p(z +evy) — d(x))
R3e—0
at all x € G. In particular, the operator 9; does not depend on the whole basis B’ of A
chosen but only on the choice of v,. As a consequence, the operators 0z, 93, Az do not
depend on the whole basis B’ of A chosen, but only on the basis B of M chosen.
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Our notation Ag is consistent with [28, §3], while our 0, 0 are twice the operators
with the same symbols constructed in [28, §3]. In accordance to [28, Proposition 5 (b)],
we make the next remark.

Remark 2.38. The equalities Agp = 9gdpd = 030rd = ¢ Ipdp = ¢ z0i hold true for
all ¢ € €%(G, A). In particular, every 42 function that is left- or right-monogenic with
respect to B is automatically harmonic with respect to B, whence real analytic.

For future use, we give the next definition.

Definition 2.39. For any v € N and h = (hy,...,h,) € N* we adopt the notations
|h| := Y% | hy and h! := []%_, hs!. Now, for any h = (hg, ..., hy,) € N™ we define
the operator V1§ : €0 (G, A) — €°(G, A) by setting

VBe = 95°(01 (- (9 9) - )
for all ¢ € €PI(G, A).
3. Properties of monogenic functions on hypercomplex subspaces

This section studies left-monogenic functions on hypercomplex subspaces of an as-
sociative x-algebra A. The associativity assumption will be mentioned explicitly in all
definitions and results in this section, because later in the paper we will drop it and go
back to general alternative x-algebras. A motivation for the associativity assumption is
keeping our presentation simple. Moreover, this assumption makes the properties stated
here the perfect analogs over hypercomplex subspaces of the results collected in the
monograph [24]. Thus, the reader with experience in Clifford monogenic function theory
will be easily convinced that these properties hold true and feel free to move swiftly to
the next section. All proofs relative to the present section are postponed to the final
Appendix.

Within our associative x-algebra A, throughout the present section fix a hypercomplex
subspace M, with a fixed hypercomplex basis B = (vg, v1, .. .,V ). Moreover, B is com-
pleted to a real vector basis B’ = (vg, v1, ..., Um, Umi1,---,0q) of A and A is endowed
with the standard Euclidean scalar product (-,-) and norm || - || associated to B’.

3.1. Monogenic polynomial maps on a hypercomplex subspace

This subsection is devoted to polynomial left-monogenic functions. The basic ex-
amples of polynomial left-monogenic functions are the hypercomplex analogs of Fueter
variables and Fueter polynomial functions. We perform the same construction on any
hypercomplex subspace. In particular, we overcome the traditional distinction between
quaternionic and Clifford Fueter polynomials.
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Definition 3.1. Assume A to be associative. For s € {1,...,m}, we define the s-th hy-

percomplex Fueter variable as

Cs :Cf = Ts — ToUs -

Let us consider the elements ¢; = (1,0,...,0),eo0 = (0,1,...,0),...,6, = (0,0,...,1)
of N™. For all k = (ki,...,kn) € Z™, we define the hypercomplex Fueter polynomial
function PE : M — A so that the following formulas hold true for z € M:

PE =0 if k ¢ N™

PE =1 if k=(0,...,0)

k| PE(x) =) ks Pi_, (@) CF if ke N™\ {(0,...,0)}
s=1

Example 3.2. We have:

1

73(80,0,0...,0)

73(51,0,0,‘“,0) = (1, 7’([(3),1,0,‘..,0) = (2, 7’(%’0,1’..,}0) =(3, ...
1 1
7D(Ei,1,0,.u,0) = §(C2C1 +C1¢2), 7)(61,0,1,...,0) = 5@3(1 +CiG)s -
1
7)(%,1,1,...,0) = 5((3(2 +(2G3); -

1
73(81,1,1,0,...,0) = 6((3(2(1 + (2G3C1 + (3¢1¢2 + G1¢3¢2 + C2C1G3 + C162C3);s - -

Before we even prove that the PE ’s are left-monogenic with respect to B, we wish to
establish the following properties, which will be crucial later in the paper. We point out
that

m m
. +1 _ _
Lg:R™ — M, LB(zO,...,xm)—g TV = E Vs Tg
s=0 s=0

is a Hilbert (sub)space isomorphism.

Proposition 3.3. Assume A to be associative. For k = (ky,...,kp) € Z™, the following
properties hold true.

1. There exists a map px = (PY, Py, -, p) : R™HL — R™+L sych that PE = L opy o
Lgl for any hypercomplex basis B of a hypercomplex subspace M of A.
2. The equality (ky + 1) py = ks iy, .. holds true for all distinct s,u € {1,...,m}.
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3. Forallz e M,

Z ks vs Pf—es () = Z ks ’Pl?—es () vs, (4)

s=1 s=1

k| PE(x) = > ks (PP, () (5)
s=1

4. The equality OsPE = ki Pf—es holds true for all s € {1,...,m}.
Remark 3.4. Let k,k’ € Z™. As a consequence of property I, PE(M) C M and

||735(xovo + 2101 + - oo A T || = lpx (0, 14 - - T ) ||RmA2

for all (xq, 1, ..., 2m) € R™TL. By property 2, if k = ke, then PE(M) C R+Rus. Asa
consequence of property 4, we obtain: Vg)’k)’PE =kl if kI, > k, for some u € {1,...,m},

then Vg)’k,)Pf =0.

In the classical context of Clifford algebras, where M = R™*! is the paravector space
within A = C#(0,m), the property PE(M) C M for all k € Z™ was proven in [26].

In analogy with [24, Proposition 9.21], we find that the PE’s generate all polynomial
left-monogenic functions.

Definition 3.5. Within the right A-module of functions M — A that are left-monogenic
with respect to B, for any k € N, we define U,f to be the right A-submodule of those
P : M — A such that P(xg + z1v1 + ... + Z;vp) is a k-homogeneous polynomial map
in the real variables xq, z1, ..., Zmn.

Proposition 3.6. Assume A to be associative and fix k € N. Then {PE}‘k‘:k is a right
A-basis for U,f, Namely, for all P € UE, the equality

Pr) = 3 PE) 1 V& P0) ()
k|=k

holds true at all z € M.
3.2. Integral representation of functions on a hypercompler subspace

Let us fix a domain G in the hypercomplex subspace M of A. Our next aim is estab-
lishing integral representations for functions G — A. We will work with respect to the
coordinates xg, ..., Tm;, i.e., using the previously-defined Hilbert subspace isomorphism
L : R™1 — M C A. We will also use Hilbert space isomorphism Ly : R — A.
Differential forms were set up in [24, §A.1] over a general associative algebra and not
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specifically over Clifford algebras. Recalling that we are assuming A to be associative,
we adopt the same setup. In particular, we set

do =do, =dxg Ndxi A ... Ndxy,,
det = (=1)°dag A ... ANdxs_1 ANdxsp1 A ... ANdxy, ,

m
* *
dz* = E vs dxy
s=0

Volume integration was set up in [24, Definition A.2.1] specifically over Clifford algebras.
We now define and study it over our associative x-algebra A. We use, for all integrable
functions ¢, ..., ¢4 : G — R the notation

t/k¢0w--,¢d)da:: g{éoda,”.,g(¢dda € R,

G

Definition 3.7. Assume A to be associative and fix a domain G in the hypercomplex
subspace M of A. For ¢ : G — A, we set

/¢da = Lp /Lg,l o¢do
€]

G
In other words, if we have a decomposition ¢ = Zg:o dsvs = Zj:o v, ¢, Where
¢b0,.--,0q4 : G — R are real-valued integrable functions, we call ¢ integrable and de-

fine its integral as

/wz/wz /M

The integral in Definition 3.7 has the properties described in the next proposition,
which subsumes [24, Proposition A.2.2].

Proposition 3.8. Assume A to be associative and fix a domain G in the hypercomplex
subspace M of A. The following properties hold true for all integrable ¢, : G — A, all
a,b € A and all disjoint domains G1,Go in M :

L G=GiUG = [y6do = [, do+ [, ddo.
- Jolap+0¥)do =a [, ¢pdo+b [, do.

- Jo(@a+b)do = ([, ¢do)a+ ([, do)b.
(o) = [ oo,

Mg ddoll < [l do-

Tk W N =
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Assume G to be bounded and to have a ¢! boundary dG. For any choice of A-valued
%* functions ¢, on an open neighborhood of G, the work [24, §A.2.1.3] defines and
studies the integral fBG Y(x) dx*¢(x). For fixed p € M, R > 0, let us adopt the notations

B™ ' (p,R) :={z € M: |z —p| <R} and B" '(p,R) := {x € M : ||z — p|| < R}. We

recall from [24, Example A.2.17]:

Remark 3.9. Assume G = B"™t!(p,R). For 0 < r < R,w € dB™TY(0,1) and = =
p+rw € G, we have do = r™ dr |doy| in G, where |do,,| denotes the surface element of
the unit sphere 9B™1(0,1). Similarly, for z = p+ Rw € G, we have dz* = R™ w |do,,|
on 0G.

The integral faB7"+1(0 1 d(w) |doy| is defined in [24, §A.2.1.3], too. For future use, we
establish the following inequality.

Lemma 3.10. HfaBerl(O,l) o(w) |d0w|H < faBerl(O,l) [lo(w)]| |dow|.
The next result subsumes [24, Theorem A.2.21 and Theorem A.2.22].

Theorem 3.11 (Gauss). Assume A to be associative and fix a bounded domain G in the
hypercomplex subspace M of A, with a € boundary OG. Then

/ pdrtd = / (635) 6+ 1 (p0)) do
oG G

for any ¢,v € €1(G, A).

We will soon plug into the Gauss theorem, in the role of ¢, the function described in
the next definition and lemma (which generalizes [24, Proposition 7.7]).

Definition 3.12. The Cauchy kernel of M is the function E,, : M \ {0} — A defined by
the formula

1 x¢ Fm“(%)
By (z) = om o T 22—y

In the last definition, the letter I' denotes the gamma function and the number o, is
the (surface) volume of the unit m-sphere in R™+1,

Lemma 3.13. If we fix x € M, then the function
M\{z} = A, y— E,(y—2)

is both left- and right-monogenic with respect to B.
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We are now ready for the announced integral representation, which subsumes [24,
Theorem 7.8 and Theorem 7.9].

Theorem 3.14 (Borel-Pompeiu). Assume A to be associative and fix a bounded domain
G in the hypercomplex subspace M of A, with a € boundary 0G. If ¢ € €1(G, A), then

/Em(y —z)dy* ¢(y) — /Em(y — ) Od(y) doy, = { Bb(x) i i 2 J\G4\§.
oG G

In the special case when ¢ is left-monogenic with respect to B, Theorem 3.14 takes
the special form described in the next corollary (see [24, Theorem 7.12 and Theorem
7.13] for the Clifford and complex cases).

Corollary 3.15 (Cauchy Formula). Assume A to be associative and fiz a bounded domain
G in the hypercomplex subspace M of A, with a €' boundary 0G. If ¢ € €*(G,A) is
left-monogenic with respect to B, then

/ En(y —z)dy* ¢(y) =

oG

¢p(x) fzed
0 if e M\G.

We conclude this subsection with the following property, which subsumes [24, Corol-
lary 7.31].

Proposition 3.16 (Mean value property). Assume A to be associative and fix an open
ball B+t = B™+1(x, R) in the hypercomplex subspace M of A. If ¢ € €* (§m+1, A) is
left-monogenic with respect to BB, then

o(z) = / $(z + Ruw) |doy|
aBm+1(0,1)

After some preliminary work in the next subsection, Corollary 3.15 will be the key
ingredient to endow every function ¢ that is left-monogenic with respect to B with a
series expansion in the forthcoming Subsection 3.4.

3.8. Properties of the reproducing kernel and harmonicity

This subsection studies the reproducing kernel E,, (y—z), whose role was fundamental
in Theorem 3.14 and in Corollary 3.15, and uses it to establish that left-monogenic
functions are harmonic and real analytic.

Our first aim is expanding F,,(y — z) into series. We begin by recalling some standard
terminology.
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Definition 3.17. Let &, &’ be finite-dimensional Euclidean spaces and let A be an open
subset of &”. For any {fi}ren C €°(A, &), we say that the function series >, - fx
is mormally convergent in A if, for any compact subset C' of A, the number series
Y oken maxc || fxlls . If this is the case, we call the function f : A — & with

f(@) = cn fe(x) the sum of the series ), . fr-

The chosen ordering of N plays no role in assessing the convergence of
¢ because each term is nonnegative. The theory of Banach spaces

also guarantees that the result of the sum ), n fx(x) does not depend on the chosen
ordering of N and that f € ¢°(A,&). Our summands f; will mostly take the form
fre = 22 = i, for given {gictkenn C €°(A, 8).

We now expand the reproducing kernel E,,(y — z) = #% into a normally
convergent series in the next theorem.

Theorem 3.18. There exists a family {qk}keNm, where, for k| =k, qx : M\ {0} - M
is a (k + 1)-homogeneous polynomial function, such that

En(y - Z Z Pk ||y||m+2)k+1

™ keN |k|=k

for all (z,y) € A:i={(z,y) € M x M : ||z|| < ||yll}. Here, the series converges normally
in A because

| 5 e e < v2 (V1) el

[k|=k

In particular, E,,(y — ) is a real analytic function in the real variables xg, 1 ..., Tm,

Yo, Y1 -+ Ym-

We now wish to construct an analog of Corollary 3.15 for derivatives, subsuming [24,
Corollary 7.28]. The resulting integral formula for derivatives will allow us to prove that
every function that is left-monogenic with respect to B is harmonic with respect to B
and real analytic. We recall that w = wp g > 1 is a constant such that ||za| < w||z| ||al
forall z € M,a € A (see Remark 2.27). Moreover, by Proposition 2.28: if A is associative
and B’ is a fitted distinguished basis of A, then w = 1.

Theorem 3.19 (Integral formula for V). Assume A to be associative. Fiz a domain G
in the hypercomplex subspace M of A and a function ¢ : G — A that is left-monogenic
with respect to B. Then ¢ is harmonic with respect to B and real analytic. For every
h € N1 the function V¢ is still left-monogenic with respect to B and real analytic;

given any open ball B™! = B™+L(p, R) whose closure B™" is contained in G,
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Vho(x) = (~1)H / (VBE,.) (y — 2) dy” d(y)
oBm+1

for all x € B™*; and, at the center p of the ball B™+!,

C
h < Zm — 2 h
VB < Ly max Il Cm=omw o5 IVBEm|l -
The various properties stated in Theorem 3.19 have interesting consequences. The

last inequality immediately yields the next corollary (see [24, Proposition 7.33] for the
Clifford case).

Corollary 3.20 (Liouville). Assume A to be associative. Let ¢ : M — A be left-monogenic
with respect to B. If there exist n € N and ¢ > 0 such that

o) < cll=]"

for all x € M, then ¢ is a polynomial function and deg(¢) < n. In particular: if ¢ is
bounded, then ¢ is constant.

Moreover, harmonicity allows to prove the next result, which subsumes [24, Theorem
7.32].

Theorem 3.21 (Mazimum Modulus Principle). Assume A to be associative. Fiz a domain
G in the hypercomplex subspace M of A and a function ¢ : G — A, left-monogenic with
respect to B. If the function ||¢|| : G — R has a global mazimum point in G, then ¢ is
constant in G.

Finally, real analyticity will be the key ingredient to construct series representations
of monogenic functions in the next subsection.

3.4. Series expansions of monogenic functions on a hypercomplex subspace

This subsection is devoted to series representations of functions that are left-
monogenic with respect to the hypercomplex basis B. The main result follows (see [24,
Theorem 9.14 and Theorem 9.24] for the complex and Clifford cases).

Theorem 3.22 (Series expansion). Assume A to be associative. Fixz a domain G in the
hypercomplex subspace M of A and a function ¢ : G — A that is left-monogenic with
respect to B. In every open ball B™(p, R) contained in G, the following series expansion
is valid:

o) =S S PEa-pax, ac= Vo).

k!
keN |k|=k
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Here, the series converges normally in B™+1(p, R) because

max
lz—pll<r

> A pa <wtva (T (—)k max [o(y)]

m r —p|l=
=k 2 ly—pll=r2
whenever 0 < r; < rg < R.

Theorem 3.22 has an extremely relevant consequence, which subsumes [24, Theorem
9.27].

Theorem 3.23 (Identity Principle). Assume A to be associative. Fiz a domain G in the
hypercomplex subspace M of A and functions ¢, : G — A that are left-monogenic with
respect to B. If G contains a set of Hausdorff dimension n > m where ¢ and ¥ coincide,
then ¢ = v throughout G.

For future reference, we give the next definition and provide in the subsequent remark
an equivalent restatement of Theorem 3.22.

Definition 3.24. Assume A to be associative and fix tg € N. Let M be a hypercomplex
subspace of A, having a hypercomplex basis B = (vg, v1,. .., V) with m > tg. Let G be
a domain in M and let ¢ : G — A be a left-monogenic function with respect to B. For
any h € N+ define 68 : €(G, A) — €°(G, A) as

R hig+1\—1h
0gd = (v vy "'Utoti1 ) Vo

h
=000 .. 0 (—tg4101011) "0+ L (0 Om) 0.

In the last definition, the formula defining 62 should be read as 62¢ = V2¢ =
Aot . 9 in the special case when m = t.

Remark 3.25. Assume A to be associative and fix t5 € N. Let M be a hypercomplex
subspace of A, having a hypercomplex basis B = (vg, v1, - .., V) with m > tg. Let G be
a domain in M and let ¢ : G — A be a left-monogenic function with respect to B. For
every open ball B"t1 = Bm*l(p R) contained in G, the following series expansion is
valid for x € B™*1:

km—1 kig+1 1 k
o(x) =D Y PRle—ploir ol oy 508 ().

kEN |k|=k

Here, the series converges normally in B™+! because

max

5 ki g, km— kio+1 1 c(0k)
lo—pll<r: > Ple =)o v vt g0 ()

|k|=k
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k+m i\ "
<wrva(MTM) (1) ol
m T ly—pll="2
whenever 0 < r; < re < R.

4. Regularity in hypercomplex subspaces

We henceforth make the following assumption.

Assumption 4.1. V' is a hypercomplex subspace of the alternative real x-algebra A, having

a hypercomplex basis B = (vg,v1,...,v,) for some n € N*. After completing B to a
real vector basis B’ = (vg, v1,...,Un, Unt1,--.,vq) of A, we endow A with the standard
Euclidean scalar product (-,-) = (-,-)g and norm || - || = || - || 5~ associated to B'.

There is a good reason to change notations with respect to Section 2, which proved
properties valid for an (m + 1)-dimensional hypercomplex subspace M of A, for domains
G C M and for functions ¢ : G — A. Indeed, we will apply those properties not only
when m =n and M =V, but also when m < n and M is a specific (m + 1)-dimensional
hypercomplex subspace of A contained in V. The precise construction of these subspaces
is the subject of the next subsection.

4.1. T-fans

Within our hypercomplex subspace V', we now construct some useful fans.
Definition 4.2. For 0 < ¢ < m < n, we consider the (m — ¢ + 1)-dimensional subspace
Rem := Span(v, ..., Um) .
Its unit (m — £)-sphere is denoted by Sg .

For instance: Ro,, = V and Sy, = {d vy € A: Y1 27 =1} =S4NV. In
general, Sy, is a subset of Sy NV if, and only if, £ > 1. We recall that, by Corollary 2.26,
Sa NV is a compact set.

