
J. Math. Anal. Appl. 564 (2026) 130903

Contents lists available at ScienceDirect

Journal of Mathematical Analysis and Applications  

journal homepage: www.elsevier.com/locate/jmaa

Regular Articles

A manifold Fueter-Sce phenomenon in one hypercomplex variable

Riccardo Ghiloni a, Caterina Stoppato b,∗

a Dipartimento di Matematica, Università di Trento, Via Sommarive 14, I-38123 Povo Trento, Italy
b Dipartimento di Matematica e Informatica ``U. Dini'', Università di Firenze, Viale Morgagni 67/A, 
I-50134 Firenze, Italy

a r t i c l e i n f o a b s t r a c t 

Article history:
Received 6 November 2025
Available online 26 June 2026
Submitted by B. Wick

Keywords:
Functions of hypercomplex variable
Associative algebras
Quaternions
Clifford algebras
Laplacian operators
Fueter-Sce theorem

Fueter’s theorem states, in modern terms, that the Laplacian maps slice-regular 
quaternionic functions into Fueter-regular functions with axial symmetry. This 
phenomenon is also present in the Clifford setting, where both slice-monogenic 
functions and generalized partial-slice monogenic functions are mapped by the 
Laplacian into monogenic functions with axial symmetry. These results are due, 
respectively, to Sce and Qian and to Xu and Sabadini.
The present work puts the Fueter-Sce phenomenon into context for the wider class 
of strongly T -regular functions. It shows that the phenomenon appears over general 
associative ∗-algebras. Moreover, the symmetry considered here is multi-axial in a 
sense introduced by Eelbode. Additionally, but more surprisingly, the phenomenon 
studied by Fueter, Sce, Xu and Sabadini turns out to be the last step in a multi-step 
process. A new phenomenon in one hypercomplex variable is therefore discovered.

© 2026 The Authors. Published by Elsevier Inc. This is an open access article 
under the CC BY-NC-ND license (http://

creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

This work uncovers a new Fueter-Sce phenomenon in one hypercomplex variable. Several novelties appear. 
Firstly, Fueter’s theorem of [19], Sce’s theorem of [42], and a more recent result of Xu and Sabadini [49] are 
unified into a single statement, valid over general associative ∗-algebras. Secondly, the main results obtained 
are multi-axial in the sense of Eelbode’s work [15]. Lastly, but most importantly, the phenomenon studied 
in [19,42,49] turns out to be the last step of a longer process involving several steps. To better explain all 
three novelties, some introduction is in order.

Hypercomplex function theory originated from the search for analogs, over higher-dimensional algebras, 
of the theory of holomorphic functions. Numerous theories in one hypercomplex variable were developed 
over the last century. Fueter introduced his theory of quaternionic regular functions in [19,20], see also [45]. 
Generalizing Fueter’s ideas to Clifford algebras led to the well-established theory of monogenic functions over 
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Clifford algebras, see [1,2,33] and references therein. Following an idea of Cullen [10], Gentili and Struppa 
introduced in [22,23] the completely distinct theory of quaternionic slice-regular functions, which was vastly 
developed over the last twenty years: see [21] and references therein. Over Clifford algebras, Colombo, 
Sabadini and Struppa introduced in [7] the theory of slice-monogenic functions (or slice-hyperholomorphic 
functions, see [8]). These endeavors are not limited to the associative setting: for instance, an octonionic 
function theory was introduced in [11] (see [9] for a translation into English), while octonionic slice-regular 
functions were defined in [24]. The work [26] introduced the fundamental concept of slice function and set 
the grounds for the study of slice-regularity over general alternative ∗-algebras.

A turning point in function theory in one hypercomplex variable was announced in [30] and developed 
in [31]. For a fixed alternative ∗-algebra A and an appropriately chosen (N + 1)-dimensional real subspace 
V of A, the new concept of T -regular function provided a whole spectrum of theories for functions V → A, 
varying with the choice of a τ ∈ ℕ and of a list of steps

T = (t0, t1, . . . , tτ ) ∈ ℕτ+1, 0 ≤ t0 < t1 < . . . < tτ = N .

The traditional approach, based on the Cauchy-Riemann-Fueter operator or on the Dirac operator, and the 
more recent approach, based on slice-wise holomorphy, sit at the opposite edges of this spectrum: they lead 
to the theory of (N)-regular functions and to the theory of (0, N)-regular functions, respectively. Already 
when A = ℍ = V , in addition to (3)-regularity (Fueter’s theory) and (0, 3)-regularity (Gentili and Struppa’s 
theory) a new function theory emerged: the theory of (1, 3)-regular functions, studied in [30]. The concepts of 
T -function and of strongly T -regular function were also introduced in [30] and studied in [31]. Independently, 
the works [47,48] developed the notion of generalized partial-slice monogenic function, which coincides with 
the notion of T -regular function if A is chosen to be the Clifford algebra Cℓ(0, N), V to be the paravector 
subspace ℝN+1 and T to be of the form (t0, N) (whence τ = 1).

The present work studies the Fueter-Sce phenomenon for T -regular functions over general associative ∗
algebras. Over quaternions, Fueter discovered this phenomenon already in his original work [19]. Namely, he 
showed how to obtain Fueter-regular functions ℍ → ℍ with axial symmetry as Laplacians of quaternionic 
functions of a special type, which would now be described as slice-regular quaternionic functions (or (0, 3)
regular functions ℍ → ℍ) preserving ℂ. For N = 2n + 1, Sce similarly constructed in [42] monogenic 
functions ℝN+1 → Cℓ(0, N) with axial symmetry by applying the nth iterate of the Laplacian to specific 
Clifford functions, which would now be described as slice-monogenic functions (or (0, N)-regular functions 
ℝN+1 → Cℓ(0, N)) preserving Span(e∅, e1). A translation of [42] into English can be found in [9]. Qian 
successfully addressed the same problem for N even in [40]. These classical results are overviewed in [33, 
§11.2.3], which also cites [43]. Some generalizations include [4,13,16--18,34--38,44]. We also wish to mention 
the works [5,6,12] on the inversion of the Fueter-Sce theorem, along with the survey [41]. In [49], Xu and 
Sabadini uncovered the same phenomenon for generalized partial-slice monogenic functions: in our current 
terminology, for f : ℝN+1 → Cℓ(0, N) that is strongly (t0, N)-regular with N − t0 = 2n + 1, they proved 
that the nth Laplacian of f is a monogenic function ℝN+1 → Cℓ(0, N) with a new type of axial symmetry, 
which is the same as being a (t0, N)-function. Eelbode’s results of [15] are also strictly related and can 
be reinterpreted in the following terms: for a very specific type of function f : ℝN+1 → Cℓ(0, N) that is 
strongly (0, t1, N)-regular with t1 = 2n1 + 1 and N − t1 = 2n2 + 1, the (n1 + n2)-th Laplacian of f is a 
monogenic function ℝN+1 → Cℓ(0, N) with biaxial symmetry. This specific biaxial symmetry is subsumed 
in the concept of (0, t1, N)-function. In general, being a T -function may be described as having τ -axial 
symmetry. The aim of the present work is to put the Fueter-Sce phenomenon into context for the wider 
class of strongly T -regular functions over general associative ∗-algebras.

To describe the present work in further detail, after our previous choice of T , let us set

T1 := (t1, . . . , tτ ), . . . , Tσ := (tσ, . . . , tτ ), . . . , Tτ := (tτ ) = (N)
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and fix σ ∈ {1, . . . , τ}. After preliminaries in Section 2, the operators ∂T , ∂T ,ΔT are defined in Section 3. 
Section 4 proves that T -functions are naturally included among T1-functions, whence among Tσ functions. 
Section 5 computes the effect on T -functions of ∂T1 , of ΔT1 and of ΔTσ

. In particular, it shows that all 
three operators map T -functions into T -functions. Section 6 computes, for any f in the kernel of ΔT and 
any n ∈ ℕ, the value of Δn

T1
f . In case t1 − t0 = 2n1 +1, it turns out that Δn

T1
f ≡ 0 for all n > n1. Section 7

proves three important results. The first one unifies the results of [19,42,49] and generalizes them to algebras 
other than Cℓ(0, N) and to vector spaces V other than the paravector space ℝN+1:

Theorem 1.1. Assume t1 − t0 to be an odd natural number 2n1 + 1. For every strongly T -regular function f , 
the function Δn1

T1
f is a strongly T1-regular function and still a T -function.

The second result we wish to highlight is the main theorem:

Theorem 1.2. Assume there exist n1, . . . , nσ ∈ ℕ such that th − th−1 = 2nh + 1 for every h ∈ {1, . . . , σ}. 
For every strongly T -regular function f , the function

Δnσ

Tσ
. . .Δn2

T2
Δn1

T1
f

is a strongly Tσ-regular function and still a T -function.

Corollary 1.3. If th− th−1 is an odd natural number 2nh +1 for every h ∈ {1, . . . , τ}, then Δnτ

Tτ
. . .Δn2

T2
Δn1

T1
f

is a strongly (N)-regular function that is still a T -function. In case the codomain of f is the Clifford algebra 
Cℓ(0, N) and the domain is the paravector space ℝN+1, then Δnτ

Tτ
. . .Δn2

T2
Δn1

T1
f is a monogenic function 

ℝN+1 → Cℓ(0, N) with τ -axial symmetry.

All of the aforementioned results stated are tested on explicit polynomial examples. The concluding 
remarks in Section 8 conjecture that it is also possible, following Qian’s approach of [40], to drop the 
oddness hypotheses in the aforementioned theorems and corollary.

2. Preliminaries

Recall that a real ∗-algebra of finite dimension is a finite-dimensional ℝ-vector space, equipped with an 
ℝ-bilinear multiplication and with a ∗-involution, i.e., an involutive ℝ-linear antiautomorphism x ↦→ xc.

Assumption 2.1. We fix an associative real ∗-algebra (A,+, ·,c ) of finite dimension d. Moreover, we endow 
A and all its real vector subspaces with their natural topologies and differential structures as a real vector 
spaces.

Set ℕ∗ := ℕ \ {0}. For any m ∈ ℕ∗, let P(m) denote the power set of {1, . . . ,m}. Furthermore: for all 
K ∈ P(m), let |K| denote the cardinality of K.

Examples 2.2 (Clifford algebras). An associative ∗-algebra Cℓ(p, q), called a Clifford algebra, is constructed 
on the real vector space ℝ2m with m = p + q by adding a multiplication and a ∗-involution, called Clifford 
conjugation, along the following lines:

• (eK)K∈P(m) denotes the standard basis of ℝ2m ; if K = {k1, . . . , ks} with 1 ≤ k1 < . . . < ks ≤ m, then 
the element eK is also denoted as ek1...ks

;
• e∅ is defined to be the neutral element and also denoted as 1;
• e2

k := 1 for all k ∈ {1, . . . , p} and e2
k := −1 for all k ∈ {p + 1, . . . ,m};
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• if 1 ≤ k1 < . . . < ks ≤ m, then the product ek1 · · · eks
is defined to be ek1...ks

;
• ehek = −ekeh for all distinct h, k ∈ {1, . . . ,m};
• ecK := eK if |K| ≡ 0, 3 mod 4 and ecK := −eK if |K| ≡ 1, 2 mod 4.

In particular, Cℓ(0, 1) is the field of complex numbers ℂ endowed with its standard conjugation z ↦→ z̄, if 
we denote e1 by i. Cℓ(0, 2) is the skew field of quaternions ℍ endowed with its standard conjugation q ↦→ q̄, 
if we denote e1, e2, e12 by i, j, k, respectively.

For more details on these examples and their history, we refer the reader to [14,33]. On A, we use the 
notations t(x) := x + xc and n(x) := xxc for all x ∈ A. The elements of

𝕊A := {x ∈ A : t(x) = 0, n(x) = 1}

are called the imaginary units of A.

Assumption 2.3. We take the assumption 𝕊A ̸= ∅.

The quadratic cone of A,

QA := ℝ ∪ {x ∈ A \ℝ : t(x) ∈ ℝ, n(x) ∈ ℝ, 4n(x) > t(x)2}

was defined in [26], which also proved that

QA =
⋃︂

J∈𝕊A

ℂJ ,

where ℂJ := ℝ + Jℝ for all J ∈ 𝕊A. Now, ℂJ is ∗-isomorphic to ℂ. Thus, for any x = α + βJ ∈ QA

(with α, β ∈ ℝ, J ∈ 𝕊A): the conjugate xc = α − βJ belongs to ℂJ ⊂ QA; t(x) = 2α ∈ ℝ; n(x) = n(xc) =
α2 + β2 is a positive real number; provided x ̸= 0, the element x has a multiplicative inverse, namely 
x−1 = n(x)−1xc = xcn(x)−1, which still belongs to QA. In particular, x ∈ QA \ {0} is neither a left nor a 
right zero divisor. Our previous assumption 𝕊A ̸= ∅ guarantees that ℝ ⊊ QA. The following definition was 
given in [39, §3] (see also [27, Lemma 1.4]).

Definition 2.4. Let M be a real vector subspace of A. A hypercomplex basis of M is an ordered real vector basis 
(v0, v1, . . . , vm) of M such that: m ≥ 1; v0 = 1; vs ∈ 𝕊A and vsvt = −vtvs for all distinct s, t ∈ {1, . . . ,m}. 
If ℝ ⊊ M ⊆ QA, then M is called a hypercomplex subspace of A. If M is a hypercomplex subspace of A, a 
domain G in M is a nonempty connected open subset G of M .

