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Abstract
We give a description of the irreducible constituents of the restriction to Sylow 2-subgroups
of irreducible characters of symmetric groups labelled by hook partitions.
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1 Introduction

Let n € N and let G, be the finite symmetric group of degree n. Let p be a prime number
and let P, be a Sylow p-subgroup of &,,. Let x € Irr(&,,) and ¢ € Irr(P,) be irreducible
characters of &,, and P,, respectively. The corresponding Sylow branching coefficient Z é is

defined as the multiplicity of ¢ as an irreducible constituent of x | p, the restriction of x to
P,. Sylow branching coefficients have been intensely studied for symmetric groups and odd
primes [3, 4, 7, 9]. Moreover, new information on these integers was recently used in [5] to
prove a conjecture proposed by Malle and Navarro in [13]. There is now an evident fracture
between the knowledge accumulated on Sylow branching coefficients at odd primes and the
lack of information on this topic when the prime p is equal to 2. For instance the irreducible
constituents of the Sylow permutation character 1 pnTG" are completely described for odd
primes [3, Theorem A] but, despite some recent advances [12], are far from understood when
p=2.

The aim of this note is to advance in the study of Sylow branching coefficients at the
prime 2. In particular, here we focus on irreducible characters labelled by hook partitions.
From now on we denote this subset of Irr(S,,) by Irry(&,,). In order to present our main
results, we first recall that Py« is isomorphic to the k-fold wreath product of cyclic groups of
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order 2. It follows that linear characters of P,« are naturally labelled by {0, 1}-sequences of
length k (see the end of Section 2.1). Motivated by the study of the McKay Conjecture, in
[2] it was shown that for every x € Irry (S« ), the restriction of x to Py« admits a unique
linear constituent. In Theorem 3.2 below we identify this unique constituent by describing
the associated {0, 1}-sequence. This result is immediately used in Section 4 to compute a
large family of Sylow branching coefficients. In particular, in Theorem 4.4 we calculate Z*
forall x € Irr¢(S,) and all ¢ € Lin(P,). This is a wide generalization of [2, Theorem 1.1]
and, at the moment, one of the few examples of explicit numerical determination of Sylow
branching coefficients for arbitrary large symmetric groups. In the second part of the article
we move from linear to arbitrary constituents. In particular, given n, k € N we investigate
which y € Irry(G,) are such that Xl P, admits an irreducible constituent of degree 2% In
Theorem 5.11 we address this question. "An interesting consequence of our observations in
Section 5 is that whenever x | », admits a constituent of degree 2¥, then it necessarily admits

constituents of degree 2¢ for every 0 < ¢ <k.

2 Notation and Background

Given integers n < m, we denote by [n, m] the set {n,n + 1, ..., m}. If n < m then [m, n]
is regarded as the empty set. We let C(n) be the set of all compositions of #, i.e. the set
consisting of all the finite sequences (a1, az, ..., a;) such that g; is a non-negative integer
for all i € [1, z] and such that a; + --- 4+ a; = n. Given A = (A1, ..., A;) € C(n), we
sometimes denote by /(A) = z the number of parts of L. As usual, given a finite group G, we
denote by Irr(G) the set of irreducible complex characters of G, and by Lin(G) the subset
of linear characters of G. Finally, cd(G) = {x(1) | x € Irr(G)} is the set of irreducible
character degrees of G.

2.1 Wreath Products and Sylow Subgroups

Here we fix the notation for characters of wreath products. For more details see [ 11, Chapter 4].
Let G be a finite group and let H be a subgroup of &,,. We denote by G*" the direct product
of n copies of G. The natural action of G, on the direct factors of G*" induces an action
of G, (and therefore of H < &,) via automorphisms of G*”", giving the wreath product
G H := G x H. We refer to G*" as the base group of the wreath product G : H. We
denote the elements of G : H by (g1, ...,8u; h) forg; € Gand h € H. Let V be a CG-
module and suppose it affords the character ¢. We let V& := V ® - - - ® V (n copies) be the
corresponding CG*"-module. The left action of G : H on V®" defined by linearly extending

g1, -sgnsh) 11 Q---Quy > 81Vp-1(1) ®"'®gnvh*1(n)’

turns V®” into a C(G : H)-module, which we denote by V®". We denote by ¢ the character
afforded by the C(G @ H)-module V@1 For any character { of H, we let ¥ also denote its
inflation to G : H and let X (¢; ¥) := ¢ - ¥ be the character of G : H obtained as the product
of (;3 and ¥. Let ¢ € Irr(G) and let ¢*"* := ¢ X --- X ¢ be the corresponding irreducible
character of G*"*. Observe that ¢~> € Irr(G @ H) is an extension of ¢*". Given K < G, we
denote by Irr(G|y) the set of characters x € Irr(G) such that ¢ is an irreducible constituent
of the restriction Xl K Hence, by Gallagher’s Theorem [8, Corollary 6.17], we have

(G H|9™") = {X(¢: ) | ¥ € Irr(H)}.
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If H = C, is acyclic group of prime order p, every ¥ € Irr(G : C)) is either of the form

() v =¢; x--- % ¢>,,ngxcp”, where ¢1, ...¢, € Irr(G) are not all equal; or

(ii) ¥ = X(¢; 0) for some ¢ € Irr(G) and 6 € Irr(C)).

We remark that in case (i) we have that Irr(G : Cp|¢1 x - -+ X ¢p) = {].

Finally, we record some facts about Sylow subgroups of symmetric group and we refer
to [11, Chapter 4] or to [14] for more details. Fix p a prime number. We let P, denote a
Sylow p-subgroup of &,,. Clearly P is the trivial group while P, = C,, is cyclic of order
p.1fi > 2, then P, = (P,-1)"" x P, = P,i-1 2 Py = Pp2---2 P, (i-fold wreath
product). Let n = Zle p"i,withny > --- > n, > 0, be the p-adic expansion of n. Then
Py = Ppmi X -+ - X Pprr . When p = 2, welet {¢g, ¢1} = Irr(P2), where ¢ denotes the trivial
character of P,. Using the facts on representations of wreath products highlighted above, it
is easy to observe that linear characters of P« are naturally labelled by elements of {0, 1}*".
In fact, setting X'(0) = ¢o, X (1) = ¢; and given (iy, ..., i) € {0, 1}*", we recursively
define X (i1, ..., in—1,in) € Lin(Pan) as X (i1, ..., in—1,1p) = X(X (i1, ..., 0in—1); Pi,).

