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Fueter’s theorem states, in modern terms, that the Laplacian maps slice-regular
quaternionic functions into Fueter-regular functions with axial symmetry. This
phenomenon is also present in the Clifford setting, where both slice-monogenic
functions and generalized partial-slice monogenic functions are mapped by the
Laplacian into monogenic functions with axial symmetry. These results are due,
respectively, to Sce and Qian and to Xu and Sabadini.
The present work puts the Fueter-Sce phenomenon into context for the wider class
of strongly T-regular functions. It shows that the phenomenon appears over general
associative x-algebras. Moreover, the symmetry considered here is multi-axial in a
sense introduced by Eelbode. Additionally, but more surprisingly, the phenomenon
studied by Fueter, Sce, Xu and Sabadini turns out to be the last step in a multi-step
process. A new phenomenon in one hypercomplex variable is therefore discovered.
© 2026 The Authors. Published by Elsevier Inc. This is an open access article
under the CC BY-NC-ND license (http://
creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

This work uncovers a new Fueter-Sce phenomenon in one hypercomplex variable. Several novelties appear.
Firstly, Fueter’s theorem of [19], Sce’s theorem of [42], and a more recent result of Xu and Sabadini [19] are

unified into a single statement, valid over general associative x-algebras. Secondly, the main results obtained

are multi-axial in the sense of Eelbode’s work [15]. Lastly, but most importantly, the phenomenon studied

in [19,42,49] turns out to be the last step of a longer process involving several steps. To better explain all

three novelties, some introduction is in order.

Hypercomplex function theory originated from the search for analogs, over higher-dimensional algebras,

of the theory of holomorphic functions. Numerous theories in one hypercomplex variable were developed

over the last century. Fueter introduced his theory of quaternionic regular functions in [19,20], see also [45].

Generalizing Fueter’s ideas to Clifford algebras led to the well-established theory of monogenic functions over
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Clifford algebras, see [1,2,33] and references therein. Following an idea of Cullen [10], Gentili and Struppa
introduced in [22,23] the completely distinct theory of quaternionic slice-regular functions, which was vastly
developed over the last twenty years: see [21] and references therein. Over Clifford algebras, Colombo,
Sabadini and Struppa introduced in [7] the theory of slice-monogenic functions (or slice-hyperholomorphic
functions, see [8]). These endeavors are not limited to the associative setting: for instance, an octonionic
function theory was introduced in [11] (see [9] for a translation into English), while octonionic slice-regular
functions were defined in [24]. The work [26] introduced the fundamental concept of slice function and set
the grounds for the study of slice-regularity over general alternative x-algebras.

A turning point in function theory in one hypercomplex variable was announced in [30] and developed
n [31]. For a fixed alternative #-algebra A and an appropriately chosen (N + 1)-dimensional real subspace
V of A, the new concept of T-regular function provided a whole spectrum of theories for functions V' — A,
varying with the choice of a 7 € N and of a list of steps

T = (to,t1,...,t,) € N7, 0<ty<t;<...<t,=N.

The traditional approach, based on the Cauchy-Riemann-Fueter operator or on the Dirac operator, and the
more recent approach, based on slice-wise holomorphy, sit at the opposite edges of this spectrum: they lead
to the theory of (IV)-regular functions and to the theory of (0, N)-regular functions, respectively. Already
when A = H =V, in addition to (3)-regularity (Fueter’s theory) and (0, 3)-regularity (Gentili and Struppa’s
theory) a new function theory emerged: the theory of (1, 3)-regular functions, studied in [30]. The concepts of
T-function and of strongly T-regular function were also introduced in [30] and studied in [31]. Independently,
the works [47,48] developed the notion of generalized partial-slice monogenic function, which coincides with
the notion of T-regular function if A is chosen to be the Clifford algebra C¢(0, N), V to be the paravector
subspace RV*1 and T to be of the form (¢y, N) (whence 7 = 1).

The present work studies the Fueter-Sce phenomenon for T-regular functions over general associative *-
algebras. Over quaternions, Fueter discovered this phenomenon already in his original work [19]. Namely, he
showed how to obtain Fueter-regular functions H — H with axial symmetry as Laplacians of quaternionic
functions of a special type, which would now be described as slice-regular quaternionic functions (or (0, 3)-
regular functions H — H) preserving C. For N = 2n + 1, Sce similarly constructed in [42] monogenic
functions RN+ — C¢(0, N) with axial symmetry by applying the nth iterate of the Laplacian to specific
Clifford functions, which would now be described as slice-monogenic functions (or (0, N)-regular functions
RN*L — C/(0,N)) preserving Span(ep,e1). A translation of [42] into English can be found in [9]. Qian
successfully addressed the same problem for N even in [40]. These classical results are overviewed in [33,
§11.2.3], which also cites [43]. Some generalizations include [4,13,16-18,34-38,44]. We also wish to mention
the works [5,6,12] on the inversion of the Fueter-Sce theorem, along with the survey [41]. In [49], Xu and
Sabadini uncovered the same phenomenon for generalized partial-slice monogenic functions: in our current
terminology, for f : RN+l — C¢(0, N) that is strongly (to, N)-regular with N — to = 2n + 1, they proved
that the nth Laplacian of f is a monogenic function RVN+1 — C¢(0, N) with a new type of axial symmetry,
which is the same as being a (o, N)-function. Eelbode’s results of [15] are also strictly related and can
be reinterpreted in the following terms: for a very specific type of function f : RN+ — C¢(0, N) that is
strongly (0,¢, N)-regular with ¢t; = 2n; +1 and N — t; = 2ny + 1, the (n; + ng)-th Laplacian of f is a
monogenic function RN+! — C¢(0, N) with biaxial symmetry. This specific biaxial symmetry is subsumed
in the concept of (0,¢1, N)-function. In general, being a T-function may be described as having 7-axial
symmetry. The aim of the present work is to put the Fueter-Sce phenomenon into context for the wider
class of strongly T-regular functions over general associative x-algebras.

To describe the present work in further detail, after our previous choice of T, let us set

Tl = (tla"'atT)v"'7TtT = (tg,...,t-,—),...,T-,— = (t‘r) = (N)
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and fix o € {1,...,7}. After preliminaries in Section 2, the operators dr, dr, Az are defined in Section 3.
Section 4 proves that T-functions are naturally included among T;-functions, whence among T, functions.
Section 5 computes the effect on T-functions of dr,, of A, and of Az, . In particular, it shows that all
three operators map T-functions into T-functions. Section 6 computes, for any f in the kernel of Ap and
any n € N, the value of A7 f. In case t; —to = 2nq + 1, it turns out that A7 f =0 for all n > n;. Section 7
proves three important results. The first one unifies the results of [19,42,49] and generalizes them to algebras
other than C¢(0, N) and to vector spaces V other than the paravector space RV *1:

Theorem 1.1. Assume t1 —tg to be an odd natural number 2ny + 1. For every strongly T-regular function f,
the function A%f s a strongly Ty -reqular function and still a T-function.

The second result we wish to highlight is the main theorem:

Theorem 1.2. Assume there exist ni,...,n, € N such that t, —tp—1 = 2np + 1 for every h € {1,...,0}.
For every strongly T-reqular function f, the function

Aj . AR AT
is a strongly T, -reqular function and still a T-function.

Corollary 1.3. Ift;, —tn—1 is an odd natural number 2ny, +1 for every h € {1,...,7}, then A;ﬂ: .. Agﬁi A%
is a strongly (N)-regular function that is still a T-function. In case the codomain of f is the Clifford algebra
Cl(0,N) and the domain is the paravector space RNTL, then AT ARALLf ds @ monogenic function
RN*L — C(0, N) with T-axial symmetry.

All of the aforementioned results stated are tested on explicit polynomial examples. The concluding
remarks in Section 8 conjecture that it is also possible, following Qian’s approach of [40], to drop the
oddness hypotheses in the aforementioned theorems and corollary.

2. Preliminaries

Recall that a real %-algebra of finite dimension is a finite-dimensional R-vector space, equipped with an
R-bilinear multiplication and with a *-involution, i.e., an involutive R-linear antiautomorphism x +— z°.

Assumption 2.1. We fix an associative real %-algebra (A, +,-,%) of finite dimension d. Moreover, we endow
A and all its real vector subspaces with their natural topologies and differential structures as a real vector
spaces.

Set N* := N\ {0}. For any m € N*, let &(m) denote the power set of {1,...,m}. Furthermore: for all
K € Z(m), let |K| denote the cardinality of K.

Examples 2.2 (Clifford algebras). An associative x-algebra C¢(p, q), called a Clifford algebra, is constructed
on the real vector space R2" with m = p + ¢ by adding a multiplication and a s-involution, called Clifford
conjugation, along the following lines:

 (ex)Kew(m) denotes the standard basis of R?";if K = {ki,...,ks} with 1 < k; < ... < ks < m, then
the element eg is also denoted as ey, . k,;

e ¢y is defined to be the neutral element and also denoted as 1;
o e2:=1forallke{l,...,p}and e :=—1forallke {p+1,...,m};
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o if1 <k <...<ks <m, then the product ey, - - - ey, is defined to be ek, .. .;

o eper = —egeyp, for all distinet h, k € {1,...,m};
o ¢ :=ek if |[K| =0,3 mod 4 and €% := —ek if |[K| =1,2 mod 4.

In particular, C¢(0,1) is the field of complex numbers C endowed with its standard conjugation z — z, if
we denote e by i. C¢(0,2) is the skew field of quaternions H endowed with its standard conjugation ¢ — g,
if we denote ey, ea, €12 by 1, j, k, respectively.

For more details on these examples and their history, we refer the reader to [14,33]. On A, we use the
notations t(z) := x + ¢ and n(z) := za° for all x € A. The elements of

Sa:={zre€A:t(x)=0,n(x) =1}
are called the imaginary units of A.
Assumption 2.3. We take the assumption S4 # 0.

The quadratic cone of A,
Qa=RU{zc A\R:t(z) € R,n(z) € R,4n(x) > t(x)*}

was defined in [26], which also proved that

Qa= | €y,

JES A

where C; := R + JR for all J € S4. Now, C; is #-isomorphic to C. Thus, for any = a + 8J € Q4
(with o, 8 € R, J € S4): the conjugate ¢ = o — 8J belongs to C; C Qa; t(x) = 2a € R; n(z) = n(z®) =
a? + B? is a positive real number; provided = # 0, the element x has a multiplicative inverse, namely
x7t = n(z)"ta® = 2°n(z) 71, which still belongs to Q. In particular, z € Q4 \ {0} is neither a left nor a
right zero divisor. Our previous assumption S, # () guarantees that R C Q4. The following definition was
given in [39, §3] (see also [27, Lemma 1.4]).

Definition 2.4. Let M be a real vector subspace of A. A hypercomplex basis of M is an ordered real vector basis
(v, V1, ..., Um) of M such that: m > 1; vg = 1; vs € S4 and vevy = —vv, for all distinet s, ¢ € {1,...,m}.
IfR C M CQa, then M is called a hypercomplex subspace of A. If M is a hypercomplex subspace of A, a
domain G in M is a nonempty connected open subset G of M.

For every ordered real vector basis B’ = (vg,v1,...,vq) of A with vg = 1, our *-algebra A can be endowed

with the standard Euclidean scalar product (-,-) = (-,-}g and norm || - || = || - || g associated to B, i.e., with
the Hilbert space structure that makes

d d
Lg :R¥ 5 A, L (zg,...,zq) = szvs = szxs
s=0 s=0

a Hilbert space isomorphism. We recall some properties and some examples from [39, §3], from [30] and
from [31].
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Theorem 2.5. Fiz a real vector subspace M of A. It is a hypercomplex subspace of A if, and only if, it

admits a hypercomplex basis B = (v, v1,...,Vm). If this is the case, if we complete B to a real vector basis

B’ = (v0,V1, - Um, Umat,---,vq) of A and if we endow A with (-,-) = (-, )g and || - || = || - |5, then
t(ay) = t(yz) = 2(z,y), (1)
n(z) = n(z) = ||z||?, (2)

forallz,y € M. As a consequence, the intersection SANM is a compact set: namely, the unit (m—1)-sphere
centered at the origin in Span(vy, ...,V ), with respect to the norm || - .

Example 2.6 (Paravectors). The space of paravectors R™T! is a hypercomplex subspace of C¢(0,m), with
hypercomplex basis B = (eg, e1, ..., en). We complete B to the standard basis B’ = (ex) ke 2(m) of C(0,m).
Equalities (1), (2) and

laz|| = |la]l lz]| = [l=]l llall = l|zall 3)

hold true for all a € C4(0,m),z,y € R™*L,
On the other hand, for m > 3, the norm || - || is not multiplicative over general elements of C¢(0,m). For
instance: the elements a = 1 + e125 and b = 1 — e123 have ab = 0, whence ||ab|]| =0 # 2 = ||a||||b]|.

Examples 2.7. For any h € {1,...,m} with h = 1 mod 4,

Vi =< zo + E Thy . knChi.kn  L0s- > Thy ky € R
1<ki1<...<kp<m

is a hypercomplex subspace of C¢(0,m). It has hypercomplex basis B = (ek,...k,)1<ki<...<ks<m, Whence
dimVy, = () +1> (%)h—H. If we set h(m) := 4| ™2 | +1 (whence 2 —2 < h(m) < 2 +2), then dim Vj,(,,)
grows exponentially with m. Again, we can complete B to B’ = (ex) ke (m) of C£(0,m). Equalities (1), (2)
and (3) hold true for all a € C¢(0,m), z,y € V4. In the special case h = 1 = m, we find that C = C£(0,1) is
a hypercomplex subspace of itself with B =B’ = {1,4}. We also recover the well-known fact that Euclidean
norm on C is multiplicative.

Example 2.8. For every h < m with h = 2mod4, the set W}, = Span(eg,e1,ea,...,en,e12. 1) is a hyper-
complex subspace of C¥¢(0,m) that properly includes the space of paravectors. Once more, we can complete
B = (eg,e1,e2,...,en,e12..1) to B = (ex)kxem(m) of CL(0,m). Equalities (1), (2) and (3) hold true for
all a € CL(0,m),z,y € Wp. In the special case h = 2 = m, we find that H = C/¢(0,2) is a hypercomplex
subspace of itself with B =B’ = {1, 4, j, k}. We also recover the well-known fact that Euclidean norm on H
is multiplicative.

We henceforth make the following assumption.

Assumption 2.9. We assume V to be a hypercomplex subspace of the associative real x-algebra A, with

a hypercomplex basis B = (vg,v1,...,vn) for some N € N*. We complete B to a real vector basis B’ =
(Vo, V1, ..+, UN,UN+1,---,0q) of A and endow A with the standard Euclidean scalar product (-,-) = (-, ")n
and norm || - || = || - ||z associated to B’.

In [30] we gave the following definitions, within the hypercomplex subspace V.
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Definition 2.10. For 0 < ¢ < m < N, we set Ry, := Span(vy, ..., v, ). The unit (m — ¢)-sphere within the
(m — £+ 1)-dimensional subspace Ry, is denoted by Sy ,,,. For any number of steps 7 € {0,..., N} and any
list of steps T = (to,...,t;) € NTH with 0 <tg <t <...<t, = N, the T-fan is defined as

Roty S Roty & -o- G Rot, =V
The first subspace, Rg,, is called the mirror. The T-torus is defined as
T := St0+17t1 X ... X St7—1+17t7—
when 7 > 1 and as T := () when 7 = 0.
We point out that NV > ty + 7 in the previous definition. All elements of the T-fan are hypercomplex
subspaces of A with the possible exception of the mirror R ;,, which reduces to the real axis R if ¢ty = 0.
If 7 > 1 then, for every h € {1,...,7}, the sphere Sy, ,114, is a (t, —tp—1 — 1)-dimensional subset of the

compact set S4NV = S; y and the T-torus T is a (N —to — 7)-dimensional compact set contained in (S4)7.

