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Abstract
We give a description of the irreducible constituents of the restriction to Sylow 2-subgroups
of irreducible characters of symmetric groups labelled by hook partitions.
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1 Introduction

Let n ∈ N and let Sn be the finite symmetric group of degree n. Let p be a prime number
and let Pn be a Sylow p-subgroup of Sn . Let χ ∈ Irr(Sn) and φ ∈ Irr(Pn) be irreducible
characters ofSn and Pn , respectively. The corresponding Sylow branching coefficient Zχ

φ is

defined as the multiplicity of φ as an irreducible constituent of χ
⏐
�
Pn
, the restriction of χ to

Pn . Sylow branching coefficients have been intensely studied for symmetric groups and odd
primes [3, 4, 7, 9]. Moreover, new information on these integers was recently used in [5] to
prove a conjecture proposed by Malle and Navarro in [13]. There is now an evident fracture
between the knowledge accumulated on Sylow branching coefficients at odd primes and the
lack of information on this topic when the prime p is equal to 2. For instance the irreducible

constituents of the Sylow permutation character 1Pn
�
⏐
Sn are completely described for odd

primes [3, TheoremA] but, despite some recent advances [12], are far from understood when
p = 2.

The aim of this note is to advance in the study of Sylow branching coefficients at the
prime 2. In particular, here we focus on irreducible characters labelled by hook partitions.
From now on we denote this subset of Irr(Sn) by IrrH(Sn). In order to present our main
results, we first recall that P2k is isomorphic to the k-fold wreath product of cyclic groups of
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order 2. It follows that linear characters of P2k are naturally labelled by {0, 1}-sequences of
length k (see the end of Section 2.1). Motivated by the study of the McKay Conjecture, in
[2] it was shown that for every χ ∈ IrrH(S2k ), the restriction of χ to P2k admits a unique
linear constituent. In Theorem 3.2 below we identify this unique constituent by describing
the associated {0, 1}-sequence. This result is immediately used in Section 4 to compute a
large family of Sylow branching coefficients. In particular, in Theorem 4.4 we calculate Zχ

φ

for all χ ∈ IrrH(Sn) and all φ ∈ Lin(Pn). This is a wide generalization of [2, Theorem 1.1]
and, at the moment, one of the few examples of explicit numerical determination of Sylow
branching coefficients for arbitrary large symmetric groups. In the second part of the article
we move from linear to arbitrary constituents. In particular, given n, k ∈ N we investigate
which χ ∈ IrrH(Sn) are such that χ

⏐
�
Pn

admits an irreducible constituent of degree 2k . In
Theorem 5.11 we address this question. An interesting consequence of our observations in
Section 5 is that whenever χ

⏐
�
Pn

admits a constituent of degree 2k , then it necessarily admits

constituents of degree 2�, for every 0 ≤ � ≤ k.

2 Notation and Background

Given integers n ≤ m, we denote by [n,m] the set {n, n + 1, . . . ,m}. If n < m then [m, n]
is regarded as the empty set. We let C(n) be the set of all compositions of n, i.e. the set
consisting of all the finite sequences (a1, a2, . . . , az) such that ai is a non-negative integer
for all i ∈ [1, z] and such that a1 + · · · + az = n. Given λ = (λ1, . . . , λz) ∈ C(n), we
sometimes denote by l(λ) = z the number of parts of λ. As usual, given a finite group G, we
denote by Irr(G) the set of irreducible complex characters of G, and by Lin(G) the subset
of linear characters of G. Finally, cd(G) = {χ(1) | χ ∈ Irr(G)} is the set of irreducible
character degrees of G.

2.1 Wreath Products and Sylow Subgroups

Herewefix thenotation for characters ofwreath products. Formoredetails see [11,Chapter 4].
Let G be a finite group and let H be a subgroup ofSn . We denote by G×n the direct product
of n copies of G. The natural action of Sn on the direct factors of G×n induces an action
of Sn (and therefore of H ≤ Sn) via automorphisms of G×n , giving the wreath product
G � H := G×n

� H . We refer to G×n as the base group of the wreath product G � H . We
denote the elements of G � H by (g1, . . . , gn; h) for gi ∈ G and h ∈ H . Let V be a CG-
module and suppose it affords the character φ. We let V⊗n := V ⊗· · ·⊗ V (n copies) be the
corresponding CG×n-module. The left action of G �H on V⊗n defined by linearly extending

(g1, . . . , gn; h) : v1 ⊗ · · · ⊗ vn �→ g1vh−1(1) ⊗ · · · ⊗ gnvh−1(n),

turns V⊗n into a C(G � H)-module, which we denote by Ṽ⊗n . We denote by φ̃ the character
afforded by the C(G � H)-module Ṽ⊗n . For any character ψ of H , we let ψ also denote its
inflation to G � H and let X (φ;ψ) := φ̃ ·ψ be the character of G � H obtained as the product
of φ̃ and ψ . Let φ ∈ Irr(G) and let φ×n := φ × · · · × φ be the corresponding irreducible
character of G×n . Observe that φ̃ ∈ Irr(G � H) is an extension of φ×n . Given K ≤ G, we
denote by Irr(G|ψ) the set of characters χ ∈ Irr(G) such that ψ is an irreducible constituent
of the restriction χ

⏐
�
K . Hence, by Gallagher’s Theorem [8, Corollary 6.17], we have

Irr(G � H |φ×n) = {X (φ;ψ) | ψ ∈ Irr(H)}.
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If H = Cp is a cyclic group of prime order p, every ψ ∈ Irr(G �Cp) is either of the form

(i) ψ = φ1 × · · · × φp
�
⏐
G�Cp

G×p , where φ1, . . . φp ∈ Irr(G) are not all equal; or
(ii) ψ = X (φ; θ) for some φ ∈ Irr(G) and θ ∈ Irr(Cp).

We remark that in case (i) we have that Irr(G � Cp|φ1 × · · · × φp) = {ψ}.
Finally, we record some facts about Sylow subgroups of symmetric group and we refer

to [11, Chapter 4] or to [14] for more details. Fix p a prime number. We let Pn denote a
Sylow p-subgroup of Sn . Clearly P1 is the trivial group while Pp ∼= Cp is cyclic of order

p. If i ≥ 2, then Ppi = (

Ppi−1

)×p
� Pp = Ppi−1 � Pp ∼= Pp � · · · � Pp (i-fold wreath

product). Let n = ∑r
i=1 p

ni , with n1 ≥ · · · ≥ nr ≥ 0, be the p-adic expansion of n. Then
Pn ∼= Ppn1 ×· · ·×Ppnr . When p = 2, we let {φ0, φ1} = Irr(P2), where φ0 denotes the trivial
character of P2. Using the facts on representations of wreath products highlighted above, it
is easy to observe that linear characters of P2n are naturally labelled by elements of {0, 1}×n .
In fact, setting X (0) = φ0, X (1) = φ1 and given (i1, . . . , in) ∈ {0, 1}×n , we recursively
define X (i1, . . . , in−1, in) ∈ Lin(P2n ) as X (i1, . . . , in−1, in) = X (X (i1, . . . , in−1);φin ).

2.2 The Littlewood–Richardson Coefficients

For each n ∈ N, Irr(Sn) is naturally in bijection with P(n), the set of all partitions of n. For
λ ∈ P(n), the corresponding irreducible character is denoted by χλ. Let m, n ∈ N with m <

n. Given χμ ×χν ∈ Irr(Sm ×Sn−m), the decomposition into irreducible constituents of the
induction

(

χμ × χν
) �
⏐
Sn =

∑

λ∈P(n)

LR(λ;μ, ν)χλ

is described by the Littlewood–Richardson rule (see [1, Chapter 5] or [10, Chapter 16]). Here
the natural numbers LR(λ;μ, ν) are called Littlewood–Richardson coefficients.

Given (n1, . . . , nk) ∈ C(n), λ ∈ P(n) andμ j ∈ P(n j ) for all j ∈ [1, k], we letLR(λ;μ1,

. . . , μk) be themultiplicity of χλ as an irreducible constituent of (χμ1 ×· · ·×χμk )
�
⏐
Sn

Y . Here
Y denotes the Young subgroup Sn1 × Sn2 × · · · × Snk of Sn . Later in the article, we will
sometimes alternatively denote the subgroupY byS(n1,...,nk ). The following lemma describes
the behavior of the first parts of the partitions involved in a non-zero Littlewood–Richardson
coefficient. This will be useful in the following sections.

