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Abstract
We investigate some regularity properties of a class of doubly nonlinear anisotropic evolution
equations whose model case is

∂t
(|u|α−1u

) −
N∑

i=1

∂i
(|∂i u|pi−2∂i u

) = 0,

where α > 0 and pi ∈ (1,∞). We obtain super and ultracontractive bounds, and global
boundedness in space for solutions to the Cauchy problem with initial data in Lα+1(RN ),
and show that the mass is nonincreasing over time. As a consequence, compactly supported
evolution is shown for optimal exponents. We introduce a seemingly new paradigm, by
showing that Caccioppoli estimates, local boundedness and semicontinuity are consequences
of the membership to a suitable energy class. This membership is proved by first establishing
the continuity of the map t �→ |u|α−1u(·, t) ∈ L1+1/α

loc (�) permitting us to use a suitable
mollified weak formulation along with an appropriate test function.
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1 Introduction

Thiswork is concernedwith local and global regularity properties ofweak solutions to doubly
nonlinear anisotropic evolution equations of the form

∂t
(|u|α−1u

) − ∇ · A(x, t, u,∇u) = 0 in �T := � × (0, T ), (1.1)

where � ⊂ R
N is an open bounded set, T > 0, α > 0 and pi > 1. Here A is a Caratheodory

vector field satisfying the conditions

A(x, t, s, ξ) · ξ ≥ �−1
N∑

i=1

|ξi |pi , (1.2)

|Ai (x, t, s, ξ)| ≤ �
( N∑

k=1

|ξk |pk
) pi−1

pi , i ∈ {1, . . . , N }. (1.3)

Conditions of this type for parabolic equations were previously considered in [61], and are
somewhat more general than the following conditions which are also frequently used, see
for example [6, 30]:

Ai (x, t, s, ξ)ξi ≥ �−1|ξi |pi , i ∈ {1, . . . , N },
|Ai (x, t, s, ξ)| ≤ �|ξi |pi−1, i ∈ {1, . . . , N }.

The model case for such vector fields is

Ai (x, s, ξ) = |ξi |pi−2ξi ,
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Boundedness, ultracontractive bounds and optimal evolution… 183

which corresponds to the prototype equation

∂t
(|u|α−1u

) −
N∑

i=1

∂i
(|∂i u|pi−2∂i u

) = 0, (1.4)

The equations considered in this paper combine in a unitary fashion two of the most studied
nonlinear equations in the last twodecades: the doubly nonlinear equations and the anisotropic
ones.

Doubly nonlinear equations were introduced in the 60s by Lions [43] and Kalashnikov
[45]. The term doubly nonlinear refers to the fact that there is a nonlinearity both in the elliptic
part and the diffusion part of the equation. Equations of this kind have a broad spectrum of
applications in many physical contexts, for instance as the flows of nonhomogeneous non-
Newtonian fluids, and simultaneous motion in the surface channel in the underground water,
just to name a few. We refer to Chapter 4 of the book [4] and the references therein for an
account of the applications. Even if the theory is quite complete, especially in the degenerate
and singular supercritical case (for the exact definition of these technical terms, see for
example [34]), some important questions still remain open and are the object of intense
research.

The anisotropic equations were introduced in the 80s by Giaquinta [35] and Marcellini
[46]. The termanisotropic comes from the fact that the diffusion is of the power typewhich can
vary according to the directions.While in the case of equationswith differentiable coefficients
there are many regularity results (see for example [10] and [31]), for what concerns rough
coefficients the theory of regularity is still in its infancy. In fact, if the L∞-estimates and
the Critical Mass Lemma, two technical tools necessary to demonstrate regularity (See 6.2
and 7.1 later on), can be adapted in this situation, the same does not apply for the so-called
shrinking lemma (see [24], Lemma 7.2 Chap III and Lemma 5.1 Chap IV). We recall that
the shrinking lemma, introduced by De Giorgi [17] is the other fundamental technical tool
needed to demonstrate regularity. Thanks to this lemma, it can be proved that, while taking
a smaller domain, if we denote with μ the infimum of the solution, the measure of the set
where the solution takes on values betweenμ+ε andμ tends to zero when ε goes to zero (for
more details we refer the reader to [29]. In a pioneering work Liskevich and Skrypnik [44]
succeeded in proving regularity in a very special case by substituting the shrinking lemma
with the positivity expansion approach introduced in [25] in the parabolic context. Despite
these recent results, as already mentioned, the theory of regularity is extremely fragmented.
For example, Harnack’s estimates for the elliptic operator are known, to our knowledge, only
for operators with constant coefficients and with all exponents pi greater than 2 satisfying a
parabolic condition (see [15] for more details).

Finally, the joint nonlinearity of doubly nonlinear anisotropic equations were first inves-
tigated in the works [18] and [19], which proved, inter alia, support growth estimates for
the prototypical anisotropic operators and L∞-estimates. More precisely, in [18], the authors
study the compact support for solutions to the prototype equation to (1.1), using a strong
notion of solution and an interpolated anisotropic Gagliardo-Nirenberg inequality. Hence,
with a proof given in the successive paper [19], they study the lifetime of the solution and
give local estimates of its L∞-norm in terms of certain integral quantities, showing that the
support growth estimates are optimal.

In this paper, not only do we extend their results to operators with non-smooth coefficients
(for which the theory of regularity is unknown) but we also prove, in this context, the afore-
mentioned Critical Mass Lemma and other structural results that lay down the foundations
of most subsequent work related to the regularity of solutions of this kind of equations. As a
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final comment, we observe that equation (1.4) can be seen as a special case of an even more
general equation, i.e.

∂t u −
N∑

i=1

(|∂i umi |pi−2∂i u
mi ) = 0,

that might be treatable with some of the methods presented here. For the sake of simplicity,
and for bringing to light what is really new in the context of the local regularity theory, in
this work we specialise our study to (1.4); and reserve the treatment of the latter to future
research.

Applications

As an application one gets for free sharp estimates on the support of Barenblatt-type solutions
(see for instance [15]), which play the role of the fundamental solutions for these operators.
Indeed, no explicit self-similar fundamental solutions is known (see [32, 33] for a discussion
on this topic) and the exponential shift commonly used in [27] winds up the spatial anisotropy
(see section Novelty and Significance in [16] for instance).

Further, the ultracontractive estimates that we are about to describe play an important
role in the existence of solutions for the Cauchy Problem with L1

loc(�) initial data (see for
instance [28]).

Plan of the paper

Concerning local weak solutions to (1.1), we draw a detailed analysis of

1 Mollified weak formulation of the notion of solution, that eventually leads us to the
continuity in time of the map

t �→ |u|α−1u ∈ L
1+ 1

α

loc (�);

2 Energy bounds for solutions;
3 Local boundedness and lower semicontinuity (for the whole energy class).

On the other hand, regarding weak solutions of Cauchy Problem associated to (1.1) we study
the following properties

4.1 The evolution of the L1(RN ) and Lα+1(RN ) norms;
4.2 Ultracontractivity properties;
4.3 Compactly supported evolution.

Hereafter we introduce each one of these aspects. While in the literature (see for instance
[18]) the continuity in time is often included in the definition, here we start by the full
variational definition of local weak solutions. Suitably adapting an idea of [53], we prove the
aforementioned continuity in time and give a mollified weak formulation that dispenses with
the usual Steklov averaging technique. Finally, this smoothed formulation is used to show
that local weak solutions to (1.1) are elements of special energy classes.
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Boundedness, ultracontractive bounds and optimal evolution… 185

Energy classes

In this work we pursue an approach that dates back to De Giorgi (see [17]): we show that
certain regularity properties are embodied in general energy estimates rather than in the mere
class of solutions to an equation. Here we define two classes of functions D(pi , α,�T ),
A(pi , α,�T ) (see the end of Sect. 5), that we believe may be of paramount importance in the
study of the local behavior of solutions associated to general doubly nonlinear anisotropic
operators. The set inclusion A(pi , α,�T ) ⊆ D(pi , α,�T ) means, roughly speaking, that
classic Caccioppoli estimates are a consequence of testing with a specified Lipschitz function
f (u) (see Lemma 5.2 for more details). This fact is clearly not new, but mainly employed
in the regularity theory for systems, see for instance (see for instance [24], chapter VIII).
Anisotropic operators as (1.1) have many similarities with systems, since each energetic term
is independent from the others.

The classesA(pi , α,�T ), while being more restrictive, promise wider application for the
regularity of anisotropic operators. Indeed, to make an example, let us mention that in the
case of the parabolic p-Laplace equation, the precise property of expansion of positivity has
been found by means of logarithmic estimates (see for instance [24]); these are estimates
obtained, loosely speaking, by testing with functions of the form ln(H/[H − (1 − u)])+,
H > 0, hence corresponding to the description of the class A(p, 1,�T ).

Local boundedness and semicontinuity

To what pertains the boundedness of local weak solutions to (1.1), we are interested in the
parameter range

α > 0, 1 < pi < p̄
(
1 + α + 1

N

)
, p̄ < N , (1.5)

where

p̄ :=
( 1

N

N∑

i=1

1

pi

)−1
. (1.6)

The case α = 1 recovers the known facts in [30]. More generally, we prove that under certain
conditions involving the exponents pi s and α we have

D(pi , α,�T ) ⊆ L∞
loc(�T ).

Hence, by themembership of local weak solutions of (1.1) to the classD(pi , α,�), we obtain
the local boundedness for weak solutions.

We need to distinguish between the cases p̄ >
N (α+1)
N+α+1 and p̄ ≤ N (α+1)

N+α+1 . In the latter case
we need the extra integrability condition

u ∈ Lm
loc(�T ), for some m >

N

p̄
(α + 1 − p̄), (1.7)

similarly to sub-critical p-Laplacian equations (see for instance [24]). We remark that in the
case α = 1, which corresponds to the usual anisotropic equations, the two ranges for p̄ are
identical to those appearing in [61], and also the extra integrability condition reduces to the
integrability assumption used in [61].

Moreover, we show that elements of the class D(pi , α,�T ) are lower-semicontinuous.
The strategy adopted in [30] adapted the idea of [39] to the anisotropic metric induced by the
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equation. In the doubly nonlinear scenario complications arise since the difference between
a solution and a constant is not necessarily another solution. This first difficulty was faced
in [8], leaving however open the question whether a similar result could be found for sign-
changing solutions. Here we follow the very general method of [42], whose prerogative is
that lower-semicontinuity is shown to be a consequence of some kind of measure-theoretical
maximumprinciple, referred to in the literature as aCriticalMass Lemma, or aDeGiorgi-type
Lemma.

Ultracontractivity and the evolution of the L1(RN) and L˛+1(RN) norms

We consider the Cauchy Problem
{

∂t
(|u|α−1u

) − ∇ · A(x, t, u,∇u) = 0, in ST := R
N × (0, T ),

u(x, 0) = u0(x), x ∈ R
N ,

(1.8)

with A being the Caratheodory field associated to (1.1)–(1.2)–(1.3). For a local weak solution
u ∈ ∩N

i=1L
pi (ST ) of (1.8), we consider the representative for which |u|α−1u is continuous

with respect to time. Then, provided that α ∈ (0, 1), the mass is nonincreasing, meaning that

‖u(·, t)‖L1(RN ) ≤ ‖u0‖L1(RN ),

and a corresponding estimate holds also for the Lα+1-norm in the whole range α > 0. When
λ1 := N ( p̄ − (α + 1)) + p̄ > 0 and α ∈ (0, 1) we have the following ultra-contractivity
property,

‖u(·, τ )‖L∞(RN ) ≤ cτ
− N

λ1

( ∫

RN
|u0|dx

) p̄
λ1 , ∀τ ∈ (0, T ). (1.9)

The problem has been addressed in [30], see also [47], for the case of anisotropic p-Laplacian
operators and earlier in [19] following the approach of [28]with a simplifying technique again
by [1] and obtaining the contractivity properties above by means of the quantities

|||u|||r = sup
ρ≥r

ρ−μ

∫

Eρ

|u(x)|dx,

whereμ > 0 is a constant and Eρ is a suitably scaled rectangle depending on the parameter ρ.
Herewepoint out that in the framework of nonlinear semigroup theory these L1-L∞ estimates
are usually referred to as ultracontractive bounds. In the linear case, it is well-known that
estimates of this type are equivalent to specific Sobolev inequalities for theDirichlet form that
is associated to the generator of the evolution under consideration. A different but particularly
interesting approach to these estimates is given in [9], where the authors prove the L1-L∞
estimate above for the isotropic case, by exploiting a logarithmic Sobolev inequality. For
the porous medium equations and doubly-nonlinear case, this terminology is not necessarily
well-suited to refer to the contraction properties of the nonlinear semigroup associated, while
here we refer to the sole smoothing property (1.9), see for instance [14] for the most general
case.

Finite speed propagation

In the context of non-Newtonian fluids, already in the 80s some techniques were known
in order to estimate the support of solutions by comparison (see for instance [21, 60]) or
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by energy methods (see [2]). A further step in doubly nonlinear equations was made in [3],
where the energymethodswere fully exploited to avoid the comparison principle, which is not
available in this case. For a more complete picture see Chapter 3 of [4] and its bibliographical
remarks. In our case, we exploit a particular choice of test functions that, being compactly
supported away from the initial datum, allow recursive iterative inequalities à la De Giorgi.
Nevertheless, this approach was already introduced in [21] with the construction of suitable
supersolutions; while the optimal behaviour of the support of solutions of doubly nonlinear
degenerate equations has been investigated in [18] (see also [54] for the case of systems),
adapting the technique of [1] originally conceived for high-order equations. Along this line,
compactly supported anisotropic evolution was studied in [30] (see also [5]), exploiting the
technique of bounding all the energy by a precise choice of test functions allowing the estimate
for a single direction (see Sect. 9 for more details). Here we take advantage of this technique
to face the double nonlinearity.

Despite doubly nonlinear equations being the natural bridge between two classic nonlin-
ear parabolic equations, namely the p-Laplacian and the porous medium equation (see on
this topic, [29], [56]), the precise property of finite speed of propagation is reminiscent of
hyperbolic equations (see for instance [7] for the porous medium equation). In this scenario,
a common point is again the energy method, which avoids the comparison principle (see for
instance the book [6]) and is useful to determine the qualitative property of finite speed of
propagation, intended as the property of dead cores formation. On a different path, we start
from a nontrivial compactly supported datum u0 and we study the evolution in time of the
support of the solution to the Cauchy problem associated with (1.1).

Theorem 1.1 Let α ∈ (0, 1). Suppose that the condition

α + 1 < pi ≤ pN < p̄(1 + α/N ) < N + α (1.10)

is satisfied for all i = 1, . . . , N. Let u ∈ ⋂N
i=1 L

pi (ST ) be local weak solution to the Cauchy
problem (1.8) and suppose

u0 ∈ L1+α(RN ) ∩ L1(RN ), ∅ �= supp(u0) ⊂ [−R0, R0]N =: KR0 .

Then the support of u evolves with the law

supp(u(·, t)) ⊂
N∏

i=1

[−Ri (t), Ri (t)], Ri (t) = 2R0 + γ ‖u0‖
p̄(pi−α−1)

λ1 pi
L1(RN )

t
N ( p̄−pi )+ p̄

λ1 pi . (1.11)

Optimality of the estimates

Under our general assumptions on the structure of the operator A, we can prove that both the
estimates on the L∞-norm of solutions and on the support that we provide here are optimal.
More precisely, let ST be the strip ST = R

N × (0, T ) and K a cube in R
N of side length

R0. Now, solutions u ∈ ∩L pi (ST ) to the Cauchy problem (1.8) that have integrable initial
datum u0 ∈ Lα+1(RN ) which is compactly supported in K , satisfy under the condition
λ1 := N ( p̄ − (α + 1)) + p̄ > 0 the estimate

‖u(·, τ )‖L∞(RN ) ≤ cτ
− N

λ1

( ∫

RN
|u0|dx

) p̄
λ1 ,
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for all τ ∈ (0, T ). If (1.10) holds true, the support of u evolves with the law

supp(u(·, t)) ⊂
N∏

i=1

[−Ri (t), Ri (t)], Ri (t) = 2R0 + γ ‖u0‖
p̄(pi−α−1)

λ1 pi
L1(RN )

t
N ( p̄−pi )+ p̄

λ1 pi .

These estimates are shown to be optimal by the following rectangular computation:

||u(·, t)||L1(RN ) ≤ ||u(·, t)||L∞(RN )| supp(u(·, t))| ≤ γ ||u0||L1(RN ), γ > 0, t >> 2R0,

because

| supp(u(·, t))| ≤ (2γ )N ||u0||
∑N

i=1
p̄(pi−α−1)

(λ1 pi )

L1(RN )
t
∑N

i=1
N ( p̄−pi )+ p̄

λ1 pi = γ ||u0||
(λ1− p̄)

λ1
L1(RN )

t N/λ1 .

If one of the two estimates would have been non-optimal, then the fact that the mass is
nonincreasing would be contradicted.