For every ordered real vector basis ℬ′ = (v0, v1, . . . , vd) of A with v0 = 1, our ∗-algebra A can be endowed 
with the standard Euclidean scalar product ⟨·, ·⟩ = ⟨·, ·⟩ℬ′ and norm ∥ · ∥ = ∥ · ∥ℬ′ associated to ℬ′, i.e., with 
the Hilbert space structure that makes

Lℬ′ : ℝd+1 → A , Lℬ′(x0, . . . , xd) =
d ∑︂

s=0 
xs vs =

d ∑︂
s=0 

vs xs

a Hilbert space isomorphism. We recall some properties and some examples from [39, §3], from [30] and 
from [31].
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Theorem 2.5. Fix a real vector subspace M of A. It is a hypercomplex subspace of A if, and only if, it 
admits a hypercomplex basis ℬ = (v0, v1, . . . , vm). If this is the case, if we complete ℬ to a real vector basis 
ℬ′ = (v0, v1, . . . , vm, vm+1, . . . , vd) of A and if we endow A with ⟨·, ·⟩ = ⟨·, ·⟩ℬ′ and ∥ · ∥ = ∥ · ∥ℬ′ , then

t(xyc) = t(yxc) = 2⟨x, y⟩ , (1)

n(x) = n(xc) = ∥x∥2 , (2)

for all x, y ∈ M . As a consequence, the intersection 𝕊A∩M is a compact set: namely, the unit (m−1)-sphere 
centered at the origin in Span(v1, . . . , vm), with respect to the norm ∥ · ∥.

Example 2.6 (Paravectors). The space of paravectors ℝm+1 is a hypercomplex subspace of Cℓ(0,m), with 
hypercomplex basis ℬ = (e∅, e1, . . . , em). We complete ℬ to the standard basis ℬ′ = (eK)K∈P(m) of Cℓ(0,m). 
Equalities (1), (2) and

∥ax∥ = ∥a∥ ∥x∥ = ∥x∥ ∥a∥ = ∥xa∥ , (3)

hold true for all a ∈ Cℓ(0,m), x, y ∈ ℝm+1.
On the other hand, for m ≥ 3, the norm ∥ · ∥ is not multiplicative over general elements of Cℓ(0,m). For 

instance: the elements a = 1 + e123 and b = 1 − e123 have ab = 0, whence ∥ab∥ = 0 ̸= 2 = ∥a∥∥b∥.

Examples 2.7. For any h ∈ {1, . . . ,m} with h ≡ 1 mod4,

Vh :=

⎧⎨⎩x0 +
∑︂

1≤k1<...<kh≤m

xk1...kh
ek1...kh

: x0, . . . , xk1...kh
∈ ℝ

⎫⎬⎭
is a hypercomplex subspace of Cℓ(0,m). It has hypercomplex basis ℬ = (ek1...kh

)1≤k1<...<kh≤m, whence 

dimVh =
(︁
m
h 
)︁
+1 ≥

(︁
m
h 
)︁h+1. If we set h(m) := 4⌊m+2

8 ⌋+1 (whence m2 −2 < h(m) ≤ m
2 +2), then dimVh(m)

grows exponentially with m. Again, we can complete ℬ to ℬ′ = (eK)K∈P(m) of Cℓ(0,m). Equalities (1), (2)
and (3) hold true for all a ∈ Cℓ(0,m), x, y ∈ Vh. In the special case h = 1 = m, we find that ℂ = Cℓ(0, 1) is 
a hypercomplex subspace of itself with ℬ = ℬ′ = {1, i}. We also recover the well-known fact that Euclidean 
norm on ℂ is multiplicative.

Example 2.8. For every h ≤ m with h ≡ 2 mod 4, the set Wh = Span(e∅, e1, e2, . . . , eh, e12...h) is a hyper
complex subspace of Cℓ(0,m) that properly includes the space of paravectors. Once more, we can complete 
ℬ = (e∅, e1, e2, . . . , eh, e12...h) to ℬ′ = (eK)K∈P(m) of Cℓ(0,m). Equalities (1), (2) and (3) hold true for 
all a ∈ Cℓ(0,m), x, y ∈ Wh. In the special case h = 2 = m, we find that ℍ = Cℓ(0, 2) is a hypercomplex 
subspace of itself with ℬ = ℬ′ = {1, i, j, k}. We also recover the well-known fact that Euclidean norm on ℍ
is multiplicative.

We henceforth make the following assumption.

Assumption 2.9. We assume V to be a hypercomplex subspace of the associative real ∗-algebra A, with 
a hypercomplex basis ℬ = (v0, v1, . . . , vN ) for some N ∈ ℕ∗. We complete ℬ to a real vector basis ℬ′ =
(v0, v1, . . . , vN , vN+1, . . . , vd) of A and endow A with the standard Euclidean scalar product ⟨·, ·⟩ = ⟨·, ·⟩ℬ′

and norm ∥ · ∥ = ∥ · ∥ℬ′ associated to ℬ′.

In [30] we gave the following definitions, within the hypercomplex subspace V .
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Definition 2.10. For 0 ≤ ℓ < m ≤ N , we set ℝℓ,m := Span(vℓ, . . . , vm). The unit (m− ℓ)-sphere within the 
(m− ℓ+1)-dimensional subspace ℝℓ,m is denoted by 𝕊ℓ,m. For any number of steps τ ∈ {0, . . . , N} and any 
list of steps T = (t0, . . . , tτ ) ∈ ℕτ+1, with 0 ≤ t0 < t1 < . . . < tτ = N , the T -fan is defined as

ℝ0,t0 ⊊ ℝ0,t1 ⊊ . . . ⊊ ℝ0,tτ = V .

The first subspace, ℝ0,t0 , is called the mirror. The T -torus is defined as

𝕋 := 𝕊t0+1,t1 × . . .× 𝕊tτ−1+1,tτ

when τ ≥ 1 and as 𝕋 := ∅ when τ = 0.

We point out that N ≥ t0 + τ in the previous definition. All elements of the T -fan are hypercomplex 
subspaces of A with the possible exception of the mirror ℝ0,t0 , which reduces to the real axis ℝ if t0 = 0. 
If τ ≥ 1 then, for every h ∈ {1, . . . , τ}, the sphere 𝕊th−1+1,th is a (th − th−1 − 1)-dimensional subset of the 
compact set 𝕊A∩V = 𝕊1,N and the T -torus 𝕋 is a (N−t0−τ)-dimensional compact set contained in (𝕊A)τ .

Example 2.11 (Paravectors). If V is the space ℝn+1 of paravectors in Cℓ(0, n) (see Example 2.6), then the 
T -fan is

ℝt0+1 ⊊ ℝt1+1 ⊊ . . . ⊊ ℝtτ+1 = ℝn+1 .

Example 2.12 (Quaternions). If V = ℍ within ℍ: the 3-fan is ℍ; the (2, 3)-fan is ℝ + iℝ + jℝ ⊊ ℍ; the 
(1, 3)-fan is ℂ ⊊ ℍ; the (0, 3)-fan is ℝ ⊊ ℍ; the (1, 2, 3)-fan is ℂ ⊊ ℝ + iℝ + jℝ ⊊ ℍ; the (0, 2, 3)-fan is 
ℝ ⊊ ℝ+ iℝ+ jℝ ⊊ ℍ; the (0, 1, 3)-fan is ℝ ⊊ ℂ ⊊ ℍ; and the (0, 1, 2, 3)-fan is ℝ ⊊ ℂ ⊊ ℝ+ iℝ+ jℝ ⊊ ℍ.

We recall some further material from [30].

Remark 2.13. Any x =
∑︁N

ℓ=0 vℓxℓ ∈ V decomposes as x = x0 +x1 + . . .+xτ , where xh :=
∑︁th

ℓ=th−1+1 xℓvℓ ∈
ℝth−1+1,th (with t−1 := −1). The decomposition is orthogonal, whence unique. If τ ≥ 1, then there exist 
β = (β1, . . . , βτ ) ∈ ℝτ and J = (J1, . . . , Jτ ) ∈ 𝕋 such that

x = x0 + β1J1 + . . . + βτJτ . (4)

Equality (4) holds true exactly when, for every h ∈ {1, . . . , τ}: either xh ̸= 0, βh = ±∥xh∥ and Jh = xh

βh
; or 

xh = 0, βh = 0 and Jh is any element of 𝕊th−1+1,th .

Lemma 2.14. If τ ≥ 1, fix J = (J1, . . . , Jτ ) ∈ 𝕋 and set

ℝt0+τ+1
J := Span(ℬJ) , ℬJ := (v0, v1, . . . , vt0 , J1, . . . , Jτ ) .

If τ = 0 (whence t0 = N ≥ 1), set J := ∅,ℬ∅ := (v0, v1, . . . , vt0) = ℬ,ℝt0+1
∅ := Span(ℬ∅) = V . In either 

case, ℬJ is a hypercomplex basis of ℝt0+τ+1
J , which is therefore a hypercomplex subspace of A contained in 

V . Moreover, if J ′ ∈ 𝕋 , then the equality ℝt0+τ+1
J = ℝt0+τ+1

J ′ is equivalent to J ′ ∈ {±J1} × . . .× {±Jτ}.

As remarked in [31], the hypercomplex basis ℬJ := (v0, v1, . . . , vt0 , J1, . . . , Jτ ) of ℝt0+τ+1
J can always be 

completed to a basis (ℬJ)′ of A that is orthonormal with respect to ⟨·, ·⟩ℬ′ , so that ⟨·, ·⟩(ℬJ )′ = ⟨·, ·⟩ℬ′ and 
∥ · ∥(ℬJ )′ = ∥ · ∥ℬ′ . In addition to the previously defined Lℬ′ : ℝd+1 → A, we will use
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LℬJ
: ℝt0+τ+1 → ℝt0+τ+1

J , LℬJ
(x0, . . . , xt0+τ ) =

t0∑︂
s=0 

xs vs +
τ∑︂

u=1
xt0+u Ju, .

For every domain G in ℝt0+τ+1
J and every p ∈ ℕ, the symbol C p(G,A) denotes the bilateral A-module of 

C p functions G → A. The following definition was given in [30], following [39].

Definition 2.15. If τ ≥ 1, fix J = (J1, . . . , Jτ ) ∈ 𝕋 . If τ = 0, set J := ∅. Fix a domain G in ℝt0+τ+1
J , set ˆ︁G := L−1

ℬJ
(G) and let ϕ ∈ C 1(G,A). For s ∈ {0, . . . , t0 + τ}, we define

∂sϕ := Lℬ′ ◦
(︃

∂

∂xs

(︂
L−1
ℬ′ ◦ ϕ ◦ (LℬJ

)|ˆ︂G
)︂)︃

◦ (L−1
ℬJ

)|G ∈ C 0(G,A) .

The J-Cauchy-Riemann operator ∂J : C 1(G,A) → C 0(G,A) and the operators ∂J : C 1(G,A) → C 0(G,A)
and ΔJ : C 2(G,A) → C 0(G,A) are defined as follows:

∂Jϕ :=
t0∑︂
s=0 

vs ∂sϕ +
τ∑︂

u=1
Ju ∂t0+uϕ ,

∂Jϕ := ∂0ϕ−
t0∑︂
s=1 

vs ∂sϕ−
τ∑︂

u=1
Ju ∂t0+uϕ ,

ΔJϕ :=
t0+τ∑︂
s=0 

∂2
sϕ .

The right A-submodule of those ϕ ∈ C 1(G,A) such that ∂Jϕ ≡ 0 is denoted by MonJ(G,A) and its elements 
are called J-monogenic functions. The elements of the kernel of ΔJ are called J-harmonic functions.

According to [31], for any x ∈ G, s ∈ {0, . . . , t0}, u ∈ {1, . . . , τ},

∂sϕ(x) = lim 
ℝ∋ε→0

ε−1 (ϕ(x + εvs) − ϕ(x)) ,

∂t0+uϕ(x) = lim 
ℝ∋ε→0

ε−1 (ϕ(x + εJu) − ϕ(x)) .

As a consequence, the operators ∂J , ∂J ,ΔJ do not depend on the whole basis ℬ′ of A chosen, but only on 
the choice of J in 𝕋 . Informally, referring to the decomposition (4) of the variable x, we have

∂J = ∂x0 + v1∂x1 + . . . + vt0∂xt0
+ J1∂β1 + . . . + Jτ∂βτ

,

∂J = ∂x0 − v1∂x1 − . . .− vt0∂xt0
− J1∂β1 − . . .− Jτ∂βτ

,

ΔJ = ∂2
x0

+ ∂2
x1

+ . . . + ∂2
xt0

+ ∂2
β1

+ . . . + ∂2
βτ

.

Using the formal definition of ∂J is necessary to guarantee that, when J, J ′ ∈ 𝕋 are such that ℝt0+τ+1
J =

ℝt0+τ+1
J ′ , then ∂J = ∂J ′ . Similar considerations apply to ∂J ,ΔJ . The equalities ∂J∂J = ∂J∂J = ΔJ hold 

true on C 2(G,A). Moreover, [31] proved that J-monogenic functions are J-harmonic, whence real analytic. 
In the special case when τ = 0, whence t0 = N , our last definition can be rephrased informally as ∂∅ := ∂ℬ =
∂x0+v1∂x1+. . .+vN∂xN

, as well as ∂∅ := ∂ℬ = ∂x0−v1∂x1−. . .−vN∂xN
and Δ∅ := Δℬ = ∂2

x0
+∂2

x1
+. . .+∂2

xN
.

