Annali di Matematica Pura ed Applicata (1923 -) (2026) 205:181-231
https://doi.org/10.1007/510231-025-01600-0

®

Check for
updates

Boundedness, ultracontractive bounds and optimal
evolution of the support for doubly nonlinear anisotropic
diffusion

Simone Ciani' - Vincenzo Vespri? - Matias Vestberg?

Received: 12 August 2024 / Accepted: 29 July 2025 / Published online: 14 August 2025
© The Author(s) 2025

Abstract
We investigate some regularity properties of a class of doubly nonlinear anisotropic evolution
equations whose model case is

N

O (lue*Mu) = > 0p (10| ”~20;u) =0,

i=1

where @ > 0 and p; € (1, 00). We obtain super and ultracontractive bounds, and global
boundedness in space for solutions to the Cauchy problem with initial data in L*+!(R"),
and show that the mass is nonincreasing over time. As a consequence, compactly supported
evolution is shown for optimal exponents. We introduce a seemingly new paradigm, by
showing that Caccioppoli estimates, local boundedness and semicontinuity are consequences
of the membership to a suitable energy class. This membership is proved by first establishing
the continuity of the map ¢ +— @y, 1) e Lllotl/a (£2) permitting us to use a suitable
mollified weak formulation along with an appropriate test function.

Keywords Doubly nonlinear parabolic equations - Anisotropic equations - Finite speed of
propagation - Ultracontractive bounds - Semicontinuity - Local boundedness

Mathematics Subject Classification 35B65 - 35D30 - 35K10 - 35B45

B Matias Vestberg
matias.vestberg @math.uu.se

Simone Ciani
simone.ciani3 @unibo.it
Vincenzo Vespri

vincenzo.vespri @unifi.it

Department of Mathematics, University of Bologna Alma Mater, Piazza di Porta S. Donato, 5,
40126 Bologna, Italy

Universita di Firenze Dipartimento di Matematica ed Informatica “Ulisse Dini”, Viale Morgagni
67/a, 50134 Firenze, Italy

Department of Mathematics, Uppsala University, P.O. Box 480, 751 06 Uppsala, Sweden

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s10231-025-01600-0&domain=pdf

182 S. Ciani et al.

Contents
I Introduction . . . . . . . . .. ... 182
Applications . . . . ... e 184
Planof the paper . . . . . . . . . . . 184
Energy classes . . . . . . .. e 185
Local boundedness and semicontinuity . . . . . . . . ... Lo 185
Ultracontractivity and the evolution of the L! (RN ) and LAt (RN )norms ... ... 186
Finite speed propagation . . . . . . . . ... e 186
Optimality of the estimates . . . . . . . . . . . . .. . 187
1.1 Structure of the paper . . . . . . . . . . . e 188
2 Notation . . . . . . . 188
3 Setting and preliminaries . . . . . . . ... 189
3.1 Auxiliary tools . . . . . .. 190
4 Continuity in time and mollified weak formulation . . . . . .. ... ... ... ... 194
S Energyclasses . . . . . ... 197
6 Localboundedness . . . . . . . . . .. 202
6.1 Thecase p> pecbl 203
62 Thecase p< MED 207
7 Semicontinuity and critical mass lemma . . . . . .. ... oL Lo o 212
8 Properties of solutions to the Cauchy problem . . . . ... ... ... ... ... ..... 215
9 Supportof solutions . . . . . . . ... 222
References . . . . . . . . . . . e 229

1 Introduction

This work is concerned with local and global regularity properties of weak solutions to doubly
nonlinear anisotropic evolution equations of the form

8t(|u|"‘_1u) —V-Ax,t,u,Vu) =0 in Qr:=Qx(0,T7T), (1.1)

where © c RV isan open bounded set, T > 0, « > 0 and p; > 1. Here A is a Caratheodory
vector field satisfying the conditions

N
Alx,t,5,8) £ = ATy g (1.2)
i=1
N piel
A, 1,5, 6 < A(D_l&l?) 7, ie{l,....N}. (1.3)
k=1

Conditions of this type for parabolic equations were previously considered in [61], and are
somewhat more general than the following conditions which are also frequently used, see
for example [6, 30]:

Ai(x,t,5,8)8 > AEIP, iedl,..., N},
|A;i(x, 1,5, 8) < Alg|P7Y, iefl,...,N}.

The model case for such vector fields is

Ai(x,s,8) = &P,
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which corresponds to the prototype equation

(] Za |9;u|” 2 du) = (1.4)

i=1

The equations considered in this paper combine in a unitary fashion two of the most studied
nonlinear equations in the last two decades: the doubly nonlinear equations and the anisotropic
ones.

Doubly nonlinear equations were introduced in the 60s by Lions [43] and Kalashnikov
[45]. The term doubly nonlinear refers to the fact that there is a nonlinearity both in the elliptic
part and the diffusion part of the equation. Equations of this kind have a broad spectrum of
applications in many physical contexts, for instance as the flows of nonhomogeneous non-
Newtonian fluids, and simultaneous motion in the surface channel in the underground water,
just to name a few. We refer to Chapter 4 of the book [4] and the references therein for an
account of the applications. Even if the theory is quite complete, especially in the degenerate
and singular supercritical case (for the exact definition of these technical terms, see for
example [34]), some important questions still remain open and are the object of intense
research.

The anisotropic equations were introduced in the 80s by Giaquinta [35] and Marcellini
[46]. The term anisotropic comes from the fact that the diffusion is of the power type which can
vary according to the directions. While in the case of equations with differentiable coefficients
there are many regularity results (see for example [10] and [31]), for what concerns rough
coefficients the theory of regularity is still in its infancy. In fact, if the L°°-estimates and
the Critical Mass Lemma, two technical tools necessary to demonstrate regularity (See 6.2
and 7.1 later on), can be adapted in this situation, the same does not apply for the so-called
shrinking lemma (see [24], Lemma 7.2 Chap III and Lemma 5.1 Chap IV). We recall that
the shrinking lemma, introduced by De Giorgi [17] is the other fundamental technical tool
needed to demonstrate regularity. Thanks to this lemma, it can be proved that, while taking
a smaller domain, if we denote with w the infimum of the solution, the measure of the set
where the solution takes on values between . + ¢ and p tends to zero when € goes to zero (for
more details we refer the reader to [29]. In a pioneering work Liskevich and Skrypnik [44]
succeeded in proving regularity in a very special case by substituting the shrinking lemma
with the positivity expansion approach introduced in [25] in the parabolic context. Despite
these recent results, as already mentioned, the theory of regularity is extremely fragmented.
For example, Harnack’s estimates for the elliptic operator are known, to our knowledge, only
for operators with constant coefficients and with all exponents p; greater than 2 satisfying a
parabolic condition (see [15] for more details).

Finally, the joint nonlinearity of doubly nonlinear anisotropic equations were first inves-
tigated in the works [18] and [19], which proved, inter alia, support growth estimates for
the prototypical anisotropic operators and L°-estimates. More precisely, in [18], the authors
study the compact support for solutions to the prototype equation to (1.1), using a strong
notion of solution and an interpolated anisotropic Gagliardo-Nirenberg inequality. Hence,
with a proof given in the successive paper [19], they study the lifetime of the solution and
give local estimates of its L°°-norm in terms of certain integral quantities, showing that the
support growth estimates are optimal.

In this paper, not only do we extend their results to operators with non-smooth coefficients
(for which the theory of regularity is unknown) but we also prove, in this context, the afore-
mentioned Critical Mass Lemma and other structural results that lay down the foundations
of most subsequent work related to the regularity of solutions of this kind of equations. As a

@ Springer



184 S. Ciani et al.

final comment, we observe that equation (1.4) can be seen as a special case of an even more
general equation, i.e.

N
By — Y (19 [Py =0,
i=1

that might be treatable with some of the methods presented here. For the sake of simplicity,
and for bringing to light what is really new in the context of the local regularity theory, in
this work we specialise our study to (1.4); and reserve the treatment of the latter to future
research.

Applications

As an application one gets for free sharp estimates on the support of Barenblatt-type solutions
(see for instance [15]), which play the role of the fundamental solutions for these operators.
Indeed, no explicit self-similar fundamental solutions is known (see [32, 33] for a discussion
on this topic) and the exponential shift commonly used in [27] winds up the spatial anisotropy
(see section Novelty and Significance in [16] for instance).

Further, the ultracontractive estimates that we are about to describe play an important
role in the existence of solutions for the Cauchy Problem with LIIOC(Q) initial data (see for
instance [28]).

Plan of the paper

Concerning local weak solutions to (1.1), we draw a detailed analysis of

1 Mollified weak formulation of the notion of solution, that eventually leads us to the
continuity in time of the map

a1 1+1
t=> |ul"u e Ly (R);

2 Energy bounds for solutions;
3 Local boundedness and lower semicontinuity (for the whole energy class).

On the other hand, regarding weak solutions of Cauchy Problem associated to (1.1) we study
the following properties

4.1 The evolution of the L' (R") and L*+t!(RN) norms;
4.2 Ultracontractivity properties;
4.3 Compactly supported evolution.

Hereafter we introduce each one of these aspects. While in the literature (see for instance
[18]) the continuity in time is often included in the definition, here we start by the full
variational definition of local weak solutions. Suitably adapting an idea of [53], we prove the
aforementioned continuity in time and give a mollified weak formulation that dispenses with
the usual Steklov averaging technique. Finally, this smoothed formulation is used to show
that local weak solutions to (1.1) are elements of special energy classes.
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Energy classes

In this work we pursue an approach that dates back to De Giorgi (see [17]): we show that
certain regularity properties are embodied in general energy estimates rather than in the mere
class of solutions to an equation. Here we define two classes of functions D(p;, o, 1),
A(pi, a, Qr) (see the end of Sect. 5), that we believe may be of paramount importance in the
study of the local behavior of solutions associated to general doubly nonlinear anisotropic
operators. The set inclusion A(p;, «, 27) € D(pi, o, Qr) means, roughly speaking, that
classic Caccioppoli estimates are a consequence of testing with a specified Lipschitz function
f(u) (see Lemma 5.2 for more details). This fact is clearly not new, but mainly employed
in the regularity theory for systems, see for instance (see for instance [24], chapter VIII).
Anisotropic operators as (1.1) have many similarities with systems, since each energetic term
is independent from the others.

The classes A(p;, a, Q7), while being more restrictive, promise wider application for the
regularity of anisotropic operators. Indeed, to make an example, let us mention that in the
case of the parabolic p-Laplace equation, the precise property of expansion of positivity has
been found by means of logarithmic estimates (see for instance [24]); these are estimates
obtained, loosely speaking, by testing with functions of the form In(H /[H — (1 — u)])™,
H > 0, hence corresponding to the description of the class A(p, 1, Q7).

Local boundedness and semicontinuity

To what pertains the boundedness of local weak solutions to (1.1), we are interested in the
parameter range

_ a+1 _
a >0, 1<p,-<p(1+ ), p<N, (1.5)
where
N
1 1\-1
p=|— — . 1.6
P (sz,-) (1.6)

The case o = 1 recovers the known facts in [30]. More generally, we prove that under certain
conditions involving the exponents p;s and o we have

D(pi, o, 2r) S Lige (7).

Hence, by the membership of local weak solutions of (1.1) to the class D(p;, «, €2), we obtain
the local boundedness for weak solutions.

We need to distinguish between the cases p >
we need the extra integrability condition

N(a+1)

NradtT and p < Netl) 1 the latter case

N+oa+1

N
u € Ly (Qr), for some m > g(a +1-p), (1.7)

similarly to sub-critical p-Laplacian equations (see for instance [24]). We remark that in the
case o« = 1, which corresponds to the usual anisotropic equations, the two ranges for p are
identical to those appearing in [61], and also the extra integrability condition reduces to the
integrability assumption used in [61].

Moreover, we show that elements of the class D(p;, o, Qr) are lower-semicontinuous.
The strategy adopted in [30] adapted the idea of [39] to the anisotropic metric induced by the
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equation. In the doubly nonlinear scenario complications arise since the difference between
a solution and a constant is not necessarily another solution. This first difficulty was faced
in [8], leaving however open the question whether a similar result could be found for sign-
changing solutions. Here we follow the very general method of [42], whose prerogative is
that lower-semicontinuity is shown to be a consequence of some kind of measure-theoretical
maximum principle, referred to in the literature as a Critical Mass Lemma, or a De Giorgi-type
Lemma.

Ultracontractivity and the evolution of the L' (RV) and L2+1 (RN) norms

We consider the Cauchy Problem

{ O (lul*"tu) = V- AQx,t,u,Vu) =0, in Sy :=RN x (0,7), (18)

u(x,0) = uo(x), x e RV,

with A being the Caratheodory field associated to (1.1)—(1.2)—(1.3). For a local weak solution
u € ﬁlN:lei (S7) of (1.8), we consider the representative for which ||~y is continuous
with respect to time. Then, provided that « € (0, 1), the mass is nonincreasing, meaning that

luC, Ol Ly < lluollLrgyys

and a corresponding estimate holds also for the L%*!-norm in the whole range & > 0. When
A :=N(p—(a+1)+p>0and x € (0,1) we have the following ultra-contractivity

property,

by

_N
I, D)l oo gy < et (/}RN |u0|dx> I Vre(,T). (1.9)

The problem has been addressed in [30], see also [47], for the case of anisotropic p-Laplacian
operators and earlier in [ 19] following the approach of [28] with a simplifying technique again
by [1] and obtaining the contractivity properties above by means of the quantities

el =supo™ [ as

pzr E,
where ;> 01is aconstant and E, is a suitably scaled rectangle depending on the parameter p.
Here we point out that in the framework of nonlinear semigroup theory these L'-L> estimates
are usually referred to as ultracontractive bounds. In the linear case, it is well-known that
estimates of this type are equivalent to specific Sobolev inequalities for the Dirichlet form that
is associated to the generator of the evolution under consideration. A different but particularly
interesting approach to these estimates is given in [9], where the authors prove the L'-L>
estimate above for the isotropic case, by exploiting a logarithmic Sobolev inequality. For
the porous medium equations and doubly-nonlinear case, this terminology is not necessarily
well-suited to refer to the contraction properties of the nonlinear semigroup associated, while
here we refer to the sole smoothing property (1.9), see for instance [14] for the most general
case.