Definition 4.3. For any number of steps 7 € {0,...,n} and any list of steps T =
(to,...,tr) € NTHL with 0 <ty < t; < ... < t, =n, we define the T-fan as

Rovto va— RO,tl g_ e ,C«_ RO,tT = V .
The first subspace, Ro,, is called the mirror. We define the T'-torus as

T :=Sto41.6 X oo XSt i41t,

when 7 > 1 and as T := () when 7 = 0 (whence ¢y = n).
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We assume henceforth 7 € {0,...,n}and T = (to,...,t,) € N7 (with 0 < tg < t; <
... < t; = n) are fixed. Necessarily, n > to + 7. The mirror Ry, of the T-fan is either
the real axis R or a hypercomplex subspace of A, while all other elements of the T-fan
are hypercomplex subspaces of A. Moreover, if 7 > 1 then, for every h € {1,...,7}, the
sphere Sy, _, 414, is a (tn —tp—1 — 1)-dimensional subset of Sy NV and the T-torus T is
a (n — tyg — 7)-dimensional compact set contained in (S4)7.

Example 4.4 (Paravectors). If V is the space R" ! of paravectors in C¢(0,n) (see Ex-
ample 2.29), then the T-fan is

Rto—‘,—l g Rtl-l—l g . g RtT+1 — Rn—‘rl .

Example 4.5 (Quaternions). If V.= H within H (see Example 2.33): the (3)-fan is H;
the (2,3)-fan is R 4+ iR + jR C H; the (1,3)-fan is C C H; the (0,3)-fan is R C H; the
(1,2,3)-fan is C € R + iR + jR ¢ H; the (0,2,3)-fan is R C R + iR + jR C H; the
(0,1,3)-fan is R € C C H; and the (0,1,2,3)-fanis R C C C R +4R + jR C H.

The work [22] includes the next remark and lemma, which are useful tools to define
and study the concept of J-monogenic function for any J € T.

Remark 4.6. Every x = Y} vexs € V can be decomposed as © = z°+z'+.. .+2", where
zh = Zﬁlth,lﬂ zove € Ry, 41,4, (with t_; := —1). The decomposition is orthogonal,
whence unique. When 7 > 1, there exist § = (f1,...,6;) € RTand J = (Jy,...,J;) €T
such that

r=a2+ B0+ ...+ B (7)

Equality (7) holds true exactly when, for each h € {1,...,7}: either 2" # 0, 8, = &||z"|
and J, = Z—}h; or 2" = 0,8, = 0 and Jj, is any element of Sty 141, -

Lemma 4.7. If 7 > 1, fit J = (J1,...,J;) € T and set
Rf]o+7—+1 = Span(BJ)7 BJ = (7]071}17""Ut(J?Jl’""JT) :

If 7 = 0 (whence to = n > 1), set J := 0,8y := (vo,v1,...,0,) = B,Ré‘”‘l =
Span(By) = V. In either case, By is a hypercomplex basis of R'T™ which is therefore
a hypercomplex subspace of A contained in V. Moreover, if J' € T, then the equality
RYTTH = RO s equivalent to J' € {1} x ... x {£J,}.

For future use, we remark that if J = (J1,...,J--1,J-) € T and if J =
(Jiy. ooy Jr1, JL) for some J. € Sy, 1,0, \{£J,}, then RYTTHARY T ig a (¢ +7)-
dimensional space, which we may identify with the (Jy,...,J,_1)-slice RIE”,TT I of
the hypercomplex subspace Rg;, , of A if 7 > 1 and with the mirror Rg ., if 7 =1. We

also make the following remark.
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Remark 4.8. For all J € T, the hypercomplex basis B := (vg, V1, ..., Vi,J1,...,Jr) of
Rtj"”"’l can always be completed to a basis (B;)" of A that is orthonormal with respect

to <', '>B/, so that <', '>(BJ)’ = <-7 '>B/ and H . H(BJ), = H . HB/.
4.2. T-reqularity

This subsection is devoted to defining a new notion of regularity for functions f : Q —
A, where € is a domain in V.

Definition 4.9. If 7 > 1, fix J = (J1,...,J;) € T. If 7 = 0, set J := (). Over any domain
G in R the J-Cauchy-Riemann operator 5 : €*(G, A) — €°(G, A) is defined as
0y := 0, and the operators 9y : €1 (G, A) — €°(G, A) and A : €%(G, A) — €°(G, A)
are defined as J; := Jg, and A; := Apg,, according to Definition 2.36. Explicitly,
referring to the decomposition (7) of the variable x, we have

0y =0y + 0104, + ... + 0400, +J105, + ...+ J-03,,
8J:8I0—v18951—...—vt08 —Jlé?ﬂl—...—JTaﬁT,

:Eto

Ay=00 +05 +...+0;, +0F +...+05 .

The left kernel of 9 is denoted by Mon ;(G, A) and its elements are called .J-monogenic
functions. The elements of the kernel of A are called J-harmonic functions.

In the special case when 7 = 0, whence tq = n, our last definition sets 9y := 95
Oy + 110z, + ... + 0,0, as well as Oy := 0 = Oy, — V103, — ... — V04, and Ap :
Ap=03, +82 +...4+02 .

For all J € T, the class Mon (G, A) is a real vector space (a right A-module if A is
associative). Moreover, J-monogenicity is preserved under composition with translations

by elements of Rtj’JrTH. Using the formal definition 0 := d5, is necessary to guarantee,
for J,J' €T,

5] = 5]/ <~ R?+T+1 = th](),+7+1 . (8)

Similar considerations apply to 95, A ;. Remark 2.38 and Theorem 3.19 allow the next
remark.

Remark 4.10. Fix any domain G in ]RZUJ”H. The equalities 8;0; = 9;0; = Ay hold
true on 62(G, A). Moreover, J-monogenic functions are real analytic and J-harmonic.

The work [22] also defined the new concept of T-regular function. Its special case with
A= C0,n),V =R and 7 = 1 was independently constructed in [38] (see also [37])
under the name of generalized partial-slice monogenic function.
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Definition 4.11. For J € T (or J = @, in case 7 = 0) and for Y C V,f : ¥ — A,
the intersection Y; := Y N R?JFTH is called the J-slice of Y. Consider the restriction
fr= f|YJ. Let Q be a domain in V. A function f : Q@ — A is termed T'-regular if, the
restriction f; : Q5 — A is J-monogenic for every J € T, if 7 > 1 (for J = 0, if 7 = 0).
If, moreover, f(Rf]O'”H) - R?"’TH for all J € T, then f is called T-slice preserving.
The class of T-regular functions @ — A is denoted by Reg, (2, A).

In the last definition, of course we consider the condition “f; : Q; — A is J-
monogenic” automatically fulfilled when Q; = 0. For future use, we make the next
remark.

Remark 4.12. Given a domain  in V, the class Regp(€2, A) is a real vector space (a right
A-module if A is associative). Moreover, if f € Regp(Q2, A) and p € Ry, then setting
g(z) := f(z + p) defines a g € Regp (2 — p, A). This function g is T-slice preserving if,
and only if, f is.

As remarked in [22], T-regularity subsumes some of the best-known function theories
over C¢(0,n).

Example 4.13 (Paravectors). Fix a domain  within the paravector subspace R"*! of
C?(0,n) (see Example 2.29). For any function f: Q — C¢(0,n):

e fis (n)-regular if, and only if, it is in the kernel of the operator 0y, + €10, + ...+
€,0z, ; this is the definition of monogenic function (see, e.g., [2,3,24]);

o fis (0,n)-regular if, and only if, for any J; € S1,, = Scyo,n) NR" 1 the restriction
f7, to the planar domain 25, C C, is a holomorphic map (Q;,, J1) = (C¢(0,n), J1);
this is the same as being slice-monogenic, [6] (or slice-hyperholomorphic, [7]).

The work [22] also contains a complete classification of T-regularity over the hyper-
complex subspace H of H. Not only T-regularity subsumes the best-known quaternionic
function theories. It also includes an entirely new function theory, called (1, 3)-regularity
and studied in some detail in [22].

Example 4.14 (Quaternions). Let Q be a domain in H and consider a function f : Q — H.
Then:

e fis(3)-regular & f belongs to the kernel of the left Cauchy-Riemann-Fueter operator
Oy + 10z, + Oz, + kOyy < f is a left Fueter-reqular function (see [10,11,33]);

o fis (2,3)-regular & (0yy + 10y, + jOz, + J105,) f(z0 +iz1 + jxo + f1J1) = 0 for all
J1 € Sg.3 = {*k} < f is left Fueter-regular (because of (8));

o fis (1,3)-regular <

gjlf(l‘o +ix1 + 61']1) = (6900 + i&ml + Jlalgl)f(l‘o +1x1 + BIJI) =0
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for all .J; in the (1, 3)-torus Sz 3, which is simply the circle S' := Sy N (R + kR);

o fis (0,3)-regular < for any J; € S13 = Sp, the restriction fj;, to the planar
domain Q;, C C, is a holomorphic map (Q;,,J1) = (H, J1) < f is a slice-regular
function, [12] (or Cullen-regular in the original articles [14,15]);

o fis(1,2,3)-regular < (9, + 10y, + J108, + J205,) f (o +ix1 + f1J1 + B2 J2) = 0 for
all (J1,J2) € Sa2 x S35 ={£j} x {xk} & f is left Fueter-regular (because of (8));

o fis(0,1,3)-regular < (0, + J108, +J20p,) f(xo+ B1J1+ B2J2) = 0 for all (J1, Jo) €
S11 X Sa3 = {£i} x St & fis (1, 3)-regular (because of (8));

o fis(0,2,3)-regular < (9y, +J108, +J20p,) f(xo+ B1J1+ B2J2) = 0 for all (J1,Jz) €
S12 % S33 = (Sg N (R + jR)) x {£k}; if & : H — H denotes the unique real
vector space isomorphism mapping the standard basis (1,4, 7, k) into (1,k,—j,1),
then g — ® ! o go ® is a bijection Reg g ,2,3)(22, H) — Reg(oyl’S)(@*l(Q), H);

o fis(0,1,2,3)regular < (0y, +J108, + J20s, +J30p,) f (xo+ S1J1 + P2 J2+ B3J3) =0
for all (J1, Jz, J3) € S11xS22XxS33 = {xi} x{£j} x{tk} & f is left Fueter-regular
(because of (8)).

Additionally, within H, the nonstandard choice of the (2)-fan R + jR + kR with
B = (1,-k,j),B = (1,—k,j,i), recovers as (2)-regular functions the theory of [27],
for the reasons explained in [28, page 30]. Our general construction allows to treat all
these cases at once. This is in contrast with most literature: even in the simple case of
quaternions, Fueter-regular functions cannot be studied simultaneously with monogenic
functions because the space of paravectors in C¢(0,2) = H is properly included in H.
For the hypercomplex subspace O of O:

Example 4.15 (Octonions). Fix a domain € in O and a function f:Q — O. Then:

o fis(7)-regular < f belongs to the kernel of the octonionic Cauchy-Riemann operator
Oy + 103, + jO0y, + kOy, + 105, + (1i)0s, + (17)0ss + (Ik)0s, < f is an octonionic
monogenic function (see [8] and the recent [25]);

o fis (0,7)-regular < for any octonionic imaginary unit Jj, the restriction fj, to
the planar domain Q; C C, is a holomorphic map (Q;,,J1) = (0,J;) & fisa
slice-regular function (see [16]).

T-regularity yields f—regularity with respect to a list of steps T shorter than T, in
the sense specified by the next lemma.

Lemma 4.16. Fiz 7 > 2, a list T = (to,t1,...,t;) of T steps, a domain Q in V, and
a function f € Regp(Q,A). Fix o with 1 < o < 7 and consider the list T := (to +
O,tot1s. .., tr) of T—o steps. For any J = (Ji,...,J5) € Stgt1,60 X oo - X Sty 41,4, , the
ordered set

~

B = (vgy. .y Vtgy J1y ooy Joy Vb 1y vy Ut )
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is a hypercomplex basis of V= Span(B), which is therefore a hypercomplex subspace of
A. With respect to B the restriction of f to QA =NV isaTl- reqular function.
Proof. The function f|A is f—regular if, and only if, for any (Jy41,...,Jr) € St 41,41 ¥

X S¢._,+1,, and for B(J irvndn) = (V0 -y Ve, STy Joy Jogas -, Jr), the Testric-
tion of f|_ to the set
J

Q N Span(B(J

trds)) =

Q]a J::(J17"'7JU7J0'+1a"'»J7')7

which is simply f;, is left-monogenic with respect to the basis g( J J,); equivalently,

[ SR
((9950 + ...+ Utoaxto + Jlagl + ...+ Jgagg + Jg+1350+1 + ...+ JTa@T)fJ =0,

i.e., fy is J-monogenic. But the last property is true under our hypothesis f €
Regr(Q,A). O

In general, a T-regular function f needs not be continuous, even though all restrictions
fs are real analytic and J-harmonic by Remark 4.10.

Example 4.17. Assume 7 = 1, whence T = (tg,t1) = (tg,n) and the T-torus T is the
(n — to — 1)-sphere Sy 41,n. Pick T € Sy41,n. Since RPT> AR T2 = Ry, for all J €
Sto+1,n \ {£I}, we may define a T-regular f: V \ R4, — A by setting f;:=1=: f_;
in R®T2\ Rg 4, = RF*\ Rgy, and f7:=0in R\ Ry, for all J € Sgyq1.0 \ {£1}.

To get better-behaved T-regular functions f : Q@ — A, we need to carefully choose the
domain €.

Definition 4.18. A domain € C V is called a T-slice domain if it intersects the mirror

Ry, and if, for any J € T, the J-slice €27 is connected (whence a domain in RtJ(’+T+1).

Over T-slice domains within an associative x-algebra, we will prove an Identity Prin-
ciple and a Maximum Modulus Principle in the forthcoming Section 7.

Another relevant property for the domain € of a T-regular function is symmetry,
defined according to the following construction.

Definition 4.19. For all 8 = (f1,...,8;) € R, J = (J1,...,J;) € T, we set the notation
,BJZ:ﬁ1J1+...+BTJT€V.

If 7 =0, for 3 € RY = {0} and J = () we define 3 .J to be the zero element of V. For any
he{l,...,7}, we define the reflection

R _>RT7 ﬂ: (61)"'76T> Hﬁh = (617'"7/8h—17_ﬁh7ﬁh+17"'7ﬁ7')'
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For future use, we also define, for all H € £(7), the reflection R™ — R7, § BH
follows: 8 > B is the identity map, while for H = {hq, ..., hy} (with 1 < hy < ... <
hp < 7) the map 8 — BH is the composition of the p reflections 3 — Bhl, RO S Bhp

We point out that g J is not a product, but just a shorthand for the second part
of the decomposition (7) of the variable z. In other words, 5 J is defined so that
L, (0,21, ..., Tty, ) = o + T101 + ... + Ty, + B J.

Definition 4.20. For any D C Ry, x R7, we set

Qp={a+pBJ:(a,8)eD,JeT}

ifr>1(and Qp :={a €V :(a,0) € D} if 7 =0). A subset of V is termed T-symmetric
if it equals {2p for some D C Rg;, x R™. The T'-symmetric completion Y ofasetY cVv
is the smallest T-symmetric subset of V' containing Y. For each point = € V', we denote
by T, the T-symmetric completion of the singleton {x}.

Let © be a T-symmetric T-slice domain and assume A to be associative: we will
prove in the forthcoming Subsection 7.2 that every T-regular function f : Q — A has
a specific symmetry property. This result, called Representation Formula, is well-known
in the special cases of quaternionic slice-regular functions (see [4, Theorem 3.1]) and
Clifford slice-monogenic functions (see [7, Theorem 2.2.18] and references therein). As a
consequence of the Representation Formula, we will find that every T-regular function
f:Q — A is real analytic.

4.3. Integral representation

When A is associative, a Cauchy-type representation of T-regular functions is readily
obtained, using that of J-monogenic functions. We recall Assumption 4.1 and Re-
mark 4.8.

Proposition 4.21 (Cauchy Formula). Assume A to be associative. Let ) be a domain in
V and f € Regp(Q,A). Fix J € T and a bounded domain G in Rf]‘)'”"’l, with a €'
boundary 0G, such that G C Q5. Then

d =
Ototr / ly — JJIItW+1 v 1) { 0  ifzeRYTHING.

Proof. The thesis follows immediately by applying Corollary 3.15 to the J-monogenic
function f; € €Y(G,A). O
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The same is true for the mean value property. Here, and throughout the paper, for
any p € V,R > 0, we adopt the notations B(p,R) := {z € V : ||z — p|| < R} and
B(p,R) :={z €V : |z —p| <R}

Proposition 4.22 (Mean value property). Assume A to be associative. Let Q be a domain
inV and f € Regp(Q,A). Fix J € T, a point p € Q; and a radius R > 0 such that
B(p,R); C Qy. Then

£0) == [ falp+ Ru)ldou].

OBy

where B := B(0,1).

Proof. The thesis follows immediately by applying Proposition 3.16 to the J-monogenic
function f; € €1 (B(p, R);,A). O

Providing series representations of T-regular functions will require a much stronger
effort, starting with the construction of appropriate polynomial functions in Section 5
and ending in Section 7.

5. Polynomial regular functions

With our Assumption 4.1 standing, in this section we also assume A to be associative.
We construct examples of T-regular polynomial functions and study the general proper-
ties of such functions. In particular, we construct a basis for the A-module described in
the next definition.

Definition 5.1. For all k¥ € N, let Uy, denote the right A-submodule of Regy(V, A) consist-
ing of those elements f € Regy(V, A) such that f(xovg+...+z,v,) is a k-homogeneous
polynomial map in the n + 1 real variables g, ..., z,.

In Subsection 5.1, we construct for every k € N a finite set of k-homogeneous poly-
nomial functions .%;. In Subsection 5.2 we construct adapted partial derivatives, useful
to study not only Uy, but also Reg(£2, A) for any domain Q in V. Using these adapted
derivatives, we prove in Subsection 5.3 that % is a basis of Uy for any k € N.

5.1. The polynomial functions Ty

Our construction of basic polynomial functions will subsume the following well-
established cases, treating them all at once. We recall that Subsection 3.1 defined and
studied the Fueter variables (% and polynomials PE, which are left-monogenic with re-
spect to a hypercomplex basis B. Moreover, Subsection 4.1 associated to each J in the
T-torus T (or to J =0, if 7 = 0) a hypercomplex basis B.
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Example 5.2 ([35]). Let A = H, V = H and B = (1,4, ], k). (3)-regular functions are
Fueter-regular functions. In this case, the Fueter variables {16 0 QB o (38  form a basis of
U;. In general, Fueter polynomials {Pf” }\k|:k form a basis of Uy.

Example 5.3 (/12]). Let A=H, V = H and B = (1,4, j, k). (0, 3)-regular functions are
slice-regular functions. In this case, the full variable x = xg 4+ iz1 + jaxo + ka3 is a basis
of Uy and, in general, its kth power is a basis of Uy.
When we restrict the full variable x to the Jy-slice C;, = {xog + S1J1 : 20,51 € R}
for J; € Spz2, we find zg + 51J1 = (81 — xoJ1)J1, which equals the Fueter variable
18 = B — xoh only up to the multiplicative constant J;. The restriction to C;, of
the kth power gives (zg + f1J1)F = (Cle)kJ{“ = P(i‘;l (zo + B1J1)JF. On the other
hand, it is not possible for odd |k| to construct a single function Py : H — H by setting
(Pu)s, = PE" for all J; € So: indeed, for Ji # J1, (Pi) s, (@0 + BiJ1) = (B1 — wo 1)K
and (Py) s (zo + B1J]) = (8] — zoJ})!¥! would not agree along C;, N Cy = R.