1.1 Structure of the paper

In Sect. 3 we define the notion of solution, the associated function spaces and we introduce
the tools of the trade: exponential mollification, monotonicity inequalities and the main
embeddings. In Sect. 4 we show the continuity in time of |u|α−1u as a map [0, T ] →
L(α+1)/α
loc (�) and we give a more handy definition of solution that involves time derivatives.

In Sect. 5 we derive the main energy estimates and accordingly we define the functional
classes A(pi , α,�T ) and D(pi , α,�T ). Then in Sect. 6 we study the local boundedness of
functions belonging to the function classD(pi , α,�T ) and in Sect. 7 we study their pointwise
behaviour. Lastly, in Sect. 8 we give precise estimates of the evolution of the L∞ norm of the
solutions to the Cauchy problem, we study the time evolution of their L1 and Lα+1 norms.
Finally, in Sect. 9 we estimate the evolution of their support.

2 Notation

• Referring to the main structure in the Introduction, we will consider a vector of real
numbers p = (p1, . . . , pN ) and we assume without loss of generality that p1 ≤ · · · ≤
pN . The harmonic mean p̄ is defined as p̄ = ( 1

N

∑N
i=1 1/pi )

−1 and for p̄ < N its
Sobolev conjugate p̄∗ = N p̄/(N − p̄). Finally for α ∈ (0, 1) as in the Introduction, we
set P = max{(α + 1), pN }.

• For all σ > 0 we define

p̄σ = p̄(1 + σ/N ).

• We reserve the letter m to denote the required power of integrability (1.7) of the solution
in order to obtain local boundedness for small values of p̄, see the discussion in Sect. 1.
This notation is consistent with [61] however it differs from the notation in some of the
literature on doubly nonlinear equations, where m may relate to an exponent appearing
in the elliptic part.

• For a number n ∈ N, a set E ⊂ R
n and a vector v ∈ R

n , we denote as usual the set
v + E = {v + x | x ∈ E}. For every r > 0 we define the the following N -dimensional
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hyper-rectangles:

Kr := (−r
1
p1 , r

1
p1 ) × · · · × (−r

1
pN , r

1
pN ),

Kr := [−r , r ]N .

Moreover, for (xo, to) ∈ R
N × R and r > 0 we define the space-time cylinders

Qr (xo, to) := (xo, to) + Kr × (−r , 0].
• For γ > 0 and a ∈ Rwe understand |a|γ−1a to be zero if a = 0 even though in this case

technically the first factor is ill-defined if γ < 1. We occasionally denote aγ = |a|γ−1a
to simplify the notation.

• Let α ∈ (0, 1), β := 1/α > 1 and define for w, v ∈ R the quantities

b[v, w] := 1
β+1 (|v|β+1 − |w|β+1) − |w|β−1w(v − w)

= β
β+1 (|w|β+1 − |v|β+1) − v(|w|β−1w − |v|β−1v),

bα[v,w] :=b[|v|α−1v, |w|α−1w]= α
α+1 (|v|α+1−|w|α+1)−w(|v|α−1v − |w|α−1w).

The quantity b[v,w] for nonnegative v,w was used in [51, 52, 58], with a notation
consistentwith the one presented above.We alert the reader that there is a slight notational
discrepancy with the work [11], in which a signed vectorial version of the quantity is
used.

• Constants along the estimates may vary from line to line, when no dependence on the
solution or other important iterative quantities is embodied.

3 Setting and preliminaries

Herewe introduce some notation and present auxiliary tools thatwill be useful in the course of
the paper.We start by the definition of weak solutions to (1.1), and to this aimwe briefly recall
the definition of the anisotropic Sobolev spaces. Given a vector of numbersp = (p1, . . . , pN )

as in Sect. 2 with pi > 1 we set

W 1,p
o (�) := {v ∈ W 1,1

o (�) | ∂iv ∈ L pi (�)}.
W 1,p

loc (�) := {v ∈ W 1,1
loc (�) | ∂iv ∈ L pi

loc(�)},
and

Lp(0, T ;W 1,p(�)) := {v ∈ L1(0, T ;W 1,1(�)) | ∂iv ∈ L pi (�T )},
Lp
loc(0, T ;W 1,p

loc (�)) := {v ∈ L1
loc(0, T ;W 1,1

loc (�)) | ∂iv ∈ L pi
loc(�T )},

Lp(0, T ;W 1,p
loc (�)) := {v ∈ L1(0, T ;W 1,1

loc (�)) | ∂iv ∈ L pi (0, T ; L pi
loc(�))}.

Definition 3.1 A function u ∈ Lp(0, T ;W 1,p
loc (�)) ∩ LP (0, T ; LP

loc(�)) where
P = max{(α + 1), pN } is a solution to (1.1) if

∫∫

�T

A(x, t, u,∇u) · ∇ϕ − |u|α−1u∂tϕ dx dt = 0, (3.1)

for all ϕ ∈ C∞
o (�T ).
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We remark that one could define solutions in an analogous way and obtain local regularity
results also for weak solutions in the larger space Lp

loc(0, T ;W 1,p
loc (�))∩LP

loc(�T ). However,
in order to prove the desired time continuity on the whole interval [0, T ] i.e. including time
zero, it seems necessary to have global integrability properties in time. The arguments are
also clearer when this type of integrablility is assumed. The local regularity results obtained
under our assumptions also hold for solutions in the larger space since a simple translation
in time brings about the situation we consider here.

3.1 Auxiliary tools

We now recall some elementary lemmas that will be used later, and start by defining a
mollification in time as in [38], see also [12]. For T > 0, t ∈ [0, T ], h ∈ (0, T ) and
v ∈ L1(�T ) we set

vh(x, t) := 1

h

∫ t

0
e
s−t
h v(x, s)ds. (3.2)

Moreover, we define the reversed analogue by

vh(x, t) := 1

h

∫ T

t
e
t−s
h v(x, s)ds.

For details regarding the properties of the exponential mollification we refer to [38, Lemma
2.2], [12, Lemma 2.2], [53, Lemma 2.9]. The properties of the mollification that we will use
have been collected for convenience into the following lemma:

Lemma 3.2 Suppose that v ∈ L1(�T ), and let p ∈ [1,∞). Then the mollification vh defined
in (3.2) has the following properties:

(i) If v ∈ L p(�T ) then vh ∈ L p(�T ),

‖vh‖L p(�T ) ≤ ‖v‖L p(�T ),

and vh → v in L p(�T ). A similar estimate also holds with vh̄ on the left-hand side.
(ii) In the above situation, vh has a weak time derivative ∂tvh on �T given by

∂tvh = 1
h (v − vh),

whereas for vh we have

∂tvh = 1
h (vh − v).

(iii) If v has a weak partial derivative in space then so does vh and vh̄ and

∂ j (vh) = (∂ jv)h, ∂ j (vh̄) = (∂ jv)h̄ .

(iv) If v ∈ L p(0, T ; L p(�)) then vh, vh̄ ∈ C([0, T ]; L p(�)).

Remark 3.3 The exponential time mollification (3.2) is well defined also if the function v is
only in L1(0, T ; L1

loc(�)) and the properties (i) and (iv) in the previous lemma evidently
have corresponding versions for functions that are only locally integrable in space.

The next three lemmas provide us with some useful estimates for the quantity bα[v,w]
that was defined in Sect. 2. Note that some estimates hold for all α > 0 whereas others are
valid only in one of the ranges α ∈ (0, 1) and α ≥ 1.
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Lemma 3.4 Let α > 0. Then there exists a constant c depending only on α such that for all
v,w ∈ R,

1
c

∣
∣|w| α−1

2 w − |v| α−1
2 v

∣
∣2 ≤ bα[v,w] ≤ c

∣
∣|w| α−1

2 w − |v| α−1
2 v

∣
∣2. (3.3)

Proof If α ∈ (0, 1) the claim follows from [11, Lemma 2.3 (i)] with the choice m = 1/α. If
α ≥ 1 the claim follows again from [11, Lemma 2.3 (i)] with the choice m = α. ��
Lemma 3.5 Let α ∈ (0, 1). Then there exists a constant c depending only on α such that for
all v,w ∈ R:

(i) 1
c (|w| + |v|)α−1|w − v|2 ≤ bα[v,w] ≤ c(|w| + |v|)α−1|w − v|2 ,

(ii) bα[v,w] ≤ c|v − w|1+α .

Proof The properties follow from properties (ii) and (iii) in [11, Lemma 2.3] with the choices
m = 1/α, u = |v|α−1v and a = |w|α−1w. ��
The following estimates have been proved in [59, Lemma 3.6].

Lemma 3.6 Let α ≥ 1. Then for all v,w ∈ R,

(i) bα[v,w] ≤ c
∣∣|v|α−1v − |w|α−1w

∣∣
α+1
α ,

(ii) |v − w|α+1 ≤ cbα[v,w].
The following observation regarding real numbers is used frequently in our calculations.

Lemma 3.7 Let γ ≥ 1. For all a, b ∈ R we have

1

c
|a − b|γ ≤ ∣∣|a|γ−1a − |b|γ−1b

∣∣ ≤ c(|a|γ−1 + |b|γ−1)|a − b|. (3.4)

for a constant c = c(γ ).

Proof We first prove the left inequality in (3.4) By symmetry we may assume that a ≥ b. In
the case a, b ≥ 0 the triangular inequality of the �γ -norm in R

2 applied to (a − b, 0) and
(0, b) implies that

((a − b)γ + bγ )
1
γ ≤ a,

fromwhich the left inequality in (3.4) follows with c = 1. The case in which a, b ≤ 0 follows
from the previous case. It remains to consider the case a ≥ 0 > b. Then we can write

|a − b|γ = |a + |b||γ ≤ 2γ−1(aγ + |b|γ ) = 2γ−1|aγ − |b|γ−1b|,
which is the left inequality in (3.4) with c = 2γ−1. The right inequality in (3.4) follows
directly from the mean value theorem applied to the C1-function f (t) := |t |γ−1t . ��
The following lemma is a direct consequence of Lemma 3.9 in [59].

Lemma 3.8 Let α > 0 and u ∈ L1
loc(�T ). Then u ∈ C([0, T ]; Lα+1

loc (�)) if and only if

|u|α−1u ∈ C([0, T ]; L
1
α
+1

loc (�)).

Next, we recall some useful anisotropic Sobolev embeddings, both for space and time.
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Lemma 3.9 (Sobolev-Troisi embedding, [30]) Let� ⊆ R
N be a rectangular domain, p̄ < N

and αi > 0, i = 1, . . . , N. If we define

p∗
α = p̄∗ α̃

N
, α̃ =

N∑

i=1

αi ,

then there exists a constant C = C(N ,p,α) > 0 such that for all u ∈ W 1,p
o (�) it holds

‖u‖L p∗α (�)
≤ C

N∏

i=1

‖∂i |u|αi ‖
1
α̃

L pi (�)
. (3.5)

As a corollary, one gets the usual Troisi inequality (see [55]).

Remark 3.10 Let� ⊆ R
N be a rectangular domain. Then there is a constantC = C(N ,p) >

0 such that

‖u‖L p̄∗ (�) ≤ C
N∏

i=1

‖∂i u‖
1
N
L pi (�)

, (3.6)

for all u ∈ W 1,p
o (�). Moreover, taking both sides of (3.6) to the exponent p̄ and using

Young’s inequality on the right-hand side with the exponents Npi
p̄ , whose inverses add up to

1 due to the definition of p̄, we obtain the following useful inequality,

( ∫

�

|u| p̄∗
dx

) p̄
p̄∗ ≤ C

N∑

i=1

∫

�

|∂i u|pi dx, u ∈ W 1,p
o (�). (3.7)

The following is a parabolic anisotropic Sobolev embedding, which can be found in [30].

Theorem 3.11 Let � ⊆ R
N be a rectangular domain, p̄ < N, αi > 0 for i = 1, . . . , N and

σ ∈ [1, p∗
α]. For any number θ ∈ [0, p̄/ p̄∗] define

q = q(θ,p,α) = θ p∗
α + σ (1 − θ).

Then for any u ∈ L1(0, T ;W 1,1
0 (�)), there exists a constant C = C(N ,p,α, θ, σ ) > 0

such that
∫∫

�T

|u|q dx dt ≤ C T 1−θ
p̄∗
p̄

(

sup
t∈[0,T ]

∫

�

|u|σ (x, t)dx

)1−θ N∏

i=1

(∫∫

�T

|∂i |u|αi |pi dx dt
) θ p̄∗

N pi
.

(3.8)

Next we present some variants of the Lemma of Fast Convergence. We first state and prove
a rather general version, which implies the two other variants that we will utilize in the De
Giorgi type iterations.

Lemma 3.12 Let 0 < μ ≤ ν and let C > 0 and b > 1. Suppose that (Zn) is a sequence of
nonnegative numbers satisfying

Zn+1 ≤ Cbn max{Z1+μ
n , Z1+ν

n }, and Z0 ≤ min{C− 1
μ ,C− 1

ν }b− 1
μ2 . (3.9)

Then

Zn ≤ b− n
μ Z0, and thus lim

n→∞ Zn = 0. (3.10)
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Proof We prove the inequality in (3.10) by induction. The case n = 0 is obvious. Suppose
that the inequality holds for some n. Then by the induction assumption and (3.9) we have

Zn+1 ≤ Cbn max{(b− n
μ Z0)

1+μ, (b− n
μ Z0)

1+ν} = Cbn max{b− n
μ

−n Zμ
0 , b− n

μ
−n ν

μ Zν
0 }Z0

≤ Cb− n
μ max{Zμ

0 , Zν
0 }Z0, (3.11)

where in the last step we also used that ν/μ ≥ 1. Using the second estimate in (3.9) we see
that

max{Zμ
0 , Zν

0 } ≤ C−1b− 1
μ .

Combining this estimate with (3.11) completes the induction. ��

The following consequence of the previous lemma will be useful.

Lemma 3.13 Let χi > 0 for i = 1, . . . , N, and let C > 0 and b > 1. Suppose that (Zn) is a
sequence of nonnegative numbers satisfying

Zn+1 ≤ C bn
1

N

N∑

i=1

Z1+χi
n . (3.12)

Denote χmin = min{χ1, . . . , χN } and χmax = max{χ1, . . . , χN }. If

Z0 ≤ min{C− 1
χmin ,C− 1

χmax }b− 1
χ2min ,

then

Zn ≤ b
− n

χmin Z0 and thus lim
n→∞ Zn = 0.

Proof The result follows directly from the previous lemma since (3.12) implies

Zn+1 ≤ Cbn max{Z1+χmin
n , Z1+χmax

n }
��

In the case that μ = ν, Lemma 3.12 directly implies the following result which will be used
frequently. A more direct proof is available in [36, Lemma 7.1].

Lemma 3.14 Let (Y j )
∞
j=0 be a sequence of nonnegative numbers such that

Y j+1 ≤ Cb jY 1+δ
j ,

where b > 1 and C, δ > 0. If

Y0 ≤ C− 1
δ b− 1

δ2 ,

then (Y j ) converges to zero as j → ∞.
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4 Continuity in time andmollified weak formulation

In this subsection we show that |u|α−1u is continuous in time as a map into L
1
α
+1

loc (�). The
proof is adapted from [53]. We start with a lemma.

Lemma 4.1 Suppose that u is a weak solution in the sense of Definition 3.1 and define

V := {
w ∈ LP (�T ) | w ∈ Lp

loc(0, T ;W 1,p
loc (�)), ∂tw ∈ Lα+1(0, T ; Lα+1

loc (�))
}
.

Then, for every ζ ∈ C∞
o (�T ,R≥0) and w ∈ V we have

∫∫

�T

∂tζbα[u, w]dx dt

=
∫∫

�T

A(x, t, u,∇u) · ∇[ζ(u − w)] + ζ(|u|α−1u − |w|α−1w)∂twdx dt .

(4.1)

Proof Let w ∈ V , ζ ∈ C∞
o (�T ,R≥0) and choose

ϕ = ζ (w − uh)

as test function in (3.1). The local LP -integrability of u and w together with the pi -
integrability of each ∂i u and ∂iw and the structure conditions of the vector field A guarantee
that the test function can be justified by approximation with smooth compactly supported test
functions. Our goal is to pass to the limit h → 0. It follows from Lemma 3.2, Remark 3.3
and the aforementioned integrability properties that

∫∫

�T

A(x, t, u,∇u) · ∇ϕ dt dt −−−→
h→0

∫∫

�T

A(x, t, u,∇u) · ∇[ζ(w − u)]dx dt .