Finite speed propagation

In the context of non-Newtonian fluids, already in the 80s some techniques were known
in order to estimate the support of solutions by comparison (see for instance [21, 60]) or
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by energy methods (see [2]). A further step in doubly nonlinear equations was made in [3],
where the energy methods were fully exploited to avoid the comparison principle, which is not
available in this case. For a more complete picture see Chapter 3 of [4] and its bibliographical
remarks. In our case, we exploit a particular choice of test functions that, being compactly
supported away from the initial datum, allow recursive iterative inequalities a la De Giorgi.
Nevertheless, this approach was already introduced in [21] with the construction of suitable
supersolutions; while the optimal behaviour of the support of solutions of doubly nonlinear
degenerate equations has been investigated in [18] (see also [54] for the case of systems),
adapting the technique of [1] originally conceived for high-order equations. Along this line,
compactly supported anisotropic evolution was studied in [30] (see also [5]), exploiting the
technique of bounding all the energy by a precise choice of test functions allowing the estimate
for a single direction (see Sect. 9 for more details). Here we take advantage of this technique
to face the double nonlinearity.

Despite doubly nonlinear equations being the natural bridge between two classic nonlin-
ear parabolic equations, namely the p-Laplacian and the porous medium equation (see on
this topic, [29], [56]), the precise property of finite speed of propagation is reminiscent of
hyperbolic equations (see for instance [7] for the porous medium equation). In this scenario,
a common point is again the energy method, which avoids the comparison principle (see for
instance the book [6]) and is useful to determine the qualitative property of finite speed of
propagation, intended as the property of dead cores formation. On a different path, we start
from a nontrivial compactly supported datum u( and we study the evolution in time of the
support of the solution to the Cauchy problem associated with (1.1).

Theorem 1.1 Let o € (0, 1). Suppose that the condition
a+1<p <pnv<p(l4+a/N)<N+u«a (1.10)

is satisfied foralli = 1,..., N. Letu € ﬂlNzl LPi(St) be local weak solution to the Cauchy
problem (1.8) and suppose

wop € L' ®RM) N L'RY), 0 # supp(uo) C [—Ro, Rol™ =: Kg,.
Then the support of u evolves with the law

N P NG+
supp(u(-, 1)) C H[—Ri(f), Ri(®)], Ri(t) =2Ro + J/||140||L1(]1§1\5) t A (L1

i=l
Optimality of the estimates

Under our general assumptions on the structure of the operator A, we can prove that both the
estimates on the L°°-norm of solutions and on the support that we provide here are optimal.
More precisely, let St be the strip S7 = RY x (0, T) and K a cube in RV of side length
Ro. Now, solutions u € NLP1(St) to the Cauchy problem (1.8) that have integrable initial
datum ug € L*T!'(RM) which is compactly supported in K, satisfy under the condition
A= N(p — (@ + 1)) + p > O the estimate

p

_N 3T
I, )l oy < e (/ ol dx)
RN
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188 S. Ciani et al.

forall T € (0, T). If (1.10) holds true, the support of u evolves with the law

N W’A:;;*” N(p=pi)+p
supp(ue(-, 1) € [ [I=Re(0), Ri (O], Ri(t) = 2Ry +y ol 1 gatiy ¢ 7%

i=1

These estimates are shown to be optimal by the following rectangular computation:

G, Ol < 111, Ol ey | supp(, )] < ylluollpi@yy, ¥ > 0, 1 >> 2Ry,

because

N plpj—a—1)
i=1 "G pp)

| supp(ue(-, )| = @) uoll 3, " 1

5D+ p G1=p)
ZN: N(p m.)ﬂ? ; N/o
ST =y ol gy
If one of the two estimates would have been non-optimal, then the fact that the mass is
nonincreasing would be contradicted.

1.1 Structure of the paper

In Sect. 3 we define the notion of solution, the associated function spaces and we introduce
the tools of the trade: exponential mollification, monotonicity inequalities and the main
embeddings. In Sect. 4 we show the continuity in time of |[u|*~'u as a map [0, T] —
Ll(gCJr])/ “(Q) and we give a more handy definition of solution that involves time derivatives.
In Sect. 5 we derive the main energy estimates and accordingly we define the functional
classes A(p;, o, 27) and D(p;, a, Q7). Then in Sect. 6 we study the local boundedness of
functions belonging to the function class D(p;, ¢, 27) and in Sect. 7 we study their pointwise
behaviour. Lastly, in Sect. 8 we give precise estimates of the evolution of the L°° norm of the
solutions to the Cauchy problem, we study the time evolution of their L' and L**! norms.
Finally, in Sect. 9 we estimate the evolution of their support.

2 Notation

e Referring to the main structure in the Introduction, we will consider a vector of real
numbers p = (p1, ..., py) and we assume without loss of generality that p; < --- <
pn. The harmonic mean p is defined as p = (% ZIN=1 1/p)~" and for p < N its
Sobolev conjugate p* = N p/(N — p). Finally for & € (0, 1) as in the Introduction, we
set P = max{(« + 1), pn}.

e For all o > 0 we define

po = p(l+0/N).

e We reserve the letter m to denote the required power of integrability (1.7) of the solution
in order to obtain local boundedness for small values of p, see the discussion in Sect. 1.
This notation is consistent with [61] however it differs from the notation in some of the
literature on doubly nonlinear equations, where m may relate to an exponent appearing
in the elliptic part.

e For a number n € N, aset E C R" and a vector v € R", we denote as usual the set
v+ E = {v+x|x € E}. Forevery r > 0 we define the the following N-dimensional
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hyper-rectangles:

11 1L
Ky = (=r?i,rP) x .- X (=r",re),

K, = [-r, r]N
Moreover, for (x,, 1,) € RY x R and r > 0 we define the space-time cylinders
0r(x0, 1) 1= (X0, 1) + K, x (—r,0].

e Fory > 0anda € R we understand |a|” ~'a to be zero if = 0 even though in this case
technically the first factor is ill-defined if y < 1. We occasionally denote a? = |a|? ~'a
to simplify the notation.

e leta € (0,1), f:=1/a > 1 and define for w, v € R the quantities

blv, wl ==y (WP — [P — wl ~ we - w)

=g (wlf T = A —u(wlP~ w — )P~

|0[+1_|w|0t+1)_w(|v|d—l |Oé—1w)‘

b [v, w] ==b[[v|* v, [w|*wl=5% (v v—|w

The quantity b[v, w] for nonnegative v, w was used in [51, 52, 58], with a notation
consistent with the one presented above. We alert the reader that there is a slight notational
discrepancy with the work [11], in which a signed vectorial version of the quantity is
used.

e Constants along the estimates may vary from line to line, when no dependence on the
solution or other important iterative quantities is embodied.

3 Setting and preliminaries

Here we introduce some notation and present auxiliary tools that will be useful in the course of
the paper. We start by the definition of weak solutions to (1.1), and to this aim we briefly recall
the definition of the anisotropic Sobolev spaces. Given a vector of numbers p = (p1, ..., py)
as in Sect. 2 with p; > 1 we set

Wl’p(Q) = (v e WhH(Q) | 8v e LPI(Q)).
WEP(@Q) = v e W@ v e L2 (@),
and
LPO, T; W'P(Q)) :={v e L0, T; WH'()) | 9;v € LP (Qr)},
L2 (0, T; WhP(Q) :={v e LL 0, T; Whl (@) | aiv e LY (@)},
LP(O, T;: WP(Q)) == {v € L'(0, T; W (@) |90 € L (0, T; LY. ()}

Definition 3.1 A function u € LP(0, T; wllog’(sz)) NLP©,T; LY (Q)) where
P = max{(a¢ + 1), py}isasolutionto (1.1) if
// A(x,z,u,Vu)~V(p—|u|°‘_1u8,<pdxdt:0, 3.1)
Qr

forall ¢ € C5°(Q7).
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We remark that one could define solutions in an analogous way and obtain local regularity

results also for weak solutions in the larger space Lf:)c o, T, Wlf)’cp ()N L{:)C(QT). However,

in order to prove the desired time continuity on the whole interval [0, 7] i.e. including time
zero, it seems necessary to have global integrability properties in time. The arguments are
also clearer when this type of integrablility is assumed. The local regularity results obtained
under our assumptions also hold for solutions in the larger space since a simple translation
in time brings about the situation we consider here.

3.1 Auxiliary tools

We now recall some elementary lemmas that will be used later, and start by defining a
mollification in time as in [38], see also [12]. For T > 0,¢t € [0,T], h € (0,T) and
v e LY (Qr) we set

1 (! 5=
vy (x, 1) = E/ e v(x,s)ds. 3.2)
0

Moreover, we define the reversed analogue by

|
vy (x, 1) 1= ﬁ/ e v(x,s)ds.
t

For details regarding the properties of the exponential mollification we refer to [38, Lemma
2.2],[12, Lemma 2.2], [53, Lemma 2.9]. The properties of the mollification that we will use
have been collected for convenience into the following lemma:

Lemma 3.2 Suppose thatv € L' (Q7), and let p € [1, 00). Then the mollification v, defined
in (3.2) has the following properties:

(i) If v e LP(Q2r) then v, € LP (),
lvrllLe @) < vliLe@r),

and v, — v in LP(Q7). A similar estimate also holds with vj, on the left-hand side.
(ii) In the above situation, v, has a weak time derivative d;vy on Qr given by

dop = (v —vp),
whereas for vi; we have
0 vy = 7 (v — V).
(iii) If v has a weak partial derivative in space then so does vy, and vj, and
9j(vn) = @jv)p, 9 (vp) = (9;v)j-
(iv) Ifv e LP(0, T; LP(R2)) then vy, v; € C([0, T]; LP ().

Remark 3.3 The exponential time mollification (3.2) is well defined also if the function v is
only in L(0, T; L\, ()) and the properties (i) and (iv) in the previous lemma evidently
have corresponding versions for functions that are only locally integrable in space.

The next three lemmas provide us with some useful estimates for the quantity b, [v, w]
that was defined in Sect. 2. Note that some estimates hold for all « > 0 whereas others are
valid only in one of the ranges o € (0, 1) and o > 1.
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Lemma 3.4 Let o > 0. Then there exists a constant ¢ depending only on « such that for all
v, weR,

1 a=1 a1 2 a=1 a=l 2
Hlwl 7w =7 v|]” < bylv,w] <cllw]Z w—|v] 2 0| (33)

Proof If « € (0, 1) the claim follows from [11, Lemma 2.3 (i)] with the choice m = 1/«. If
o > 1 the claim follows again from [11, Lemma 2.3 (i)] with the choice m = «. O

Lemma3.5 Let o € (0, 1). Then there exists a constant ¢ depending only on «a such that for
all v, w € R:

(i) L(wl+ ) w — v < balv, w] < c(lw| + [)*Hw —v|?,
(ii) bolv, w] < clv — w|' T2

Proof The properties follow from properties (ii) and (iii) in [1 1, Lemma 2.3] with the choices
m=1/a,u=v[* vanda = |w|*w. O

The following estimates have been proved in [59, Lemma 3.6].
Lemma3.6 Leta > 1. Then forall v, w € R,

atl
(i) balv, w] < c|jo]* v — Jw w|
(ii) v —w[*T! < cbglv, w].

The following observation regarding real numbers is used frequently in our calculations.
Lemma3.7 Lety > 1. Forall a, b € R we have
%|a —bl” < |lal”"a = 1b"""'b| < c(al”~" + 11" Hla = bl. (3.4)
for a constant ¢ = c(y).

Proof We first prove the left inequality in (3.4) By symmetry we may assume thata > b. In
the case a, b > 0 the triangular inequality of the ¢¥-norm in R? applied to (a — b, 0) and
(0, b) implies that

(a—b) +b")7 <a,

from which the left inequality in (3.4) follows with ¢ = 1. The case in which a, b < 0 follows
from the previous case. It remains to consider the case @ > 0 > b. Then we can write

la = bl” = la+blI” <277 (@ +[b]") =27 |a" — |b]" b,

which is the left inequality in (3.4) with ¢ = 2¥~!. The right inequality in (3.4) follows
directly from the mean value theorem applied to the C I_function f(r) := |¢|? " t. O

The following lemma is a direct consequence of Lemma 3.9 in [59].

Lemma3.8 Let o > 0 and u € L} (Qr). Then u € C([0, T1; LET(Q)) if and only if
- 14
lu|*~'u € C(0, TT; Lk, ().

Next, we recall some useful anisotropic Sobolev embeddings, both for space and time.
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Lemma 3.9 (Sobolev-Troisi embedding, [30]) Let @ € RN be a rectangular domain, p < N
anda; > 0,i =1,..., N. If we define

=

N
po=py @=)
i=1
then there exists a constant C = C(N, p, &) > 0 such that for all u € Wol’p(Q) it holds

N 1
el sy < € T T N0 17 - (3.3)

i=1
As a corollary, one gets the usual Troisi inequality (see [55]).
Remark 3.10 LetQ2 C RY bea rectangular domain. Then there is a constant C = C(N, p) >

0 such that
N

1
el gy < € [ 100241 s - (3.6)

i=1

for all u € W(}’p(Q). Moreover, taking both sides of (3.6) to the exponent p and using
Young’s inequality on the right-hand side with the exponents Np; , whose inverses add up to
1 due to the definition of p, we obtain the following useful inequality,

_,;; N
(/va’*dx)" < CZ/Q|3,-M|”i dx, ue WlP(Q). 3.7)
i=l1

The following is a parabolic anisotropic Sobolev embedding, which can be found in [30].