Lemma 2.1 If LR(λ;μ1, . . . , μk) 
= 0 then λ1 ≤ ∑k
j=1(μ j )1.

Proof When k = 2, the statement is a straightforward consequence of the combinatorial
description of the Littlewood–Richardson coefficient LR(λ;μ1, μ2), as given in [1, Sec-
tion 5.2]. The lemma is then proved by iteration. ��

As in [4], we define Bn(t) as the set of those partitions of n whose Young diagram fits
inside a t × t square grid, i.e. for n, t ∈ N, we set

Bn(t) := {λ ∈ P(n) | λ1 ≤ t, l(λ) ≤ t}.
Moreover, for (n1, . . . , nk) ∈ C(n) and A j ⊆ P(n j ) for all j ∈ [1, k], we let

A1	A2	 · · · 	Ak := {λ ∈ P(n)|LR(λ;μ1, . . . , μk) > 0 for some μ1 ∈ A1, . . . , μk ∈ Ak}.
It is easy to check that 	 is both commutative and associative. The following lemma was first
proved in [4, Proposition 3.3].
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Lemma 2.2 Let n, n′, t, t ′ ∈ N be such that n
2 < t ≤ n and n′

2 < t ′ ≤ n′. Then

Bn(t)	Bn′(t ′) = Bn+n′(t + t ′).

3 On theMcKay Bijection for Symmetric Groups

From now on we fix p = 2 and we let Pn be a Sylow 2-subgroup of Sn . Motivated by
the study of McKay bijections for symmetric groups, in [2, Theorem 1.1] it is shown that
the restriction to P2n of every irreducible character of odd degree of S2n admits a unique
linear constituent. In this section we will clarify which one by explicitly determining the
corresponding {0, 1}-sequence, as described in Section 2.1. We recall that by [2, Lemma 3.1]
we know that the irreducible characters of odd degree of S2n are exactly those labelled by
hook partitions of 2n . In other words we have that Irr2′(S2n ) = IrrH(S2n ). We introduce
the following last useful piece of notation. For a natural number n, we letH(n) be the set of
hook partitions of the natural number n. To simplify the notation, we write (n − x, 1x ) for
the hook partition (n − x, 1, . . . , 1) ∈ H(n). For the convenience of the reader we record
here [2, Theorem 1.1].

Theorem 3.1 Let n ∈ N and let λ ∈ H(2n). Then χλ
⏐
�
P2n

admits a unique linear constituent.
Such a constituent appears with multiplicity 1.

From now on we will adopt the following notation. Given z ∈ Z, we let [z] ∈ {0, 1} be
such that z ≡ [z] mod 2. We are now ready to state our first result.

Theorem 3.2 Let n ∈ N and let λ = (2n − x, 1x ) ∈ H(2n), where x = an2n + an−12n−1 +
· · · + a020 is its binary expansion. The unique linear constituent of χλ

⏐
�
P2n

is

X ([an + an−1], [an−1 + an−2], . . . , [a1 + a0]) .

Proof We proceed by induction on n. If n = 1 then λ ∈ {(2), (12)}. If λ = (2), then
x = 0 = 0 ·21+0 ·20, [a1+a0] = [0+0] = 0 and χ(2)

⏐
�
P2

= φ0. Similarly, χ(12)
⏐
�
P2

= φ1.
Let now n ≥ 2 and λ = (2n − x, 1x ). We denote by Lλ the unique linear constituent of
χλ

⏐
�
P2n

, as prescribed by Theorem 1.1]. By the Littlewood–Richardson rule, we have

χλ
⏐
�
S2n−1×S2n−1

=
(

χ(2n−1−y,1y) × χ(2n−1−y,1y)
)

+ Δ,

where y =
{ x

2 if x is even,
x−1
2 if x is odd,

and Δ is the sum of irreducible constituents of the form

φ × ψ , with φ 
= ψ . It follows that Lλ = X (L(2n−1−y,1y);φα), for some α ∈ {0, 1}. In
order to find α, we consider a 2n-cycle g ∈ P2n . Since P2n = P2n−1 � P2, we can choose
g = (h, 1; γ ), where h ∈ P2n−1 is a 2n−1-cycle and γ ∈ P2 is a 2-cycle. Using [11, 4.3.9]
and [6, Lemma 3.11], we have that

χλ(g) = Lλ(g) = L(2n−1−y,1y)(h) · φα(γ ) = χ
(

2n−1−y,1y
)

(h) · χ(2−α,α)(γ ).

The Murnaghan–Nakayama rule [11, 2.4.7] implies that (−1)x = (−1)y(−1)α . It follows
that

α =
{

0 if x ≡ y mod 2,
1 otherwise.

Since x = an2n + · · · + a020 is the binary expansion of x ∈ [0, 2n − 1], then y = an2n−1 +
· · · + a120 is the binary expansion of y ∈ [0, 2n−1 − 1]. Hence, α = [a1 + a0] and we
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have Lλ = X (

L(2n−1−y,1y);φ[a1+a0]
)

. Using the binary expansion of y and the inductive
hypothesis we conclude the proof. ��

4 Computing Linear Sylow Branching Coefficients

The aim of this section is to compute the Sylow branching coefficients Zχ
φ for all χ ∈

IrrH(Sn) and all φ ∈ Lin(Pn). This generalizes Theorem 3.1 to any arbitrary natural number.
Given t ∈ N and y ∈ Z we let

( t
y

)

be the usual binomial coefficient. In particular this is
regarded as 0 whenever y /∈ [0, t].
Lemma 4.1 Let α = (n1, . . . , nt ) ∈ C(n) and h ∈ H(n). Let λi ∈ P(ni ) for all i ∈ [1, t]. If
LR(h; λ1, . . . , λt ) 
= 0 then λi ∈ H(ni ) for all i ∈ [1, t].
Proof This is a direct consequence of the Littlewood–Richardson rule. ��
Lemma 4.2 Let α = (n1, . . . , nt ) ∈ C(n) and h = (n − x, 1x ) ∈ H(n). For each i ∈ [1, t]
let hi = (ni − xi , 1xi ) ∈ H(ni ), for some xi ∈ [0, ni − 1]. Finally, let y = x − ∑t

i=1 xi .
Then

LR(h; h1, . . . , ht ) =
(
t − 1

y

)

.

Proof We proceed by induction on t . If t = 2, by Littlewood–Richardson rule we have
that LR(h; h1, h2) = 0, unless x1 + x2 ∈ {x − 1, x} ∩ N. In such cases we have that
LR(h; h1, h2) = 1. These facts agree with the desired statement as t − 1 = 1. Let us now
suppose that t ≥ 3 and let K1 = (n2 + · · · + nt − (x − x1), 1x−x1), K2 = (n2 + · · · + nt −
(x − x1 − 1), 1x−x1−1) ∈ H(n2 + · · · + nt ). Using the Littlewood–Richardson rule we
observe that LR(h; h1, θ) = 0, unless θ ∈ {K1, K2}. Moreover, LR(h; h1, K1) =
LR(h; h1, K2) = 1. By inductive hypothesis we know that LR(K1; h2, . . . , ht ) = (t−2

y

)

and LR(K2; h2, . . . , ht ) = ( t−2
y−1

)

. Then, we can conclude that

LR(h; h1, . . . , ht ) =
(
t − 2

y

)

+
(
t − 2

y − 1

)

=
(
t − 1

y

)

.

��
We give an example of the computation of the Littlewood–Richardson coefficient

LR(λ;μ, ν) in the case where λ ∈ H(2n) and μ, ν ∈ H(2n−1).

Example 4.3 Let n > 1 and λ = (2n − x, 1x ) ∈ H(2n), where x ∈ [1, 2n]. Here we restrict
χλ to Y := S2n−1 × S2n−1 . Using the Littlewood–Richardson rule we find the following
decomposition:

χλ
⏐
�
Y = χ(2n−1−x,1x ) × χ(2n−1)

+
x−1
∑

y=0

χ(2n−1−y,1y) ×
(

χ(2n−1−(x−y),1x−y) + χ(2n−1−(x−y−1),1x−y−1)
)

.