2.2 The Littlewood-Richardson Coefficients

For each n € N, Irr(&,,) is naturally in bijection with P (n), the set of all partitions of n. For
A € P(n), the corresponding irreducible character is denoted by x*. Letm, n € N withm <
n. Given x* x x" € Irr(&,, x S,,_»), the decomposition into irreducible constituents of the
induction
(X" xx") T = 3 LRO: o)X
AEP(n)
is described by the Littlewood—Richardson rule (see [1, Chapter 5] or [10, Chapter 16]). Here
the natural numbers LR (A; u, v) are called Littlewood—Richardson coefficients.
Given (ny,...,ng) € C(n),A € P(n)and u; € P(n;)forall j € [1, k], welet LR(A; i1,

.., i) be the multiplicity of x* as an irreducible constituent of (y*! x - - - x X‘”)T?" .Here
Y denotes the Young subgroup &, x &,, x --- x &,, of G,. Later in the article, we will
sometimes alternatively denote the subgroup Y by &, ... »,). The following lemma describes
the behavior of the first parts of the partitions involved in a non-zero Littlewood—Richardson
coefficient. This will be useful in the following sections.

Lemma 2.1 If LR(A: i, ... ) # O then hy < 35 ().

Proof When k = 2, the statement is a straightforward consequence of the combinatorial
description of the Littlewood—Richardson coefficient LR(X; 11, 2), as given in [1, Sec-
tion 5.2]. The lemma is then proved by iteration. O

As in [4], we define B, (¢) as the set of those partitions of n whose Young diagram fits
inside a ¢ x t square grid, i.e. for n, t € N, we set

Bu(t) :={A e Pn)| A1 <t, [(}) <t}
Moreover, for (n1,...,n;) € C(n) and A; € P(n;) forall j € [1, k], we let
AxAgx---xAp ;= {L € P)|LR; 1, ..., ug) > 0forsome € Ay, ..., ux € Axl}.
It is easy to check that  is both commutative and associative. The following lemma was first

proved in [4, Proposition 3.3].
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Lemma2.2 Letn,n' t,t" € Nbesuchthat5 <t <nand’% <t <n'. Then

By (t)xBy (1) = By (t +1).

3 On the McKay Bijection for Symmetric Groups

From now on we fix p = 2 and we let P, be a Sylow 2-subgroup of &,,. Motivated by
the study of McKay bijections for symmetric groups, in [2, Theorem 1.1] it is shown that
the restriction to Py» of every irreducible character of odd degree of G+ admits a unique
linear constituent. In this section we will clarify which one by explicitly determining the
corresponding {0, 1}-sequence, as described in Section 2.1. We recall that by [2, Lemma 3.1]
we know that the irreducible characters of odd degree of Gy« are exactly those labelled by
hook partitions of 2”. In other words we have that Irry (Gyn) = Irryy (S2n). We introduce
the following last useful piece of notation. For a natural number n, we let H(n) be the set of
hook partitions of the natural number n. To simplify the notation, we write (n — x, 1*) for
the hook partition (n — x, 1,...,1) € H(n). For the convenience of the reader we record
here [2, Theorem 1.1].

Theorem 3.1 Letn € Nand let A € H(2"). Then X}Llen admits a unique linear constituent.
Such a constituent appears with multiplicity 1.

From now on we will adopt the following notation. Given z € Z, we let [z] € {0, 1} be
such that z = [z] mod 2. We are now ready to state our first result.

Theorem 3.2 Letn € N and let A = (2" — x, 1¥) € H(2"), where x = a,2" + ap,— 12"~ +
-+ a2 is its binary expansion. The unique linear constituent of X)‘i Py is

X ([an + ap—1], [an—1 +an—2], ..., a1 +ao)).

Proof We proceed by induction on n. If n = 1 then A € {(2), (12)}. If » = (2), then
¥ =0=02"+0-2° [a1 +ao] = [0+0] = 0and x ¥ | , = ¢o. Similarly, x|, = ¢1.
Let now n > 2 and A = (2" — x, 1*). We denote by L, the unique linear constituent of
X)‘l Py 38 prescribed by Theorem 1.1]. By the Littlewood—Richardson rule, we have

X _ (@ =y 1) @ 1—y,17)
X ~L62n,1><6 = (X Y X X 4 )+Aa

on—1

x e
5 if x is even, . . . .
2 and A is the sum of irreducible constituents of the form

L if x is odd,
¢ x ¢, with ¢ # . It follows that Ly = X (Ln-1_y 1v); ¢a), for some o € {0, 1}. In
order to find o, we consider a 2"-cycle g € Pon. Since Po» = Pyu—1? P2, we can choose
g=(h,1;y), where h € Pyi-1isa 2"_1—cycle and y € P, is a 2-cycle. Using [11, 4.3.9]

and [6, Lemma 3.11], we have that

1@ = Li(8) = L1y 1y () - $u(y) = x @70y - x @) y),

The Murnaghan—Nakayama rule [11, 2.4.7] implies that (—1)* = (—1)Y(—1)%. It follows
that

where y =

0 ifx =ymod?2,
o = .
1 otherwise.

Since x = a,2" + - - - + ap2° is the binary expansion of x € [0,2" — 1], theny = a2+
<4 a2 is the binary expansion of y € [0, 27—l _ 1]. Hence, o = [a; + ap] and we
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have L = X(Lu-1_y 17): Pla;+ao))- Using the binary expansion of y and the inductive
hypothesis we conclude the proof. O

4 Computing Linear Sylow Branching Coefficients

The aim of this section is to compute the Sylow branching coefficients Z; for all x €
Irry(S,,) and all ¢ € Lin(P,). This generalizes Theorem 3.1 to any arbitrary natural number.

Givens € Nand y € Z we let (') be the usual binomial coefficient. In particular this is
regarded as 0 whenever y ¢ [0, 7].

Lemma4.1 Leta = (ny,...,ny) € C(n) and h € H(n). Let A; € P(n;) foralli € [1,t]. If
LR(h; A, ...,Ar) ZOthen A; € H(n;) foralli € [1,¢t].