Theorem 3.11 Let Q C RN be a rectangular domain, p < N, o; > Ofori =1,..., N and
o € [1, pkl. For any number 6 € [0, p/p*] define

q=q0,p.a)="0p,+o(-0).

Then for any u € L! O, T, W&’I(Q)), there exists a constant C = C(N,p,«,0,0) > 0
such that
1-6 N 0 p*

. aa
// wifdxdr <1 %% [ sup /lul”(x,t)dx ]_[(// |8,-|u\“"|1”'dxdz) "
Qr 1€[0,71/Q il Qr

Next we present some variants of the Lemma of Fast Convergence. We first state and prove
a rather general version, which implies the two other variants that we will utilize in the De
Giorgi type iterations.

(3.8)

Lemma3.12 Let0 < uw <vandlet C > 0 and b > 1. Suppose that (Z,) is a sequence of
nonnegative numbers satisfying

1 _ 1
Zns1 < Cb"max{Z*, 214V}, and Zo < min{C ™7, C™v )b #2. (3.9)
Then
Z, <b i Z, and thus lim Z, = 0. (3.10)
n—oo
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Proof We prove the inequality in (3.10) by induction. The case n = 0 is obvious. Suppose
that the inequality holds for some #. Then by the induction assumption and (3.9) we have

Zuy1 < C max{(b™ i Zo)'t*, (b7 Z)' ') = Cb" max{b i " ZM b7 i " 28} Zo
< Cb i max{Zl, Z3}Zo, (3.11)

where in the last step we also used that v/u > 1. Using the second estimate in (3.9) we see
that

1 —_ l
max{Z(’;, Zgy<C b k.
Combining this estimate with (3.11) completes the induction. O

The following consequence of the previous lemma will be useful.

Lemma3.13 Let x; > O0fori =1,...,N,andlet C > 0 and b > 1. Suppose that (Z,) is a
sequence of nonnegative numbers satisfying

N
] 1 .
Zni1 <CD" 5 Zznﬂu (3.12)
i=1
Denote ymin = min{x1, ..., xn} and Ymax = max{x1,..., xn}. If

1
1 _ 1 -
ZO < m]n{C Xmin | C  xmax }b Xmin s

then
Z, < b 7mm Zg and thus lim Z, = 0.
n—0o0
Proof The result follows directly from the previous lemma since (3.12) implies

1 i 1 4
Zn+1 < Ccbh" max{Zn+Xmm, Zn+dex}

m}

In the case that © = v, Lemma 3.12 directly implies the following result which will be used
frequently. A more direct proof is available in [36, Lemma 7.1].

Lemma 3.14 Let (Yj)?oz0 be a sequence of nonnegative numbers such that
Yij1 < ijleM,

where b > 1 and C,§ > 0. If

1

Yo<C b 32,

then (Y;) converges to zero as j — o0.
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4 Continuity in time and mollified weak formulation

1
. . . . L. . —+1
In this subsection we show that ||~ ' is continuous in time as a map into L7, (K2). The
proof is adapted from [53]. We start with a lemma.

Lemma 4.1 Suppose that u is a weak solution in the sense of Definition 3.1 and define

loc

Vi={we L @r)|we L2 (0, T; W.P(Q), dw e L0, T; LE (@)
Then, for every ¢ € C3°(21, Rx>0) and w € V we have

// 0:¢bylu, wldxdt
Qr

= // A(x,t,u,Vu) - V[C(u —w)] + C(Iul“ilu - |w|0‘71w)8,wdxdt.
Qr
4.1)
Proof Letw € V, ¢ € C;°(Qr, R>) and choose
¢ =& (w—up)

as test function in (3.1). The local L -integrability of u and w together with the p;-
integrability of each 9;u and 9; w and the structure conditions of the vector field A guarantee
that the test function can be justified by approximation with smooth compactly supported test
functions. Our goal is to pass to the limit z — 0. It follows from Lemma 3.2, Remark 3.3
and the aforementioned integrability properties that

// A(x,t,u,Vu) - Vodtdt — // A(x,t,u, Vu) - V[Z(w — u)]dx dr.
Qr h—0 Qr

Note that Lemma 3.2 (ii) implies
(Il up — |~ ) dup <0,

which shows that we can treat the parabolic part as follows.

// Iulo‘_luaﬂpdxdt:/ Clulo‘_lua,wdxdt—/ {Iuhlo‘_luhatuhdxdt
Qr Qr Qr
+/f ¢ (lunl®up — |u|°‘_lu)8,uhdxdt+// 3¢ ul® "u(w — up)dx dt
Qr Qr

/ Clu|*™ lu@,wdxdt—i—// a+18,§|uh|°‘+ldxdt

// 3¢ ul® "u(w — up)dxde

/ Clul® 'ud,wdxdr + f/ Btf(alﬁlulo‘+1 + ) u(w — u))dxdt
h—0 Qr Qr

=/f ;(|u|“—1u—|w|“—1w)a,wdxdt—// ;¢ b [u, wldxdt,
Qr Qr

This shows “<” in (4.1). The reverse inequality can be derived in the same way by taking
¢ = (w—[uly)

as test function. O
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Theorem 4.2 Let u be a weak solution in the sense of Definition 3.1. Then
1
lul*~'u e C([0, TT; ngj'(sz)) and u € C([0, T1; LY ().

loc
Proof By Lemma 3.8 it is sufficient to prove the time continuity either for |u|*~'u or u.
We prove continuity on the interval [0, %T] and describe later how the argument can be
modified to show continuity also on [%T, T1], thus completing the proof. We first note
that due to Lemma 3.2, w := uj belongs to the set of admissible comparison func-
tions V of Lemma 4.1. Furthermore, Lemma 3.2 (iv) and Remark 3.3 guarantee that w
belongs to C([0, T]; L“J’](Q)). Thus, by Lemma 3.8 we have that lwl*tw belongs to

loc
1
c(o,1]; LI‘Z)CH(Q)). For a compact set K C 2 we take n € CJ°(2; [0, 1]) such that n = 1
on K and |Vn| < Ckg. Furthermore, take ¥ € C*°([0, T']; [0, 1]) with ¢ = 1 on [0, %T],
Y =0on[37,T]and|y'| < 8. Fort € (0, 17) and e > O sosmall that 7 + & < $7 we
define

0, r<rt
i) =1t —1), telt,t+¢]
1, t>1+e.

We use (4.1) with & = nx} 1 and w = uj, to obtain

T+e
8_1/ /bﬂu,ug]ndxdl:// Ax,t,u, Vu) - Vin(u —ujp)lx; v dxde
Qr

// nx W (ul® u — ug | up)du; dede — // Iny’ dxdr
Qr

< Z// A3 e, 1, V(i — G + 18Il — ) dxde
supp nx(0,7)

— / bolu, ujldxde.
suppnx(zT :7)

Here we were able to drop the term involving d; w since Lemma 3.2 (ii) shows that the factors
9w and (Ju|*'u — |w|* 'w) are of opposite sign, and hence their product is nonpositive.
Passing to the limit ¢ — 0 we see that

f b lu, uj](x, v)dx
K

N

SN ;e 1, Vi)l (195 — @) + = g dedr
i1 supp nx(0,7T)
8
L8 / bu[u, ;] dx dr 4.2)
T suppnx(%T,%T)

for all T € [0, %T] \ Nj, where Nj, is a set of measure zero. Our goal is to investigate the
limit 7 — 0. The structure conditions of A, the integrability properties of # and Lemma 3.2
(i) and (iii) show that the first integral on the right-hand side of (4.2) converges to zero as
h — 0. In order to treat the the terms involving b, we need to distinguish between the cases
a€(0,1)anda > 1.
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If @ € (0, 1) the integrand on the left-hand side can be estimated using the left inequality
of (3.4) withy = “Z—Zl > 1 and (3.3) as follows:

1
||u|0(—]u _ |u],_l|ot—]ul_l|g+1

o latD)

a—l a—l
% <cllul T u—luy| 2

—1 —1 2
= [|u|* u = |up|* ug) upl” < cbolu, ugl.

For the term on the last line of (4.2) we can use Lemma 3.5 (ii) to make the estimate
14+a o o o
ba[u,uﬁ]§c|u—uﬁ| =clu —up|*lu —up| < c(lul® + luj|)u —uj].

. atl .
The first factor stays bounded in L “e as h — 0 and the second factor converges to zero in
L%t as h — 0. Picking now a sequence hj— Oandw; = up, and N := UN;,; (which has
measure zero) we see that (4.2) combined with the previous observations implies

lim  sup /||u|“—1u—|w,-|“—1wj|c‘7+1(x,r)dx:0. 4.3)
NS

I P e0ir

As noted earlier, each |wj|°‘_1wj is continuous as a map [0, T] — Lé"'](K). This fact
together with the uniform limit (4.3) on the dense set [0, %T] \ N and the completeness of
Lé"'l (K) show that |w) |*=ly j converges uniformly on [0, %T] to a limit function which is
continuous into LéH (K). Due to (4.3) this limit is a representative of lu|* .

In the case @ > 1, we instead estimate the left-hand side of (4.2) using Lemma 3.6 (ii):
lu — uﬁ|""H < bylu, uj].

On the right-hand side we denote L = suppn x (%T, %T) and estimate the term involving
by using Lemma 3.6 (i), the right inequality of (3.4) with y = « and Holder’s inequality as

// bolu, uzldxdr < c// | 'u — Iuﬁlo‘*lu,;IaTJrl dx dr
L L

_ 1,9+l atl
§c//||u|“ N 7 S R TP P R B
L

a=1 1
S [// |u|0(+1 + |uh|ot+1 dxdt] o I:// |Ll _ M}_l|(x+1:|a.
L L

The first integral on the last line stays bounded as 2 — 0 and the second integral vanishes
in the limit due to Lemma 3.2 (i). Thus we can reason as in the case o € (0, 1) and obtain a
sequence /1; — 0 and a a a set N of measure zero such that

lim sup lu — wjl""H(x, 7)dx =0,
I 0, i TN /K

which implies the time-continuity of u.
The continuity on [%T, T] follows in both cases from similar arguments with w = uy
and with ¥ and x; mirrored on the interval [0, 7] under the map ¢t — T —t. O

Now that we have established the continuity in time it is possible to show that weak solutions
satisfy a mollified weak formulation.
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Lemma 4.3 Let u be a weak solution in the sense of Definition 3.1. Then we have
J[ 1A v 9o atiurtubgardr - [ e tugpir 0dr =0 4
Qr Q

Sforall p € C*° (2 x [0, TY) with support contained in K x [0, T] ,where K C Q is compact
andt € (0, T). Here u(x, 0) refers to the value at time zero of the continuous representative

of lu|*'u as a map [0, T] — Lat! (K).
Proof Let ¢ be as in the statement of the Lemma. Consider the piecewise smooth function

[t rero.el
e (1) '_{1, te (e Tl

and use (3.1) with the test function ¢ = n.¢j. Taking the limit &¢ — 0 and using Fubini’s
theorem we see that the elliptic term will converge to the integral of [A(x, -, u, Vu)], - V.
Note now that

/ f 0l dy (o) dx di
Qr

_ &
:f/ |u|“*1uns(¢hhi¢)dxdz+e*1/ /|u|“*‘u¢,;dxdz.
Qr 0 Ja

In the first term we can pass to the limit e — 0, use Fubini’s theorem to move the mollification
over to u and apply Lemma 3.2 (ii) to obtain the integral of d,[|u|*~'u],¢. It remains to
investigate what happens to the last term in the limit ¢ — 0. Note that we can write this term

as
‘ 1/8 /K |u|‘1 114 ,;dxdt = 1/8/ (|M|“71u)(x, t)¢>fl(0)dxdt
0 0 K
+ 8—] /0 v/K(|u|01—1u)(x, l)[qb}-l(t) _ ¢E(0)]dth,

The second term on the right-hand side converges to zero since ¢j is uniformly con-

tinuous and |||u|°"1u(t)||Lé+l(K) is bounded independently of ¢. The first term on the
right-hand side converges to the second integral on the left-hand side of (4.4) since

"' € C([0, T} Le+'(K)) and ¢(0) € Lo+ (). .

5 Energy classes

In this section we prove some useful and very general energy estimates. In particular, the
local boundedness and pointwise properties of solutions to (3.1) are encoded in the functional
class A(p;, Qr) consisting of integrable functions satisfying (5.11).

Lemma 5.1 Let Q@ C RY open set, possibly unbounded, and let T > 0. Let f : R — R be
increasing, Lipschitz and piecewise C'. Suppose that

f(s) = 0 whenever f'(s) = 0. 5.D
Let g : R — R be the unique function for which
Fs) =g(s* ),
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and let G : R — R be any integral function of g. Let u be a weak solution of (3.1) in Qr.
Then for each n € C°(R2) of the form

N
n(x) = nns(xi)pi, ni € C(R,[0,1]), se{l,...N}, (5.2)

i=1

and ¢ € C*([0, T]; [0, 00)), we have for all 0 < 71 < 1y < T the estimate

N
1 )
/ 19 G (1l uCx, ) dx + — /f > ol £ (g dxdr
Q YV Qx[t.w] ;2
N

<y [ e @I @ a7 g (5.3)
Qx[71,12]

i=1

+/ 1o G(lul® u(x, 71))dx + // ' G(Jul*""u) dx dt,
Q

Qx[11,72]

where y is a sufficiently large constant depending only on A, N, p.