Example 2.11 (Paravectors). If V is the space R"*! of paravectors in C£(0,n) (see Example 2.6), then the
T-fan is

RPott ¢ R+ ¢ C RIFTL =R
Example 2.12 (Quaternions). If V' = H within H: the 3-fan is H; the (2, 3)-fan is R + iR + jR C H; the
(1,3)-fan is C C H; the (0,3)-fan is R C H; the (1,2,3)-fan is C C R 4+ iR + jR C H; the (0,2, 3)-fan is
R € R+:R+jR C H; the (0,1,3)-fan is R € C C H; and the (0,1,2,3)-fanis R C C C R+iR +jR C H.
We recall some further material from [30].
Remark 2.13. Any = = ZZV:O vy € V decomposes as = z° + 2 4. ..+ 27, where zh = Zz’;thilﬂ Ty €

Ry, 414, (with -3 := —1). The decomposition is orthogonal, whence unique. If 7 > 1, then there exist
B=B1,...,0:) € R" and J = (J1,...,J;) € T such that

z=2"+BJi+ ...+ 6. Jr. (4)

Equality (4) holds true exactly when, for every h € {1,...,7}: either 2 # 0, 8, = £||2"|| and J;, = %; or
2" = 0,8, =0 and Jj, is any element of Sty 1415 -

Lemma 2.14. If 7 > 1, fix J = (J1,...,J;) € T and set
Rf}”‘”’l :=Span(By), Bj:= (vo,01,...,0t0, 150 Jd7).

If 7 =0 (whence to = N > 1), set J := 0,8y := (vo,v1,...,0,) = B,R%‘)H := Span(By) = V. In either
case, By is a hypercomplex basis of R’f]"+7+1, which is therefore a hypercomplex subspace of A contained in

V. Moreover, if J' € T, then the equality RYT™ T = R+ s equivalent to J' € {+J1} x ... x {£J,}.

As remarked in [31], the hypercomplex basis By := (vg,v1,...,0t, J1,...,Jr) of R?""TH can always be
completed to a basis (B)" of A that is orthonormal with respect to (-,-)s, so that (-,-)g,) = (-,-)s and
|- ls,y = |l - [~ In addition to the previously defined Lp: : R*** — A, we will use
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to T
Lg, : RoFt7+1 _, RY}J"’TH . Lp,(xoy... Trgrr) = Z Ts Vs + Z Ttotu Jus -
s=0 u=1
For every domain G in ]RZ“TH and every p € N, the symbol €?(G, A) denotes the bilateral A-module of

%P functions G — A. The following definition was given in [30], following [39].

Definition 2.15. If 7 > 1, fix J = (J1,...,J;) € T. If 7 = 0, set J := 0. Fix a domain G in R set
G := Lng(G) and let ¢ € €1(G, A). For s € {0,...,tg + 7}, we define

85(;5 = LB’ o < 0 (Lg} o¢o (LBJ)a)) o (Lg})k‘, S %O(GvA)

O,
The J-Cauchy-Riemann operator 8y : €' (G, A) — €°(G, A) and the operators 9y : €1 (G, A) — €°(G, A)
and Ay : 62(G,A) — €°(G, A) are defined as follows:

to T
0s6 =Y w050+ JuOigrud,

s=0 u=1

to T
00 := b= 0056 = > JuDisud,
s=1 u=1

to+T7

Njpi=> 0.

s=0

The right A-submodule of those ¢ € €*(G, A) such that 9 ;¢ = 0 is denoted by Mon ;(G, A) and its elements
are called J-monogenic functions. The elements of the kernel of A ; are called J-harmonic functions.

According to [31], for any = € G,s € {0,...,to},u € {1,...,7},

Osp(w) = lim ™" ((x +evs) — §(x)) ,

R3e—0

at0+u¢(x) = _lim E_l ((b(.%' + 5Ju> - gb(m)) '
R3e—0
As a consequence, the operators 07,0, Ay do not depend on the whole basis B’ of A chosen, but only on
the choice of J in T. Informally, referring to the decomposition (4) of the variable x, we have

0y = Opy + 0105, + ... + 04,00, +J105, + ...+ J:05,,

(%z&vo —vlam —...—Utoawto —Jlaﬂl —...—JT%T,
2 2 2 2 2

Ay=0;,+0;, +...+0;, +05 +...+05, .

Using the formal definition of J; is necessary to guarantee that, when J,.JJ’ € T are such that R?+T+1 =
R?,JFTH, then ; = 0. Similar considerations apply to 97, A;. The equalities 0;0; = 9;0; = Ay hold
true on €%(G, A). Moreover, [31] proved that J-monogenic functions are .J-harmonic, whence real analytic.
In the special case when 7 = 0, whence ty = N, our last definition can be rephrased informally as 9y := 05 =
Opo+010z,+. . . +UNOyy,as wellas Op := O = Oy, —V105, —. . .—UNOgy and Ay := Ag = a§0+a§1+. . .+8§N.

We now recall the concept of T-regular function from [30]. In the special case with A = C¢(0,n),V = R"+!
and 7 = 1, it was independently constructed in [48] (see also [47]) under the name of generalized partial-slice
monogenic function.
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Definition 2.16. For any Y C V,f : Y — Aand J € T (or J = 0, in case 7 = 0), the intersection
Y;=Yn R?"’TH is called the J-slice of Y and we set fj := f‘yJ. Now fix a domain  in V. A function
f:Q — Ais termed T-regular if the restriction f;: Q; — A is J-monogenic for every J € T, if 7 > 1 (for
J =0, if 7 =0). It is termed T-harmonic if f; is J-harmonic for every J € T,if 7 > 1 (for J =0, if 7 = 0).
The class of T-regular functions Q — A is denoted by Reg, (9, A).

The class Reg (€, A) is a right A-module. Furthermore, if f € Regy(2, A) and p € Rg,, then setting
g(z) :== f(z+p) defines a g € Regp (2 —p, A). Over C¢(0,n), T-regularity comprises a spectrum of function
theories, with the two best-known function theories sitting at the edges of the spectrum.

Example 2.17 (Paravectors). Fix a domain  within the paravector subspace R"! of C¢(0, N) (see Exam-
ple 2.6). For any function f: Q — C¥¢(0, N):

o fis (N)-regular if, and only if, it is in the kernel of the operator 0., + €10, + ...+ en0Oy,; this is the
definition of monogenic function (see, e.g., [1,2,33]);

o [ is (0, N)-regular if, and only if, for any J1 € Sinv = Scyo,n) N RN*+1 the restriction f;, to the
planar domain ;, C C, is a holomorphic map (,,J1) — (C£(0, N), Jy); this is the same as being
slice-monogenic, [7] (or slice-hyperholomorphic, [8]).

Distinct choices of T' do not necessarily produce distinct function classes. This general fact is made more
precise in the following result from [31].

Proposition 2.18. Let T, T" be two lists of steps for V. The inclusion Regp (€, A) C Regy (2, A) is equivalent
to the equality Regr(Q, A) = Reg (2, A) and to the following property: one among the lists T, T’ comprises
the other, possibly preceded by some steps of the form (m,m + 1).

A complete classification of T-regularity over the hypercomplex subspace H of H has been achieved
in [30], in the following terms.

Example 2.19 (Quaternions). Fix a domain 2 in H and a function f:  — H. Then:

o fis (3)-regular < f belongs to the kernel of the left Cauchy-Riemann-Fueter operator 0y, + 105, +
JOu, + kOzy < f is a left Fueter-regular function (see [19,20,45]);
o fis (1,3)-regular &

ngf(xo +ir + ﬂlJl) = (3;50 + iaxl + Jlaﬁl)f(l‘o +ir1 + ﬂljl) =0

for all J; in the (1, 3)-torus Sg 3, which is simply the circle Sy N (R + kR) (a theory studied in [30]);

o fis (0,3)-regular < for any J; € S13 = Sp, the restriction f;, to the planar domain Q; C Cy, is
a holomorphic map (Q;,,J1) = (H, J1) & f is a slice-reqular function, [21] (or Cullen-regular in the
original articles [22,23]).

The classes of (2, 3)-regular functions, (1,2, 3)-regular functions, and (0, 1, 2, 3)-regular functions all coincide
with the class of (3)-regular (or left-Fueter regular) functions. The class of (0, 1, 3)-regular functions coincides
with the class of (1, 3)-regular functions. The class of (0, 2, 3)-regular functions (does not coincide with, but)
is conjugate to the class of (0, 1, 3)-regular functions via the real vector space isomorphism H — H mapping
the standard basis (1,1, j, k) into (1,k, —j,1).
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Recall that, for x = x¢g + vix1 + ... + vpx,, we have set

0
TT =20+ V1T + .. F Vg Ty

1 _
T = Vtg+1Ttp+1 +...4+ Vg, Ty

-
T =V 41T, 41t U T

where t, = N by construction. Let us consider the elements ¢; = (1,0,...,0), e = (0,1,...,0), ...,
€to+r = (0,0,...,1) of No*7_ The article [31] constructed the following polynomial T-regular functions.

Definition 2.20. We set 7y := 0 if k € Z0*+7 \N®*7 and Ty := Lif k = (0,...,0). For k = (k1,..., hios-) €
Nt+7\ {(0,...,0)}, we define recursively

to to+T7
K Te() = 3 keTreme, () (2 — (~)%00s) + 3 (~1)P kT, (2) (20 + (~1)% %)
s=1 s=tog+1

where a := ST kyas = a — kg and by := 5177 k. For all k € N, we define

u=to+1 "YU u=s+1

T = {T} k)= -

We point out that as +bs = ZZ;}:OH k. + 2b,, whence (—1)%tbs = (—1)% ¢, := > to<ucs ku- While the
definition we gave is somewhat technical, it has a strong link to the analogs, in the theory of J-monogenic
functions, of the classical Fueter polynomials over Clifford algebras. This link is made explicit in [31, Lemma
5.8]. For instance, the set % consists of the functions

723(‘7"):‘7:8_3307]5 1§S§t0,
7;t0+'u($):x0+xu 1§UST
The functions Te,, ..., 7T, are called the T'-Fueter variables and the functions 7, ,,,..., 7, ,, are called

the T'-Cullen variables. For every k € N, [31, Theorem 5.14] proves that the finite sequence .7 = {7k } k=
is an A-basis for the right A-module of T-regular functions V' — A that are homogeneous real polynomial
maps of degree k.

Example 2.21. When 7' = (N) (whence tg = N,7 = 0), the set #; comprises the T-Fueter variables
X1 — XoV1,...,LN — ToUN. In the special case when A = C¢(0,N) and V is the space of paravectors
RN*+1 the polynomials {7y }xeczn~ coincide with the Fueter polynomials in the classical theory of monogenic
functions RN+1 — C/(0, N). In the special case when A = H = V, the classical Fueter-regular polynomial
functions H — H are recovered.

Example 2.22. When T' = (0, N) (whence 7 = 1), the set .%; comprises one T-Cullen variable, which is the
whole variable z, and for every k € N the set .}, consists of the single function *. In the special case when
A= C¥(0,N) and V is the space of paravectors RV*+1 this fact is consistent with the well-known fact that
polynomial slice-monogenic functions are restrictions to V' of elements of A[x]. In the special case when
A=H =V (whence N = 3), it is consistent with fact that the set of polynomial quaternionic slice-regular
functions coincides with HJz].
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Example 2.23. Let A = H = V and T' = (1, 3). The set .%#; comprises one T-Fueter variable, 7 ¢y(z) =
x1 — iz, and one T-Cullen variable, T 1)(7) = 2o + x' = 20+ jxo + kxs3. Neither is a slice-regular function
H — H and the latter is not Fueter-regular.

Let us now compute some higher-degree examples, which we will repeatedly use in the present work.

Example 2.24. If A = C/(0,6), if V is the space of paravectors R” and if 7' = (0, 3,6), then .#; comprises
two T-Cullen variables:

T1,0)(x) = 20 + ! = 20+ z1€1 + Toes + 2363, T, (x) =0 + 2?2 = 20 + z4e4 + T5E5 + Tees .

yg == {TQ 0)s (1 1) TU 2) } where
Teo (@) = (w0 +2")? = 25 + 2xoa’ — ||z, To,2)(x) = (w0 + 2°)* = 2 + 2m02® — [|2°?,
2T, () = — (20 + x2)(x0 - xl) + (xo + xl)(xo — x2) = Q(xoxl — xox? — xlxz) .

={T,0), T2.1), T(1,2), T(0,3) }» where

Tis0)(2) = (2o +2')? = &g + 3aga’ — 3ol — ||z (2",
Tio.3)(w) = (wo +a?)* = xg + 3wga? — 3o a®||* — [|«*|*2?
3T () = =2T(1,1) (@) (z0 — ') + T2,0) () (z0 + z?)

= x5 + 3222? — x|zt + 6zoxta? — 3||zt|%2?,

3T(1,2)(2) = T(0,2) (@) (z0 + ') + 2T(1 1y (2) (20 — 27)

= x4+ 3x32' — 6xoxtw? — 3xo||2?||? — 32t |22

The following example of degree 5 will be relevant later:

107(3.2) () = 6T(2,2) () (w0 + 2) + 4T (3,1 (@) (w0 — 2?)

= 3T(1.2) () (xo + 2")? 4+ 3T(2.1) (2) (z0 + 2%) (20 + 1)
= 370, (@) (w0 —2")(w0 — 2%) + T 0) (@) (w0 — 2%)°

= 8T(1.2) (@) (@5 + 2m0z" — &1 |*) + 6T(2,1) () (202" + woa” — 2'2%)

+ T(s.0) (%) (2 — 2w02® — [|2%|%).

(
(

Example 2.25. Let A = C¢(0,6) as in the previous example but let us now choose V' = Span(ey, e1, e,
€3, €4, €5, €6, €123456). Lhe choice of this eight-dimensional space, which properly includes the seven-
dimensional space of paravectors, is a special case of Example 2.8. Let T'= (1,4, 7). The set .%; comprises
one T-Fueter variable,

ﬁ1,0,0) (x) =1 — Zo€1,
and two T-Cullen variables,

T(0,1,0) (%) = 0 + x! = zo + xoes + T3€3 + T4,

2
T(0,0,1)(®) = 20 + 2° = T + T5€5 + T€s + T123456€123456 -

F5 consist of the functions
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T(2,0,0)(x) = (21 — 13061) v T0,2,0)(x) = (w0 + z')?, T(0,0,2)(x) = (20 + 332)27

1 1
Ti1,0(x) = 5(950 +a') (21 + zoe1) + 5(551 — zoer)(zo + ') = moz1 — T0E17" + T1T!
1
T (x) = 5(zo+ 2 )(xl + xpe1) + = (z1 — zoer)(xo + xz) = zox1 — xoe12? + 2%,
2 2
1
To,1,1(7) = *5(% + 12)(% - 931) + i(xo + xl)(fo - $2) = zoz! — 292? — 2?2,

The following example of degree 4 will be relevant later:

3
67—(1,2,1)( x) = =T0,2,1) (x)(z1 + zoe1) — 3T(1,1,1) (@) (o — 1“1) + 57-(1,2,0) (x)(xo + SUQ)

w|>~ww

(—=2T(0,1,1) (@) (z0 — ') + T(0,2,0) (x) (w0 + 2?)) (z1 + woer)
(7'0,1,1) (x1 — xoe1) — 7-(1,0,1)(2E)(I0 - 951) + 7-(1,1,0)(96)(1’0 - 502)) (o — 961)
+ 5 (To20) (@)@ — w06r) + 2T 1.0)(@) (0 + ) (20 + %)

= To,1,1)(®)(—22021 — 2rperzt + lexl) + T(0,2,0) () (w021 — roer1x? + r12?)

+ 7‘(1’0,1)(33)(33% — 2xoxt — ||a71 H2) + 7‘(1’1,0)(33)(23:03:1 + 2z02? 4 22'2?).

While general T-regular functions need not be continuous, a careful choice of the domain 2 guarantees
better-behaved T-regular functions f: 2 — A.

Definition 2.26. A domain  C V is called a T-slice domain if it intersects the mirror Rg+, and if, for any
J €T, the J-slice 2 is connected (whence a domain in R’*7 1),

Over T-slice domains, the work [31] proved the following results.
Theorem 2.27 (Identity Principle). Let Q C V be a T-slice domain and f,g € Regp(Q, A). If there exists
J € T such that the J-slice Q; (whose dimension is to + T + 1) contains a set of Hausdorff dimension

s > tg + 7 where fj and gy coincide, then f = g throughout §2.

Proposition 2.28 (Mazimum Modulus Principle). Let ) be a T-slice domain in 'V and f € Regp(Q, A). If
the function || f|| : @ = R has a global mazimum point in Q, then f is constant in .

Symmetry, defined according to the following construction, is another relevant property for the domain
Q of a T-regular function.