Proof This is a direct consequence of the Littlewood—Richardson rule. O

Lemma4.2 Leta = (ny,...,n;) € C(n) and h = (n — x, 1*) € H(n). For eachi € [1,t]
let hj = (nj — x;, 1%) € H(n;), for some x; € [0,n; — 1]. Finally, let y = x — Zle X;.
Then
t—1
ER(h;hl,...,h,):( )
y

Proof We proceed by induction on ¢. If # = 2, by Littlewood-Richardson rule we have
that LR (h; hy, hy) = 0, unless x; + x2 € {x — 1,x} N N. In such cases we have that
LR(h; hy, hy) = 1. These facts agree with the desired statement as  — 1 = 1. Let us now
suppose thatt > 3 andlet K1 = (np+---+n, — (x —x1), ¥ ), Kh = (np+---+n; —
(x—x1 =D, 1% Y € Hmp + -+ + ny). Using the Littlewood—Richardson rule we
observe that LR(h; h1,0) = 0, unless & € {Ki, K»}. Moreover, LR(h; hy, K{) =
LR(h; hy, K2) = 1. By inductive hypothesis we know that LR(Ky; ha, ..., hy) = (z;z)

and LR(K»2; ho, ..., hy) = (;:2). Then, we can conclude that
t—2 t—2 t—1
ER(h;hl,...,h,)=< )+( >=( )
y y—1 y

We give an example of the computation of the Littlewood—Richardson coefficient
LR(\; i, v) in the case where A € H(2") and u, v € H(2" ).

[m}

Example4.3 Letn > 1 and A = (2" — x, 1) € H(2"), where x € [1, 2"]. Here we restrict
x*t0Y 1= Gyu-1 x Gy1. Using the Littlewood—Richardson rule we find the following
decomposition:

n—1_ x n—1
L, = @ @D

x—1
+ZX<2"*1—y,1>'> % (X<2"*1—<x—y).1-**>'> + X<2"*1—<x—y—1),1**y*1>).
y=0

Thus we can compute the Littlewood—Richardson coefficient LR (A; w, v). Let u = @n-1—
t,1Nandv = (2" ' —z, 1%). Define V := {(x, 0)}U{(y, x—y), (v, x—y—1) |y € [0, x—1]}.
Then
) )1 if@, ) eV
LR o v) = {0, otherwise.
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Notice that if x = 0, 2 = (2") and x|, = @D 4@,

Letn € Nand let n = 251 4 ... 4 2k be its binary expansion. Given ¢ € Lin(P,), there
exist unique (hy, ..., h;) € H(ny) x H(na) x --- x H(n;) suchthat¢p = Ly, x -+ x Ly,.
Here for all i € [1,¢], Lj; denotes the only linear constituent of Xh" l P, a8 described by

25

Theorems 3.1 and 3.2. In this case, we denote ¢ by ¢ (hy, ..., h;t).

Theorem4.4 Letn € Nandletk; > - > k; > 0 be such that n = 251 + ... + 2k Let
x €[0,n—1]andleth = (n — x, 1°) € H(n). For eachi € [1,t] let x; € [0, 2% — 1] and
set h; = (25 — x;, 1%). Finally let y = x — Z§=1 xi. Then

[ Ly o] = (1),

Proof Foreachi € [1,t] weletn; = 2k Seta = (ny,...,n;) € P(n)andletY = G, be
such that P, < Y. Let H = H(n1) x H(nz) x --- x H(n;) and ¢ = ¢(hy, ..., h;). From
Lemma 4.1 we know that
GMly= D0 LRGN X x M.
(M renh)EH
By Theorem 3.1, [(x*! x - -- X X)“’)lp ,¢] =O0unless (A1, ..., ) = (hy,...,h). Inthe

latter case we have [( Xhl X e X Xhl)l P> ¢] = 1. These observations used together with
Lemma 4.2 imply that

[ 0] = [0 L8] = emainm. o = (1)

[}

This theorem says in particular that for every natural number n and every hook partition
h € H(n), the restriction Xhl P, has a linear constituent. This was first observed in [6,
Theorem 3.1].

We conclude this section with a lemma that will prove to be useful in the second part of
the paper.

Lemmad5 Letn € N, A, = (2" — 1, 1). Then there exist characters 6y € Irr(Pa) for
k € [0, n — 1] such that 6;.(1) = 2¥ for each k and X)LlP = Z;(l) Ok.

Proof We proceed by induction on n. If n = 1 then & = (1%) and x*l p, = b1, a8 desired. If
n > 2, by the Littlewood—Richardson rule we have

n—1 n—1 n—1 n—1_ n—1_ n—1
Kl ixeyy = 0% x @ @D BT BT,

lp, , and by inductive hypothesis, X(Z"_I*“)lp =
mn—

er'l;oz Y, where ¥; € Irr(P,n-1) and v; (1) = 2!, Notice also that yg # Liow-1y=1p,_,.
Hence

@"h
However, x l Py

n—2
A
X J’Pznflezn—l = (IPZ’H x 1P2n*1> +Z (lpz’lfl X Vi + i X 1P2,1,1).
i=0

Therefore x* | pp =L YIS (1p, , x 1/f,-)TP2" . The proofis then concluded by observing
that L; (1) = 2° and that (1p,, x %)TPZ" (1) =2+ forevery i € [0,n —2]. o
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5 On Non-linear Sylow Branching Coefficients

In Sections 3 and 4 we completely described the linear constituents of the Sylow restriction
of irreducible characters labelled by hook partitions. The aim of this section is to continue
our investigation by focusing on irreducible constituents of higher degree. More precisely
for any k € N such that 2k ¢ cd(P,), we will devote our attention to study the structure of
the set H’,‘l defined as follows:

Hﬁ ={A e H(n) | X)‘l p. has an irreducible constituent of degree 2Ky,

A first surprising result is stated in Theorem 5.5, where we show that Hfl C Hf;, whenever
£ < k. Then, in Theorem 5.11 we prove that these sets have a very regular structure. More
precisely, we show that for any k € N as above, there exists a value t < n such that
HE = B, (1) N H(n).

In order to ease the notation, from now on given n, t € N such thatr < n we will let B, (1)
be the subset of H(n) defined by

B, (1) := B, () N H@n).

It is important (and easy) to observe that the sets Hfl and B, (t) are closed under conjugation
of partitions.

We start the section with a short example. On one hand this will help the reader understand
the behavior of the sets X for small values of 7. On the other hand this will serve as base
case of some of the later induction arguments.

Example 5.1 Here we compute Hfl whenever n is a small power of 2. More precisely we will
just restrict our attention to the cases n € {2, 4, 8}.

If n = 2, then there is not much to say as G, = P>. We just recall the notation introduced
in Section 2.1 and write Irr(P2) = {¢o, ¢1} where ¢y is the trivial character of P;.