We now recall the concept of T -regular function from [30]. In the special case with A = Cℓ(0, n), V = ℝn+1

and τ = 1, it was independently constructed in [48] (see also [47]) under the name of generalized partial-slice 
monogenic function.



8 R. Ghiloni, C. Stoppato / J. Math. Anal. Appl. 564 (2026) 130903 

Definition 2.16. For any Y ⊆ V, f : Y → A and J ∈ 𝕋 (or J = ∅, in case τ = 0), the intersection 
YJ := Y ∩ ℝt0+τ+1

J is called the J-slice of Y and we set fJ := f|YJ
. Now fix a domain Ω in V . A function 

f : Ω → A is termed T -regular if the restriction fJ : ΩJ → A is J-monogenic for every J ∈ 𝕋 , if τ ≥ 1 (for 
J = ∅, if τ = 0). It is termed T -harmonic if fJ is J-harmonic for every J ∈ 𝕋 , if τ ≥ 1 (for J = ∅, if τ = 0). 
The class of T -regular functions Ω → A is denoted by RegT (Ω, A).

The class RegT (Ω, A) is a right A-module. Furthermore, if f ∈ RegT (Ω, A) and p ∈ ℝ0,t0 , then setting 
g(x) := f(x+p) defines a g ∈ RegT (Ω−p,A). Over Cℓ(0, n), T -regularity comprises a spectrum of function 
theories, with the two best-known function theories sitting at the edges of the spectrum.

Example 2.17 (Paravectors). Fix a domain Ω within the paravector subspace ℝn+1 of Cℓ(0, N) (see Exam
ple 2.6). For any function f : Ω → Cℓ(0, N):

• f is (N)-regular if, and only if, it is in the kernel of the operator ∂x0 + e1∂x1 + . . . + eN∂xN
; this is the 

definition of monogenic function (see, e.g., [1,2,33]);
• f is (0, N)-regular if, and only if, for any J1 ∈ 𝕊1,N = 𝕊Cℓ(0,N) ∩ ℝN+1, the restriction fJ1 to the 

planar domain ΩJ1 ⊆ ℂJ1 is a holomorphic map (ΩJ1 , J1) → (Cℓ(0, N), J1); this is the same as being 
slice-monogenic, [7] (or slice-hyperholomorphic, [8]).

Distinct choices of T do not necessarily produce distinct function classes. This general fact is made more 
precise in the following result from [31].

Proposition 2.18. Let T, T ′ be two lists of steps for V . The inclusion RegT (Ω, A) ⊆ RegT ′(Ω, A) is equivalent 
to the equality RegT (Ω, A) = RegT ′(Ω, A) and to the following property: one among the lists T, T ′ comprises 
the other, possibly preceded by some steps of the form (m,m+ 1).

A complete classification of T -regularity over the hypercomplex subspace ℍ of ℍ has been achieved 
in [30], in the following terms.

Example 2.19 (Quaternions). Fix a domain Ω in ℍ and a function f : Ω → ℍ. Then:

• f is (3)-regular ⇔ f belongs to the kernel of the left Cauchy-Riemann-Fueter operator ∂x0 + i∂x1 +
j∂x2 + k∂x3 ⇔ f is a left Fueter-regular function (see [19,20,45]);

• f is (1, 3)-regular ⇔

∂J1f(x0 + ix1 + β1J1) = (∂x0 + i∂x1 + J1∂β1)f(x0 + ix1 + β1J1) ≡ 0

for all J1 in the (1, 3)-torus 𝕊2,3, which is simply the circle 𝕊ℍ ∩ (jℝ + kℝ) (a theory studied in [30]);
• f is (0, 3)-regular ⇔ for any J1 ∈ 𝕊1,3 = 𝕊ℍ, the restriction fJ1 to the planar domain ΩJ1 ⊆ ℂJ1 is 

a holomorphic map (ΩJ1 , J1) → (ℍ, J1) ⇔ f is a slice-regular function, [21] (or Cullen-regular in the 
original articles [22,23]).

The classes of (2, 3)-regular functions, (1, 2, 3)-regular functions, and (0, 1, 2, 3)-regular functions all coincide 
with the class of (3)-regular (or left-Fueter regular) functions. The class of (0, 1, 3)-regular functions coincides 
with the class of (1, 3)-regular functions. The class of (0, 2, 3)-regular functions (does not coincide with, but) 
is conjugate to the class of (0, 1, 3)-regular functions via the real vector space isomorphism ℍ → ℍ mapping 
the standard basis (1, i, j, k) into (1, k,−j, i).
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Recall that, for x = x0 + v1x1 + . . . + vnxn, we have set

x0 = x0 + v1x1 + . . . + vt0xt0 ,

x1 = vt0+1xt0+1 + . . . + vt1xt1 ,

...

xτ = vtτ−1+1xtτ−1+1 + . . . + vtτxtτ ,

where tτ = N by construction. Let us consider the elements ϵ1 = (1, 0, . . . , 0), ϵ2 = (0, 1, . . . , 0), . . . , 
ϵt0+τ = (0, 0, . . . , 1) of ℕt0+τ . The article [31] constructed the following polynomial T -regular functions.

Definition 2.20. We set 𝒯k :≡ 0 if k ∈ ℤt0+τ \ℕt0+τ and 𝒯k :≡ 1 if k = (0, . . . , 0). For k = (k1, . . . , kt0+τ ) ∈
ℕt0+τ \ {(0, . . . , 0)}, we define recursively

|k|𝒯k(x) :=
t0∑︂
s=1 

ks𝒯k−ϵs(x) (xs − (−1)ax0vs) +
t0+τ ∑︂

s=t0+1
(−1)bsks𝒯k−ϵs(x)

(︁
x0 + (−1)asxs−t0

)︁
where a :=

∑︁t0+τ
u=t0+1 ku, as := a− ks and bs :=

∑︁t0+τ
u=s+1 ku. For all k ∈ ℕ, we define

Fk := {𝒯k}|k|=k .

We point out that as + bs =
∑︁s−1

u=t0+1 ku + 2bs, whence (−1)as+bs = (−1)cs , cs :=
∑︁

t0<u<s ku. While the 
definition we gave is somewhat technical, it has a strong link to the analogs, in the theory of J-monogenic 
functions, of the classical Fueter polynomials over Clifford algebras. This link is made explicit in [31, Lemma 
5.8]. For instance, the set F1 consists of the functions

𝒯ϵs(x) = xs − x0vs 1 ≤ s ≤ t0 ,

𝒯ϵt0+u
(x) = x0 + xu 1 ≤ u ≤ τ .

The functions 𝒯ϵ1 , . . . , 𝒯ϵt0 are called the T -Fueter variables and the functions 𝒯ϵt0+1 , . . . , 𝒯ϵt0+τ
are called 

the T -Cullen variables. For every k ∈ ℕ, [31, Theorem 5.14] proves that the finite sequence Fk = {𝒯k}|k|=k

is an A-basis for the right A-module of T -regular functions V → A that are homogeneous real polynomial 
maps of degree k.

Example 2.21. When T = (N) (whence t0 = N, τ = 0), the set F1 comprises the T -Fueter variables 
x1 − x0v1, . . . , xN − x0vN . In the special case when A = Cℓ(0, N) and V is the space of paravectors 
ℝN+1, the polynomials {𝒯k}k∈ℤN coincide with the Fueter polynomials in the classical theory of monogenic 
functions ℝN+1 → Cℓ(0, N). In the special case when A = ℍ = V , the classical Fueter-regular polynomial 
functions ℍ → ℍ are recovered.

Example 2.22. When T = (0, N) (whence τ = 1), the set F1 comprises one T -Cullen variable, which is the 
whole variable x, and for every k ∈ ℕ the set Fk consists of the single function xk. In the special case when 
A = Cℓ(0, N) and V is the space of paravectors ℝN+1, this fact is consistent with the well-known fact that 
polynomial slice-monogenic functions are restrictions to V of elements of A[x]. In the special case when 
A = ℍ = V (whence N = 3), it is consistent with fact that the set of polynomial quaternionic slice-regular 
functions coincides with ℍ[x].
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Example 2.23. Let A = ℍ = V and T = (1, 3). The set F1 comprises one T -Fueter variable, 𝒯(1,0)(x) =
x1 − ix0, and one T -Cullen variable, 𝒯(0,1)(x) = x0 +x1 = x0 + jx2 +kx3. Neither is a slice-regular function 
ℍ → ℍ and the latter is not Fueter-regular.

Let us now compute some higher-degree examples, which we will repeatedly use in the present work.

Example 2.24. If A = Cℓ(0, 6), if V is the space of paravectors ℝ7 and if T = (0, 3, 6), then F1 comprises 
two T -Cullen variables:

𝒯(1,0)(x) = x0 + x1 = x0 + x1e1 + x2e2 + x3e3 , 𝒯(0,1)(x) = x0 + x2 = x0 + x4e4 + x5e5 + x6e6 .

F2 = {𝒯(2,0), 𝒯(1,1), 𝒯(0,2)}, where

𝒯(2,0)(x) = (x0 + x1)2 = x2
0 + 2x0x

1 − ∥x1∥2 , 𝒯(0,2)(x) = (x0 + x2)2 = x2
0 + 2x0x

2 − ∥x2∥2 ,

2𝒯(1,1)(x) = −(x0 + x2)(x0 − x1) + (x0 + x1)(x0 − x2) = 2(x0x
1 − x0x

2 − x1x2) .

F3 = {𝒯(3,0), 𝒯(2,1), 𝒯(1,2), 𝒯(0,3)}, where

𝒯(3,0)(x) = (x0 + x1)3 = x3
0 + 3x2

0x
1 − 3x0∥x1∥2 − ∥x1∥2x1 ,

𝒯(0,3)(x) = (x0 + x2)3 = x3
0 + 3x2

0x
2 − 3x0∥x2∥2 − ∥x2∥2x2 ,

3𝒯(2,1)(x) = −2𝒯(1,1)(x)(x0 − x1) + 𝒯(2,0)(x)(x0 + x2)

= x3
0 + 3x2

0x
2 − 3x0∥x1∥2 + 6x0x

1x2 − 3∥x1∥2x2 ,

3𝒯(1,2)(x) = 𝒯(0,2)(x)(x0 + x1) + 2𝒯(1,1)(x)(x0 − x2)

= x3
0 + 3x2

0x
1 − 6x0x

1x2 − 3x0∥x2∥2 − 3x1∥x2∥2 .

The following example of degree 5 will be relevant later:

10𝒯(3,2)(x) = 6𝒯(2,2)(x)(x0 + x1) + 4𝒯(3,1)(x)(x0 − x2)

= 3𝒯(1,2)(x)(x0 + x1)2 + 3𝒯(2,1)(x)(x0 + x2)(x0 + x1)

− 3𝒯(2,1)(x)(x0 − x1)(x0 − x2) + 𝒯(3,0)(x)(x0 − x2)2

= 3𝒯(1,2)(x)(x2
0 + 2x0x

1 − ∥x1∥2) + 6𝒯(2,1)(x)(x0x
1 + x0x

2 − x1x2)

+ 𝒯(3,0)(x)(x2
0 − 2x0x

2 − ∥x2∥2) .

Example 2.25. Let A = Cℓ(0, 6) as in the previous example but let us now choose V = Span(e∅, e1, e2, 
e3, e4, e5, e6, e123456). The choice of this eight-dimensional space, which properly includes the seven
dimensional space of paravectors, is a special case of Example 2.8. Let T = (1, 4, 7). The set F1 comprises 
one T -Fueter variable,

𝒯(1,0,0)(x) = x1 − x0e1 ,

and two T -Cullen variables,

𝒯(0,1,0)(x) = x0 + x1 = x0 + x2e2 + x3e3 + x4e4 ,

𝒯(0,0,1)(x) = x0 + x2 = x0 + x5e5 + x6e6 + x123456e123456 .

F2 consist of the functions
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𝒯(2,0,0)(x) = (x1 − x0e1)2 , 𝒯(0,2,0)(x) = (x0 + x1)2 , 𝒯(0,0,2)(x) = (x0 + x2)2 ,

𝒯(1,1,0)(x) = 1
2(x0 + x1)(x1 + x0e1) + 1

2(x1 − x0e1)(x0 + x1) = x0x1 − x0e1x
1 + x1x

1 ,

𝒯(1,0,1)(x) = 1
2(x0 + x2)(x1 + x0e1) + 1

2(x1 − x0e1)(x0 + x2) = x0x1 − x0e1x
2 + x1x

2 ,

𝒯(0,1,1)(x) = −1
2(x0 + x2)(x0 − x1) + 1

2(x0 + x1)(x0 − x2) = x0x
1 − x0x

2 − x1x2 .