Thus we can compute the Littlewood–Richardson coefficient LR(λ;μ, ν). Letμ = (2n−1 −
t, 1t ) and ν = (2n−1−z, 1z). DefineV := {(x, 0)}∪{(y, x−y), (y, x−y−1) | y ∈ [0, x−1]}.
Then

LR(λ;μ, ν) =
{

1 if (t, z) ∈ V ;
0, otherwise.
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Notice that if x = 0, λ = (2n) and χλ
⏐
�
Y = χ(2n−1) × χ(2n−1).

Let n ∈ N and let n = 2k1 + · · · + 2kt be its binary expansion. Given φ ∈ Lin(Pn), there
exist unique (h1, . . . , ht ) ∈ H(n1) × H(n2) × · · · × H(nt ) such that φ = Lh1 × · · · × Lht .
Here for all i ∈ [1, t], Lhi denotes the only linear constituent of χhi

⏐
�
P
2ki

, as described by

Theorems 3.1 and 3.2. In this case, we denote φ by φ(h1, . . . , ht ).

Theorem 4.4 Let n ∈ N and let k1 > · · · > kt ≥ 0 be such that n = 2k1 + · · · + 2kt . Let
x ∈ [0, n − 1] and let h = (n − x, 1x ) ∈ H(n). For each i ∈ [1, t] let xi ∈ [0, 2ki − 1] and
set hi = (2ki − xi , 1xi ). Finally let y = x − ∑t

i=1 xi . Then
[

χh
⏐
�
Pn

, φ(h1, . . . , ht )
]

=
(
t − 1

y

)

.

Proof For each i ∈ [1, t] we let ni = 2ki . Set α = (n1, . . . , nt ) ∈ P(n) and let Y = Sα be
such that Pn ≤ Y . Let H = H(n1) × H(n2) × · · · × H(nt ) and φ = φ(h1, . . . , ht ). From
Lemma 4.1 we know that

(χh)
⏐
�
Y =

∑

(λ1,...,λt )∈H
LR(h; λ1, . . . , λt )(χ

λ1 × · · · × χλt ).

By Theorem 3.1, [(χλ1 × · · · × χλt )
⏐
�
Pn

, φ] = 0 unless (λ1, . . . , λt ) = (h1, . . . , ht ). In the

latter case we have [(χh1 × · · · × χht )
⏐
�
Pn

, φ] = 1. These observations used together with
Lemma 4.2 imply that

[

(χh)
⏐
�
Pn

, φ
]

=
[

((χh)
⏐
�
Y )

⏐
�
Pn

, φ
]

= LR(h; h1, . . . , ht ) =
(
t − 1

y

)

.

��
This theorem says in particular that for every natural number n and every hook partition

h ∈ H(n), the restriction χh
⏐
�
Pn

has a linear constituent. This was first observed in [6,
Theorem 3.1].

We conclude this section with a lemma that will prove to be useful in the second part of
the paper.

Lemma 4.5 Let n ∈ N, λ = (2n − 1, 1). Then there exist characters θk ∈ Irr(P2n ) for
k ∈ [0, n − 1] such that θk(1) = 2k for each k and χλ

⏐
�
Pn

= ∑n−1
k=0 θk .

Proof We proceed by induction on n. If n = 1 then λ = (12) and χλ
⏐
�
P2

= φ1, as desired. If
n ≥ 2, by the Littlewood–Richardson rule we have

χλ
⏐
�
S2n−1×S2n−1

= χ(2n−1) × χ(2n−1) + χ(2n−1) × χ(2n−1−1,1) + χ(2n−1−1,1) × χ(2n−1).

However, χ(2n−1)
⏐
�
P2n−1

= 1P2n−1 and by inductive hypothesis, χ(2n−1−1,1)
⏐
�
P2n−1

=
∑n−2

i=0 ψi , where ψi ∈ Irr(P2n−1) and ψi (1) = 2i . Notice also that ψ0 
= L(2n−1) = 1P2n−1 .
Hence

χλ
⏐
�
P2n−1×P2n−1

=
(

1P2n−1 × 1P2n−1

)

+
n−2
∑

i=0

(

1P2n−1 × ψi + ψi × 1P2n−1

)

.

Thereforeχλ
⏐
�
P2n

= Lλ+∑n−2
i=0

(

1P2n−1 ×ψi
)�
⏐
P2n . The proof is then concluded byobserving

that Lλ(1) = 20 and that
(

1P2n−1 × ψi
)�
⏐
P2n (1) = 2i+1 for every i ∈ [0, n − 2]. ��
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5 On Non-linear Sylow Branching Coefficients

In Sections 3 and 4 we completely described the linear constituents of the Sylow restriction
of irreducible characters labelled by hook partitions. The aim of this section is to continue
our investigation by focusing on irreducible constituents of higher degree. More precisely
for any k ∈ N such that 2k ∈ cd(Pn), we will devote our attention to study the structure of
the set Hk

n defined as follows:

Hk
n = {λ ∈ H(n) | χλ

⏐
�
Pn
has an irreducible constituent of degree 2k}.

A first surprising result is stated in Theorem 5.5, where we show that Hk
n ⊆ H�

n , whenever
� ≤ k. Then, in Theorem 5.11 we prove that these sets have a very regular structure. More
precisely, we show that for any k ∈ N as above, there exists a value t ≤ n such that
Hk

n = Bn(t) ∩ H(n).
In order to ease the notation, from now on given n, t ∈ N such that t ≤ n we will let B̄n(t)

be the subset of H(n) defined by

B̄n(t) := Bn(t) ∩ H(n).

It is important (and easy) to observe that the setsHk
n and B̄n(t) are closed under conjugation

of partitions.
We start the section with a short example. On one hand this will help the reader understand

the behavior of the sets Hk
n for small values of n. On the other hand this will serve as base

case of some of the later induction arguments.

Example 5.1 Here we computeHk
n whenever n is a small power of 2. More precisely we will

just restrict our attention to the cases n ∈ {2, 4, 8}.
If n = 2, then there is not much to say asS2 = P2. We just recall the notation introduced

in Section 2.1 and write Irr(P2) = {φ0, φ1} where φ0 is the trivial character of P2.
Let now n = 4. Then P4 ∼= C2 �C2 admits four linear characters X (i, j), for i, j ∈ {0, 1}

and a unique irreducible character ϕ of degree 2. In particular, ϕ = (φ0 × φ1)
�
⏐
P4 . It follows

that cd(P4) = {1, 2}, hence we will be interested in computing the setsH0
4 andH1

4. In order
to do this we are going to study the restriction to P4 of those irreducible characters of S4

that are labelled by partitions contained in the setH(4) = {(4), (3, 1), (2, 12), (14)}. It is not
difficult to see that:

χ(4)
⏐
�
P4

= 1P4 = X (0, 0) and χ(3,1)
⏐
�
P4

= X (0, 1) + ϕ.

Since the sets H0
4 and H1

4 are closed under conjugation of partitions, we conclude that

H0
4 = H(4) = B̄4(4) and H1

4 = {(3, 1), (2, 12)} = B̄4(3).

Finally, let us consider the case where n = 8. Here P8 = (P4 × P4) � P2 ∼= P4 � P2.
Since the base group P4 × P4 is naturally a subgroup of an appropriately chosen Young
subgroup Y ∼= S4 × S4 of S8, our strategy is to restrict irreducible characters of S8 to
Y , to inductively deduce information on their restriction to P4 × P4 and finally to obtain
results on their restriction to P8. Consider for instance λ = (6, 12) and let χ = χλ. Using
the Littlewood–Richardson rule we know that χ(4) × χ(2,12) is an irreducible constituent of
χ

⏐
�
Y . Using this, together with the calculations we have done for the case n = 4 (inductive

step) we deduce that X (0, 0) × ϕ is an irreducible constituent of χ
⏐
�
P4×P4

. We conclude
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that (X (0, 0) × ϕ)
�
⏐
P8 is an irreducible constituent (of degree 4) of χ

⏐
�
P8
. This shows that

(6, 12) ∈ H2
8. With completely similar arguments we obtain that

H0
8 = B̄8(8) and that H1

8 = H2
8 = B̄8(7).