Let now n = 4. Then P4 = C; C, admits four linear characters X (i, j), fori, j € {0, 1}
and a unique irreducible character ¢ of degree 2. In particular, ¢ = (¢o X ¢1)TP4. It follows
that cd(Py) = {1, 2}, hence we will be interested in computing the sets Hg and H}‘. In order
to do this we are going to study the restriction to P4 of those irreducible characters of G4
that are labelled by partitions contained in the set H(4) = {(4), (3, 1), (2, 1%), (14)}. Itis not
difficult to see that:

X(4)lp4 =1p, = X(0,0) and X<3’1>lp4 = X0, 1)+ ¢.
Since the sets Hg and H}‘ are closed under conjugation of partitions, we conclude that
My =H@) =Bs# and H;={G, 1), (2, 1))} = Bs(3).

Finally, let us consider the case where n = 8. Here Ps = (P4 X P4) X P = Py P>.
Since the base group P4 x Py is naturally a subgroup of an appropriately chosen Young
subgroup ¥ = G4 x G4 of Gg, our strategy is to restrict irreducible characters of Gg to
Y, to inductively deduce information on their restriction to Py x P4 and finally to obtain
results on their restriction to Pg. Consider for instance A = (6, 12) and let x = x*. Using
the Littlewood—Richardson rule we know that xy ® x x 2 1) s an irreducible constituent of
le. Using this, together with the calculations we have done for the case n = 4 (inductive
step) we deduce that X'(0,0) x ¢ is an irreducible constituent of Xl Pax Py’ We conclude
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that (X(0, 0) x <,0)TP8 is an irreducible constituent (of degree 4) of Xl P This shows that
6,1%) € Hg. With completely similar arguments we obtain that

HY = Bg(8) and that Hj = H3 = Bg(7).

This is all we needed to compute since cd(Pg) = {1, 2, 4}. We conclude by mentioning that
X(G’lz) i Py has a unique linear constituent, two distinct irreducible constituents of degree 2

and three distinct irreducible constituents of degree 4. On the other hand, X(S ’13)L Py has a
unique linear constituent, three distinct irreducible constituents of degree 2 and five distinct
irreducible constituents of degree 4. This can be easily verified using the strategy outlined
above in the case of A = (6, 12). We leave the explicit calculations to the interested reader.

From now on we will denote by «, the maximal integer k such that 2 is the degree
of an irreducible character of P,. This is formally defined and explained in the following
Definition 5.2 and Proposition 5.3.

Definition 5.2 For any natural number ¢ we define the integer oy: as follows. We set
a1 =ar=0, ag=1 and ay =2""24+2""3—1 foreverys > 3.

Notice in particular that opr = 2ct5i-1 4+ 1, forany t > 4. Letnown € N, and n = Zle 2
be its binary expansion. We set o, € N to be defined as a, 1= > ;_; apni.

Proposition 5.3 Given n € N, we have that cd(P,) = {2/|j € [0, a,]}. Moreover, ifn > 8,
then |{6 € Irr(P,) | 6(1) =2%}| > 3.

Proof Suppose first of all that n = 2 is a power of 2. We proceed by induction on ¢. If
t € {1, 2, 3}, the proposition holds as we can see in Example 5.1. Let us now fix r > 4 and
recall that apr = 209—1 + 1. Let k € [0, apr — 1] and let g € [0, api—1], r € {0, 1} be such
that k = 2¢q +r. Suppose first that » = 0, by inductive hypothesis there exists ¢ € Irr(Py—1)
such that ¢ (1) = 27. Hence for every ¥ € Irr(P2), X(¢; ) € Irr(Py) has degree 2k If
instead r = 1, then ¢ < ay—1.If g = 0 then k = 1, and |Lin(Py)| = 2’ > 2. Hence we can
choose L, L' € Lin(Py), L # L' and (L x L’ )TPZ’ is an irreducible character of degree
2=02K1f1< q < ay-1, by inductive hypothesis there exist ¢, ¥ € Irr(Py-1) such that
¢(1) =297 (1) = 29F!. Hence (¢ x w)TPZ’ € Irr(Py) and it has degree 25, If k = ary,
by inductive hypothesis there exist ¥, ¥» and 3 distinct irreducible characters of Pyi—1
of degree 2%~'. Since ap = 2051 + 1, we obtain that (¥ x wz)TPZ', (Yry x w3)TP2',
(Y x w3)TP2' € Irr(Pyr) are three distinct irreducible characters of degree 22 .

Suppose now that n € N is arbitrary and let n = Zle 2" withny > --->n, > 0, be
its binary expansion. From Section 2.1 we know that P, = Py X - -+ X Py and therefore

that Irr(P,) = {¢p1 X --- X ¢ | ¢; € Irr(Pyni), i =1, ..., r}. Using this together with the
information obtained above in the 2-power case, we easily obtain that cd(P,) = {2/|j €
[0, @, ]} and that [{6 € Irr(Py) | O(1) = 2%}| > 3, for any n > 8. O

We will state now a lemma that we will need for the proof of the main theorems of this
A
section. To ease the notation we will denote by Zé; (instead of Zé ) the Sylow branching

coefficient corresponding to the characters x* € Irr(&,,) and ¢ € Irr(P,).
Here, we start by giving some precise information concerning Sylow branching coeffi-
cients Z 35, where ¢ is an irreducible character of the Sylow subgroup of degree 2. In order to
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do this, it is convenient to introduce the following notation. For A = (2" — x, 1¥) € H(2")
with x € [0, 2" — 1], we define a;; € N as follows:

ay == |{¢ € Irr(Py) | (1) =2 and Zj; # 0} .
Lemma5.4 Letn > 2and A = 2" — x, 1¥) € H(2"). Then a;, = min{x, 2" — 1 — x}.

Proof Recall that Py» = B x P, for some B < Go» such that B = Pyu—1 X Pyu-1. Let
Y = Gy-1 x Go-1 < Gon be chosen such that B < Y. Let ¢ € Irr(Pyr) be such that
¢ (1) = 2. Then ¢ = (L1 x LZ)T‘;Z”, for some Ly, Ly € Lin(P,u-1) such that L; # L. In
particular, we have that Zg # 0 if and only if [ X)‘L g L1 X L2] # 0. Using this observation
together with the Littlewood—Richardson rule and Theorem3.1, we deduce that Z; # 0if
and only if [ X’\ly, X1 X XZ] # 0, where x; is the unique character in Irrs (S,.—1) such that
[Xilpzn_1 ,Li] #0.

Let us first suppose that x < 2" — 1 — x, in other words x € [0, 2=l _1].If x = 0, then
A= (2") and a2 = 0. Otherwise using the Littlewood—Richardson rule we have

m
n—1__ y n—1_(y._ x—y n—1_ (v \_ x—y—1
Xlly _ Zx(z ») o [X(z (=) 1) 4 (2 =Gmy= 11 )]

y=0

m
30 [ e )
y=0

where m = |x/2]. From (1) we can see that there are exactly x distinct unordered pairs
(i1, 2) € H(2"™1) x H(2"~!) such that pu) 7 1 and such that [x* |, x*! x x#2] # 0.
Using the observations discussed at the start of the proof we deduce that a;; = x.