The following example of degree 4 will be relevant later:

6𝒯(1,2,1)(x) = 3
2𝒯(0,2,1)(x)(x1 + x0e1) − 3𝒯(1,1,1)(x)(x0 − x1) + 3

2𝒯(1,2,0)(x)(x0 + x2)

= 1
2
(︁
−2𝒯(0,1,1)(x)(x0 − x1) + 𝒯(0,2,0)(x)(x0 + x2)

)︁
(x1 + x0e1)

−
(︁
𝒯(0,1,1)(x)(x1 − x0e1) − 𝒯(1,0,1)(x)(x0 − x1) + 𝒯(1,1,0)(x)(x0 − x2)

)︁
(x0 − x1)

+ 1
2
(︁
𝒯(0,2,0)(x)(x1 − x0e1) + 2𝒯(1,1,0)(x)(x0 + x1)

)︁
(x0 + x2)

= 𝒯(0,1,1)(x)(−2x0x1 − 2x0e1x
1 + 2x1x

1) + 𝒯(0,2,0)(x)(x0x1 − x0e1x
2 + x1x

2)

+ 𝒯(1,0,1)(x)(x2
0 − 2x0x

1 − ∥x1∥2) + 𝒯(1,1,0)(x)(2x0x
1 + 2x0x

2 + 2x1x2) .

While general T -regular functions need not be continuous, a careful choice of the domain Ω guarantees 
better-behaved T -regular functions f : Ω → A.

Definition 2.26. A domain Ω ⊆ V is called a T -slice domain if it intersects the mirror ℝ0,t0 and if, for any 
J ∈ 𝕋 , the J-slice ΩJ is connected (whence a domain in ℝt0+τ+1

J ).

Over T -slice domains, the work [31] proved the following results.

Theorem 2.27 (Identity Principle). Let Ω ⊆ V be a T -slice domain and f, g ∈ RegT (Ω, A). If there exists 
J ∈ 𝕋 such that the J-slice ΩJ (whose dimension is t0 + τ + 1) contains a set of Hausdorff dimension 
s ≥ t0 + τ where fJ and gJ coincide, then f = g throughout Ω.

Proposition 2.28 (Maximum Modulus Principle). Let Ω be a T -slice domain in V and f ∈ RegT (Ω, A). If 
the function ∥f∥ : Ω → ℝ has a global maximum point in Ω, then f is constant in Ω.

Symmetry, defined according to the following construction, is another relevant property for the domain 
Ω of a T -regular function.

Definition 2.29. For every h ∈ {1, . . . , τ}, we define the reflection

ℝτ → ℝτ , β = (β1, . . . , βτ ) ↦→ β
h := (β1, . . . , βh−1,−βh, βh+1, . . . , βτ ) .

For any β = (β1, . . . , βτ ) ∈ ℝτ , J = (J1, . . . , Jτ ) ∈ 𝕋 , we set

β J := β1J1 + . . . + βτJτ ∈ V .

If τ = 0, for β ∈ ℝ0 = {0} and J = ∅ we define β J to be the zero element of V . For every D ⊆ ℝ0,t0 ×ℝτ , 
we set
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ΩD := {α + β J : (α, β) ∈ D, J ∈ 𝕋} ⊆ V

if τ ≥ 1 (and ΩD := {α ∈ V : (α, 0) ∈ D} if τ = 0). A subset of V is called T -symmetric if it equals ΩD for 
some D ⊆ ℝ0,t0 × ℝτ . The T -symmetric completion of a set Y ⊆ V is the smallest T -symmetric subset of 
V containing Y . For any x ∈ V , we denote by 𝕋x the T -symmetric completion of the singleton {x}.

Assumption 2.30. Assume D to be a subset of ℝ0,t0 × ℝτ , invariant under the reflection (α, β) ↦→ (α, βh)
for every h ∈ {1, . . . , τ}.

The article [31] proved for every T -regular function f on a T -symmetric T -slice domain a symmetry 
property, which implies that f is real analytic. This symmetry property is best stated in terms of T
functions ΩD → A, defined in [30] by means of the concept of T -stem function D → A⊗ℝ2τ . We point out 
that A⊗ ℝ2τ is a bilateral A-module with A-basis equal to the canonical real vector basis (EK)K∈P(τ) of 
ℝ2τ . Let us first recall the definition of T -stem function, which subsumes the notion of stem function of [26, 
Definition 4] and follows the lines of its multivariate generalization [29, Definition 2.2].

Definition 2.31. Consider a map F =
∑︁

K∈P(τ) EKFK : D → A⊗ℝ2τ , with components FK : D → A. The 
map F is called a T -stem function if

FK(α, βh) =
{︄

FK(α, β) if h ̸∈ K

−FK(α, β) if h ∈ K

for all K ∈ P(τ), for all h ∈ {1, . . . , τ} and for all (α, β) ∈ D. The class of T -stem functions D → A⊗ℝ2τ

is denoted by StemT = StemT (D,A ⊗ ℝ2τ ). If D is an open subset of ℝ0,t0 × ℝτ and p ∈ ℕ ∪ {∞, ω}, we 
let Stemp

T = Stemp
T (D,A ⊗ ℝ2τ ) denote the set of F ∈ StemT (D,A ⊗ ℝ2τ ) such that FK ∈ C p(D,A) for 

all K ∈ P(τ).

We recall that the symbol C ω(D,A) denotes the bilateral A-module of real analytic functions D → A. 
We also point out that StemT (D,A⊗ℝ2τ ) is a right A-module and that, if D is an open subset of ℝ0,t0 ×ℝτ , 
then

Stemω
T ⊂ Stem∞

T ⊂ . . . ⊂ Stem2
T ⊂ Stem1

T ⊂ Stem0
T ⊂ StemT

are nested right A-submodules. Moreover, for any F ∈ StemT (D,A ⊗ ℝ2τ ) and any ρ ∈ ℝ0,t0 , setting 
G(α, β) := F (α + ρ, β) defines a G ∈ StemT (D − (ρ, 0), A⊗ℝ2τ ).

We are now ready to recall from [30] the definition of T -function. The definition subsumes the notion 
of slice function, [26, Definition 5], and follows the lines of [29, Definition 2.5]. We restrict here to the 
associative case.

Definition 2.32. For any J ∈ 𝕋 : we set J∅ := 1 and, for K = {k1, . . . , kp} with 1 ≤ k1 < . . . < kp ≤ τ , we 
set JK := Jk1Jk2 · · ·Jkp−1Jkp

.
For any T -stem function F =

∑︁
K∈P(τ) EKFK : D → A⊗ℝ2τ , the induced function f = ℐ(F ) : ΩD → A, 

is defined at x = α + β J ∈ ΩD by the formula

f(x) :=
∑︂

K∈P(τ)

JK FK(α, β) .

A function induced by a T -stem function is called a T -function. The class of T -functions ΩD → A is denoted 
by 𝒮T (ΩD, A). If D is an open subset of ℝ0,t0 ×ℝτ and p ∈ ℕ ∪{∞, ω}, then 𝒮p

T (ΩD, A) denotes the image 
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of Stemp
T (D,A⊗ℝ2τ ) through ℐ. If ΩD is a domain in V , a strongly T -regular function on Ω is an element 

of the intersection 𝒮ℛT (ΩD, A) := 𝒮T (ΩD, A) ∩ RegT (ΩD, A).

The article [31] proved that 𝒮T (ΩD, A) is a right A-module and that

ℐ : StemT (D,A⊗ℝ2τ

) → 𝒮T (ΩD, A)

is a well-defined right A-module isomorphism. As a consequence, if D is open, then

𝒮ω
T ⊂ 𝒮∞

T ⊂ . . . ⊂ 𝒮2
T ⊂ 𝒮1

T ⊂ 𝒮0
T ⊂ 𝒮T

are nested right A-submodules. Moreover, [31] proved that, if ΩD is a domain in V , then 𝒮ℛT (ΩD, A) is a 
right A-submodule of 𝒮ω

T (ΩD, A). Additionally, it proved that for any p ∈ ℝ0,t0 and any f ∈ 𝒮T (ΩD, A) (or 
f ∈ 𝒮ℛT (ΩD, A)), setting g(x) := f(x+p) defines a g ∈ 𝒮T (ΩD−p,A) (a g ∈ 𝒮ℛT (ΩD−p,A), respectively). 
Finally, [31] proved the following Representation Formula along tori of the form 𝕋α+βI = Ω{(α,β)} = α+β 𝕋
with α ∈ ℝ0,t0 , β ∈ ℝτ , I ∈ 𝕋 (see Definition 2.29).

Theorem 2.33 (Representation Formula, T -functions). Fix I ∈ 𝕋 . Every f ∈ 𝒮T (ΩD, A) is induced by a 
unique T -stem function F =

∑︁
K∈P(τ) EKFK , whose K-component is

FK(α, β) = 2−τI−1
K

∑︂
H∈P(τ)

(−1)|K∩H| f(α + β
H
I) .

In particular, F depends only on the restriction fI . Moreover,

f(α + β J) =
∑︂

H∈P(τ)

γH f(α + β
H
I) (5)

for all (α, β) ∈ D and all J ∈ 𝕋 , where

γH := 2−τ
∑︂

K∈P(τ)

(−1)|K∩H| JK I−1
K .

In the previous statement, the symbol I−1
K denotes the multiplicative inverse of IK . Following the lines 

of [29, Corollary 2.16], we now prove the converse result. The proof is based on a preliminary technical 
remark.

Remark 2.34. Fix any h ∈ {1, . . . , τ}. The map P(τ) → P(τ), H ↦→ H
△︁
{h} is an involutive bijection 

from P(τ) onto itself. Moreover, if β ∈ ℝτ and γ = β
H , then γh = β

H
△︁
{h}. Finally, for any K ∈ P(τ), 

the cardinality |K ∩ (H
△︁
{h})| equals |K ∩H| if h ̸∈ K; it equals |K ∩H| ± 1 if h ∈ K.

Proposition 2.35. A function f : ΩD → A is a T -function if there exists I ∈ 𝕋 such that (5) holds true for 
all (α, β) ∈ D and all J ∈ 𝕋 .

Proof. Assume there exists I ∈ 𝕋 such that (5) holds true for all (α, β) ∈ D and all J ∈ 𝕋 . Let us define 
F :=

∑︁
K∈P(τ) EKFK : D → A⊗ℝ2τ , where

FK(α, β) := 2−τI−1
K

∑︂
H∈P(τ)

(−1)|K∩H| f(α + β
H
I)
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for all K ∈ P(τ) and all (α, β) ∈ D. We are going to prove that F is a T -stem function, whence the 
equality f = ℐ(F ) and the thesis f ∈ 𝒮T (ΩD, A) will follow at once. By Remark 2.34, for any (α, β) ∈ D

the expression

FK(α, βh) = 2−τI−1
K

∑︂
H∈P(τ)

(−1)|K∩H| f(α + β
H

△︁
{h}

I)

= 2−τI−1
K

∑︂
H′∈P(τ)

(−1)|K∩(H′ △︁
{h})| f(α + β

H′

I)

equals

2−τI−1
K

∑︂
H′∈P(τ)

(−1)|K∩H′| f(α + β
H′

I) = FK(α, β)

when h ̸∈ K and equals

2−τI−1
K

∑︂
H′∈P(τ)

(−1)|K∩H′|±1 f(α + β
H′

I) = −FK(α, β)

when h ∈ K. Our claim that F is a T -stem function is therefore proven. □
Throughout the rest of the paper, we make an extra assumption.

Assumption 2.36. Assume ΩD to be an open subset of V , whence D is an open subset of ℝ0,t0 ×ℝτ .

The next remark, also from [31], will be useful in the paper. For β = (β1, . . . , βτ ) ∈ ℝτ , we set the 
additional notation β2 := (β2

1 , . . . , β
2
τ ) ∈ ℝτ .

Remark 2.37. Let p ∈ {∞, ω} and let F =
∑︁

K∈P(τ) EKFK ∈ Stemp
T (D,A ⊗ ℝ2τ ). Set ˆ︁D := {(α, β2) :

(α, β) ∈ D} ⊂ ℝ0,t0 × ℝτ . By Whitney’s Theorem [46, page 160], there exist an open neighborhood W of ˆ︁D in ℝ0,t0 × ℝτ , with ˆ︁D = {(α, γ) ∈ W : γ1, . . . , γτ ≥ 0}, and a finite sequence {GK}K∈P(τ) in C p(W,A)
such that, for all (α, β) ∈ D, the following equalities hold true: F∅(α, β) = G∅(α, β2) and

FK(α, β) = βk1 · · ·βkp
GK(α, β2)

if K = {k1, . . . , kp} with 1 ≤ k1 < . . . < kp ≤ τ .

Theorem 2.33 and Remark 2.37 allowed to prove the next result in [31, Proposition 6.11].

Proposition 2.38. Every strongly T -regular function is a real analytic function.

We can now prove a related result.

Proposition 2.39. If p ∈ ℕ∪{∞, ω}, if f ∈ C p(ΩD, A) and if there exists an open dense subset D′ of D such 
that f|Ω

D′
is a T -function, then f ∈ 𝒮p

T (ΩD, A). If, moreover, p ∈ {∞, ω}, then 𝒮p
T (ΩD, A) ⊂ C p(ΩD, A).

Proof. We first assume that f ∈ C p(ΩD, A) and that there exists an open dense subset D′ of D such that 
f|Ω

D′
is a T -function. Fix I ∈ 𝕋 : then (5) holds true for all (α, β) ∈ D′ and all J ∈ 𝕋 . In other words, for 

any J ∈ 𝕋 the map ΨJ : D → A defined as
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ΨJ(α, β) := f(α + β J) −
∑︂

H∈P(τ)

γH f(α + β
H
I)

vanishes identically in D′. For any J ∈ 𝕋 , our hypothesis f ∈ C p(ΩD, A) guarantees that ΨJ ∈ C p(D,A), 
whence ΨJ ≡ 0 in D. In other words, (5) holds true for all (α, β) ∈ D and all J ∈ 𝕋 . From Proposition 2.35, 
we obtain that f ∈ 𝒮T (ΩD, A), i.e., that there exists F ∈ StemT (D,A ⊗ ℝ2τ ) such that f = ℐ(F ). Now, 
Theorem 2.33 yields that F =

∑︁
K∈P(τ) EKFK with

FK(α, β) = 2−τI−1
K

∑︂
H∈P(τ)

(−1)|K∩H| f(α + β
H
I) .