Note that Lemma 3.2 (ii) implies
(|uh |α−1uh − |u|α−1u

)
∂t uh ≤ 0,

which shows that we can treat the parabolic part as follows.
∫∫

�T

|u|α−1u∂tϕ dx dt =
∫∫

�T

ζ |u|α−1u∂twdx dt −
∫∫

�T

ζ |uh |α−1uh∂t uh dx dt

+
∫∫

�T

ζ
(|uh |α−1uh − |u|α−1u

)
∂t uh dx dt +

∫∫

�T

∂tζ |u|α−1u(w − uh)dx dt

≤
∫∫

�T

ζ |u|α−1u∂twdx dt +
∫∫

�T

1
α+1∂tζ |uh |α+1 dx dt

+
∫∫

�T

∂tζ |u|α−1u(w − uh)dx dt

−−−→
h→0

∫∫

�T

ζ |u|α−1u∂twdx dt +
∫∫

�T

∂tζ
( 1

α+1 |u|α+1 + |u|α−1u(w − u)
)
dx dt

=
∫∫

�T

ζ(|u|α−1u − |w|α−1w)∂twdx dt −
∫∫

�T

∂tζbα[u, w]dx dt,

This shows “≤” in (4.1). The reverse inequality can be derived in the same way by taking

ϕ = ζ
(
w − [u]h

)

as test function. ��
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Theorem 4.2 Let u be a weak solution in the sense of Definition 3.1. Then

|u|α−1u ∈ C([0, T ]; L
1
α
+1

loc (�)) and u ∈ C([0, T ]; Lα+1
loc (�)).

Proof By Lemma 3.8 it is sufficient to prove the time continuity either for |u|α−1u or u.
We prove continuity on the interval [0, 1

2T ] and describe later how the argument can be
modified to show continuity also on [ 12T , T ], thus completing the proof. We first note
that due to Lemma 3.2, w := uh̄ belongs to the set of admissible comparison func-
tions V of Lemma 4.1. Furthermore, Lemma 3.2 (iv) and Remark 3.3 guarantee that w

belongs to C([0, T ]; Lα+1
loc (�)). Thus, by Lemma 3.8 we have that |w|α−1w belongs to

C([0, T ]; L
1
α
+1

loc (�)). For a compact set K ⊂ � we take η ∈ C∞
o (�; [0, 1]) such that η = 1

on K and |∇η| ≤ CK . Furthermore, take ψ ∈ C∞([0, T ]; [0, 1]) with ψ = 1 on [0, 1
2T ],

ψ = 0 on [ 34T , T ] and |ψ ′| ≤ 8
T . For τ ∈ (0, 1

2T ) and ε > 0 so small that τ + ε < 1
2T we

define

χτ
ε (t) =

⎧
⎪⎨

⎪⎩

0, t < τ

ε−1(t − τ), t ∈ [τ, τ + ε]
1, t > τ + ε.

We use (4.1) with ζ = ηχτ
ε ψ and w = uh̄ to obtain

ε−1
∫ τ+ε

τ

∫

�

bα[u, uh̄]ηdx dt =
∫∫

�T

A(x, t, u,∇u) · ∇[η(u − uh̄)]χτ
ε ψ dx dt

+
∫∫

�T

ηχτ
ε ψ(|u|α−1u − |uh̄ |α−1uh̄)∂t uh̄ dx dt −

∫∫

�T

bα[u, uh̄]ηψ ′ dx dt

≤
N∑

i=1

∫∫

supp η×(0,T )

|Ai (x, t, u,∇u)|(|∂i u − (∂i u)h̄ | + |∂iη||u − uh̄ |)dx dt

+ 8

T

∫∫

supp η×( 12 T , 34 T )

bα[u, uh̄]dx dt .

Here we were able to drop the term involving ∂tw since Lemma 3.2 (ii) shows that the factors
∂tw and (|u|α−1u − |w|α−1w) are of opposite sign, and hence their product is nonpositive.
Passing to the limit ε → 0 we see that

∫

K
bα[u, uh̄](x, τ )dx

≤ CK

N∑

i=1

∫∫

supp η×(0,T )

|Ai (x, t, u,∇u)|(|∂i u − (∂i u)h̄ | + |u − uh̄ |)dx dt

+ 8

T

∫∫

supp η×( 12 T , 34 T )

bα[u, uh̄]dx dt (4.2)

for all τ ∈ [0, 1
2T ] \ Nh , where Nh is a set of measure zero. Our goal is to investigate the

limit h → 0. The structure conditions of A, the integrability properties of u and Lemma 3.2
(i) and (iii) show that the first integral on the right-hand side of (4.2) converges to zero as
h → 0. In order to treat the the terms involving bα we need to distinguish between the cases
α ∈ (0, 1) and α ≥ 1.
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If α ∈ (0, 1) the integrand on the left-hand side can be estimated using the left inequality
of (3.4) with γ = α+1

2α > 1 and (3.3) as follows:

||u|α−1u − |uh̄ |α−1uh̄ |
1
α
+1

= ||u|α−1u − |uh̄ |α−1uh̄ |2
(α+1)
2α ≤ c

∣
∣|u| α−1

2 u − |uh̄ |
α−1
2 uh̄ |2 ≤ cbα[u, uh̄].

For the term on the last line of (4.2) we can use Lemma 3.5 (ii) to make the estimate

bα[u, uh̄] ≤ c
∣
∣u − uh̄

∣
∣1+α = c|u − uh̄ |α|u − uh̄ | ≤ c(|u|α + |uh̄ |α)|u − uh̄ |.

The first factor stays bounded in L
α+1
α as h → 0 and the second factor converges to zero in

Lα+1 as h → 0. Picking now a sequence h j → 0 and w j = uh̄ j
and N := ∪Nh j (which has

measure zero) we see that (4.2) combined with the previous observations implies

lim
j→∞ sup

τ∈[0, 12 T ]\N

∫

K
||u|α−1u − |w j |α−1w j | 1α +1(x, τ )dx = 0. (4.3)

As noted earlier, each |w j |α−1w j is continuous as a map [0, T ] → L
1
α
+1(K ). This fact

together with the uniform limit (4.3) on the dense set [0, 1
2T ] \ N and the completeness of

L
1
α
+1(K ) show that |w j |α−1w j converges uniformly on [0, 1

2T ] to a limit function which is

continuous into L
1
α
+1(K ). Due to (4.3) this limit is a representative of |u|α−1u.

In the case α ≥ 1, we instead estimate the left-hand side of (4.2) using Lemma 3.6 (ii):

|u − uh̄ |α+1 ≤ bα[u, uh̄].
On the right-hand side we denote L = supp η × ( 12T , 3

4T ) and estimate the term involving
bα using Lemma 3.6 (i), the right inequality of (3.4) with γ = α and Hölder’s inequality as

∫∫

L
bα[u, uh̄]dx dt ≤ c

∫∫

L
||u|α−1u − |uh̄ |α−1uh̄ |

α+1
α dx dt

≤ c
∫∫

L
||u|α−1 + |uh̄ |α−1| α+1

α |u − uh̄ |
α+1
α dx dt

≤
[ ∫∫

L
|u|α+1 + |uh |α+1 dx dt

] α−1
α

[ ∫∫

L
|u − uh̄ |α+1

] 1
α
.

The first integral on the last line stays bounded as h → 0 and the second integral vanishes
in the limit due to Lemma 3.2 (i). Thus we can reason as in the case α ∈ (0, 1) and obtain a
sequence h j → 0 and a a a set N of measure zero such that

lim
j→∞ sup

τ∈[0, 12 T ]\N

∫

K
|u − w j |α+1(x, τ )dx = 0,

which implies the time-continuity of u.
The continuity on [ 12T , T ] follows in both cases from similar arguments with w = uh

and with ψ and χτ
ε mirrored on the interval [0, T ] under the map t �→ T − t . ��

Now that we have established the continuity in time it is possible to show that weak solutions
satisfy a mollified weak formulation.
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Lemma 4.3 Let u be a weak solution in the sense of Definition 3.1. Then we have
∫∫

�T

[A(x, ·, u,∇u)]h · ∇φ + ∂t [|u|α−1u]hφ dx dt −
∫

�

|u|α−1uφh̄(x, 0)dx = 0 (4.4)

for all φ ∈ C∞(� × [0, T ]) with support contained in K × [0, τ ] ,where K ⊂ � is compact
and τ ∈ (0, T ). Here u(x, 0) refers to the value at time zero of the continuous representative

of |u|α−1u as a map [0, T ] → L
1
α
+1(K ).

Proof Let φ be as in the statement of the Lemma. Consider the piecewise smooth function

ηε(t) :=
{

t
ε
, t ∈ [0, ε]

1, t ∈ (ε, T ],
and use (3.1) with the test function ϕ = ηεφh̄ . Taking the limit ε → 0 and using Fubini’s
theorem we see that the elliptic term will converge to the integral of [A(x, ·, u,∇u)]h · ∇φ.
Note now that

∫∫

�T

|u|α−1u∂t (ηεφh̄)dx dt

=
∫∫

�T

|u|α−1uηε

(φh̄ − φ)

h
dx dt + ε−1

∫ ε

0

∫

�

|u|α−1uφh̄ dx dt .

In the first termwe can pass to the limit ε → 0, use Fubini’s theorem tomove themollification
over to u and apply Lemma 3.2 (ii) to obtain the integral of ∂t [|u|α−1u]hφ. It remains to
investigate what happens to the last term in the limit ε → 0. Note that we can write this term
as

ε−1
∫ ε

0

∫

K
|u|α−1uφh̄ dx dt = ε−1

∫ ε

0

∫

K
(|u|α−1u)(x, t)φh̄(0)dx dt

+ ε−1
∫ ε

0

∫

K
(|u|α−1u)(x, t)[φh̄(t) − φh̄(0)]dx dt .

The second term on the right-hand side converges to zero since φh̄ is uniformly con-
tinuous and ‖|u|α−1u(t)‖

L
1
α +1(K )

is bounded independently of t . The first term on the

right-hand side converges to the second integral on the left-hand side of (4.4) since

|u|α−1u ∈ C([0, T ]; L 1
α
+1(K )) and φh̄(0) ∈ Lα+1(�). ��

5 Energy classes

In this section we prove some useful and very general energy estimates. In particular, the
local boundedness and pointwise properties of solutions to (3.1) are encoded in the functional
class A(pi ,�T ) consisting of integrable functions satisfying (5.11).

Lemma 5.1 Let � ⊂ R
N open set, possibly unbounded, and let T > 0. Let f : R → R be

increasing, Lipschitz and piecewise C1. Suppose that

f (s) = 0 whenever f ′(s) = 0. (5.1)

Let g : R → R be the unique function for which

f (s) = g(|s|α−1s),
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and let G : R → R be any integral function of g. Let u be a weak solution of (3.1) in �T .
Then for each η ∈ C∞

o (�) of the form

η(x) :=
N∏

i=1

ηs(xi )
pi , ηi ∈ C∞

o (R, [0, 1]), s ∈ {1, . . . N }, (5.2)

and ϕ ∈ C∞([0, T ]; [0,∞)), we have for all 0 ≤ τ1 ≤ τ2 ≤ T the estimate

∫

�

ηϕ G
(|u|α−1u(x, τ2)

)
dx + 1

γ

∫∫

�×[τ1,τ2]

N∑

i=1

|∂i u|pi f ′(u)ηϕ dx dt

≤ γ

∫∫

�×[τ1,τ2]
χ{∇u �=0̄}

N∑

i=1

| f (u)|pi f ′(u)1−pi |∂iη1/pi |pi ϕ dx dt

+
∫

�

ηϕ G
(|u|α−1u(x, τ1)

)
dx +

∫∫

�×[τ1,τ2]
ηϕ′G

(|u|α−1u
)
dx dt,

(5.3)

where γ is a sufficiently large constant depending only on �, N ,p.

Proof Consider first 0 < τ1 < τ2 < T . Test the mollified weak formulation (4.4) with

φ = f (u(x, t))η(x)ξ(t),

where η is as in (5.2) and ξ(t) = ϕ(t)ψ(t), being ϕ as above while ψ is the trapezoidal
function

ψ(t) =

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

0, t < τ1

δ−1(t − τ1), t ∈ [τ1, τ1 + δ]
1, t ∈ (τ1 + δ, τ2 − δ)

1 − δ−1(t − τ2 + δ), t ∈ [τ2 − δ, τ2]
0, t ≥ τ2.

Then, owing to (5.1), the chain rule for weak derivatives shows that φ can be used in the
mollified weak formulation which reads

∫∫

�T

[A(x, ·, u,∇u)]h · ∇φ + ∂t [|u|α−1u]hφ dx dt

−
∫ T

0

∫

�

|u0|α−1u0 f (u)η(x)ξ(t) 1h e
− t

h dx dt = 0.

(5.4)

Next we want to perform some estimates in the diffusion term of (5.4) so that we can pass
to the limit h → 0. Noting that f (u) = g(|u|α−1u) that g is increasing and using (ii) in
Lemma 3.2, we have

∂t [|u|α−1u]hφ = (|u|α−1u − [|u|α−1u]h)
h

(g(|u|α−1u) − g([|u|α−1u]h))ηξ (5.5)

+ ηξg([|u|α−1u]h)∂t [|u|α−1u]h
≥ ηξ∂t

(
G([|u|α−1u]h)

)
,

where in the last step we have also made use of a chain rule for Sobolev functions. The
validity of the chain rule in this particular case can be verified by approximating [|u|α−1u]h
using convolutions with standard mollifiers, integrating by parts and using the classical chain
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rule, and passing to the limit. Combining (5.4) and (5.5) and moving the time derivative to
the test function we end up with

∫∫

�T

[A(x, ·, u,∇u)]h · ∇φ − η∂tξG([|u|α−1u]h)dx dt

−
∫ T

0

∫

�

|u0|α−1u0 f (u)η(x)ξ(t) 1h e
− t

h dx dt ≤ 0.

We now want to pass to the limit h → 0. The last integral will vanish in this limit due to the
dominated convergence theorem. This can be seen by noting that |u0|α−1u0 f (u) is locally
integrable and the term ξ(t) 1h e

− t
h remains bounded independently of h since ξ vanishes for

times less than τ1. In the other terms passing to the limit h → 0 poses no problem and we
recover the corresponding terms without time mollification. Thus we have

∫∫

�T

A(x, t, u,∇u) · ∇φ − η∂tξG(|u|α−1u)dx dt ≤ 0. (5.6)

In order to estimate the integral of the elliptic term we first note that we can exclude the set of
points where f ′ ◦u is ill-defined. Namely, there is an at most countable set S ⊂ Rwhere f ′ is
not defined. Since ∇u vanishes almost everywhere on any level set we see that ∇u vanishes
almost everywhere on u−1S. Due to (1.3) we have that also A(x, t, u,∇u) vanishes almost
everywhere on u−1S. Denoting E = �T \ u−1S we thus have

∫∫

�T

A(x, t, u,∇u) · ∇φ dx dt =
∫∫

E
A(x, t, u,∇u) · ∇φ dx dt (5.7)

For any point in E where f ′ ◦ u �= 0 we can use the structure conditions (1.2) and (1.3) and
Young’s inequality to make the estimates

A(x, t, u,∇u) · ∇φ = ξη f ′(u)A(x, t, u,∇u) · ∇u + ξ f (u)A(x, t, u,∇u) · ∇η

≥ ξ�−1
N∑

j=1

|∂ j u|p j f ′(u)η − �ξ

N∑

k=1

( N∑

j=1

|∂ j u|p j
) pk−1

pk | f (u)||∂kη|

≥ ξ�−1
N∑

j=1

|∂ j u|p j f ′(u)η − cξ
N∑

k=1

( N∑

j=1

|∂ j u|p j
) pk−1

pk | f (u)|ηpk−1
k (xk)|η′

k(xk)|
∏

s �=k

ηs(xs)
ps

≥ (2�)−1ξ

N∑

j=1

|∂ j u|p j f ′(u)η − c(�, N ,p)χ{∇u �=0̄}ξ
N∑

k=1

| f (u)|pk f ′(u)1−pk |∂kη
1
pk |pk .

At the points of E where f ′ ◦ u = 0 we obtain the same estimate as above, however without
the terms containing f (u), due to (5.1). Thus, choosing γ = max{2�, c(�, N ,p)} we have
at every point of E that

1

γ
ξ

N∑

j=1

|∂ j u|p j f ′(u)η ≤ A(x, t, u, ∇u) · ∇φ + γχ{∇u �=0̄}ξ
N∑

k=1

| f (u)|pk f ′(u)1−pk |∂kη
1
pk |pk ,

where the last term is interpreted as zero whenever f ◦ u = 0. Note that at the points of E
where f ◦u �= 0, the last term is well-defined due to (5.1). The first two terms of the estimate
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are integrable, and the last term is nonnegative, so we can integrate over E to obtain

1

γ

∫∫

E
ξ

N∑

j=1

|∂ j u|p j f ′(u)ηdx dt

≤
∫∫

E
A(x, t, u,∇u) · ∇φ dx dt

+ γ

∫∫

E∩{ f ◦u �=0}
χ{∇u �=0̄}ξ

N∑

k=1

| f (u)|pk f ′(u)1−pk |∂kη
1
pk |pk dx dt (5.8)

where potentially the last integral could be infinite. In the first integral we can exchange E
for �T with the understanding that ∇u vanishes a.e. on the set where f ′(u) is ill-defined so
that the integrand can be interpreted as zero on this set. Similarly, for the last integral we
can replace E ∩ { f ◦ u �= 0} by �T since apart from a set of measure zero, the integrand is
well-defined when ∇u �= 0 and f ◦ u �= 0. With these modifications we combine (5.8) with
(5.7) and (5.6) to obtain

1

γ

∫∫

�T

ξ

N∑

j=1

|∂ j u|p j f ′(u)ηdx dt

≤ γ

∫∫

�T

χ{∇u �=0̄}ξ
N∑

k=1

| f (u)|pk f ′(u)1−pk |∂kη
1
pk |pk dx dt

+
∫∫

�T

η∂tξG(|u|α−1u)dx dt . (5.9)

Note that the function ξ = ϕψ converges pointwise from below to ϕχ(τ1,τ2) as δ → 0. Thus,
the monotone convergence theorem allows us to pass to the limit δ → 0 in the first two
integrals of (5.9), taking the limit inside the integrals obtaining the corresponding integrals
in (5.3). In order to treat the last integral in (5.9) we note that by the definition of ξ we have

∫∫

�T

η∂tξG(|u|α−1u)dx dt

=
∫∫

�T

ηϕ′ψG(|u|α−1u)dx dt + 1

δ

∫ τ1+δ

τ1

∫

�

ηϕG(|u|α−1u)dx dt

− 1

δ

∫ τ2

τ2−δ

∫

�

ηϕG(|u|α−1u)dx dt . (5.10)

In the first integral we can take the limit δ → 0 inside the integral due to the dominated
convergence theorem, and ψ gets replaced by χ(τ1,τ2) thus obtaining another term appearing
in (5.3). The continuity property of |u|α−1u established in Lemma 4.1 can be used to prove
that the map t �→ ηG(|u|α−1u)(·, t) is continuous into L1(�). From this it follows that

1

δ

∫ τ1+δ

τ1

∫

�

ηϕG(|u|α−1u)dx dt −−→
δ→0

∫

�

ηϕG(|u|α−1u)(x, τ1)dx .