If x > 2" — | — x, then we are in the case x € [2"~!,2" — 1] and we consider A, the
conjugate partition of A. We observe that A" = (x+1, 12 ——yand0 < 2"—x—1 < 2" 1—1.
Since X)lezn = X/\len . X(lzn)lpzn , we deduce that a; = aﬁn_)‘_l
desired. O

=2" —x —1, as

Using this lemma we can notice that g,{ # 0 if and only if x ¢ {0,2" — 1}, that is
A ¢ {(2M), (12")}. We deduce that H}, = Br (2" — 1) for every natural number n > 2.
We are now ready to state and prove one of the main results of this section.

Theorem 5.5 Letn € N. For everyl, k € [0, ;] such that £ < k, we have
HE CHE.
Proof Suppose first that n = 2, for some ¢ € N. Clearly, it is enough to show that
HE S HET! forevery k € [1, ax].
We proceed by induction on ¢t > 2. If t = 2, then the statement holds by direct computation
(see Example 5.1). Let t > 3 and let A € Hg,. By definition there exists an irreducible con-
stituent 6 of Xlezr of degree 2k 1f 9 = X (s a) with ¢ € Irr(Pyi—1), ¥ (1) = 2% and @ €
Lin(P,), then there exist i, v € H(2'~1) such that LR(X; W, v) # 0and ¥ is a constituent
K
of both X“lPZH and XVlPQH' In particular p, v € sz,,l. If % > 1, using the inductive

k
. 5—2 .
hypothesis for % and then for % — 1, we have that u € 7-(22,71 . Therefore there exists an
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irreducible constituent v of X“l Py of degree 2572, Hence we have that (Y x w)TPZ[ i
an irreducible constituent of X)‘l Py of degree 25~ and we conclude that A € Hk ! Other-
wise, if & 5 =1thenk =2and A ¢ {(2"), (12')}. Hence A € By (2' — 1). By Lemma 5.4 we
know that By (2 — 1) = HJ,. It follows that & € HA ™' = #),.

Suppose now that 6 = (6] x 92)TP2’ with 61, 02 € Irr(Pyi-1), 61 # 62 and 01 (1) = 2h
0>(1) = 2"2 where hi +hy = k— 1. Then there exist 1, u» € H(2!~1) such that LR(A; w1,
u2) # 0 and 0; (respectively 6») is an irreducible constituent of x ! l P (respectively

"t
oy fori = 1,2. Suppose hy = hy = 51 = b If

h=0 then k = 1 and we know that A € ’Hg, = Hg,_l by Theorem 4.4. If h > 0, then by
induction we have that ;] € Hg, c HI-

X"zl ). In particular, 11; € Hhi

ot ! Hence there exists an irreducible constituent v/

of x| Py of degree 2"~!. Therefore (y x 02)T % is an irreducible constituent of x* | Py

of degree 2k=1 andso A € Hé,‘l.

If instead h| # ho, we can suppose without loss of generality that h1 > hy. In particular
h1 > 1,sowecanuse the inductive hypothesis and we have i1 € Hzr . ! Hence there exists an
irreducible constituent i of X’“l P of degree 2"1=1 If 4 = 6,, then considering (¥ x

-
92)TP2' we deduce that A € Hg,_l, since 6r (1) = 2" and hy +hs = k— 1. If instead Y = 6s,
then in particular hy = h1 — 1. Suppose hy > 0 and use the inductive hypothesis. We have
Uo € H2, . C HZ,Z__II.Hence there exists ¥’ € Irr(Py—1) such that [/, XMlPt 1] # 0and
e

¥/ (1) = 2721, We conclude that A € Hé,_] since (61 x l/f’)TPZ’ is an irreducible constituent
of Xkl Py of degree 2=, If hy = 0, then k = 2 and arguing as before, using Lemma 5.4,
we deduce that A € Hét = Hgf !

Letnown € Nandletn = ) ;_, 2" be its binary expansion. Let A € H’n‘, then there exists
¢ € Irr(P,) such that [q), X”\l P ] # 0and ¢(1) = 2K, By the structure of the irreducible

characters of P, in Section 2.1, ¢ = ¢ X - - - X ¢, with ¢; € Irr(Pyn; ) and ¢; (1) = 27 for
everyi = 1,...,r,where jj+- - -+ j, = k. Therefore foreveryi = 1, ..., r thereexists u; €
H(2") such that ¢; is an irreducible constituent of XM'iP and LR(A; 1, ..., ur) # 0.

Let¢ < kandforeveryi = 1,...,rletd; € [0, apn ], d, < j, suchthatd;+---+d, = £.By

previous case, foreveryi = 1,...,7r, u; € Hz,,, - Hzn Hence there exists an irreducible

constituent ; of y*i l p.. Of degree 24 Therefore | X - - - X ¥, is an irreducible constituent
2)1[

of x*|, of degree 2, and so & € H,,. O

We introduce here a combinatorial operation between hook partitions that is very similar
to the » operation described before Lemma 2.2.

Definition 5.6 Letn,m € Nand A C P(n), B C P(m).
AQB := (AxB) N 'H(n + m).

Lemma5.7 Letn,n',t,t" € Nbe such that 5 <t < n and ”—/ <t <n'. Then
By()OBy (") = By (t +1).

Proof By definition, we have B, (t) € B,(t) and B,y (t') € B,y (t'). Hence

By(1)OBy (') € By(1)OBy (') = (Bu(1)*By (l/)) NHn+n')
= Buiw (t—i—t)ﬂH(n—l—n)_ n—+n’ (t+t)
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where the second equality holds by Lemma 2.2. To prove the other inclusion it is enough to
show that B, (1) OB,y (t') € B, (t)OBy (t'). Let A € B, (t1)OB,y (t'), then A € H(n + n’) and
there exist u € By (1), ' € By (t') such that LR(A; , ') # 0. However by Lemma 4.1, 1
and 1’ have to be hook partitions. Therefore . € B, (1), ' € By (") and A € B, (t)0B, (t').0

Lemma5.8 Letn > 2andi, j € [0, apn—1] be such that i # j. Then

i j i+j+1
len—l <>Hén—l g Hz” / .