Example 5.4 ([2/]). Let A = C¢(0,n), V = R"™ and B = (eg,e1,...,6,). As we al-
ready mentioned, (n)-regular functions are the classical Clifford monogenic functions.
The Fueter variables ClB o, .,Qlf‘” form a basis of U;. In general, Fueter polynomials
{PEQ}M:I@ form a basis of Uy,.

Example 5.5 ([7]). Let A = C{(0,n), V = R""! and B = (eg,e1,...,e,). (0,n)-regular
functions are slice-monogenic functions. In this case, the full variable x = xg + e1z1 +
-+ epx, is a basis of Uy and, in general, its kth power is a basis of Uy.

Again: for any J; € Sy, the restriction to C;, of the kth power gives P(LZJ)I JF.

These instructive examples motivate us to construct some polynomial functions
Tk, as follows. While the definition is rather technical, will soon prove that (Tx); =
Kt r k k
7?5" JrOtT gyt g for all J = (Ji, ..., J;) € T. Recall that, for = x¢+v121 +
...+ v,x,, we have set
20 =To+ V1T1 + ...+ Vi Ty

1
T = V410441 T -+« T V4, Tty

2 _
T° =V 1% 41 T oo Uy Ty

-
T=Vt, 1Tt g1 T T U T
where ¢, = n by construction.

Definition 5.6. Assume A to be associative. We set T := 0 if k € Z%T7 \ Nto+7 and
Te :=1if k= (0,...,0). For k € N*t7\ {(0,...,0)}, we define recursively
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K[ Te(z) =) ksTiwe, (@) (25 — (—1)"20v,)

to+7

+ Z (1) ks Tic—e, (x) (mo + (—1)* 2 ")

s=to+1

where a := ZZOLTOH ku,as = a — ky and by := > ,0* 7 k. For all k € N, we define

o= { T} |k |=k-

We notice that as + by = ZZ;OHku + 2b,, whence (—1)%+bs = (—1)% ¢, =

Zt0<u<s ku

Example 5.7. % = {T(o,...0)} = {1}. #1 consists of the functions

IN
»
IA
s

Te.(x) = x5 — zoUs

7;t0+u (ZL’) = X0 + x*

—_ =
IN
<
IN
\1

We call the functions 7Tc,,..., 7, the T-Fueter variables and the functions T, ,,,...,
Te,y s~ the T-Cullen variables. 3 consists of the functions

Tae, (x) = (s — xOUS)Z 1 < s <y,
7é€t0+u (ZL') = (3'30 + xu)Q 1 S u S T7

1
Teote, () = 5((a:u — xoUy ) (Ts — ToVs) + (X5 — Tovs) (Ty, — Tovy)) 1 < s <u < g,

1
Tetergn () = 5 (20 +2%)(@s + 2ovs) + (w5 — 2ovs)(20 +2%))  1<s<typl<u<m,
1
Tetgrotergn (@) = 5(=(0 +2%) (0 — 27) + (20 +27) (w0 —2%)) l<s<u<m

Within Reg(n)(V, A), corresponding to the choice 7 = 0, the set .#; consists only of
Fueter variables. Within Reg (V, A), corresponding to the choice tg = 0 and 7 = 1, the
set .Z1 consists only of a single Cullen variable, which is the full variable = zq + z! =
xo + x1v1 + ... + T,v,. These facts are consistent with the examples we gave at the
beginning of this subsection.

In the special case with A = C/(0,n),V = R""! and 7 = 1, the work [38] (see
also [37]) constructed a different basis (zo, ..., z,) of the right A-module U; and used it
to construct a basis of Uy for each k € N. When translated into our current notations,
zs := xs + P1J105. There is no obvious extension of this construction to the case 7 > 2,
which is of interest here.

Our next aim is proving that the set % is a basis for Uy. We begin with the next
lemma, which expresses each restriction of 7y to a J-slice Rf,o”“ in terms of the poly-
nomial function 735 7 RSﬁTH — A constructed in Subsection 3.1.
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Lemma 5.8. Assume A to be associative. Fizr k € Z"*7 J = (J1,...,J;) € T. The
restriction (Ti)s of Tk to the slice RWT7H! is the J-monogenic polynomial function

B, kioir k k
(T)g =P’ JrOTT e Ty

Proof. Our proof is by induction. When k € Z%*7 \ N%*7  the thesis follows from
the equalities T, = 0 and 735" = 0. When k = (0,...,0), the thesis follows from the
equalities Ty = 1, JE0t7 ... Jhto+2 gFott 1 and PP’ = 1. Let us prove that the thesis
holds for k € N*+7\ {(0,...,0)}, assuming it to hold for k—¢, for all s € {1,...,to+7}.
The definition of Pf 7, with the notation ¢, = (87, yields

to+T1

|k‘7)ll(8j th0+1— B .J2kt0+2 ktg+1 Z k Plljle Cs kf0+7' . .J§t0+2 th0+1 .
s=1
Now, for s € {1,...,tg}, we have (s = xs — xovs, whence (;J, = J, (5 for all u €
{1,...,7}. Let us set the notations C?"(x) := z and C?™*1(z) := z¢ for all m € N
and use again the notations a := ZZ";;H ky,as == a — kg and b, := fo:;l k.. We

compute the sum of the first £y summands as

to
B Kig+r Kig+2 Ktg+1
Y ke PR o dr 0T Ty gt

to
=3 R P T I O O ()

s=1

=3k (e sC7(G).

s=1

where the last equality follows from our induction hypothesis. Now let us compute the
sum of the last 7 summands. For distinct u,w € {1,...,7} and for s = ¢y + u (whence
u = s—tg), we find that s = 8, —x0J,, has the following properties: (sJ,, = 2o+ SuJu
JuCs; CsJw = Juw(S; and (s Jy)Jw = JwC((sJw). We are now ready to compute

to+T1
By kio+r kig+2 phig+1

E: S R A
s=to+1

to+T7

B, keotr s+1 ks bs kto+1

Z kslpkfeSJT ‘]s t0+1‘]s toc (CS) s— to 1" Jl

s=to+1

to+T1
— kfo+7' s41 ks—1 b, ko1 L
- Z (= ) “ks 7) o Js tor1Js 10 C7 (Codsto) Ty a1+ 1

s=to+1

to+71
_ E bs B kto+r s+1 ks—1 7hs—1 Kto+1 ~ag
- (-1 kspk—eSJT . Js t0+1Js to J@ —to—1" ) C* (CsTs—to)

s=to+1
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to+71
bs s
= Z (_1) ‘k;s (ﬁ—es)Jca (Cst—to)v

s=to+1

where we used the fact that J,_;,C% ((s) = (—=1)bC? ((sJs_¢, ). Overall, we have

ktg+r k k
k[P Jr ot o gyt et

to to+7
=D ks (T )sCC) + Y (=) ks (T, ) s C* (G Ts 1)
s=1 s=to+1
to to+T1
= Z ksTe—e, (a:) (ms - (_1)ax07}8) + Z (—1)175]4;5 (E—GS)J(xO =+ (_1)as/68—tojs—to)
s=1 s=to+1
= [k[(Tx) s,

where the last equality follows from the definition of 7y, taking into account that
Bs—tyJs—t, is the restriction to the J-slice R’f})”“ of the function z°~%. O

After some preparation in the next subsection, we will go back to the polynomials 7y
in the forthcoming Subsection 5.3 and finally prove that %, is a basis for Uy.

5.2. Adapted partial derivatives

This subsection is devoted to constructing some new differential operators. These
operators will play an important role to prove that .%}, is a basis of Uy, but also later in the
paper. We begin with the next remark, which uses Definition 3.24 with our current choice
of to (which we fixed in Subsection 4.1 as a part of the list of steps T = (tg,t1,...,tr))-

Remark 5.9. Assume A to be associative. Fix h € N%+71 J ¢ T (J:=(if r = 0) and a
domain G in R%*7*! Let us consider the operator 6% := 5p : ¢PI(G, A) = €°(G, A).
If 7 =0, then

h h ho qh he
6@ :va:amgazll 8 0

s Uz -

If, instead, 7 > 1 and J = (Jy,...,J;), then

h _ [ 7hto+r hty+1y—1h
o = (JporT L o)Lk

— ool ... gy

To “x1 Lt

(—J1851)ht0+1 - (—J.,—algT)htO"'T .

The notations in the last remark refer to the decomposition (7) of the variable x. We
are now ready for the announced construction.
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Definition 5.10. Assume A to be associative. Fix h € N®**7+! and a domain Q in V. If
T = 0, then we set 0" := 65‘ = ng = VB If 7 > 1, then for any f € Regp(Q,4) we
define the function 6% f : Q — A to fulfill the equalities

(8 )y = 830y = (J7 - ) TR £y
inQy, forall J€T.
Definition 5.10 will only be fully justified after the next theorem will be proven.

Theorem 5.11. Assume A to be associative. Fix 7 > 1, a list T = (to,t1,...,t;) of T
steps, a domain Q in V, and a function f € Regp (2, A). For all h € N+t qnd all
J,J' €T, the functions 551fj and 51},fJ/ coincide in ;N Q.

To prove Theorem 5.11, we will use the next lemma.

Lemma 5.12. Assume A to be associative and 7 =1 (whence T = (to,t1) = (to,n)). Fix
J=J1 €T =Siy+1.n and a domain G C Rf}’“. If ¢ € Mon (G, A), then

glror i g — phogl 90 (92, + 02, + ...+ 02, )"0,
5(h0,.“,h¢0,2m+1)¢
hi m
= 00 02,0 (05, + 07 4 A 07, ) Dy + V10, 01,0, )0

for all ho, ..., hyy, m € N.
Proof. Since the function ¢ : G — A is J-monogenic, we have
0= 3J¢ = (afﬁo + "Ulazl —+ ...+ ’Utoazto + Jlaﬁl)(,b

(whence 0 = Aj¢ = (82, + 92, +... + agto + 8/231)@. These equalities will allow us to
prove the thesis, by induction on m.
. For h = (hq, ..., hy,0), the equality 6%¢ = (9400h ... a’“o )¢ is the very definition of
57,
Now assume the thesis true for h = (ho,...,hs,2m) and notice that dh¢ =
(=1)™Vg, ¢ is still a J-monogenic function. For h’ = (ho,...,hy,2m + 1) and h” =
(ho, - .., hty, 2m + 2), we compute

O &= (0150%1 ... 0klg (1105, )
= (195,850
= Oy + 0102, + ...+ v4,0n,, )05,
oo = (9lon ... a’”“( 105, +)g
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= —03,03¢
= (02, + 07, + ...+ 83, )65,

whence the desired conclusion follows. O

Proof of Theorem 5.11. We will prove the thesis by induction on 7.

For 7 = 1, we apply Lemma 5.12 to the function f; € Mon;(Q;, A) and to the
function f; € Mon/(Q;:, A). It follows immediately that 6% f; and 6% f; coincide in
the intersection Q; N Qy of their domains.

We now take the induction step from 7 — 1 to 7 > 2. Let us apply Lemma 4.16
with o = 1: for every J = J1 € Siy+1,¢, the restriction flﬁ; is a f—regular function,

where T := (to+1,ta,...,t;) is a list of 7 — 1 steps. For any (Ja,...,J;), (J5, ..., J.) €
Sti+1,65 X =+ X S¢,_,+41,¢., our induction hypothesis yields that the further restrictions
fr,daredys Fngs,...ary Of fi are such that, for all h € Nto+7+1 the functions

J

h
0 a f(h T2

heg b
= 9p0ap ... 0500 IOH(—Jzaﬂz)ht”“ e (=208, )N F gy ) s

h
00 any f(r,d8,0r)

h h
= OOt 05,0050 (= T30y )02 (= TLDs )0 f gy gt s

o ~T1

coincide in Qy, 7,.....7,) Q1 55,00y Forany J = (Ji, o, ..., J7), J" = (J1, J3, ..., J})
€ T, let us prove that (55‘]”,] and 6}}, fyr coincide in 7 N Q; by induction on hy,41.

o Ifh= (h/07~~~aht0y07h’t0+2;~~~7ht,)7 then

hy
551fJ = 6238511 e 8Itg (_J2862)ht0+2 o (_JTaBT)ht(#T.fJ 7
o8 fyr = Ottt QO (— T, ot (=SB Yot fyr

coincide in Q7 N Q. This is obvious when J; = +J;, which yields the equalities
frr= f(JlaJé7---;J4) and Q;NQy = Q(J13J27"')JT) n Q(JhJé,u-,Ji)' It is also true when
J{ # +.J1, which yields the proper inclusion Q; N Qy C Q(J15J27"'5JT) N Q(Jl,J§,~~~,J.f.)
and the chain of equalities

(Ohoms .. 0kis (— T30y )0+ . (L0 o £ ) -
Jgn J’!

ho ah h h higtr
= (argaml o 02,0 (= J30py ) 02 L (=T Dpr )Mot f(leJé,-uyJ;))IQ .
Jn J!

= (Dol . 00 (= Tadg, o (=0, )0 £ )

w0 Va1
leyne,,
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Now assume the thesis proven for all h of the form h = (ho, ..., by, 2m, higt2, - - -,
ht,). We set h' := (ho, ..., hey, 2m + 1, hyg12, ..., he, ) and compute

N fr = (—=1103,) 05 fr = —J1 0% 0g, £
= —J1 0% J1 (Ozy + 0100, + - - + V40, + J20, + ... + J20p,) [
= (18 gy () (0 g+ v £)
F(=1)22800 R L (<1t

for appropriate natural numbers ag, a1, ...,a, and for

ho := (ho + 1, h1, ..., heg, 2m, hygyoy oo By, ),
hl = (ho,hl —|— 1,...,htO,Qm,htO+2,...7ht7),

ht = (h07h17~--7ht0 + 1,2m,ht0+2,...,ht7),

0

hto+2 = (h07h17 e ~7ht072m7 ht0+2 + 17 .. '>ht-,—) )

ht0+T = (ho,hl,. . .7ht0,2m, ht0+27. . .7ht7_ + 1) .

Similar computations prove that

! a a h;
O fr = (=185 fr + (1) (085 fr + o+ vg 85 fr )
(=120 R L (1) ST S

For any s € {0,...,t9,t0+2,...,t.}, since the (to + 1)-component of h, equals 2m,
our induction hypothesis guarantees that the functions 55‘5 f7and 5?,5 £+ coincide in
Q; N Q. We immediately conclude that 6% f; and 6% f; coincide in ;N Q. To
complete the current induction step, we set h” := (hg, ..., ke, 2m~+2, hyg 12, ..., he,)
and compute

08 f1= =05, 05 1o =85 (=03,) 11
=08 (07, + 05 + .+ 05, 05+ +0E) [y

k k Keotr
=0 S 0 =8, = =8, f

where
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k() = (h() +2, hl,...7ht0,2m,ht0+2,...7ht7)7
kl = (ho,hl +2a~-~7htoa2mahto+27~-~7ht—r)7

kto = (h07h17-- -7ht0 +2,2m,ht0+2,...,ht7),
kt0+2 = (h07h17-- .,ht0,2m, ht0+2 —|—27...7ht7_)7

kt0+7- = (h07h17- . .,ht0,2m, ht0+2, N .,ht +2) .

.

Similar computations prove that
L — ko sk1 5kto o 5kto+2 . _ 5kto+7
J! fJ/_ J’f.]/+ J/fJ'+---+ J! fJ’ J’ fJ/ J’ fJ/,

Again: for any s € {0,...,to,t0 + 2,...,t-}, our induction hypothesis guarantees
that the functions 0% f; and 6%; f;» coincide in Q; N Q. It follows that 6% f; and
55‘,”fj/ coincide in ;N s, as desired. This completes the induction step from 7—1
to T > 2.

The thesis is now proven for all 7 € N, as desired. O
We can use Lemma 5.12 once more, to establish the next result.

Proposition 5.13. Assume A to be associative. If T =1 and f € Regp(Q, A), then

gltorwlig 2m) £ — phoght g0, + 02, + ...+ 02, )" f

6(h0,...,ht0 727n+1)f

= QLoD 00 (02 + 02 4+ 02, )" (O + 010, + -+ 01Dy, )

for all h, ..., hy,m € N. As a consequence: for any h € N%*+2_ the function 6hf‘m]R0,t0
is completely determined by f‘m]RO L
»to

Proof. The first statement follows by applying Lemma 5.12 to the function f; €
Mon (€2, A), if we take into account that 6" f is defined so that (6P f); = d%f; and
that 9y, f7 = (0s,f)s for all s € {0,...,%0}. The first statement and the equalities
(amsf)‘moyto = (’)ms(f‘m%yto) (valid for all s € {0,...,%0}) yield the second state-
ment. O

This proposition is consistent with [38], which dealt with the special case with A =
Cl(0,n),V = R™""! and 7 = 1: in that special case, [38, Theorem 3.27] showed that
f € Reg(B(0, R), A) is uniquely determined by its restriction to B(0, R) N Rq -
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None of the phenomena described in Proposition 5.13 generalizes to the case 7 > 2,
5.15, where A = C?(0,4),V = R5
and 7 = 2, shows that the operator 6® cannot, in general, be expressed in terms of
iterates of O, 0z, ..., 0y, only. Additionally, it shows that, for f € Regy (02, 4), the
. h . . .
function 0 flmRo,tO is not uniquely determined by f|mR01t0.

which is of interest here. Our forthcoming Example !

5.8. Properties of polynomial functions Ty

We are now ready to prove that % is a basis of Uy, for any k € N.

Theorem 5.14. Assume A to be associative. For every k € N, the family %y is a basis
for U. Namely, for every P € Uy,

= Z Te(z) e, ok i= %5(0’1()1:’(0) 9)

k=K
for all z € V. In particular, 5O T (0) =1 and 69T (0) = 0 when k # k',

Proof. Fix k € N. We take several steps to prove our thesis.

Let us first prove the inclusion %, C Ug. By construction, each function 7y is a
|k|-homogenous polynomial. By Lemma 5.8, for all J € T, the restriction (7x)s is a J-
monogenic polynomial function. Thus, 7x € Reg,(V, A). The desired inclusion follows.

We now aim at proving that the elements of .%) are linearly independent. For
{exbig=r C A, assume P(z) = 3 5 _; Tk(z) cx to vanish identically in V. By
Lemma 5.8, for any J € T, the restriction

Pi= Y (o= X PR I e,
k|=k k|=k
vanishes identically in R’ """, By Proposition 3.6, JretT L J;%H J{%H ckx = 0 for all
k € N%*7 with |k| = k. Since J; has inverse —J for all s € {1,...,7}, we conclude that
ck = 0 for all k € N%+7  as desired.

Let us now prove that formula (9) is true for all P € Uy, whence the family %
spans Uy. It suffices to prove that the polynomial function P := Z|k\ e T %5(0’1‘)]3( )
coincides with P. This is true, because Lemma 5.8, Definition 5.10 and Proposition 3.6
yield

D 1 to+T to+2 to+1
Py = Z (ﬂc)J E5§O7k)P(O) _ Z PEJ Jf o+7 . Jk o+ Jk o+ '550’k)P(0)
|k|=k ’ |k|=k ’

=y Pffgv(o X Py(0) = Py
k|=k

forall JeT. O
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We are now in a position to give an example where two T-regular functions coincide
on the mirror but have distinct adapted partial derivatives.