The last integral in (5.10) can be treated in a similar manner. Thus, passing to the limit δ → 0
in (5.9) we recover (5.3). We proved the result in the case 0 < τ1 < τ2 < T . The result in
the full range 0 ≤ τ1 < τ2 ≤ T now follows from the continuity properties of |u|α−1u and
the appropriate convergence theorems by considering the limits τ1 → 0 and τ2 → T . ��
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When the function f appearing in the previous lemma is chosen appropriately, we recover
the classical energy estimates.

Lemma 5.2 Let u be a weak solution in the sense of Definition 3.1. Let k ∈ R, η ∈
C∞
o (�; [0, 1]) as in (5.2) and ϕ ∈ C∞(R;R≥0) be a function vanishing near the origin.

Then we have

N∑

j=1

∫∫

�T

|∂ j [(u − k)±η]|p j ϕ dx dt + sup
τ∈[0,T ]

∫

�×{τ }
(
u

α+1
2 − k

α+1
2 )2±ηϕ dx

≤
N∑

j=1

C
∫∫

�T

(u − k)
p j
± |∂ jη

1
p j |p j ϕ dx dt + C

∫∫

�T

(
u

α+1
2 − k

α+1
2 )2±η(∂tϕ)+ dx dt,

(5.11)

for a constant C depending only on the parameters α, N ,p and the constant � appearing in
the structure conditions (1.2–1.3).

Proof We prove the lemma in the case of the positive part and comment in the end how the
proof can be modified to treat the negative part. We apply Lemma 5.1 with the function

f (s) = (s − k)+,

which clearly satisfies the assumptions of the lemma. With this choice of f we have

f ′(s) = χ{s>k}, g(s) = f (|s| 1α −1s) = (|s| 1α −1s − k)+,

and we moreover choose G as the integral function

G(τ ) :=
∫ τ

kα

g(s)ds.

A simple calculation verifies that

G(|u|α−1u) = bα[u, k]χ{u>k}.

Therefore, (5.3) in this case takes the form

∫

�×{τ2}
ηϕbα[u, k]χ{u>k} dx + 1

γ

∫ τ2

τ1

∫

�

N∑

i=1

|∂i u|pi χ{u>k}ηϕ dx dt

≤ γ

∫ τ2

τ1

∫

�

N∑

i=1

(u − k)pi+ |∂iη
1
pi |pi ϕ dx dt +

∫

�×{τ1}
ηϕbα[u, k]χ{u>k} dx

+
∫ τ2

τ1

∫

�

ϕ′bα[u, k]χ{u>k} dx dt . (5.12)

We let τ1 ↓ 0 and the second integral on the right vanishes because of the properties of ϕ,
the integrability of u and dominated convergence. Noting that 0 ≤ ηi ≤ 1 we estimate

|∂i [(u − k)+η]|pi ≤ c|∂i (u − k)+|pi ηpi + c(u − k)pi+ |∂iη|pi
≤ c|∂i (u − k)+|pi η + c(u − k)pi+ ηi (xi )

pi (pi−1)|η′
i (xi )|pi

∏

s �=i

ηs(xs)
ps pi

≤ c|∂i u|pi χ{u>k}η + c(u − k)pi+ |∂iη
1
pi |pi .
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Combining the last estimate with (5.12) and noting that we may replace ∂tϕ with its positive
part we end up with

N∑

i=1

∫∫

�τ

|∂i [(u − k)+η]|pi ϕ dx dt +
∫

�×{τ }
bα[u, k]χ{u>k}ηϕ dx (5.13)

≤ c
N∑

i=1

∫∫

�τ

(u − k)pi+ |∂iη
1
pi |pi ϕ dx dt + c

∫∫

�τ

bα[u, k]χ{u>k}η(∂tϕ)+ dx dt,

Note that we can replace bα on both sides with the appropriate quantity using (3.3). We
can also estimate the right-hand side upwards by replacing τ by T . Since both terms on the
left-hand side are nonnegative, we can bound each term on the left-hand side individually
by the right-hand side. Taking the supremum over τ ∈ [0, T ] and adding these estimates we
end up with (5.11). In the case of the negative part, one instead chooses f (s) = −(s − k)−
and the rest of the proof is analogous. ��

Definition 5.3 (De Giorgi classes D(pi , α,�T )) We define D(pi , α,�T ) to be the set of
measurable functions u : �T → R such that

u ∈ Lp
loc(0, T ;W 1,p

loc (�)) ∩ LP
loc(�T ),

which satisfies the inequalities (5.3) for each such f , g : R → R.

Definition 5.4 (De Giorgi classes A(pi , α,�T )) We define A(pi , α,�T ) to be the set of
measurable functions u : �T → R such that

u ∈ Lp
loc(0, T ;W 1,p

loc (�)) ∩ LP
loc(�T ),

which satisfies the inequalities (5.11) for each such ϕ and k ∈ R+.

Starting from this definition, we prove in the following sections some fine properties of
functions in the aforementioned classes. Local boundedness, semicontinuity for functions in
A(pi , α,�T ) and global boundedness, properties of the mass and compact support for inte-
grable weak solutions of the Cauchy problem, being inD(pi , α, ST ). In particular Lemma 5.1
shows that weak solutions to (1.1)–(1.2)–(1.3) in the sense of Definition 3.1 are elements of
D(pi , α,�T ), and Lemma 5.2 shows the inclusion

D(pi , α,�T ) ⊆ A(pi , α,�T ).

6 Local boundedness

In this section we prove the local boundedness of weak solutions. Our proofs are based
on De Giorgi type iterations combining the energy estimates obtained in Lemma 5.2 with
the Sobolev embedding of Lemma 3.10. Throughout the section we will use the space-time
cylinders defined in Sect. 2, which turn out to be convenient in our setting.

As mentioned in the introduction, there are two ranges for p̄ which require somewhat
different proofs, and in the range corresponding to small values of p̄ we also require some
extra integrability of the solution. For clarity the two cases have been presented in separate
subsections.
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6.1 The case p̄ > N(˛+1)
N+˛+1

In this section we focus on the case in which p̄ satisfies the following lower bound:

p̄ >
N (α + 1)

N + α + 1
. (6.1)

The proof of local boundedness in Theorem 6.1 below is somewhat different in the cases
pN ≥ α + 1 and pN < α + 1, where pN indicates the largest of the exponents pi . In fact,
in the former case the condition (6.1) is not explicitly used in the argument, however in this
particular case (6.1) must necessarily be true due to the lower bound for the parameters pi .

Theorem 6.1 Let u ∈ A(pi , α,�T ), where α and pi satisfy (1.5). Suppose that (6.1) holds.
Then u is locally bounded and for any cylinder of the form Qr (xo, to) compactly contained
in �T and every σ ∈ (0, 1) we have the explicit bound

ess sup
Qσr (xo,to)

u ≤ max
{
1, c

(
(1 − σ)

− pN
p̄ (N+ p̄)

∫∫

Qr (xo,to)
uP+ dx dt

) p̄

N ( p̄(1+ α+1
N )−P)

}
, (6.2)

where P = max{{ps}Ns=1 ∪ {α + 1}} and c is a constant depending only on �, N ,p, α. An
analogous lower bound in terms of the L P-norm of u− holds for the essential infimum.

Proof We introduce a sequence of space-time cylinders as follows:

r j := r(σ + (1 − σ)2− j ), Q j := Qr j (xo, to) = K j × Tj . (6.3)

Here, K j denotes the rectangular region in space, and Tj denotes the time interval. Choose

functions ηsj ∈ C∞
o (xso + (−r

1
ps
j , r

1
ps
j ); [0, 1]) such that ηsj = 1 on xso + (−r

1
ps
j+1, r

1
ps
j+1) and

|ηsj ′|ps ≤ cr−1(1 − σ)−pN 2pN j .

Furthermore, we define

η j (x) :=
N∏

s=1

ηsj (xs)
ps .

Similarly we take ψ j ∈ C∞(R; [0, 1]) such that ψ j = 1 on (to − τ j+1, to] and ψ j (t) = 0
for t ≤ to − 1

2 (τ j + τ j+1) and

|ψ ′
j | ≤ cr−1(1 − σ)−12 j .

Furthermore, we set

θ := 2

α + 1
max{pN , α + 1} =

{
2pN
α+1 , pN ≥ α + 1

2, pN < α + 1

γ := 2 p̄

θ

( 1

N
+ 1

α + 1

)
.

In the case pN ≥ α + 1 the upper bound of the exponents pi in (1.5) guarantees that γ > 1.
In the case pN < α + 1 we can use the lower bound (6.1) for p̄ to deduce that γ > 1. At this
point of the proof we need to distinguish between the cases α ∈ (0, 1) and α ≥ 1.
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Case α ∈ (0, 1). We define the sequences

Y j :=
∫∫

Q j

(
u

α+1
2 − k

α+1
2

j

)θ

+ dx dt, k j := k(1 − 2− j )
2

α+1 , (6.4)

for j ∈ N0, where k ≥ 1 is a number to be fixed later. Note that Y j is finite for every j since
u ∈ LP

loc(�T ). We may use Hölder’s inequality to estimate

Y j+1 ≤
[ ∫∫

Q j+1

(
u

α+1
2 − k

α+1
2

j+1

)θγ

+ dx dt
] 1

γ |Q j+1 ∩ {u > k j+1}|1−
1
γ . (6.5)

We will use the shorthand notation

φ := (
u

α+1
2 − k

α+1
2

j+1

)
+ ≤ (u − k j+1)

α+1
2+ , (6.6)

where the last estimate follows from the left inequality in (3.4) and the fact that 2/(α+1) > 1.
In the following calculation we estimate the integral in (6.5) by using the relation between
γ and θ , and apply Hölder’s inequality with Q = N/(N − p̄) in the integral over space.
We estimate one of the integrals in space by its supremum for all times in Tj+1, use the
estimate in (6.6) in the other integral and introduce the functions η j and ψ j while expanding
the set of integration, which allows us to use (3.7). Finally, we estimate both of the resulting
factors using the energy estimate (5.11) and use the bounds for the functions η j ,ψ j and their
derivatives. All in all, the calculation takes the form
∫∫

Q j+1

φ
2 p̄( 1

N + 1
α+1 ) dx dt ≤

∫

Tj+1

[ ∫

K j+1

φ
2 p̄
N Q′

dx
] 1
Q′ [

∫

K j+1

φ
2 p̄

α+1 Q dx
] 1
Q dt

=
∫

Tj+1

[ ∫

K j+1

φ2 dx
] p̄
N

[ ∫

K j+1

φ
2

α+1 p̄
∗
dx

] p̄
p̄∗ dt

≤
[
sup
Tj+1

∫

K j+1

(
u

α+1
2 − k

α+1
2

j+1

)2
+ dx

] p̄
N

∫

Tj+1

[ ∫

K j+1

(u − k j+1)
p̄∗
+ dx

] p̄
p̄∗ dt

≤
[
sup
Tj

∫

K j

(
u

α+1
2 − k

α+1
2

j+1

)2
+η jψ j dx

] p̄
N

∫

Tj

ψ j

[ ∫

K j

[(u − k j+1)+η j ] p̄∗
dx

] p̄
p̄∗ dt

≤ c
[
sup
Tj

∫

K j

(
u

α+1
2 − k

α+1
2

j+1

)2
+η jψ j dx

] p̄
N

[ N∑

s=1

∫∫

Q j

|∂s [(u − k j+1)η j ]|psψ j dx dt
]

≤ c
[ ∫∫

Q j

N∑

s=1

(u − k j+1)
ps+ |∂sη

1
ps
j |psψ j + (

u
α+1
2 − k

α+1
2

j+1)
2+η j (∂tψ j )+ dx dt

] N+ p̄
N

≤ c
2 j

pN (N+ p̄)
N

r
N+ p̄
N (1 − σ)

pN (N+ p̄)
N

[ ∫∫

Q j

N∑

s=1

(u − k j+1)
ps+ + (

u
α+1
2 − k

α+1
2

j+1)
2+ dx dt

] N+ p̄
N

.

(6.7)

To treat the terms in the sum in the last integral we note that

(u − k j+1)
ps+ ≤ u psχ{u>k j+1} = (u

α+1
2 − k

α+1
2

j + k
α+1
2

j )
2ps
α+1 χ{u>k j+1} (6.8)

≤ c(u
α+1
2 − k

α+1
2

j )
2ps
α+1+ χ{u>k j+1} + ck psj χ{u>k j+1}

≤ c(u
α+1
2 − k

α+1
2

j )θ+ + c(1 + k psj )χ{u>k j+1},
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where in the last step we use Young’s inequality and the definition of θ . Similarly, since
θ ≥ 2 the last term in the integral on the last row of (6.7) can also be treated using Young’s
inequality:

(
u

α+1
2 − k

α+1
2

j+1)
2+ ≤ (

u
α+1
2 − k

α+1
2

j )θ+ + χ{u>k j+1}.

We have also used the fact that k j < k j+1. Applying these estimates to the terms in the last
integral in (6.7) and recalling that k ≥ 1 we obtain

∫∫

Q j+1

φ2 p̄( 1
N + 1

α+1 ) dx dt ≤ c
2 j

pN (N+ p̄)
N

r
N+ p̄
N (1 − σ)

pN (N+ p̄)
N

(
Y j + kP |Q j ∩ {u > k j+1}|

) N+ p̄
N .

(6.9)

We now note that

|Q j ∩ {u > k j+1}| ≤
∫∫

Q j∩{u>k j+1}

(
u

α+1
2 − k

α+1
2

j

)θ

(
k

α+1
2

j+1 − k
α+1
2

j

)θ
dx ≤ k−P2θ( j+1)Y j . (6.10)

Combining this estimate with (6.9) and (6.5) we end up with

Y j+1 ≤ cr− (N+ p̄)
γ N (1 − σ)

− pN (N+ p̄)
γ N k−P(1− 1

γ
)b jY

1+ p̄
Nγ

j , (6.11)

where c and b only depend on the parameters. We are thus in a position to apply the result in
Lemma 3.14 with the choices

C = cr− (N+ p̄)
γ N (1 − σ)

− pN (N+ p̄)
γ N k−P(1− 1

γ
)
, δ = p̄

Nγ
,

where c is the constant from (6.11), provided that

Y0 ≤ C− 1
δ b− 1

δ2 = cr
(N+ p̄)

p̄ (1 − σ)
pN (N+ p̄)

p̄ k
N P
p̄ (γ−1)

. (6.12)

Since

Y0 ≤
∫∫

Qr (xo,to)
uP+ dx dt,

and since |Qr (xo, to)| ∼ r
(N+ p̄)

p̄ we see that (6.12) is satisfied provided that

k ≥ c
(
(1 − σ)

− pN (N+ p̄)
p̄

∫∫

Qr (xo,to)
uP+ dx dt

) p̄

N ( p̄(1+ α+1
N )−P) . (6.13)

for a constant c depending only on the parameters. The conclusion of Lemma 3.14 is that
∫∫

Qσr (xo,to)

(
u

α+1
2 − k

α+1
2

)θ

+ dx dt ≤ Y j → 0,

which shows that the integrand above is zero almost everywhere, and hence

ess sup
Qσr (xo,to)

u ≤ k.

Recalling that the only bounds on k used in the argument are (6.13) and k ≥ 1, we have
verified (6.2).
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Case α ≥ 1. Define instead

Y j :=
∫∫

Q j

(u − k j )
P+ dx dt, k j := k(1 − 2− j ), φ := (u − k j+1)

α+1
2+ . (6.14)

By Hölder’s inequality we obtain

Y j+1 =
∫∫

Q j

φθ dx dt ≤
[ ∫∫

Q j+1

φθγ dx dt
] 1

γ |Q j+1 ∩ {u > k j+1}|1−
1
γ .