Definition 2.29. For every h € {1,...,7}, we define the reflection
R™ R, 8= (81w Br) = B i= (Bryo Bty —Bns Bt Br)
For any 8 = (f1,...,8:) € R",J = (J1,...,J.) € T, we set
BT =BiJi+ ...+ B J €V,

If 7 =0, for 3 € R® = {0} and J = () we define 3.J to be the zero element of V. For every D C Rg 4, x R7,
we set
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Qp ={a+pJ:(a,p)eD,JET}CV

if7>1 (and Qp :={a €V :(a,0) € D} if 7 =0). A subset of V is called T-symmetric if it equals Qp for
some D C Rp, x R7. The T-symmetric completion of a set Y C V is the smallest T-symmetric subset of
V containing Y. For any « € V, we denote by T, the T-symmetric completion of the singleton {x}.
Assumption 2.30. Assume D to be a subset of Rg, X R7, invariant under the reflection (a, 8) — (a,Bh)
for every h € {1,...,7}.

The article [31] proved for every T-regular function f on a T-symmetric T-slice domain a symmetry
property, which implies that f is real analytic. This symmetry property is best stated in terms of T-
functions Qp — A, defined in [30] by means of the concept of T-stem function D — A ®R2". We point out
that A ® R?" is a bilateral A-module with A-basis equal to the canonical real vector basis (Ex)kes(r) of
R2". Let us first recall the definition of T-stem function, which subsumes the notion of stem function of [26,
Definition 4] and follows the lines of its multivariate generalization [29, Definition 2.2].

Definition 2.31. Consider a map F' = ZKeﬂ(r) ExFyx : D — A®R?" | with components F : D — A. The
map F' is called a T-stem function if
—h Fi(a, ) if hd K
F =
w(e ) {—FK(a,ﬂ) if he K

for all K € 2(r), for all h € {1,...,7} and for all (a, ) € D. The class of T-stem functions D — A @ R?"
is denoted by Stemy = Stemy (D, A ® R?"). If D is an open subset of Rg s, x R7 and p € N U {oo,w}, we
let Stem}. = Stem?.(D, A ® R?") denote the set of F' € Stemr(D, A® R?") such that Fx € €7(D, A) for
all K € 2(7).

We recall that the symbol €“(D, A) denotes the bilateral A-module of real analytic functions D — A.
We also point out that Stems (D, A®R?") is a right A-module and that, if D is an open subset of Ro o xR7,
then

Stem% C Stemy® C ... C Stem3 C Stem} C Stem) C Stemy

are nested right A-submodules. Moreover, for any F € Stemr(D, A ® R?") and any p € Ro,, setting
G(a, B) := F(a+ p, B) defines a G € Stemz(D — (p,0), A @ R?").

We are now ready to recall from [30] the definition of T-function. The definition subsumes the notion
of slice function, [26, Definition 5], and follows the lines of [29, Definition 2.5]. We restrict here to the
associative case.

Definition 2.32. For any J € T: we set Jy := 1 and, for K = {ky,...,kp} with 1 <k < ... <k, <7, we
set Jg 1= Jiy Sy - Jkp,ljkp-

For any T-stem function F' = ZKGQ(T) ExFy : D — A®R?" | the induced function f = Z(F) : Qp — A,
is defined at z = a+ 5 J € Qp by the formula

f({L‘) = Z JK FK(Oé,ﬁ).

Ke2(T)

A function induced by a T-stem function is called a T'-function. The class of T-functions Qp — A is denoted
by S7(Qp, A). If D is an open subset of Ry ¢, x R” and p € N U{oo,w}, then S7.(Qp, A) denotes the image
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of Stem’.(D, A® R?") through Z. If Qp is a domain in V, a strongly T-regular function on Q is an element
of the intersection SR (Qp, A) := S7(Qp, A) NRegr(Qp, A).

The article [31] proved that Sp(2p, A) is a right A-module and that
7 : Stemp (D, A®@R?") = Sr(Qp, A)
is a well-defined right A-module isomorphism. As a consequence, if D is open, then
SecS8¥c...cS82cShcShcSr

are nested right A-submodules. Moreover, [31] proved that, if Qp is a domain in V', then SR1(Q2p, 4) is a
right A-submodule of S%(Q2p, A). Additionally, it proved that for any p € Rg 4, and any f € Sr(Q2p, A) (or
f € SRr(Qp, A)), setting g(z) := f(x+p) definesa g € Sr(Qp—p, A) (a g € SRr(2p—p, A), respectively).
Finally, [31] proved the following Representation Formula along tori of the form To 457 = Qq(a,8)} = @ +8T
with @ € Roy,,8 € R7,I € T (see Definition 2.29).

Theorem 2.33 (Representation Formula, T-functions). Fix I € T. Every f € Sr(Qp, A) is induced by a
unique T-stem function F = ZKeﬂ(r) FEx Fx, whose K-component is

Fr(anf)=2"Tg" Y (~) ™ fa+ 3" 1).
He2(T)

In particular, F' depends only on the restriction fr. Moreover,

fla+B) =3 yufla+B 1) (5)

He2(T)

for all (a, ) € D and all J € T, where

YH ‘= 2_T Z (—1>‘KOH| JK [I_{l .
Ke2(T)

In the previous statement, the symbol I_(l denotes the multiplicative inverse of Ix. Following the lines
of [29, Corollary 2.16], we now prove the converse result. The proof is based on a preliminary technical
remark.

Remark 2.34. Fix any h € {1,...,7}. The map &(r) — Z(7r), H — H A{h} is an involutive bijection
from Z(7) onto itself. Moreover, if 8 € R™ and v = BH, then 7" = BH Ak}, Finally, for any K € 2(7),
the cardinality |K N (H A{h})| equals |[K NH|if h € K; it equals [K NH|£1if h € K.

Proposition 2.35. A function f: Qp — A is a T-function if there exists I € T such that (5) holds true for
all (a, ) € D and all J € T.

Proof. Assume there exists I € T such that (5) holds true for all («, ) € D and all J € T. Let us define
F =Y e ExFi : D= AR, where

Fr(a,8) =275 Y (-5 fa+ 57 1)
He2(T)
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for all K € 2(7) and all (a,3) € D. We are going to prove that F' is a T-stem function, whence the
equality f = Z(F) and the thesis f € Sp(2p, A) will follow at once. By Remark 2.34, for any («, 8) € D
the expression

—h S —H A
Fr(a,B") =271 S (1)K fa+ 5 A0 )
HeZ (1)
e : —H'
=270 N (—)ENEAUD p(a 4+ BT 1)
H'e2(T)

equals

21 Y (—)EH a8 1) = Fic(a, B)
H'e P (1)

when h ¢ K and equals

2—7[}-{1 Z (_1)\K0H/H:1 f(a+BH/ I) _ _FK(a7/B)
H'e2 ()

when h € K. Our claim that F is a T-stem function is therefore proven. 0O
Throughout the rest of the paper, we make an extra assumption.
Assumption 2.36. Assume 2p to be an open subset of V', whence D is an open subset of Ry, x R”.

The next remark, also from [31], will be useful in the paper. For 5§ = (f51,...,0;) € R7, we set the
additional notation 42 := (5%,...,3%) € R".

Remark 2.37. Let p € {oo,w} and let F' = 3" 5,y ExFx € Stemf(D, A ® R2). Set D = {(a, 8?) :
(a, ) € D} C Ry, x R7. By Whitney’s Theorem [46, page 160], there exist an open neighborhood W of

o~

D in Ry, x R7, with D= {(,7) € W:m1,...,7 > 0}, and a finite sequence {Gk }xez(r) in €P(W, A)
such that, for all (o, 8) € D, the following equalities hold true: Fy(a, ) = Gy(a, %) and

Fr (o, B) = By -+ Br, Gk (o, B°)
it K ={k,....kptwithl <k <...<k,<T.
Theorem 2.33 and Remark 2.37 allowed to prove the next result in [31, Proposition 6.11].
Proposition 2.38. Fvery strongly T-regular function is a real analytic function.
We can now prove a related result.

Proposition 2.39. If p € NU{oo,w}, if f € €P(Qp, A) and if there exists an open dense subset D' of D such
that f'“p/ is a T-function, then f € S}.(Qp, A). If, moreover, p € {o0,w}, then SE.(Q2p, A) C €P(Qp, A).

Proof. We first assume that f € ¥7(2p, A) and that there exists an open dense subset D’ of D such that
f'“p/ is a T-function. Fix I € T: then (5) holds true for all (o, 3) € D’ and all J € T. In other words, for
any J € T the map ¥’ : D — A defined as
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V(a,f) = fla+BT)— Y yufla+B I)

He22(T)

vanishes identically in D’. For any J € T, our hypothesis f € €?(Qp, A) guarantees that ¥/ € €P7(D, A),
whence ¥/ = 0 in D. In other words, (5) holds true for all (a, 3) € D and all J € T. From Proposition 2.35,
we obtain that f € Sp(Qp, A), i.e., that there exists F' € Stemz(D, A ® R?") such that f = Z(F). Now,
Theorem 2.33 yields that F' = ZKegz(r) Ex Fg with

Fr(anf)=2"Ig" Y (~) ™ fa+ 5" 1).
He2(T)

This formula, along with our hypothesis f € €P7(2p, A), guarantees that F' € Stem’.(D, A ® R?"). We
conclude that f € S7.(Qp, A), as desired.

We now assume p € {oo,w}. By definition, f belongs to S7(Qp, A) if, and only if, f = Z(F) for some
F € Stemy.(D, A®@ R?") = Stemr (D, A@R? )N €P(D, A@ R?"). If this is the case and if K = {k1,...,kp},
Remark 2.37 guarantees that

Fr(a,B) = Br, - Br, Gx (o, %)

for appropriate €7 functions {G i } ke (r). The equality f = Z(F) now implies that

fla+p5J)

> JkFk(e,B)

Ke22(r)

F@(avﬁ)+ Z Z Jk1Jk2"~Jka{k1,...,kp}(a75)

1<p<71<k1<...<kp<T

= Gy(o, B7) + Z Z Bioy Ty Bra Tk - - - Broy Ty G en .oy 3 (0, B?)

1<p<r 1<k <. <kp <7

for all (o, B) € D, J € T. Referring to the decomposition of the variable z € Qp performed in Remark 2.13;
we conclude that

fl@) = Go(a®, 1%, ... l=7]1%)

+ Y ST bt aM Gy @O TR

1<p<7 1<k <. <kp<T
Since V= Ro 4, x R7, x> (20, [|z!]|,...,||z7||?) is a real polynomial map, it is clear that each map
Qp = A, x> G |22, ..., |27 1)

belongs to €?(Qp, A). Since V.— V C A, # = 2° + 2 + ... + 27 — 2 is a real linear map for all
ke {l,...,7}, we conclude that f € €P(Q2p, A), as desired. O

We point out that the hypothesis p € {oo,w} is crucial in the second statement of Proposition 2.39. When
p € N, there is some loss of regularity in the expression of f = Z(F) in terms of F' € Stem’.(D, A ® R?").

In [31, Proposition 7.1], we proved that all polynomials in {7 }xezto+r are strongly T-regular and used
this fact to obtain, for any f € Reg;(£2, A) and any open ball B C Q) centered at a point p in the mirror
Ro,¢,, an explicit polynomial series expansion for f converging normally in B, see [31, Theorem 7.2]. Thanks
to this fact, [31] proved that T-regular functions on T-symmetric T-slice domains are automatically strongly
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T-regular, whence real analytic. This property subsumes a renowned property of quaternionic slice-regular
functions, proven in [3, Theorem 3.1] (see also [25]), and the analogous property of Clifford slice-monogenic
functions (see [8, Theorem 2.2.18] and references therein). The precise statement follows.

Theorem 2.40 (Representation Formula, T-regular functions on T-symmetric T-slice domains). If the T-
symmetric set Qp is a T-slice domain, then Regp(Qp, A) = SRr(Qp, A). As a consequence, every f €
Reg(2p, A) is real analytic and fulfills formula (5) for all (o, ) € D and all I,J € T.

3. Global differential operators on T'-functions

Throughout this section, we fix 7 € N and T = (tg,...,t;) with 0 <ty < t; < ... <t, = N. We are
going to define global differential operators on T-functions to characterize T-regularity and T-harmonicity.
In order to do so, we will first construct global differential operators on T-stem functions D — A @ R?".

3.1. Global differential operators on T-stem functions

Recall that every element of D takes the form («a, §) with o = ZO:O vsZs € Ry, and B = (B1,...,08,) €
R7. In addition to the standard real linear isomorphism Lp: : R4t — A, we will therefore use

to
.t 1 _ E
A.RO+T+ —>R0’t0 XRT, A(I07...7$t0,$t0+1,...,l’t0+7—)— < xsvs,xt0+17...,xto+7> .
s=0

As a first step in our construction for T-stem functions, we pose the next definition, where we adopt the
notation D := A~1(D).

Definition 3.1. Let p € N U {oco,w} and ® € €P*1(D, A). For all s € {0,...,to},h € {1,...,7}, we define

0 _ _
00, ® = Lp o (89: (LB,I o<I>oA|5)) o (A 1)|D € ¢?(D, A)

S

d:= Ly Lito®o Al A? €P(D, A).
98, BO(%M(BO °|D)>°( )ip € €P(D, A)
We also set
to tO
0ol = 0.00,8=0ay®+ Y _ 0:00,® € €7(D, A),
s=0 s=1

to to
0a® =3 1500, 0 =0a,® — Y _0,04,® € €7(D, A),

s=0 s=1
to
To® := 0oy ® — (=1)" Y 0,0, ® € €7(D, A)
s=1

for all u € N.
Remark 3.2. Let ® € €1(D, A). For all (o, 8) = (o, 31,...,8,) € D,s €{0,...,to},h € {1,...,7},

00.®(a, B) = Rgsngo e (®(a+evs, B) — @(a, B))

aﬁhq>(a7ﬁ) = ]Rhm 05_1 (é(oﬁﬂla .. '75h7116h + €aﬂh+17 .o aﬁ‘l‘) - (I)(O[,ﬁ)) .

Se—
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As a consequence of Remark 3.2, the operators 0 = 0,,,0 = 0g, follow the usual Leibniz rule 9(®¥) =
(0D) U+ (V) for all , ¥ € €(D, A). Moreover, the usual rule §%(®V¥) = (92®) U+ (9>°¥)+2(9d)(0P)
applies both for & = 8, and for § = 9, when &,V € €2(D, A).

Remark 3.3. Since vSvs = 1 = v,05 and vév, + v5vs = 0 = vv8 + v, 05 for all distinet s,u € {0,...,%}, we
notice that

I
We now construct the announced global differential operators on T-stem functions.

Definition 3.4. The function o : {1,...,7} x Z(7) — {0,1} is defined as follows: o(h, K) = 0 if there is an
even number of elements in K that are less than, or equal to, h; o(h, K) = 1 if there is an odd number of
elements in K that are less than, or equal to, h.

We define the operators dr,dr : Stem¥y(D, A ® R?") — Stem$(D, A ® R?") and Ag : Stem(D, A ®
R?") — Stem (D, A ® R?") as follows. Given F = Y kewr) ExFi, we set

— =|K[+1 = o
(OrF)k =0, Fr+ E (1) (h’K)JrlaﬂhFK A{R}>
h=1

K il
(OrF)k = (‘)la lFK + Z(_l)o(h’K)aﬁhFKA{h} )

(ArF)g := 0a0aFk + Y _ 03, Fx

h=1

for all K € £(7).

The reason why orF,0rF, ArF are still T-stem functions is the following. Fix any h € {1,...,7},K €
P(r) and F € Stemh(D, A ® R?"). The functions 9 Fi,d,Fx are preserved by composition with the
reflection R™ — R™ | B +— Bh if, and only if, Fx is. Similarly, Fx is preserved by composition with the same
reflection if, and only if, F p () changes sign under composition with the same reflection, which is in turn
equivalent to having ds, Fix p{n} preserved by composition with the same reflection.

It is easy to see that Op, 7, Ar all preserve Stem’.(D, A ® R?") for p € {00, w}. Moreover, we prove the
next lemma.

Lemma 3.5. Ap = 8707 = OO0 on Stem%(D, AQR?).