Proof Consider first 0 < 71 < 1p < T. Test the mollified weak formulation (4.4) with

¢ = fulx, D)nx)&@),

where 7 is as in (5.2) and £(t) = @(¢)Y¥ (¢), being ¢ as above while v is the trapezoidal
function

0, r<1m

st — 1), t et +6]
v(i)=11, te(t1+6,0—9)

1-86't—10+38), te[n—235 nl

0, > 1.

Then, owing to (5.1), the chain rule for weak derivatives shows that ¢ can be used in the
mollified weak formulation which reads

/ [AGx, - u, Vidln - Ve + 3, [lul* ' ulpg dxdr
ar (5.4)

T
- / / luol*~uo f )n(x)E (1) ke~ F dxdr = 0.
o Ja
Next we want to perform some estimates in the diffusion term of (5.4) so that we can pass

to the limit # — 0. Noting that f(u) = g(u|®'u) that g is increasing and using (ii) in
Lemma 3.2, we have

a—1, _ a—1
(|ul*u h[lul W) ) — (ul = ulnE (5.5

+ nEg([ul®  uln) 3, [ul* ™ ul
> ngd (G([Jul* " uln)),

where in the last step we have also made use of a chain rule for Sobolev functions. The
validity of the chain rule in this particular case can be verified by approximating [|u|*~'u]},
using convolutions with standard mollifiers, integrating by parts and using the classical chain

d[ul* ulpp =
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rule, and passing to the limit. Combining (5.4) and (5.5) and moving the time derivative to
the test function we end up with

/Q [AGx, - u, Vi)ly - Vo — ndEG ([lul® " uly) dx dr

T
- / f Juol* o f @) ()& (1) e~ dxdr < 0.
0 Q

We now want to pass to the limit 4 — 0. The last integral will vanish in this limit due to the
dominated convergence theorem. This can be seen by noting that |ug|*'ug f (1) is locally
integrable and the term £(¢) Ee_/"’ remains bounded independently of / since & vanishes for
times less than 71. In the other terms passing to the limit 4 — 0 poses no problem and we
recover the corresponding terms without time mollification. Thus we have

// A(x,t,u,Vu)-V¢ — 778,5G(|u|0‘71u)dxdt <0. (5.6)
Qr

In order to estimate the integral of the elliptic term we first note that we can exclude the set of
points where f’ ou is ill-defined. Namely, there is an at most countable set S C R where f” is
not defined. Since Vu vanishes almost everywhere on any level set we see that Vu vanishes
almost everywhere on u~1S. Due to (1.3) we have that also A(x, ¢, u, Vu) vanishes almost
everywhere on u~!S. Denoting E = Q7 \ u~'S we thus have

// A(x,t,u,Vu) - Vodxdt = // A(x,t,u, Vu) - Vedx dt 5.7
Qr E

For any point in E where f” o u # 0 we can use the structure conditions (1.2) and (1.3) and
Young’s inequality to make the estimates

A(x,t,u,Vu) - Vo =&nf w)A(x,t,u, Vu) - Vu + & f)A(x, t,u, Vu) - Vn
N N N -1

= eAT1 Y Joul fan = A Y (X 10ul) T LF @l

j=1 k=1 j=1

N N N pp—1

= e Y 0ul” £ wn = e 30 (D10 ) @il olng ol [T s o

j=1 k=1 j=1 s#k

N N |
> 2078 T 0julPT f W — (AN P XivurorE D LI f @) =P g |PE
j=1 k=1

At the points of E where f’ ou = 0 we obtain the same estimate as above, however without
the terms containing f(u), due to (5.1). Thus, choosing y = max{2A, c(A, N, p)} we have
at every point of E that

N N

1 . _ L
€D 10ullT £ @n = At Vi) - Vo £y Xy D 1F @I F G0 a1,
j=1 k=1

where the last term is interpreted as zero whenever f o u = 0. Note that at the points of E
where f ou # 0, the last term is well-defined due to (5.1). The first two terms of the estimate
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are integrable, and the last term is nonnegative, so we can integrate over E to obtain

l N
— :ulPi f’ dxdr
yf/f;' ul? o d

< // A(x,t,u, Vu) - Vodxdt
E
N

1
o] Xivusin S LF@IP /G P o |7 dedr (5.8)
EN{fouz0)

k=1

where potentially the last integral could be infinite. In the first integral we can exchange E
for Q7 with the understanding that Vu vanishes a.e. on the set where f(u) is ill-defined so
that the integrand can be interpreted as zero on this set. Similarly, for the last integral we
can replace E N {f o u # 0} by Qr since apart from a set of measure zero, the integrand is
well-defined when Vu # 0 and f o u # 0. With these modifications we combine (5.8) with
(5.7) and (5.6) to obtain

1 N
— diulPi f’ dxdr
Vf/msg julPi f (u)ndx

N

1
=7 f/ XewussyE NGOV 1) P (3 1P dx d
Qr k=1
+ // n0:EG(lu|* 'u)dx dr. (5.9)
Qr
Note that the function & = @1/ converges pointwise from below to ¢ x(r,,r,) a3 8 — 0. Thus,
the monotone convergence theorem allows us to pass to the limit § — 0 in the first two

integrals of (5.9), taking the limit inside the integrals obtaining the corresponding integrals
in (5.3). In order to treat the last integral in (5.9) we note that by the definition of £ we have

// n0EG(Ju|* 'u)dx dr
Qr

1 7146
:// r]go/l/fG(Iulo‘*lu)dxdt—i—f/- /Wc(mw”u)dxdt
QT 8 T1 Q

1 [
—f/ /an(IuI“’lu)dxdt. (5.10)
8 Jon—sJa

In the first integral we can take the limit § — O inside the integral due to the dominated
convergence theorem, and v gets replaced by x (s, ,) thus obtaining another term appearing
in (5.3). The continuity property of |u|*~'u established in Lemma 4.1 can be used to prove
that the map ¢ — 17G(|u|"“1 u) (-, 1) is continuous into L' (§2). From this it follows that

1 T1+6
7/ /ngoG(|u|“_1u)dxdt—>/n<pG(|u|“_1u)(x,r1)dx.
8 T Q §—0 Q

The last integral in (5.10) can be treated in a similar manner. Thus, passing to the limit§ — 0
in (5.9) we recover (5.3). We proved the result in the case 0 < 71 < 72 < T. The result in
the full range 0 < 71 < 72 < T now follows from the continuity properties of |u|* 1y and
the appropriate convergence theorems by considering the limits 1y — Oand 7o — T. O

@ Springer



Boundedness, ultracontractive bounds and optimal evolution... 201

When the function f appearing in the previous lemma is chosen appropriately, we recover
the classical energy estimates.

Lemma5.2 Let u be a weak solution in the sense of Definition 3.1. Let k € R, n €
CP (20, 11) as in (5.2) and ¢ € C®(R; Rx0) be a function vanishing near the origin.
Then we have

N
Z// 10;[(u — k)n]|Pi pdxdr + sup / (T — kT )2npdx
=1 Qr Qx{t}

7€l0,T]

N a
520/] = k)17 |”f<pdxdt+C// (T = kT2, drdr,
j=1 Qr Qr
(5.11)

for a constant C depending only on the parameters a, N, p and the constant A appearing in
the structure conditions (1.2-1.3).

Proof We prove the lemma in the case of the positive part and comment in the end how the
proof can be modified to treat the negative part. We apply Lemma 5.1 with the function

F) = (s =k,

which clearly satisfies the assumptions of the lemma. With this choice of f we have
1_ 1_
F1©) = xps=k. 86 = FUsla™s) = (sla s — k)4,
and we moreover choose G as the integral function
T
G(1) = / g(s)ds.

k&

A simple calculation verifies that

G(|ul*""u) = bglu, klxp=r)-

Therefore, (5.3) in this case takes the form

1Y ,
/ N9ba [, k1 x(usk) dx + —/ f > 10iul” Xpuskyne dx d
Qx{n} Vo JaiD

w2 al S
= )// f Z(M - k){l)»l |3i77"" |pi(/)dXd[ +/ n(pba[u, k]X{u>k} dx
0 IR Qx{r}

(23
+/ fqo/ba[u,k]xw>k}dx dz. (5.12)
T1 Q

We let 71 | O and the second integral on the right vanishes because of the properties of ¢,
the integrability of # and dominated convergence. Noting that 0 < n; < 1 we estimate

19 [ — k)P < eld; (u — k) [P P+ c(u — b)Y 18;n|”"

< cldi(u — k)17 + c@u — )Y i ) PPV i e | P ] [ s Ges) o
S#I

T
< cldul P xpusiyn + c(u — k)Y |dnri |77
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Combining the last estimate with (5.12) and noting that we may replace 9d;¢ with its positive
part we end up with

N
> [[ atw=oiarpardr+ [ bt b ds 5.13)
=17 /S

Qx{t}
N
. 1
<X [[ w=ninsrararve [ batkixuman@ie dxar,
i=1 7% d

Note that we can replace b, on both sides with the appropriate quantity using (3.3). We
can also estimate the right-hand side upwards by replacing 7 by 7. Since both terms on the
left-hand side are nonnegative, we can bound each term on the left-hand side individually
by the right-hand side. Taking the supremum over 7 € [0, 7] and adding these estimates we
end up with (5.11). In the case of the negative part, one instead chooses f(s) = —(s — k)_
and the rest of the proof is analogous. O

Definition 5.3 (De Giorgi classes D(p;, o, Q7)) We define D(p;, o, Q27) to be the set of
measurable functions u : 27 — R such that

weLP (0, T; WoP@)nLE.(Qr),

loc

which satisfies the inequalities (5.3) for each such f, g : R — R.

Definition 5.4 (De Giorgi classes A(p;, a, Q7)) We define A(p;, o, Q27) to be the set of
measurable functions u : Q7 — R such that

we LD (0. T: WoP (@) N L (Qr).

loc

which satisfies the inequalities (5.11) for each such ¢ and k € R..

Starting from this definition, we prove in the following sections some fine properties of
functions in the aforementioned classes. Local boundedness, semicontinuity for functions in
A(pi, @, Qr) and global boundedness, properties of the mass and compact support for inte-
grable weak solutions of the Cauchy problem, being in D(p;, o, S7). In particular Lemma 5.1
shows that weak solutions to (1.1)—(1.2)—(1.3) in the sense of Definition 3.1 are elements of
D(pi,a, Qr), and Lemma 5.2 shows the inclusion

D(pi,a, Qr) € A(pi, a, Q7).

6 Local boundedness

In this section we prove the local boundedness of weak solutions. Our proofs are based
on De Giorgi type iterations combining the energy estimates obtained in Lemma 5.2 with
the Sobolev embedding of Lemma 3.10. Throughout the section we will use the space-time
cylinders defined in Sect. 2, which turn out to be convenient in our setting.

As mentioned in the introduction, there are two ranges for p which require somewhat
different proofs, and in the range corresponding to small values of p we also require some
extra integrability of the solution. For clarity the two cases have been presented in separate
subsections.
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N(a+1)
N+a+1

6.1 The casep >

In this section we focus on the case in which p satisfies the following lower bound:

N +1)
> .
N+o+1

(6.1)

The proof of local boundedness in Theorem 6.1 below is somewhat different in the cases
pN > a+ 1and py < o + 1, where py indicates the largest of the exponents p;. In fact,
in the former case the condition (6.1) is not explicitly used in the argument, however in this
particular case (6.1) must necessarily be true due to the lower bound for the parameters p;.

Theorem 6.1 Let u € A(p;, o, Qr), where a and p; satisfy (1.5). Suppose that (6.1) holds.
Then u is locally bounded and for any cylinder of the form Q,(x,, t,) compactly contained
in Qr and every o € (0, 1) we have the explicit bound

PN (Nt p ToieTTh
esssup u < max {17 C((l —o) ¥ (N-‘rp)# uidxdt) N(p(l+ ;1)—,") }7 (6.2)
Qor(x0,10) Or(x0.10)

where P = max{{ps}i\/:l U {a + 1}} and c is a constant depending only on A, N, p, «. An
analogous lower bound in terms of the LY -norm of u_ holds for the essential infimum.

Proof We introduce a sequence of space-time cylinders as follows:
ri=ro+(1=0)277), Qj:=0,x01)=K;xTj. (6.3)
Here, K ; denotes the rectangular region in space, and T; denotes the time interval. Choose

1 11
functions ﬂj- € CP (x5 + (—rj"x , rj_”s ); [0, 1]) such that nj, =lonx)+ (—r./.”jr] , rj"il) and
|n;’|17x <cr (1 — o) PN2PNT

Furthermore, we define

N
ni () = [ [ n} o).

s=1
Similarly we take ¥; € C*°(R; [0, 1]) such that /; = 1 on (t, — Tj41, %] and ¥; (1) =0
fort <t, — %(tj + 7j41) and
Wil <er™t (1 —o)712/.
Furthermore, we set

2
0= — , 1} =
ol_i_lmax{p;\/ o+ 1}

_2p ( 1 n 1 )
S\ e/
In the case py > « + 1 the upper bound of the exponents p; in (1.5) guarantees that y > 1.