This is all we needed to compute since cd(P8) = {1, 2, 4}. We conclude by mentioning that
χ(6,12)

⏐
�
P8

has a unique linear constituent, two distinct irreducible constituents of degree 2

and three distinct irreducible constituents of degree 4. On the other hand, χ(5,13)
⏐
�
P8

has a
unique linear constituent, three distinct irreducible constituents of degree 2 and five distinct
irreducible constituents of degree 4. This can be easily verified using the strategy outlined
above in the case of λ = (6, 12). We leave the explicit calculations to the interested reader.

From now on we will denote by αn the maximal integer k such that 2k is the degree
of an irreducible character of Pn . This is formally defined and explained in the following
Definition 5.2 and Proposition 5.3.

Definition 5.2 For any natural number t we define the integer α2t as follows. We set

α1 = α2 = 0, α4 = 1 and α2t = 2t−2 + 2t−3 − 1 for every t ≥ 3.

Notice in particular that α2t = 2α2t−1 + 1, for any t ≥ 4. Let now n ∈ N, and n = ∑r
i=1 2

ni

be its binary expansion. We set αn ∈ N to be defined as αn := ∑r
i=1 α2ni .

Proposition 5.3 Given n ∈ N, we have that cd(Pn) = {2 j | j ∈ [0, αn]}. Moreover, if n ≥ 8,
then |{θ ∈ Irr(Pn) | θ(1) = 2αn }| ≥ 3.

Proof Suppose first of all that n = 2t is a power of 2. We proceed by induction on t . If
t ∈ {1, 2, 3}, the proposition holds as we can see in Example 5.1. Let us now fix t ≥ 4 and
recall that α2t = 2α2t−1 + 1. Let k ∈ [0, α2t − 1] and let q ∈ [0, α2t−1 ], r ∈ {0, 1} be such
that k = 2q + r . Suppose first that r = 0, by inductive hypothesis there exists φ ∈ Irr(P2t−1)

such that φ(1) = 2q . Hence for every ψ ∈ Irr(P2), X (φ;ψ) ∈ Irr(P2t ) has degree 2k . If
instead r = 1, then q < α2t−1 . If q = 0 then k = 1, and |Lin(P2t )| = 2t > 2. Hence we can

choose L, L ′ ∈ Lin(P2t ), L 
= L ′ and (L × L ′)
�
⏐
P2t is an irreducible character of degree

2 = 2k . If 1 ≤ q < α2t−1 , by inductive hypothesis there exist φ,ψ ∈ Irr(P2t−1) such that

φ(1) = 2q−1, ψ(1) = 2q+1. Hence (φ × ψ)
�
⏐
P2t ∈ Irr(P2t ) and it has degree 2k . If k = α2t ,

by inductive hypothesis there exist ψ1, ψ2 and ψ3 distinct irreducible characters of P2t−1

of degree 2α2t−1 . Since α2t = 2α2t−1 + 1, we obtain that (ψ1 × ψ2)
�
⏐
P2t , (ψ2 × ψ3)

�
⏐
P2t ,

(ψ1 × ψ3)
�
⏐
P2t ∈ Irr(P2t ) are three distinct irreducible characters of degree 2α2t .

Suppose now that n ∈ N is arbitrary and let n = ∑r
i=1 2

ni with n1 ≥ · · · ≥ nr ≥ 0, be
its binary expansion. From Section 2.1 we know that Pn = P2n1 × · · · × P2nr and therefore
that Irr(Pn) = {φ1 × · · · × φr | φi ∈ Irr(P2ni ), i = 1, . . . , r}. Using this together with the
information obtained above in the 2-power case, we easily obtain that cd(Pn) = {2 j | j ∈
[0, αn]} and that |{θ ∈ Irr(Pn) | θ(1) = 2αn }| ≥ 3, for any n ≥ 8. ��

We will state now a lemma that we will need for the proof of the main theorems of this

section. To ease the notation we will denote by Zλ
φ (instead of Zχλ

φ ) the Sylow branching

coefficient corresponding to the characters χλ ∈ Irr(Sn) and φ ∈ Irr(Pn).
Here, we start by giving some precise information concerning Sylow branching coeffi-

cients Zλ
φ , where φ is an irreducible character of the Sylow subgroup of degree 2. In order to

123



Sylow Branching Coefficients and Hook Partitions

do this, it is convenient to introduce the following notation. For λ = (2n − x, 1x ) ∈ H(2n)
with x ∈ [0, 2n − 1], we define axn ∈ N as follows:

axn :=
∣
∣
∣{φ ∈ Irr(P2n ) | φ(1) = 2 and Zλ

φ 
= 0}
∣
∣
∣ .

Lemma 5.4 Let n ≥ 2 and λ = (2n − x, 1x ) ∈ H(2n). Then axn = min{x, 2n − 1 − x}.
Proof Recall that P2n = B � P2, for some B ≤ S2n such that B ∼= P2n−1 × P2n−1 . Let
Y = S2n−1 × S2n−1 ≤ S2n be chosen such that B ≤ Y . Let φ ∈ Irr(P2n ) be such that

φ(1) = 2. Then φ = (L1 × L2)
�
⏐
P2n
B , for some L1, L2 ∈ Lin(P2n−1) such that L1 
= L2. In

particular, we have that Zλ
φ 
= 0 if and only if

[

χλ
⏐
�
B , L1 × L2

] 
= 0. Using this observation

together with the Littlewood–Richardson rule and Theorem3.1, we deduce that Zλ
φ 
= 0 if

and only if
[

χλ
⏐
�
Y , χ1 × χ2

] 
= 0, where χi is the unique character in IrrH(S2n−1) such that
[

χi
⏐
�
P2n−1

, Li
] 
= 0.

Let us first suppose that x ≤ 2n − 1− x , in other words x ∈ [0, 2n−1 − 1]. If x = 0, then
λ = (2n) and a0n = 0. Otherwise using the Littlewood–Richardson rule we have

χλ
⏐
�
Y =

m
∑

y=0

χ
(

2n−1−y,1y
)

×
[

χ
(

2n−1−(x−y),1x−y
)

+ χ
(

2n−1−(x−y−1),1x−y−1)
]

+
m

∑

y=0

[

χ
(

2n−1−(x−y),1x−y
)

+ χ
(

2n−1−(x−y−1),1x−y−1)
]

× χ
(

2n−1−y,1y
)

, (1)

where m = �x/2�. From (1) we can see that there are exactly x distinct unordered pairs
(μ1, μ2) ∈ H(2n−1) × H(2n−1) such that μ1 
= μ2 and such that

[

χλ
⏐
�
Y , χμ1 × χμ2

] 
= 0.
Using the observations discussed at the start of the proof we deduce that axn = x .

If x ≥ 2n − 1 − x , then we are in the case x ∈ [2n−1, 2n − 1] and we consider λ′, the
conjugate partition ofλ.Weobserve thatλ′ = (x+1, 12

n−x−1) and 0 ≤ 2n−x−1 ≤ 2n−1−1.

Since χλ′⏐
�
P2n

= χλ
⏐
�
P2n

· χ(12
n
)
⏐
�
P2n

, we deduce that axn = a2
n−x−1

n = 2n − x − 1, as
desired. ��

Using this lemma we can notice that axn 
= 0 if and only if x /∈ {0, 2n − 1}, that is
λ /∈ {(2n), (12n )}. We deduce that H1

2n = B̄2n (2n − 1) for every natural number n ≥ 2.
We are now ready to state and prove one of the main results of this section.

Theorem 5.5 Let n ∈ N. For every l, k ∈ [0, αn] such that � ≤ k, we have

Hk
n ⊆ H�

n .