Using Hölder’s inequality as in (6.7) we in this case end up with
∫∫

Q j+1

φθγ dx dt ≤
[
sup
Tj+1

∫

K j+1

(u − k j+1)
α+1+ dx

] p̄
N

∫

Tj+1

[ ∫

K j+1

(u − k j+1)
p̄∗
+ dx

] p̄
p̄∗ dt .

We can use Lemma 3.6 (ii) to estimate the first integral on the right-hand side, and for the
second integral we use (3.7) as before. The resulting estimate takes the form

∫∫

Q j+1

φθγ dx dt

≤ c
2 j

pN (N+ p̄)
N

r
N+ p̄
N (1 − σ)

pN (N+ p̄)
N

[ ∫∫

Q j

N∑

s=1

(u − k j+1)
ps+ + bα[u, k j+1]χ{u>k j+1} dx dt

] N+ p̄
N

.

(6.15)

Using Young’s inequality and the fact that k j+1 ≥ k j we have

(u − k j+1)
ps+ ≤ (u − k j )

P+ + χ{u>k j+1}. (6.16)

Using Lemma 3.6 (i), Young’s inequality and the fact that k ≥ max{1, k j } obtain

bα[u, k j+1]χ{u>k j+1} ≤ c
(
uα − kα

j+1)
α+1
α+

≤ cuα+1χ{u>k j+1}
≤ c

(
(u − k j )

α+1+ + kα+1
j

)
χ{u>k j+1}

≤ c(u − k j )
P+ + ckPχ{u>k j+1}. (6.17)

Utilizing (6.16) and (6.17) to estimate the right-hand side of (6.15) we again end up with
(6.9), however with the current definition of φ and Y j . Instead of (6.10) we in the current
case can estimate

|Q j ∩ {u > k j+1}| ≤
∫∫

Q j∩{u>k j+1}
(u − k j )P

(k j+1 − k j )P
dx dt ≤ ck−P2 j PY j . (6.18)

Therefore, we again end up with (6.11) with our current definition of the sequence (Y j ).
The rest of the proof is the same as before, and noting that the value of Y0 is the same in
both cases, we end up with the same bound for the essential supremum as before. Analogous
arguments give rise to a lower bound in terms of the LP -norm of u−. ��

By iterating the previous result we can actually get a better bound for the essential supre-
mum. In order to proceed we first note that by the upper bound for the exponents pi in (1.5)
and the inequality (6.1) we have

P > P − N
p̄

(
p̄(1 + α+1

N ) − P
) =: λ(α, N ,p).
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Moreover, by the definitions of λ(α, N ,p) and P we see that

λ(α, N ,p) = P − (α + 1) + N
( P
p̄ − 1

) ≥ 0.

Now we can formulate the following.

Theorem 6.2 Let u ∈ A(pi , α,�T ), where α and pi satisfy (1.5). Suppose that (6.1) holds.
Then for any Q2r (xo, to) compactly contained in �T and any ν ∈ (λ(α, N ,p), P] we have

ess sup
Qr (xo,to)

u ≤ c
((∫∫

Q2r (xo,to)
uν+ dx dt

) 1
ν−λ(α,N ,p) + 1

)
, (6.19)

for a constant c depending only on α, N ,p,�, ν.

Proof Let ν be as in the statement of the lemma. Note that the case ν = P is contained in
the previous theorem, so henceforth we may assume ν < P . We define

r j := (2 − 2− j )r , Q j := Qr j (xo, to).

Using (6.2) with σ = r j/r j+1 we obtain

Mj := ess sup
Q j

≤ c
(
2 j

pN
p̄ (N+ p̄)

∫∫

Q j+1

uP+ dx dt
) p̄

N ( p̄(1+ α+1
N )−P) + 1

≤ cM

p̄(P−ν)

N ( p̄(1+ α+1
N )−P)

j+1

(
2 j

pN
p̄ (N+ p̄)

∫∫

Q j+1

uν+ dx dt
) p̄

N ( p̄(1+ α+1
N )−P) + 1.

Since λ(α, N ,p) < ν < P , we see that the exponent of Mj+1 in the last expression belongs
to the interval (0, 1). Thus we can use Young’s inequality to obtain

Mj ≤ εMj+1 + c(ε)b j
(∫∫

Q2r (xo,to)
uν+ dx dt

) 1
ν−λ(α,N ,p) + 1,

where we have also used the fact that Q j+1 is contained in Q2r (xo, to). Here we emphasize
that the constant c(ε) depends on ε in addition to the parameters ν, α, N ,p. The constant b
depends on ν, α, N ,p. By iterating the last estimate we end up with

M0 ≤ εnMn + c(ε)
( n−1∑

k=1

(εb)k
)(∫∫

Q2r (xo,to)
uν+ dx dt

) 1
ν−λ(α,N ,p) +

n−1∑

k=1

εk .

Choose ε so small that εb < 1. Then the sums in the last estimate converge as n → ∞. Since
the sequence Mn is bounded due to the local boundedness of u, the first term vanishes in the
limit n → ∞, and we end up with (6.19). ��

6.2 The case p̄ ≤ N(˛+1)
N+˛+1

We now turn our attention to the range

p̄ ≤ N (α + 1)

N + α + 1
, (6.20)

and recall that we also require (1.7) in this case. In previous section condition u ∈ LP (�T )

joint with (6.1) implies (1.7) so there is no need to make this assumption. The argument
consists of two parts. First, we obtain local boundedness without an explicit bound. Once

123



208 S. Ciani et al.

local boundedness has been established, we follow the approach of DiBenedetto in Section
V.10 of [24] to obtain an explicit estimate for the essential supremum.

Lemma 6.3 Let u ∈ A(pi , α,�T ), where α and pi satisfy (1.5). Suppose that (6.20) holds
and that u satisfies the extra integrability condition (1.7). Then u is locally bounded.

Proof Let (xo, to) ∈ �T . Choose r so small that Qr (xo, to) is compactly contained in �T

and take σ ∈ (0, 1). We show that u is bounded from above on Qσr (xo, to). By the definition
of m in (1.7) we have

� := 2m

α + 1
> 2N

( 1

p̄
− 1

α + 1

)
≥ 2, (6.21)

where the last estimate follows from (6.20). We also define

q :=
�/2 − p̄

(
1
N + 1

α+1

)

�/2 − 1
≥ 1, μ :=

p̄
(

1
N + 1

α+1

)

q
∈ (0, 1].

The lower bound for q follows from (6.20) and from this we deduce the range of μ. Define
the cylinders Q j as in the proof of Theorem 6.1. In the rest of the proof we need to distinguish
between the parameter ranges α ∈ (0, 1) and α ≥ 1.
Case α ∈ (0, 1). Choose

Y j :=
∫∫

Q j

(
u

α+1
2 − k

α+1
2

j

)2
+ dx dt, k j := k(2 − 2− j )

2
α+1 , φ = (

u
α+1
2 − k

α+1
2

j

)
+.

We require k ≥ 1 as before. Define the functions ηsj and ψ j and φ as in the proof of
Theorem6.1. If strict inequality holds in (6.20) then q > 1 andwe have byHölder’s inequality

Y j+1 =
∫∫

Q j+1

φ2 dx dt =
∫∫

Q j+1

φ2μφ2(1−μ) dx dt

≤
( ∫∫

Q j+1

φ2μq dx dt
) 1

q
( ∫∫

Q j+1

φ
2(1−μ)

q
q−1 dx dt

) q−1
q

=
( ∫∫

Q j+1

φ2 p̄( 1
N + 1

α+1 ) dx dt
) 1

q
( ∫∫

Q j+1

φ� dx dt
) q−1

q

≤
( ∫∫

Q j+1

φ2 p̄( 1
N + 1

α+1 ) dx dt
) 1

q
( ∫∫

Q0

um+ dx dt
) q−1

q
. (6.22)

If instead (6.20) holds with equality then q = 1 and the previous estimate is seen to be
valid without applying Hölder’s inequality. We note that the estimate (6.7) is valid for the
first integral on the last line, despite the different definition of k j . The upper bound for the
exponents ps in (1.5) together with (6.20) show that ps < α + 1. Therefore, similarly as in
(6.8) we have

(u − k j+1)
ps+ ≤ c(u

α+1
2 − k

α+1
2

j )2+ + c(1 + k psj )χ{u>k j+1}. (6.23)

Combining this with (6.7) we obtain
∫∫

Q j+1

φ2 p̄( 1
N + 1

α+1 ) dx dt

≤ cr− N+ p̄
N (1 − σ)−

pN (N+ p̄)
N 2 j

pN (N+ p̄)
N

(
Y j + k pN |Q j ∩ {u > k j+1}|

) N+ p̄
N ,
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and reasoning as in (6.10) we have

|Q j ∩ {u > k j+1}| ≤ 22 j k−(α+1)Y j .

Noting that in the current parameter range pN < α + 1 and recalling that k ≥ 1 we can now
combine the last three estimates to conclude that

Y j+1 ≤ cr− N+ p̄
qN (1 − σ)

− pN (N+ p̄)
qN I

q−1
q b jY

N+ p̄
qN

j , (6.24)

where I denotes the integral over Q0 appearing on the last line of (6.22) and b is a constant
depending only on N , α,p, �. Note that boundedness from above is obvious if I = 0, so we
assume henceforth that I > 0. By the definition of q and the lower bound for � we see that

N + p̄

qN
=

(N + p̄

N

) �/2 − 1

�/2 − p̄
( 1
N + 1

α+1

) =
(N + p̄

N

)(
1 + p̄

( 1
N + 1

α+1

) − 1

�/2 − p̄
( 1
N + 1

α+1

)
)

>
(N + p̄

N

)(
1 + p̄

( 1
N + 1

α+1

) − 1

N
( 1
p̄ − 1

α+1

) − p̄
( 1
N + 1

α+1

)
)

= 1.

Thus, the sequence (Y j ) satisfies the recursive estimate of Lemma 3.14 with

C = cr− N+ p̄
qN (1 − σ)

− pN (N+ p̄)
qN I

q−1
q , δ = N + p̄

qN
− 1 > 0.

By Remark 3.14, the sequence (Y j ) converges to zero provided that
∫∫

Qr (xo,to)

(
u

α+1
2 − k

α+1
2

)2
+ dx dt = Y0 ≤ C− 1

δ b
− 1

δ2 = cr
N+ p̄

N+ p̄−qN (1 − σ)
pN (N+ p̄)
N+ p̄−qN I−

N (q−1)
N+ p̄−qN .

The integral on the left-hand side vanishes in the limit k → ∞ by the dominated convergence
theorem and the expression on the right-hand side is independent of k, so the estimate must
indeed hold for large k. Thus, we have

∫∫

Qσr (xo,to)
(u

α+1
2 − 2k

α+1
2 )2+ dx dt ≤ Y j → 0,

which implies that u ≤ 2
2

α+1 k a.e. in Qσr (xo, to) for some sufficiently large k.
Case α ≥ 1. We define

Y j :=
∫∫

Q j

(u − k j )
α+1+ dx dt, k j := k(2 − 2− j ), φ = (u − k j )

α+1
2+ .

With these definitions we get an estimate which looks identical to (6.22). We can estimate
the first integral on the last row of our version of (6.22) using (6.15). Since ps < α + 1 we
may estimate

(u − k j+1)
ps+ ≤ (u − k j )

α+1+ + χ{u>k j+1}. (6.25)

Reasoning as in (6.17) we have

bα[u, k j+1]χ{u>k j+1} ≤ c(u − k j )
α+1+ + ckα+1χ{u>k j+1}. (6.26)

Combining (6.22), (6.15), (6.25) and (6.26) we end up with

Y j+1 ≤ cr− N+ p̄
qN (1 − σ)

− pN (N+ p̄)
qN I

q−1
q b j (Y j + kα+1|Q j ∩ {u > k j+1}|)

N+ p̄
qN . (6.27)
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Reasoning as in (6.18), with P replaced by α + 1 we have the measure estimate

|Q j ∩ {u > k j+1}| ≤ ck−(α+1)2 j(α+1)Y j . (6.28)

Combining (6.27) with (6.28) we obtain an estimate of the form (6.24) with the current
definition of Y j . The rest o the proof follows a similar type of reasoning as in the case
α ∈ (0, 1) with minor modifications. ��
Knowing that solutions are locally boundedwe nowproceed to prove an explicit upper bound.

Theorem 6.4 Let u ∈ A(pi , α,�T ), where α and pi satisfy (1.5). Suppose that (6.20) holds
and that u satisfies the integrability condition (1.7). Then u is locally bounded in �T and if
Q2r (xo, to) is compactly contained in � we have the following explicit bound:

ess sup
Qr (xo,to)

u ≤ c
((∫∫

Q2r (xo,to)
um+ dx dt

) 1
m− N

p̄ (α+1− p̄) + 1
)
,

for a constant c depending only on N , α,p,� and m.

Proof We first derive a bound on cylinders of the form Qσr (xo, to) when σ ∈ (0, 1) and
Qr (xo, to) is compactly contained in�T . Define the radii r j and the cylinders Q j as in (6.3).
By combining (6.21) and (6.20) we can introduce a positive parameter as follows:

ν :=
(α + 1

2

)(
� − 2 p̄

( 1
N

+ 1

α + 1

))
> 0. (6.29)

At this point of the proof we need to distinguish between the cases α ∈ (0, 1) and α ≥ 1.
Case α ∈ (0, 1). Define k j as in (6.4) and note that

Y j+1 :=
∫∫

Q j+1

(
u

α+1
2 − k

α+1
2

j+1

)�

+dxdt

≤‖u+‖ν
L∞(Q0)

∫∫

Q j+1

(
u

α+1
2 − k

α+1
2

j+1

)2 p̄( 1
N + 1

α+1 )

+ dxdt .

We can use (6.7) to estimate the last integral expression to conclude that

Y j+1 ≤ c
‖u+‖ν

L∞(Q0)
2 j

pN (N+ p̄)
N

r
N+ p̄
N (1 − σ)

pN (N+ p̄)
N

[ ∫∫

Q j

N∑

s=1

(u − k j+1)
ps+ + (

u
α+1
2 − k

α+1
2

j+1)
2+ dx dt

] N+ p̄
N

.

Making use of (6.23) and reasoning as in (6.10) we end up with

∫∫

Q j

N∑

s=1

(u − k j+1)
ps+ + (

u
α+1
2 − k

α+1
2

j+1)
2+ dx dt

≤ c22 j
∫∫

Q j∩{u>k j+1}
(
u

α+1
2 − k

α+1
2

j )2+ dx dt

= c22 j
∫∫

Q j∩{u>k j+1}

(
u

α+1
2 − k

α+1
2

j )�+
(
u

α+1
2 − k

α+1
2

j )�−2+
dx dt

≤ ck− (α+1)
2 (�−2)2� j Y j .
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Combining the last two estimates we obtain

Y j+1 ≤ c‖u+‖ν
L∞(Q0)

r− N+ p̄
N (1 − σ)−

pN (N+ p̄)
N k− (α+1)

2
(N+ p̄)

N (�−2)b jY
1+ p̄

N
j , (6.30)

where the constants c and b depend on α, N ,p, �. From Lemma 3.14 we see that (Y j )

converges to zero provided that

∫∫

Qr (xo,to)
um+ dx dt = Y0 ≤ c‖u+‖− Nν

p̄

L∞(Q0)
r

N+ p̄
p̄ (1 − σ)

pN (N+ p̄)
p̄ k

(α+1)
2

(N+ p̄)
p̄ (�−2)

,

which holds if

k ≥ c‖u+‖ζ

L∞(Qr (xo,to))
(1 − σ)

− 2pN
(α+1)(�−2)

(∫∫

Qr (xo,to)
um+ dx dt

) 2 p̄
(α+1)(N+ p̄)(�−2)

, (6.31)

where

ζ = 2Nν

(N + p̄)(α + 1)(� − 2)
= N

(N + p̄)(� − 2)

(
� − 2 p̄

( 1
N

+ 1

α + 1

))

= N

N + p̄

(
1 + 2 − 2 p̄( 1

N + 1
α+1 )

� − 2

)
.

If (6.20) holds with equality then the numerator in the last fractional expression vanishes
and ζ = N/(N + p̄) < 1. If instead (6.20) holds with a strict inequality then also the last
inequality in (6.21) is strict and we may estimate

ζ <
N

N + p̄

(
1 + 2 − 2 p̄( 1

N + 1
α+1 )

2N
( 1
N − 1

α+1

) − 2

)
= 1.

Thus, we have confirmed that in any case ζ ∈ (0, 1). We have showed that if (6.31) and k ≥ 1
hold, then

∫∫

Qσr (xo,to)

(
u

α+1
2 − k

α+1
2

)�

+ dx dt ≤ Y j → 0,

which means that u ≤ k in the cylinder Qσr (xo, to). Thus,

‖u+‖L∞(Qσr (xo,to)) ≤ c‖u+‖ζ

L∞(Qr (xo,to))

(1 − σ)
2pN

(α+1)(�−2)

(∫∫

Qr (xo,to)
um+ dx dt

) 2 p̄
(α+1)(N+ p̄)(�−2) + 1.