In the case py < o + 1 we can use the lower bound (6.1) for p to deduce that y > 1. At this
point of the proof we need to distinguish between the cases « € (0, 1) and & > 1.
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Case a € (0, 1). We define the sequences
i %1 —j 2
,:_//Q T~k ) dxde, kj:=k(1 —277)aT, (6.4)

for j € No, where k > 1is a number to be fixed later. Note that Y; is finite for every j since
ue LII;)C(QT). We may use Holder’s inequality to estimate

& _1
Yip1 = [// (u% k]jl)gydxdt] 1011 N{u > ki)' 7. (6.5)
0j+1
We will use the shorthand notation
axl apl el
¢=( 2 —ki), = @—k) . (6.6)

where the last estimate follows from the left inequality in (3.4) and the fact that 2 /(e +1) > 1.
In the following calculation we estimate the integral in (6.5) by using the relation between
y and 60, and apply Holder’s inequality with Q = N /(N — p) in the integral over space.
We estimate one of the integrals in space by its supremum for all times in 7, use the
estimate in (6.6) in the other integral and introduce the functions n; and ¥; while expanding
the set of integration, which allows us to use (3.7). Finally, we estimate both of the resulting
factors using the energy estimate (5.11) and use the bounds for the functions 1, ¥; and their
derivatives. All in all, the calculation takes the form

= 1 5 1
/:/ 217(N D"H)dxdt< / (I’%Q/dx:l Q/[/ d)%de]th
OQj+1 T/+1 Kj+i Kj+1

<[ / W k)24 [ﬁf / ( ) d 4
< | sup u —k x] u—kitr x]
Tjt1 7K1 AR Tj+l Kjt I
el el 5
f[s}‘pfk (2 —k,+1)+n,wjdx /w, / [ —kjr1)+n,1P dx]” dr
J J
axl 4l g % o 2
=c I:Sup/K (” 2 _kj+1)+n]1//j Z/:/ [0s[(u — k- 1n; I Y1//1(31)‘7(11‘:|

s=1
N+p

1
1)+n1(atW1)+dthj| N

o(+

L o
f/ S -y P 1Py +

/5—

11N(N+P) N+p
2j atl d N
=c N+p pN(N+p) Z(” - J+1)+ (u : ]+1)+dx t] ’
r v (1-o0) Qjs=1
(6.7)
To treat the terms in the sum in the last integral we note that
atl atl atl 2pg

(u — kj+l)iV = uls X{u>kj1} = (w2 — k] 2 + k] 2 )T X{u>kji1} (68)

+ o P
A o
<clw?z —k; )+ X{u>kj1) + ck 'SX {u>kjy1}

<c'T — T)+ + (1 4+ k) Xtk
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where in the last step we use Young’s inequality and the definition of 8. Similarly, since
0 > 2 the last term in the integral on the last row of (6.7) can also be treated using Young’s
inequality:

atl atl i
(u _k21)+—(”2 =k 7%+ Xtusky)-

We have also used the fact that k; < k;; 1. Applying these estimates to the terms in the last
integral in (6.7) and recalling that k > 1 we obtain

- PN (N+p)

25(L L 20N Nip
fQ K P+ dxdr < c g )”N%’”( F kP10 N > k)
J+ — 0
(6.9)
‘We now note that
1
(T — k%)e
QN {u > kj}] < f[ L dx < kP20 Dy, (6.10)
Qin{u>kji1} Z _ ij)G
Combining this estimate with (6.9) and (6.5) we end up with
_(N+p) (N+ 1 1+
Vi1 <o A (1= o)~ P ’bfy b 6.11)

where ¢ and b only depend on the parameters. We are thus in a position to apply the result in
Lemma 3.14 with the choices

_ (N+p) _PNWN+p) 1 D
C=cr W (—o)y o Pl 5P
Ny
where c is the constant from (6.11), provided that
D (N+p) I’N(}y+ﬁ) L_P( -1
Yo<C b 2 =cr 7 (1—0) 7 4 (6.12)

Since

Yy < f/ uidx dr,
Or(xo,10)

(N+p)
and since |Q (x,, tp)| ~ 1 s we see that (6.12) is satisfied provided that

» <N+p> —
k> c((l —o) # uidxdr) V@A) (6.13)
Or(x0.10)

for a constant ¢ depending only on the parameters. The conclusion of Lemma 3.14 is that

f/ (T — k) dedr < ¥; - 0,
Oor(Xosto)

which shows that the integrand above is zero almost everywhere, and hence

esssup u <k.
Qor(Xo,10)

Recalling that the only bounds on k used in the argument are (6.13) and k > 1, we have
verified (6.2).
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Case a > 1. Define instead

atl

Y; ::/ w—kpPdedr, kj:=k(1=277), ¢:=@—kjin . (6.14)
Qj

By Holder’s inequality we obtain

1
V= [[ oravar<[ [ oaxar] 10 0t k'
Q; Qj+1

Using Holder’s inequality as in (6.7) we in this case end up with

iy
/ ¢0V dxdr < [supf (u — j+l)gér+ldx f / (u — JH)Jr dx] dr.
Qj+1 Tjy1 v Kjt1 Tjt Kjt1

We can use Lemma 3.6 (ii) to estimate the first integral on the right-hand side, and for the
second integral we use (3.7) as before. The resulting estimate takes the form

/ %7 dx dt
Qj+1

Zj PN (N+p) N+p
N
<c D // Z(u ki DR+ balu, Kjy1 X (us k) dxdz]
rv (1—o0) Qj —1
(6.15)
Using Young’s inequality and the fact that k1 > k; we have
—kjp )T < =k + xuskj)- (6.16)
Using Lemma 3.6 (i), Young’s inequality and the fact that k > max{1, k;} obtain
a+l
borltt, kj I Xquskyr) < c(u® — kS )"
=< C“a+1X{u>kj+1}
< (= kDS + K Xk
<cu—kp)Y + ck” xusig)- 6.17)

Utilizing (6.16) and (6.17) to estimate the right-hand side of (6.15) we again end up with
(6.9), however with the current definition of ¢ and Y;. Instead of (6.10) we in the current
case can estimate

(u—kp* —PHjP

1Q; N{u>kjii} < 5 dxdr <ck”"2/7Y;. (6.18)
0;ntuskjsi) Kjv1 —kj )P

Therefore, we again end up with (6.11) with our current definition of the sequence (Y;).

The rest of the proof is the same as before, and noting that the value of Yy is the same in

both cases, we end up with the same bound for the essential supremum as before. Analogous

arguments give rise to a lower bound in terms of the L* -norm of u_. O

By iterating the previous result we can actually get a better bound for the essential supre-
mum. In order to proceed we first note that by the upper bound for the exponents p; in (1.5)
and the inequality (6.1) we have

P>P—5(p(+ %) = P) = i@, N,p).
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Moreover, by the definitions of A(«, N, p) and P we see that
Aa, N,p) = P—(a+1)+N(§—1) > 0.
Now we can formulate the following.

Theorem 6.2 Let u € A(p;, o, Q7), where a and p; satisfy (1.5). Suppose that (6.1) holds.
Then for any Q2,(x,, t,) compactly contained in Qr and any v € (A(a, N, p), P] we have

1
esssup u < c((# uly dx dt) R l), (6.19)
Or(xo,t0) Q21 (x0,10)

for a constant ¢ depending only on a, N, p, A, v.

Proof Let v be as in the statement of the lemma. Note that the case v = P is contained in
the previous theorem, so henceforth we may assume v < P. We define

ri=Q=2"r, Q=0 (X0, o).
Using (6.2) with o = r;/r;4| we obtain
p
m - ﬁ
M] = esssup < C(2J ? (N+P)# Midxdt) N(F(|+%1)*P) +1
Qj+1

J
p(P—v)

5
NGO+ -P) (PN (N1 PR
< e[ TR (7 !, dxde) NOHDD
0Qj+1

Since A(a, N, p) < v < P, we see that the exponent of M| in the last expression belongs
to the interval (0, 1). Thus we can use Young’s inequality to obtain

M; <&My +c(e)b! (#
0

where we have also used the fact that O ;1 is contained in Q2. (x,, #,). Here we emphasize
that the constant c(¢) depends on ¢ in addition to the parameters v, «, N, p. The constant b
depends on v, «, N, p. By iterating the last estimate we end up with

n—1 n—
My < "M, + c(¢) ( Z(eb)k> (# u’, dx dt) R + Z ek,
k=1 o

2r (Xo0,0) k=1

1
v—A(a,N,p)

uidxdt) +1,

2r (Xo,t0)

Choose ¢ so small that eb < 1. Then the sums in the last estimate converge as n — 0. Since
the sequence M,, is bounded due to the local boundedness of u, the first term vanishes in the
limit n — oo, and we end up with (6.19). ]

N(a+1)

6.2 Thecasep < N a+T

We now turn our attention to the range

N(a+1)
" N4a+1’

(6.20)

S

and recall that we also require (1.7) in this case. In previous section condition u € LY Q)
joint with (6.1) implies (1.7) so there is no need to make this assumption. The argument
consists of two parts. First, we obtain local boundedness without an explicit bound. Once
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local boundedness has been established, we follow the approach of DiBenedetto in Section
V.10 of [24] to obtain an explicit estimate for the essential supremum.

Lemma 6.3 Let u € A(p;, o, 1), where a and p; satisfy (1.5). Suppose that (6.20) holds
and that u satisfies the extra integrability condition (1.7). Then u is locally bounded.

Proof Let (x,,1,) € Q7. Choose r so small that Q, (x,, t,) is compactly contained in Qr
and take o € (0, 1). We show that u is bounded from above on Q,(x,, #,). By the definition
of m in (1.7) we have

2m 1 1
- > 2N (= - )z2 (6.21)
oa+1 p o+l
where the last estimate follows from (6.20). We also define
2-p(h+a) v rah) o
= , = ——> € (0, 1].
a 21 = " 4

The lower bound for ¢ follows from (6.20) and from this we deduce the range of w. Define
the cylinders Q ; as in the proof of Theorem 6.1. In the rest of the proof we need to distinguish
between the parameter ranges « € (0, 1) and o > 1.

Case o € (0, 1). Choose

+1 a+l

atl .2 a ars
,._//Q (T —k 2) dedr, kj:=kQ2-27)aT, ¢=u? —k;>),.

We require £ > 1 as before. Define the functions n; and v; and ¢ as in the proof of
Theorem 6.1. If strict inequality holds in (6.20) then ¢ > 1 and we have by Holder’s inequality

Yii1 = / > dxdr = / »* >~ dx dr
Qj+1 Qj+1

1 q=1
/ 21 dxdt)q ( / p21-Wat dxdt) C
Qj+1 Qj+1

1

( ¢
(/ o ¢2§(1}’+°tlrl)dxdt);(/ o ¢dedt)%
( ¢

/ DA et // " dxdr) T (6.22)
Qj+1 Qo

If instead (6.20) holds with equality then ¢ = 1 and the previous estimate is seen to be
valid without applying Holder’s inequality. We note that the estimate (6.7) is valid for the
first integral on the last line, despite the different definition of k ;. The upper bound for the
exponents p; in (1.5) together with (6.20) show that p; < « + 1. Therefore, similarly as in
(6.8) we have

IA

IA

a+l

i
w—kjs)f <c@ —k;° )3+ el K Xk 1) (6.23)

Combining this with (6.7) we obtain

// 2PN TED dx dr
Qj+1

pN( +p) . pN(N+P) N+p

2/ (Y; + kP05 N{u > kjp}l) ™,

<cr _7(1 —0)”
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and reasoning as in (6.10) we have
1Q; N{u > kjp}| <22k~ @Dy,
Noting that in the current parameter range py < « + 1 and recalling that £ > 1 we can now
combine the last three estimates to conclude that
_N+p PN(N+P) N+p

Yigr<cr o (l—g)™ av quJY a (6.24)

where I denotes the integral over Qg appearing on the last line of (6.22) and b is a constant
depending only on N, «, p, £. Note that boundedness from above is obvious if / = 0, so we
assume henceforth that / > 0. By the definition of ¢ and the lower bound for £ we see that

N+p (N+p 02 -1 N+p Py + &1)
qu:( Np)g/z_ﬁ(%_FrJlrl):( Np>(]+g/2_p(£+$))
N+ 7 Py + ) !
-G )

Thus, the sequence (Y;) satisfies the recursive estimate of Lemma 3.14 with

pN<N+p> g-1 N+ p
Cecrd(l—0)" Y P
gN

By Remark 3.14, the sequence (Y;) converges to zero provided that

—1>0.

atl N+p PN (N+D) N(g—1)
// T — k" o ) dxdr =Yy <C~ sb 52 = cr N¥r=4N (1 — o) N¥p—=4N | N+p=4N
Or(x0,10)

The integral on the left-hand side vanishes in the limit k — oo by the dominated convergence
theorem and the expression on the right-hand side is independent of &, so the estimate must
indeed hold for large k. Thus, we have

a+1

// u s =2k )+dxdt<Y — 0,
Qar(xoxto)

which implies that u < Zﬁk a.e.in Qg (x,, t,) for some sufficiently large k.
Case a > 1. We define

. atl
Yj = // —kp%dede, kj=kQ—-277), ¢=@—kj, .
Qj

With these definitions we get an estimate which looks identical to (6.22). We can estimate
the first integral on the last row of our version of (6.22) using (6.15). Since p; < @ + 1 we
may estimate

= ki) < =k + Yk (6.25)
Reasoning as in (6.17) we have
B[4, kj 11 tus k) < € — k)T 4 ek Xk - (6.26)

Combining (6.22), (6.15), (6.25) and (6.26) we end up with

PN N+

_N+p PN(N+P) 1 N+p
Yijp<cr & (1-o0) ‘IN I g b/(Y kot [Q; N{u > kji1}]) V. (6.27)
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Reasoning as in (6.18), with P replaced by o + 1 we have the measure estimate
1Q; N {u > kjp1}| < ck~@FDoi@ Dy, (6.28)

Combining (6.27) with (6.28) we obtain an estimate of the form (6.24) with the current
definition of Y;. The rest o the proof follows a similar type of reasoning as in the case
o € (0, 1) with minor modifications. O

Knowing that solutions are locally bounded we now proceed to prove an explicit upper bound.

Theorem 6.4 Letu € A(p;, a, Qr), where a and p; satisfy (1.5). Suppose that (6.20) holds
and that u satisfies the integrability condition (1.7). Then u is locally bounded in Qr and if
Q2 (x0, t,) is compactly contained in Q2 we have the following explicit bound:

1
N (at1-p
esssupu§c<<# u’_ﬁdxdt)m p@ri=n +1>,
Oy (x0,10) 021 (X0,10)

for a constant ¢ depending only on N, a, p, A and m.