Proof Suppose first that n = 2t , for some t ∈ N. Clearly, it is enough to show that

Hk
2t ⊆ Hk−1

2t for every k ∈ [1, α2t ].
We proceed by induction on t ≥ 2. If t = 2, then the statement holds by direct computation
(see Example 5.1). Let t ≥ 3 and let λ ∈ Hk

2t . By definition there exists an irreducible con-

stituent θ of χλ
⏐
�
P2t

of degree 2k . If θ = X (ψ;α) with ψ ∈ Irr(P2t−1), ψ(1) = 2
k
2 and α ∈

Lin(P2), then there exist μ, ν ∈ H(2t−1) such that LR(λ;μ, ν) 
= 0 and ψ is a constituent

of both χμ
⏐
�
P2t−1

and χν
⏐
�
P2t−1

. In particular μ, ν ∈ H
k
2
2t−1 . If

k
2 > 1, using the inductive

hypothesis for k
2 and then for k

2 − 1, we have that μ ∈ H
k
2−2

2t−1 . Therefore there exists an
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irreducible constituent ψ ′ of χμ
⏐
�
P2t−1

of degree 2
k
2−2. Hence we have that (ψ ′ × ψ)

�
⏐
P2t is

an irreducible constituent of χλ
⏐
�
P2t

of degree 2k−1 and we conclude that λ ∈ Hk−1
2t . Other-

wise, if k
2 = 1 then k = 2 and λ /∈ {(2t ), (12t )}. Hence λ ∈ B̄2t (2t − 1). By Lemma 5.4 we

know that B̄2t (2t − 1) = H1
2t . It follows that λ ∈ Hk−1

2t = H1
2t .

Suppose now that θ = (θ1 × θ2)
�
⏐
P2t with θ1, θ2 ∈ Irr(P2t−1), θ1 
= θ2 and θ1(1) = 2h1 ,

θ2(1) = 2h2 , where h1+h2 = k−1. Then there existμ1, μ2 ∈ H(2t−1) such thatLR(λ;μ1,

μ2) 
= 0 and θ1 (respectively θ2) is an irreducible constituent of χμ1
⏐
�
P2t−1

(respectively

χμ2
⏐
�
P2t−1

). In particular, μi ∈ Hhi
2t−1 for i = 1, 2. Suppose h1 = h2 = k−1

2 := h. If

h = 0 then k = 1 and we know that λ ∈ H0
2t = Hk−1

2t by Theorem 4.4. If h > 0, then by

induction we have that μ1 ∈ Hh
2t−1 ⊆ Hh−1

2t−1 . Hence there exists an irreducible constituent ψ

of χμ1
⏐
�
P2t−1

of degree 2h−1. Therefore (ψ × θ2)
�
⏐
P2t is an irreducible constituent of χλ

⏐
�
P2t

of degree 2k−1, and so λ ∈ Hk−1
2t .

If instead h1 
= h2, we can suppose without loss of generality that h1 > h2. In particular
h1 ≥ 1, sowecanuse the inductive hypothesis andwehaveμ1 ∈ Hh1−1

2t−1 .Hence there exists an

irreducible constituent ψ of χμ1
⏐
�
P2t−1

of degree 2h1−1. If ψ 
= θ2, then considering (ψ ×
θ2)

�
⏐
P2t we deduce that λ ∈ Hk−1

2t , since θ2(1) = 2h2 and h1+h2 = k−1. If insteadψ = θ2,
then in particular h2 = h1 − 1. Suppose h2 > 0 and use the inductive hypothesis. We have
μ2 ∈ Hh2

2t−1 ⊆ Hh2−1
2t−1 . Hence there exists ψ ′ ∈ Irr(P2t−1) such that

[

ψ ′, χμ2
⏐
�
P2t−1

] 
= 0 and

ψ ′(1) = 2h2−1. We conclude that λ ∈ Hk−1
2t since (θ1 ×ψ ′)

�
⏐
P2t is an irreducible constituent

of χλ
⏐
�
P2t

of degree 2k−1. If h2 = 0, then k = 2 and arguing as before, using Lemma 5.4,

we deduce that λ ∈ H1
2t = Hk−1

2t .
Let now n ∈ N and let n = ∑r

i=1 2
ni be its binary expansion. Let λ ∈ Hk

n , then there exists
φ ∈ Irr(Pn) such that

[

φ, χλ
⏐
�
Pn

] 
= 0 and φ(1) = 2k . By the structure of the irreducible

characters of Pn in Section 2.1, φ = φ1 × · · · × φr , with φi ∈ Irr(P2ni ) and φi (1) = 2 ji for
every i = 1, . . . , r , where j1+· · ·+ jr = k. Therefore for every i = 1, . . . , r there existsμi ∈
H(2ni ) such that φi is an irreducible constituent of χμi

⏐
�
P2ni

and LR(λ;μ1, . . . , μr ) 
= 0.

Let � ≤ k and for every i = 1, . . . , r let di ∈ [0, α2ni ], di ≤ ji such that d1+· · ·+dr = �. By
previous case, for every i = 1, . . . , r , μi ∈ H ji

2ni ⊆ Hdi
2ni . Hence there exists an irreducible

constituentψi of χμi
⏐
�
P2ni

of degree 2di . Thereforeψ1×· · ·×ψr is an irreducible constituent

of χλ
⏐
�
Pn

of degree 2�, and so λ ∈ H�
n . ��

We introduce here a combinatorial operation between hook partitions that is very similar
to the 	 operation described before Lemma 2.2.

Definition 5.6 Let n,m ∈ N and A ⊆ P(n), B ⊆ P(m).

A♦B := (A	B) ∩ H(n + m).

Lemma 5.7 Let n, n′, t, t ′ ∈ N be such that n
2 < t ≤ n and n′

2 < t ′ ≤ n′. Then

B̄n(t)♦B̄n′(t ′) = B̄n+n′(t + t ′).

Proof By definition, we have B̄n(t) ⊆ Bn(t) and B̄n′(t ′) ⊆ Bn′(t ′). Hence

B̄n(t)♦B̄n′(t ′) ⊆ Bn(t)♦Bn′(t ′) = (Bn(t)	Bn′(t ′)
) ∩ H(n + n′)

= Bn+n′(t + t ′) ∩ H(n + n′) = B̄n+n′(t + t ′),
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where the second equality holds by Lemma 2.2. To prove the other inclusion it is enough to
show that Bn(t)♦Bn′(t ′) ⊆ B̄n(t)♦B̄n′(t ′). Let λ ∈ Bn(t)♦Bn′(t ′), then λ ∈ H(n + n′) and
there exist μ ∈ Bn(t), μ′ ∈ Bn′(t ′) such that LR(λ;μ,μ′) 
= 0. However by Lemma 4.1, μ
andμ′ have to be hook partitions. Thereforeμ ∈ B̄n(t),μ′ ∈ B̄n′(t ′) andλ ∈ B̄n(t)♦B̄n′(t ′).��
Lemma 5.8 Let n ≥ 2 and i, j ∈ [0, α2n−1 ] be such that i 
= j . Then

Hi
2n−1♦H j

2n−1 ⊆ Hi+ j+1
2n .

Proof Let λ ∈ Hi
2n−1♦H j

2n−1 . By definition λ ∈ H(2n) and there exist μ ∈ Hi
2n−1 , ν ∈ H j

2n−1

such that LR(λ;μ, ν) 
= 0. Hence there exist φ,ψ ∈ Irr(P2n−1) such that
[

φ, χμ
⏐
�
P2n−1

] 
=
0,

[

ψ, χν
⏐
�
P2n−1

] 
= 0 and φ(1) = 2i , ψ(1) = 2 j . Since i 
= j , we have that θ = (φ ×
ψ)

�
⏐
P2n ∈ Irr(P2n ). Moreover, θ(1) = 2i+ j+1 and

[

θ, χλ
⏐
�
P2n

] 
= 0. It follows that λ ∈
Hi+ j+1

2n . ��
Lemma 5.9 Let n ∈ N and let n = ∑r

i=1 2
ni be its binary expansion. Suppose that for every

i = 1, . . . , r , ji ∈ [0, α2ni ] is such that j1 + · · · + jr = k ∈ [0, αn]. Then
H j1

2n1♦ · · · ♦H jr
2nr ⊆ Hk

n .

Proof Let λ ∈ H j1
2n1♦ · · · ♦H jr

2nr . By definition, for every i = 1, . . . , r there exists μi ∈
H ji

2ni such that LR(λ;μ1, . . . , μr ) 
= 0. Hence there exists an irreducible constituent φi of
χμi

⏐
�
P2ni

of degree 2 ji for every i = 1, . . . , r . Since Pn = P2n1 ×· · ·× P2nr ≤ S2n1 ×· · ·×
S2nr ≤ Sn , it follows that φ1 ×· · ·×φr is an irreducible constituent of χλ

⏐
�
Pn

of degree 2k .