Since ζ ∈ (0, 1), we may use Young’s inequality on the right-hand side to conclude that

‖u+‖L∞(Qσr (xo,to)) ≤ ε‖u+‖L∞(Qr (xo,to))

+ c(ε)(1 − σ)
− 2pN

(α+1)(�−2)(1−ζ )

(∫∫

Qr (xo,to)
um+ dx dt

) 1
m− N

p̄ (α+1− p̄) + 1.

where we may choose ε arbitrarily small. Now an iteration similar to that performed in the
proof of Theorem 6.2 leads to the desired estimate.
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Case α ≥ 1. Define k j as in (6.14) and note that by (6.29) and (6.15) we have

Y j+1 :=
∫∫

Q j+1

(u − k j+1)
m+ dx dt ≤ ‖u+‖ν

L∞(Q0)

∫∫

Q j+1

(u − k j+1)
p̄
N (N+α+1)
+ dx dt

≤c
‖u+‖ν

L∞(Q0)
2 j

pN (N+ p̄)
N

r
N+ p̄
N (1 − σ)

pN (N+ p̄)
N

[ ∫∫

Q j

N∑

s=1

(u − k j+1)
ps+ + bα[u, k j+1]χ{u>k j+1} dx dt

] N+ p̄
N

.

(6.32)

We reason as in (6.17) to obtain

bα[u, k j+1]χ{u>k j+1} ≤ c(u − k j )
α+1+ χ{u>k j+1} + ckα+1χ{u>k j+1}. (6.33)

As noted in the proof of Lemma 6.3 we also have ps < α +1 in the current parameter range.
Therefore we may use Young’s inequality to estimate

(u − k j+1)
ps+ ≤ ((u − k j )

α+1+ + 1)χ{u>k j+1}. (6.34)

Using (6.33) and (6.34) we can estimate the integral on the last line of (6.32) as follows:

∫∫

Q j

N∑

s=1

(u − k j+1)
ps+ + bα[u, k j+1]χ{u>k j+1} dx dt

≤ c
∫∫

Q j∩{u>k j+1}
(u − k j )

α+1+ + kα+1 dx dt

= c
∫∫

Q j∩{u>k j+1}
(
(u − k j )

α+1−m+ + kα+1(u − k j )
−m+

)
(u − k j )

m+ dx dt

≤ c
∫∫

Q j∩{u>k j+1}
(
(k j+1 − k j )

α+1−m+ + kα+1(k j+1 − k j )
−m+

)
(u − k j )

m+ dx dt

≤ ckα+1−m2 jmY j , (6.35)

where we also used the fact that α +1−m < 0. Combining (6.35) and (6.32) we can recover
(6.30) with the current definition of the sequence (Y j ), albeit with a somewhat larger number
b compared to the previous case. Since the value of Y0 is the same as in the case α ∈ (0, 1),
the rest of the proof follows through with minor modifications, resulting in the same upper
bound as before. ��

7 Semicontinuity and critical mass lemma

In this section we show a measure theoretical maximum principle for functions in
A(pi , α,�T ), usually referred to as De Giorgi-type Lemma, or Critical Mass Lemma. As a
consequence, the elements ofA(pi , α,�T ) are lower-semicontinuous. For convenience, we
formulate the result for solutions defined in a neighborhood of the origin, but evidently the
result is translation invariant.

Lemma 7.1 (De Giorgi-type) Suppose u ∈ A(pi , α,� × (−T , T )) and suppose that ρ > 0
is so small that

Qρ := Kρ × (−ρ, ρ) =
N∏

j=1

(−ρ
1
p j , ρ

1
p j ) × (−ρ, ρ)
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is compactly contained in the domain of u. Let a ∈ (0, 1), M > 0 and suppose that μ− and
μ+ satisfy

μ− ≤ ess inf
Qρ

u, μ+ ≥ ess sup
Qρ

u.

Then there exists a constant ν− ∈ (0, 1) depending only on a, M, μ− and the data (and
independent of ρ) such that

|{u ≤ μ− + M} ∩ Qρ | ≤ ν−|Qρ | ⇒ u ≥ μ− + aM a.e. in Qρ/2. (7.1)

Similarly, there exists a constant ν+ ∈ (0, 1) depending only on a, M, μ+ and the data (and
independent of ρ) such that

|{u ≥ μ+ − M} ∩ Qρ | ≤ ν+|Qρ | ⇒ u ≤ μ+ − aM a.e. in Qρ/2. (7.2)

By Lemma 7.1, the function u satisfies property (D) of [42] and therefore we obtain the
following pointwise behaviour as a corollary.

Corollary 7.2 Let u ∈ A(pi , α,�T ), then u has a lower-semicontinuous representative.

Naturally u also has an upper-semicontinous representative. The corollary implies that the
corresponding semicontinuous representatives of u actually satisfy the pointwise bound (7.1)
or (7.2) for every point in the intrinsic half-cylinder.

Proof of Lemma 7.1 We prove (7.1), the other case being similar. The only delicate passage
is that to have (7.1) it is only needed that the function u is bounded from below, whereas in
order to prove (7.2) the function must be bounded from above. In our case u ∈ A(pi , α,�×
(−T , T )) and therefore by Theorem 6.1 and Lemma 6.3 it is locally bounded.
For n ∈ N0 we define the following sequences of real numbers and sets:

ρn := ρ

2
(1 + 2−n), kn := μ− + aM + (1 − a)2−nM,

Qn := Kn × Tn =
N∏

s=1

(−ρ
1
ps
n , ρ

1
ps
n ) × (−ρn, ρn), An := {u < kn} ∩ Qn, Yn := |An |

|Qn | .

We also choose functions ηsn ∈ C∞
o ((−ρ

1
ps
n , ρ

1
ps
n ); [0, 1]) such that ηn = 1 on (−ρ

1
ps
n+1, ρ

1
ps
n+1)

and ϕn ∈ C∞
o ((−ρn, ρn); [0, 1]) such that ϕn = 1 on (−ρn+1, ρn+1) and

|ηsn ′| ≤ c2nρ− 1
ps , |ϕ′

n | ≤ c2nρ−1. (7.3)

Since

|Qρ/2 ∩ {u < μ− + aM}| ≤ |Qρ |Yn,
for all n, it is sufficient to show that for sufficiently small ν = ν(a, M, μ−) the measure
estimate in (7.1) implies that Yn → 0. For this purpose, we use Hölder’s inequality:

(1 − a)M2−(n+1)|An+1| = (kn − kn+1)|An+1|
≤

∫∫

An+1

(u − kn)− dx dt

≤
[ ∫∫

An+1

(u − kn)
p̄(1+ 2

N )

− dx dt
] N

p̄(N+2) |An+1|1−
N

p̄(N+2) . (7.4)
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The integral in the last expression can be estimated using Hölder’s inequality as

∫∫

An+1

(u − kn)
p̄ 2
N + p̄

− dx dt

≤
∫

Tn+1

[ ∫

Kn+1

(u − kn)
2−χ{u<kn+1} dx

] p̄
N
[ ∫

Kn+1

(u − kn)
p̄∗
− dx

] p̄
p̄∗ dt

≤
[
sup
Tn+1

∫

Kn+1

(u − kn)
2−χ{u<kn+1} dx

] p̄
N

∫

Tn+1

[ ∫

Kn+1

(u − kn)
p̄∗
− dx

] p̄
p̄∗ dt . (7.5)

If α ∈ (0, 1), the integrand of the first integral on the last row of (7.5) can be treated using
Lemma 3.5 (i) as follows:

(u − kn)
2− ≤ c(|u| + |kn |)1−αbα[u, kn]χ{u<kn} ≤ cL1−αbα[u, kn]χ{u<kn},

where L := max{|μ−|, |μ− + M |}. If α ≥ 1 we instead use Lemma 3.6 (ii):

(u − kn)
2−χ{u<kn+1} = (u − kn)

1−α− (u − kn)
α+1− χ{u<kn+1}

≤ (kn − kn+1)
1−α(u − kn)

α+1−
≤ c(1 − a)1−αM1−α2n(α−1)bα[u, kn]χ{u<kn}.

Thus, for both parameter ranges there is a constant c̃ = c̃(a, M, μ−) such that

(u − kn)
2−χ{u<kn+1} ≤ c̃2αnbα[u, kn]χ{u<kn}. (7.6)

Combining (7.6) and (7.5), introducing the cut-off functions ηn and ϕn , applying (3.7) and
the equivalent of (5.13) for subsets we see that

∫∫

An+1

(u − kn)
p̄ 2
N + p̄

− dx dt

≤ c̃
p̄
N 2

α p̄n
N

[
sup
Tn

∫

Kn

bα[u, kn]χ{u<kn}ηnϕn dx
] p̄

N
∫

Tn

[ ∫

Kn

((u − kn)−ηn)
p̄∗
dx

] p̄
p̄∗

ϕn dt

≤ cc̃
p̄
N 2

α p̄n
N

[
sup
Tn

∫

Kn

bα[u, kn]χ{u<kn}ηnϕn dx
] p̄

N
∫

Tn

∫

Kn

N∑

j=1

|∂ j [(u − kn)−ηn]|p j ϕn dx dt

≤ cc̃
p̄
N 2

α p̄n
N

[ ∫∫

Qn

N∑

j=1

(u − kn)
p j
− |∂ jη

1
p j
n |p j ϕn + bα[u, kn]χ{u<kn}ηn(∂tϕn)+ dx dt

] p̄+N
N

.

(7.7)

The terms in the sum on the last line of (7.7) can be estimated as follows:

(u − kn)
p j
− ≤ Mpj χ{u<kn}, (7.8)

whereas for the term involving bα we can use (3.3) to conclude that

bα[u, kn]χ{u<kn} ≤ c(|u|α+1 + |kn |α+1)χ{u<kn} ≤ cLα+1χ{u<kn}. (7.9)
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Using (7.8), (7.9) and the estimates (7.3) for the derivatives of ηn and ϕn to estimate the
integral on the last line of (7.7) we end up with

∫∫

An+1

(u − kn)
p̄ 2
N + p̄

− dx dt ≤ cc̃
p̄
N 2

(α p̄+ p̄+N )n
N ρ− p̄+N

N

( N∑

j=1

Mpj + Lα+1
) p̄+N

N |An |
p̄+N
N .

(7.10)

Combining (7.10) and (7.4) and observing that |An+1| ≤ |An | we obtain

|An+1| ≤ c(1 − a)−1M−1c̃
1

N+2

( N∑

j=1

Mpj + Lα+1
) p̄+N

p̄(N+2)
bnρ− p̄+N

p̄(N+2) |An |1+ 1
N+2 ,

for some b > 1 depending only on the data. Noting that |Qn | ∼ ρ
N+ p̄
p̄ we see that

Yn+1 = |An+1|
|Qn+1| ≤ c(1 − a)−1M−1c̃

1
N+2

( N∑

j=1

Mpj + Lα+1
) p̄+N

p̄(N+2)
bnY

1+ 1
N+2

n

=: κbnY
1+ 1

N+2
n ,

where b only depends on the data. Noting that c̃ and L only depend on a, M, μ− and the
data, we see that also κ only depends on these parameters. Thus, by Lemma 3.14 Yn → 0
provided that

|{u < μ− + M} ∩ Qρ |
|Qρ | = Y0 ≤ κ− 1

N+2 b
− 1

(N+2)2 =: ν(a, μ−, M). (7.11)

Due to its definition, it is evident that ν only depends on a, M, μ− and the data. ��

8 Properties of solutions to the Cauchy problem

In this section we prove the global boundedness of solutions to the boundary value problem
{

∂t
(|u|α−1u

) − ∇ · A(x, t, u,∇u) = 0, in ST := R
N × (0, T ),

u(x, 0) = u0(x), x ∈ R
N .

(8.1)

In order to make this precise, we present the exact definition

Definition 8.1 Let u0 ∈ L1+α
loc (RN ). We say that u ∈ Lp(0, T ;W 1,p

loc (RN )) ∩ LP (0, T ;
LP
loc(R

N )) is an Lp-integrable weak solution to the problem (8.1) if u ∈ ∩N
i=1L

pi (ST ), u
is a weak solution on ST in the sense of Definition 3.1 and |u|α−1u(·, t) → |u0|α−1u0 in

L
1+ 1

α

loc (RN ) as t → 0.

Note that by Lemma 4.1, |u|α−1u(·, t) is continuous on [0, T ] into L1+ 1
α

loc (RN ), so the limit of
|u|α−1u(·, t) as t → 0 exists for any weak solution. We can now formulate the main theorem
of this section. We recall that the quantity p̄σ appearing in Conditions (1) and (2) below was
defined in Sect. 2.

Theorem 8.2 Let u0 ∈ Lα+1(RN ) and suppose that u is an Lp-integrable weak solution to
(8.1) in the sense of Definition 8.1.
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(1) If p̄α+1 > α + 1, then for all θ ∈ (0, T ) and q ∈ [α + 1, p̄α+1] we have

ess sup
RN×[θ,T ]

u ≤ cθ
− (N+ p̄)

λq

( ∫ T

θ/2

∫

RN
uq+ dx dt

) p̄
λq

, (8.2)

where λq := N ( p̄ − (α + 1)) + q p̄ > 0, and c only depends on the data. An analogous
estimate holds for the essential infimum, with u− appearing on the right-hand side.

(2) If furthermore p̄1 > α + 1 and α ∈ (0, 1) then

‖u(·, τ )‖L∞(RN ) ≤ cτ
− N

λ1

( ∫

RN
|u0|dx

) p̄
λ1 , (8.3)

for all τ ∈ (0, T ). Here we are considering the representative of u for which |u|α−1u is
cotinuous with respect to time.

We remark that the lower bound for p̄α+1 in (1) is in fact equivalent to the condition (6.1).
Note that in order to obtain (1) we are forced to assume global Lα+1-integrability of the
initial data u0, although only local Lα+1-integrability was needed to formulate the definition.
We also assume that u is integrable to all exponents p j on all of ST rather than just locally.
By examining the proof below we will see that this assumption could be somewhat relaxed.
In order to proceed we first prove the following lemma which shows that the integrability
properties of u0 imply that also u has stronger integrability than which is apparent from the
definition.

Lemma 8.3 Let u be an Lp-integrable weak solution to the Cauchy problem in the sense of
Definition 8.1 with u0 ∈ Lα+1(RN ). Then u ∈ L∞(0, T ; Lα+1(RN )) and

‖u(·, t)‖Lα+1(RN ) ≤ ‖u0‖Lα+1(RN ), t ∈ [0, T ]. (8.4)

Proof Let ξ ∈ C∞
o (R; [0, 1]) be such that ξ = 1 on [−1, 1] and ξ = 0 onR\(−2, 2). Define

η j (s) = ξ(s/r
1
p j ) and let η ∈ C∞

o (RN ) be defied according to (5.2). Then η = 1 on Kr and
η = 0 outside of K2r . Let ϕ ≡ 1. Then (5.3) with τ1 = 0, τ2 = τ , f (s) = s+ and

G(τ ) =
∫ τ

0
g(s)ds,

imply that

∫

RN×{τ }
uα+1+ ηdx ≤ c

N∑

i=1

∫∫

ST
u pi+ |∂iη

1
pi |pi dx dt +

∫

RN
(u0)

α+1+ ηdx, (8.5)

for all τ ∈ [0, T ]. Note that we were able to omit the first term from the left-hand side of
(5.3) since it is nonnegative. Also, the third term on the right-hand side of (5.3) vanishes
since ϕ is constant.

Using the definition of ηwe get an upper bound for themagnitude of the partial derivatives
on the right-hand side of (8.5). Taking into account also the fact that η = 1 on Kr we end up
with

∫

Kr×{τ }
uα+1+ dx ≤ cr−1

N∑

i=1

∫∫

ST
u pi+ dx dt +

∫

RN
(u0)

α+1+ dx,

for all τ ∈ [0, T ]. Finally, taking the limit r → ∞, the sum on the right-hand side vanishes
since u ∈ L pi (ST ) for every i ∈ {1, . . . , N }, and we obtain an estimate like (8.4) with u+
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replacing u and (u0)+ instead of u0. The negative part u− can be treated in an analogous
way and together these estimates imply (8.4). ��
In order to prove (8.3) in Theorem 8.2 we need the following lemma.

Lemma 8.4 Let α ∈ (0, 1). Let u be an Lp-integrable weak solution to the Cauchy problem
(8.1) in the sense of Definition 8.1 with initial value u0. Then

‖u(·, t)‖L1(RN ) ≤ ‖u0‖L1(RN )

for all t ∈ [0, T ).

Proof We use Lemma 5.1 with � = R
N and

f (s) = (s2 + ε)−α/2s, g(s) = (|s|2/α + ε)−α/2|s|1/α−1s.

Define

G(s) =
∫ s

0
g(τ ) dτ.