Proof Let). € H),_, <>H§,,_1 - By definition A € H(2") and there exist u € M}, ,, v € Hgn_l

such that LR(A; w, v) # 0. Hence there exist ¢, ¥ € Irr(Pai-1) such that [¢, X“lpznfl] 7
0. [¥.x"Lp, ] # 0and (1) = 2, y(1) = 2/. Since i # j, we have that § = (¢ x
)17 € Irr(Py). Moreover, (1) = 21+i+1 and [6, x*Lp, ] # 0.1t follows that A €
Hy .

Lemma5.9 Letn € Nandletn =) ;_, 2" be its binary expansion. Suppose that for every
i=1,...,r, ji €0, am]is suchthat j1 +---+ j, = k € [0, o, ]. Then

MO - OHE, < HE.

Proof Let A € Hél,l - OHé',;,. By definition, for every i = 1,...,r there exists u; €

Héi,i such that LR(A; i1, ..., i) # 0. Hence there exists an irreducible constituent ¢; of

X’“lP of degree 2/ foreveryi = 1,...,r.Since P, = Pyny X -+ X Pony < Gpnj X -+ X
2N

Sy < &, it follows that ¢y x - - - X ¢, is an irreducible constituent of x* | , of degree 2*.
Hence A € Hﬁ. O

We are now ready to state the second main result of the section. In particular, we are able
to show that the sets ’Hﬁ have a very regular structure. In Theorem 5.10 we first deal with the
case where n is a power of 2. Then in Theorem 5.11 we show that for any n € N and any
k € [0, ;] there exists Tnk € N such that Hﬁ = l’;’n(T,{‘).

Theorem 5.10 Letn € Nand k € [0, apn]. Then:

1) there exists t,]f e2r141, Z’i] such that HX, = B (t,’f);
2) ifk > 1, then for every A € Bpn (t,]f -1, XAL Py has at least three distinct irreducible

constituents of degree 2%.

Proof We proceed by induction on n. If n € {1, 2} then the theorem holds (see Exgmple 5.1).
For n > 3 we proceed by induction on k. By Theorem 3.1 we know that Hgn_ = By (2") and
hence that 7 = 2". If instead k = 1, by Lemma 5.4 we have that }}, = B (2" — 1) and
hence that #! = 2" — 1. Suppose now that k = 2. We want to show that H%,, =B (2" = 1).
We have that
Byn(2" —1) = Bp1 2" 0By 2" = 1) = HY, L OHL, L € M3,

where the first equality holds by Lemma 5.7 and the last inclusion holds by Lemma 5.8. On the
other hand, we clearly have that H3, C By "=, because 2", (12" ¢ H2,. To conclude,
we need to show that for every i € By (t; — 1) = By (2" = 2), x* |, has three distinct

irreducible constituents of degree 22 If A < 2" —2,then A € By (2" —3) = B_zn—l @1 —
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3)0B,yn-1(2""1), by Lemma 5.7. Hence there exist it € Byu—1(2"~' =3)and v € Byu—1 (2" 1)
suchthat LR(A; w, v) # 0.Inparticular,if u; = 2n=l_x <2"=1_3 then using Lemma 5.4,
we deduce that there exist three distinct irreducible constituents 61, 6, and 63 of x “L P of
_ 2]1*
degree 2. On the other hand, v € Byn-1(2"!) = HSH .Hence there exists a linear constituent
Lofx"|, - Therefore (61 x L)TPZ", 6 x L)TPZ'1 and (63 x L)TPZ" are three distinct
n—
irreducible constituents of x’\l Py of degree 22. Consider now the case A; = 2" — 2, then
LR 21 —1,1),2" 1 —1,1) £0 £ LR "1 =2, 1%), 2" 1)). By Lemma 4.5,
we know that X(Z"‘lflvl)l Py has an irreducible constituent 0 of degree 2. Hence there
2n—=

exists @ € Irr(P2) such that X'(0; «) is an irreducible constituent of Xkl P of degree 4.

Moreover, by Lemma 5.4 we know that X(zn_l_zvlz)l P admits two distinct irreducible
211—

constituents ¥| and v, of degree 2. We conclude that (1//1 X 1p2n71 )TPZ" , (1//2 x 1 Py )TPQ"

and X (0; ) are three distinct irreducible constituents of X’\l Py of degree 22,

Let us now suppose that k > 3. From now on we will let w := k%l We define M € N as
follows.

M= max{ti el 2P 8P )i jowe [0, apl, i+j=k—1landi ¢j},

n—1
where for h € [0, opn-1],
[,?71 is defined inductively such that 7", = Bau- (t:71)§

Mi_yi= (1 1) € By (s and

n—1°
. h .. . . .
0 if X)‘nfl l P has two distinct irreducible constituents of degree 2h.
2)‘1—

h
—1 if y P l Py has a unique irreducible constituent of degree 2"
omn—

We will now show that M = t*, or equivalently that Hlﬁn = Bon(M). To show that Hgn )
By (M), we need to split our discussion into three cases, depending on the value M.

J
ln—]’

1. First, let us suppose that M = t,’;_l +
i # j. We have

forsomei, j € [0, pn—1],i +j =k —1and

Bon (M) = Boyu-1 (65 _ ) OBt (1] 1) = M O, © Hi,

respectively by Lemma 5.7, inductive hypothesis and Lemma 5.8. Moreover, since k > 3,
without loss of generality we can assume thati > 1. Hence By (M — 1) = Bpyu-1(t;,_| —
1)<>l§2n71 (ty{_l) by Lemma5.7. If X € Bon (M — 1), then there exist i € B_zn—l (t,"l_1 )

and v € an_l (t,{_]) such that LR(A; u, v) # 0. By inductive hypothesis there exist
three distinct irreducible constituents 61, 0, and 03 of x"l P of degree 2( and by
on—

definition there exists an irreducible constituent ¥ of X”l Py of degree 2/. It follows
2n=

that (6 x w)TPzn , (6rx 1//)TP2" and (63 x 1//)TP2" are three distinctirreducible constituents
of Xklpzn of degree 2%,
2. For the second case we assume that §” | = 0 and M = 2¢,” |. In this setting we observe

that k must be strictly greater than 3. In fact, if k = 3, then Example 5.1 and Lemma 5.4
show that M = 2¢! | =2(2"~! — 1) = 2" — 2. On the other hand, by definition of M we

know that M = max{r®_ +12 |, 2" =2} =0 42  =2""142""1_1=2"—1and
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this is a contradiction. Hence we can assume thatk > 3.Let A € By (M).IfA; = M, then

n—14-p.

A
LR A, A1) # 0. Recall that §;” | = 0 means that x =1 has two distinct

irreducible constituents 6; and 6, of degree 2. Hence (6; x Gz)T P is an irreducible
constituent of x* | p,, Of degree 2k and therefore A € H5,.