Proof We first derive a bound on cylinders of the form Qg (x,,t,) when o € (0, 1) and
0/ (X0, t,) is compactly contained in Q7. Define the radii r; and the cylinders Q ; as in (6.3).
By combining (6.21) and (6.20) we can introduce a positive parameter as follows:

b= (a'zi"l)(g—Zp(;’—i-%)) > 0. (6.29)

At this point of the proof we need to distinguish between the cases & € (0, 1) and o > 1.
Case a € (0, 1). Define k; as in (6.4) and note that

apt ey
Yjy1 = (> —k;7,) dxds
Oj+1
Lo 25+
<||u+||Loo(Q0)// z = -+1)+ A dxdr.

We can use (6.7) to estimate the last integral expression to conclude that

p (N+p) _
NSRS N+j

||u+||‘ioo(QO) o+l atl N+p
atl ) N
Yij1=c i oa (V) // Z(” kjr)E 4 (w2 — k;i1)5dx dt] .

NP
¥ (1 —-o0) Qj —1

Making use of (6.23) and reasoning as in (6.10) we end up with

afl o
//Q Z(“_ j+l)+ ( 2 —kj+l)+dxdt

Js=1

4 o axl
5622][/ (F — k7 )2 drdr
QjNu>kji1}

) u'z — k.2 )t
= 2% / / (—aﬁl*dxdt
Q;N{u>kji1} (u afl ij)l!z
< ck=“FHEly;,
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Combining the last two estimates we obtain

PNIN+P)  (a+1) (N+p)
N k 2 " N

_N+p - vt
Yi1 < clluslfoogpr™ ¥ (1=0) CDply TV (630)

where the constants ¢ and b depend on «, N, p, £. From Lemma 3.14 we see that (¥;)
converges to zero provided that

— Ny N+p PNWNAD) (@) (N+p) (p_
// uldxde =Yy < c||u+||Lgop(Q0)l‘ P (l—o) 7 ko7 TP
0Or(x0,10)
which holds if

2p
__ 2N e IO
k=l o g, a0y (1 — 0) @ED (ﬁ; u'gdxdz>< W 6 3])

Oy (x0,10)
where
2Nv N 1 1
= = C—2p(— 4+ ——
¢ (N+p)a+ 1) -2) (N+13)(E—2)< p(N+a+1))

N ( 2—2ﬁ($+%ﬂ))
T N+p =2 '
If (6.20) holds with equality then the numerator in the last fractional expression vanishes

and ¢ = N/(N + p) < 1. If instead (6.20) holds with a strict inequality then also the last
inequality in (6.21) is strict and we may estimate

. N( 2—2ﬁ(ﬁ+a$1)>=1.

SN NG - ) -2

Thus, we have confirmed that in any case ¢ € (0, 1). We have showed thatif (6.31)and k > 1
hold, then

a+1

// (uT—kaTH)i_dxdthjeo,
Qor(Xo,10)

which means that # < k in the cylinder Q,(x,, t,). Thus,

C”u+”i°°(Qy(xo 1)) m W—fﬁ)(i—b
Lo (oot = ————— 50— f f ”+dth> 1
(1 _ O.)W 0O (x0,10)

Since ¢ € (0, 1), we may use Young’s inequality on the right-hand side to conclude that
122 (0o (xort0)) = Nttt 2001 (x,10))

1
) A N 1=
+c(e)(1 — o)~ @200 (# u dx dt) peti=n 4 .
0r (x0,10)

where we may choose ¢ arbitrarily small. Now an iteration similar to that performed in the
proof of Theorem 6.2 leads to the desired estimate.
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Case a > 1. Define k; as in (6.14) and note that by (6.29) and (6.15) we have

£ (N+a+1)
Yj+1 Z:// (u —kj_H)ﬁdxdl < ||u+||zoo(QO) // (u _kj+1)—1|\—l dxdr
Qj+1 Qj+1

. PN (N+p) _
- N N+p

|Iu+”zoc(Q0)21 N N Ps N
=5 o NP [//Q Z(u —kjy1)y + ba[u,kj+1]X{u>k_,-+.}dxdl]
N

r v (1-o0) Js=1

(6.32)
We reason as in (6.17) to obtain
bolu, kjt1lXuskjy < clu — kj)‘fl)({wkm} + Cka+lX{u>kj+1}- (6.33)

As noted in the proof of Lemma 6.3 we also have p; < o + 1 in the current parameter range.
Therefore we may use Young’s inequality to estimate

= kD < (= kDT + Dixussp)- (6.34)

Using (6.33) and (6.34) we can estimate the integral on the last line of (6.32) as follows:

N
/ / S = ko) + Bl 1ty dx de
(]

Js=1
5(:// (u—kj)?frl—l-kaﬂdxdt
QjNu>kji1}

- C// (= kS kM — k)™ ) — kj)" dx dr
QjN{u>kjq1}

= Cff ((kjr — kDS + K (kjy — k)™ (u — k) dxdr
O iMu>kji1}

< ckoti=mpimy, (6.35)

where we also used the fact that« + 1 —m < 0. Combining (6.35) and (6.32) we can recover
(6.30) with the current definition of the sequence (Y;), albeit with a somewhat larger number
b compared to the previous case. Since the value of Yy is the same as in the case @ € (0, 1),
the rest of the proof follows through with minor modifications, resulting in the same upper
bound as before. m]

7 Semicontinuity and critical mass lemma

In this section we show a measure theoretical maximum principle for functions in
A(pi, @, Qr), usually referred to as De Giorgi-type Lemma, or Critical Mass Lemma. As a
consequence, the elements of A(p;, o, Qr) are lower-semicontinuous. For convenience, we
formulate the result for solutions defined in a neighborhood of the origin, but evidently the
result is translation invariant.

Lemma 7.1 (De Giorgi-type) Suppose u € A(p;,a, @ x (=T, T)) and suppose that p > 0
is so small that

N 11
Qp =K, x(—=p,p) = ]_[(—p”f 7)) X (=p, p)
j=1
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is compactly contained in the domain of u. Let a € (0, 1), M > 0 and suppose that u~ and

* satisfy

w~ <essinfu, pu™ >esssupu.
Qp o

Then there exists a constant v~ € (0, 1) depending only on a, M, u~ and the data (and
independent of p) such that

Hu <pu”™ +MINQ, <v7|Q,l = u>u" +aM ae. in Q). (7.1)

Similarly, there exists a constant vt € (0, 1) depending only ona, M, u and the data (and
independent of p) such that

fuzpt =MinQy =v¥Q,l = uszput—aMaeinQyp.  (12)

By Lemma 7.1, the function u satisfies property (D) of [42] and therefore we obtain the
following pointwise behaviour as a corollary.

Corollary 7.2 Let u € A(p;, a, Qr), then u has a lower-semicontinuous representative.

Naturally u also has an upper-semicontinous representative. The corollary implies that the
corresponding semicontinuous representatives of u actually satisfy the pointwise bound (7.1)
or (7.2) for every point in the intrinsic half-cylinder.

Proofof Lemma 7.1 We prove (7.1), the other case being similar. The only delicate passage
is that to have (7.1) it is only needed that the function u is bounded from below, whereas in
order to prove (7.2) the function must be bounded from above. In our case u € A(p;, o, 2 X
(=T, T)) and therefore by Theorem 6.1 and Lemma 6.3 it is locally bounded.

For n € Ny we define the following sequences of real numbers and sets:

= g(l +2™), kpi=p  +aM+ (1 —a)27"M,
[Anl
|Onl’

1 1 1 1
We also choose functions 5, € C3°((—pi” , pi”° ); [0, 1]) such that i, = Lon (— ,on+1, ,on_H)

and ¢, € C3°((—pn, pn); [0, 1) such that ¢, = 1 on (—pu 1, Puy1) and

On =K, x1T, 1_[( pn spn )X (=pn, pn), Ap={u <k JNQy, Y, =

1
IS/l < c2"p w5, Jgh| < c2"p7 L. (7.3)
Since
|Q,0/2 N{u <pu™ +aM}| < |Qp|Yn»

for all n, it is sufficient to show that for sufficiently small v = v(a, M, u~) the measure
estimate in (7.1) implies that ¥;, — 0. For this purpose, we use Holder’s inequality:

(1 —a)M27" V1A, 1] = (kn — kg ) Ant |

f// (u — ky)_dxdt
Apt1

N
1 __N
<[] w—k P a4 a4
Apt1
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The integral in the last expression can be estimated using Holder’s inequality as

_l —-
// (= k)" VP dxds
Apt1
ya . %
<[ [ ek penar] [ [k ax]
Tn+1 Knt1 Kt

P )
< [sup/  — k) X{u<knﬂ}dx]”f [/ (= k) dx]” dr.  (15)
7;x+l K:n-H 7;,+1 Kn+1

If « € (0, 1), the integrand of the first integral on the last row of (7.5) can be treated using
Lemma 3.5 (i) as follows:

(= k)2 < (|l + V)" ™ Ba [, kndxtu<ky) < €L balt, knlXfu<hn)»
where L := max{|u~|, |0~ + M|}. If « > 1 we instead use Lemma 3.6 (ii):

(u — kn)z_X{u<kn+1} =(u— kn)L_a(u - kn)oi+1X{u<k,,+1}
< (k= kn 1) — i)™
<c(l—a)' ™Mo 2" Dby [u, kX (k-

Thus, for both parameter ranges there is a constant ¢ = ¢(a, M, u~) such that
(= kn)? Xiusky 1) < E2°" b1t knlX(u<ky)- (7.6)

Combining (7.6) and (7.5), introducing the cut-off functions 7, and ¢,, applying (3.7) and
the equivalent of (5.13) for subsets we see that

_l —
// = k)" VP dx dr
An+1

_ A
< 5%2%[sup/ eltt, kn]Xu<kn}77n§0ndx / / (= kn)—nn)? dX] @ndt
,271 ’C)l

P _apn %

< cCN2N [SUP/ bolu, ky ]X {u<k, }MIn®n dx] / / Z |aj[(u - kn)—"]n”pj(pn dxdt
Kn Ty YK j=1

P o(pn p;N

<ccN2 // Z(” —ky )p/ |8]77n |p7§0n + by [u, kn]X {u<ky) nn(at(/)n)+dth]

7.7)
The terms in the sum on the last line of (7.7) can be estimated as follows:
= k) < MV gk, (7.8)
whereas for the term involving b, we can use (3.3) to conclude that
balu, knlxtu<k,) < cClul™ "+ kD xtusr,) < L Xpust,)- (7.9)
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Using (7.8), (7.9) and the estimates (7.3) for the derivatives of 1, and ¢, to estimate the
integral on the last line of (7.7) we end up with

N p+N

(ap+p+N)n p+N X p+N
f/ A R R (§ M”J—I—L““) |An| TV
An+1 i=1
J=

(7.10)
Combining (7.10) and (7.4) and observing that |A,+1| < |A,| we obtain

N PN _
a1~ . F(NT2 _ PN 1
A1l <c(1—a)~'M 1CN+2(§ MPi +La+1)”( Vb o FNED | A, | T AR
Jj=1

N+p
for some b > 1 depending only on the data. Noting that |Q,| ~ p 7 we see that

[Ant1] BN I O - pi a+l VD nolt s
Yogl = <cl—a)y'M7'ewE (Y MPI+ L b"Y,
[On+1] o
nylt v
=:xb"Y, ,

where b only depends on the data. Noting that ¢ and L only depend on a, M, = and the
data, we see that also x only depends on these parameters. Thus, by Lemma 3.14 ¥,, — 0
provided that
Hu <pu” +M}NQ,l
19l

Due to its definition, it is evident that v only depends on a, M, 1~ and the data. O

__ 1
=Yy < k"W 0+ = v(a, u=, M). 7.11)

8 Properties of solutions to the Cauchy problem
In this section we prove the global boundedness of solutions to the boundary value problem

{ O (lul*"'u) = V- A(x,t,u, Vu) =0, inSr:=RN x (0, T), @1

u(x,0) = ug(x), x RN,

In order to make this precise, we present the exact definition

Definition 8.1 Let ug € LLX¥(RN). We say that u € LP(0, T; WoP(RY)) N LP(0, T;
LIOC(]RN)) is an LP-integrable weak solution to the problem (8.1) if u € ﬂlNzle' (S7), u
is a weak solution on S7 in the sense of Definition 3.1 and |u|°‘_1u(~, ) — |u0|°‘_1u0 in

1+1
Lo (®N)ast — 0.

1
Note that by Lemma 4.1, |u |*=1y (-, 1) is continuous on [0, 7] into Lllota (R™), so the limit of
[ Yy (-, ) as t — 0O exists for any weak solution. We can now formulate the main theorem
of this section. We recall that the quantity p, appearing in Conditions (1) and (2) below was
defined in Sect. 2.

Theorem 8.2 Let ug € LYt (RN) and suppose that u is an LP-integrable weak solution to
(8.1) in the sense of Definition 8.1.
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(1) If pa+1 > o+ 1, then forall @ € (0, T) and q € [ + 1, pu+1] we have

_ N4 T L
esssup u <cf </ / ul dx dl‘) “, (8.2)
RN x[0,T] 6/2 JRN

where .y := N(p — (a + 1)) + g p > 0, and c only depends on the data. An analogous
estimate holds for the essential infimum, with u_ appearing on the right-hand side.
(2) If furthermore py > o + 1 and o € (0, 1) then
v

A

Y
ey < ev 7 ([ woldx) . 83)
RN

forall T € (0, T). Here we are considering the representative of u for which |u|*~'u is
cotinuous with respect to time.