Proof. Fix F € StemQT(D, AR® ]RQT) and let G := 97 F, so that

S K|+1 a "
Gr = GL " h+ > (1), Fye pny
h=1

for all K € &(7). Now,

(0007 )i = (9rG)xc = Db G + D (=170, Gre pny

h=1
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T

a o _|K|
= 0a0aFic + Y _(=1)7"OH 9,705, Fie pny
h=1

- o(h, SIK A{h}+1
+y (-1)7"Mag, 8, Fie pny
h=1

+ > (=)W R ARDI G, 95, Fe p ey Atn
h,t=1

= 0a0aFk + Y 03, Fi
h=1

-3 ((_l)o(hJ{)-&-a(l,K AT 4 (Z1)o(ER)Fo (K A{e})) 05,05, FLic pgeb) Alh)
h<t

= aorgozFK + ZGE,LFK = (ATF)K .
h=1

For the third equality, we used the fact that |K| and | K|+ 1 have opposite parities along with Remark 3.3.
In the fourth equality: two sums canceled out because |[K A{h}|+1 has the same parity as |K|; additionally,
o(h,K) has the same parity as o(¢, K A{h}) + 1 when ¢ = h. For the fifth equality, we used the fact
that o(h,K) = o(h, K A{¢}) and o(¢, K A{h}) = (¢, K) £ 1 under the hypothesis h < ¢. Analogous
computations prove that 0p0rF = Ap. O

We conclude this subsection with a remark about the kernel of Ar.

Remark 3.6. If F' belongs to the kernel of Ap : Stem?(D, A ® R?") — Stem¥.(D, A ® R?"), then F €
Stem$ (D, A ® R2?"). This is because ArF = 0 implies that, for every K € 2(7), the component Fy
belongs to the kernel of the hypoelliptic operator 220:0 835 + 31 8/23’1, whence Fx € €¥(D, A).

8.2. Global differential operators on T-functions

We are now ready to define useful operators on T-functions, using the operators we just defined on T-stem
functions. We will soon see that these operators are naturally connected to T-regularity and T-harmonicity.
Additionally, the forthcoming Proposition 3.13 will provide explicit expressions for these operators.

Definition 3.7. The operator dr : Sk(Qp, A) — S%(Qp, A) is defined to make the following diagram com-
mutative:

Stemb (D, A®@R2) —— 2T Stem%(D, A®R?")
T O T
o7

S(Qp, A) S2(Qp, A).

The operators d7 : SH(Qp, A) = S%(Qp, A) and Ar : S2(Qp, A) — S2(Qp, A) are similarly defined to lift
to dr : Stemy(D, A ® R?") — Stem%.(D, A ® R?") and to Ar : Stem? (D, A ® R?") — Stem$(D, A @ R?"),
respectively.

It is easy to see that Or,dr, Az all preserve S5.(Qp, A) for p € {oo,w}.
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We are almost ready to characterize T-regularity and T-harmonicity in terms of 7 and Ar. The next
remark, which uses Definition 3.4, provides a useful tool for this characterization.

Remark 3.8. Fix h € {1,...,7} and K € &(7). For any J = (Jy,...,J;) € T,
JhJK = (*1)U(h’K)JK A{h} -

Theorem 3.9. If f € Sk(Qp, A), then (Orf); = 0sf5,(0rf)s = O5fs for every J € T. If, moreover,
[ €82(Qp, A), then (Arf)y = Ayfy for every J € T.

Proof. Assume f = Z(F), whence f(a+ JB) = 3 gc o) JxFr(a,B) for all (o, 8) € D and all J € T.
Thus,

ngJ(O“"JB): Z <8a+i‘]haﬂh> (JKFK(avﬁ))

Ke2(r) h=1

S a0 e+ Y Y Tk, Ficlo, ),

Ke(r) Ke®(r) h=1
Orfs(a+Jp) = > <3a -y Jh36h> (Jx Fk (o, B))

KeP(r) h=1

Ke(r) Ke(r) h=1

Now, Remarks 2.34 and 3.8 yield

K

Z ZJhJKaﬁhFK B) = Z U(hKJKA{h}aﬁhFK(azﬂ)

KeZ(r KeZ (1) h=1

E JHZ 17Dy Py g qny (i, B)

He®(r)  h=1

Z Ju Z 1795 Fy pny (a, B)

He2(T) h=1

It follows that

Drfslatdp)= 3 Jk (55'“5{(% B)+ D (=17 FI gy Fie gy (o, /3))

Ke2(T) h=1

Z Jk (OrF)k(a,B) = drf(a+JB),

Ke22(r)
> Ik (8 Fr(a, B) + Z h’K)aﬂhFKA{h}(aﬁO
Ke22(r)

- Z Jr (OrF)k (o, B) = 0rf(a+JB). O

Ke2(T)

Oy fi(a+ Jp)
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Corollary 3.10. If f € SL(Qp, A), then f is T-reqular if, and only if, it belongs to the kernel of Or :
SL(Qp,A) — S%(Qp, A). Moreover, the right A-submodule SRr(Qp, A) of strongly T-regular functions
is the image through the isomorphism T : Stemh(D, A ® R?") — SL(Qp, A) of the kernel of the operator
Or : Stem} (D, A@R?") — Stem$(D, A @ R?").

If f € 82(Qp, A), then [ is T-harmonic if, and only if, it belongs to the kernel of A : S3(Qp, A) —
8%(Qp, A). Moreover, the right A-submodule of S2.(Qp,A) consisting of T-harmonic functions is the
image through the isomorphism T : Stems(D,A @ R?") — S2(Qp, A) of the kernel of the operator
At : Stem3(D, A ® R?") — Stem$.(D, A @ R?").

The next remark extends Proposition 2.38 to all T-harmonic T-functions.

Remark 3.11. As a consequence of Remark 3.6, if f belongs to the kernel of At : S2(Qp, A) — S (Qp, A),
then f € S%(2p, A). In this situation, Proposition 2.39 implies that f € “(Qp, A).

We conclude this section with the announced explicit expressions of d7,dr, Ap. Some preparation is
needed. In addition to the previously defined Lp: : R4 — A, we will use

N
Lg:RNT 5 v, Li(zg,...,zN) :szvs.
s=0

For every domain Q in V and every p € N, the symbol €7(Q2, A) denotes the bilateral A-module of €?
functions 2 — A. In accordance with [31, Definition 2.36], we pose the next definition.

Definition 3.12. Fix a domain Q in V, set Q' := L;*(Q) C RN*! and let f € €*(Q, A). For s € {0,..., N},
we define

0
8wsf = LB’ o (87 (Lg,l o f o (LB)|Q/)) o (Lgl)m S <50(9,14) .

According to [31], for any x € Q,s € {0,..., N},

Op, f(@) = lim e (fla+ev,) - f(a)).

R3e—0

As a consequence, the operator 9, does not depend on the whole basis B’ of A chosen, but only on the
choice of vs. Moreover, the usual Leibniz rule 9, (fg) = (9x. f) g+ f (0z.g) holds true for all f,g € €1(Q, A)

and 03 (fg) = (07, f) g+ f (92,9) + 2(0,f)(0a,g) for all f,g € >, A).

We are now ready to explicitly express 07, dr, Ar and to provide examples.

Proposition 3.13. Let D' := {(a, fB1,...,8;) € D : B1--- B, # 0}, so that Qp' equals Qp minus the union
forue {1,...,7} of the real vector subspaces with Cartesian equations z* = 0. If f € SL(Qp, A), then

tu

to T u
ng:ZUsarsf‘i’Z”;jW Z xsazsf7
s=0 u=1 s=

=ty—1+1

ly

Z Ts 8zsf

c
s=ty—1+1

to T m
c X
an:szazsf+Z(||xu|2)
s=0 u=1

in Qp:. If f € S&(Qp, A), then
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2 TsTs!
Arf = E o, f+ E E Wal‘sal’slf
u=1s,8"=t,_1+1
mn QD/.

Proof. Set 2 := Qp,. We are going to prove that the desired equalities hold true in Q; for all J € T. By
Theorem 3.9, this is the same as proving that

to T to,
5JfJ :ZUS (8wsf)J+ZJu Z (Ju)s (awsf)J
s=0 u=1 s=ty_1+1
to T toy
Orfr =" 050, s+ (L) D (Ju)s (@ f)s
s=0 u=1 s=ty,—1+1
to T ty
AJfJ = Z(aisf)J + Z Z (Ju)s(‘]u)s/ (al'sawsl f)J
s=0 u=1s,8"=t,_1+1

in Qy, for all J € T. Here, we used the temporary notation (J,)s for the s-th component of J,.
By Definition 2.15, it suffices to fix J € T,s € {0,...,%},u € {1,...,7} and to prove the follow-

ing equalities: Osf; = (02,f)s,02f1 = (92.f)s, Oqufs = S e 1+1( w)s 0z, f)s and 8 f1 =

ZZ:‘;S/:tu,1+1(J"')S(Ju)sl (O, 0z, f)s. This is readily done, as follows:

Od)) = Jm = (Fyla+eu) — f5(a) = lim < (f(e o+ ev) — @) = @0 ))a),

@2 f) () = Rlaisfgof (f(z +evs) = 2f(2) + flz — vs)) = (95 f)(2).
Ol )@) =l (el ~ f) = > (s (0 f)a),

s=ty—_1+1
O o)) = Jim < (o + )~ 26(2) + Sz =)
= Z (Ju)s(Ju)5/ (89058151 f)(x)
s,8'=ty—1+1

forallz € Q;. O

When T = (0, N), the operators dr, 07 coincide with the operators 21,29 introduced in [28] to char-
acterize slice regular functions. When 7 = 1, A = C¢(0, N) and V = RN+ the operator dr coincides
with the operator 9 used in [48] to characterize generalized partial-slice monogenic functions. We now use
Proposition 3.13 to double-check T-regularity and T-harmonicity of the polynomial example of degree 3
constructed in Example 2.24. We will use it again, throughout the paper, for computations concerning the
polynomial examples constructed in Examples 2.24 and 2.25.

Example 3.14. Let A = C¢(0,6),V = R" and T = (0, 3, 6). Let us consider the strongly T-regular polynomial

3T2,1) () = mg + 3x(2)x2 — 3m0||:vl||2 + 6zozta? — 3ch1||2962

1

computed in Example 2.24, where 2! = zie1 + zaes + w3e3, 22 = z4eq + Tses + xgeg. If © € R7 has

x! # 0 # 22, then
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2 u tu
307 T () = 305, Tio (@) + ) ]2 2. 730 Ton(@
u=1 s=ty,—1+1

= 323 + 6xox? — 3|zt |)? + 62ta? + B 1”2 sz —6x01s + 6x0es7? — 6 52%)

22
+ 0 272 2 sz (3xpes + 6zoztes — 3|zt %es)

= 322 + 6xox? — 3||2'||? + 62 2? — 6xp2! — 6202? — 62 2 — 3a2 + 6ozt + 3|22
=0

and

3ArTo (@) =302 Ton(@) +y. Y ﬁfﬁz 30,,0,, Tia) (@)

u=1s,8"=t,-1+1

2

X
=6 622 2—56 622)+0=6 622 — 629 — 622
To + 627 + . (=620 — 62°) + o + 62 zo — 6x

as expected.
4. Natural inclusion of T-functions among T-functions

For 7 € N and T = (to,t1,...,t-) with 0 <ty <t; < ... <t, = N, we set the notation

T .= (tl,...,tT)
and notice that 7 is a list of 7 — 1 steps. We recall Assumptions 2.30 and 2.36 and we set the notations

= {(xO +£L’1,ﬂ2, c 'aﬂ‘r) : xl S Rt0+1,t1a (:L'Oa ||‘T1||7527' .. 7BT) S D} g RO,tl X RT?I ) (6)
= {(Z_O +$17627 e wﬂ‘r) : xl € Rto+1,t1 \ {0}7 (3707 ||.’E1||,ﬂ27. e VBT) € D} c Ro,tl X RT_l :

The domain of ﬁf) C V of T-functions induced by the elements of Stemf(ﬁ, A® RT_I) is the same as the
domain Qp C V of T-functions induced by the elements of Stemy (D, A ® R?") because

Qp ={a+BJ:(,8)eD,J €T =Sy414, x T}
={a+ p1 /1 NE (04,5175) €D, J, ESt0+1,t17j€ T}
= {a—l—xl-i—gj:xl € Ript1,415 (a0, ||x1||,ﬁ) ED,jG T}
:{&+Bi:(a,§)eﬁje T}:ﬁﬁ.

This section focuses on the effect on S (Qp, A) (or S¥(Q2p, A)) of changing T into T.
We begin with a remark and a definition.

Remark 4.1. 22(7) is the disjoint union between the image of the injective map Z(r — 1) = £(7), H —
H + 1 and the image of the injective map Z(r — 1) — Z(7), H — {1} U(H + 1).
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Definition 4.2. For p € {00, w}, the right A-module morphism
~: Stemf (D, A®R? ) 5 ¢7(D, Ao R? )

is defined to associate to each F = ZKeﬂ(r) FEx Fi the unique element F = ZHGQ(T_l) EHﬁH of
¢P(D,A®R2"") such that

Fu(a+a',8) = Fup(a, 2], ) + (=) T 1||F{1}U(H+1)( a, |, B) (7)

for all (o + xl,g) eD

We point out that, while formula (7) only defines an element F of €?(D,, A @ R2" ) Remark 2.37
guarantees that F extends to a unique element of 67(D, A @ R?"~ 1)

We are now ready to prove that every element f = Z(F ) of S (Qp, A) is automatically a T -function,
induced by F. In the process, we will also prove that F is a T-stem function.

Proposition 4.3. Fiz p € {co,w}. The image of Stem’.(D, A®R?") through ~ is contained in Stem?. (D A®

R2"). Moreover, Sh.(Qp, A) is contained in S;(QD,A) and the following diagram commutes:

Stem? (D, A ® R?") ——————— Stem” (D, A@ R?" ")

SP(Qp, A) SE(Qp, A).

Proof. Fix f =Z(F) € S7.(Qp, A), whence f € €7 (Q2p, A) by Proposition 2.39. For our computations, let us
also fix @ € Ro ¢, 7' € Rygr1.4,,83 = (B2, .-, B-) € R""1 such that (a+z!, 3) € D, and let us set & := a+z'.
Fix J € T and remark that &—i—jgza—i—xl—i—jﬁza—h}ﬂ with J := (ﬁﬂa € Styt1,y X T =T and

— ('], B) e R,

Our first task is proving that the restriction of F' to Dy, defined by formula (7), is an element of
Stem?, (D*, ARRY ). This can be done as follows. If h € H € #(r—1),thenh+1€ H+1 C {1}U(H+1),
whence

ﬁ’H(O["'xl,,BQ,---,_Bh+1,~-~7ﬁ7—):FH+1(OZ,H$1||762,--~,_ﬁh+17---,ﬁ7—)
| 1
+( 1) || 1HF{1}U(H+1( ,HSC ||7ﬂ27"'a_5h+17"-76‘r)
:_FH-‘rl(aa ||Jj ||aﬂ27"'7ﬁh+17"'7ﬁ7')
1
_( 1)‘H| || 1“ {1}U(H+1( u||x1||7ﬂ27’"7ﬁh+17"’7ﬁ7)
:—ﬁH(OZ-i-{L‘ ,ﬁg,...,ﬁh+1,...,57—).

If, instead, h ¢ H € P(r —1),then h+1¢ {1} U(H + 1) D H + 1, whence
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ﬁH(a—‘-J}l,BQ,...,—ﬁh+1,...,57—):FH+1((X7||x1||,62,...,—ﬁh_;,_]_,...,ﬁT)
fL'
+( 1)‘H| || 1HF{1}U(H+1)( a”xl”vﬁ%-~'7_5h+17"'357')
:}T‘H+l(a7||:17 H?BQa"'uBfH»h"'uBT)
" !
+( 1)‘ ||| 1H {1}U(H+1( ’||x1||7527"'7ﬂh+17"'7ﬂ7')
:ﬁH(aJ’_w?ﬂZ?"'?ﬁ}L-’rl?"'?ﬁT)'

Our second task is proving that f coincides in Q p. with the T-function induced by }?‘B . Since f =Z(F),
we have

f@+Jp)=fla+JB) = > JxFx(a,f)= Y. JxFk(a,|z'[,B)

Ke2(r) Ke2(r)
= Y Jre1Fr (e, |2, B) + > Ty Fayoarn (@, |z, B)
He#?(r-1) HeZP(r-1)
. 1
= % T (Fwnlale 15+ 0 Ry et 5)
HeZP(r—-1)
= Z JuFu(o+a',B) = Z Ju Fu (@, B).
He2(r-1) He2(rt-1)

For the third equality, we used the equality 8 = (||z1 I, B). The fourth equahty follows from Remark 4. 1 For
the fifth equality, we used the indentities Jgy1 = Jg and JoyuE+1) = lell Jr1 = (-1 )' | T g1 m&r lel\
jH(—1)|H |ﬁ, which are consequences of the equality J = (Hi—i\l’ .7) The sixth equality follows from
formula (7). The seventh equality is based on the definition of & as o + x!. Since J is an arbitrary element
of T and (&, ) is an arbitrary element of D,, we have indeed proven that f coincides in p. Wwith the
T-function induced by Z::‘B

We now conclude the proof with the following argument. We have Q 5. = Slp/, where D =

{(a, B1,...,8;) € D : By # 0} is an open dense subset of D. Since f € EP({p,A) is a T-function
when restricted to Qf)* = Qps, Proposition 2.39 guarantees that f € S;(QD,A). The element of

Stem? (D AQR? " ) inducing f coincides with F in IND*, whence in D by continuity. O
We provide an explicit example.