Hence λ ∈ Hk
n . ��

We are now ready to state the second main result of the section. In particular, we are able
to show that the setsHk

n have a very regular structure. In Theorem 5.10 we first deal with the
case where n is a power of 2. Then in Theorem 5.11 we show that for any n ∈ N and any
k ∈ [0, αn] there exists T k

n ∈ N such that Hk
n = B̄n(T k

n ).

Theorem 5.10 Let n ∈ N and k ∈ [0, α2n ]. Then:
1) there exists tkn ∈ [2n−1 + 1, 2n] such that Hk

2n = B̄2n (tkn );
2) if k > 1, then for every λ ∈ B̄2n (tkn − 1), χλ

⏐
�
P2n

has at least three distinct irreducible

constituents of degree 2k .

Proof We proceed by induction on n. If n ∈ {1, 2} then the theorem holds (see Example 5.1).
For n ≥ 3 we proceed by induction on k. By Theorem 3.1 we know thatH0

2n = B̄2n (2n) and
hence that t0n = 2n . If instead k = 1, by Lemma 5.4 we have that H1

2n = B̄2n (2n − 1) and
hence that t1n = 2n − 1. Suppose now that k = 2. We want to show thatH2

2n = B̄2n (2n − 1).
We have that

B̄2n (2
n − 1) = B̄2n−1(2n−1)♦B̄2n−1(2n−1 − 1) = H0

2n−1♦H1
2n−1 ⊆ H2

2n ,

where the first equality holds byLemma5.7 and the last inclusion holds byLemma5.8. On the
other hand, we clearly have thatH2

2n ⊆ B̄2n (2n−1), because (2n), (12
n
) /∈ H2

2n . To conclude,
we need to show that for every λ ∈ B̄2n (t2n − 1) = B̄2n (2n − 2), χλ

⏐
�
P2n

has three distinct

irreducible constituents of degree 22. If λ1 < 2n − 2, then λ ∈ B̄2n (2n − 3) = B̄2n−1(2n−1 −
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3)♦B̄2n−1(2n−1), by Lemma 5.7. Hence there existμ ∈ B̄2n−1(2n−1−3) and ν ∈ B̄2n−1(2n−1)

such thatLR(λ;μ, ν) 
= 0. In particular, ifμ1 = 2n−1−x ≤ 2n−1−3, then usingLemma5.4,
we deduce that there exist three distinct irreducible constituents θ1, θ2 and θ3 of χμ

⏐
�
P2n−1

of

degree 2.On the other hand, ν ∈ B̄2n−1(2n−1) = H0
2n−1 . Hence there exists a linear constituent

L of χν
⏐
�
P2n−1

. Therefore (θ1 × L)
�
⏐
P2n , (θ2 × L)

�
⏐
P2n and (θ3 × L)

�
⏐
P2n are three distinct

irreducible constituents of χλ
⏐
�
P2n

of degree 22. Consider now the case λ1 = 2n − 2, then

LR(λ; (2n−1 − 1, 1), (2n−1 − 1, 1)) 
= 0 
= LR(λ; (2n−1 − 2, 12), (2n−1)). By Lemma 4.5,
we know that χ(2n−1−1,1)

⏐
�
P2n−1

has an irreducible constituent θ of degree 2. Hence there

exists α ∈ Irr(P2) such that X (θ;α) is an irreducible constituent of χλ
⏐
�
P2n

of degree 4.

Moreover, by Lemma 5.4 we know that χ(2n−1−2,12)
⏐
�
P2n−1

admits two distinct irreducible

constituents ψ1 and ψ2 of degree 2. We conclude that
(

ψ1 ×1P2n−1

)�
⏐
P2n ,

(

ψ2 ×1P2n−1

)�
⏐
P2n

and X (θ;α) are three distinct irreducible constituents of χλ
⏐
�
P2n

of degree 22.

Let us now suppose that k ≥ 3. From now on we will let w := k−1
2 . We define M ∈ N as

follows.

M := max
{

t in−1 + t jn−1, 2t
w
n−1 + δw

n−1|i, j, w ∈ [0, α2n−1 ], i + j = k − 1 and i 
= j
}

,

where for h ∈ [0, α2n−1 ],
thn−1 is defined inductively such that Hh

2n−1 = B̄2n−1(thn−1);
λhn−1 :=

(

thn−1, 1, . . . , 1
)

∈ B̄2n−1(thn−1); and

δhn−1 :=
⎧

⎨

⎩

0 if χλhn−1
⏐
�
P2n−1

has two distinct irreducible constituents of degree 2h;
−1 if χλhn−1

⏐
�
P2n−1

has a unique irreducible constituent of degree 2h .

We will now show that M = tkn , or equivalently that Hk
2n = B̄2n (M). To show that Hk

2n ⊇
B̄2n (M), we need to split our discussion into three cases, depending on the value M .

1. First, let us suppose that M = t in−1 + t jn−1, for some i, j ∈ [0, α2n−1 ], i + j = k − 1 and
i 
= j . We have

B̄2n (M) = B̄2n−1(t in−1)♦B̄2n−1(t
j
n−1) = Hi

2n−1♦H j
2n−1 ⊆ Hk

2n ,

respectively by Lemma 5.7, inductive hypothesis and Lemma 5.8.Moreover, since k ≥ 3,
without loss of generality we can assume that i > 1. Hence B̄2n (M − 1) = B̄2n−1(t in−1 −
1)♦B̄2n−1(t

j
n−1) by Lemma 5.7. If λ ∈ B̄2n (M − 1), then there exist μ ∈ B̄2n−1(t in−1 − 1)

and ν ∈ B̄2n−1(t
j
n−1) such that LR(λ;μ, ν) 
= 0. By inductive hypothesis there exist

three distinct irreducible constituents θ1, θ2 and θ3 of χμ
⏐
�
P2n−1

of degree 2i , and by

definition there exists an irreducible constituent ψ of χν
⏐
�
P2n−1

of degree 2 j . It follows

that (θ1×ψ)
�
⏐
P2n , (θ2×ψ)

�
⏐
P2n and (θ3×ψ)

�
⏐
P2n are three distinct irreducible constituents

of χλ
⏐
�
P2n

of degree 2k .
2. For the second case we assume that δw

n−1 = 0 and M = 2twn−1. In this setting we observe
that k must be strictly greater than 3. In fact, if k = 3, then Example 5.1 and Lemma 5.4
show that M = 2t1n−1 = 2(2n−1−1) = 2n −2. On the other hand, by definition of M we
know that M = max{t0n−1+ t2n−1, 2

n−2} = t0n−1+ t2n−1 = 2n−1+2n−1−1 = 2n−1 and

123



Sylow Branching Coefficients and Hook Partitions

this is a contradiction. Hencewe can assume that k > 3. Let λ ∈ B̄2n (M). If λ1 = M , then

LR(λ; λw
n−1, λ

w
n−1) 
= 0. Recall that δw

n−1 = 0 means that χ
λw
n−1

⏐
�

P
2n−1 has two distinct

irreducible constituents θ1 and θ2 of degree 2w . Hence (θ1 × θ2)
�
⏐
P2n is an irreducible

constituent of χλ
⏐
�
P2n

of degree 2k and therefore λ ∈ Hk
2n .

If twn−1 ≤ λ1 < M , then LR(λ; λw
n−1, μ) 
= 0 for some μ ∈ H(2n−1), with μ1 =

λ1 − twn−1 < M − twn−1 = twn−1. In particular, μ ∈ B̄2n−1(twn−1 − 1). Since w = k−1
2 > 1,

by inductive hypothesis there exist three distinct irreducible constituents ψ1, ψ2 and ψ3

of χμ
⏐
�
P2n−1

of degree 2w . Let θ1 and θ2 be as in the previous case, and suppose without

loss of generality that θ1 /∈ {ψ2, ψ3} and that θ2 
= ψ1. Then (θ1×ψ2)
�
⏐
P2n , (θ1×ψ3)

�
⏐
P2n

and (θ2 × ψ1)
�
⏐
P2n are three distinct irreducible constituents of χλ

⏐
�
P2n

of degree 2k . In

particular, λ ∈ Hk
2n .