This formula, along with our hypothesis f ∈ C p(ΩD, A), guarantees that F ∈ Stemp
T (D,A ⊗ ℝ2τ ). We 

conclude that f ∈ 𝒮p
T (ΩD, A), as desired.

We now assume p ∈ {∞, ω}. By definition, f belongs to 𝒮p
T (ΩD, A) if, and only if, f = ℐ(F ) for some 

F ∈ Stemp
T (D,A⊗ℝ2τ ) = StemT (D,A⊗ℝ2τ )∩C p(D,A⊗ℝ2τ ). If this is the case and if K = {k1, . . . , kp}, 

Remark 2.37 guarantees that

FK(α, β) = βk1 · · ·βkp
GK(α, β2)

for appropriate C p functions {GK}K∈P(τ). The equality f = ℐ(F ) now implies that

f(α + β J) =
∑︂

K∈P(τ)

JKFK(α, β)

= F∅(α, β) +
∑︂

1≤p≤τ

∑︂
1≤k1<...<kp≤τ

Jk1Jk2 . . . Jkp
F{k1,...,kp}(α, β)

= G∅(α, β2) +
∑︂

1≤p≤τ

∑︂
1≤k1<...<kp≤τ

βk1Jk1βk2Jk2 . . . βkp
Jkp

G{k1,...,kp}(α, β
2)

for all (α, β) ∈ D, J ∈ 𝕋 . Referring to the decomposition of the variable x ∈ ΩD performed in Remark 2.13, 
we conclude that

f(x) = G∅(x0, ∥x1∥2, . . . , ∥xτ∥2)

+
∑︂

1≤p≤τ

∑︂
1≤k1<...<kp≤τ

xk1xk2 . . . xkpG{k1,...,kp}(x
0, ∥x1∥2, . . . , ∥xτ∥2) .

Since V → ℝ0,t0 ×ℝτ , x ↦→ (x0, ∥x1∥2, . . . , ∥xτ∥2) is a real polynomial map, it is clear that each map

ΩD → A, x ↦→ GK(x0, ∥x1∥2, . . . , ∥xτ∥2)

belongs to C p(ΩD, A). Since V → V ⊆ A, x = x0 + x1 + . . . + xτ ↦→ xk is a real linear map for all 
k ∈ {1, . . . , τ}, we conclude that f ∈ C p(ΩD, A), as desired. □

We point out that the hypothesis p ∈ {∞, ω} is crucial in the second statement of Proposition 2.39. When 
p ∈ ℕ, there is some loss of regularity in the expression of f = ℐ(F ) in terms of F ∈ Stemp

T (D,A⊗ℝ2τ ).
In [31, Proposition 7.1], we proved that all polynomials in {𝒯k}k∈ℤt0+τ are strongly T -regular and used 

this fact to obtain, for any f ∈ RegT (Ω, A) and any open ball B ⊆ Ω centered at a point p in the mirror 
ℝ0,t0 , an explicit polynomial series expansion for f converging normally in B, see [31, Theorem 7.2]. Thanks 
to this fact, [31] proved that T -regular functions on T -symmetric T -slice domains are automatically strongly 
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T -regular, whence real analytic. This property subsumes a renowned property of quaternionic slice-regular 
functions, proven in [3, Theorem 3.1] (see also [25]), and the analogous property of Clifford slice-monogenic 
functions (see [8, Theorem 2.2.18] and references therein). The precise statement follows.

Theorem 2.40 (Representation Formula, T -regular functions on T -symmetric T -slice domains). If the T
symmetric set ΩD is a T -slice domain, then RegT (ΩD, A) = 𝒮ℛT (ΩD, A). As a consequence, every f ∈
RegT (ΩD, A) is real analytic and fulfills formula (5) for all (α, β) ∈ D and all I, J ∈ 𝕋 .

3. Global differential operators on 𝑻 -functions

Throughout this section, we fix τ ∈ ℕ and T = (t0, . . . , tτ ) with 0 ≤ t0 < t1 < . . . < tτ = N . We are 
going to define global differential operators on T -functions to characterize T -regularity and T -harmonicity. 
In order to do so, we will first construct global differential operators on T -stem functions D → A⊗ℝ2τ .

3.1. Global differential operators on T -stem functions

Recall that every element of D takes the form (α, β) with α =
∑︁t0

s=0 vsxs ∈ ℝ0,t0 and β = (β1, . . . , βτ ) ∈
ℝτ . In addition to the standard real linear isomorphism Lℬ′ : ℝd+1 → A, we will therefore use

Λ : ℝt0+τ+1 → ℝ0,t0 ×ℝτ , Λ(x0, . . . , xt0 , xt0+1, . . . , xt0+τ ) =
(︄

t0∑︂
s=0 

xs vs, xt0+1, . . . , xt0+τ

)︄
.

As a first step in our construction for T -stem functions, we pose the next definition, where we adopt the 
notation ˆ︁D := Λ−1(D).

Definition 3.1. Let p ∈ ℕ ∪ {∞, ω} and Φ ∈ C p+1(D,A). For all s ∈ {0, . . . , t0}, h ∈ {1, . . . , τ}, we define

∂αs
Φ := Lℬ′ ◦

(︃
∂

∂xs

(︂
L−1
ℬ′ ◦ Φ ◦ Λ|ˆ︂D

)︂)︃
◦ (Λ−1)|D ∈ C p(D,A)

∂βh
Φ := Lℬ′ ◦

(︃
∂

∂xt0+h

(︂
L−1
ℬ′ ◦ Φ ◦ Λ|ˆ︂D

)︂)︃
◦ (Λ−1)|D ∈ C p(D,A) .

We also set

∂αΦ :=
t0∑︂
s=0 

vs ∂αs
Φ = ∂α0Φ +

t0∑︂
s=1 

vs ∂αs
Φ ∈ C p(D,A) ,

∂αΦ :=
t0∑︂
s=0 

vcs ∂αs
Φ = ∂α0Φ −

t0∑︂
s=1 

vs ∂αs
Φ ∈ C p(D,A) ,

∂
u

αΦ := ∂α0Φ − (−1)u
t0∑︂
s=1 

vs ∂αs
Φ ∈ C p(D,A)

for all u ∈ ℕ.

Remark 3.2. Let Φ ∈ C 1(D,A). For all (α, β) = (α, β1, . . . , βτ ) ∈ D, s ∈ {0, . . . , t0}, h ∈ {1, . . . , τ},

∂αs
Φ(α, β) = lim 

ℝ∋ε→0
ε−1 (Φ(α + εvs, β) − Φ(α, β)) ,

∂βh
Φ(α, β) = lim 

ℝ∋ε→0
ε−1 (Φ(α, β1, . . . , βh−1, βh + ϵ, βh+1, . . . , βτ ) − Φ(α, β)) .
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As a consequence of Remark 3.2, the operators ∂ = ∂αs
, ∂ = ∂βh

follow the usual Leibniz rule ∂(ΦΨ) =
(∂Φ) Ψ+Φ (∂Ψ) for all Φ,Ψ ∈ C 1(D,A). Moreover, the usual rule ∂2(ΦΨ) = (∂2Φ) Ψ+Φ (∂2Ψ)+2(∂Φ)(∂Ψ)
applies both for ∂ = ∂αs

and for ∂ = ∂βh
when Φ,Ψ ∈ C 2(D,A).

Remark 3.3. Since vcsvs = 1 = vsv
c
s and vcsvu + vcuvs = 0 = vsv

c
u + vuv

c
s for all distinct s, u ∈ {0, . . . , t0}, we 

notice that

∂α∂α =
t0∑︂
s=0 

∂2
αs

= ∂α∂α .

We now construct the announced global differential operators on T -stem functions.

Definition 3.4. The function σ : {1, . . . , τ} × P(τ) → {0, 1} is defined as follows: σ(h,K) = 0 if there is an 
even number of elements in K that are less than, or equal to, h; σ(h,K) = 1 if there is an odd number of 
elements in K that are less than, or equal to, h.

We define the operators ∂T , ∂T : Stem1
T (D,A ⊗ ℝ2τ ) → Stem0

T (D,A ⊗ ℝ2τ ) and ΔT : Stem2
T (D,A ⊗

ℝ2τ ) → Stem0
T (D,A⊗ℝ2τ ) as follows. Given F =

∑︁
K∈P(τ) EKFK , we set

(∂TF )K := ∂
|K|+1
α FK +

τ∑︂
h=1

(−1)σ(h,K)+1∂βh
FK

△︁
{h} ,

(∂TF )K := ∂
|K|
α FK +

τ∑︂
h=1

(−1)σ(h,K)∂βh
FK

△︁
{h} ,

(ΔTF )K := ∂α∂αFK +
τ∑︂

h=1

∂2
βh
FK

for all K ∈ P(τ).

The reason why ∂TF, ∂TF,ΔTF are still T -stem functions is the following. Fix any h ∈ {1, . . . , τ},K ∈
P(τ) and F ∈ Stem1

T (D,A ⊗ ℝ2τ ). The functions ∂αFK , ∂αFK are preserved by composition with the 

reflection ℝτ → ℝτ , β ↦→ β
h if, and only if, FK is. Similarly, FK is preserved by composition with the same 

reflection if, and only if, FK
△︁
{h} changes sign under composition with the same reflection, which is in turn 

equivalent to having ∂βh
FK

△︁
{h} preserved by composition with the same reflection.

It is easy to see that ∂T , ∂T ,ΔT all preserve Stemp
T (D,A⊗ℝ2τ ) for p ∈ {∞, ω}. Moreover, we prove the 

next lemma.

Lemma 3.5. ΔT = ∂T∂T = ∂T∂T on Stem2
T (D,A⊗ℝ2τ ).

Proof. Fix F ∈ Stem2
T (D,A⊗ℝ2τ ) and let G := ∂TF , so that

GK = ∂
|K|+1
α FK +

τ∑︂
h=1

(−1)σ(h,K)+1∂βh
FK

△︁
{h}

for all K ∈ P(τ). Now,

(∂T∂TF )K = (∂TG)K = ∂
|K|
α GK +

τ∑︂
h=1

(−1)σ(h,K)∂βh
GK

△︁
{h}
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= ∂α∂αFK +
τ∑︂

h=1

(−1)σ(h,K)+1 ∂
|K|
α ∂βh

FK
△︁
{h}

+
τ∑︂

h=1

(−1)σ(h,K)∂βh
∂
|K

△︁
{h}|+1

α FK
△︁
{h}

+
τ∑︂

h,ℓ=1

(−1)σ(h,K)+σ(ℓ,K
△︁
{h})+1∂βh

∂βℓ
F(K

△︁
{ℓ})

△︁
{h}

= ∂α∂αFK +
τ∑︂

h=1

∂2
βh
FK

−
τ∑︂

h<ℓ 

(︂
(−1)σ(h,K)+σ(ℓ,K

△︁
{h}) + (−1)σ(ℓ,K)+σ(h,K

△︁
{ℓ})

)︂
∂βh

∂βℓ
F(K

△︁
{ℓ})

△︁
{h}

= ∂α∂αFK +
τ∑︂

h=1

∂2
βh
FK = (ΔTF )K .

For the third equality, we used the fact that |K| and |K|+ 1 have opposite parities along with Remark 3.3. 
In the fourth equality: two sums canceled out because |K

△︁
{h}|+1 has the same parity as |K|; additionally, 

σ(h,K) has the same parity as σ(ℓ,K
△︁
{h}) + 1 when ℓ = h. For the fifth equality, we used the fact 

that σ(h,K) = σ(h,K
△︁
{ℓ}) and σ(ℓ,K

△︁
{h}) = σ(ℓ,K) ± 1 under the hypothesis h < ℓ. Analogous 

computations prove that ∂T∂TF = ΔT . □
We conclude this subsection with a remark about the kernel of ΔT .

Remark 3.6. If F belongs to the kernel of ΔT : Stem2
T (D,A ⊗ ℝ2τ ) → Stem0

T (D,A ⊗ ℝ2τ ), then F ∈
Stemω

T (D,A ⊗ ℝ2τ ). This is because ΔTF ≡ 0 implies that, for every K ∈ P(τ), the component FK

belongs to the kernel of the hypoelliptic operator 
∑︁t0

s=0 ∂
2
αs

+
∑︁τ

h=1 ∂
2
βh

, whence FK ∈ C ω(D,A).

3.2. Global differential operators on T -functions

We are now ready to define useful operators on T -functions, using the operators we just defined on T -stem 
functions. We will soon see that these operators are naturally connected to T -regularity and T -harmonicity. 
Additionally, the forthcoming Proposition 3.13 will provide explicit expressions for these operators.

Definition 3.7. The operator ∂T : 𝒮1
T (ΩD, A) → 𝒮0

T (ΩD, A) is defined to make the following diagram com
mutative:

Stem1
T (D,A⊗ℝ2τ ) Stem0

T (D,A⊗ℝ2τ )

↺

𝒮1
T (ΩD, A) 𝒮0

T (ΩD, A) .