Example 5.15. Let A = C¢(0,4), V = R5, B = (ep, e1,e2,¢€3,e4), T = (0,2,4) (whence
7 = 2). Within Regg 5 4)(R®, C€(0,4)), let us consider .7, = {T¢,, Tc, }, where e; = (1,0)
and €3 = (0,1) and 7T¢,, 7., are the (0,2,4)-Cullen variables T¢, (x) = xo + 2! = 29 +
ziey + x0ey, To,(x) = 20 + 22 = 2 + 2363 + 2404. While 60T =1 = 60007 |
Theorem 5.14 guarantees that

SO =14£0=60)T,
50T =0#£1=502T,

despite the fact that 7, (z) = 9 = Tc,(z) for all  in the mirror Roo = R.

Before concluding this section, we use the family .#; to understand which T, T produce
Regr (2, A) = Reg#(Q, A).

Example 5.16. We saw in Example 4.14 that, for functions H — H, T-regularity is
Fueter-regularity exactly when T € {(3),(2,3), (1,2,3),(0,1,2,3)}, while T-regularity is
slice-regularity if, and only if, T' = (0,3). We also saw that T" = (1,3) yields the same
class as T'= (0, 1, 3).

The phenomenon appearing in the previous example is consistent with the follow-
ing fact. If T = (to,t1,...,t;) with tg > 0 and if we set T = (fo,t1,...,t7) =
(to — 1,t0,t1,...,t;) (whence 7 = 7 4 1), then:

o the T-Fueter variables, excluding the last one, are exactly the T-Fueter variables;

o the last T-Fueter variable, namely T, (v) = x4, — zovy, = (xo~+ Tty Ut ) (— V10,
coincides, up to the multiplicative constant —uv;,, with the first T-Cullen variable,

ie., 7;;0“(35) =T0 + T, V5,41 = T0 T Tty Vty}

e the T-Cullen variables are exactly the T-Cullen variables, first one excluded.

We are going to prove that this mechanism, along with its iterations, is the only way to
produce from 7" a longer T" such that Reg (€2, A) = Regz(£2, A). This will be a corollary
to the next theorem.

Theorem 5.17. Assume A to be associative. Let 7,7 € {0,...,n} and let T = (to,...,t;)
and T = (to,...,tz) be two lists of steps for V.

1. For 1 < s <tg, the T-Fueter variable T. (x) = x5 — Tovs 1S T—regular if, and only if,
etther s < t~0 or tNu_l +1=s5= t~u for some u > 1.
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2. For 1 < s < 7, consider the T-Cullen variable T, , () = zo + 2° = xo +

V4, 41T, 41+ .Fv,xe,. Then 7;t0+s 18 T—regular if, and only if, eitherts_1+1 =
ts < to or there exists u € {1,...,7} such that (ts—_1,ts) = (t~u_1,t~u).

Proof. Take any J in the T-torus T and consider the operator 9 = Opg + 1105, + ...+
3,02, + J10p, + ... + J30p. associated to T.

1. We first deal, for 1 < s < tg, with the T-Fueter variable T (x) = zs — xovs. We
separate three cases.
(a) If s < to, then for any J € T we have

(Te)g(xo+v121 + ... + vpxp +J1f+ .+ J:07) = x5 — zous

whence
07(Te) g = (Ong + 50, ) (x5 — ToVs) = Vs —vs = 0.

(b) If there exists u > 1 such that tu_1 +1=s=t,, then Sz

u

41 = {£wvs} and,
for any J € T, we have J, = +vs and

(Te.)s(xo +viz1 + ... +vp xg + J1f1+ ...+ JzB7) = £Pu — Tovs

whence
05(Te.)s = (Ozy + Ju0p, ) (£Bu — Tovs) = £y, —vs = 0.

(c) If there exists u > 1 such that tu1 +1 < s <t,and t,_1 +1 < t,, then
Si,_,+1, is a sphere of dimension at least 1. Picking J € T with J, L v, we
obtain

(Te.)a(xo + vy + ... + vg, T3, + J161+ ...+ Jz0z) = —xovs,

whence

04(Te.)g = Opy(—ovs) = —v5 #0.

2. We now deal with the 7-Cullen variable T, .. (7) = zo+2° = 2o +vi, 4174, 41+
coo v ay, for 1 < s < 7. We separate three cases.
(a) If t, < to, then for any J € T we have

(Teryra)a(wo +vrzs + ..o+ x5, + 11+ .o+ Jz67)

=Ty + VU, 410,141 T - T VT,
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whence
EJ(’];10+5)J = 1 +’Ut25,1+1 —+ ... +’Ut23 = 1 — (tg 7155_1) — ts—l —+ 1 — tS .

Thus, 7;t0+5 is f—regular with t5 < to if, and only if, t,_1 +1 = ¢,.
Ifty1+1<ty< ts, then for any J € T we have

(Terys)s(@o +vizy + ...+ vpxp + 1B+ ... + JzB7)
=T + Vi, 41Tt 141 T ...+ Vf, T,

+ U?0+1<Ut~0+17 Jifr 4 A+ TFBE) v (v, Jif A 4 TSR

whence

8J(7;tO+S)J =1+ U752571+1 + ...+ 'Utg0 +J; (vt~0+1<v;0+1, J1) ot (v, J1>)
+ ...+ J5 (vfo+1<UtNo+17J"N'> + ... —i—’Uts<’Ut5,J;->)
=ts_1+1—1o+ Jiprojg

to+1,ts

=t +1—to+Jy PIojR.

To+1,ts

(J1) + ...+ J7 projg,

to+1.ts

(J1)+ ...+ Ju projg.

fo+1,ts

(J7)
(Ju) )

where u is the maximal element of {1,...,7} such that t; > tu_1 + 1. Let us
choose J € T such that J; = vz ,...,Ju =vg ,, thenforall s € {1,...,u} we

have J; € Ry |, , whence J; projg " (Js) = Js Js = —1. With this choice,
sts to+1,ts

6](7;t0+S)J:t571+1—50+J12+...+J3:tsfl—i-l—?o—ug—’LL<0.

Therefore, ’Em .. is never f—regular when t,_1 +1 < to < ts.

If tg < ts_1, then for any J € T we have

(ﬁto+s)J($0 ST W I P vl J1P1+ ..+ T85)
=20+ V41V, _ 41, 11+ TFBE) v (o, B+ JRBR)

whence

05(Tery)s =14 J1 (v 11 (ve, g1, 1) + o+ v (v, 1))
oot Tr (v g1 (Ve J7) o (v, )

=1+ Jiprojg, ., ,. (J1)+ ...+ Jz PIOJR, .. (J7).

We separate three sub-cases.
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(1) Ry, 416, =Ry, 4 7, forsomewe {1,...,7}, then

91(Terysn)s =1+ Ju projg, (Ju)=1+J2=0.

_141,ts

Therefore, T, ., is f—regular when (ts_1,ts) = (fu,l,fu) for some u €
{1,...,7}.
(c2) HRy, 414, C Rz, 117, for some u € {1,...,7}, then

5‘](7;t0+5)J =1+J, proth371+1,ts (Ju)

equals 1 if we choose J,, € Sfufﬁl,?u with J, L R¢, ,41,¢,. Therefore, 7T¢

tots
is not T-regular when there exists v € {1,...,7} such that tu1 < te_q <
ts <ty orty 1 <ts1 <ts <ty

(c.3) Assume now that, for all v € {1,...,7}, the subspace Ry, ,11,, is not
contained in Rt]_ﬁl - As a consequence, v, ,4+1 € Rt]_ﬁl i and vy, €
R; 117, for some u,w € {1,...,7} with u < w and

6J(7;t0+8)‘] =14+ J, prothle‘tS (Ju) + Jg_H EERE
+ Jw prOth5,1+1,ts (Jw) .

Here, the sum J2,, + ...+ J2_, should be read as 0 when v + 1 = w. Let
us choose J € T with Jy, = v¢,_, 41, Jw = v¢,: then

01(Tery )7 = 407 e+ T+ = 1—(w—u+1) = u—w < 0.

Therefore, 7, ., is not T—regular when there exist u,w € {1,...,7} with

u < w such that t, 1 <ty 1 < %vu and %Vw,l <ts < ft;,. O
We are now ready for the announced classification.

Corollary 5.18. Assume A to be associative. Let 7,7 € {0,...,n} and let T = (to,...,tr)
and T = (fy, ..., t3) be two lists of steps for V. The inclusion Regp(Q, A) C Reg#(2, A)
is equivalent to the equality Regp (2, A) = Regz(£2, A) and to the following property: one
among the lists T,f comprises the other, possibly preceded by some steps of the form
(m,m+1).

Proof. Let us assume Regp (€2, A) € Reg#(€2, A) and apply Theorem 5.17.

o Assume fy < to. Since the last to—ty T-Fueter variables 7;{0“, .

property 1 in Theorem 5.17 yields, for the first ty — o + 1 elements of T:

-y Te,, are T-regular,

(fost1. T2, by gty 515 tey—z,) = (fosto + 1t +2,... to — 2,t0 — 1,%0) .
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Since the T-Cullen variables Te, ., ..
rem 5.17 yields that T includes the whole list (to,t1,...,t;). Taking into account that
to < t1 <...<tz =n and that ¢, = n, it follows immediately that 7 = 7 + to — to
and that

o Tery . are Tv—regular, property 2 in Theo-

T = (to, 1 ta, sty 5 oty —gu—1o byt brg—tytts - - s brg—Tyr)

= (fo,to + Lt +2,...,t0 — 2,tg — L,to, t1,. .. tr) -

In other words: the list T comprises some steps of the form (m,m + 1), juxtaposed
with the whole list 7. In such a case,

T = {vy o} X {£v5, o} X - % {01} % {Fvg} x T

Taking into account (8), we conclude that Regs (€2, A) = Regs(12, A).
Assume ty < to. Since the last ¢, —to T-Cullen variables 7;50“, .

property 2 in Theorem 5.17 yields that to,t1,...,t= = n are the last 7+ 1 elements
. ,7250 (if any) are T-regular,

-, Te, are T-regular,

of T'. Since the preceding T-Cullen variables 7.

tok10

property 1 in Theorem 5.17 yields, for the first ¢y — to 4+ 1 elements of 1"

(tostistos -ty o tiy—to—1oti,—4y) = (tosto + 1t +2,... o — 2,80 — 1,0)

Taking into account that tg < ¢t; < ... < t; = n and that t; = n, it follows
immediately that 7 =7 + to — to and that

T= (t07t1’t27 oot —tg—20 Ty —to— 10 tig—to > ig—to 10+ - - ’tfo—to—i-?)

= (to,to + Lito +2,...,f0 — 2,tg — 1,0, t1,. .., 5) .

In other words: the list T' comprises some steps of the form (m,m + 1), followed by
the whole list T'. In such a case,

T = {#veg1} X {Fvgqa} x - x {Fvg, _} x {Fvz } x T

Taking into account (8), we conclude that Regy(£2, A) = Reg#(€2, A).

The proof is now complete. 0O

In addition to the set-wise classification provided in Corollary 5.18, we plan to perform

in a forthcoming paper a classification of {Reg, (2, A) : T list of steps} up to bijections.

For instance, we constructed in Example 4.14 an explicit bijection Reg(07273)(H, H) —

Regg,1,3)(H, H), based on the orthonormal change of basis from (1,4, j, k) to (1, k, —j,4).
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6. T-functions and strongly T-regular functions

This section defines and studies, on a T-symmetric set p, classes of functions
Qp — A having some special symmetries. Throughout the section, in addition to As-
sumption 4.1, we assume D to be a subset of Ry, x R7, invariant under the reflection
(o, B) — (a,Bh) for every h € {1,...,7}. We recall that we have defined: in Defini-
tion 4.19, the symbols 3 J and Bh forall 3 e R, J € T,h € {1,...,7}; in Definition 4.20,
the symbol Qp :={a+ B J : (a, ) € D}, as well as the notion of T-symmetric set.

6.1. T-stem functions

As a preparation to work with functions Qp — A, we deal in this subsection with
functions D — A ® R?".

Remark 6.1. The tensor product A®@R?" is a bilateral A-module. Indeed, let (Ex)kes(r)
denote the canonical real vector basis of R2": if a € A and if C = ZKG'@(T) ExCg €
AR weset aC := Y kew Ex(aCk) and Ca:=3 e 5 Ex(Cka).

Our choice of the notation (Ef)xes(r) is to avoid possible confusion with the basis
of A in the special case when A = C¢(0,n). Let us recall from [22] the notion of T-stem
function, which subsumes the notion of stem function of [18, Definition 4] and follows
the lines of its multivariate generalization [20, Definition 2.2].

Definition 6.2. Let F': D — A ® R?” be a map F = ZKeﬂ(r) FEx Fx with components
Fyg : D — A. The map F' is called a T-stem function if
—h Fr(a, B) if hd K
F =
K(e 5) {—FK(a,B) if he K
for all K € Z(7), for all («,5) € D, and for all h € {1,...,7}. For such a function F:

we say that F belongs to € (D, A® R?") if Fx € €(D, A) for all K € 2(1); we say
that F is real analytic if Fi is real analytic for every K € Z(r).

Clearly, the set of T-stem functions is a right A-module. Moreover, given a T-stem
function F on D and a point p € Rg 4, setting G(«, 8) := F (o + p, §) defines a T-stem
function G on D — (p,0). We add the following remarks. We point out that D is also

invariant under the composition of reflections 5 — BH constructed in Definition 4.19.
Remark 6.3. If F' is a T-stem function on D, then FK(Q,BH) = (1)Kl Fre (o, B) for
all H K € 2(7) and (o, B) € D.

Let us set, for 3 = (B1,...,B,) € R, the additional notation 8% := (3%,...,%) € R".
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Remark 6.4. Let F' = ZKegz(r) ExFx: D — A®R? be a T-stem function of class €
(or real analytic). Set D' := {(a, %) : (a, B) € D}. By Whitney’s Theorem [36, page
160], there exist an open neighborhood W of D’ in Rg 4, x R, with D’ = {(a,y) € W :
V1,57 > 0}, and a finite sequence {Gk } ke (r) in €>°(W, A) (or consisting of real
analytic functions Gk : W — A, respectively) such that, for all (o, 8) € D, the following
equalities hold true: Fy(a, 3) = Gy(a, 3?) and

FK(a7ﬁ) = Bkl "'ﬁkp GK(avﬁQ)

it K ={ki,....kp}withl1 <k <...<k, <.
6.2. T-functions and strongly T-regqular functions

This subsection is devoted to the announced construction of classes of functions Qp —
A having some special symmetries: they are called T-functions. Here, and in the rest of
the current section, we assume A to be associative.

Definition 6.5. Assume A to be associative. Let J € T,K € (7). If K = (), we set
Jg == 1. For K # 0, say K = {ky,...,kp} with 1 < kg < ... < k, < 7, we define
I = Tey Ty - Ty Ik, -

For J € T and K € &(7) fixed, the map a — Jxa is a right A-module isomorphism
with inverse a +— J Igla. Here, JI}I denotes the multiplicative inverse of the element Jx
of A. We are now ready to restate, in the associative case, the definition given in [22]
of T-function. This notion subsumes the notion of slice function, [18, Definition 5], in
its associative sub-case. The definition follows the lines of [20, Definition 2.5], in its
associative sub-case.

Definition 6.6. Assume A to be associative. Let F' = ZKey(T) ExFr :D — A®R?
be a T-stem function. The induced function f = Z(F) : Qp — A, is defined at © =
a+ BJ € Qp by the formula

f(.%‘) = Z JKFK(Oé,ﬁ).

Ke2(T)

A function induced by a T-stem function is called a T'-function. We denote the class of
T-functions Qp — A by the symbol S(Qp, A). If Qp is a domain in V, then the elements
of the intersection SR(Qp, A) := S(Qp, A) NRegr(Qp, A) are called strongly T-regular
functions.

The notions of T-function and strongly T-regular function are interesting when 7 > 1.
In the special case 7 = 0, every subset of V is T-symmetric, every domain 2 in V is a
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T-symmetric domain and every function f : 2 — A is a T-function, induced by a T-stem
function F' = F, which coincides with f up to identifying A ® R? with A.
About the map Z introduced in Definition 6.6, we prove the following proposition.

Proposition 6.7. Assume A to be associative. The map T from the class of T-stem func-
tions on D to S(p, A) is well-defined. Moreover, the set S(Qp, A) is a right A-module
and T is a right A-module isomorphism. Finally, SR(Qp, A) is a right A-module.

Proof. In the forthcoming Lemma 8.4 and Theorem 8.6, under weaker hypotheses, we
will prove that Z is a well-defined real space isomorphism. Additionally, it is clear from
Definition 6.6 that, for any T-stem function F : D — A ® R?" and any a € A, Z(Fa) =
Z(F)a. It follows at once that S(2p,A) is a right A-module and that Z is a right
A-module isomorphism. Finally, Remark 4.12 guarantees that Reg,(Qp, A) is a right
A-module, whence SR(Q2p, A) = S(2p, A) NRegr(Qp, A) is a right A-module, too. O

The properties of T-stem functions on D, along with Remark 4.12, allow us to make
the following observation.

Remark 6.8. Fix p € Rg,,. If f € S(Qp, A) (or f € SR(Qp, A)), then setting g(x) :=
flx 4+ p) defines a g € S(Ap —p, A) (a g € SR(Qp — p, A), respectively).

For a T-function f = Z(F'), we now prove a Representation Formula along tori of the
form Toypr = Qa,p)y = a+ BT with a € Roy,, 8 € R™,I € T (see Definition 4.20).
In connection to this formula, we also recover from f the inducing T-stem function F'.

Theorem 6.9 (Representation Formula for T-functions, associative case). Assume A to
be associative. If f € S(Qp, A), then f =I(F) where F' =} 5,y ExFi is a T-stem
function whose K -component is

F(o,f)=27Lt S (~)E o+ 57 1),

He2(T)

As a consequence: for all (a, ) € D and all 1,J €T,

flatsn =273 (~)EM et fa+ B D) (10)
K,HeZ(T)

= Y wflat+ D),

He2(T)

where

YH = 277 Z (—1)‘KﬂH‘ JK IE-I .
Ke2(r)
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Theorem 6.9 is a special case of the forthcoming Theorem 8.6, whose hypotheses are
weaker. In particular: if we fix I € T, then every f € S(Q2p, A) is completely determined
by its restriction f7.

We now draw two useful consequences. The first one concerns the norm |/ f]| of a
continuous T-function f. We recall that w = wp g > 1 is a constant such that ||zal <
wlz| |la|| for all z € V,a € A (see Remark 2.27). Moreover, by Proposition 2.28: if A is
associative and B’ is a fitted distinguished basis of A, then w = 1, whence (1+w?)7 = 27.

Proposition 6.10. Assume A to be associative. Fiz f € S(Qp, A) and I € T. For every
nonempty subset D' of D and for Q' := Qp, C Qp,

sup || ]| < (1+w?)” sup || f]].
o o

A second useful consequence of the Representation Formula for T-functions is, that
strongly T-regular functions are real analytic.

Proposition 6.11. Assume A to be associative. If f is strongly T-regular, then f is real
analytic.

Our current associativity assumption does not really play a role in Proposition 6.10
and Proposition 6.11. We will therefore restate and prove these results as the forthcoming
Proposition 8.7 and Proposition 8.9, after defining T-functions and T-regular functions
over general alternative x-algebras.