Suppose now that 1 ≤ λ1 < twn−1, then we have

(λ′)1 = 2n + 1 − λ1 > 2n + 1 − twn−1 ≥ 2n + 1 − 2n−1

= 2n−1 + 1 ≥ t
k+1
2

n−1 + 1 > t
k+1
2

n−1.

Since λ′ ∈ B̄2n (M), from the previous case we deduce that λ′ ∈ Hk
2n and we conclude

that λ ∈ Hk
2n , as Hk

2n is closed under conjugation of partitions.
3. Finally consider the case where δw

n−1 = −1 and M = 2twn−1 − 1. Arguing exactly as

above we observe that k > 3 and hence that w = k−1
2 > 1. Moreover, in this case we

have that χλw
n−1

⏐
�
P2n−1

has a unique irreducible constituent ψ of degree 2w . Let us fix

λ ∈ B̄2n (M). If λ1 = M , then LR(λ; λw
n−1, μ) 
= 0, for some μ ∈ B̄2n−1(twn−1 − 1).

Indeed B̄2n (M) = B̄2n−1(twn−1)♦B̄2n−1(twn−1 − 1), by Lemma 5.7. Using the inductive
hypothesis onμ, we have that there exist three distinct irreducible constituents θ1, θ2 and
θ3 of χμ

⏐
�
P2n−1

of degree 2w . Without loss of generality we can suppose that ψ 
= θ1,

hence (ψ × θ1)
�
⏐
P2n is an irreducible constituent of χλ

⏐
�
P2n

of degree 2k . Therefore

λ ∈ Hk
2n .

If instead λ1 < M , by Lemma 5.7 we have

λ ∈ B̄2n (M − 1) = B̄2n−1
(

twn−1 − 1
)

♦B̄2n−1
(

twn−1 − 1
)

.

Hence there exist μ, ν ∈ B̄2n−1(twn−1 −1) such that LR(λ;μ, ν) 
= 0. By induction there
exist three distinct irreducible constituents θ1, θ2 and θ3 of χμ

⏐
�
P2n−1

and three distinct

ones σ1, σ2 and σ3 of χν
⏐
�
P2n−1

, all of them of degree 2w. Without loss of generality

we can suppose that θ1 /∈ {σ2, σ3} and θ2 
= σ3. Hence (θ1 × σ2)
�
⏐
P2n , (θ1 × σ3)

�
⏐
P2n

and (θ2 × σ3)
�
⏐
P2n are three distinct irreducible constituents of χλ

⏐
�
P2n

of degree 2k . In

particular, λ ∈ Hk
2n .

We need now to prove thatHk
2n ⊆ B̄2n (M). To do this, suppose by contradiction that there

exists λ ∈ Hk
2n \ B̄2n (M) and without loss of generality suppose also that λ1 ≥ M + 1. By

definition there exists φ ∈ Irr(P2n ) such that
[

χλ
⏐
�
P2n

, φ
] 
= 0 and φ(1) = 2k .

1. Suppose first that φ = X (ψ, α) with ψ ∈ Irr(P2n−1), ψ(1) = 2
k
2 and α ∈ Lin(P2).

Hence there exist μ, ν ∈ H(2n−1) such that LR(λ;μ, ν) 
= 0 and ψ is both an irre-
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ducible constituent of χμ
⏐
�
P2n−1

and of χν
⏐
�
P2n−1

. Therefore μ, ν ∈ H
k
2
2n−1 . By inductive

hypothesis and by Theorem 5.5, we have

B̄2n−1

(

t
k
2
n−1

)

= H
k
2
2n−1 ⊆ H

k
2−1

2n−1 = B̄2n−1

(

t
k
2−1
n−1

)

.

In particular, t
k
2
n−1 ≤ t

k
2−1
n−1 and this implies that

2t
k
2
n−1 ≤ t

k
2
n−1 + t

k
2−1
n−1 ≤ M .

This inequality gives that B̄2n
(

2t
k
2
n−1

) ⊆ B̄2n (M). Since μ, ν ∈ H
k
2
2n−1 = B̄2n−1

(

t
k
2
n−1

)

,

we have λ ∈ B̄2n−1
(

t
k
2
n−1

)

♦B̄2n−1
(

t
k
2
n−1

)

. Using Lemma 5.7 we conclude that

λ ∈ B̄2n−1

(

t
k
2
n−1

)

♦B̄2n−1

(

t
k
2
n−1

)

= B̄2n

(

2t
k
2
n−1

)

⊆ B̄2n (M).

This is a contradiction as λ1 ≥ M + 1.
2. Suppose instead that φ = (φ1 × φ2)

�
⏐
P2n , where φ1, φ2 ∈ Irr(P2n−1) and φ1 
= φ2. Then

there exist μ1, μ2 ∈ H(2n−1) such that LR(λ;μ1, μ2) 
= 0 and φ1 (respectively φ2) is
an irreducible constituent of μ1

⏐
�
P2n−1

(respectively μ2
⏐
�
P2n−1

). We need to distinguish

two cases: the first one holds when φ1(1) = 2i and φ2(1) = 2 j , with i, j ∈ [0, α2n−1 ],
i 
= j and i + j = k − 1. In this case μ1 ∈ Hi

2n−1 and μ2 ∈ H j
2n−1 . Hence, by inductive

hypothesis, Lemma 5.7 and the definition of M we get that

λ ∈ Hi
2n−1♦H j

2n−1 = B̄2n−1

(

t in−1

)

♦B̄2n−1

(

t jn−1

)

= B̄2n
(

t in−1 + t jn−1

)

⊆ B̄2n (M).

This is a contradiction as λ1 ≥ M + 1.
3. The last case to consider is the one where φ1 
= φ2 but φ1(1) = φ2(1) = 2w . In this

setting we have that μ1, μ2 ∈ Hw
2n−1 . By inductive hypothesis Hw

2n−1 = B̄2n−1
(

twn−1

)

. In
particular, (μ1)1, (μ2)1 ≤ twn−1. Hence we have

2twn−1 ≤ M + 1 ≤ λ1 ≤ (μ1)1 + (μ2)1 ≤ 2twn−1, (2)

where the first equality holds by definition of M , the second one by assumption and
the third one by Lemma 2.1. Therefore (2) is a chain of equalities and in particular,
(μ1)1 = (μ2)1 = twn−1. Henceμ1 = μ2 = λw

n−1. Then δw
n−1 = 0 since by assumption φ1

andφ2 are two distinct irreducible constituents of λw
n−1

⏐
�
P2n−1

of degree 2w . By definition,

M = max
{

t in−1 + t jn−1, 2t
w
n−1 | i, j, w ∈ [

0, α2n−1
]

, i + j = k − 1 and i 
= j
}

.

Since (2) is a chain of equalities, we get M + 1 = λ1 = 2twn−1 ≤ M , which is a
contradiction. ��

Theorem 5.11 Let n ∈ N and k ∈ [0, αn]. Then:
1) there exists T k

n ∈ [1, n] such that Hk
n = B̄n(T k

n );
2) if k > 1, for every λ ∈ B̄n(T k

n − 1), χλ
⏐
�
Pn

has three distinct irreducible constituents of

degree 2k .
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Proof We proceed by induction on n: if n = 1, then k = 0 and the statement is obvious. Let
n ≥ 2 and let n = ∑r

i=1 2
ni be its binary expansion. By Theorem 5.10, for every i ∈ [1, r ]

and every di ∈ [0, α2ni ] there exists tdini ∈ [2ni−1+1, 2ni ] such thatHdi
2ni = B̄2ni

(

tdini
)

. Define

M := max
{

t j1n1 + · · · + t jrnr | ji ∈ [0, α2ni ] for every i ∈ [1, r ]and j1 + · · · + jr = k
}

.

We want to prove that Hk
n = B̄n(M). Let j1 ∈ [0, α2n1 ], . . . , jr ∈ [0, α2nr ] be such that

M = t j1n1 + · · · + t jrnr . We have

B̄n(M) = B̄2n1 (t
j1
n1)♦ · · · ♦B̄2nr (t

jr
nr ) = H j1

2n1♦ · · · ♦H jr
2nr ⊆ Hk

n,

where the first equality holds by Lemma 5.7, the second by Theorem 5.10 and the inclusion
by Lemma 5.9.