∂T

ℐ

∂T

ℐ

The operators ∂T : 𝒮1
T (ΩD, A) → 𝒮0

T (ΩD, A) and ΔT : 𝒮2
T (ΩD, A) → 𝒮0

T (ΩD, A) are similarly defined to lift 
to ∂T : Stem1

T (D,A⊗ℝ2τ ) → Stem0
T (D,A⊗ℝ2τ ) and to ΔT : Stem2

T (D,A⊗ℝ2τ ) → Stem0
T (D,A⊗ℝ2τ ), 

respectively.

It is easy to see that ∂T , ∂T ,ΔT all preserve 𝒮p
T (ΩD, A) for p ∈ {∞, ω}.
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We are almost ready to characterize T -regularity and T -harmonicity in terms of ∂T and ΔT . The next 
remark, which uses Definition 3.4, provides a useful tool for this characterization.

Remark 3.8. Fix h ∈ {1, . . . , τ} and K ∈ P(τ). For any J = (J1, . . . , Jτ ) ∈ 𝕋 ,

JhJK = (−1)σ(h,K)JK
△︁
{h} .

Theorem 3.9. If f ∈ 𝒮1
T (ΩD, A), then (∂T f)J = ∂JfJ , (∂T f)J = ∂JfJ for every J ∈ 𝕋 . If, moreover, 

f ∈ 𝒮2
T (ΩD, A), then (ΔT f)J = ΔJfJ for every J ∈ 𝕋 .

Proof. Assume f = ℐ(F ), whence f(α + Jβ) =
∑︁

K∈P(τ) JKFK(α, β) for all (α, β) ∈ D and all J ∈ 𝕋 . 
Thus,

∂JfJ(α + Jβ) =
∑︂

K∈P(τ)

(︄
∂α +

τ∑︂
h=1

Jh∂βh

)︄
(JKFK(α, β))

=
∑︂

K∈P(τ)

JK∂
|K|+1
α FK(α, β) +

∑︂
K∈P(τ)

τ∑︂
h=1

JhJK∂βh
FK(α, β) ,

∂JfJ(α + Jβ) =
∑︂

K∈P(τ)

(︄
∂α −

τ∑︂
h=1

Jh∂βh

)︄
(JKFK(α, β))

=
∑︂

K∈P(τ)

JK∂
|K|
α FK(α, β) −

∑︂
K∈P(τ)

τ∑︂
h=1

JhJK∂βh
FK(α, β)

Now, Remarks 2.34 and 3.8 yield

∑︂
K∈P(τ)

τ∑︂
h=1

JhJK∂βh
FK(α, β) =

∑︂
K∈P(τ)

τ∑︂
h=1

(−1)σ(h,K)JK
△︁
{h}∂βh

FK(α, β)

=
∑︂

H∈P(τ)

JH

τ∑︂
h=1

(−1)σ(h,H
△︁
{h})∂βh

FH
△︁
{h}(α, β)

=
∑︂

H∈P(τ)

JH

τ∑︂
h=1

(−1)σ(h,H)+1∂βh
FH

△︁
{h}(α, β)

It follows that

∂JfJ(α + Jβ) =
∑︂

K∈P(τ)

JK

(︄
∂
|K|+1
α FK(α, β) +

τ∑︂
h=1

(−1)σ(h,K)+1∂βh
FK

△︁
{h}(α, β)

)︄

=
∑︂

K∈P(τ)

JK (∂TF )K(α, β) = ∂T f(α + Jβ) ,

∂JfJ(α + Jβ) =
∑︂

K∈P(τ)

JK

(︄
∂
|K|
α FK(α, β) +

τ∑︂
h=1

(−1)σ(h,K)∂βh
FK

△︁
{h}(α, β)

)︄

=
∑︂

K∈P(τ)

JK (∂TF )K(α, β) = ∂T f(α + Jβ) . □
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Corollary 3.10. If f ∈ 𝒮1
T (ΩD, A), then f is T -regular if, and only if, it belongs to the kernel of ∂T :

𝒮1
T (ΩD, A) → 𝒮0

T (ΩD, A). Moreover, the right A-submodule 𝒮ℛT (ΩD, A) of strongly T -regular functions 
is the image through the isomorphism ℐ : Stem1

T (D,A ⊗ ℝ2τ ) → 𝒮1
T (ΩD, A) of the kernel of the operator 

∂T : Stem1
T (D,A⊗ℝ2τ ) → Stem0

T (D,A⊗ℝ2τ ).
If f ∈ 𝒮2

T (ΩD, A), then f is T -harmonic if, and only if, it belongs to the kernel of ΔT : 𝒮2
T (ΩD, A) →

𝒮0
T (ΩD, A). Moreover, the right A-submodule of 𝒮2

T (ΩD, A) consisting of T -harmonic functions is the 
image through the isomorphism ℐ : Stem2

T (D,A ⊗ ℝ2τ ) → 𝒮2
T (ΩD, A) of the kernel of the operator 

ΔT : Stem2
T (D,A⊗ℝ2τ ) → Stem0

T (D,A⊗ℝ2τ ).

The next remark extends Proposition 2.38 to all T -harmonic T -functions.

Remark 3.11. As a consequence of Remark 3.6, if f belongs to the kernel of ΔT : 𝒮2
T (ΩD, A) → 𝒮0

T (ΩD, A), 
then f ∈ 𝒮ω

T (ΩD, A). In this situation, Proposition 2.39 implies that f ∈ C ω(ΩD, A).

We conclude this section with the announced explicit expressions of ∂T , ∂T ,ΔT . Some preparation is 
needed. In addition to the previously defined Lℬ′ : ℝd+1 → A, we will use

Lℬ : ℝN+1 → V , Lℬ(x0, . . . , xN ) =
N∑︂
s=0 

xs vs.

For every domain Ω in V and every p ∈ ℕ, the symbol C p(Ω, A) denotes the bilateral A-module of C p

functions Ω → A. In accordance with [31, Definition 2.36], we pose the next definition.

Definition 3.12. Fix a domain Ω in V , set Ω′ := L−1
ℬ (Ω) ⊆ ℝN+1 and let f ∈ C 1(Ω, A). For s ∈ {0, . . . , N}, 

we define

∂xs
f := Lℬ′ ◦

(︃
∂

∂xs

(︁
L−1
ℬ′ ◦ f ◦ (Lℬ)|Ω′

)︁)︃
◦ (L−1

ℬ )|Ω ∈ C 0(Ω, A) .

According to [31], for any x ∈ Ω, s ∈ {0, . . . , N},

∂xs
f(x) = lim 

ℝ∋ε→0
ε−1 (f(x + εvs) − f(x)) .

As a consequence, the operator ∂xs
does not depend on the whole basis ℬ′ of A chosen, but only on the 

choice of vs. Moreover, the usual Leibniz rule ∂xs
(fg) = (∂xs

f) g+f (∂xs
g) holds true for all f, g ∈ C 1(Ω, A)

and ∂2
xs

(fg) = (∂2
xs
f) g + f (∂2

xs
g) + 2(∂xs

f)(∂xs
g) for all f, g ∈ C 2(Ω, A).

We are now ready to explicitly express ∂T , ∂T ,ΔT and to provide examples.

Proposition 3.13. Let D′ := {(α, β1, . . . , βτ ) ∈ D : β1 · · ·βτ ̸= 0}, so that ΩD′ equals ΩD minus the union 
for u ∈ {1, . . . , τ} of the real vector subspaces with Cartesian equations xu = 0. If f ∈ 𝒮1

T (ΩD, A), then

∂T f =
t0∑︂
s=0 

vs ∂xs
f +

τ∑︂
u=1

xu

∥xu∥2

tu∑︂
s=tu−1+1

xs ∂xs
f ,

∂T f =
t0∑︂
s=0 

vcs ∂xs
f +

τ∑︂
u=1

(︃
xu

∥xu∥2

)︃c tu∑︂
s=tu−1+1

xs ∂xs
f

in ΩD′ . If f ∈ 𝒮2
T (ΩD, A), then
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ΔT f =
t0∑︂
s=0 

∂2
xs
f +

τ∑︂
u=1

tu∑︂
s,s′=tu−1+1

xsxs′

∥xu∥2 ∂xs
∂xs′ f

in ΩD′ .

Proof. Set Ω := ΩD′ . We are going to prove that the desired equalities hold true in ΩJ for all J ∈ 𝕋 . By 
Theorem 3.9, this is the same as proving that

∂JfJ =
t0∑︂
s=0 

vs (∂xs
f)J +

τ∑︂
u=1

Ju

tu∑︂
s=tu−1+1

(Ju)s (∂xs
f)J ,

∂JfJ =
t0∑︂
s=0 

vcs (∂xs
f)J +

τ∑︂
u=1

(Ju)c
tu∑︂

s=tu−1+1
(Ju)s (∂xs

f)J ,

ΔJfJ =
t0∑︂
s=0 

(∂2
xs
f)J +

τ∑︂
u=1

tu∑︂
s,s′=tu−1+1

(Ju)s(Ju)s′ (∂xs
∂xs′ f)J

in ΩJ , for all J ∈ 𝕋 . Here, we used the temporary notation (Ju)s for the s-th component of Ju. 
By Definition 2.15, it suffices to fix J ∈ 𝕋 , s ∈ {0, . . . , t0}, u ∈ {1, . . . , τ} and to prove the follow
ing equalities: ∂sfJ = (∂xs

f)J , ∂2
sfJ = (∂2

xs
f)J , ∂t0+ufJ =

∑︁tu
s=tu−1+1(Ju)s (∂xs

f)J and ∂2
t0+ufJ =∑︁tu

s,s′=tu−1+1(Ju)s(Ju)s′ (∂xs
∂xs′ f)J . This is readily done, as follows:

(∂sfJ )(x) = lim 
ℝ∋ε→0

ε−1 (fJ(x + εvs) − fJ(x)) = lim 
ℝ∋ε→0

ε−1 (f(x + εvs) − f(x)) = (∂xs
f)(x) ,

(∂2
sfJ )(x) = lim 

ℝ∋ε→0
ε−2 (f(x + εvs) − 2f(x) + f(x− εvs)) = (∂2

xs
f)(x) ,

(∂t0+ufJ )(x) = lim 
ℝ∋ε→0

ε−1 (f(x + εJu) − f(x)) =
tu∑︂

s=tu−1+1
(Ju)s (∂xs

f)(x) ,

(∂2
t0+ufJ )(x) = lim 

ℝ∋ε→0
ε−2 (f(x + εJu) − 2f(x) + f(x− εJu))

=
tu∑︂

s,s′=tu−1+1
(Ju)s(Ju)s′ (∂xs

∂xs′ f)(x)

for all x ∈ ΩJ . □
When T = (0, N), the operators ∂T , ∂T coincide with the operators 2ϑ, 2ϑ introduced in [28] to char

acterize slice regular functions. When τ = 1, A = Cℓ(0, N) and V = ℝN+1, the operator ∂T coincides 
with the operator ϑ used in [48] to characterize generalized partial-slice monogenic functions. We now use 
Proposition 3.13 to double-check T -regularity and T -harmonicity of the polynomial example of degree 3
constructed in Example 2.24. We will use it again, throughout the paper, for computations concerning the 
polynomial examples constructed in Examples 2.24 and 2.25.

Example 3.14. Let A = Cℓ(0, 6), V = ℝ7 and T = (0, 3, 6). Let us consider the strongly T -regular polynomial

3𝒯(2,1)(x) = x3
0 + 3x2

0x
2 − 3x0∥x1∥2 + 6x0x

1x2 − 3∥x1∥2x2

computed in Example 2.24, where x1 = x1e1 + x2e2 + x3e3, x
2 = x4e4 + x5e5 + x6e6. If x ∈ ℝ7 has 

x1 ̸= 0 ̸= x2, then
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3 ∂T𝒯(2,1)(x) = 3 ∂x0𝒯(2,1)(x) +
2 ∑︂

u=1

xu

∥xu∥2

tu∑︂
s=tu−1+1

xs 3 ∂xs
𝒯(2,1)(x)

= 3x2
0 + 6x0x

2 − 3∥x1∥2 + 6x1x2 + x1

∥x1∥2

3 ∑︂
s=1 

xs(−6x0xs + 6x0esx
2 − 6xsx

2)

+ x2

∥x2∥2

6 ∑︂
s=4 

xs(3x2
0es + 6x0x

1es − 3∥x1∥2es)

= 3x2
0 + 6x0x

2 − 3∥x1∥2 + 6x1x2 − 6x0x
1 − 6x0x

2 − 6x1x2 − 3x2
0 + 6x0x

1 + 3∥x1∥2

≡ 0

and

3 ΔT𝒯(2,1)(x) = 3 ∂2
x0
𝒯(2,1)(x) +

τ∑︂
u=1

tu∑︂
s,s′=tu−1+1

xsxs′

∥xu∥2 3 ∂xs
∂xs′𝒯(2,1)(x)

= 6x0 + 6x2 +
3 ∑︂

s=1 

x2
s

∥x1∥2 (−6x0 − 6x2) + 0 = 6x0 + 6x2 − 6x0 − 6x2

≡ 0 ,

as expected.