6.3. Mirror T-stem functions

This subsection is devoted to some technical material, which will be useful in the
forthcoming Proposition 7.1 to prove that the polynomial functions 7y (defined in Sub-
section 5.1) are T-functions, whence strongly T-regular. The proof of Proposition 7.1
will be based on the induction hypothesis that, if |k’| = |k| — 1, then T = Z(F¥) where
F¥ is a T-stem function of a special kind, studied in the current subsection.

We recall that A ® R? is a bilateral A-module and give the next definition.

Definition 6.12. Assume A to be associative and let A’ denote the real subalgebra of A
generated by the mirror Rg¢,. A T-stem function F': D — A ® R?" is called a mirror
T-stem function if it takes values in A’ @ R?".

We endow the real subalgebra A’ of A with a convenient system of generators.
Remark 6.13. Assume A to be associative. We define (vy)mes,) C A’, as follows:

vy = 1if H=0and vy :=vp, ---vp, if H={h1,...,hy} with 1 <h; <...<h, <to.
Since the real vector space Rg,, is the span of the anti-commuting imaginary units
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V0, V1 ..., Vy,, the finite sequence (vy)peo(i,) is a system of generators for the real
vector space A’. Moreover, there exists a subset 2 C (t() such that (vyg)gceo is a real
vector basis of A’.

Example 6.14. Let A = C¥¢(0,3) and tp = 3. If v; = e1,v2 = es and v3 = es, then
(vH)Hew(3) is the standard basis of A’ = A. If, instead, v; = e1,v2 = ez and v3 =
e12, then (vy)pem(s) is a system of 8 generators for the 4-dimensional subspace A’ =
CY(0,2). In the latter case, a basis of A" is (vy)geo with 2 = F(2) C F(3).

It will be convenient to consider, for each mirror T-stem function, not only its com-
ponents with respect to the basis (vy)gee of A’ but also its (non unique) components
with respect to the system (vy)pes(,) of generators for A’.

Lemma 6.15. Given (Gu)ucw,), where Gy = ZKe@(r) ExGug : D - A® R2"
is o T-stem function with real-valued Ex-components Gy : D — R, the function
F = ZHeg(to) Gpvyg is a mirror T-stem function. Conversely, every mirror T-stem
function F on D can be expressed in the form F = ZHeg(to) Gpyvg, where Gy =
ZKe@(r) ExGp i are T-stem functions D — R ® R?",

Proof. Let us prove the first implication: under the assumptions made, the function F' :=
Y He P(to) Gpvy is a mirror T-stem function on D. This fact follows from the equality
F = ZKE.@(T) ExFg:D — A ®R2T, where F = ZHEQ’(tO) GHJ(’UH D — A/, and
from the following argument: for («, ) € D,

FK(OQB}Z): Z GH,K<ath)'UH

HeP(to)

equals —Fk (o, ) when h € K; it equals Fx(«,3) when h € {1,...,7}\ K.

Conversely, consider any mirror T-stem function F' = P () ExFix :D— A ®
R?". Of course, with respect to the basis (vy)geo of A/, the K-component F : D — A’
decomposes as Fg = ZHe,@ G kvg for some unique functions Gg,x : D — R. Take
any (a, 8) € D: for h € K, the equality

0=Fx(a,B") + Fx(o.f) = Y (Cuic(a,B") + Cric(a, ) vu
He2

yields that GH,K(a,Bh) = —Gui(a,p) for all H € 2; for h € {1,...,7} \ K, the

equality

0=Fx(a,B") ~ Fx(e.f) = Y (Cuic(a,B") — Cuic(a, ) vu
He2

yields that Gy (o, ) = Gu kx(«, B) for all H € 2. Therefore, for every H € 2, setting
Gy = EKG(@(T) ExGurx:D = R® R?" defines a T-stem function. Additionally: for
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every H € 2(ty) \ 2, we define a T-stem function Gy : D — R ®@ R?" as Gy := 0. By
construction, F' = ZHGQ Ggug = ZHeﬁ?(to) Gpgvg. The proof is now complete. O

It is useful to make the next remark, where we adopt the notation X AY := (X \
Y)U (Y \ X) for the symmetric difference of two sets X and Y, as well as the notation
Jk set up in Definition 6.5.

Remark 6.16. For all H € &(tg) and all h € {1,... %o},

vy, = (=1)7ED

VH A{h} >
where we set o(H, h) to be 0 or 1 depending on whether there is an even or odd number
of elements of H larger than, or equal to, h. Additionally, for a fixed h, the map H +—
H A{h} is an involutive bijection of Z(t() onto itself.

Now fix J = (J1,...,J;) € T and v € {1,...,7}. For all K € #(r), we similarly
have that

Trcduw = (=175 e p gy

and that the map K — K A{u} is an involutive bijection from £ (1) onto itself. More-
over, for all H € P(ty),

vpdy = () J0p

because J,, anti-commutes with v, for all h € {1,...,to}.

Thanks to the previous remark, we make the following observations.
Remark 6.17. Assume A to be associative. The set 9t of mirror T-stem functions on D
is a real vector space. We have Mo, = M for all h € {1,...,t} and D¢ = M for all
functions ¢ : D — R, with ¢(c, §) constant in (.

To prove the forthcoming Proposition 7.1, we will also need the following technical
lemma. We recall that Z denotes the map constructed in Definition 6.6 and proven a

right A-module isomorphism in Proposition 6.7.

Lemma 6.18. Assume A to be associative. Let F be a mirror T-stem function on D. For
any u € {1,...,7}, there exists a mirror T-stem function “F on D such that: for all
(,8) € D, J €T,

Z(F)a+BJ)BuJu =Z("F)(a+8J).
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Proof. According to Lemma 6.15, F' can be expressed as F = ZHG(@“O) Ggvg, where
Gy = ZK@@(T) ExGu ik are T-stem functions D — R ® R2 . In particular, the K-
component of F is Fg = ZHE@(%) Gu,rxvm. For all K € (1), let us set Fg :=
ZHG@(tO)(_l)‘HlGH,KUFD so that Fy J, = J, Fx by Remark 6.16. Thus,

I(F)a+B)Budu= Y JxFx(a,f)Butu= Y JkJuBuFx(a,p)

Ke22(r) Ke2(T)

= Z (71)U(K’U) I A{u} 6u ﬁK(aa ﬂ)
Ke2(r)

= Z JK’ (—I)G(K/ Afutu) ﬁu ﬁ[{’ A{u} (Oz7 ﬁ) .
K'e(r)

For the third and fourth equalities, we used Remark 6.16 again. Let us define “F : D —
A®R? by setting

“Fi= Y B (1) A 8 By
Ke2(r)

If we prove that “F is a mirror T-stem function, then the desired equality Z(F)(« +
BI)Budu = ZI("F)la + BJ) will follow immediately. Since Fgaquy =
ZHG@(tO)(_1)‘H|GH,KA{U}’UH’ we have “F = ZHegz(to) UG yuy, where

LGy = Z Ex“Guy:D—-RaR?,
Ke2(T)

uGH)K = (—l)lHH_G(KA{u}’u) Bu GH,KA{u} :D—>R.

Thanks to Lemma 6.15, we are left with proving that each “Gp is a T-stem function. In
other words, it suffices to verify the following symmetries:

w —Shy uG}LK(CK,ﬂ) ifhe{].,...,T}\K
Crxl(e,f) = { Gy la,f) if heK :

We first assume h ¢ K, whence h € K A{h} and h ¢ K A{u} for u # h: then

(Bu G, i Afuy) = —Bu (=G, Afuy (@, 8) = Bu G pquy(a, ) if u=nh,

|(‘1=T3h)

(Bu G i A{u})| = Bu Ga i pquy (@, B) if u#h,

(a,BM

as desired. Assume, instead, h € K, whence h ¢ K A{h} and h € K A{u} for u # h:
then
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(Bu G i A{u})l = —BuGu Kk Afuy (@, B) if u=nh,

(e, BM)

(Bu G i Afu}) = Bu (=G Afuy (@, 8) = —Bu Gk puy(a, ) if u#h,

(a7

as desired. The proof is now complete. O
7. Series expansion and representation formula

The aim of this section is studying T-regular functions more in depth, under suitable
hypotheses about their domains. Throughout this section, we assume A to be associative.

Subsection 7.1 provides T-regular functions with a series expansion on each ball cen-
tered at a point of the mirror. An Identity Principle and a Maximum Modulus Principle
valid on T-slice domains follow. Subsection 7.2 proves that T-regular functions on 7-
symmetric T-slice domains are automatically strongly T-regular, whence real analytic.

7.1. Series expansion

In this subsection, we will expand T-regular functions into series, using the polynomial
functions Ty constructed in Section 5. As a preparation for these series expansions, we
prove that the 7x’s are strongly T-regular.

Proposition 7.1. Assume A to be associative. For any k € Z117 the function T : V — A
is strongly T-regular. Moreover, Ty is induced by a mirror T-stem function.

Proof. We already established that the 7y’s are T-regular. To prove that they are
strongly T-regular, we need to prove that they are T-functions, i.e., that for all k € Nto+7
there exists a T-stem function F* = Y Keo(r) ExFK :Ros x R™ = A®R?™ such that
T = Z(F¥). We are actually going to prove this fact for a mirror T-stem function F’%.

For k € Z%*7 \ N®+7 it suffices to set F¥ := 0. For k = (0,0,...,0), we set
FX := FEj. Now let us prove the thesis for k € N%*7 assuming it true for k — ¢,
for all s € {1,...,ty + 7}. Using the induction hypothesis and Remark 6.17, we make
the following computation (where we omit the variable z = a + S J for the sake of
readability). For a := ZZ};TOH kw,as == a—ks and b, := Z:;,TH ky (whence ag+bs =
> to<wes Fw 1 2bs), we have

k| T
to to+71

- Z ks Te—e, - (x5 — (—1)" zovs) + Z (=1 ks Te—e, - (w0 + (1) Bs—tyJs—1,)
s=1 s=tg+1

=D RI(F< ) - (s — (—1)" aovs)
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to+T1
+ Y (D RIEFNC) - (20 + (1) Bomtg Somto)
s=to+1
to to+T to+T
=Y I(F*“¢) + Y T(F* )+ Y (=1)% h T(F* )B4y Jas,
s=1 s=to+1 s=to+1
to to+T7 T
=7 (Z ks bs + Z Fk—esql)S) + Z(_l)du Kty I(Fk_€L°+u)BuJu ,
s=1 s=to+1 u=1

where

(bs(avﬁ) = ks (xs - (_1)a 1’0’[}5) ) ws(av B) = (_1)1)5 ks Zo, dy = Z ky .

to<w<to+u

Now, Lemma 6.18 defines, for F' = Fk~<to+« and for every u € {1,...,7}, a mirror 7T-
stem function “F such that Z(F)pB,.J, = Z(*F). We define F'* by means of the equality

to+T7

k| = ZF“ “oot+ Y FF eswwz )E g FR 0

s=to+1

Using Remark 6.17, we see that FX is a mirror T-stem function. Moreover, Ty =
I(F%). o

We are finally ready for the announced series expansion. We recall that w = wg g > 1
is a constant such that |za| < wlz||la]] for all z € V,a € A (see Remark 2.27).
Moreover, by Proposition 2.28: if A is associative and B’ is a fitted distinguished basis
of A, then w = 1, whence (1 + w?)” = 27.

Theorem 7.2 (Series expansion). Assume A to be associative. Let  be a domain in V
and f € Regp (2, A). If Q contains an open ball B = B(p, R) of radius R > 0 centered
at a point p in the mirror R, , then the following series expansion is valid for x € B:

=D D Tl —p)y. 6<°kf<p>.

keN |k|=k

Here, the series converges normally in B because

e g <o (1) (2) s

m T
Ik|=k 2

_max
B(p,r1)

whenever 0 <ri <ro < Rand I € T.

Proof. Set ¢y := 10 (0%) £(p) for all k € N*+7, For any J = (J1,...,J;) € T, we have

p€Roy C RtOJrTH and By is an open ball centered at p in RI}’JFTH, contained in €.
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According to Definition 5.10, ¢ = %5so’k)fj(p) =& 6(0 k)fJ( ) for all k € N%*7, By
Remark 3.25 and Lemma 5.8,

=X S R I I R ) = 3 3 (Rt e

keN [k|=k kEN |k|=k

where the series converges normally in B;. Therefore, the thesis will be proven if we can
prove normal convergence of the series >y n 22 ji—k Tk( — p) cx in B.

Let us fix 1y with 0 <1y < R, set C':= B(p,r1) as well as py(2) := 3y, Tk(z—p) e,
and prove that the number series }, -y maxc ||px|| converges. As a first step, we prove
that each py belongs to the set SR(V, A) of strongly T-regular functions on V. Indeed:
Proposition 7.1 guarantees that T, € SR(V, A) for all k € N7 Remark 6.8 guarantees,
since p € Roy¢, and V —p =V, that SR(V, A) is invariant under composition with the
translation  +— x — p; and Proposition 6.7 guarantees that SR(V, A) is a right A-
module. We are now ready to estimate maxc ||pg||. For I € T fixed, Proposition 6.10
yields the inequality maxc ||px| < (1 + w?)™ maxc, ||pk|. By applying Remark 3.25 to
the I-monogenic function ¢ = f; and taking into account again Lemma 5.8, we find that

k
k+m 1
ma. < (14 w?)” ma < 1—|—w27w2\/§( ) <—)
aax el < (1+2)7 max ]| < (1+ %) e[|

m )
for any ry such that r1 < re < R. Since limg_ 400 k+m :; = :—; < 1, the ratio test

shows that number series ), maxc [|pg|| converges, as desired. The proof is now
complete. O

Besides its independent interest, Theorem 7.2 allows to prove an Identity Principle
over T-slice domains (see Definition 4.18).

Theorem 7.3 (Identity Principle). Assume A to be associative. Let Q@ C 'V be a T-slice
domain and f,g € Regp(Q, A). If there exists J € T such that the J-slice Q; (whose
dimension is to + 7 + 1) contains a set of Hausdor(f dimension s > to+ 7 where f; and
gy coincide, then f = g throughout 2.

Proof. We remark that ; is a domain in R’f}J""TH because () is a T-slice domain.
Since the difference f; — g; vanishes in a subset of ; having Hausdorfl dimension
s > tg + 7, Theorem 3.23 guarantees that f; — g; = 0 throughout ;. The T-slice
domain Q certainly includes a point p € Rg,, whence an open ball B = B(p, R) with
R > 0. By Definition 5.10,

SO (f —g)(p) =6 (f5 —90)(p) =0

for all k € N*+7, Let us apply Theorem 7.2 to f — g in B: since 6% (f — ¢)(p) = 0
for all k € N*+7 it follows that f —g = 0 in B. For every J' € T, we conclude that
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f77—gy = 0in By, which is an open subset of the domain €2 ;.. Theorem 3.23 guarantees
that f;» — gy = 0 throughout Q.. Thus, f — g =0 in 2, as desired. O

For slice-regular quaternionic functions, the Identity Principle 7.3 was proven in [15]
over open balls centered at the origin, in [32] over slice domains and in [1] over symmetric
domains not intersecting the real line. For slice-regular octonionic functions on open balls
centered at the origin, the Identity Principle 7.3 was established in [16]. For an Identity
Principle for slice-regular functions over a general alternative x-algebra, covering all
symmetric domains, see [21]. The Identity Principle for slice-monogenic functions was
proven in [6]. We are now in a position to establish the following property of T-regular
functions on a T-slice domain.

Proposition 7.4 (Mazimum Modulus Principle). Assume A to be associative. Let ) be
a T-slice domain in V and f € Regp(Q, A). If the function ||f|| : @ — R has a global
mazximum point in Q, then f is constant in 2.

Proof. Let p be the global maximum point of ||f]|: G — R and let J € T be such that
p € Qy. In particular, p is a global maximum point for ||f;|| : 2; — R. By applying
Theorem 3.21 to the J-monogenic function f;, we conclude that f; = f;(p) = f(p) in
Q7. The Identity Principle 7.3 now yields that f = f(p) throughout Q. O

For slice-regular quaternionic functions, the Maximum Modulus Principle had been
proven in [15] over open balls centered at the origin, in [13] over slice domains and
in [1] over symmetric domains not intersecting the real line. For slice-regular octonionic
functions, it was established in [16] over open balls centered at the origin and in [35]
over slice domains. For slice-monogenic functions, it was proven in [30].

7.2. Representation formula on T-symmetric T-slice domains

This subsection proves that T-regular functions on T-symmetric T-slice domains are
automatically strongly T-regular (see Definition 6.6), whence real analytic. This prop-
erty subsumes a renowned property of quaternionic slice-regular functions, proven in [4,
Theorem 3.1] (see also [17]). It also subsumes the analogous property of Clifford slice-
monogenic functions (see [7, Theorem 2.2.18] and references therein).

We recall that, in Definition 4.20, we have defined T-symmetric sets as sets of the
form Qp = {a+ pJ : (o, ) € D} for some D C Rgy, x R™. Throughout the present
subsection, we assume D to be a nonempty open subset of R+, xR7, invariant under the
reflection («, 8) — (a,Bh) for every h € {1,...,7}. We point out that the T-symmetric
open set Qp is a T-slice domain if, and only if, D is connected and intersects R 4, x {0}. If
this is the case, we are going to prove that Reg;(2p, A) = SR(2p, A). As a preparation
for the proof of this equality, we make a remark and establish a technical lemma.



58 R. Ghiloni, C. Stoppato / Bull. Sci. math. 209 (2026) 103794

Remark 7.5. Fix H, K € &(7). Then

(_D\(KA{u})ﬂHI _ (—1)‘KHH‘ ifue{l,...,7}\ H .
—(=L)IENHL iy e H

This is because: if u & H, then (K A{u}) NH = KN H;if u € H\ K, then |(K A{u})N
H|=|KNH|+1;and if u e HN K, then |(K A{u}) N H|=|KNH| -1

Our technical lemma concerns the coefficient of f(a + BH I) in the Representation
Formula (10).

Lemma 7.6. Assume A to be associative. Fix H € P(7),I,J € T,s € {1,...,t} and
u€{l,...,7}. If we set

=27 Y (~D)EM et
Ke2(r)

then vs yg = v vs and

{nyu ifwe{l,....,7}\ H
JuyH = . .
—vg I, ifueH

Proof. For K € #(r), the element v, anti-commutes with Ji and with I, for all k € K,
whence

vs Jie It = (— 1)K e vg It = T It s

It follows at once that vs vy = vy vs.
Proving the formula relating J, vz to v I,, requires several steps. For K € Z(1), we
remark that

Ju i = (=175 T n vy

where o(u, K) is 0 or 1 according to whether the number of elements in K less than,
or equal to, u is even or odd. For all K/ € 2(r), we remark that (—1)7 K Afuh) =
—(=1)7K") and that

I}?’/l I, = _(Iu [K’)71 _ _((_1)J(u,K ) IK’A{u})71 — (_l)a(u,K A{u})I}_(}A{u} .

We are now ready to begin the computation of J, vy, as follows:

Juyn =277 Y (=D)L g 1
Ke2(r)



R. Ghiloni, C. Stoppato / Bull. Sci. math. 209 (2026) 103794 59

— 97 Z (_1)\KF‘IH\ (_1)U(u,K) JKA{u} I[;l

Ke(r)

—97m ST () AN ()R A g it
K'eP ()

=277 Ny (- AEDH g b,
K'e2 (1)

By Remark 7.5, if u &€ H, then

Ju’YHZQ_T Z (_1)\K’OH| JK’ I;{’lIu:'YHIu7
K'e2(T)

as stated. By the same remark, if u € H, then

Ju YH = 277 Z (_1)\K’0H| JK’ I;{’l Iu = —7H Iu7
K'e(T)

as desired. The proof is now complete. 0O

We are now ready to prove that every T-regular function f on a T-symmetric T-slice
domain Qp is automatically strongly T-regular.