We remark that the lower bound for py1 in (1) is in fact equivalent to the condition (6.1).
Note that in order to obtain (1) we are forced to assume global L%t !-integrability of the
initial data uo, although only local L**!-integrability was needed to formulate the definition.
We also assume that u is integrable to all exponents p; on all of St rather than just locally.
By examining the proof below we will see that this assumption could be somewhat relaxed.
In order to proceed we first prove the following lemma which shows that the integrability
properties of u( imply that also u has stronger integrability than which is apparent from the
definition.

Lemma 8.3 Let u be an LP-integrable weak solution to the Cauchy problem in the sense of
Definition 8.1 with ug € LTV (RN). Then u € L>(0, T; L4tV (RN)) and

s Ol et @y < lluoll et wny, 1€[0,T]. (8.4
Proof Let& € C3°(R; [0, 1]) be suchthaté = 1on[—1, 1]and & = 0 on R\ (-2, 2). Define
1

n;(s) = E(s/rri) andletn € C;’O(RN) be defied according to (5.2). Then n = 1 on K, and
n = 0 outside of Ky,. Let ¢ = 1. Then (5.3) with 71 =0, o0 = 7, f(s) = s+ and

G(r) = /T g(s)ds,
0

imply that

N 1
/ u‘_’,‘_“ndx < CZ// ufflair;"i |Pi dx dt +/ (uo)‘f‘ﬁlr]dx, (8.5)
RN x{t} iz St RN

for all T € [0, T']. Note that we were able to omit the first term from the left-hand side of
(5.3) since it is nonnegative. Also, the third term on the right-hand side of (5.3) vanishes
since ¢ is constant.

Using the definition of n we get an upper bound for the magnitude of the partial derivatives
on the right-hand side of (8.5). Taking into account also the fact that » = 1 on K, we end up

with
N
/ u‘f'ldx <cr! 2// ull dx dt +/ (l/t())‘_)f_'H dx,
K, x{t} izl St RN

for all T € [0, T']. Finally, taking the limit r — oo, the sum on the right-hand side vanishes
since u € LPi(St) forevery i € {l,..., N}, and we obtain an estimate like (8.4) with u
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replacing u and (uo)+ instead of up. The negative part u_ can be treated in an analogous
way and together these estimates imply (8.4). O

In order to prove (8.3) in Theorem 8.2 we need the following lemma.

Lemma 8.4 Let« € (0, 1). Let u be an LP-integrable weak solution to the Cauchy problem
(8.1) in the sense of Definition 8.1 with initial value ug. Then

luC, Ollprwyy = luollpr gy
forallt € [0, T).
Proof We use Lemma 5.1 with @ = R¥ and
@ =6+, gls) = (s + )75V s,
Define
G(s) = /(]Xg(t) dr.

Since o € (0, 1), the function f satisfies the assumptions of Lemma 5.1 for any fixed ¢ > 0.
We take 1 and ¢ as in Lemma 8.3. Then, as in Lemma 8.3 we have

N
/ nG(|u|“—1u>(x,r>dxchf/ LGOI £/ @) = [ 7 |7 dx dr
RY i=1 ST

+/RN nG (luol*~uo) dx. (8.6)
By a direct calculation we see that
flw) =10 -’ +6l@ +6) 5 = (1 —a) @’ +6)77,
and furthermore that
LF@P /@' < (=)' P @ 4 8) 2 ful P < ce” 3 fulP. (8.7)
Using (8.7) and the definition of n we obtain

0 « T
// |f @) |P% f (u) ' =Px| g e [P dxdr < ce”2r ) / / |u|Pkdxdt — 0.
Sy 0 Koy r—00

Thus, passing to the limit » — oo in (8.6) we end up with

/ G(lul*'u)(x, ) dx < / G(luol® " up) dx. (8.8)
RN RN

Using the definition of G we see that for any 7 € [0, T,

e tux,ny .
/ G(|u|“_1u)(x,r)dx=// (Is| + &)~ 2|s|o Lsdsdx
RN RN JO

(e .
:/ / (se +¢&) 2sedsdx
RN Jo

luCe.0)* :
—>/ / so dsdx
e—=>0 JrN Jo

= a/ lu(x, t)|dx.
RN
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where we make use of the monotone convergence theorem in order to pass to the limite — 0.
Thus passing to the limit ¢ — 0 in (8.8) and recalling that 7 is arbitrary gives the claim. O

Now we can prove the main theorem of this section.

Proof of Theorem 8.2 We first prove (1). Let ¢ € [a + 1, py41]. Then A, > 0 due to the
condition py+1 > o + 1. For j € Ny we define

0; =61 —27Uthy ¥ (1) :=min{1,2/ 72071 (r — 6,)1},
S; :=RN x (8;, 7).

We need to distinguish between the cases @ € (0, 1) and o > 1.
Case o € (0, 1). Define the sequences

ot 2y NS
Y; :://S (> —k;> ) dedr, kji=k(1 —270)a,
J

where k > 0 is to be chosen later. Letting » > 0 and using the function 7 defined in the proof
of Lemma 8.3 we can reason as in (6.7) and obtain

axl ‘”1 25(hr+ )
+1 N
/ / - /+1 )+ ¢ dxdr

Oj+1
a+l atl 2 % T L*

5[ sup / (L‘T_k‘Zl) dx} / u—k +1)+ dx dr

[0j11.71/K s 9j+l( [ )

( a+1 ot+|) % T 5 L_*

5[ sup/ W k2 wjndx] f (/ [ =k 1)4+n] dx) dr

107,71/ Ka, AR 0; ~JKay

N T a+l )2

a+l o+l 1+

50[2/ / J+1)+|asnPSIPdedz+2J9 1/ / uT—kjjl)idxdz] N

s=170j YKo Koy

Passing to the limit » — oo as in the proof of Lemma 8.3 we are left with

a a+12 a+l1 1+£
/f (W - ]+1)p(““+”’)dxdt<c2/6 // (5 =k, 2)  dedr)
Sj+1
(8.9)

The right-hand side is finite due to Lemma 8.3. From the previous argument we can also
conclude that Yy and hence every Y; is finite. Namely, it is possible to replace k1 by zero,
and by initially considering a smaller # we see that (8.9) implies that uy € LP*+1(Sp). Since
alsouq € LY (Sp) by Lemma 8.3, we have by interpolation that u € L9(Sy) which shows
that each Y; is finite. Since y := py+1/g > 1 we can use Holder’s inequality combined with
(8.9) to show that

afl ol
A o
Vi = // F ko) drar
Sj+1

i w25+ 4) % -1
T k) dxde] 718540 0 > ki)'
j+l

! Wep

. o at
gc[zfe—‘ /S(u%'—km) dxde] ™ISy 0 (= Kyl
J

_Wp) ity D N el (e 1
<cO VN )N YJ‘I vV [S; ﬂ{u>k+1}|( ) + )
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where in the last step we use Holder’s inequality with the exponent ¢ /(« 4 1). The measure
of the set §; N {u > k;;1} can be estimated as in (6.10):

. 2
1S, N {u > kj1)] < c2lattkty;,

Combining the last two estimates we have

(N+p)

Yipr <0 % kHpIy ¥, (8.10)
where

=gl - SR 41— 4] = g (M),

_ (D (N+p) +1 (N+p) 1 _ _4q
8= q YN + (= 57) Ty T Ntatl®
In principle the constants c, b appearing in (8. 10) depend on ¢, but due to the range of g we
are able to pick c, b that ultimately only depend on the data. By Lemma 3.14, the sequence
(Y;) converges to zero provided that

WN+p) m
Yo <cO N ks,

where the dependence on b has been absorbed into the constant ¢ which thus still only depends
on the data. The upper bound for Y holds iff

, T B
k > co Vo ( / / ul dx dt) NG=GFD+7 (8.11)
0/2 JrN
Thus, if (8.11) holds, we have

T 2q
a+l a+l |
/ / (3 — k)T dxdr < ¥j — 0,
0 RN

which means thatu < konRY x (6, T).In particular, this is true if (8.11) holds with equality,
which confirms (8.2).

Case a > 1. Define
Y= // (u —kp%dxde, kj:=k(1—277).
Sj

In order to prove the finiteness of Y; we proceed similarly as before, except that we use
Lemma 3.6 (ii) to estimate the integral appearing inside the supremum taken over time:

T
p1+%EL)
/ /(u— kjrD)'y dxdr
Oj1 Ky

P
<[ e [ w—kzad / (] w=kunl ar)” ar
(041,71 0jr1 ~JK,
= [ sup / ba[”7kj+l]X{u>kj+1}er/dx:| / ( [(u _kj+l)+7)]p dx)p ndt
[G_j’T] Koy 9j Ko,

N T 1 . 14+4
<[ X[ [ @k oo+ 20 el kb, drar]
s=1""J

Koy
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where in the last step we combine the estimate (3.7) with (5.13). Passing to the limit r — oo
and using (3.3) we are left with

p

p(1+4EL) . atl oo I+§
//S_H(u—kjﬂ)i T dudr = o2 1//S_(u P ki) haxd) T @12)
J J

Reasoning as in the previous case, this estimate shows that the sequence Y is finite. Note
that

R
&

atl 2
(u - k.lil)—}— = ua+lx{“>kj+l} = c((u - k./)?(i-+1 + Ck7+])X{u>kj+1}

+1
< C((u _ k.)OH'l + Ck““%)
a I J (kjt1 — kj)')‘Jrl Kluzkj1)

< ch(a+l)(u — kj)i+lx{u>kj+1}7

and combine with (8.12) to obtain

P4 i(@+2) p—1 a1 1+
=k drdr < (21 (u— k)4 dxdr)
Sj+1 Situ>kj+1}

. atl o+l 1+I;’
gc(zﬂ‘*“)e*lyjq 1S; 0 {u > k! q) v

(8.13)
where in the last step we used Holder’s inequality. Similarly as in (6.18) we obtain the estimate
[S; N {u > kjq1} §c2'/qk_qu. (8.14)

Using Holder’s inequality with y defined as in the case o € (0, 1), we have

1

5 atl - 1
Vi1 < [/f =y drdr 7180 (u > Kyl 7 (8.15)
Sj+1

Combining (8.13), (8.14) and (8.15) we see that our current sequence (Y;) satisfies the
recursive estimate (8.10) with the same values for H and § as before. Since also Y is the
same for both parameter ranges the rest of the proof works with minor changes, giving rise
to the same upper bound as before. This completes the proof of (1).

To prove (2) we note that the condition p; > « + 1 is stronger than py+; > o + 1,
so we may use the conclusion of (1). Take ¢ € [« + 1, p1). For 6 € (0, T) the function

v(x,t) = u(x,t + 6) solves the equation on St_p and v € ﬁlj\’:lL”f (S7—p) so by (1) we
have ’
_Wip) , T £ -
esssup v <ch Aq (/_ / vidxdt) E 6 e, T—0).
RN x[8,T—0] 6/2 JRN

In the previous inequality we set

§ = T, =(T —9)2_j_1, M;= esssup vy,
[RN x[7;,T—0]
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to obtain

_N+p A
Mj<cr; ™ (f / 1 dudr)™
.

Ntp (V) (q 1)P T-6
<c(T—-0) % 2 % / / v+dxdt

N+jp j(N+[1) r—6 £
<eMji+c(e)(T — ) 20 h / / vy dxdt) h
0 RN

where in the last step we use Young’s inequality and the fact that the exponent of M; in
on the second last line lies in the interval (0, 1) since p; > « + 1. Iterating the last estimate
we end up with

2

T-6
Mo <&"M, +c(e)(T —6) A (2(2 * s)f / / v+dxdz '.
RN
Taking ¢ sufficiently small and passing to the limit n — oo we see that

-6
My <c(T —0) Al / / v+dxdz
RN

Rephrasing the last estimate in terms of u we have
_N+p o (T &
ess sup uy <c(T—60) ™ (f / u,y dx dt) !
RN x[(T—0)/2+6,T] 0 JRY

The previous argument works also if we consider # on the smaller time interval (0, t) where
7 € (0, T'] and in this case the choice 8 = t/2 is valid, leading to

_N+p ﬁ
esssup uy <ct * (/ / u+dxdt)
RNX[%T,T] /2 JRN

Similarly, we may estimate the essential supremum of #_ and combining these estimates we
have

D
esssup |u| <ct 2 / / |u|dxdt Al.
RN x[3 /2 JRN

[37.7]

Since we assume « € (0, 1), the integral over R can now be estimated using Lemma 8.4
leading to

P

Vil i
ess sup |u|§cr‘h(/ |uo|dx) r (8.16)
RN

RNX[%T,T]

We show that (8.3) follows from the last estimate. If the right-hand side of (8.16) is infinite,
there is nothing to prove. Otherwise, denote the right-hand side as k and suppose on the
contrary that ess supgn |u(-, 7)| > «. Then we find a set E of positive measure and some
& > O such that |u(-, T)| > k¥ 4+ € on E. We may assume that E is contained in a compact set
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and that u(-, T) > « + ¢ on E. Then we have for 7/ € (%T, 7)

|E|((K +8)O{ _ K(x)H‘é

1 T 1

1 T
f / ue, D, 1) — |uGe, 1% ux, 1)) e dxdr.
v JE

T Tr—1

The last expression vanishes in the limit " — 7 due to the time-condinuity of 1|1y but
the left-hand side is a positive constant so we have reached a contradiction. O

Remark 8.5 By examining the proofs of Lemma 8.3, Lemma 8.4, and Theorem 8.2 we see
that one could obtain the same results with somewhat weaker assumptions on u. In fact, it

would suffice that
T
lim r—I/ / |u|Pidxdr =0,
r—00 0 K,

forevery j € {1,..., N}.