To prove part 1) of the theorem it remains to show that Hk
n ⊆ B̄n(M). Let λ ∈ Hk

n . Then
there exists an irreducible constituent φ of χλ

⏐
�
Pn

of degree 2k . The structure of Pn discussed
in Section 2.1 implies that φ = φ1 × · · · × φr , for some φi ∈ Irr(P2ni ) for every i ∈ [1, r ]
such that φi (1) = 2 ji and such that j1 + · · · + jr = k. Hence there exists μi ∈ H(2ni )
with φi as an irreducible constituent of the restriction χμi

⏐
�
P2ni

for every i ∈ [1, r ], such that
LR(λ;μ1, . . . , μr ) 
= 0. In particular, by Theorem 5.10, there exists t jini ∈ [2ni−1 + 1, 2ni ]
such that μi ∈ H ji

2ni = B̄2ni (t
ji
ni ). Therefore by Lemma 5.7,

λ ∈ B̄2n1

(

t j1n1

)

♦ · · · ♦B̄2nr

(

t jrnr

)

= B̄n

(

t j1n1 + · · · + t jrnr

)

⊆ B̄n (M) ,

where the last inclusion follows from the definition of M .
In order to prove statement 2), let us fix k > 1. From the discussion above, we know that

Hk
n = B̄n(T k

n ), where T k
n = t j1n1 + · · · + t jrnr for suitable j1 ∈ [0, α2n1 ], . . . , jr ∈ [0, α2nr ]

such that j1 + · · · + jr = k. Since k > 1, using the description of t2n1 given in the first
lines of the proof of Theorem 5.10, we can suppose without loss of generality that j1 >

1. Let λ ∈ B̄n(T k
n − 1). By Lemma 5.7, B̄n(T k

n − 1) = B̄2n1 (t
j1
n1 − 1)♦ · · · ♦B̄2nr

(

t jrnr
)

.

Hence there exist μ1 ∈ B̄2n1
(

t j1n1 − 1
)

and μi ∈ B̄2ni
(

t jini
)

for every i ∈ [2, r ] such that
LR(λ;μ1, μ2, . . . , μr ) 
= 0. By definition there exists an irreducible constituent ψi of
χμi

⏐
�
P2ni

of degree 2 ji for every i ∈ [2, r ]. By Theorem 5.10, there exist three distinct

irreducible constituentsφ1,φ2 andφ3 ofχμ1
⏐
�
P2n1

of degree 2 j1 . Thereforeφ1×ψ2×· · ·×ψr ,
φ2 × ψ2 × · · · × ψr and φ3 × ψ2 × · · · × ψr are three distinct irreducible constituents of
χλ

⏐
�
Pn

of degree 2k . ��

We conclude the article by explicitly computing T αn
n . By doing this, wemanage to identify

those characters χ ∈ IrrH(Sn) such that χ
⏐
�
Pn

admits irreducible constituents of every
possible degree.

Definition 5.12 For n ∈ N, define τn ∈ [2n−1 + 1, 2n] by
τ1 = 2, τ2 = 3, τ3 = 7, τ4 = 13, τ5 = 26, and

τn = 2n−1 + 2n−2 + 2n−5 + 2n−6 for n ≥ 6.

Notice that τn = 2τn−1 for any n ≥ 7.

As usual, we start by studying the case where n is a power of 2.
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Proposition 5.13 For every n ∈ N, T α2n

2n = τn. Moreover, if n ≥ 6 and λ ∈ Hα2n

2n , then there
exist at least three distinct irreducible constituents of χλ

⏐
�
P2n

of degree 2α2n .

Proof Weproceed by induction on n. If n ≤ 6, then the statement holds by direct computation.
The cases n = 1, 2, 3 can be seen inExample 5.1,while the cases n = 4, 5, 6 can be computed
following the techniques used in Theorem 5.10. For instance notice that when n ∈ [1, 5], if
λ = (

tα2nn , 1n−t
α2n
n

) ∈ Hα2n

2n , thenχλ
⏐
�
P2n

does not have three distinct irreducible constituents
of degree 2α2n . On the other hand, this holds when n = 6. We refer the reader to [15,
Proposition 5.2.13] for a complete proof of Proposition 5.13 for n ≤ 6.

Let n ≥ 7. We want to show that Hα2n

2n = B̄2n (τn). Given λ ∈ Hα2n

2n , there exists
an irreducible constituent φ of χλ

⏐
�
Pn

of degree 2α2n . As we have seen in the proof of

Proposition 5.3, φ = (φ1×φ2)
�
⏐
P2n with φ1, φ2 ∈ Irr(P2n−1), φ1 
= φ2 and φ1(1) = φ2(1) =

2α2n−1 . Hence, there exists μ1, μ2 ∈ H(2n−1) such that LR(λ;μ1, μ2) 
= 0 and such that
[

χμi
⏐
�
P2n−1

, φi
] 
= 0 for all i ∈ {1, 2}. In particular, μ1, μ2 ∈ Hα2n−1

2n−1 and by inductive

hypothesis we know that Hα2n−1

2n−1 = B̄2n−1(τn−1). Using these observations together with
Lemma 5.7 we conclude that

λ ∈ B̄2n−1(τn−1)♦B̄2n−1(τn−1) = B̄2n (2τn−1) = B̄2n (τn).

In order to prove the other inclusion, we consider λ ∈ B̄2n (τn). From Lemma 5.7 and the
inductive hypothesis, we know that

B̄2n (τn) = B̄2n−1(τn−1)♦B̄2n−1(τn−1) = Hα2n−1

2n−1 ♦Hα2n−1

2n−1 .

Therefore there exist μ, ν ∈ Hα2n−1

2n−1 such that χμ × χν | (χλ)
⏐
�
S2n−1×S2n−1

. The induc-

tive hypothesis implies that both χμ
⏐
�
P2n−1

and χν
⏐
�
P2n−1

admit three distinct irreducible

constituents of degree 2α2n−1 . Denote by φ1, φ2, φ3 those constituents of χμ
⏐
�
P2n−1

and by

ψ1, ψ2, ψ3 those constituents of χν
⏐
�
P2n−1

. If ψ j /∈ {φ1, φ2, φ3} for some j ∈ [1, 3], then
(φ1 × ψ j )

�
⏐
P2n , (φ2 × ψ j )

�
⏐
P2n and (φ3 × ψ j )

�
⏐
P2n are three distinct irreducible constituents

of χλ
⏐
�
P2n

of degree 2α2n . On the other hand, if ψ j ∈ {φ1, φ2, φ3} for all j ∈ [1, 3], then we
can assume without loss of generality that φi = ψi for all i ∈ [1, 3]. In this case we have that
(φ1 × ψ2)

�
⏐
P2n , (φ2 × ψ3)

�
⏐
P2n and (φ3 × ψ1)

�
⏐
P2n are three distinct irreducible constituents

of χλ
⏐
�
P2n

of degree 2α2n . Moreover, λ ∈ Hα2n

2n as desired. ��

Proposition 5.14 If n ∈ N and n = ∑r
i=1 2

ni is its binary expansion, then T αn
n = ∑r

i=1 τni .

Proof Arguing exactly as in the proof of Theorem 5.11, we have that

T αn
n = max

{

T j1
n1 + · · · + T jr

nr | ji ∈ [0, α2ni ] for i ∈ [1, r ], and
r

∑

i=1

ji = αn

}

.

Since αn = ∑r
i=1 α2ni , we deduce that T αn

n = T
α2n1
n1 + · · · + T α2nr

nr . The statement now
follows from Proposition 5.13. ��
Remark 5.15 By Theorems 5.5 and 5.11 we know that for every k ∈ [0, αn]we have B̄n(T

αn
n )

= Hαn
n ⊆ Hk

n . From Proposition 5.14 we observe that the majority of the elements of H(n)

are contained in B̄n(T
αn
n ). This shows that the restriction to Pn of most of the irreducible

characters labelled by hook partitions admit irreducible constituents of every possible degree.
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