Theorem 7.7 (Representation Formula). Assume A to be associative and the T-symmetric
set Qp to be a T-slice domain. If f € Regr(Qp, A), then [ is strongly T-reqular and
formula (10) holds true for all (o, 8) € D and all I,J € T. As a consequence, f is real
analytic.

Proof. Let us fix I € T and define

Fr(a,f)=2"Ig" Y (~1) " fr(a+ 57 1)

He2(T)

for every K € #(7) and for (o, B) € D, as wellas F :=3 e () ExFx : D — A®R?.

We claim that F is a T-stem function and that f := Z(F) is strongly T-regular. We now
prove that f; = fr. Indeed, for all («, 3) € D,

fila+ D= Y IxFxlap)=27 Y (- fra+ 57 1)

Ke22(T) K,He2(T)
=92 79" ff(a+B I) = fr(a+ BI)

because [20, Lemma 2.11] implies that



60 R. Ghiloni, C. Stoppato / Bull. Sci. math. 209 (2026) 103794

Z (=1 _{o if H#0 -~

Ke2(T)

Since fI = fr, the Identity Principle 7.3 implies that f = f throughout the T-slice
domain p. The first part of the statement immediately follows. The last part of the
statement now follows from Proposition 6.11.

We are left with proving our claim that F' is a T-stem function inducing a strongly
T-regular function f. For all h € {1,...,7}, we compute

Fr(a,B") =277 I S (—plEnd frla+ BT )
HeZ(T)

o o— ’ —H’
a0 a5 )
H'e2(T)

By Remark 7.5: if h € K, then

Fr(a,BY) =27 It 3 (~)E fy(a+ B 1) = Fi(a, 8);
H'eZ(T)
if h € K, then
Fi(a, ") = 271 Y (~)E g+ 8" 1) = ~Fr(a, ).

H'e2(T)

This completes the proof of the fact that F' is a T-stem function.
Let us now prove that f = Z(F) is T-regular (whence strongly T-regular) by fixing
J € T and showing that 07 f; = 0. By Definition 4.9 and by Remark 2.37,

t T
EJ :ZEBJ ZXO:USDUS —l—ZJuDJu,
s=0 u=1

where for each v in the basis B; we use the temporary notation D, : €1 (2, A) —
¢0(Qy, A) with

Dyp(z) == lim e (p(x +ev) — ¢(x)) .

R3e—0

We want to apply the 9 operator to f. Let (o, B) € D: by formula (10),

fatsn =3 ufa+f" D=3 yufilat+B"1).

He2(T) He2(T)

By Lemma 7.6,
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(vs Dvsff)(a+ﬁJ) = Z Vi (vs Dvsfl)(a+BHI)

HeZ(T)
for all s € {0,...,%0}. Now let u € {1,...,7} and let us compute (J, Dy, f;)(a+ B.J).

We begin by defining, for ¢ € R, the element 3, € R™ by means of the equality
Bu,eJ = BJ +edy. Thus,

(Ju Do, )@+ B0) = Ju_lim &7 (Fila+Bucd) = Frla+87))
2e—0

Z JuvH 115205 (fl(a+5T,eHI)—fI(0l+BHI)>~

HeZ (1)
For H Z u, using Lemma 7.6, we find that
—H —H
Juri Jlim &7 (frla+Bul 1) = fila+ B 1)
=l lim &' (fila+B" I+eL) ~ fila+B" D)
R3e—0
—H
=71 Lu (Dr, f1)(a+ 5 I).

For H 5> u, Lemma 7.6 yields

JuVH Rhm g (f]( +5T,6HI)—f1(Oé+BHI))
= —vg I, R£5H1>0671 (f](Oé —I—BHI —el,) — fila —|—EH I))
= i L (~Dyp, f1)(a+B" 1) =y L, (D, fr)(a+ B 1).

This proves that

(LD J@+B0)= Y L (D fr)a+3"1).

He2(T)

Using the equality 0y = >2° vy D, + >.7_, I, Dy, we conclude that

@ifa+80) =Y Au@f)a+B 1.

He2(T)

Since f is T-regular, f; is I-monogenic, i.e., ; f; = 0. Overall, we conclude that 5]}'\:] =
0, as desired. This completes the proof of our claim and the proof of the theorem. O
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8. Foundations for the nonassociative theory

Let us go back to the general case when our *x-algebra A is alternative, but not
necessarily associative. We are going to construct and study 7T-functions and strongly
T-regular functions under this weaker hypothesis. Some preliminaries are in order.

Definition 8.1. For J € T,a € A, K € #(7), we define [J, a]x and ]J, a[x as follows. We
define [J,alg := a =:]J,alp. For K # 0, say K = {k1,...,kp} with1 <k; <... <k, <,
we define

[J, G]K = Jkl(Jk2(~ .. (Jkp_l(Jkp a)) . )) s
[yalwe == T (I G (T (T a)) <)

Remark 8.2. For J € T and K € Z(r) fixed, the map a — [J, a]k is a real vector space
isomorphism from A to itself, whose inverse is a — ].J, a[x thanks to Artin’s Theorem,
see [31, Theorem 3.1].

Throughout the section, in addition to Assumption 4.1, we assume D to be a subset
of Ro, x RT, invariant under the reflection («,3) — (a, ") for every h € {1,...,7}.
We recall that we have defined: in Definition 4.19, the symbols g J and Bh for all g €
R™,J € T,h €{1,...,7}; in Definition 4.20, the symbol Qp :={a+8J : (o, 8) € D}
for all D C Rg 4, x R™. Using the notion of T-stem function from Subsection 6.1, we now
generalize Definition 6.6 to the current nonassociative setting. This generalized definition,
which subsumes the notion of slice function of [18, Definition 5] and follows the lines of

its multivariate generalization [20, Definition 2.5], has been announced in [22].

Definition 8.3. Let F' = ZKE.@(T) ExFr : D - A®R? be a T-stem function. The
induced function f = Z(F): Qp — A, is defined at z = o + 8 J € Qp by the formula

J@) = Y U Fx(a,flg -

Ke2(T)

A function induced by a T-stem function is called a T'-function. We denote the class of
T-functions Qp — A by the symbol S(Q2p, A). If Qp is a domain in V, then the elements
of the intersection SR(Qp, A) := S(Qp, A) NReg(Np, A) are called strongly T-regular
functions.

When A is associative, Definition 8.3 is consistent with Definition 6.6 because in such
a case the equality [J,a]x = Jxa holds true for all K € &(7) and all a € A.

Once again, the notions of T-function and strongly T-regular function are interesting
when 7 > 1. In the special case 7 = 0, every subset of V' is T-symmetric, every domain
Qin V is a T-symmetric domain and every function f : Q — A is a T-function, induced
by a T-stem function F' = Fj, which coincides with f up to identifying A ® R" with A.
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We now provide a first study of the map Z introduced in Definition 8.3.

Lemma 8.4. The map Z from the class of T-stem functions on D to S(Qp, A) is well-
defined and surjective. Moreover, the set S(Q2p, A) is a real vector space and T is real
linear map. Finally, SR(Qp, A) is a real vector space.

Proof. Let us show that Z(F) is well-defined for each T-stem function F : D — AQR?".
We begin by proving two properties valid for any (o, 3) € D, J € T, K € Z(r).
1. Assume By = 0 for some k € {1,...,7}. If K € K, the symmetry Fx(a,3 ) =
—Fk (o, B) implies Fi (a, 8) = 0, whence [J, Fx (o, 8)]xk = 0. If k € K, the expression
[J, Fi (o, B)] i still does not depend on the choice of Jj.
2. Let us apply the reflection (o, 8) — (a,Bh) and the reflection J = (J1, ..., Jp, ..., J;)
s J=(J,...,—Jn,....J-). If h € K, then

—h

[T, Fic(a, B)]k = —[J, = Fic(a, B)] i = [J, Fic (v, )] -

If h ¢ K, then
[‘77 FK(ath)]K = [Jv FK(aaﬁ)]K .

Suppose that, for some (a, 8), (o, 8') € D, J,J' € T, the equality o + 8J = a + 3'J’
holds: thanks to Remark 4.6 it is possible to prove, by finitely many applications of
property 1 and property 2, that [J, Fx(«, 8)]x = [J/, Fx(a, )]k for all K € Z(7). It
follows that Z is well-defined.

The map 7 is surjective by the very definition of S(Q2p, A).

Additionally, Definition 8.3 and Remark 8.2 immediately imply that, for all A, x € R
and all T-stem functions F,G : D — A®R?" | the equality Z(\F +uG) = MI(F) +uZ(G)
holds true. It follows at once that S(Q2p, A) is a real vector space and that Z is a real
linear map.

Finally, Remark 4.12 guarantees that Reg,(2p, A) is a real vector space, whence
SR(Qp,A) =S(Q2p, A) NRegr(Qp, A) is a real vector space, too. 0O

As in the associative case, the following property can be established using the prop-
erties of T-stem functions on D, along with Remark 4.12.

Remark 8.5. Fix p € Rgy,. If f € S(Qp,A) (or f € SR(Qp, A)), then setting g(x) :=
f(z+p) definesa g € S(Qp —p, A) (a g € SR(Qp — p, A), respectively).

We now state and prove the generalization to the present nonassociative setting of
Theorem 6.9. In particular, for each T-function we recover a unique inducing 7-stem
function, thus proving that the real linear map Z is an isomorphism.
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Theorem 8.6 (Representation Formula for T-functions). If f = I(F) € S(Q2p, A), then
the K-component of F is

Fr(a,8) =277 Y (~DE 1 fa+ B Dk .

HeZ(T)

As a consequence, the T-stem function F inducing f is unique and T is a real vector
space isomorphism. Moreover,

fla+pn=27" 3 (DI e+ B ik | (1)

K,HeZ(T)
for all (a,8) € D and all I,J € T.

Proof. Let us prove the first statement. We begin by computing, under the hypothesis
f=I(F),

Y )EMH e+ BT = Y (~)EE ST (L e, B

He2?(T) He2(T) K'e?(T)
= > ()IEEL ST () ER L Fre(a, B)]
He2(T) K'e?(T)
— Z (I, Fr (o, B)] Z (_1)|K0HI+\H0K/‘
K'e 2 (r) He 2 (7)

=27 [IaFK(O‘7B)}K
for all (a,8) € D,I € T. Here, we used the fact, proven in [20, Lemma 2.11], that

Z (,1)|K0H|+|HmK'\ _J2r it K =K
HeP(r) 0 ifK #K

Using Remark 8.2, we derive
F =27 |1 —1)lKnH| B
K (0, B) = IO DR L (CE RN
He2(T)

—277 3 (—)EHL fa+ B Dk,

He2(T)

which is the first statement. As a consequence, Z is injective and a real vector space
isomorphism. Formula (11) follows immediately, if we take into account that f(a+35J) =

Ykewn)d Frl(o, B)|k forall (a,8) € D,J€T. O
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As a consequence of the last theorem, if we fix I € T, then every f € S(Q2p, A) is
completely determined by its restriction f;.

We now prove, in our present nonassociative setting, Proposition 6.10, which we re-
state for the reader’s convenience. We recall that w = wp g > 1 is a constant such that
|lzal| < wlz| ||a| for all z € V,a € A (see Remark 2.27).

Proposition 8.7. Fiz f € S(p, A) and I € T. For every nonempty subset D' of D and
fO?” Q= QD/ g QD,

sup || f1| < (1+w?)7 sup || f]|.
o Q;
Proof. The Representation Formula (11) applies to f: for all J € T, (o, ) € D we have

fla+pn=27 3 (DRI L e+ B Dk ]

K,HeZ(T)

Thus,

swlff<2” > s |[7 L 5@+ B D] |

K,He?(r) (a,8)€D’,JET

If K ={ki,...,kp} with1 <k < ... <kp, <7 and if we set a := f(a—i—BHI),b =
11, a[k, then

||[J,b]K|| = HJkl sz(...(Jk (Jk b) H <wHJk2(...<Jk ;g H
< Wb = w17, alx || = w!¥] HI (1! (..(I,; . H <

< w?¥ja.

We conclude that

_r —H
swllf <277 > W sup ||f@+5" D)
& K,HeP(r) (e, B)ED’
=7 X sw o) (X )
Hep(r) (WPAIED Ke(r)
<supllf] Y W =l Z( )
s=0 |K|=s

=(1+w?)" sup | f].
Q,

Here, we took into account that |2?(7)| = 27 and that there are exactly (7) elements
K € 2(r) such that |[K|=s. O
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The multiplicative constant (1 + w?)™ appearing in the estimate of Proposition 8.7
reduces to 27 in the cases described in the next remark. These include the case of real
octonions @ with the standard basis B'.

Remark 8.8. Assume the trace function ¢ : A — A to take values in the associative
nucleus of A. If B’ is a fitted distinguished basis of A, then Proposition 2.28 guarantees
that w = 1, whence (1 + w?)™ = 27.

We now prove the generalization to the present nonassociative setting of Proposi-
tion 6.11.

Proposition 8.9. If f is strongly T-regular, then f is real analytic.

Proof. Assume f = Z(F) to be strongly T-regular. For I € T fixed, Theorem 8.6 guar-
antees that the K-component Fi of F' is

Fie(a, ) =277 > (~)EMIL fr(a+ 5 Dk
He2(T)

Now, since f is T-regular, its restriction f; is I-monogenic, whence real analytic by
Remark 4.10. It follows at once that each K-component Fx : D — A of F is real
analytic. In this situation, Remark 6.4 guarantees that

Fr(a,B) = Br, - Br, Gi (e, %)

for appropriate real analytic functions {G i } ke % (r). The equality f = Z(F') now implies
that

fla+pT)= > [JFx(aB)k
Ke2(T)

:F@(Oé,ﬁ)—f— Z Z Jkl(Jk2("'(Jkpfl(Jkak1~--kp(a76)))"'))

1<p<7 1<k <...<kp<T
= Gy(a, %)
+ Z Z /Bkljkl (/BkQJkQ('"(/ka—ljkp—l(/kaJkka1~~~kp(a7/82)))'"))

1<p<71<k1<...<kp<T

for all (o,8) € D,J € T. Referring to the decomposition of the variable z € Qp
performed in Remark 4.6, we conclude that

f@) = Go(a® 2" % ., 272
3 AR @ @G, @ R ) ).

1<p<7 1<k <...<kp<T
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Since V. — R4, x R™, z+ (2% ||2t?,...,[|27||?) is a real polynomial map, it is clear
that each map

Qp - A, =+ GK(acO, ||acl||27 e ||xT||2)

is real analytic. Since V. —V C A, 2 = 2%+ 2! + ...+ 27 — 2% is a real linear map for
all k € {1,...,7}, we conclude that f is real analytic, as desired. O

To keep the main focus of the present work on the associative case, we postpone to a
future paper any further study of the properties of T-regular functions over nonassocia-
tive x-algebras.
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Appendix A

This appendix provides proofs for the results presented in Section 3. For the reader’s
convenience, the statements are repeated here.

Proofs of the results in Subsection 3.1

Proposition 3.3. Assume A to be associative. For k = (ki,..., k) € Z™, the following
properties hold true.

1. There exists a map px = (P, Dy, - - -, p*) : R™FE — R™+L sych that PE = L opy o
Lgl for any hypercomplex basis B of a hypercomplex subspace M of A.
2. The equality (ky + 1) py = ks iy, .. holds true for all distinct s,u € {1,...,m}.
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3. Forallz e M,

S ke Pl ) = Dok PR )0 )
s=1 =
k| PE(x Zk P (v) (5)

4. The equality OsPE = ks PE_ES holds true for all s € {1,...,m}.
Proof of Proposition 3.3. We prove each property separately.

1. Let us set px := (0,0,...,0) when k € Z™ \ N™, p, := (1,0,...,0) when k =
(0,...,0) and

m
|k‘pk Z pk ewxw +pk €w )

m

|k‘pﬁ = _kupﬂfeuxo + Z kw pﬁfgwxw

w=1

for all w € {1,...,m} when k € N™\ {(0,...,0)}. With this definition, we claim
that

ku piscfeu = ks pqlifes

forallk € Z™,s,u € {1,...,m}, which is equivalent to property 2. We now proceed
by induction on k.

For k € Z™ \ N™, we find that LBopkoLgl = Ovg + 0vy + ...+ Ovyy, :05795.
For k = (0,...,0), we find that ngopkoLg1 =1lvg +0vg + ...+ 0v,, =1 =PE.
Let us now prove the thesis for k € N™\ {(0,...,0)}, assuming it true for k — €,
for all s € {1,...,m}. Using the definition of PE, the induction hypothesis, the
definition of px and the claim, we find that

m

|k| PE oLp= st(PE—es o LB) : (Is - T/ovs) Z(LB Opk—es) - ks (Is - IOUS)
s=1 s=1

m m
= Z (Z Uy pﬁes> ks (x5 — 2ovs)

s=1 =0
5pk es L ZUS 5pk 65x0+zvu (stpk €s )
— Zo Z Vy Vs Ks pﬁ—es

s, u=1

HM3
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M-

(ks pgfesxs + kS pife + Z Uy, ( upk €, L0 + Z ks pk €s )

s=1 s=1

u s
— 2o § (Uu vs ks Pr—e, + Vs Uy Ky pk—eu)
1<s<u<m

ks (pﬂ_gsms +pls<—e + Zvu ( upk euTo T st Pi— €s )

M-

I
—

s s=1

+ g Z Vg Uy (ks pﬁfes - ku plscfeu)

1<s<u<m

= k[P + D vulklpi+20 Y vsv,0

u=1 1<s<u<m

m
= k| ) vupi = k| Lp o px,
u=0

as desired.

. We prove this property, which also settles our previous claim, by induction on k. The
property is clearly true when k € Z™\ N™ or k = (0,...,0), which implies that (for
all distinct s,u € {1,...,m}) k+e,—€; € Z™"\N™ and py =0=py, . .. Wenow
prove the property for k € N™\ {(0,...,0)}, assuming it true for k+¢, — €5 — €, for
all s,u,w € {1,...,m}. Using first the definition of p, then three separate instances
of the induction hypothesis and finally the definition of pi;, ., we find that

|k| (ku + 1)pls< = (ku + 1) <_ks pg—esxo + Z kw plscew.’[:w)

w=1

=k (_(ku + 1)pﬁ—esx0 + (ku + 1)1715(_55%3)

+ (ku + 1) by P, T + > kw (ku + 1) pi_e, T
we{l,...,m¥\{u,s}
= ks (_(ku + 1)1)&65900 + (ks — 1)pﬁ+suf2esx3)
+ (ku + 1) ks it o + > Fw ks P e, —co e Tw
we{l,...,m¥\{u,s}

= ks ( - (ku + 1)pﬁ—esx0 + (ks - 1)p11i+eu—253xs

+ (ku + 1)pﬁ—esxu + Z kw plz-l-eu—es—ew'rw)
we{l,....m}\{u,s}

= ks ‘k + €y — €S|p1]i+6u765 = |k| ks pﬁJrEu,ES ’

whence the announced property follows immediately. This completes the induction
step.
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3. Using

m

PeolLg=Lg opk—zvspk_zpkvsa
s=0 s=0

we prove formula (4) by the next computation:
m m m
Z Koy Uy ’Pf_eu oL = Z Ko Uy Z Vs Ph—e,
u=1 u=1 s=0
—Zkupk e Vu T Z kupk ey Ju Us

s,u=1

m m

_stpk . Us + Z ks Pl —c. Vu Vs

s, u=1

(zpk o ) .