If 1) | < Ay < M, then LR(A; A, u) # O for some p € HE@" Y, with u; =
A —t“’ <M=t =1 . Inpartlcular I ean (¢, —1). Since w = % > 1,
by 1nduct1ve hypothe51s there exist three distinct 1rredu01ble constituents ¥, ¥ and ¥3
of X#l Py of degree 2. Let 81 and 6, be as in the previous case, and suppose without

loss of generality that@; ¢ {i, Y3} and that@, # ;. Then (9 x 1//2)TP2" , (61 x 1//3)TP2"
and (6> x 1//1)TP2" are three distinct irreducible constituents of x* | p,, Of degree 2% In

n—1°

particular, X € Hg,,.
Suppose now that 1 < A; < t:f_l, then we have

O =2"4+1—a >2" 1 -2 =2+ 12"
k+1 k+l

=2 41> 7 +1>17.

Since A" € an (M ) from the previous case we deduce that A’ € Hzn and we conclude
that X € Hz,, , as Hz,, is closed under conjugation of partitions.

3. Finally consider the case where 6/ | = —1 and M = 21" | — 1. Arguing exactly as

above we observe that k > 3 and hence that w = k%l > 1. Moreover, in this case we

have that X)‘:ffll P has a unique irreducible constituent v of degree 2". Let us fix

— 2"— —
A€ Byn(M). If Ay = M, then LR(A; AY_ |, n) # 0, for some p € Byu1 (1 — 1).
Indeed Bon (M) = Byu-1(t” )OByu-1(t” ; — 1), by Lemma 5.7. Using the inductive
hypothesis on 1, we have that there exist three distinct irreducible constituents 61, 6> and
03 of X“l P of degree 2. Without loss of generality we can suppose that ¢ #~ 0y,

2n—
hence (¥ x Gl)TPZ" is an irreducible constituent of X}\l Py of degree 2% Therefore
A€ HE,.
If instead Ay < M, by Lemma 5.7 we have
A€ By(M—1) =By (t) ) — 1) OByt (1) — 1).

Hence there exist i, v € an 1 (zn 1 — 1) such that LR(A; w, v) # 0. By induction there

exist three distinct irreducible constituents 61, 6> and 63 of X”l P and three distinct
ones o1, 02 and 03 of X”l Pyt all of them of degree 2%. Without loss of generality
we can suppose that 81 ¢ {02, 03} and 6> # o3. Hence (6 x GQ)TPZH, (01 x 03)TP2"
and (6, x 03)TP2" are three distinct irreducible constituents of X)\L Py of degree 2k In
particular, A € Hgn.

We need now to prove that Hz,, C Byn (M). To do this, suppose by contradiction that there

exists A € HX, \ By« (M) and without loss of generality suppose also that A; > M + 1. By
definition there exists ¢ € Irr(Pyn) such that [ x* | Py ¢] #0and (1) = 2%.

1. Suppose first that ¢ = X (¢, @) with ¢ € Irr(Pyu-1), ¥ (1) = 2% and @ € Lin(P,).
Hence there exist i, v € H(2"~!) such that LR(A; p, v) # 0 and ¢ is both an irre-
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ducible constituent of X“l P and of x "L p. .- Therefore p, v € H By inductive
2"— 2”

n—1-
hypothesis and by Theorem 5.5, we have

k L
an l<n 1) HZ" 1_H2n I_BZ” 1()1 ]>
k

k
k_y L
In particular, . | <’ | and this implies that

2tn—l = I + L =M.
k
This inequality g1ves that By (2t - 1) C Bon(M). Since u, v € Hzn | = By 1( 2 1),

we have A € By ( 2 1) OBy ( 2_1). Using Lemma 5.7 we conclude that

_ k k _ k _
A€ an—l <n 1) <>an 1 <n 1) = 82" (2lnz_]> c 82”(M)

This is a contradiction as A1 > M + 1.

2. Suppose instead that ¢ = (¢1 X ¢2)TP2" , where ¢1, ¢ € Irr(P,n-1) and ¢; # ¢o. Then
there exist w1, uo € H(2"1) such that LR(A; 1, 12) # 0 and ¢; (respectively ¢y) is
an irreducible constituent of Mll P (respectively [,Lzl Py ). We need to distinguish

2”* . 2?1* .
two cases: the first one holds when ¢1(1) = 2" and ¢, (1) = 2/ with i, j € [0, agu-1],

i # jandi 4+ j =k — 1. In this case u €H2n cand pp € H!
hypothesis, Lemma 5.7 and the definition of M we get that

ot Hence, by inductive

S Héﬂ*lQHgn—l = anfl (tl{l—l) <>l§2n71 (t,/{fl) = B_z’l <tjl—l + tr{71> g B_zn (M)

This is a contradiction as A1 > M + 1.

3. The last case to consider is the one where ¢; # ¢, but ¢(1) = $a(1) = 2%, In this
setting we have that u1, o € H3,_,. By inductive hypothesis 15, | = = By (t,’l“_l). In
particular, (141)1, (u2)1 < t,” ;. Hence we have

267 | < M+ 1< xp < (up1 + (u2)1 <21, 2

where the first equality holds by definition of M, the second one by assumption and
the third one by Lemma 2.1. Therefore (2) is a chain of equalities and in particular,
(1)1 = (u2)1 =1, . Hence u1 = uo = A)/_,. Then ;" ; = 0 since by assumption ¢;
and ¢, are two distinct irreducible constituents of )»Zill P of degree 2. By definition,

M = max{ l—l—t 1 ,’f_1|i,j,we[0,a2n_1],i+j=k—1andi;éj].

Since (2) is a chain of equalities, we get M + 1 = Ay = 2t,” | < M, which is a
contradiction. O

Theorem 5.11 Letn € Nandk € [0, a,,]. Then:

1) there exists Tnk € [1,n] fuch that Hﬁ = Bn(Tnk);
2) ifk > 1, forevery A € Bn(Tnk -1, X/\i P, has three distinct irreducible constituents of
degree 2%,
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Proof We proceed by induction on n: if n = 1, then k = 0 and the statement is obvious. Let
n>2andletn =) ;_, 2" be its binary expansion. By Theorem 5.10, for every i € [1, r]
and every d; € [0, ayr; | there exists t,fj € [2%~1 41, 2" such that Hgﬁ;i = By, (t,‘,il’) Define

M = max[t,‘{i —|—~-~+t,'{," | ji €10, 0] foreveryi € [1,r]and ji +--- + j, =k].