Example 4.4. Let A = C¢(0,6),V = R” and T = (0,3,6), whence T = (3,6). We already computed in
Example 2.24 the strongly T-regular polynomial 37(21)(z) = 2§ + 3zd2? — 3xol|z! ||? + 6oz’ — 3||z! || %2
The computations

3T (a+ JiB1 + Jofe) = a® = 3aBi + J2(3a” — 367) B2 + J1J2 (6031 B2)
3T (a+ 2t + JaBs) = ® — 3az'||* + J2(3a® — 6az’ — 3||2' )52,
show that the T-stem function inducing 3751y is F(a, 1, 82) = Ep(a® — 3a8}) + Eg2y(3a? — 367)82 +

Ey1 21 (681 82) and that 372 1) is also a T-function, induced by the T-stem function F with Fla+a', b)) =
Ey(a® = 3aljzt|?) + E{l}(30¢2 — 6ozt — 3||x|?)Bs.
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We point out that, while 375 1) is a T -function, it is neither f—regular nor T-harmonic. Indeed, taking
into account that z° = z¢ + z! = Z?:o TsUg, TL = 22 = Z§:4 TsVs, W get

6

3
Tgg!
3A7T2,1)(7) = Z 35&7—(2,1)(%) + Z 55 302,0z_, T(2,1)()
s=0

S it ad 4 ad
3
=630 + 627 + Y _(—6x9 — 62%) + 0 = —12z9 — 1227
s=1

for all z € R” with 22 # 0, whence 3A7T2,0)(x) = =120 — 1222 throughout R7.

For future use, we now wish to compute the iterates of ~. To this end, we set the following notations for
our fixed 7 € N, T = (tg, t1,...,t;) with 0 <o <1 <...<t, =N,and D CRgy, x R.

Definition 4.5. Fix p € {oo,w}. We define

Tyo:=T=(t1,...,t;), To =Ty = (ta,....t;), ..., Tp :=Trq = (t;) = (N),
as well as
D':=D, D!:=D,, D*:=D!, D?:= (D)., ..., D" := D™, DT .= (DI ),

For every F € Stemb.(D, A® R?"), we set

—

Fl.=F, F2.=Fl . . FT.=[Fr-1,
Let us now compute F? in terms of F, thus expressing f as a T,-function.

Proposition 4.6. Fiz p € {co,w}, let f = I(F) € S%(Qp,A) and o € {1,...,7}. Then f is the element of
S:’;a (Qp, A), induced by F°. Moreover, for H € P (1 — o) fized,

Fla+ xt+ .+ 2%, Bot1y- -y Pr) = Frio(a, HJclH7 o 127 Bogts -+ vy Br)
+ZZ <0<1>pH'|j,'ZH... L Pl byt @12 1 B, 5)
—11<k; <...<kp<
= Za(:) Z (_1)lel%1””~z—::F{kl,...,kp}u(HJrU)(o‘v =], .. |27, Bogts - - - Br)
p=01<k: <...<kp<o
for all & € Ry, = Rig1t15 -5 27 € Re, 14145 (Bot1s---,0:) € RT777 chosen so that (a, zt,...,

|27, Bot1,- - -+ Br) € DI.

Proof. The first statement follows immediately by repeated applications of Proposition 4.3. To prove the
second statement, we proceed by induction on o € {1,...,7}. For o = 1, it suffices to recall that F! = F
and to apply Definition 4.2. Let us now assume the second statement true for ¢ and prove it for o + 1.
Taking into account that Fot! = F7 and applying Definition 4.2, we get

Ffilatat +. 42 Boya, oo Br) = F (et ot + o427, 27|, Bz, Br)

D o o+ a4 2 [ B, )
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kp

o K
ZE : § : (_1)p|H\z_1”_z_.
[Jaha ]l [l |

p=01<k;<...<kp<o

F{kl ..... k }U(H+o’+1)(a7 ||£L,1H,.“7||$O'||’ |‘xg+1‘|,60+27"'a57')
k k

(=1 |H\1‘ Z > (—yplHl 2 T
||~’U"+1|| [En .y

p=01<k; <...<kp<o

. F{k1,<..,kp70+1}U(H+U+1)(aa Hxlnv ceey HxUHa ||x0+1||7B6+2a cee 7ﬂ'r)

Fp

o k
— § E (—1yplHl L ' xk :
[Een I |

p=01<k1<...<kp<o

. F{kl,...,kp}U(H+0'+1)(av ||x1Ha R ||xg||7 H:CU+1H7BO'+2a R /67')
g k1 k
DO DI C el zt a7
ko] ke | |zt
p=01<ki<..<kp<o
’ F{k17~~~7kp,0+1}U(H+a+l)(av H$1||7 N (fead 1P ||$U+1H7 Bo+2s -+ Br)
o+1 kp

K
— Z Z (—1yplHI 2L Lo
[l el

p=0 1<k <...<kp<o+1

: F{kl,‘..,kp}U(H+0'+1)(a7 ||x1Ha LERE ||xg+1||aﬂ0'+27 s 757’) )

as desired. For the second equality, we took into account that |H + 1| = |H|, that [{1}U(H +1)| = |H|+1
and that ({1} U(H + 1))+ 0 ={oc+ 1} U (H 4+ o + 1). For the third equality, we took into account that
z°T! anticommutes with each of zF1, ... 2*. The inductive step and the proof are now concluded. O

Example 4.7. Let A = C£(0,6),V = R7 and T = (0,3,6), whence T} = T = (3,6),T, = T, = (6). The
strongly T-regular polynomial 37(31)(z) = @3 + 3a32? — 3zo||x!||? 4 6zoz'a? — 3||2!||*2? of Example 2.24 is
a Ty-function and, trivially, a T>-function. We point out that 373 1) is neither Tp-regular nor T>-harmonic.
Indeed,

3
3A7, T2 Z 02 Tia) () = 6x0 + 622 + > (~6x0 — 622) + 0 = 120 — 1227

s=1

for all # € R”. In other words, 37(2 1) is neither a monogenic nor a harmonic function R” — C/(0,6).
5. A variety of Laplacians of T-functions

Let us fix p € {oo,w}, 0 € {1,...,7} and f € SH(Qp, A). If we refer to the notations set in Definition 4.5,
we know from Propositions 4.3 and 4.6 that f also belongs to S;(QD, A) =8}, (2p, A) and to S}, (2p, A).
The present section computes the effect on f of the operators Ar, : 87 (Qp,A) — 87 (2p,A) and
O, = 07 : S%(QD,A) — S%(QD,A). In both cases, we will prove that the result is still an element of
S7(Qp, A). While these intermediate results are quite technical, they provide fundamental tools to later
prove our main theorems.

Studying the operator Ar, : S%, (Qp,A) — S% _(f2p, A) is equivalent to studying the operator Ar,
Stem’, (D7, A ®R?7) — Stem’, (D7, A® R?""") precomposed with the o-th iterate of ~. In other words:
for f =Z(F) € S4.(Qp, A), the T,-stem function inducing Az, f is Ar, F7, where F is explicitly computed
in Proposition 4.6. To compute Ap, F?, the next result will be handy.
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Proposition 5.1. Fix o € {1,...,7} and p € N* U {oo,w}. If & € €P(D, A), then
VD7 — A7 (O‘+m1 +.. +x0,ﬂa+la'~wﬂr) = (I)(O‘, ”lev'-'a ||.’£U||,ﬂg+1,...,ﬂ7-)

is a €P~% map that is €P in DI . Recall that operators D, - - - s 04,08y, -+, 05, on &P (D, A) have been set
up in Definition 3.1 and let us use for the analogous operators on €P(D°, A) (or on €P(D?, A)) the tempo-
rary notation O, . . - ,85%,351, .. .,85770. Nowletu € {0,...,to},v € {l,...,0},s € {ty—1+1,...,tu},h €
{1,...,7—0c}. Then

B2, T)(a+ 2" + ... 427 Borts s Br) = (Ba, @), |2 ], 12N Boats - -+ Br) s
G5, 0) @+ 2" + ... 427 Bosr,.. ., Br) = — el || (@5, ®) (v, |2, - 11271, Bosts- - Br)
(05, V) (@t 4o+ 2%, ot Br) = (05,0 D) (e 2 271 B Br)

for all (a +at+ .. 4+ 2%, Boy1,...,B:) € DI. If, moreover, p > 2 and if we adopt the temporary notation
o:=Y"' tot1 02 then

(02 W) (a+a' + . 427, Bott,.ny Br) = (02, @) (e, [l ], 127, Bots - -2 Br) s
(D\IJ)(a+x1+...+x",ﬂg+1,...,ﬁT):Z(é)ﬁ“@)(a, Nz N, 1271, Bosts - - - Br)
v=1

Tty —tpq — 1 .
2 O @ ot a7l B Br).
v=1
(3%}1\11)(04+x1+...+x”,ﬂg+1,...,ﬁf):(5‘gh+0<I>)(a,Hx1||,...,Hx"H,ﬁJH,...,/@T)

for all (a+zt + ...+ 29, B511,...,3:) € DZ. Finally, for allm € Z,

Oa, [|a"|™ = ma|la" |2

Oflz”[I™ = m(ty — to—y +m — 2)[|2"[|™ 7,

)

xv
o, () — v, 2 — ma @ a2,

[l ™
zv m+ty—1—1
ol —— ) = m#xv.
[l ™ [l |2
Here and throughout the paper, we abuse notation by denoting the map (a+x'+...4+2%, Bo11,...,3) —
|z?(|™ simply by [|z?[|™ and the map (o + 2 + ...+ 2%, Bos1,...,B:) — W simply by W

Proof. The first, third, fourth and sixth formulas are proven by applying Remark 3.2 first to the opera-
tors d, and 95 on ¥, then to the operators da, and 93, , on ®. The second formula follows from the
computation

Oz, W) (a+a' + ...+ 27, Bos1,. -, Br) = (8,31)@)(04, Nz ], 1|2l Botts - - -5 Br) Oa. |2
|| UH (aﬁv )(O‘ﬂ ||£L’1||,...,||$U||7ﬂo+1,.,.,ﬂ.,.).

‘I

By applying it to the map ® (o, 8) = B™, which yields ¥(a + 2! + ... + 27, Bos1,-..,0:) = [|2?]|™, we
obtain the seventh formula. We now compute
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(8%5\11)(04 +at 4+ 27, Borts s Br) = 120708, @) (s, |2, - 12l Botts - - -5 Br)
+as 0, ([2I71) s, @) (s &t ||, - [|27]], Bt - - -, Br)
+ a2 7105, @) (e, 2], 127 Botas -5 Br) Da [l
=23 |2°| 7203, @) (e [z, - 127, Botas - - Br)
+ (lz2 17 = 2212l 72) (@p, @) [l s - - 1271, Boas -, Br) s
O (a+az' +.. 427 Bos1,...,Br) = Z(E)gv@)(a, ..o 12|, Bogts - - Br)
v=1
+ ) (ty = o1 = D)]|2°(| 71 (0, @) (as |2, 27|, Boas -, Br) s
v=1

and the fifth formula is proven. By applying it to the map ®(«, 8) = B

v

we obtain the eighth formula.
Finally, the computations

v Hfm72

2|77 = g [T = ma® |2 ;

x'l)
%, () = v, |||~ + 2" Oa,

v}

fkd _ o o o
a3, (W) = v O, [|2"]| 7" — mvg x| | — ma ||zt || — ma® x40, [V

—2musx ||V ]| ™ — mat ||z T2 + m(m 4 2) x| 2T

2
m T
- (¢ (0 1) )

x¥ z¥
o (e ) = M+ 21— = D) = mn o 1)

x’l)

[ ]|+
prove the ninth and tenth formulas. O

We are now ready for the announced computation of Ar, f for f € SF.(Qp, A) with p € {oo,w}. To fully
justify the statement, we recall that A preserves S7.(Qp, A).

Theorem 5.2. Fiz p € {oo,w} and o € {1,...,7}. If f = I(F) € Sh.(p, A), then there exists g = L(G) €
SY(Qp, A) such that

ATU.]C =Arf+ge€ Sg(QD,A) .
For every K € 2(r), the K-component of G € Stem%.(D, A ® R?") fulfills the equality

GK(aaﬁla"'aBT) (8)

D L S S L !

ve{l,...,o} ve{l,...,c}NK

in D' = {(a’/817"'7/87')ED:ﬂl...ﬁg#O}-

Proof. As a first step, we define Gx € ¢P(D’, A) by formula (8) for every K € (1), we let G :=
ZKE@(T) EkGg, and we establish that G € Stem’. (D', A ® R?") through the following reasoning. Fix

(a, B) € D'. First assume h € K, whence Fi (o, ) = —Fk(a, ), (85hFK)(a,6h) = (0, Fx)(e, B) and

(95, Fi)(o, B") = — (95, Fxc)(a, B) for all v € {1,..., 73\ {h}. If h € {1,...,0}, then
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—h _th—th_l—l

Grela, ") el T COENEDS b=t =L 5, Fio)(B)

ve{l,..., o \{h} Po
1+t,_1—ty
+ Y " (—Fk(a,8)) = —Gx(a, B),

2
ve{l,...,c}NK ﬂ’”

while if h € {1,...,0}, then

Grla )= Y P o Fo@a Y S (<Fi(a.)

ve{l,...,o} ve{l,...,c}NK
= —GK(Oé, /8) .

Now assume h € K, whence FK(a,Bh) = Fg(a, B), (85hFK)(a,Bh)= (—0p, Fr)(a, B) and (3;31,FK)(0473}L):

(08, Fk)(a,B) for all v € {1,...,7}\ {h}. If h e {1,...,0}, then

—h tp —th—1 — 1
") = % (=0, Frc)(a, B) + >
h ve{L o\ {h}

tv - tw—l -1

Gxle, 5,

(05, Fk)(a, B)

T Z MFK(Q’B):GK(Q,B),

2
ve{l,...,c}NK ﬁv

while if h & {1,...,0}, then

—h ty —ty_1—1 1+t,.1—1ty
Gr(onB) =Y Tl Os,Fi)e.B)+ > —— % Fi(af)
ve{l,...,.o} ve{l,...,c}NK v

= GK(Oz,ﬁ) .