Since α ∈ (0, 1), the function f satisfies the assumptions of Lemma 5.1 for any fixed ε > 0.
We take η and ϕ as in Lemma 8.3. Then, as in Lemma 8.3 we have

∫

RN
ηG(|u|α−1u)(x, τ )dx ≤ c

N∑

i=1

∫∫

ST
| f (u)|pi f ′(u)1−pi |∂iη

1
pi |pi dx dt

+
∫

RN
ηG(|u0|α−1u0)dx . (8.6)

By a direct calculation we see that

f ′(u) = [(1 − α)u2 + ε](u2 + ε)−
α
2 −1 ≥ (1 − α)(u2 + ε)−

α
2 ,

and furthermore that

| f (u)|pi f ′(u)1−pi ≤ (1 − α)1−pi (u2 + ε)−
α
2 |u|pi ≤ cε− α

2 |u|pi . (8.7)

Using (8.7) and the definition of η we obtain
∫∫

ST
| f (u)|pk f ′(u)1−pk |∂kη

1
pk |pk dx dt ≤ cε− α

2 r−1
∫ T

0

∫

K2r

|u|pk dx dt −−−→
r→∞ 0.

Thus, passing to the limit r → ∞ in (8.6) we end up with
∫

RN
G(|u|α−1u)(x, τ2)dx ≤

∫

RN
G(|u0|α−1u0)dx . (8.8)

Using the definition of G we see that for any τ ∈ [0, T ],
∫

RN
G(|u|α−1u)(x, τ )dx =

∫

RN

∫ |u|α−1u(x,τ )

0
(|s| 2α + ε)−

α
2 |s| 1α −1sdsdx

=
∫

RN

∫ |u(x,τ )|α

0
(s

2
α + ε)−

α
2 s

1
α dsdx

−−→
ε→0

∫

RN

∫ |u(x,τ )|α

0
s

1
α
−1dsdx

= α

∫

RN
|u(x, τ )|dx .
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where wemake use of the monotone convergence theorem in order to pass to the limit ε → 0.
Thus passing to the limit ε → 0 in (8.8) and recalling that τ2 is arbitrary gives the claim. ��
Now we can prove the main theorem of this section.

Proof of Theorem 8.2 We first prove (1). Let q ∈ [α + 1, p̄α+1]. Then λq > 0 due to the
condition p̄α+1 > α + 1. For j ∈ N0 we define

θ j := θ(1 − 2−( j+1)), ψ j (t) := min{1, 2 j+2θ−1(t − θ j )+},
S j := R

N × (θ j , T ).

We need to distinguish between the cases α ∈ (0, 1) and α ≥ 1.
Case α ∈ (0, 1). Define the sequences

Y j :=
∫∫

S j

(
u

α+1
2 − k

α+1
2

j

) 2q
α+1+ dx dt, k j := k(1 − 2− j )

2
α+1 ,

where k > 0 is to be chosen later. Letting r > 0 and using the function η defined in the proof
of Lemma 8.3 we can reason as in (6.7) and obtain

∫ T

θ j+1

∫

Kr

(
u

α+1
2 − k

α+1
2

j+1

)2 p̄( 1
α+1+ 1

N )

+ dx dt

≤
[

sup
[θ j+1,T ]

∫

Kr

(
u

α+1
2 − k

α+1
2

j+1

)2
+ dx

] p̄
N

∫ T

θ j+1

( ∫

Kr
(u − k j+1)

p̄∗
+ dx

) p̄
p̄∗ dt

≤
[

sup
[θ j ,T ]

∫

K2r

(
u

α+1
2 − k

α+1
2

j+1

)2
+ψ jηdx

] p̄
N

∫ T

θ j

( ∫

K2r

[(u − k j+1)+η] p̄∗
dx

) p̄
p̄∗ dt

≤ c
[ N∑

s=1

∫ T

θ j

∫

K2r

(u − k j+1)
ps+ |∂sη

1
ps |ps dx dt + 2 j θ−1

∫ T

θ j

∫

K2r

(
u

α+1
2 − k

α+1
2

j+1

)2
+ dx dt

]1+ p̄
N

.

Passing to the limit r → ∞ as in the proof of Lemma 8.3 we are left with
∫∫

S j+1

(
u

α+1
2 − k

α+1
2

j+1

)2 p̄( 1
α+1+ 1

N )

+ dx dt ≤ c
(
2 jθ−1

∫∫

S j

(
u

α+1
2 − k

α+1
2

j+1

)2
+ dx dt

)1+ p̄
N
.

(8.9)

The right-hand side is finite due to Lemma 8.3. From the previous argument we can also
conclude that Y0 and hence every Y j is finite. Namely, it is possible to replace k j+1 by zero,
and by initially considering a smaller θ we see that (8.9) implies that u+ ∈ L p̄α+1(S0). Since
also u+ ∈ Lα+1(S0) by Lemma 8.3, we have by interpolation that u+ ∈ Lq(S0)which shows
that each Y j is finite. Since γ := p̄α+1/q ≥ 1 we can use Hölder’s inequality combined with
(8.9) to show that

Y j+1 =
∫∫

S j+1

(
u

α+1
2 − k

α+1
2

j+1

) 2q
α+1+ dx dt

≤
[ ∫∫

S j+1

(
u

α+1
2 − k

α+1
2

j+1

)2 p̄( 1
α+1+ 1

N )

+ dx dt
] 1

γ |S j+1 ∩ {u > k j+1}|1−
1
γ

≤ c
[
2 jθ−1

∫∫

S j

(
u

α+1
2 − k

α+1
2

j+1

)2
+ dx dt

] (N+ p̄)
γ N |S j ∩ {u > k j+1}|1−

1
γ

≤ cθ− (N+ p̄)
γ N 2 j (N+ p̄)

γ N Y
(α+1)

q
(N+ p̄)

γ N
j |S j ∩ {u > k j+1}|(1−

α+1
q )

(N+ p̄)
γ N +1− 1

γ ,
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where in the last step we use Hölder’s inequality with the exponent q/(α + 1). The measure
of the set S j ∩ {u > k j+1} can be estimated as in (6.10):

|S j ∩ {u > k j+1}| ≤ c2 j 2q
α+1 k−qY j .

Combining the last two estimates we have

Y j+1 ≤ cθ− (N+ p̄)
γ N k−Hb jY 1+δ

j , (8.10)

where

H = q
[
(1 − α+1

q )
(N+ p̄)

γ N + 1 − 1
γ

] = q
p̄

( N ( p̄−(α+1))+q p̄
N+α+1

)
,

δ = (α+1)
q

(N+ p̄)
γ N + (1 − α+1

q )
(N+ p̄)

γ N − 1
γ

= q
N+α+1 .

In principle the constants c, b appearing in (8.10) depend on q , but due to the range of q we
are able to pick c, b that ultimately only depend on the data. By Lemma 3.14, the sequence
(Y j ) converges to zero provided that

Y0 ≤ cθ
(N+ p̄)
δγ N k

H
δ ,

where the dependence on b has been absorbed into the constant cwhich thus still only depends
on the data. The upper bound for Y0 holds iff

k ≥ cθ− (N+ p̄)
N ( p̄−(α+1))+q p̄

( ∫ T

θ/2

∫

RN
uq+ dx dt

) p̄
N ( p̄−(α+1))+q p̄

. (8.11)

Thus, if (8.11) holds, we have
∫ T

θ

∫

RN

(
u

α+1
2 − k

α+1
2

) 2q
α+1+ dx dt ≤ Y j → 0.

whichmeans that u ≤ k onRN ×(θ, T ). In particular, this is true if (8.11) holds with equality,
which confirms (8.2).
Case α ≥ 1. Define

Y j :=
∫∫

S j

(
u − k j )

q
+ dx dt, k j := k(1 − 2− j ).

In order to prove the finiteness of Y j we proceed similarly as before, except that we use
Lemma 3.6 (ii) to estimate the integral appearing inside the supremum taken over time:

∫ T

θ j+1

∫

Kr

(u − k j+1)
p̄(1+ α+1

N )

+ dx dt

≤
[

sup
[θ j+1,T ]

∫

Kr

(u − k j+1)
α+1+ dx

] p̄
N

∫ T

θ j+1

( ∫

Kr

(u − k j+1)
p̄∗
+ dx

) p̄
p̄∗ dt

≤
[
sup

[θ j ,T ]

∫

K2r

bα[u, k j+1]χ{u>k j+1}ψ jηdx
] p̄

N
∫ T

θ j

( ∫

K2r

[(u − k j+1)+η] p̄∗
dx

) p̄
p̄∗

ηdt

≤ c
[ N∑

s=1

∫ T

θ j

∫

K2r

(u − k j+1)
ps+ |∂sη

1
ps |ps + 2 jθ−1bα[u, k j+1]χ{u>k j+1} dx dt

]1+ p̄
N
,
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where in the last step we combine the estimate (3.7) with (5.13). Passing to the limit r → ∞
and using (3.3) we are left with

∫∫

S j+1

(u − k j+1)
p̄(1+ α+1

N )

+ dx dt ≤ c
(
2 jθ−1

∫∫

S j

(
u

α+1
2 − k

α+1
2

j+1

)2
+ dx dt

)1+ p̄
N
. (8.12)

Reasoning as in the previous case, this estimate shows that the sequence Y j is finite. Note
that

(
u

α+1
2 − k

α+1
2

j+1

)2
+ ≤ uα+1χ{u>k j+1} ≤ c

(
(u − k j )

α+1+ + ckα+1
j

)
χ{u>k j+1}

≤ c
(
(u − k j )

α+1+ + ckα+1
j

(u − k j )
α+1+

(k j+1 − k j )α+1

)
χ{u>k j+1}

≤ c2 j(α+1)(u − k j )
α+1+ χ{u>k j+1},

and combine with (8.12) to obtain

∫∫

S j+1

(u − k j+1)
p̄(1+ α+1

N )

+ dx dt ≤ c
(
2 j(α+2)θ−1

∫∫

S j∩{u>k j+1}
(u − k j )

α+1+ dx dt
)1+ p̄

N

≤ c
(
2 j(α+2)θ−1Y

α+1
q

j |S j ∩ {u > k j+1}|1−
α+1
q

)1+ p̄
N
.

(8.13)

where in the last stepwe usedHölder’s inequality. Similarly as in (6.18)we obtain the estimate

|S j ∩ {u > k j+1}| ≤ c2 jqk−qY j . (8.14)

Using Hölder’s inequality with γ defined as in the case α ∈ (0, 1), we have

Y j+1 ≤
[ ∫∫

S j+1

(u − k j+1)
p̄(1+ α+1

N )

+ dx dt
] 1

γ |S j ∩ {u > k j+1}|1−
1
γ . (8.15)

Combining (8.13), (8.14) and (8.15) we see that our current sequence (Y j ) satisfies the
recursive estimate (8.10) with the same values for H and δ as before. Since also Y0 is the
same for both parameter ranges the rest of the proof works with minor changes, giving rise
to the same upper bound as before. This completes the proof of (1).

To prove (2) we note that the condition p̄1 ≥ α + 1 is stronger than p̄α+1 ≥ α + 1,
so we may use the conclusion of (1). Take q ∈ [α + 1, p̄1). For θ ∈ (0, T ) the function
v(x, t) = u(x, t + θ) solves the equation on ST−θ and v ∈ ∩N

j=1L
p j (ST−θ ) so by (1) we

have

ess sup
RN×[θ̃ ,T−θ ]

v ≤ cθ̃
− (N+ p̄)

λq

( ∫ T−θ

θ̃/2

∫

RN
v
q
+ dx dt

) p̄
λq

, θ̃ ∈ (0, T − θ).

In the previous inequality we set

θ̃ = τ j = (T − θ)2− j−1, Mj = ess sup
[RN×[τ j ,T−θ ]

v+,
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to obtain

Mj ≤ cτ
− N+ p̄

λq
j

( ∫ T−θ

τ j+1

∫

RN
v
q
+ dx dt

) p̄
λq

≤ c(T − θ)
− N+ p̄

λq 2
j (N+ p̄)

λq M
(q−1) p̄

λq
j+1

( ∫ T−θ

0

∫

RN
v+ dx dt

) p̄
λq

≤ εMj+1 + c(ε)(T − θ)
− N+ p̄

λ1 2
j (N+ p̄)

λ1

( ∫ T−θ

0

∫

RN
v+ dx dt

) p̄
λ1 ,

where in the last step we use Young’s inequality and the fact that the exponent of Mj+1 in
on the second last line lies in the interval (0, 1) since p̄1 > α + 1. Iterating the last estimate
we end up with

M0 ≤ εnMn + c(ε)(T − θ)
− N+ p̄

λ1

( n∑

j=1

(2
N+ p̄
λ1 ε) j

)( ∫ T−θ

0

∫

RN
v+ dx dt

) p̄
λ1 .

Taking ε sufficiently small and passing to the limit n → ∞ we see that

M0 ≤ c(T − θ)
− N+ p̄

λ1

( ∫ T−θ

0

∫

RN
v+ dx dt

) p̄
λ1 .

Rephrasing the last estimate in terms of u we have

ess sup
RN×[(T−θ)/2+θ,T ]

u+ ≤ c(T − θ)
− N+ p̄

λ1

( ∫ T

θ

∫

RN
u+ dx dt

) p̄
λ1 .

The previous argument works also if we consider u on the smaller time interval (0, τ ) where
τ ∈ (0, T ] and in this case the choice θ = τ/2 is valid, leading to

ess sup
RN×[ 34 τ,τ ]

u+ ≤ cτ
− N+ p̄

λ1

( ∫ τ

τ/2

∫

RN
u+ dx dt

) p̄
λ1 .

Similarly, we may estimate the essential supremum of u− and combining these estimates we
have

ess sup
RN×[ 34 τ,τ ]

|u| ≤ cτ
− N+ p̄

λ1

( ∫ τ

τ/2

∫

RN
|u|dx dt

) p̄
λ1 .

Since we assume α ∈ (0, 1), the integral over RN can now be estimated using Lemma 8.4
leading to

ess sup
RN×[ 34 τ,τ ]

|u| ≤ cτ
− N

λ1

( ∫

RN
|u0|dx

) p̄
λ1 . (8.16)

We show that (8.3) follows from the last estimate. If the right-hand side of (8.16) is infinite,
there is nothing to prove. Otherwise, denote the right-hand side as κ and suppose on the
contrary that ess supRN |u(·, τ )| > κ . Then we find a set E of positive measure and some
ε > 0 such that |u(·, τ )| ≥ κ + ε on E . We may assume that E is contained in a compact set
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and that u(·, τ ) ≥ κ + ε on E . Then we have for τ ′ ∈ ( 34τ, τ )

|E |((κ + ε)α − κα
)1+ 1

α

= 1

τ − τ ′

∫ τ

τ ′

∫

E

(
(κ + ε)α − κα

)1+ 1
α dx dt

≤ 1

τ − τ ′

∫ τ

τ ′

∫

E
||u(x, τ )|α−1u(x, τ ) − |u(x, t)|α−1u(x, t)|1+ 1

α dx dt .

The last expression vanishes in the limit τ ′ → τ due to the time-condinuity of |u|α−1u but
the left-hand side is a positive constant so we have reached a contradiction. ��

Remark 8.5 By examining the proofs of Lemma 8.3, Lemma 8.4, and Theorem 8.2 we see
that one could obtain the same results with somewhat weaker assumptions on u. In fact, it
would suffice that

lim
r→∞ r−1

∫ T

0

∫

Kr

|u|p j dx dt = 0,

for every j ∈ {1, . . . , N }.

We mention that it is possible to adapt the method of Theorem 8.2 to obtain an equivalent of
Lemma 3.1 in [28], where the balls are replaced by rectangles in space which use the scaling
of [19]. Utilizing this result and the strategy of [28] might provide an alternative although
technical way for proving the estimates (19) and (20) in [19]. In fact, also in [19] the approach
of [28] is mentioned.

9 Support of solutions

In the following we show that solutions to the Cauchy problem with compactly supported
initial data have compact support, with a qualitative description involving the L pi

loc(ST )-norm
of the solution. Next we use the fact that solutions are compactly supported to refine the
qualitative information to a quantitative one. The support is well defined, since solutions are
semi-continuous.

We obtain our estimates on the support for Lp-integrable solutions, but we remark that
it should be possible to extend the results even to solutions which are L pi -integrable in the
i th coordinate direction only for some of the coordinates i ∈ {1, . . . , N }, provided that an
appropriate branch of the solution is considered. See [30] for a discussion of this topic in the
case α = 1. The reason why the more general case is more involved is the non-uniqueness of
solutions. A reasonable theory of existence is available (see [49], [50], [48] for the prototype
and [20] for more general initial data and [41] for more general operators), but in general,
uniqueness fails for L2

loc initial data, already for the p-Laplace equation.