('PE,ES o LB) Vg

MS HMS :

w
Il
_

Here, the third equality follows from property 2 (more precisely, from our previous
claim). Taking into account the definition ¢Z := x, — zg v, and the definition of PE,
we prove formula (5) by the next computation:

> ki (PPE L (2) =
s=1

s Pl (@) CF = K| PL(x).

For the second equality, we used formula (4).

4. We prove this property by induction on k. The equality is obviously true when
ke Z™\N™or k= (0,0,...,0), which implies 9;Pf =0 = Pfies. We prove it for
k € N™\ {(0,0,...,0)}, assuming it true for PE_Eu for all w € {1,...,m}, by means
of the equalities

m

k|0, PE(x) = > ku0s (Pe_., (z) CF)

u=1
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= k(0P () B+ k. PE ()

= Z ku kspl?—es—eu (Z‘) CE + ks (ks - 1) PE—2€S (.13) + ks Pf—es ($)
u#s

- kS (|k - 6S| 7)113765 (1’) + ,Pllcgfes (ir))
= ks |k| P (2).

The proof is now complete. 0O

Proposition 3.6. Assume A to be associative and fiz k € N. Then {PE}‘k‘:k is a right
A-basis for U,?. Namely, for all P € UE, the equality

= 3" PE(x) = VI P(0) (6)

|k|=k
holds true at all x € M.

Proof of Proposition 3.6. Forallk € N™ the function PP is a k-homogenous polynomial
map by construction. We now check, by induction on k, that PE is left-monogenic with
respect to B. The Fueter polynomial P(l?),07___,0) = 1 is obviously left-monogenic with
respect to B. We can prove the same property for PE , assuming it true for PE_ES for all
s €{1,...,m}, by means of the equalities

NE

k| 9PE = kids (PE_. (2)¢B)

w
Il
-

M

Uy Oy (Pk 55( )Cs)

0

w
Il
-
<
I

NgE

vu ((OuPl, (2)) &+ Pile, (2) 0uC)

M-

s
0

w
Il
-
<
I

= ke (0P8, () CF+ ) ke (PE_ (2) 00CE + 0. PE () 0uCF)

s=1 s=1
=0+ ks (P, (2)(~vs) + 0P ()
s=1
=0.

For the last equality, we have applied formula (4). We have therefore proven that
{PE} s € UE.
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We now prove that formula (6) holds true for all P € U, ,f . As a preparation, we make
a remark. If P: M — A is a k-homogeneous polynomial map, i.e., P(tx) = t* P(x) for
all ¢ > 0, then differentiating with respect to ¢t and evaluating at ¢ = 1 proves Euler’s
formula

m
> 2,0.P(x) =k P(x).
s=0
Combining this property with the equality 0 = 9gP = S o vs0s P, we find that
kP(z) =z 0o P(x) + x5 ZE)SP(m) = —x szc’) P(z —|—sz8 P(z

:i s — ZoVs) Os P(x chﬁP

We are now ready to prove (6), by induction on k. If k = 0, equality (6) is true because
0) =1 and V(O 00 p = P (6 (6) is true for all P € U,f, we can prove it for any
P E U i1 by means of the following chain of equalities:

.....

(k+1)P ng 9. P(x
B DI %vg“‘) (0.P)(0)
s=1 |k|=Fk ’
— ZCB Z Pk (0 k+eS)P< )
s=1 |k|=k

m 1 ,
=3 Y Pl @ ey Ve PO

s=1  |k/|=k+1, k,#£0

>N KEPE @ >k,,v“”‘ P(0)

|k |=k+15=1

Ok’)
k+1) Y Pl k” P(0).
K/ |=k+1

For the last equality, we have applied formula (5) to Pllf,. This completes the proof of
formula (6).
We are left with proving that {PE} |, 18 a right A-basis for U 5. Clearly, formula (6)

implies that {PE}IkIZk is a set of generators for the right A-module U,f . We now prove
that the elements of {PE}‘k‘:k are linearly independent. Assume {ay}j=r C A to be
such that 3, PE(z)ax = 0. If k' € N™ has [K’| = k, then
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0= Z vg)’k,)’])f(l') ax = kI' Ak’
|k|=k

because of Remark 3.4 and because k’ # k (with |k/'| = k& = |k|) implies k. > k; for at
least one s € {1,...,m}. It follows that a) = 0, as desired. This completes the proof of
the fact that {Pf}lklzk is a right A-basis for US. O

Proofs of the results in Subsection 3.2

Proposition 3.8. Assume A to be associative and fix a domain G in the hypercomplex
subspace M of A. The following properties hold true for all integrable ¢, : G — A, all
a,b € A and all disjoint domains G1,Go in M :

. G:G1UG2:>fG¢d0:fGI¢dJ+fG2¢)da,
- Jglap+0y)do =a [, ¢pdo+b [, do.

- Jo(¢a+b)do = ([, ddo)a+ ([, do)b.

: (fG¢dU)C:fG¢CdU'

. HfG pdo|| SfG ¢l do-.

T W N =

Proof of Proposition 3.8. We first establish the following facts, valid for all integrable

functions o, ..., ¢q : G — R and for all real linear endomorphisms F : R4+ — Ra+1:
/ ((b(),...,(bd)dU:/(¢0,...,¢d)dO'-i-/((b(),...,(bd)dO’ (13)
G1UG> Gy G2

F /(¢0,...,¢d)da =F G[qbodo,...,G/quda :G/f(¢0,...,¢d)da, (14)

G

[Goonydo| < [160,... 00llgen do. (15)

G Ri+r G

Formula (13) follows immediately from the fact that [, . ésdo = [, ¢sdo+ [, ¢sdo
for all s € {0,...,d}. To establish (14), it suffices to find real coefficients (csy)s,ucfo,...,a}
such that the s-th component of F (¢, ..., ¢q) is asoPo + - . . + @sq¢q and to remark that

Otso/ébodUJr---JrOésd/(ﬁddU:/(Oés0¢0+---+oésd¢d)d0
a G

G

for each s € {0,...,d}. Moreover, (15) can be proven as follows: if p = [ (¢o, ..., ¢a) do
has ||p||ga+1 = 0, then the inequality is obvious; else, the inequality follows from the next
chain of inequalities:
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||p\|1?w+1 = (p,p)ra+r = <P, /¢0 do, . /¢d do >
G

=po/¢odo+...+pd/¢dda=/(po¢o+...+pd¢d)da

G G G

= / <p7 (d)(]a R ¢d)>]Rd+1 do S ||pHRd+1 / ||(¢07 RN} ¢d)‘|Rd+1 do .
G

G

Rd+1

We now prove each of the properties listed in Proposition 3.8 separately, using the
notations CON, L,, R4 set in Remark 2.10.

1. Formula (13), along with Definition 3.7, immediately yields the desired equality.
2. By construction, ¢ — fG ¢ do is real linear. It is also left A-linear because

a/qbdo =alp /Lg}qsda = (Lp o Ly) /Lg,lqbda

G G G

= Lg /(ca o Lghdo | = Ly /Lg,l(cm) do

G G

z/a¢da.

G

Here, we have used (14) with F = L,.
3. The map ¢ — fG ¢ do is also right A-linear because

/¢da a=Lg /Lg}qsdo a=(Lp oRy) B,qsdg
G

G

=Ly /(RaoLg})wo = Lp /L/1

G G

:/¢ado.

G

Here, we have used (14) with F = R,.
4. Using (14) with F = CON, we find that

/ pdo| =|Lp / Ly'édo = (L o CON) / Ly'¢do
G

G G
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=Ly / (CON o Ly )¢pdo | = Lg / Ly (¢%) do

G G
z/(bcda.
G

5. Using the fact that Lg : R4TY — M is an isometry, as well as inequality (15), we

get
/¢da = /Lg,lqbda < /|\Lg,1¢||Rd+1 do

G G G R+l G

I

h
R

—

h
)
<

N

R)

Il
—
=
Q
R)

as desired. 0O

Lemma 3.10. H Jogmsso.1) H(w) |dow\H < Jygmer oy 60wl |dow]-

Proof of Lemma 3.10. If we set, for all integrable functions ¢y, ..., ¢q : 9B™H1(0,1) —
R,

(Gneee60) ldouli= | [ ouldouloes [ daldo] | e R,
aB™+1(0,1) OB™+1(0,1) oB™+1(0,1)

then faBm+1(o N ¢(w) |dow| = Lp: ([, Lygtod |do,|). The thesis can be proven with the
same technique used in the proof of Proposition 3.8. 0O

Theorem 3.11 (Gauss). Assume A to be associative and fix a bounded domain G in the
hypercomplex subspace M of A, with a €* boundary OG. Then

/ Yde*é = / (435) 6 + ¥ (Bs9)) do
oG G

for any ¢,v € €1(G, A).
Proof of Theorem 3.11. Using [24, Proposition A.1.12], we compute
d(vp dx™ @) = dp A (dz™ @) + Y d(dz™ ¢) = dp ANdx"p 4+ (—1)™ da™ AN d.

Now,
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dyp Ndx* = (i Os) da:s> A <i Uy dmi)
s=0 u=0

= i st vy, dxs A dxl = iasw vs drs N dry

s, u=0 s=0

= Z 0sY v, do = (Y0g) do

s=0
da* Ndg = (i :;) <Za ¢>de>
u=0
= i Uy Ospday N dxg = sz Ospdxis N dxs
u,s=0 s=0

- sz 0:6 (=1)"do = (~1)"(Bp0) do
whence
d(v dz*¢) = (v0g) do ¢ + 1 (0p¢) do = ((vB) ¢ + ¢ (059)) do
The thesis now immediately follows from Stokes’ theorem, [24, Theorem A.2.18]. O
Lemma 3.13. If we fix x € M, then the function
M\{z} = A, y— E,(y—2)
is both left- and right-monogenic with respect to B.
Proof of Lemma 3.13. Since the kernel of 0z is invariant under composition with trans-

lations, it suffices to prove that dzE,, = 0 = E,,d5. Since [z]|™ T = (X7 22) ™, we
find that

Ol ) = [l 772 (m + Daswa + |2 7" s

= [lz[7" 7 (= (m + Vs + sullz]?) -
Therefore,

O[] OB B () = [l]|™ sz (=™ )

m m

m
= g ™ol T o) = Y Y wevn (|2l 0, (||l )
s=0

s=0u=1
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m

—(m+ 1)szxsxo +[jz)|* + (m 41 Zszvux Ty — z:qua;H2
s=0 s=0u=1

—(m+ Daxo+ (m+1 Zvua:u + (m + 1)||z|?

—(m + Daz® + (m +1)|Jz|?

0,

ounllz) ™ (Endp) () = | ™Y O (el =™ %) vy

m m m
=DMl os (el =™ o) vs — DY el ™ol T ) v vs
s=0

s=0u=1

m m m
—(m+1 Zxéxové—i—HxHQ ZZ suvvs = > la|*v]
s=0u=1 u=1

s=0

—(m+ Dzox + (m+1) Y zyvuz + (m+ 1)]z)?
u=1

—(m+1)afz + (m+ 1) ||
0,

as desired. 0O

Theorem 3.14 (Borel-Pompeiu). Assume A to be associative and fix a bounded domain
G in the hypercomplex subspace M of A, with a €' boundary 0G. If ¢ € €1(G, A), then

/ En(y—x)dy* ¢(y) — /Em(il/ — ) 0po(y) doy =

oG G

o(x) fzeG
0 if vre M\G.

Proof of Theorem 3.14. If z € M \ G, the thesis follows directly from Theorem 3.11 and
Lemma 3.13. We assume henceforth € G. For any € > 0 such that §m+1(ac7£) C G,
set G. :=G \ §m+1(x,s). By Theorem 3.11 and by Lemma 3.13, we find that

/ By — ) dy* oly) = / En(y — 2) O56(y) do
0G. G

whence

En(y — o) dy* é(y) — / Enn(y — 2) Bs6(y) doy,

OB™*1(z,e) Bmtl(z,e)
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/E y - 2) dy (y /E y — ) Dsdly) do

Now, for all w € 9B™*1(0,1) we have E,,(sw) = 0, e ™™ (ew)® = e E,,,(w). More-
over, Remark 3.9 guarantees that dy* = ™ w|do,|, where |do,| denotes the surface
element of the sphere 9B™*1(0,1). Thus,

By — o) dy* 8(y) = / o (10) w $(z + £w) |doy|
OB™ 1 (z,e) aBm+1(0,1)

=o' / d(x + cw) |doy| -

dB™+1(0,1)

Since ¢ is continuous, we conclude that

lim / En(y —x)dy* ¢(y) = 0.t / |dow| $(z) = d().

e—0
OB™t1(x.€) OB™+1(0,1)

Another application of Remark 3.9 yields

lim / E,(y —x) 56¢(y) doy

e—0
Bm+1 (I 6)

= lim / / 7™ B (w) Opd(z + rw) |doy| r™ dr
e—0
0 9B™+1(0,1)

g

=o' lim / / w® Apd(z + rw) |doy,| dr

e—0
0 9B™+1(0,1)
=0

The thesis immediately follows. O

Proposition 3.16 (Mean value property). Assume A to be associative and fix an open

ball B+t = B™+1(x, R) in the hypercomplex subspace M of A. If ¢ € €*(B B JA) s
left-monogenic with respect to BB, then
1
o) = 8o+ ) dou
" oBmii,)
Proof of Proposition 3.16. Corollary 3.15 tells us that ¢(x) = faBmﬂ(z 9 E,(y —

x) dy* ¢(y). Moreover, we already established, as a byproduct of the proof of Theo-
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rem 3.14, the equality faBmH(m,s) En(y —2)dy* ¢(y) = 0} faBm+1(0,1) d(x + ew) |doy|
for all ¢ > 0 such that B" " '(z,¢) c G. O

Proofs of the results in Subsection 3.3

To prove the results of Subsection 3.3, several preliminary steps are needed.

The next remark recalls the definition of the Gegenbauer polynomials, see [24, Defini-
tion 9.22], and some of their properties, see [24, Proposition 9.23 and Proof of Theorem
9.24].

Remark 0.1. Fix y € R with y > 0 and consider the sequence {C}'}, _ of polynomial
functions [—1,1] — R defined as

Chm = 3 (‘n”) (%"_ h) (=2t )2

n=|%]

For t; € [—1,1] fixed, the real power series Y, . C4'(t1) 5 centered at 0 in the vari-
able to has radius of convergence 1. Its sum is the function (—1,1) — R, &3 +—
(1—2t1ta +t3) 7"

We recall the following properties from [23, §8.930, 8.933, 8.935, 8.937] and [34, The-
orem 7.33.1], valid for all > 0 and all h € N.

. Cg(tl) = I,C{L(tl) = 2Mt1 and hC,‘:(tl) = 2(h + o — 1) t1 C;;,l(tl) — (h + 2u —
2) C)'_,(t1) for all t, € [—1,1].
.« Ch=2uC"

dtl
h42p—1
» max(_y ) |Cr] = C (1) = ("),

We will only be interested in the cases when p = mTfl or u = mTH For the latter case,
we make a useful remark.

Remark 0.2. Since m € N, for h € N the expression (h';m) = (h";m) =
(h+m)(h+z!_1)'"(h+l) is polynomial of degree m in the variable h, with rational coef-

1
ficients. It follows at once that limp_, oo (h:‘nm) P =1.

We are now ready to prove an important technical lemma. We will use the temporary
notations d,, and 9§ := >.0* v d,,, instead of the usual d5 and 9p := Y-, v< Dy,
because two variables x,y € M are considered.

Lemma 0.3. Let us define uw : M — M by setting u(z) := ”i—” = 01E1(z°) when x # 0,
as well as u(0) := 1. Assume m > 2, set A :={(z,y) € M x M : ||z|| < ||y||} and define
Ap:A— R as
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m—1

An(z,y) = C, % ((ul), uy)) l|=]"

Then, for all (x,y) € A and all s € {1,...,m},

ly ==~ =" Anz,y) lly| -
heN

Oglly — =7 =" O Apar () Iy =,
keN

where both series converge normally in A. Moreover, for any k € N:
LA = M, (z,y) = 0%Akr1(z,y) [y]|** s a polynomial function, k-homogeneous

in the real variables xo,x1 ..., 2z, and (k 4+ 1)-homogeneous in the real variables

Yo, Y1 -+ Ym;
2. (|05 A ()l < V2(m = 1) (57 le|)* for all (x,y) € A.