We now take a second step. By Proposition 4.6, f € S} (p, A). Thus, A, f € S}, (2p, A) C €P(Qp, A),
where the last inclusion follows from Proposition 2.39. As we already mentioned, the T,-stem function
inducing Ar, f is A F7 € Stem%r (D7, A®R? 7). For every H € P(1 — ), we are now in a position to
compute the H-component of Ap F? as

to T—0
o _ E 2 E 2 o
(ATUF )H— ( 6au+\:|+ aﬂNh> FH

u=0 h=1
Here, we have adopted the notations of Proposition 5.1. In Proposition 4.6, we have computed the H-

component of F'7 as

FI‘}(OZ-"-ZL‘l+...+$U,BU+17,,.7ﬂT)

- T akr 1
:Z Z (—1)p| |W"'WF{kl,...,kp}U(H+o')(avHx ||,~-~7||$G||,ﬂa+17---7/57)
p=01<k1<...<kp<o

in DJ. Thus, in the same set DY,
(A, F)g = S (=PI T 10,
p=01<ki <...<kp<o

where I,II,111 are specified as follows. Using for {k1,...,k,} U (H + o) the temporary notation K and
setting U(a + 2t + ...+ 2%, Bos1,-- -, Br) = Fr (o, |22, .-, 12|, Bot1y - - - Br)s
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kl k kl k P

x x"P x x’P 1+t 1 —tk

Izlj(——)lf:( )E : U,
[zhe]] " [l | [[zhe]| " [z | |2

s=1
For the second equality, we applied Proposition 5.1. Moreover,

INa+xt +.. 427 Boyr,..., Br) i=

xkl xkp 1 o
=2 Z Oa. — | 0z, V) (a+z + ...+ 27 Bot1,---,07)

Mokl k
RN P

P Ury ki k k
x v v xtr
:25 E ( s S) (65 FK)(Oé ||a:1H .
k| lke ]l el ) (ke Hﬂfk [ Y

v=1 §=1lg, — 1+1 ||

p k1 Ky K [ kv |2 kp
T T || T 1
ZQZkal” < o ) ” k ”(8ﬂuFK)(a7 ”aj ”""’on‘laﬁo-i-la“wﬁ'r)

kv |2 ko |4
2 E T

Il
=

where the second equality follows by applying Proposition 5.1 twice. Finally,

I+ 2 ' + ... 427, Bos1,...,Br) =

xk

:(”xkl'”xk |> <Za2 \IJ+D\I/+282L ) a+x1+"'+xgaﬁa’+l7"'7ﬁ7)
xk B

= (Ha’;/ﬂ' ka |> <Z FK+Zaﬁ FK+Z | UH 8ﬁ1)FK> (OZ, Hxln,)
Jﬁkl ajkp )

R <|ka1| ||x'fp|> ( “Z o “FK> e

For the second equality, we applied again Proposition 5.1. We conclude that

(Ar, F)g(a+z' +... 427, Boyr,. .., Br)

- 2™ xkr )
- Z Z S [zFe][ " 2k (ATF) (kg yui+o) (05 1275 (|27 Botas - )
p=01<k; <...<kp<o
- 2™ xkr )
+Z Z (71):0' ‘ ||$k1H ||xkp||G{klv"-ykp}U(H-‘rO')(a’Hx ||,...,HIOH,50+1’,.,)

p=01<k;<...<kp<o

= (ArF)g(a+at + ... 427 Boyry. . Br) + Gh(a+ 2t + ...+ 27, Bost, .-, Br)

in D7, whence A, F7 equals (ArF)?+G? in D?. Equivalently, At f equals in Qp the T,-function induced
by (ArF +G)?, whence the T-function induced by ArF + G. Taking into account that Ar_ f € €7 (Qp, A),
Proposition 2.39 guarantees that Aq f € Sh(Qp, A). Setting g := A, f — Apf € S§(Qp, A) yields the
desired conclusion. O

The following result concerning the effect of 57: = 07, on a T-function f will be useful to achieve our

main theorem in the forthcoming Section 7.
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Theorem 5.3. Let p € {oo,w}. If f = Z(F) € S} (Qp, A), then there exists g € S§(Qp, A) such that
Ozf = 0rf+ (1 +to—t1)g and Ozf = Orf + (t1 — to — 1)g (whence Oz f, 07 f € Sh(p, A)). For every
K € P(1), the K-component of the function G € Stemh.(D, A® R?") inducing g fulfills the equality

-1 .
K(a7ﬂ1)"'7/37')_{§1 F{l}UK(avﬁlv"‘vﬁT) ﬁizg , (9)

in D' ::{(a,ﬂl,...,ﬂT)GD:517$0},

Proof. Since f = Z(F) for some T-stem function on D, we know that f is also a T-function, induced by
the T-stem function F = ZHG‘@(T_U EyFyg such that

1
~ ~ ~ l‘ ~
F(a+a',8) = Faaa(a, |l']], 5) + (=) Tty Lot (@ "1, 8)

for all o € Rz, 2" € Rygy1,t,,5 € R7™1 such that (, |jz']], 5) € D. In particular, 9z f € SE(Qp, A) C
€P(2p, A). Computing gi;f corresponds to computing 5:;?7 where

T—1
—_ ~ —‘HH—l"’ p ~
O5F)n =05 Fu+Y_(=1)7"H0s Fypqny
h=1
= Oy Frt + (=) sza Fp + Z 75 Frpny

for all H € Z(1 — 1) by Definitions 3.1 and 3.4.
Fix H € (1 — 1). Using Proposition 5.1 in its special case o = 1, we get

(a0 Frr) (@', B) = (9o Frr1) (@, ]|, B) + (~ 1)1 B 1”( Do Py 1) (@ 1, B)

as well as
to " _
DS 0, (0, Fir) (a + 2, 5)
s=1
to _ 2l
1)‘H| sz(aasFH-i-l)(a’ ||'1:1||7ﬂ) H 1” ZU a F{I}U H+1))( ||1' H 6)
s=1
to _
= (=D)FTY " 0y (0, Frr1) (@, 2], )
s=1
1 to
x ~
+ (‘U‘HIW(—UHI}U(HH)‘ ZUS(BQSF{l}U(H+1))(aa (], 8) ,
s=1
where we took into account the equalities vsni—i” = - Hiill vy (valid for all s € {1,...,t0}), |H + 1| = |H|

and {1} U(H +1)| = |H| + 1.
Another application of Proposition 5.1 (in its special case o = 1) gives

7—1 T

Z(*l)a(h’m“(%hﬁflA{h})(a+fﬂl,g) = (1) Fir po—ip+1) (e |2, B)

h=1 v=2
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-
2l

+
Bl

(=)= EDFHE M= (9 Froggom pgo—1p+n) (@ |z, B)
v=2

T

= (1) CHEII Gy Fiaginy poy) (s 2], B)

v=2

l‘ O' v —~
\HI |x1|| Z ( ’{I}U(HH))H(3ﬁ1,F({1}u(H+1))A{U})(a, Hxlllyﬂ)

for all (o + z*, 8) € D,. Here, we used the equalities o(v — 1, H) = o(v, H + 1) = o(v, {1} U (H + 1)) £ 1
|[HA{v—1}=|H|£1, (HAN{v—-1})+1=(H+1) A{v} and

{Bu(E Al -1+ 1) = {13 u(H+1) Alo}) = {1} v (H + 1) Afv},

which are valid for all v € {2,...,7}.
We now compute, using again Proposition 5.1 in its special case o = 1,

ty
(DM 0(0x, Fa) (o + 2, B) = (-1 Z Ve (9, Frya) (o, |12, B)
s=to+1 s=top+1 H ||

Ty xt -
+ Z ( =] |$1||3> F{l}U(H+1)(0<’ ||ffl\|,5)

s=to+1
+ Z Ust—2 ” 1”2 (98, Fuyoca+y) (e, 2, B)
s=to+1

2! ~ 14t =
= ( )‘Hl H || (aﬁlF({l}U(H'i‘l))A{l})(a’ ||$1||,ﬂ) H 01” F{l}U(H+1)( ) ||‘r1||a/8)

- (8ﬁ1F(H+1)A{1})(047 chlll E)
= (—1)6(1’H+1)+1(8ﬂ1F(H+1) {1})( ||9C Il 5)

1
:L' ~
+ (D ()T 9, By a) (@ 12, B)

14ty —t _
WF{HU(HH)(O&, =], 8) -

For the second equality, we took into account that %L top1 Vs = (t1 — to)(=1) = to — t; and that
Zif:toﬂ % = Hf:i\l Hiill = —1. For the third equality, we used the identities —1 = (—1)7(LH+D+L 1 —

(71)0(1,{1}U(H+1))+1'

Now let us sum up the four parts we computed: taking into account (for both K = H + 1 and K =
{1} U (H + 1)) the formula

(OrF)k = OuyFr + (1)1 sz 0o Fix + Z 1795, Fre pny s

we get

@Tﬁ) (a+ 2! ,5) (OrF) g1 (o ||z, B) + (-1 1)l ||z1||(8TF){1}U(H+1( ’||$1||7§)
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1+1tg—
Tl F{l}u wn (o ), B)
= ~ 1+tg— ~
= (O0rF) y(a+a2',B8) + eS| F{l}U(H+1)( a, ||z}, 8).

If we define G := 3"y 5(,) ExGx in D' according to (9), then G' € Stemf.(D', A ® R?") thanks to the

following remarks, valid for K € Z(7),h € {2,...,7},(a, 8) € D": if 1 € K, then GK(a,Bl),GK(a,Bh)
and Gk (a, §) all vanish; if 1 ¢ K, then

GK(O‘7BI) = (_51)_1F{1}UK(04731) = ﬂle{l}UK(a7 B) = GK(avﬂ) )
(o B") = B Fryur (@, B') = B Fayux (0. 8) = G (o, B) ifhe ks,
GK(avgh) = B;lF{l}uK(ath) = _ﬂleﬁ}UK(OZ,ﬂ) = —GK(Q,B) ifhe K.
Using (9), we now compute
Gula+at,B) = Gra(a ||z, B) + (-1 2 B 1” Gy (e |2, B)

= [l |7 Fryumsn (o, Y]], B) + 0

in D’ and conclude that gfﬁ = (0rF)+ (1+to—t1)G in D'. Since Oz f is the T-function induced by gfﬁ,
we conclude that 0z f coincides in Qps with the T-function induced by drF + (1 + to — t1)G. Taking into
account that 0z f € €P(Qp, A), Proposition 2.39 yields that 07 f € S§(Qp, A). Choosing g € S7.(Qp, A)
so that (1+to — t1)g = 07 f — Or f yields the desired conclusion.

Running through the proof with appropriate sign changes proves that 0z f = Orf + (t1 —to — 1)g, as
desired. O

In case t; =ty + 1, Theorem 5.3 yields that 8~ = dp and 07 = Or, consistently with Proposition 2.18.
Let us now compare 6T to 07 in an explicit example.

Example 5.4. Let A = C/(0,6),V = R” and T = (0,3,6). We already computed in Example 2.24 the
strongly T-regular polynomial 372 1y(z) = af + 3z3z? — 3zollzt]|? + 6zoz'a? — 3||z!||?2?. We also saw
in Example 4.4 that the T-stem function inducing 3751y is F(«, f1,82) = Ey(a® — 3aB?) + E{Q}(3a2 —
33%2) B2 + Ef1,2(6312). We know by construction that 35T722,1) = 0. Using Proposition 3.13 and taking
into account that 2° = zg + 2! and ! = z¢ + 22, we compute

307 T(2,1) = 30, T2.1) () + 326 0z, T2,y (@ H 2”2 Z Ts 0y, T(2,1)(2)
s=1
3
= 322 + 6xox? — 3|2t | + 62 2? + Z es (—6zows + 6zoe,2” — 6z,2%)
s=1
22

+—— T2 2 Z zs (3zdes + 6zoz'es — 3|zt ||%es)

= 32 + 6xx? — 3||2t||? + 62'2? — 6202’ + 620(—3)2% — 62 2>

2

+ ﬁw (3z32” + 6oz’ z® — 32" ||*2?)

=32 — 12202% — 3|2 ||* — 6zox’ — 323 + 6zox’ + 3||2t||? = —12z02?
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Now, taking into account that Iy =0 and F(y 23 (a, 81, f2) = 6af1 32, we have

G(a, B, B2) = E{1,2}5f16045152 = F{1,2)6a082,

whence g(z) = 6zgz?®. The function 3977 1)(z) + (14 3 — 6)g(z) = —2g(z) = —12zoz?* coincides with
357:7'(271) by Theorem 5.3 or by direct inspection.

6. Iterates of the T-Laplacian on T-harmonic T'-functions

We now wish to study the effect on a T-harmonic T-function f of the iterates of Az : S%(QD, A) —
S%(QD,fl). This is eqtfvalent to studying the effect of the iterates of Az : Stem%(f),A ® R?) —
Stem%(D, A®R?") on F for any T-stem function F belonging to the kernel of Ar : Stem? (D, A®@R?") —
Stem$(D, A @ R?").

We begin with a useful definition and some related properties.

Definition 6.1. We define b_; _; := 1. For every n € N, we define b,, 1 := 0 and, for every £ € {0,...,n}

(=)™t (2n — 0)!
20—t fl(n—0)!"

bne =

We point out that (—1)"**b,, , are the coefficients of the reverse Bessel polynomial, see [32, page 6]. The
next properties will be useful.

Lemma 6.2. If n € N, then the following properties hold true:

bnn=1,

buyie =l —=2n—1)bpe+bpe1 ifo<l<n,
bnt—1 = bog + (04 1)bprsr fo<t<n-—1,
Ll—2n—1)by ¢ +2(l —n—1)bp -1 =0 if0<£<n.

Proof. By direct computation,

Moreover,

(€ —2n—1)by o+ byt

(=)t 2n—0)! (=) 2n— 2+ 1)!
2n=t fl(n —0)! n—t+l (0 —1)l(n— L+ 1)!

(=) 2n 41— 0)!

= T it i=0+0

(=) 2n 42— 0)!
2n 1= fl(p 4+ 1 —¢)!

={-2n-1)

- bn+1,£

for 1 </ <nand

B (=)™ (2n)! (=)™t (2n +1)! B (—=1)"*t (2n + 2)! _
(=2n = 1)bpo +bp,—1 = (—2n—1) on ol = on N o br+1,0
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for the case £ = 0. Additionally,

bn,@ + (g + 1)bn,5+1
(—=1)"* (2n — 0)!

2n=t  fl(n —0)!
_ () en—r-1)
T ol (n—0) (2n —£=2(n - 1))
(=t (2n—C—1)!

2n=t (0 —1)(n—£)!

I Gt D S el O Bl (G ) LI
= on—1—(¢-1) ([ _ 1) (TL —_1- ([ _ 1)) = Un-1,4-1,

(=D)L (2n - —1)!
m=l=1 ({4 1)(n—€—1)!

+(+1)

provided n > 1. Finally,

L —2n—1D)bpe+2(0 —n—1)by -1

(—=1)"* (2n — 0)! (=)=t (2n — 2+ 1)!
o=t fl(n —0)! n—t+1 (f —1)(n — £+ 1)!

(=)™ 2n+1-0)! (=) (2n— L4+ 1)!

T B v 1Ty R Ty s T e R

=Ll —2n—1) +2(—n-1)

Let f € 82(Qp, A) and assume Az f = 0. We are now ready for the announced study of the effect of the
iterates of Az on f. We recall that, by Remark 3.11, f automatically belongs to S£(Q2p, A) C €*(2p, A).

Theorem 6.3. Let f belong to the kernel of A : S2.(Qp, A) — S%(Qp, A).

1. Assume t; — to to be an even natural number. For any n € N there exists a unique element f™ €
S%(2p, A) such that

ALf=f Tt —to—20+1).
=1

2. Assume t; — tg to be an odd natural number 2ny + 1. Then A%f =0 in Qp for all n > ny. For any
n < n, there exists a unique element fI" € S¥(Qp, A) such that

Arf =t —to—2041).
=1

The T-stem function FI"l € Stem%(D, A ® R?") inducing f") (whenever the latter is defined) has the
following property: given K € P(r),

Sy B 0, Pl ) 1 ¢ K

Yo gt (05, Fr)(a,8)  if 1€ K

Fia, B) =

in D" :={(a,8) € D: 31 # 0}.

Proof. Our proof is by induction on n.
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For n = 0, the thesis follows by setting fI := f and FI% := F, if we take into account that b_11 =
1 = bo,0.

Now let us deal with the inductive step from n to n + 1. This step is trivial if £; — ¢g is an odd natural
number 2n; + 1 and n > ny. In all other cases, the inductive hypothesis is that there exists fI"] = I(F[”]) €
S5(Qp, A) with FI"l fulfilling condition (10) in D" and that A%f = f") T[}_, (t; —to — 20+ 1). Let FI* 1
denote the element of Stem# (D', A ® R?") defined by (the n + 1 instance of) formula (10): we claim that
AF" = (t; —tg—2n—1) FI** 1 in D,. Our claim implies that Az f" = (t; —to —2n—1) fI**1 in Qp., if
fI"+1 denotes the element of S&(Qp, A) induced by FM+1. Thus, A%Hf = Az T (b —to—20+1) is
an element of € (Q2p, A) whose restriction to Qp/ is the T-function (¢, —to—2n—1) f**11. Proposition 2.39
yields that Aﬁﬂf € S¥(Qp, A). In case t; — tp = 2n + 1, it follows that A’%Hf =0 in Qp, as desired. If,

An+1
instead, t; — tg # 2n + 1, then T-stem function inducing 3,7 coincides with FI"t in D’; we still

denote it by FI"*1. Since Z(F**+1) coincides with "+ in Q b7, we still denote it by f"t1. It follows that

n n+1
A = Ap [t = to =20+ 1) = S T (0 —to =20+ 1),
=1 =1

as desired.
We are left with proving our claim that AzF™ = (t; —ty —2n— 1) FI"*1 in D,. From formula (10) and
Definition 4.2, we get Flnl = ZHE@(T—D ﬁl[?]EH with

Fi(a+a',f) = (11)

- bn bnex
Z <|x1||12i 12 (a&FHH)( =1 B) (= )‘HlH 1||2Zn+1 e(aﬁ1F{l}U i) (e [l 5))
£=0

for all H € 2(t —1),a € Ry, 2" € Ryyy1.0,, 8 € R71 such that (o + 21, 3) € D,. By Definition 3.4 and
Remark 3.3, for all H € &(7 — 1) we have

(AFF) 202 F +Za2 Fy!