Lemma 9.1 Let u be an Lp-integrable weak solution to the Cauchy problem 8.1 in the sense
of Definition 8.1, with u0 ∈ Lα+1(ST ) and supp(u0) ⊂ KR0 for some R0 > 0. Assume that
for all j = 1, . . . , N

α + 1 < p j < p̄(1 + (α + 1)/N ) < N + α + 1. (9.1)
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Then there exist d, χ, χ̃ depending only on the data {N , pi , α,�} specified in (9.5) and
γ > 0 depending on the data and T such that for R ≥ max{2R0, 1}

u(·, t) ≡ 0, in K2R \ KR ∀t ∈ [0,max{τ ∗, T }], where

τ ∗ = τ ∗(u, R, T ) = γ R
p1
d (1+χ)

min
{[ ∫ T

0

∫

K3R

N∑

i=1

|u|pi dx dt
]−χ

,
[ ∫ T

0

∫

K3R

N∑

i=1

|u|pi dx dt
]−χ̃}

.

Proof Let R ≥ 2R0 and define the domains

En = Krn \ Ksn , for rn = 2R(1 + 2−(n+1)), sn = R(1 − 2−(n+1)),

so that En+1 ⊂ En is an decreasing sequence of sets starting from E0 = K3R \ KR/2 and
ending up with E∞ = K2R \ KR . Choose ηn ∈ C∞

o (En; [0, 1]) as in (5.2) such that

ηn ≡ 1 in En+1, and |∂iη1/pin | ≤ c2n/R, ∀i = 1, . . . , N .

Reasoning as in the proof of Lemma 8.3 we obtain an equivalent of (8.5), where we retain
the terms involving the derivatives of u on the left-hand side, namely

∫

RN×{τ }
uα+1+ ηn dx +

N∑

i=1

∫∫

Sτ

|∂i u+|pi ηn dx dt ≤ c
N∑

i=1

∫∫

Sτ

u pi+ |∂iη
1
pi
n |pi dx dt . (9.2)

Note also that the term involving u0 which appears on the right-hand side of (8.5) vanishes
in the current case since ηn = 0 on the support of u0. By adding (9.2) and its corresponding
estimate for u− we end up with

∫

RN×{τ }
|u|α+1ηn dx +

N∑

i=1

∫∫

Sτ

|∂i u|pi ηn dx dt ≤ c
N∑

i=1

∫∫

Sτ

|u|pi |∂iη
1
pi
n |pi dx dt . (9.3)

For i = 1, . . . , N we apply Theorem 3.11 to the compactly supported function uηn with

αi ≡ 1, σ = α + 1, q = pi , θ = (N − p̄)(pi − α − 1)

N ( p̄ − α − 1) + p̄(α + 1)
=: θi .

These parameter choices are valid since

θ > 0 ⇐⇒ pi > α + 1, and θ ≤ p̄/ p̄∗ ⇐⇒ pi < p̄(1 + (α + 1)/N ).

By summing up the resulting estimates for i = 1, . . . , N combined with (9.3) and the bound
for the derivatives of ηn we get

Yn+1 :=
∫ t

0

∫

En+1

N∑

i=1

|u|pi dx ds

≤ c
N∑

i=1

t1−θi p̄∗/ p̄
( N∑

j=1

2np j

R p j

∫ t

0

∫

En

|u|p j dx ds

)(1−θi )+θi p̄∗/ p̄
(9.4)

≤ cT t
d
(
2npN (1+χmax)

Rp1(1+χ)

) N∑

i=1

Y 1+χi
n ,
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where we emphasize that the constant cT depends on T and

d = N ( p̄ − pN ) + p̄(α + 1)

N ( p̄ − α − 1) + p̄(α + 1)
, χi = θi ( p̄

∗/ p̄ − 1) = p̄(pi − α − 1)

N ( p̄ − α − 1) + p̄(α + 1)
,

χ̃ = max{χi }i , χ = min{χi }i . (9.5)

In the last step of (9.4) we used the fact that t/T < 1 and to conclude that

t1−θi p̄∗/ p̄ = T θi p̄∗/ p̄−1
( t

T

)1−θi p̄∗/ p̄ ≤ c̃(T )
( t

T

)min{1−θi p̄∗/ p̄} = c̃(T )
( t

T

)d = c(T )td .

In light of (9.4), we can apply Lemma 3.13 with the current choice of χi s to conclude that if

Y0 ≤ cmin
{( td

R p1(1+χ)

)−1/χ
,
( td

R p1(1+χ)

)−1/χ̃}
(9.6)

then limn→∞ Yn = 0. Since

Y0 ≤
∫ T

0

∫

K3R

N∑

i=1

|u|pi dx ds =: I (R),

the condition (9.6) is satisfied if

t ≤ cR
p1
d (1+χ) min

{
I (R)−χ , I (R)−χ̃

}
.

Since furthermore,

∫ t

0

∫

E∞

N∑

i=1

|u|pi dx ds ≤ Yn,

we have that

u = 0, a.e. in (0, t) × E∞ = (0, t) × {K2R \ KR}, ∀t satisfying (9.6).

��

Now we are ready to prove the main theorem of this section.

Theorem 9.2 Let α ∈ (0, 1). Suppose that for all i = 1, . . . , N the condition

α + 1 < pi ≤ pN < p̄(1 + α/N ) < N + α (9.7)

is satisfied. Let u be an Lp-integrable weak solution to the Cauchy problem (8.1) in the sense
of Definition 8.1 with

u0 ∈ L1+α(RN ) ∩ L1(RN ), ∅ �= supp(u0) ⊂ [−R0, R0]N =: KR0 .

Then the support of u evolves with the law

supp(u(·, t)) ⊂
N∏

i=1

[−Ri (t), Ri (t)], Ri (t) = 2R0 + γ ‖u0‖
p̄(pi−α−1)

λ1 pi
L1(RN )

t
N ( p̄−pi )+ p̄

λ1 pi , (9.8)

where γ depends only on the data.
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Proof Let ε > 0. We want to use Lemma 5.1 with f (s) = (s2 + ε2)
μ−1
2 s, and consequently

g(s) = (|s|2/α + ε2)
μ−1
2 |s| 1−α

α s, where μ ∈ (0, 1) is to be chosen later. We also take

G(τ ) :=
∫ τ

0
g(s)ds,

and ϕ ≡ 1. Since

f ′(u) ≥ μ(s2 + ε2)
μ−1
2 , and | f (u)|pi f ′(u)1−pi ≤ μ1−pi |u|pi [u2 + ε2] μ−1

2 ,

we see that (5.3) takes the form (for 0 < T ∗ ≤ T )

∫

RN
η(x)G(|u|α−1u(x, t))dx

∣
∣
∣
∣

T ∗

t=0
+ μ

γ

N∑

i=1

∫∫

ST∗
(u2 + ε2)

μ−1
2 η(x)|∂i u|pi dx dt

≤ γμ1−pN

∫∫

ST∗
(u2 + ε2)

μ−1
2

N∑

i=1

|u|pi |∂iη1/pi |pi dx dt .

(9.9)

By the monotone convergence theorem we see that

∫

RN
η(x)G(|u|α−1u(x, t))dx

=
∫

RN
η(x)

∫ |u(x,t)|α

0
(s2/α + ε2)

μ−1
2 s

1
α ds dx

−−→
ε→0

∫

RN
η(x)

∫ |u(x,t)|α

0
s

μ
α ds dx = α

α+μ

∫

RN
η(x)|u(x, t)|μ+α dx .

Similarly, we can also pass to the limit ε → 0 in the other terms of (9.9) which leads to

α

α + μ

∫

RN
η(x)|u(x, t)|μ+α dx

∣∣∣∣

T ∗

t=0
+ μ

γ

N∑

i=1

∫∫

ST∗
η(x)|u|μ−1|∂i u|pi dx dt

≤ γμ1−pN

∫∫

ST∗

N∑

i=1

|u|pi+μ−1 |∂iη1/pi |pi dx dt . (9.10)

Now we use a trick of [30] by wise choice of test functions. Choose an index j ∈ {1, . . . , N }
and let η(x) = η

p j
j (x j )

∏
i �= j η

pi
i (xi ) ∈ C∞

o (RN , [0, 1]) in the following way:

η j ≡ 0 on (−R0, R0), while ηi ≡ 1 on (−R, R), and |η′
i | ≤ c/R, for i �= j .

Note that by the properties of u0 and η j we have that the term on the left-hand side of (9.10)
corresponding to t = 0 vanishes. We let R → ∞ so that all except the j-th term in the sum

123



226 S. Ciani et al.

on the right-hand side of (9.10) vanish:

∫∫

ST∗

N∑

i=1

|u|pi+μ−1 |∂iη1/pi |pi dx dt

≤
N∑

i=1,i �= j

C

R pi

∫∫

ST∗
|u|pi+μ−1 dx dt +

∫∫

ST∗
|u|p j+μ−1|η′

j (x j )|p j dx dt

−−−→
R→∞

∫∫

ST∗
|u|p j+μ−1|η′

j (x j )|p j dx dt,

(9.11)

where we use the dominated convergence theorem to pass to the limit. We also use that u ∈
L1(ST ) by Lemma 8.4 (applicable since we assume α ∈ (0, 1)) joint with u ∈ ∩N

i=1L
pi (ST )

and interpolation to say that u ∈ L pi+μ−1(ST ). Note that this argument requires that 1 ≤
pi + μ − 1 ≤ pi . The upper bound is obvious since μ < 1. The lower bound follows from
the first inequality of (9.7) if we require μ ≥ 1 − α. This is the first bound imposed on μ.
This leads us, by generality of T ∗, to the estimate

α

α + μ
sup

t∈[0,T ]

( ∫

RN
η
p j
j (x j )|u|μ+α(x, t)dx

)
+ μ

γ

N∑

i=1

∫∫

ST
η j (x j )

p j |u|μ−1|∂i u|pi dx dt

≤ γμ1−pN

∫∫

ST
|u|p j+μ−1|η′

j (x j )|p j dx dt .

(9.12)

Now we set the iterative geometry that will permit an argument á la De Giorgi: Define for
ρ > 2R0 and n ∈ N

ρn = ρ(2 + 2−n), sn = ρ(1 − 2−(n+1)), En = {x ∈ R
N : sn ≤ |x j | ≤ ρn},

and choose test functions η j,n ∈ C∞
o (R; [0, 1]) with the following behavior:

η j,n ≡ 1 on [sn+1, ρn+1], |η′
j,n | ≤ C2n/ρ, η j,n ∈ C∞

o ((sn, ρn)).

Due to the definition of sn we see that η j,n vanishes on [−R0, R0] so it is a valid test function
in (9.12). The sequence of sets En is shrinking monotonically En+1 ⊂ En

from E0 = {x ∈ R
N : ρ/2 ≤ |x j | ≤ 3ρ} to the set E∞ = {x ∈ R

N : ρ ≤ |x j | ≤ 2ρ}.
In order to perform a DeGiorgi type iteration, we want to combine (9.12) with Theorem 3.11.
This is possible although the functions x �→ η j (x j ) are not compactly supported since u is
compactly supported by Lemma 9.1. We apply Theorem 3.11 with the choices

σ = μ + α, q = p j + μ − 1, and so

θ = (N − p̄)(p j − α − 1)/[N ( p̄ − α − 1) + p̄(μ + α)],
with anisotropies

αi = pi + μ − 1

pi
,

In order to verify that these parameter choices are valid, we note that θ ∈ (0, p̄/ p̄∗) where
the lower bound follows from the first inequality in (9.7) and the upper bound follows from
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the third inequality. In order to apply Theorem 3.11 we also need that 1 ≤ σ ≤ p∗
α . The

lower bound follows from the condition μ ≥ 1 − α which we have already imposed. With
our choice of the numbers αi the upper bound can be written in the form

μ + α ≤ p̄∗(1 + μ − 1

p̄

)
= N

N − p̄
( p̄ − 1 + μ) (9.13)

Since p̄ > 1 + α by (9.7), we see that (9.13) holds for all μ ∈ (0, 1). Thus the parameter
choices are valid if we take μ ≥ 1 − α. When applying Theorem 3.11 we will use the fact
that

∂i |ηp j
j,n(x j )u|αi = αi |ηp j

j,n(x j )u|αi−1∂i |ηp j
j,n(x j )u|

= αi |ηp j
j,n(x j )u|αi−1

(
δi j p jη

p j−1
j,n (x j )η

′
j,n(x j )|u| + η

p j
j,n(x j ) sgn(u)∂i u

)
.

(9.14)

Note that since αi < 1 it is not obvious that the derivative can be calculated in this way in
accordance with the chain rule. However, (9.14) can be verified by applying the chain rule for
Sobolev functions to (ε+|ηp j

j,n(x j )u|)αi and passing to the limit ε → 0, using the dominated
convergence theorem combined with (9.12). From (9.14) we obtain the estimate

|∂i |ηp j
j,n(x j )u|αi |pi ≤ c(δi j |η′

j,n(x j )|p j |u|p j+μ−1 + η
p j
j,n(x j )|u|μ−1|∂i u|pi ), (9.15)

where we also make use of the fact that α j p j = p j + μ − 1 ≥ 1 and 0 ≤ η j,n ≤ 1. Finally,
applying Theorem 3.11 to the function η

p j
j,n(x j )u, making use of (9.15) and combining the

resulting estimates with (9.12) and the upper bound for the derivatives η′
j,n we obtain

Yn+1 :=
∫ T

0

∫

En+1

|u|p j+μ−1 dx dt

≤
∫ T

0

∫

RN
|ηp j

j,n(x j )u|p j+μ−1 dx dt

≤ cT 1−θ p̄∗/ p̄
[

sup
t∈[0,T ]

∫

RN
η
p j (μ+α)

j ,n (x j )|u|μ+α dx
]1−θ

N∏

i=1

[ ∫∫

ST
|∂i |ηp j

j,n(x j )u|αi |pi dx dt
] θ p̄∗
N pi

≤ cT 1−θ p̄∗/ p̄
N∏

i=1

[ ∫∫

ST
δi j |η′

j ,n(x j )|p j |u|p j+μ−1 + η
p j
j ,n(x j )|u|μ−1|∂i u|pi dx dt

] θ p̄∗
N pi

×
[

sup
t∈[0,T ]

∫

RN
η
p j
j,n(x j )|u|μ+α dx

]1−θ

≤ cT 1−θ p̄∗/ p̄
(
2np j

ρ
p j

∫ T

0

∫

En
|u|p j+μ−1 dx dt

)(1−θ)+θ p̄∗/ p̄

= cT 1−θ p̄∗/ p̄(2np j /ρ p j
)(1−θ)+θ p̄∗/ p̄Y 1+δ

n .

In the third step we also used the fact that μ + α ≥ 1 and that 0 ≤ η j,n ≤ 1 to decrease
the exponent in the first integral. In principle there is a dependence on μ in (9.12) but it is
stable as μ ∈ [1 − α, 1) so ultimately we get no direct μ-dependence in the constant. The
previous estimate combined with Lemma 3.14 with δ = θ( p̄∗/ p̄ − 1) ∈ (0, 1) shows that
the sequence Yn converges to zero if

Y0 =
∫ T

0

∫

E0

|u|p j+μ−1 dx dt ≤ cT
θ p̄∗/ p̄−1

θ( p̄∗/ p̄−1) (ρ p j )
1+θ( p̄∗/ p̄−1)
θ( p̄∗/ p̄−1) . (9.16)
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We obtain an upper bound for Y0 with the help of Lemma 8.4 and Theorem 8.2:

Y0 ≤
∫∫

ST
|u|p j+μ−1 dx dt

≤
∫ T

0
‖u(·, t)‖L1(RN ) ‖u(·, t)‖p j+μ−2

L∞(RN )
dt

≤ c‖u0‖L1(RN )

∫ T

0
‖u0‖( p̄/λ1)(p j+μ−2)

L1(RN )
t−N (p j+μ−2)/λ1 dt

= c‖u0‖
1+ p̄(p j+μ−2)

λ1
L1(RN )

T
1− N (p j+μ−2)

λ1 , λ1 = N ( p̄ − α − 1) + p̄.

(9.17)

Here above we must request that μ ∈ (0, 1) is so small that

N (p j + μ − 2)/λ1 < 1 ⇐⇒ 0 < μ < p̄(1 + 1/N ) − p j + 1 − α. (9.18)

Note that due to (9.7), the upper bound for μ in (9.18) is larger than 1 − α, so this new
condition is compatible with our previous requirement μ ≥ 1 − α, and a μ which satisfies
both conditions can thus be chosen. From (9.17) it follows that (9.16) is true provided that

‖u0‖
1+ p̄(p j+μ−2)

λ1
L1(RN )

T
1− N (p j+μ−2)

λ1 ≤ cT
θ p̄∗/ p̄−1

θ( p̄∗/ p̄−1) (ρ p j )
1+θ( p̄∗/ p̄−1)
θ( p̄∗/ p̄−1) ,

which after some algebraic manipulations can be expressed as

ρ p j ≥ c‖u0‖
p̄(p j−α−1)

[N ( p̄−α−1)+ p̄]
L1(RN )

T
N ( p̄−p j )+ p̄

[N ( p̄−α−1)+ p̄] , (9.19)

so that finally

0 = Y∞ =
∫ T

0

∫

E∞
|u|p j+μ−1 dx dt ⇒ u = 0 a.e. in {x ∈ R

N | ρ ≤ |x j | ≤ 2ρ},

and we are done. It is noteworthy that the final condition (9.19) does not depend on μ.
Repeating the same procedure for j = 1, . . . , N we obtain (9.8). ��
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