Proof. We remark that x = ||z||u(z) and that ||u(z)|| = 1 for all € M. For (z,y) € A,
by Theorem 2.25,

ly = 2l = llyl* = 2(z, 9) + ll2]* = IylI* (1 — 2t1t2 + 13) ,

where

Thus,

—m+41

ly — |7 =yl 7" (1= 2tit2 + 13) 7

Remark 0.1 guarantees that, for (z,y) € A

)

—m-+1

ly =l 7" =y 7" (1 2tate +43) 2

=yl SO (1)

heN
=Gy ((u@),u@)) =)™ Iy ="+
heN
= Z Ap(z,y) ||y||_m_h+1 )
heN

where the series converges normally in A, for the following reason. Let T' be a compact

subset of A and set € := min(, yyer [lyll > 0, R := max(, yyer % < 1: then
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(h +m— 2) c—m+1 ph

A

h m — 2

o h+m—2 o
A Il < ) Bl
for all (x,y) € T. Using Remark 0.2, the root test shows that the number series

mas|An(e,) ]|
helN (z,y)€

converges. Since the choice of T' was arbitrary, we have proven normal convergence in A.
We now remark that Ay = 1, that A;(z,y) [lyl| = 2252 (u(z), u(y)) ||z ||yl = (m —
1) (x,y) and that, for any h € N,

Al Il = G (Gua), ) el ol
L .
(TR (0 Crtuutn T el ol
(T (22 ) 2t ol

is an h-homogeneous polynomial map in the real variables xg,x1...,%, and an h-

(N
[

0

J
L5

wl

J=0

homogeneous polynomial map in the real variables yo,vy1 - - -, Ym-

For every s € {1,...,m}, we remark that 0, A9 = 0, that 9, Ai(x,y) ||ly|| = (m —
1) {(vs,y) = (m — 1)y, and that, for any k € N, the function 9,  Ax11(z,y) ||y||*T! is a
polynomial function A — R, which is k-homogeneous in the real variables xg,z1 ..., Zm
and (k + 1)-homogeneous in the real variables yo,y1 ..., Ym. For the operator 0 :=
S vE Dy, it follows that 9FAg = 0, that 05A(z,y) ||yl = (m — 1)y and that, for
any k € N, the function 9§ A1 (z,y) ||y[|**! is a polynomial function A — M, which is
k-homogeneous in the real variables xg, 21 ..., 2, and (k 4+ 1)-homogeneous in the real
variables yo,y1 .- -, Ym-

Let us now prove that, for s € {1,...,m}, the series Y, .y 0z, Ag+1(,y) |ly| =™ * and
> ren OB Ais1(z, y) ly| =™ " converge normally in A: their sums will then automatically
equal 8,_|ly —z|~™"! and 9%|ly — z|| 7™

, respectively. We first establish the equalities

k+1
Ol = S a0, 0 = (k4 1)y P

On, (u(@), u(y)) = Oa, (||~ @, u(y)) = —2s 2] 7> (z, u(y)) + |7 (vs, u(y))
= (Wsllyl ™" — s 27 (ul), u@))) =)~

valid for all ¥ € N and all (z,y) € A with = # 0. Then, for the same choices of k and
(z,y), we compute

Or, A1 (@) = Or, (G (ul@),u(w))) o))
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- (dctlcﬁ) (ul@) u(@))) @sllyl ™ = . 2l (ula), uly) [l2]]*

+ Oy (), uy))) O+ 1)z o]
= (n = 1) & (@), um) (s lly ™ = 2 2~ (), u(y)))

(k1) Oy (@), uly)) zs o] ) 2l € R,

O Arir(z,y) =Y 050, Apya(z,y)
s=0

m—+41

= ((m —1C? (u(@),u))) (uly) — u(x) (u(@), u(y)))

(k1) Oy (), u(y)) u@)) el € M.

o

If k > 1, we also have 0, A41(0,y) = 0 = 0§ Ar+1(0,y) for all y € M\ {0}. We point out
that w(z) is a unitary element of M and that u(y) — u(z) (u(z),u(y)) is the component
orthogonal to u(z) of the unitary vector u(y). Now, fix s € {1,...,m}. For all k > 1 and
all (z,y) € A, we obtain the estimate

00, Arcer(2.9)] < |98 A (.0
s\/(m—1>2 (k;m) + (k+ 1) (k:ff;l) Jol*
_\/<m_1>2+<k+1>2(k1‘m(,€1+)21)2 (V) b
=m0 14 g (V1) bl

(k+m)?
<va(n-1) (7"l

This estimate is consistent with [2, Formula (11.12)], because v/2(m — l)w =

m(m—1)
V2(2k%*+ (£ + 1)k +1) < 2v2(k*+1) (as a consequence of the inequality k < k? and
of our hypothesis 2 < m). Additionally, we remark that 0gA;(x,y) = (m — 1) u(y)® has

m
00, A @) < 10 Aol = m =1 < V2= 1) (7)ol

for all (z,y) € A. Recalling our previous choices of T, ¢ > 0 and R < 1, we conclude
that the inequalities

9. Ain @ 9) 1yl ™| < |95 Awa (@) Iy~
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<vaem=1) ("1 el
< V2 (m—1) (’“ ;m) e R

hold true for all £ € N and all (z,y) € T. Using Remark 0.2, the root test immediately
shows that the number series

, max ’|83Ak+1($ y) llyl=™ k”

max ‘@wakJrl(f y) llyll=™" i
keN (z.9)€T

eN (z,y)eT

both converge. Since the choice of the compact subset T of A was arbitrary, we
conclude that: the real-valued series >, o Ox, Ak41(2,y) [yl ™" converges normally
in A to the function A — R, (z,y) — O,
> ren OB A1 (2, y) ly| ™" converges normally in A to the function A — M, (z,y) —
O lly — 2l -+ o

y — z||7™*!; the M-valued series

Our technical preparation allows us to finally prove Theorem 3.18.

Theorem 3.18. There exists a family {qk}keNm, where, for k| =k, g : M\ {0} - M
is a (k + 1)-homogeneous polynomial function, such that

En(y - ZZPk ||||m+2)k+1

™ keN |k|=k

for all (x,y) € A :={(z,y) € M x M : ||z|| < ||yl|}. Here, the series converges normally
in A because

| 5 meo e < va (V1) el

[k|=k

In particular, E,,(y — ) is a real analytic function in the real variables xg, 21 ..., Tm,
Yo, Y1 -+ Ym-

Proof of Theorem 3.18. We first assume m > 2. For fixed y € M, we may apply the
operator 9% := Y 1" v, to the function M \ {y} = R, z+ |y — z||~™ ", to obtain

s=0"s

Olly — =l 7™ = Zv Oz, |ly — ]| 7"+

=(m—1)ly - Zvi (ys
s=0

=(m—=1)ly =7 (y — 2)°
=0, (Mm—1)E,(y—x).
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By Lemma 0.3, if we define P, : A — M as
Py(,y) = (m = 1) (9 Awsr (2, 9)) lyl ="
then
En(y — ) = o, (m —1)7" 9lly — «f| 7

=0, > Pul(z,y)

keN

for all (z,y) € A. The convergence of the series is normal in A because

k4+m o
PGl < v2 ()l

for all (z,y) € A. Moreover, Lemma 0.3 guarantees that Py(z,y) ||y||™2++1

is a polyno-
mial function, k-homogenous in zg, 21, . . ., Zy, and (k+1)-homogeneous in yo, Y1, - - - , Y,
whence Py is real analytic.

If instead m = 1, then M is a plane and a *-subalgebra of A that is *-isomorphic to

C. We remark that

By o) = LT ol ) = oy (L may ) T = Y Bl
oy -z 71 ! o1 £ ’
eN
where Py (z,y) := y~ ' (zy~1)* = 2¥y~*F=1 and where the series > ren Pr converges nor-
mally in A because || Py(z,v)|| = [|=]|¥ ||ly[|~¥~1. Moreover, Py(x,y) ||y||?*+? = z*(y©)F+1

is a polynomial function, k-homogenous in xg,z; and (k + 1)-homogeneous in yo, y1.

Now take any m € N \ {0}. We have proven, in particular that A — M, (z,y) —
En(y—) =) cn Pr(z,y) is a real analytic function in the real variables xq, z1 ..., Ty,
Yos Y1 - - - s Ym- Now fix k € N and y € M\ {0}. By the uniqueness of the Taylor expansion
of real analytic functions, o} Py(x,y) is the k-homogenous component of the Taylor
expansion of the function B™+1(0, ||y||) = M, = — E,,(y — z), which is left-monogenic
with respect to B by Lemma 3.13. Let us prove that the function B™*L(0, |ly|) —
M, z — Py(x,y) is left-monogenic with respect to B. Following [2, Lemma 11.3.3], for
all h € N™*! with |h| = k — 1, we remark that

0= V30 = VEIgEm(y — ) = IgVEEm(y — o)
whence, comparing constant terms,
0=03VEPi(z,y) = VidsPi(z,y).

Since > Oz Py(z,y) is a (k — 1)-homogeneous polynomial function and the last chain
of equalities is true for arbitrary h with |h| = k — 1, we conclude that 9Py (x,y) = 0,
as desired.
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By Proposition 3.6, for any y € M\ {0} there exists a finite sequence {ax (y)}jx=x C A
such that

W)= D P ax(y

|k|=Fk

for all x € B™1(0, ||ly||). Now, set g : M \ {0} — A, y — ax(y) |ly||" 2+ for all
k € N™ with |k| = k, so that

Pi(z,y) Iy = " PE@) arw) Iy = Y PE(@) awly)
[k|=k [k|=k

We recall that Py(z,y)|y||™*?**+! is a polynomial function A — M, which is k-
homogenous in xg, x1, . . . , ,, and (k+1)-homogeneous in yo, Yl, .. Ym. Forany k' € N™
with |k’| = k we can apply the differential operator Ve to z — Py(x, y) [|y||™ 2+
and remark that the expression

V™ (Pl ) ol = 37 VR aely) = K e (9)
[k|=k

still defines a polynomial function A — M, now 0-homogenous in zg,21,...,ZT, but
still (k + 1)-homogeneous in yo,y1, ..., Ym. For the last equality, we applied Remark 3.4.
We conclude, as desired, that g is a polynomial function M \ {0} — M, which is
(k + 1)-homogeneous in Yo, Y1, .., Ym. O

Theorem 3.19 (Integral formula for V4 B®). Assume A to be associative. Fiz a domain G
in the hypercomplex subspace M of A and a function ¢ : G — A that is left-monogenic
with respect to B. Then ¢ is harmonic with respect to B and real analytic. For every
h € N™*L: the function V3 g9 is still left-monogenic with respect to B and real analytic;

given any open ball B™! = B™+L(p R) whose closure B™" is contained in G,
Vio(w) = (DM [ (VBE) (v - )y’ o)
oBpmt1

for all x € B™*; and, at the center p of the ball B™+!,

C o 2 h
V50w < G max, ol G i=ons® | max VBB,

Proof of Theorem 3.19. Let us list some properties of the reproducing kernel A —
M7 (x,y) = Em(y - ‘r):

e it is left- and right-monogenic with respect to x and with respect to y by Lemma 3.13;
e it is real analytic by Theorem 3.18;
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« for any h € N™*+! its h-partial derivative with respect to the variable z, which is
the map A — M, (z,y) — (=1)BI(VBE,,)(y—=), is still real analytic, as well as left-
and right-monogenic with respect to 2 and with respect to y (because V commutes
with 55)

For later use, let us also prove by induction on h € N™*! the property that
Un(x) = ||z "R VRE,, (2)
is an (|/h| + 1)-homogeneous polynomial function. This property is clearly true for

v — B, since ||z]|™ "t By (z) = s—a¢. If the property is true for VBE,,,
then for h' = h + ¢, we compute

' _ o oh _ Yu(z)  _ [#]?0s¢n(x) — (m +2|h| + 1)zs¢n(z)
Vi En(2) = 05V Ep(z) = 05 [a[[mr2m || +2Thi+3

Since m + 2|h| + 3 = m + 2|h’| + 1, the property is also true for VB E,,. The induction
step is therefore complete.

Now fix h € N™*1 and an open ball B™! = B™+1(p R) whose closure B" ' is
contained in G. Recall that Corollary 3.15 provides the integral formula

b(z) = / By — ) dy* o(y)

5Bm+1

valid for all 2 € B™*!. From the listed properties, we see that Vg¢ exists in B™T1, that

Vs = [ (DM(VEE - 2)dy” o)
aBm+1

for all z € B™! and that Vi¢ is left-monogenic in B™T!. Since the choice of h and
B™*! was arbitrary, in particular ¢ € €?(G, A). An application of Remark 2.38 now
proves that ¢ : G — A is harmonic with respect to B and real analytic.

Let us now prove the inequality appearing in the statement. For w € 9B™+1(0,1)
and for y = p + Ruw, it follows from the first part of the proof that (VEE,,)(y — p) =
VBE,.(Rw) = R~ IBIVRE,, (w). Using Remark 3.9, we compute VBE,, at the center
p of B™t! as

Vho(p) = (—1)M / (VBE,)(y — p) dy* o(y)
aBm+1
— (- / R (TR E,,) (w) B™ w d(p + Ruw)|doy|

aBm+1(0,1)
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—CRTM [ (VBB @) welp + Ru)ldow].
aBm+1(0,1)

Using Lemma 3.10, we find that

IVEo(p)| < R / IVBEm(w) wé(p + Rw)l| |doy|

aB™+1(0,1)
< Rflh‘ . ma. th w) w R’u) . / dO
- weaBmﬁ(o,n IV Em (w) w o(p + Ruw) |doy|
9B™+1(0,1)
< R IPly,. ma VEE (w)- ma w ol -
- weo B o) I VBRIl max  fw o)l -o
=R Mg, 0w  max ||V En|l - max o,
dB™+1(0,1)

as desired. For the third and fourth inequalities, we applied Remark 2.27 along with the
fact that VBE,, takes values in M. O

Theorem 3.21 (Mazimum Modulus Principle). Assume A to be associative. Fix a domain
G in the hypercomplex subspace M of A and a function ¢ : G — A, left-monogenic with
respect to B. If the function ||¢|| : G — R has a global maximum point in G, then ¢ is
constant in G.

Proof of Theorem 3.21. Let p := supg ||¢]|. Our hypothesis is that p is finite and that
1 = maxg ||¢||. We will first prove that ||¢|| = p in G, then prove that ¢ itself is constant.

Using the continuity of ||¢|| and our hypothesis, we see that the level set £ := {x € G :
lp(z)]] = p} is a nonempty closed subset of G. Moreover, this level set £ must be open:
for every z such that ||¢(x)| = p and every R > 0 such that B™+! := B"*1(z R) C G,
we can prove that B™t! is contained in £. Indeed, for any r with 0 < r < R, if
there existed w € 9B™*1(0,1) such that ||¢(x + rw)|| < p (whence a spherical cap in
OB™*1(0,1) where the same inequality holds true), then the Mean Value Property 3.16
would yield ||¢(x)|| < p. Since £ is a nonempty closed and open subset of the connected
set G, we conclude that £ = G. In other words, ||¢|| = p in G.

Let us express ¢ as ¢ = ZZ:O @y Uy With respect to the basis B = {vg,v1,...,v4}
of A. We know from Theorem 3.19 that Ag¢ = 0 and conclude that Ag¢p, = 0 for
each u € {0,...,d}. Moreover, the equality ||¢[|?> = u? reads as Zi:o 2 = 112, For each
s €{0,...,m}, by applying 95 to both hands of the equality, we find 2 Ei:o Gu0sy = 0.
Repeating the operation, we find that 2 ZZ:O ((0s9u)? + #40%¢,) = 0. Thus,

d m d m
0=3" (Z(&%)Q + <z>uAB<z>u> PPN
0

u=0 \s=0 u=0 s=
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It follows that Os¢, = 0 for all s € {0,...,m} and all u € {0,...,d}, whence ¢ is
constant. O

Proofs of the results in Subsection 3./

Theorem 3.22 (Series expansion). Assume A to be associative. Fiz a domain G in the
hypercomplex subspace M of A and a function ¢ : G — A that is left-monogenic with
respect to B. In every open ball B™+(p, R) contained in G, the following series expansion
is valid:

D=3 3 Aa-pa acgEo.

keN [k|=k

Here, the series converges normally in B™Y(p, R) because

max
lz—pl|<ry

ly—pll=r2

|kz_k7’f(x‘p>akﬂf“2ﬁ(k;m) (—) max |6(v)]

whenever 0 < ry < rqg < R.

Proof of Theorem 3.22. Let us fix an open ball B™*1(p, R) contained in G. Since the
kernel of Op is invariant under composition with translations, we may assume without
loss of generality p = 0. Pick any r with 0 < r < R and set B™*! := B™*+1(p, r), which
has B G Using Corollary 3.15 and Theorem 3.18, we see that

o(x) = / En(y — 2) dy* 6(y)
aBm+1

“on | (X X o) oo

33m+1 keN |k|=k

=3 > Plla)ax

keN |k|=k

for all z € B™*+!, where

_ 1 ax(y) *
= amaBi ez WO
In the previous chain of equalities: the last equality is true, and the series
D o keN Zlk\:k PE ay converges normally in B™*!, because of the following argument.
For all w € dB™11(0,1), we recall that q(rw) = r**1g(w). Using Remark 3.9, we
compute
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> PEwac= Y P [ v ot)

|k|=k |k|=k e

o / Z Pe(x || ||Tn+2)k:+1 dy* o(y)

m
opm+1 kl=k

1 / Z PE(x) ri(;u) w P(rw) |doy|

Om
aBm+1(0,1) IkI=k

for all x € B™t!. Take any r; with 0 < r; < 7, set C' := EmH(O,rl) and T :=
C x0B™ Cc A={(z,y) € M x M : ||z|| < ||y||}. Using Lemma 3.10, we remark:

1 9k
B < 5
max| Y A@al< [ w3 PP
|k|=F aB™+1(0,1) Ik|=
o]

< —. ‘ dou
< |52 P 2 wogw) dou|

[k|=k oB™+1(0,1)
_ B qk(w) H
= e[| 3 PR B wotrw

k|=k
B qu(w)

<o e | 32 @ RS g Iwotro

2 B
=4 (aﬂ?é(TH Z_: Pi (I) 2k+1 H DB %, ol

kE+m
<23 Ky i—kY
<w ( . >(£§u§T(IxII Iyl ") - max |||

9Bm+1
k k

— 2( *m) ()" max, ol
m r/ @aBmti

Here, we first used Remark 2.27, along with the fact that 3, PE(z) q“r(,:“ ) takes values
in M, then Theorem 3.18. Remark 0.2 and the root test show that the number series

Z maXH Z PE(x H

[k|=F

converges. For any r; with 0 < r; < R, it is possible to choose ry such that 0 < r; <
r2 < R. Thus, the series ) N D2 jx— PE(z) ax converges normally in B™1(0, R), as
desired.

We are left with proving that ax = %Vg)’k)d)(p) for all k € N™, Fix k/ € N™:
Theorem 3.19 guarantees that ng/)d) exists and is still left-monogenic with respect
to B, as well as real analytic. By the first part of the proof, there exists a sequence
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{a} }xkenm C A such that Vg)’k,)qb expands throughout B™+1(0, R) into the normally
convergent series >y oy > | PE(z)aj.. In particular, o, o) = Vg)’k )qu(O). By the
uniqueness of the Taylor expansions of real analytic functions, a’(o ..,0) can be obtained by

applying Vg)’k,) to the |k’|-homogenous component p— PE(z) ay of the expansion
O(T) =D ren 2ojk|=k PE(x) ax. Therefore,

K
afo O)Evg) ) Z PE(2) ax

.....

Ik|=|K’|
= Y VPE@) a
|k|=[k/|
Ek/!ak/,

where the last equality follows from Remark 3.4. Thus, a, = % = ﬁV(BO’k,)(b(O),
as desired. O

Theorem 3.23 (Identity Principle). Assume A to be associative. Fix a domain G in the
hypercomplex subspace M of A and functions ¢, : G — A that are left-monogenic with
respect to B. If G contains a set of Hausdorff dimension n > m where ¢ and ¥ coincide,
then ¢ = v throughout G.

Proof of Theorem 3.23. Let S denote the set of all points of G C M where ¢ and
coincide, i.e., the zero set of x := ¢ — 1. Seeking a contradiction, we assume that neither
the equality S = G nor the inequality dimg (S) < m hold true. Since dimg (M) =m + 1
and since x is a real analytic function, it follows that dimpg (S) = m and that there exists
an open ball B™T1 C M such that S N B™*! is a real analytic hypersurface of B™*1.
We will prove that the zero set of x includes an open ball, thus reaching a contradiction
with our hypotheses.

Taking into account Theorem 3.22, which provides a series expansion of x centered at
any p € G with coefficients {%V%O’k)x(p)}keNm, it suffices to prove that Vix vanishes
identically in S N B™*! for all h € N™*1. We do so by induction on |h|. The induction
basis is the fact that y vanishes identically in S N B™*!. The induction step from A to
h + 1 consists in assuming VBy to vanish in S N B™*! for all h € N™*! with |h| = h
and proving that Vglx vanishes in S N B™*+! for all h’ € N"™*+! with |h/| = h + 1. This
is the same as proving that, for any h € N™*! with |h| = h and any p € SN B™*! the
vector

(BVEx)(p)
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is the zero vector. Since Vgx vanishes identically on the hypersurface S N B™*!, there
exists an m x (m+1) matrix 4 of rank m, with entries in R C A, such that Aw =0 € A™.
Thus, there exist n € {0,...,m} and co, ..., ¢y, € R (with ¢, = 1) such that

€o
C1 h
w=| . | @.V800).

Cm

Now, since Vi is still left-monogenic,

m m
0= (I8VEX)(D) = > _vs(0:VEX) (D) = [ D vsts | (0nVEX) (D)
s=0 s=0
Now, ZZL:O vgCs belongs to M and is not zero because ¢, = 1. We conclude that

™ wecs is not a left zero divisor in A and that (0,VBx)(p) = 0. Thus, w is the
s=0 B
zero vector in A™*!, as desired. O
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