4. Natural inclusion of 𝑻 -functions among ˜︁𝑻 -functions

For τ ∈ ℕ and T = (t0, t1, . . . , tτ ) with 0 ≤ t0 < t1 < . . . < tτ = N , we set the notation

˜︁T := (t1, . . . , tτ )

and notice that ˜︁T is a list of τ − 1 steps. We recall Assumptions 2.30 and 2.36 and we set the notations

˜︁D :=
{︁
(x0 + x1, β2, . . . , βτ ) : x1 ∈ ℝt0+1,t1 , (x0, ∥x1∥, β2, . . . , βτ ) ∈ D

}︁
⊆ ℝ0,t1 ×ℝτ−1 , (6)˜︁D∗ :=

{︁
(x0 + x1, β2, . . . , βτ ) : x1 ∈ ℝt0+1,t1 \ {0}, (x0, ∥x1∥, β2, . . . , βτ ) ∈ D

}︁
⊆ ℝ0,t1 ×ℝτ−1 .

The domain of ˜︁Ω ˜︁D ⊆ V of ˜︁T -functions induced by the elements of Stem ˜︁T ( ˜︁D,A⊗ℝ2τ−1) is the same as the 
domain ΩD ⊆ V of T -functions induced by the elements of StemT (D,A⊗ℝ2τ ) because

ΩD = {α + β J : (α, β) ∈ D, J ∈ 𝕋 = 𝕊t0+1,t1 × ˜︁𝕋}
= {α + β1J1 + ˜︁β ˜︁J : (α, β1, ˜︁β) ∈ D, J1 ∈ 𝕊t0+1,t1 ,

˜︁J ∈ ˜︁𝕋}

=
{︂
α + x1 + ˜︁β ˜︁J : x1 ∈ ℝt0+1,t1 , (α, ∥x1∥, ˜︁β) ∈ D, ˜︁J ∈ ˜︁𝕋}︂

=
{︂˜︁α + ˜︁β ˜︁J : (˜︁α, ˜︁β) ∈ ˜︁D, ˜︁J ∈ ˜︁𝕋}︂

= ˜︁Ω ˜︁D .

This section focuses on the effect on 𝒮∞
T (ΩD, A) (or 𝒮ω

T (ΩD, A)) of changing T into ˜︁T .
We begin with a remark and a definition.

Remark 4.1. P(τ) is the disjoint union between the image of the injective map P(τ − 1) → P(τ) , H ↦→
H + 1 and the image of the injective map P(τ − 1) → P(τ) , H ↦→ {1} ∪ (H + 1).
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Definition 4.2. For p ∈ {∞, ω}, the right A-module morphism

˜︁ : Stemp
T (D,A⊗ℝ2τ

) → C p( ˜︁D,A⊗ℝ2τ−1
)

is defined to associate to each F =
∑︁

K∈P(τ) EKFK the unique element ˜︁F =
∑︁

H∈P(τ−1)
˜︁EH

˜︁FH of 
C p( ˜︁D,A⊗ℝ2τ−1) such that

˜︁FH(α + x1, ˜︁β) = FH+1(α, ∥x1∥, ˜︁β) + (−1)|H| x1

∥x1∥F{1}∪(H+1)(α, ∥x1∥, ˜︁β) (7)

for all (α + x1, ˜︁β) ∈ ˜︁D∗.

We point out that, while formula (7) only defines an element ˜︁F of C p( ˜︁D∗, A ⊗ ℝ2τ−1), Remark 2.37
guarantees that ˜︁F extends to a unique element of C p( ˜︁D,A⊗ℝ2τ−1).

We are now ready to prove that every element f = ℐ(F ) of 𝒮p
T (ΩD, A) is automatically a ˜︁T -function, 

induced by ˜︁F . In the process, we will also prove that ˜︁F is a ˜︁T -stem function.

Proposition 4.3. Fix p ∈ {∞, ω}. The image of Stemp
T (D,A⊗ℝ2τ ) through ˜︁ is contained in Stemp˜︁T ( ˜︁D,A⊗

ℝ2τ−1). Moreover, 𝒮p
T (ΩD, A) is contained in 𝒮p˜︁T (ΩD, A) and the following diagram commutes:

Stemp
T (D,A⊗ℝ2τ ) Stemp˜︁T ( ˜︁D,A⊗ℝ2τ−1)

↺

𝒮p
T (ΩD, A) 𝒮p˜︁T (ΩD, A) .

˜︁

ℐ ℐ

Proof. Fix f = ℐ(F ) ∈ 𝒮p
T (ΩD, A), whence f ∈ C p(ΩD, A) by Proposition 2.39. For our computations, let us 

also fix α ∈ ℝ0,t0 , x
1 ∈ ℝt0+1,t1 ,

˜︁β = (β2, . . . , βτ ) ∈ ℝτ−1 such that (α+x1, ˜︁β) ∈ ˜︁D∗ and let us set ˜︁α := α+x1. 
Fix ˜︁J ∈ ˜︁𝕋 and remark that ˜︁α + ˜︁J ˜︁β = α + x1 + ˜︁J ˜︁β = α + Jβ with J :=

(︂
x1

∥x1∥ ,
˜︁J)︂ ∈ 𝕊t0+1,t1 × ˜︁𝕋 = 𝕋 and 

β := (∥x1∥, ˜︁β) ∈ ℝτ .
Our first task is proving that the restriction of ˜︁F to ˜︁D∗, defined by formula (7), is an element of 

Stemp˜︁T ( ˜︁D∗, A⊗ℝ2τ−1). This can be done as follows. If h ∈ H ∈ P(τ−1), then h+1 ∈ H+1 ⊂ {1}∪(H+1), 
whence

˜︁FH(α + x1, β2, . . . ,−βh+1, . . . , βτ ) = FH+1(α, ∥x1∥, β2, . . . ,−βh+1, . . . , βτ )

+ (−1)|H| x1

∥x1∥F{1}∪(H+1)(α, ∥x1∥, β2, . . . ,−βh+1, . . . , βτ )

= −FH+1(α, ∥x1∥, β2, . . . , βh+1, . . . , βτ )

− (−1)|H| x1

∥x1∥F{1}∪(H+1)(α, ∥x1∥, β2, . . . , βh+1, . . . , βτ )

= − ˜︁FH(α + x1, β2, . . . , βh+1, . . . , βτ ) .

If, instead, h ̸∈ H ∈ P(τ − 1), then h + 1 ̸∈ {1} ∪ (H + 1) ⊃ H + 1, whence
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˜︁FH(α + x1, β2, . . . ,−βh+1, . . . , βτ ) = FH+1(α, ∥x1∥, β2, . . . ,−βh+1, . . . , βτ )

+ (−1)|H| x1

∥x1∥F{1}∪(H+1)(α, ∥x1∥, β2, . . . ,−βh+1, . . . , βτ )

= FH+1(α, ∥x1∥, β2, . . . , βh+1, . . . , βτ )

+ (−1)|H| x1

∥x1∥F{1}∪(H+1)(α, ∥x1∥, β2, . . . , βh+1, . . . , βτ )

= ˜︁FH(α + x1, β2, . . . , βh+1, . . . , βτ ) .

Our second task is proving that f coincides in ˜︁Ω ˜︁D∗
with the ˜︁T -function induced by ˜︁F|˜︂D∗

. Since f = ℐ(F ), 
we have

f(˜︁α + ˜︁J ˜︁β) = f(α + Jβ) =
∑︂

K∈P(τ)

JKFK(α, β) =
∑︂

K∈P(τ)

JKFK(α, ∥x1∥, ˜︁β)

=
∑︂

H∈P(τ−1)

JH+1FH+1(α, ∥x1∥, ˜︁β) +
∑︂

H∈P(τ−1)

J{1}∪(H+1)F{1}∪(H+1)(α, ∥x1∥, ˜︁β)

=
∑︂

H∈P(τ−1)

˜︁JH (︃
FH+1(α, ∥x1∥, ˜︁β) + (−1)|H| x1

∥x1∥F{1}∪(H+1)(α, ∥x1∥, ˜︁β)
)︃

=
∑︂

H∈P(τ−1)

˜︁JH ˜︁FH(α + x1, ˜︁β) =
∑︂

H∈P(τ−1)

˜︁JH ˜︁FH(˜︁α, ˜︁β) .

For the third equality, we used the equality β = (∥x1∥, ˜︁β). The fourth equality follows from Remark 4.1. For 
the fifth equality, we used the indentities JH+1 = ˜︁JH and J{1}∪(H+1) = x1

∥x1∥JH+1 = (−1)|H|JH+1
x1

∥x1∥ =˜︁JH(−1)|H| x1

∥x1∥ , which are consequences of the equality J =
(︂

x1

∥x1∥ ,
˜︁J)︂. The sixth equality follows from 

formula (7). The seventh equality is based on the definition of ˜︁α as α + x1. Since ˜︁J is an arbitrary element 
of ˜︁𝕋 and (˜︁α, ˜︁β) is an arbitrary element of ˜︁D∗, we have indeed proven that f coincides in ˜︁Ω ˜︁D∗

with the ˜︁T -function induced by ˜︁F|˜︂D∗
.

We now conclude the proof with the following argument. We have ˜︁Ω ˜︁D∗
= ΩD′ , where D′ :=

{(α, β1, . . . , βτ ) ∈ D : β1 ̸= 0} is an open dense subset of D. Since f ∈ C p(ΩD, A) is a ˜︁T -function 
when restricted to ˜︁Ω ˜︁D∗

= ΩD′ , Proposition 2.39 guarantees that f ∈ 𝒮p˜︁T (ΩD, A). The element of 
Stemp˜︁T ( ˜︁D,A⊗ℝ2τ−1) inducing f coincides with ˜︁F in ˜︁D∗, whence in ˜︁D by continuity. □

We provide an explicit example.

Example 4.4. Let A = Cℓ(0, 6), V = ℝ7 and T = (0, 3, 6), whence ˜︁T = (3, 6). We already computed in 
Example 2.24 the strongly T -regular polynomial 3𝒯(2,1)(x) = x3

0 + 3x2
0x

2 − 3x0∥x1∥2 + 6x0x
1x2 − 3∥x1∥2x2. 

The computations

3𝒯(2,1)(α + J1β1 + J2β2) = α3 − 3αβ2
1 + J2(3α2 − 3β2

1)β2 + J1J2(6αβ1β2) ,

3𝒯(2,1)(α + x1 + J2β2) = α3 − 3α∥x1∥2 + J2(3α2 − 6αx1 − 3∥x1∥2)β2 ,

show that the T -stem function inducing 3𝒯(2,1) is F (α, β1, β2) = E∅(α3 − 3αβ2
1) + E{2}(3α2 − 3β2

1)β2 +
E{1,2}(6αβ1β2) and that 3𝒯(2,1) is also a ˜︁T -function, induced by the ˜︁T -stem function ˜︁F with ˜︁F (α+x1, β2) =˜︁E∅(α3 − 3α∥x1∥2) + ˜︁E{1}(3α2 − 6αx1 − 3∥x1∥2)β2.
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We point out that, while 3𝒯(2,1) is a ˜︁T -function, it is neither ˜︁T -regular nor ˜︁T -harmonic. Indeed, taking 
into account that ˜︁x0 = x0 + x1 =

∑︁3
s=0 xsvs, ˜︁x1 = x2 =

∑︁6
s=4 xsvs, we get

3 Δ ˜︁T𝒯(2,1)(x) =
3 ∑︂

s=0 
3 ∂2

xs
𝒯(2,1)(x) +

6 ∑︂
s,s′=4

xsxs′

x2
4 + x2

5 + x2
6

3 ∂xs
∂xs′𝒯(2,1)(x)

= 6x0 + 6x2 +
3 ∑︂

s=1 
(−6x0 − 6x2) + 0 = −12x0 − 12x2

for all x ∈ ℝ7 with x2 ̸= 0, whence 3 Δ ˜︁T𝒯(2,1)(x) = −12x0 − 12x2 throughout ℝ7.

For future use, we now wish to compute the iterates of ˜︁. To this end, we set the following notations for 
our fixed τ ∈ ℕ, T = (t0, t1, . . . , tτ ) with 0 ≤ t0 < t1 < . . . < tτ = N , and D ⊆ ℝ0,t0 ×ℝτ .

Definition 4.5. Fix p ∈ {∞, ω}. We define

T1 := ˜︁T = (t1, . . . , tτ ), T2 := ˜︁T1 = (t2, . . . , tτ ), . . . , Tτ := ˜︁Tτ−1 = (tτ ) = (N) ,

as well as

D1 := ˜︁D, D1
∗ := ˜︁D∗, D2 := ˜︂D1, D2

∗ := ˜︁(D1
∗)∗, . . . , D

τ := ˜︂Dτ−1, Dτ
∗ := ˜︂(Dτ−1

∗ )∗ .

For every F ∈ Stemp
T (D,A⊗ℝ2τ ), we set

F 1 := ˜︁F , F 2 := ˜︂F 1, . . . , F τ := ˜︁F τ−1 .

Let us now compute Fσ in terms of F , thus expressing f as a Tσ-function.