We mention that it is possible to adapt the method of Theorem 8.2 to obtain an equivalent of
Lemma 3.1 in [28], where the balls are replaced by rectangles in space which use the scaling
of [19]. Utilizing this result and the strategy of [28] might provide an alternative although
technical way for proving the estimates (19) and (20) in [19]. In fact, also in [19] the approach
of [28] is mentioned.

9 Support of solutions

In the following we show that solutions to the Cauchy problem with compactly supported
initial data have compact support, with a qualitative description involving the L]”(jc (S7)-norm
of the solution. Next we use the fact that solutions are compactly supported to refine the
qualitative information to a quantitative one. The support is well defined, since solutions are
semi-continuous.

We obtain our estimates on the support for LP-integrable solutions, but we remark that
it should be possible to extend the results even to solutions which are L?-integrable in the
ith coordinate direction only for some of the coordinates i € {1, ..., N}, provided that an
appropriate branch of the solution is considered. See [30] for a discussion of this topic in the
case @ = 1. The reason why the more general case is more involved is the non-uniqueness of
solutions. A reasonable theory of existence is available (see [49], [50], [48] for the prototype
and [20] for more general initial data and [41] for more general operators), but in general,
uniqueness fails for leoc initial data, already for the p-Laplace equation.

Lemma 9.1 Let u be an LP-integrable weak solution to the Cauchy problem 8.1 in the sense
of Definition 8.1, with ug € LetL(Sy) and supp(uo) C Kg, for some Ry > 0. Assume that
forallj=1,...,N

a+l<p;<pd+(a+1)/N)<N+oa+l 9.1
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Then there exist d, x, x depending only on the data {N, p;,a, A} specified in (9.5) and
y > 0 depending on the data and T such that for R > max{2Ry, 1}

u(t) =0, in Kop \Kg Vr € [0, max{t* T}], where
™ =1*(u, R, T) = )/R%I(HX)

—X X
min / / |u|”’dxdt , / / Z|u|”'dxdt] }
Ksr ;=4 K3k ;24

Proof Let R > 2R and define the domains
E, =K, \K,,, for r,=2R(14+27"*V), s, = R(1 —270"D),

so that E, 11 C E, is an decreasing sequence of sets starting from Eog = K3 \ Kg/2 and
ending up with Eo, = Ky \ Kg. Choose 1, € C°(Ey; [0, 1]) as in (5.2) such that

mp=1 in E,y1, and |dn/P'| <c2"/R, Vi=1,...,N.

Reasoning as in the proof of Lemma 8.3 we obtain an equivalent of (8.5), where we retain
the terms involving the derivatives of u on the left-hand side, namely

/N u‘flnndeer/ |8u+|p'nndxdt<c2// ull |a,n |Pidxde. (9.2)
RN x{r}

Note also that the term involving u#¢ which appears on the right-hand side of (8.5) vanishes
in the current case since 1,, = 0 on the support of uo. By adding (9.2) and its corresponding
estimate for u_ we end up with

/N lu]“*1n, dx —i—Z// [0;ulPin, dxdt < CZ// lu|P?|0; 77,,’ [Pidxdr. (9.3)
RN x{r}

Fori =1, ..., N we apply Theorem 3.11 to the compactly supported function un, with

N—p)(pi—a—1
=1, o=a+1, g=p;, 0= (_ P)pi Of ) =:0;.
Np—a—-1)+pla+l)

These parameter choices are valid since
0>0 < pi>a+1, and 0 <p/p* < pi < p(l+(a+1)/N).

By summing up the resulting estimates fori = 1, ..., N combined with (9.3) and the bound
for the derivatives of 7, we get

t N
Yoi1 :=/ / > lulP dxds
0 Ent1 i=1
- onp; pt ‘ (1-6)+6; p*/ b
<ch M’(z [ wraas) o

2”pN(1+Xmax)
d H’X:
=crt ( R (40 ZY
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where we emphasize that the constant ¢z depends on 7" and

g N mp ket L i)
Np—a—)+patn X700 Np—a—D+patl)
x =max{yx;};, x =min{y};. 9.5)

In the last step of (9.4) we used the fact that /T < 1 and to conclude that
s s t\1-6:p*/p ¢ \min{1-0; p*/p} t\d
A A =an(z) =am) () =@,
T T T
In light of (9.4), we can apply Lemma 3.13 with the current choice of x;s to conclude that if

Yo < emi 4 ~1/x 4 ~1/3 06
0 _Cmm[(Rm(Hx)) ’ (Rm<1+x>) ] ©.6)

then lim,,_, o ¥,, = 0. Since

T N
Yo < f / > lulPi dxds =: I(R),
0 Ksg

i=1
the condition (9.6) is satisfied if
t < cR&IT0 min {[1(R)™X, I(R)™ 7).
Since furthermore,
p N
f > lul” dxds < Y,
0 JEx ;—
i=1
we have that

u=0, ae.in (0,7) X Eso = (0,1) x {Kor \ Kgr}, Vr satisfying (9.6).

O
Now we are ready to prove the main theorem of this section.
Theorem 9.2 Let o € (0, 1). Suppose that foralli =1, ..., N the condition
a+1<p <pnv<p(l4+a/N)<N+u«a 9.7

is satisfied. Let u be an LP-integrable weak solution to the Cauchy problem (8.1) in the sense
of Definition 8.1 with

up € L' @®M) N L' RY), @ # supp(uo) C [—Ro, Rol" =: Kg,.
Then the support of u evolves with the law
2pime=D NGp—py)+p

N
supp(u(, 1) € [ [I=Re(@), RiO1, Ri()) =2Ro+yluoll 1o, ¢ 7, ©O8)

i=1

where y depends only on the data.
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Proof Let e > 0. We want to use Lemma 5.1 with f(s) = (s + 82)}%15, and consequently
—1 —a
g(s) = (|s]*/@ + SZ)IT |S|ITS, where u € (0, 1) is to be chosen later. We also take

G(t) = /Org(s)ds,
and ¢ = 1. Since
Fa =+ T and 1 @ < ) 4 T
we see that (5.3) takes the form (for0 < T* < T)

T* N

—1
+ﬁ2f W? + 5T (o) |du|” dxdr
=0 yl 1 ST*

f n()G(ul* u(x, 1)) dx
RN

N
—1
<yt [ eSS .
St i=1

9.9)

By the monotone convergence theorem we see that

/ nCOG (ul* u(x, 1) d
RN
e, 1) e
=/ n(X)/ (2% 4+ £2) T ga dsdx
RN 0

e,
— X sadsdx = % X)|u(x, £)|#T dx.
=0 Jan n( )/0 T+ Jo n()fu(x, 1)l

Similarly, we can also pass to the limit ¢ — 0 in the other terms of (9.9) which leads to

T* N
/ nOo)lux, N x|+ gZ// n () ul*~8ul” dx dr
@+ Jpy =0 Vi s
N
<y [[ 3wt v, 9.10)
St i1
Now we use a trick of [30] by wise choice of test functions. Choose an index j € {1, ..., N}

and let n(x) = nj.’f' ) TTig; nf" (i) € CP(RN, [0, 1]) in the following way:
nj =0 on (—Ro, Ro), while ;=1 on (—R,R), and |n;| <c/R, fori # j.

Note that by the properties of u( and n; we have that the term on the left-hand side of (9.10)
corresponding to + = (0 vanishes. We let R — oo so that all except the j-th term in the sum
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on the right-hand side of (9.10) vanish:

N
// Z |u|Pi+M_1 |3in1/Pi|Pi dx dr
ST*

i=1

N
C
pitu—1 pit=11 (Y|P
< 2: RPi //;T* Jue] dth+f/gT* [u|Pi I (x )17/ dx dt

i=Li%j

R—o0

o [t axa,
Sps
©.11)

where we use the dominated convergence theorem to pass to the limit. We also use that u €
LY(S7) by Lemma 8.4 (applicable since we assume o € (0, 1)) joint with u € ﬂlN:lLPi (S7)
and interpolation to say that u € LPT*~1(S7). Note that this argument requires that 1 <
pi + 1 — 1 < p;. The upper bound is obvious since u < 1. The lower bound follows from
the first inequality of (9.7) if we require © > 1 — «. This is the first bound imposed on 1.
This leads us, by generality of T*, to the estimate

N
 sup (/ nj-’j(x,')lul“+“(x,f)dX> +EZ// 0GP |l [8;ul P dx de
RN 14 i=1 St

o+ [ oref0,7]

<yt [ et i axar
T
9.12)

Now we set the iterative geometry that will permit an argument 4 la De Giorgi: Define for
p>2Ryandn € N

pn=p2+27"), s =p1 =270 E,={xeRV: 5, < Ixj| < pal.
and choose test functions 1; , € CS°(R; [0, 1]) with the following behavior:

Njn = I on [sy41, pnt1l, |77;',n| = Czn/p7 Njn € Cgo((snv On)).

Due to the definition of s,, we see that 1, vanishes on [— Ry, Ro] so itis a valid test function
in (9.12). The sequence of sets E,, is shrinking monotonically E,+| C E,

from E0={x€RN: p/2 < |xj| <3p} tothe set EOQ={x€]RN: P = x| <2p}.

In order to perform a De Giorgi type iteration, we want to combine (9.12) with Theorem 3.11.
This is possible although the functions x + 7;(x;) are not compactly supported since u is
compactly supported by Lemma 9.1. We apply Theorem 3.11 with the choices
oc=u+aqa, g=pj+pn—1, andso
0=((N-p)(pj—a=D/IN(p—a—1D+pu+a)l

with anisotropies

pitpn—1
ap = )
pi
In order to verify that these parameter choices are valid, we note that 6 € (0, p/p*) where
the lower bound follows from the first inequality in (9.7) and the upper bound follows from
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the third inequality. In order to apply Theorem 3.11 we also need that 1 < o < pZ. The
lower bound follows from the condition ;# > 1 — o which we have already imposed. With
our choice of the numbers «; the upper bound can be written in the form

—1 N
prasp(1+5) = =G -1+ 9.13)
p N-p

Since p > 1 + « by (9.7), we see that (9.13) holds for all u € (0, 1). Thus the parameter
choices are valid if we take u > 1 — o. When applying Theorem 3.11 we will use the fact
that

3iIn'7% e pul® = el Cepyul ™ oy n7, Ol

= il Cepul™ ™ (8 pm}y et el + )7, (x) sen)ju ).
9.14)

Note that since «; < 1 it is not obvious that the derivative can be calculated in this way in
accordance with the chain rule However, (9.14) can be verified by applying the chain rule for
Sobolev functions to (¢ + |7, pi , (x;)u])* and passing to the limit & — 0, using the dominated
convergence theorem combmed with (9.12). From (9.14) we obtain the estimate

31107, Gl 1P < eyl 1Pl Pt gt el P, (9.15)

where we also make use of the fact thatajp; = p; +u —1> 1 and 0 < n; , < 1. Finally,
applying Theorem 3.11 to the function nf jn (xj)u, making use of (9.15) and combining the
resulting estimates with (9.12) and the upper bound for the derivatives 7]} , We obtain

T
Ynt1 3=/ / |u|Pi T dx dr
0 Ent1

r pj Fu—1
| PjHR—
5/0 /RN 0%, e pyul P dxds

N 9[3*

1-05%/ pjuta) +a Pj o\ pi Np;

<077 sup / W7I0 e+ | || e axae |
ref0.71JRN " bl Cn

0 p*
1 pj — .
<CT1 6p* /Pl_[ // 61J|nj n(x,)lpj‘u‘P]‘Hl +77 J (x,)lulll« llaiulpt dxdt]Np’

X[ sup /N nj;’;l(xj)\u|#+adx]

te[0,T]

_ np (1-0)+0p*/p
chI*"P*/P<2 / [ it ‘dxdr)
E?l

=CT1—9p‘*/p'(2npj/pp,)(l 0)+0 p* /"Y,}+5_

In the third step we also used the fact that 4 + « > 1 and that 0 < 7n;, < 1 to decrease
the exponent in the first integral. In principle there is a dependence on p in (9.12) but it is
stable as ¢ € [1 — «, 1) so ultimately we get no direct u-dependence in the constant. The
previous estimate combined with Lemma 3.14 with § = 8(p*/p — 1) € (0, 1) shows that
the sequence Y, converges to zero if

p—1 14+0(5*/p=1

T
Yo =/ / lu| Pt dx dr <cTe<p*/u D (pPi) e D (9.16)
0 Eg
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We obtain an upper bound for Yy with the help of Lemma 8.4 and Theorem 8.2:

Yogff lu|Pi T dx dr
St
T

pjt+u—2

5/0 ) sy NG DI

’ 9.17)

(P/M)PH1=2)  —N(pidsu—

< clluoll L1 @y f oy s N i gy

0

ﬁ(pj:’“z) )
=cluol g, T 7 . Mm=N@-a—D+p
Here above we must request that u € (0, 1) is so small that
Npj+pn—2/m <1 = 0<pu<p(l+1/N)—pj+1—a. ©.18)

Note that due to (9.7), the upper bound for w in (9.18) is larger than 1 — «, so this new
condition is compatible with our previous requirement & > 1 — «, and a p which satisfies
both conditions can thus be chosen. From (9.17) it follows that (9.16) is true provided that

7’5("-/':1“72) _Njtud 05* /-1 146G5* /=)
¥ | h— j ¥/ p—
”uOHLl(]RN) T * < cT 9 /p=D (pPi) oG /-D |

which after some algebraic manipulations can be expressed as

L e
pPi > C||”0||,En((lﬁ£z§7; PEPL T ING=a 5T | (9.19)

so that finally
T

O:Yoo:// Pt ldxds = u=0 ae.in {x e RV |p < |x;| <2p},
0 JEx

and we are done. It is noteworthy that the final condition (9.19) does not depend on p.
Repeating the same procedure for j =1, ..., N we obtain (9.8). O
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