Using Proposition 5.1 in its special case o = 1, we get

to " n N
3 (7)o ) = 3 e (o308 s ) 1211
s=0 =0

to

H n éx ¢ 2 .
24 ‘Z [ [ (% ZaasF{l}uwﬂ)) (@, ll2"]1, B)

s=0
and

T—1

2(82 F[n]) a+a',f) = Z ||n1||12t; 112 (afh ZBELLFHH) (a, [l )
u=2

h=1
nlm T .
D Z [t [z (651 Zé‘%uF{WHH)) (a, [l2]. B)
u=2

in B* NOW7OE<ATF)K:Z 62 FK+Zu 162 FK 1mphes Zs 0 a FK+Zu 282 FK— aglFK

s=0 “as

for all K € &(7). We conclude that
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to T—1
S T(02 Fih o+t B) + Z(aghﬁgﬂ)(a +2t B) =T+ (-1)HT, (12)
s=0 h=1

n

1,4—-1 ~
E:W;Wneaﬂﬁ%HxaﬂfW5%
£=0

n
n 14 x +2 1 7
Z ||$1H2n+1 g F{l}U(H-‘rl))(aa ||£L’ Haﬂ)
£=0
in D,.. We must now compute Z?:toﬂ 6§Sﬁgﬂ, which is the same as Dﬁf[?] in the notation of Proposition 5.1
(case 0 = 1). Thus,

1
S 0 =0 = 3 by ol ) + 'HZ%N(UW“”O

s=to+1 =0

where

V(o +at, B) == (05, Fur1)(o, [, B),
S+ at, B) = (95, Fryu+n) (e, 12, B).

For pur computation, let us start with single ingredients. Using Proposition 5.1 with ¢ = 1 = m, we compute

3 (172 wela +2%, B)) = (Ol 72") We(a+ 2", )
t1

+ [t @) (a+ 2t B) +2 Y (9a,

s=to+1

= (0= 2n)(t; —to + € — 2n — 2) || |22 (85, Frr11) (v, |||, B)

2|2 (9, o) (a + 2, B)

o [t —t - N
Tl (1 0~ <N+vhﬂxamfLﬁw+wﬁﬂwﬂxamfm60

[l
ty

+2 Z (0 —2n) z, ||t 22

2 ]

= (€= 2n)(t1 —to + £ = 20— 2) 2" |22 (9, Frra) (o |2, 5)
+(t—to — L+ 20— dn) ! |71 (95T Frra) (e, |12, B)

+ [l |2 (05 2 ) (v ||, B)

Ls

(8Z+IFH+1)(O‘7 =, B)

Using the temporary notation K for {1} U (H + 1), Proposition 5.1 (with ¢ = 1 = m) also allows the
following computation:

z! = 13y = z! = 17
i W»—ae(a'anﬂ) =0 Wm Er(a+a,pB)

1 t1 1
x _ ~ x _ ~
—&—W(D:g)(a—i-xl,ﬁ)—i-Q Z (8asx7) (3aS:e)(a+$1,5>
s=to+1
.’171

=@2n+1-0C2n+1-Ll+1t _tl)HfleQW (95, Fr) (o, ||z, B)
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1

+ ||x1‘|fn+1fe (tl_to (8“1 K)(a ||$ Il 6) (aé+2 K)( ||$ Il 5))

[l
vs + (£ = 2n — Dt aylja’ | 72 +1 g 1 7
+2 Z ”leQnJrl 13 H 1”(8 )(Oé, ||Z‘ H76)
s=to+1
xl

=C2n+1-0)2n+1—-0+1t;— tl)Hlegm (821FK)(04, "1, 3)

1
X
+(t1—t0—1+24—4n)”xl”2m(8”1 w) (e, 2], B)

1
T
+ o (0P o ). ).
It follows that

t1
> (@R Fh(a+at,8) = oFa+a',B) = 1T+ (-1)H1v,

s=to+1
=3 by ((E —2n)(t1 — to + £ — 2n — 2) &[22 (D5, Farya) (o, [, B)

+(t —to — 1420 — dn) [l |27 (95 Frr ) (o, ||21]], B)

12 @5 P (s 11, B) )

n 1
._ z Y 1 7
IV = ;:0 b ((2n +1-02n+1—-C0+1ty — t1)4”$1 [Tt (95, Friyum+v) (o, |27 ]], B)

1
x ~
+(ti—to—1+20— 4n)||m1”2m (3;;:L1F{1}U(H+1))(aa Iz, 8)

1
T
HI1||2n+1 0 (8ﬁ1 Fryu H+1))( ||$ B ﬁ))

in D,. Summing (12) and (13), we conclude that
(AzF")pr(a+ b, ) = T+ 11T+ (~) (11 + 1v).

Now,

[T =3 buoremt (€= 20)(h — to + £ — 20 — 2) 2|27 (9%, Frrr) (v, 2], B)
£=0

+ 3 bnoreea(ty—to — 1+20— dn) ||| (05T P ) (e, [, B)
£=0

=D burema(E=2n)(t — to + £ = 20— 2) 2|72 7% (05, Frra) (o |||, B)
£=0

n+1
+ ) bnormoa(ts —to+2m —dn = 3) ||z 22 (95 Frra) (e, |12, B)

m=1

where we set m := ¢ + 1. Using the identities b,_1,_1(—2n) = 0,b,,—1,,—1 = 1, we find that
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n

I+ 111= Z ((tl —tg—2n — 1) ((f — 271)1)"_17(_1 + bn—l,E—Z) + (f — 1)(€ — 2n)bn_175_1
=1

+2(0—n— 1)bn71,Z*2) [|t]|~2n2 (8Z1FH+1)(04 llz]l, 3)

+(t—to — 2n — 1) [ (05 Frrs) (v, |1, B)

= (i —to—2n = 1)) bueallz |2 (95, Frr) (e |2, B)
=1
+(t1 = to = 2n = 1) bon @I 7" (05 i) (@, [, )

n+1
=(ti—to—2n—1) Y bpeallz' |22 (95, Frsr) (o, |2, B) -
£=0

~

For the second equality, we applied Lemma 6.2 and the identity 1 = b,, ,,. For the third equality, we used
the identity b, —; = 0. Similarly,

n 1
. _
IT+1V =" bpi(@n+1-0@2n+1—E+1t - tl)HﬂclHZW (95, Fryu+n) (e, |2, 8)

=0
n 1
x ~
+ D bnelts —tg— 1420 — 4”)”x1”2m 057 Fayumn)(a |24, B)
=0
n 1
x ~
= bn,e(Qn +1-— E)(Qn +1—{C+ty — t1)7||x1”2”+3—5 (aélF{l}u(HJ,-l))(Oé, ||(El||,ﬁ)
(=0
n+1 CCl ~
+ Z bum—1(t1 —to +2m — 4n — 3)”1,1”2m (95 Fryom+1)(a, Iz, 8),
m=1

where we set m := ¢+ 1. Using the identities b,, _1 =0, b, , = 1,

=% ((t1 —to—2n—1) (£ — 20— 1)bpe + bpy_1)

1
x ~
0= 2= Dby + 26— = Dbae1 ) Torperr O Fayoers) s 119

1
T n s
(0= to =20 = 1) s (O3 Fayour ) 11,9

1 ~
=(t1 —to—2n — an+1 KW (8ﬂ1F{1}u(H+1))(aa =], 3)
=0
1

x " ~
+ (1 —to—2n—1)bpr1nt1 W (551+1F{1}u(H+1))(04, Iz, 8)

n+1
= (tl —to— 2n — an-‘rle | 1||2n+3 7 (aﬁlF{l}U(H-‘rl))( ) HLU || B)

For the second equality, we applied Lemma 6.2 and the identity 1 = by, 41 n+1. We conclude that
n+1

AFFM) (a2t B) = (= to =20 = 1) Y bl [ (95, Frrsa) (e 2|, B)
£=0
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n+1

1
Z‘ ~
+ (_1)|H‘(t1 - tO —2n — 1) E bn+1,€ ||x1||2n+3,z (aglF{l}u(H+1))(aa ||$1||7 /8)
£=0

= (t; —to — 2n — 1) F"* (o + 2, B)
in D,. This establishes our claim and completes the proof. O

Let us provide an explicit example.

Example 6.4. Let A = C¢(0,6),V = R” and T = (0, 3,6), whence T = (3,6). For the strongly T-regular
polynomial 73 2)(x), we computed in Example 2.24 the expression

107(3,2)(x) = 3721’2)(33)(33% + 2z02t — ||ar;1 Hz) + 37‘(2’1)(33)(2%3:1 + 2x2? — 221 2?)
+ Ts.0) (@) (5 — 2x02® — [|2%]?).

The same example obtained the expressions

3Ta,2)(x) = mg + 395(2)331 — 6xoxta? — 3950Hx2||2 — 3961||3L‘2||2 ,
3T2,1)(x) = acg + 3.’17%.%‘2 — 39U0||951||2 + 6zoxta® — 3||a:1\|2x2 ,

Ts,0)(x) = mg + 3.’17(2).%‘1 — 39U0||951||2 — ||331H2:131 .

2

L ~ 3 ~ 6 .
Taking into account that 2° = g + 2! = Y o Tses and Tt =22 = Y ey Ts€s, We now wish to compute

6

3
LTy
A =3 o2 Y 9,0,
77(3,2)() 2 - Ti3,2)(x) +SS/:4 g g RS T(3,2)(x)

for all z € R” with 22 # 0. We begin with

1002, Ty (2) = (620 + 621) (a3 + 200" — [la? )
+ (2§ 4 3222t — 620zt w? — 3x0)|2?||? — 32t ||22|*)2
+2(323 + 6z02" — 62 2 — 3||22||*) (220 + 221)
+ (620 + 622) (2202 + 2702? — 22'2?) + 0
+2(322 + 6202% — 3||2t||? + 62 2?) (22" + 22%)
+ (620 + 621) (22 — 2202% — [|22]?)
(o + 3aat — Brgllat|? — 2 |ah)2
+2(322 + 6202 — 3||2(|?) (220 — 22?)
= 6ap + 1822x" — 18zol|2! || — 6]|2 |22
+ 223 + 6232t — 12202 2? — 62 ||2%||? — 62|22
+ 1223 4 36232 — 2402t || — 24aoztz? — 12x0]|2?||* — 242" ||*2? — 122122 ||?
+ 12222 4+ 122227 — 24xozta? — 12x0)|2° || — 1221|222
+ 12222 4+ 122227 — 24xoxta? — 24xo)|2?||? — 12|« |22t + 12)|2! ||22? — 2421|222
+ 623 + 6222t — 122227 — 12x02 2% — 620 ||22||? — 621|222

+ 225 4 6x52t — 6202t ||* — 2|2t |22t
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+ 1223 + 24a3at — 122327 — 12x0||2t||? — 24wzt 2 4 12|22 ||22?

= 40x) 4+ 120232" — 60z ||zt || — 120202 22 — 6020]|22||* — 20|z |22t — 602 (|22 ||?,
whence
92 Tiz,2)(x) = 4z + 12252" — 6x||z'||* — 12202 2% — 630]|2%(| — 2||2" ||*z" — 62" |27
For s € {1,2,3}, we compute

1002 T(3.2)(x) = 0+ (xf + 3zda’ — 6moz'a® — 3xo|2®|* — 32 ||2”*)(—2)
+ 2(32es — 6xpesr? — 3eg||2?]?) (2x0es — 214)
+ (=6xg — 62%)(2zoxt + 2w02? — 22'2%) + 0
+ 2(—620zs + 620e52% — 6252%)(2z0es — 2052%)
+ (—6x0 — 20" — dase,) (v — 2xox? — ||2%]|*) +0+0
= 223 — 6x3x + 12x9x' 2? + 60|22 + 62|22
— 1223 — 24232 + 1220 ||22||? — 1223256, + 24mon 50502 + 127504 272
— 12232 — 122327 + 24xoxta? 4+ 122022 ||* + 122122
+ 24a2a? 4 24ao||2?||? — 24adrses + 48202 0,27 + 242 64|22
— 6x5 — 2232t + 12222° + dwoxta® + 6xol|2?||? + 221|222
- 43:33:363 + 8zozsesz? + dxgeg||z?]|?
= 203 — 20222 + 40zox' 22 + 602 ||2?||? + 2021|222

— 40z2z e, + 80xpzsesz? + 40z 64|22,

whence

3
302 Tia o (x) = 3(—223 — 2a3a" + dwox'a® + 6xo2?|? + 22 |23]?)
s=1

—dakat + 8xoxta? + 4xt||2?|?

= —6xy — 1022z" + 200z 2? + 18z0)|2?||* + 1021|222
For distinct s, s" € {4,5,6}, we see that

1004,0,,T(3,2)(x) =0+0+0=0,

1092 T3,2)(x) = (—6x0 — 62" )(2f + 2z02" — ||2'[|*) + 0+ 0
+0+0+2(3z2es + 6xox'es — 3|2t ||%es) (2z0es — 22ey)
+ 0+ (2 + 32z — 3xol|zt|)? — ||2t]%2!)(=2) + 0

= —6x5 — 18z2x" + 18xo|z! || + 6|22t
— 122§ — 36a32" + 36zl ||* + 12]2" [Pz’
— 223 — 6x3xt 4 6xo|xt||* + 2|2t |22t

= —20x3 — 60x3x" + 60z |zt||? + 20|zt ||P2t
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whence

6 6

Tslyg 2
2 ez 0n0n Tan(@) =3 amsg 2. T (@)

s,8'=4 s=4

= 213 — 6xdxt + 6z |zt || + 2|2t P2t
Overall, we get that

A7T,2) () = 43:3 + 12x%x1 - 6:100||x1||2 — 12zpzt2? — 6x0||x2H2 - 2||a:1||2;1:1 - 6x1|\x2||2
— 625 — 10222 + 20202 22 + 182022 ||* + 102 ||2?||?
— 23 — 6222t + 6|2t + 2|2t %2t
= —dad — dalat + 8woxta? + 12x||2?|* + 42t 2?||?,

for all z € R7. We have AQT’T(&Q) =0 in R” by Theorem 6.3 or by the direct computation

6

Lsggr
AL T(3,2)(x Za AiTs (@) + Y —5 5 00,00, A7 Tz 2)(2)

T T Z
s=0 s,s'=4 4+ 5+ 6

332

6
= 92,05 T(3.2)(x) + 2:: m 92, A5 T(3.2) ()

2
T
= —24z¢ — 8z' + 75(24% + 8x1) = —24x9 — 8zt + 24z + 8zt
; af + 23 + 23

0,
valid for all z € R7 with x4e4 + T5e5 + zges # 0.
7. The Fueter-Sce phenomenon for T-functions

This section is devoted to the Fueter-Sce phenomenon for T-functions. Theorem 6.3 suggests the next
definition.

Definition 7.1. Let 7 € N, T = (tg,t1,...,t;) € N7Tt with 0 < tg < t; < ... < t, = N and set T :=
(t1,...,t;). Assume t; — ¢y to be an odd natural number 2n; + 1. For any strongly T-regular function
f=Z(F) € SRr(Qp,A) C S$(Qp, A), the function ATTilf is called the first Fueter transform of f.

The first Fueter transform of a strongly T-regular function, whenever defined, is a T-function by Theo-
rem 5.2 and is T-harmonic by Theorem 6.3. In the next theorem, we prove that it is actually T-regular.