We want to prove that Hfl = B,(M). Let Jj1 € [0, 00n1], ..., jr € [0, aon ] be such that
M =1t} +---+ 1. We have

Bu(M) = Boni (610 -+ OB (1) = HI, O -+ OMn, € HE,

where the first equality holds by Lemma 5.7, the second by Theorem 5.10 and the inclusion
by Lemma 5.9.

To prove part 1) of the theorem it remains to show that Hﬁ C By(M). Let A € Hﬁ. Then
there exists an irreducible constituent ¢ of X'\l P, of degree 2. The structure of P, discussed
in Section 2.1 implies that ¢ = ¢ X - - - X ¢, for some ¢; € Irr(Pyr; ) for every i € [1, r]
such that ¢;(1) = 2/ and such that j; 4+ --- + j, = k. Hence there exists pu; € H(2™)
with ¢; as an irreducible constituent of the restriction x *i l Py forevery i € [1, r], such that

LR(A; 11, -, ur) # 0. In particular, by Theorem 5.10, there exists t,{j e [2n~l 41,2
such that u; € Hé’;,i = By (#1%). Therefore by Lemma 5.7,

%€ By (r,{{) O OB (r,{;) =B, (r,{} T +t,~{:) C B, (M),
where the last inclusion follows from the definition of M.

In order to prove statement 2), let us fix k > 1. From the discussion above, we know that
HE = B,(TF), where TF = 1! + ... + ) for suitable j; € [0, a1 ],..., jr € [0, opn]
such that j; 4+ --- 4+ j, = k. Since k > 1, using the description of t,%] given in the first
lines of the proof of Theorem 5.10, we can suppose without loss of generality that j; >
. Let & € By(T}F — 1). By Lemma 5.7, B,(Tf — 1) = Boni (ta} — DO -+ OBonr (tar).
Hence there exist 1 € Byn (1) — 1) and w; € Bow (1;)) for every i € [2,r] such that
LR; 1, 12, ., ur) # 0. By definition there exists an irreducible constituent v; of
X“"l p, Of degree 2/ for every i € [2,r]. By Theorem 5.10, there exist three distinct

zlll' .
irreducible constituents ¢, ¢ and ¢3 of x#! l Py of degree 2/!. Therefore ¢; X Yo X - - X Yy,
2”

P2 X Yo X -+ X Y and @3 X Yy X - -+ X i, are three distinct irreducible constituents of
x*|p of degree 2*. |
n

We conclude the article by explicitly computing 7, . By doing this, we manage to identify
those characters x € Irry(&,) such that Xl p. admits irreducible constituents of every
possible degree.

Definition 5.12 For n € N, define 7, € [2"~! + 1, 2"] by

11=2, =3 13=7, 14 =13, 15 =26, and
T, =271 4212 42" 400 forp > 6.

Notice that 7, = 21,1 forany n > 7.

As usual, we start by studying the case where n is a power of 2.
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Proposition 5.13 For everyn € N, T,,2" = t,. Moreover; ifn > 6 and A € H57", then there

exist at least three distinct irreducible constituents of Xkl Py of degree 242" .

Proof We proceed by inductiononn.Ifn < 6, then the statement holds by direct computation.
Thecasesn = 1, 2, 3 canbe seen in Example 5.1, while the casesn = 4, 5, 6 can be computed
following the techniques used in Theorem 5.10. For instance notice that when n € [1, 5], if
A= (t,‘f” , 1"_"7 o ) S Hgﬁ" ,then X’\l P does not have three distinct irreducible constituents
of degree 2%?". On the other hand, this holds when n = 6. We refer the reader to [15,
Proposition 5.2.13] for a complete proof of Proposition 5.13 for n < 6.

Let n > 7. We want to show that Hgﬁ" = By (t,). Given A € Hgﬁ", there exists
an irreducible constituent ¢ of X)‘l », of degree 2*2". As we have seen in the proof of

... P .
Proposition 5.3, ¢ = (¢ x¢2)T * with @1, ¢p € Irr(Pyn-1), @1 # ¢2 and ¢ (1) = ¢a(1l) =
2%n=1 Hence, there exists i, uy € H(2"1) such that LR(A; ni, 5,2) # 0 and such that
[X“"lp 1,¢,~] # 0 for all i € {1, 2}. In particular, py, up € 'H 2! and by inductive
on—

on—1
hypothesis we know that H;fﬁl

Lemma 5.7 we conclude that

= Byu-1(ty—1). Using these observations together with

A€ 82"*' (tnfl)oéznfl (tnfl) = BZ” (2{,,,1) = 82” (Tn)'

In order to prove the other inclusion, we consider A € By (t,). From Lemma 5.7 and the
inductive hypothesis, we know that

Bor (ta) = Byum1 (14— 1)OByu-1 (ta—1) = Hy2' 0RO

Therefore there exist u, v € Hgff_ll such that x* x xV | ()(*)L6 . The induc-
on—1 X62:1—1

tive hypothesis implies that both X“l P and X"i Py admit three distinct irreducible
2n— n=
constituents of degree 2%2~!. Denote by ¢, ¢z, ¢3 those constituents of X“l P and by
n=
¥, ¥, Y3 those constituents of X”lP - If ¥; & {¢1, ¢2, @3} for some j € [1, 3], then
on—

(p1 X ¥ j)TPZ", (o X Y j)TPzn and (3 X ¥ j)TPZ" are three distinct irreducible constituents
of x*| p,, of degree 2%2". On the other hand, if v; € {¢1. ¢2, ¢3) for all j € [1, 3], then we
can assume without loss of generality that ¢; = i; foralli € [1, 3]. In this case we have that
(¢1 x wz)TPz", (¢ x 1,03)TP2" and (¢3 x 1//1)TP2” are three distinct irreducible constituents
of x*| p,, Of degree 2°2". Moreover, A € H57" as desired. o

Proposition 5.14 [fn € Nandn =Y \_, 2" is its binary expansion, then T," = '_| Tn,.

Proof Arguing exactly as in the proof of Theorem 5.11, we have that

.
Ter =max { Tl + -+ T | ji € [0, @] fori € [1,r],and Y j; :a,,}.
i=1

Since @, = Y i_, apn, we deduce that 7, = Ty?lznl + -+ + T,*" . The statement now

follows from Proposition 5.13. O

Remark 5.15 By Theorems 5.5 and 5.11 we know that for every k € [0, «,] we have B, (T,

= Hy" € ‘HX. From Proposition 5.14 we observe that the majority of the elements of H(n)
are contained in B, (T;"). This shows that the restriction to P, of most of the irreducible
characters labelled by hook partitions admit irreducible constituents of every possible degree.
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