Theorem 7.2. Let 7 € N, T = (to,t1,...,t;) € N™" with 0 < tg < t; < ... < t, = N and set T :=
(t1,...,t;). Assume t; —tq to be an odd natural number 2n1+1 and consider any strongly T-regular function
f € SRr(Qp,A). Then the first Fueter transform of f is strongly T—regular and still is a T-function. In
symbols: AZLf € SRz(p, A) NS7(Qp, A).

Proof. For the sake of simplicity, let us write n instead of n;. We have f € SRy (Q2p, A) C S%(Qp, A) by
Proposition 2.38. If we apply n times Theorem 5.2 (in its special case o = 1), we conclude that ALf €
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S%(Qp, A). Proving the leftover inclusion A% [ € SR#(2p, A) is equivalent, by Theorem 6.3, to proving
the inclusion f™ e SR#(p, A); this is, in turn, equivalent to proving that gff[”] =0in Qp.

We apply Theorem 5.3 to get gff[”] =0rflM + (1 +ty —t1)g = Opf™ — 2ng, where g = Z(G) with
G defined by formula (9) (with F" in lieu of F'). Thus, 07 f™ is the T-function induced by the T-stem
function L € Stem$ (D, A ® R?") whose K-component (for K € Z(7)) can be expressed as

(0PI (o, B) — 207 ' Fl1} (0, B) i 1€ K

LK(aaﬁ) = { (ETF[n])K(OZWB) fleK

in D' :={(a,8) € D: 31 # 0}. We have therefore translated our goal to prove that gff["] =0 in Qp into
an equivalent goal: proving that Lx = 0 in D’ (whence in D) for all K € &(r). By Definitions 3.1 and 3.4,

OrFM) e = B0, Fi + \K\Zv Ba F’MZ D)7®E g L

Analogous considerations about (OrF)g, which vanishes identically in D by our hypothesis f €
SR (Qp, A), yield the equality

oy Fc + (—1)IK] va 0o, Fx + Z MK 0, Fic agny = (1) M0, Fie Ay (14)

which will soon be useful.
For K > 1, using formula (10) and omitting the variable («, 8) for readability, we compute

_ " b,
LK:(aTF[n])K:Z Qn Zaﬁl <<6a0+ ‘K'sz a> )

£=0

n

o bn_ A— né - o
+ (=1 (1,K)+1651 (Z ﬁ(%ﬂm{l} ) Z 613 (Z(_U (h’K)HaﬂhFKA{h})

£=0 1 h=2

= Z bn,e By 2705, <(—1)”(1’K)5ﬂ1FK A{l}) + anfleflﬁfdn(aﬁleK Af1})
=0

+ Z bn—1,0-1(£ = 20) 81" 1 (9, Fre pq1y)
£=0

:Z( bn.e 4+ br—1,0— 1)1 = 2n(6€+1FKA{1})+ Z bn—l,m m—2n+1)87"" 2n(861+1FKA{1})
£=0

m=-—1

Ju

(€ =2n+1)by_10+bp_1,0-1 — bnye) By~ 2n(ag+1FK A1) =0

o~
Il
o

in D’. For the third equality, we used (14) and o(1, K) = 1. The fourth equality uses o(1, K) =1 and m :=
£—1. The fifth equality follows from b,,_1 1 —bp, = 1—1=0and b,_1,-1(—1—2n+1) = —2nb,_1,_1 = 0.
The sixth equality follows from the second property listed in Lemma 6.2.

For K # 1, using formula (10) and omitting the variable («, 8) for readability, we compute

— " " b1
= P — 2B Bl = 30 Bt <<a IS, aag) F>

£=0 1 s=1
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"\ by,
+ (=1)7FH g, (Z (351FKA{1})>

bp— 1,0— 1 o(h,K 1
+Z 2n T o2n—0 (Z y+l QB;LFKA{h}> —2nfy Z S e aﬂlF{l}UK)

=0 "1

I
M:

bu—1,0-181 >"0f, ((— )oK aﬁlFKA{u) an B0 Fre pay)

T
o

n

+ > bae(2n = OB TN, Fre py) — 20 b By 205, Fic pqny)
=0 =0

I
NE

(bn-1,0-1 = bn.e) By 2" (057 Fre p1y) — Zfbneﬁz 2105, Fre pqiy)

=0
n—1 n—1

= (bn-1-1 = bn )BT (05 Fic pqny) — Z(m+ Dbnm 187 2 (05 Fie p1y)
=0 m=0
n—1

(bp—1,0-1 = bnye — (£ + 1)bn,Z+1)Bf_2n(aéj_lFKA{l}) =0

~
Il
o

in D'. For the third equality, we used (14) and (1, K) = 0. For the fourth equality, we used again (1, K) = 0

and the equality 2n—¢—2n = —¢ (which vanishes for £ = 0). For the fifth equality, we used b,—1,n—1—bpn =

1—1=0 and we set m := ¢ — 1. The seventh equality follows from the third property listed in Lemma 6.2.
Since we proved that Lx =0 in D’ for all K € £(7), the proof is complete. O

Theorem 7.2 recovers Fueter’s theorem of [19] as its special case with A =H =V, T = (0, 3). It recovers
Sce’s theorem of [42] as its special case with A = C¢(0,N),V = R¥N*L T = (0, N) for some odd N. It
recovers Xu and Sabadini’s result of [49] as its special case with A = C¢(0,N),V = RN+ T = (¢y, N) with
odd N — to.

For two of our polynomial examples, let us compute the first Fueter transform of each polynomial and
explicitly check its T -regularity. The first example is not covered by the results known in literature because
the list of steps T has length 2.

Example 7.3. Let A = C0(0,6),V = R” and T = (0,3,6), whence T = (3,6). Consider the strongly T-
regular polynomial 372 1)(z) = 2§ + 3aga? — 3uol|z! ||* + 6zoz'a?® — 3[|at|?2?
Its first Fueter transform 3 Az7(2 1)(7) = —122¢ — 1222, computed in Example 4.4, is strongly T—regular by

, computed in Example 2.24.

Theorem 7.2 or by the direct computation

T4eq4 + Tses + Teep
z3 4 22 + 22

6
30705 T2 (x) = —12 + D wo(—12e) = -12+12=0,
s=4

performed according to Proposition 3.13 in the open dense subset of R” where x4e4 + T5e5 + zgeg # 0.

In Example 4.7, we computed 3 Ag)7(2,1)(x) = —1220—1222: it is not (6)-regular because 3 g(G)A(6)7—(2,1) =
—12 + 2524 es(—12e5) = —12+ 36 = 24 for all z € R”. In other words, the full Laplacian of 37(, 1 is not
a monogenic function R” — C¢(0, 6).

Our second example is also not covered by previously known results, both because the list of steps T" has
length 2 and because the domain properly includes the paravector space.
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Example 7.4. Let A = C¥¢(0,6),V = Span(eg, €1, 2, €3, 4, €5, €6, €123456) and T = (1,4,7), whence T =
(4,7). In Example 2.25, we obtained the expression

67(1,2,1)(x) = T(0,1,1) (%) (—2w021 — 2zperxt + 2x12t) + T(0,2,0) () (w021 — zoe1x? + r12?)
+ 7'(170,1)(x)(xg — 2xoz! — ||x1||2) + 7'(171,0)(x)(2x0x1 + 2x0x + 2x1x2) ,

where

Toa,1(2) = oz — zo2® — 2'2?, T0.2,0)(2) = 2§ + 222" — ||2!|]?

2 2 1 1
721,0,1)(95) = XoT1 — Xpe1x” + Tr12°, T(1,1,O) (95) = XoT1 — Tp€1x + T1T .

Let us compute the first Fueter transform Az7(; 2 1) of 71 2,1). We start with

602, T2 () =040+ 2(z" —2?)(—2z1 — 2e12")
+ 2(woxy — zoe12? + 212%) + 0 + 2(230 + 221 ) (21 — €12?)
+ 0+ (zozy — zoe12? 4+ x122)2 + 2(21 — e12?)(2x — 221)
+0+0+2(x; —erzt) (20t + 227)

2 1,.2

= 4(—5613:1 + x17° — 61”31‘1”2 + ez x®) + 4(zoxy — zoerz? + xlxz)

o) 4+ 4(zoxy — zoerx? — 22t — egala?)

+ 4(zoxy — 2012 + 212" +0r2
+4(zat + 2?2t — eqata?)
= 12(zoz1 — xoerz? + x1x2) ,

602 T1,21) () =040+0+0+0+04+0+0+0+0+0+0=0
and, for s = 2,3,4,

6312.872172)1)(33) =0+ 04 2(zoes — esx?)(—2z0e1e5 + 22104)
— 2(zox1 — zoer2? + x12%) + 0+ 0
+ 0+ (zox1 — zoe12% + 212%)(=2) +0
+0+4+ 0+ 2(—xperes + z1e5)(2x0es + 2esx2)
= 4(—ae; — wox1 + woe12® — T12?) + 4(—wo21 + ToC1 2% — T12?)

2

2 2
+4(zger — xor1 + To€1T° — T1X)

= 12(—zox; + zo12? — 212%).

We also remark that 6712 1)(2) has degree 1 in x5, ¢, T123456, Whence 6 0,0, , T(1,2,1)(x) = 0 for 5,5 €
{5,6,123456}. Thus,

AT7-(172, Z Tl 2,1 Jr 0

= 2(zox1 — zoerz? + x1x2) + 04 6(—zox1 + zoer? — xlxg)

= —daory + dxgerz? — 4y

for all z € V with z5e5 + zgeg + T123456€123456 7& 0. It follows at once that
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AzT 20 (2) = —dwozs + daoe x? — 4wy a®

throughout V. Analogous computations prove that A )72 1)(x) = —4aox) +4wpera? — 4z 2® forall z € V.

The first Fueter transform Az7(1,2,1) of T{1,2,1) is strongly T-regular by Theorem 7.2 or by the direct
computation

ngfT(Lg}l)(x) = —4xy +4de12® + ey (—4xg — 42*) + 0

Tses + Te€p + T123456€123456 Z
2 2 2
Ty + Tg + Tio3456

xs(dxgeres — dxyey)
s€{5,6,123456}

2
(x5€5 + Te€s + T123456€123456)

= —4x1 — 4xpe1 +
7.2 2
T5 + T + Tia3456

(—41,‘061 — 41‘1)
= —4x, — 4dxpe; + 4dxger + 421 =0,

valid in the open dense subset of V' where z5e5+xges+x123456€123456 7Z 0. On the other hand, the polynomial
function A7) 71,21y (%) = —4xoz1 + 4xgerx? — dzp2? is not (7)-regular because

5(7)A(7)T(1,2’1) = —4gq + deyz® + er1(—4dxo — 4x2) +0+ Z es(dxperes — dxqey)
s€{5,6,123456}

—4(E1 - 41’061 + 3(4LE061 + 4%1) = 81’061 + 81’1
forall x € V.

Now assume t, — tp—1 to be an odd natural number not only for h = 1, but for ¢ distinct choices of h
in {1,...,7}. There is no loss of generality in assuming ¢, — t5—1 to be odd exactly for the first o choices
of h € {1,...,7} because the elements v1,...,vy of the basis B in Assumption 2.9 can be reordered. In
this situation, we articulate the Fueter-Sce phenomenon into o steps. As a preparation, we pose the next
definition.

Definition 7.5. Let 0,7 € N with o < 7, let Ty = (to,t1,...,t,) € N7*1 and assume ¢, — t,_1 to be an odd
natural number 2nj; + 1 for every h € {1,...,0}. Set Ty := (t1,...,t7)s..., Ty := (tg,...,t;). For every
strongly Ty-regular function f € SRr,(2p, A), the function

A ARARf € 5% (U, A)
is called the o-th Fueter transform of f.
We are now in a position to state the next theorem, which is the main result in the present work.

Theorem 7.6. Let 0,7 € N with o < 7 and let Ty = (to,t1,...,t,) € NTFL. Assume t;, — t;_1 to be an odd
natural number 2ny, + 1 for every h € {1,...,0} and set Ty := (t1,...,t:),...,To := (ts, ..., t;). For every
strongly To-regular function f, the o-th Fueter transform of f is a strongly T, -reqular function and still is

a To-function. In symbols, Ay ... A2 AL f € SR, (2p, A) N SE (2, A).

Proof. We proceed by induction on o. The basic case ¢ = 1 has been established in Theorem 7.2. Now
assume the thesis true for ¢ = h and let us prove it for 0 = h + 1. Our inductive hypothesis is that the
h-th Fueter transform g := A7" ... A72AZ! f of f belongs to both SRy, (2p, A) and S3(2p, A). Now, the
(h+1)-th Fueter transform of f is the first Fueter transform A%’:l g of g. Another application of Theorem 7.2

1
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guarantees that A;ZE

we obtain that A;::ig still belongs to S¥(Qp, A). The proof is now complete. O

g € SRt1,,,(Q2p, A), as desired. Furthermore, by applying Theorem 5.2 nj,1 times,

Since the o-th Fueter transform is still a Tp-function, where Ty is a list of 7 steps, we can describe it
as a T-axial function in the sense of Eelbode’s work [15]. In the very special case when tp — t_1 = 1
for every h € {1,...,0}, then the o-th Fueter transform of f coincides with f and Theorem 7.6 recovers
Proposition 2.18. Furthermore, Theorem 7.6 has the following immediate consequence.

Corollary 7.7. Let 7 € N and let T = (to,t1,...,t;) E NTTLwith 0 <tg <t; <...<t, = N.Ift}, —tn_1 is
an odd natural number for every h € {1,...,7}, then the T-th Fueter transform of f is a strongly (N)-regular
function that is also a T-function. In particular: for every strongly T-reqular function RN+ — C4(0, N), the
7-th Fueter transform of f (if defined) is a monogenic function RN+ — C¢(0, N) that is also a T-function.

Corollary 7.7 recovers Fueter’s theorem of [19] as its special case with A = H = V,7 = 1,5 = 0.
It recovers Sce’s theorem of [42] as its special case with A = Cl(0,N),V = RNt 7 = 1,¢t; = 0. It
recovers Xu and Sabadini’s result of [49] as its special case with A = C¢(0,N),V = R¥*1 7 = 1. For
A=Cl0,N),V =RN*L 7 >2 Corollary 7.7 produces 7-axial monogenic functions.

We now provide an explicit example with 7 = 2, by computing the second Fueter transform of our
polynomial example of degree 5.

Example 7.8. Let A = C¢(0,6),V = R7 and T = (0,3,6), whence T, = T = (3,6),T» = 71 = (6). In
Example 6.4, we computed the first Fueter transform of 73 5): namely,

A7, T30 (x) = —4z) — daja’ + 8wox'a® + 1202 ||* + 4zt ||2?(? .
We can easily compute the second Fueter transform of 73 2y, as follows:

6 3 6
ATQAT177(372) (.’17) = Z (’)is ATl 72372) (a:) = —24x9 — 8zt + Z 0+ 2(24.’170 + 8.1'1)
s=0

s=1 s=4

= 48z + 16z .

The second Fueter transform of 7(39) is Tp-regular, i.e., monogenic, by Corollary 7.7 or by the direct
computation

3 6
I, AL AL T3 =48+ > elbes+ > e,0 =48 —48+0=0.

s=1 s=4

8. Concluding remarks

This work unifies into a single statement, Theorem 7.2, several results known in literature: Fueter’s
theorem of [19], Sce’s theorem of [42], as well as the more recent results of Xu and Sabadini [49]. Theorem 7.2
applies not only to Clifford algebras, but to general associative x-algebras. Even over Clifford algebras, it
applies not only to the paravector subspace but to general hypercomplex subspaces. Moreover, Theorem 7.2
is multi-axial in the sense of [15].

More importantly, this work uncovers a new phenomenon: our main Theorem 7.6 and its Corollary 7.7
show that the Fueter-Sce theorem is just the last step in a longer process involving several steps.

Beyond our main results, we believe this work opens the path for mixed phenomena of Sce [42] and
Qian [40] type. Indeed, we conjecture that the oddness hypotheses in Theorem 7.6 and in Corollary 7.7
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might be removed. In other words, we conjecture that for arbitrary 7', o € {1,...,7} and f € SRr(Qp, A),
an appropriately defined o-th Fueter transform of f is strongly T,-regular and still is a T-function. This
means monogenic and 7-axial (in the sense of [15]) when A = C£(0,N),V = RN+l o = 7.
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