Proposition 4.6. Fix p ∈ {∞, ω}, let f = ℐ(F ) ∈ 𝒮p
T (ΩD, A) and σ ∈ {1, . . . , τ}. Then f is the element of 

𝒮p
Tσ

(ΩD, A), induced by Fσ. Moreover, for H ∈ P(τ − σ) fixed,

Fσ
H(α + x1 + . . . + xσ, βσ+1, . . . , βτ ) = FH+σ(α, ∥x1∥, . . . , ∥xσ∥, βσ+1, . . . , βτ )

+
σ∑︂

p=1 

∑︂
1≤k1<...<kp≤σ

(−1)p|H| xk1

∥xk1∥ . . .
xkp

∥xkp∥F{k1,...,kp}∪(H+σ)(α, ∥x1∥, . . . , ∥xσ∥, βσ+1, . . . , βτ )

=
σ∑︂

p=0 

∑︂
1≤k1<...<kp≤σ

(−1)p|H| xk1

∥xk1∥ . . .
xkp

∥xkp∥F{k1,...,kp}∪(H+σ)(α, ∥x1∥, . . . , ∥xσ∥, βσ+1, . . . , βτ )

for all α ∈ ℝ0,t0 , x
1 ∈ ℝt0+1,t1 , . . . , x

σ ∈ ℝtσ−1+1,tσ , (βσ+1, . . . , βτ ) ∈ ℝτ−σ chosen so that (α, ∥x1∥, . . . , 
∥xσ∥, βσ+1, . . . , βτ ) ∈ Dσ

∗ .

Proof. The first statement follows immediately by repeated applications of Proposition 4.3. To prove the 
second statement, we proceed by induction on σ ∈ {1, . . . , τ}. For σ = 1, it suffices to recall that F 1 = ˜︁F
and to apply Definition 4.2. Let us now assume the second statement true for σ and prove it for σ + 1. 
Taking into account that Fσ+1 = ˜︂Fσ and applying Definition 4.2, we get

Fσ+1
H (α + x1 + . . . + xσ+1, βσ+2, . . . , βτ ) = Fσ

H+1(α + x1 + . . . + xσ, ∥xσ+1∥, βσ+2, . . . , βτ )

+ (−1)|H| xσ+1

∥xσ+1∥F
σ
{1}∪(H+1)(α + x1 + . . . + xσ, ∥xσ+1∥, βσ+2, . . . , βτ )
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=
σ∑︂

p=0 

∑︂
1≤k1<...<kp≤σ

(−1)p|H| xk1

∥xk1∥ . . .
xkp

∥xkp∥ ·

· F{k1,...,kp}∪(H+σ+1)(α, ∥x1∥, . . . , ∥xσ∥, ∥xσ+1∥, βσ+2, . . . , βτ )

+ (−1)|H| xσ+1

∥xσ+1∥

σ∑︂
p=0 

∑︂
1≤k1<...<kp≤σ

(−1)p|H|+p xk1

∥xk1∥ . . .
xkp

∥xkp∥ ·

· F{k1,...,kp,σ+1}∪(H+σ+1)(α, ∥x1∥, . . . , ∥xσ∥, ∥xσ+1∥, βσ+2, . . . , βτ )

=
σ∑︂

p=0 

∑︂
1≤k1<...<kp≤σ

(−1)p|H| xk1

∥xk1∥ . . .
xkp

∥xkp∥ ·

· F{k1,...,kp}∪(H+σ+1)(α, ∥x1∥, . . . , ∥xσ∥, ∥xσ+1∥, βσ+2, . . . , βτ )

+
σ∑︂

p=0 

∑︂
1≤k1<...<kp≤σ

(−1)(p+1)|H| xk1

∥xk1∥ . . .
xkp

∥xkp∥
xσ+1

∥xσ+1∥ ·

· F{k1,...,kp,σ+1}∪(H+σ+1)(α, ∥x1∥, . . . , ∥xσ∥, ∥xσ+1∥, βσ+2, . . . , βτ )

=
σ+1∑︂
p=0 

∑︂
1≤k1<...<kp≤σ+1

(−1)p|H| xk1

∥xk1∥ . . .
xkp

∥xkp∥ ·

· F{k1,...,kp}∪(H+σ+1)(α, ∥x1∥, . . . , ∥xσ+1∥, βσ+2, . . . , βτ ) ,

as desired. For the second equality, we took into account that |H + 1| = |H|, that |{1} ∪ (H + 1)| = |H|+ 1
and that ({1} ∪ (H + 1)) + σ = {σ + 1} ∪ (H + σ + 1). For the third equality, we took into account that 
xσ+1 anticommutes with each of xk1 , . . . , xkp . The inductive step and the proof are now concluded. □
Example 4.7. Let A = Cℓ(0, 6), V = ℝ7 and T = (0, 3, 6), whence T1 = ˜︁T = (3, 6), T2 = ˜︂T1 = (6). The 
strongly T -regular polynomial 3𝒯(2,1)(x) = x3

0 +3x2
0x

2 − 3x0∥x1∥2 +6x0x
1x2 − 3∥x1∥2x2 of Example 2.24 is 

a T1-function and, trivially, a T2-function. We point out that 3𝒯(2,1) is neither T2-regular nor T2-harmonic. 
Indeed,

3 ΔT2𝒯(2,1)(x) =
6 ∑︂

s=0 
∂2
xs
𝒯(2,1)(x) = 6x0 + 6x2 +

3 ∑︂
s=1 

(−6x0 − 6x2) + 0 = −12x0 − 12x2

for all x ∈ ℝ7. In other words, 3𝒯(2,1) is neither a monogenic nor a harmonic function ℝ7 → Cℓ(0, 6).

5. A variety of Laplacians of 𝑻 -functions

Let us fix p ∈ {∞, ω}, σ ∈ {1, . . . , τ} and f ∈ 𝒮p
T (ΩD, A). If we refer to the notations set in Definition 4.5, 

we know from Propositions 4.3 and 4.6 that f also belongs to 𝒮p˜︁T (ΩD, A) = 𝒮p
T1

(ΩD, A) and to 𝒮p
Tσ

(ΩD, A). 
The present section computes the effect on f of the operators ΔTσ

: 𝒮2
Tσ

(ΩD, A) → 𝒮0
Tσ

(ΩD, A) and 
∂T1 = ∂ ˜︁T : 𝒮1˜︁T (ΩD, A) → 𝒮0˜︁T (ΩD, A). In both cases, we will prove that the result is still an element of 
𝒮p
T (ΩD, A). While these intermediate results are quite technical, they provide fundamental tools to later 

prove our main theorems.
Studying the operator ΔTσ

: 𝒮p
Tσ

(ΩD, A) → 𝒮p
Tσ

(ΩD, A) is equivalent to studying the operator ΔTσ
:

Stemp
Tσ

(Dσ, A⊗ℝ2τ−σ ) → Stemp
Tσ

(Dσ, A⊗ℝ2τ−σ ) precomposed with the σ-th iterate of ˜︁. In other words: 
for f = ℐ(F ) ∈ 𝒮p

T (ΩD, A), the Tσ-stem function inducing ΔTσ
f is ΔTσ

Fσ, where Fσ is explicitly computed 
in Proposition 4.6. To compute ΔTσ

Fσ, the next result will be handy.
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Proposition 5.1. Fix σ ∈ {1, . . . , τ} and p ∈ ℕ∗ ∪ {∞, ω}. If Φ ∈ C p(D,A), then

Ψ : Dσ → A, (α + x1 + . . . + xσ, βσ+1, . . . , βτ ) ↦→ Φ(α, ∥x1∥, . . . , ∥xσ∥, βσ+1, . . . , βτ )

is a C p−1 map that is C p in Dσ
∗ . Recall that operators ∂α0 , . . . , ∂αt0

, ∂β1 , . . . , ∂βτ
on C p(D,A) have been set 

up in Definition 3.1 and let us use for the analogous operators on C p(Dσ, A) (or on C p(Dσ
∗ , A)) the tempo

rary notation ∂˜︁α0 , . . . , ∂˜︁αtσ
, ∂˜︁β1

, . . . , ∂˜︁βτ−σ
. Now let u ∈ {0, . . . , t0}, v ∈ {1, . . . , σ}, s ∈ {tv−1+1, . . . , tv}, h ∈

{1, . . . , τ − σ}. Then

(∂˜︁αu
Ψ)(α + x1 + . . . + xσ, βσ+1, . . . , βτ ) = (∂αu

Φ)(α, ∥x1∥, . . . , ∥xσ∥, βσ+1, . . . , βτ ) ,

(∂˜︁αs
Ψ)(α + x1 + . . . + xσ, βσ+1, . . . , βτ ) = xs

∥xv∥ (∂βv
Φ)(α, ∥x1∥, . . . , ∥xσ∥, βσ+1, . . . , βτ ) ,

(∂˜︁βh
Ψ)(α + x1 + . . . + xσ, βσ+1, . . . , βτ ) = (∂βh+σ

Φ)(α, ∥x1∥, . . . , ∥xσ∥, βσ+1, . . . , βτ )

for all (α + x1 + . . . + xσ, βσ+1, . . . , βτ ) ∈ Dσ
∗ . If, moreover, p ≥ 2 and if we adopt the temporary notation 

□ :=
∑︁tσ

s=t0+1 ∂
2˜︁αs

, then

(∂2˜︁αu
Ψ)(α + x1 + . . . + xσ, βσ+1, . . . , βτ ) = (∂2

αu
Φ)(α, ∥x1∥, . . . , ∥xσ∥, βσ+1, . . . , βτ ) ,

(□Ψ)(α + x1 + . . . + xσ, βσ+1, . . . , βτ ) =
σ∑︂

v=1 
(∂2

βv
Φ)(α, ∥x1∥, . . . , ∥xσ∥, βσ+1, . . . , βτ )

+
σ∑︂

v=1 

tv − tv−1 − 1
∥xv∥ 

(∂βv
Φ)(α, ∥x1∥, . . . , ∥xσ∥, βσ+1, . . . , βτ ) ,

(∂2˜︁βh
Ψ)(α + x1 + . . . + xσ, βσ+1, . . . , βτ ) = (∂2

βh+σ
Φ)(α, ∥x1∥, . . . , ∥xσ∥, βσ+1, . . . , βτ )

for all (α + x1 + . . . + xσ, βσ+1, . . . , βτ ) ∈ Dσ
∗ . Finally, for all m ∈ ℤ,

∂˜︁αs
∥xv∥m = mxs∥xv∥m−2 ,

□∥xv∥m = m(tv − tv−1 + m− 2)∥xv∥m−2 ,

∂˜︁αs

(︃
xv

∥xv∥m
)︃

= vs ∥xv∥−m −mxv xs∥xv∥−m−2 ,

□
(︃

xv

∥xv∥m
)︃

= m
m + tv−1 − tv

∥xv∥m+2 xv .

Here and throughout the paper, we abuse notation by denoting the map (α+x1+. . .+xσ, βσ+1, . . . , βτ ) ↦→
∥xv∥m simply by ∥xv∥m and the map (α + x1 + . . . + xσ, βσ+1, . . . , βτ ) ↦→ xv

∥xv∥m simply by xv

∥xv∥m .

Proof. The first, third, fourth and sixth formulas are proven by applying Remark 3.2 first to the opera
tors ∂˜︁αu

and ∂˜︁βh
on Ψ, then to the operators ∂αu

and ∂βh+σ
on Φ. The second formula follows from the 

computation

(∂˜︁αs
Ψ)(α + x1 + . . . + xσ, βσ+1, . . . , βτ ) = (∂βv

Φ)(α, ∥x1∥, . . . , ∥xσ∥, βσ+1, . . . , βτ ) ∂˜︁αs
∥xv∥

= xs

∥xv∥ (∂βv
Φ)(α, ∥x1∥, . . . , ∥xσ∥, βσ+1, . . . , βτ ) .

By applying it to the map Φ(α, β) = βm
v , which yields Ψ(α + x1 + . . . + xσ, βσ+1, . . . , βτ ) = ∥xv∥m, we 

obtain the seventh formula. We now compute
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(∂2˜︁αs
Ψ)(α + x1 + . . . + xσ, βσ+1, . . . , βτ ) = ∥xv∥−1(∂βv

Φ)(α, ∥x1∥, . . . , ∥xσ∥, βσ+1, . . . , βτ )

+ xs ∂˜︁αs

(︁
∥xv∥−1)︁ (∂βv

Φ)(α, ∥x1∥, . . . , ∥xσ∥, βσ+1, . . . , βτ )

+ xs ∥xv∥−1(∂2
βv

Φ)(α, ∥x1∥, . . . , ∥xσ∥, βσ+1, . . . , βτ ) ∂˜︁αs
∥xv∥

= x2
s ∥xv∥−2(∂2

βv
Φ)(α, ∥x1∥, . . . , ∥xσ∥, βσ+1, . . . , βτ )

+
(︁
∥xv∥−1 − x2

s∥xv∥−3)︁ (∂βv
Φ)(α, ∥x1∥, . . . , ∥xσ∥, βσ+1, . . . , βτ ) ,

(□Ψ)(α + x1 + . . . + xσ, βσ+1, . . . , βτ ) =
σ∑︂

v=1 
(∂2

βv
Φ)(α, ∥x1∥, . . . , ∥xσ∥, βσ+1, . . . , βτ )

+
σ∑︂

v=1 
(tv − tv−1 − 1)∥xv∥−1(∂βv

Φ)(α, ∥x1∥, . . . , ∥xσ∥, βσ+1, . . . , βτ ) ,

and the fifth formula is proven. By applying it to the map Φ(α, β) = βm
v , we obtain the eighth formula. 

Finally, the computations

∂˜︁αs

(︃
xv

∥xv∥m
)︃

= vs ∥xv∥−m + xv ∂˜︁αs
∥xv∥−m = vs ∥xv∥−m −mxv xs∥xv∥−m−2 ,

∂2˜︁αs

(︃
xv

∥xv∥m
)︃

= vs ∂˜︁αs
∥xv∥−m −mvs xs∥xv∥−m−2 −mxv∥xv∥−m−2 −mxv xs∂˜︁αs

∥xv∥−m−2

= −2mvsxs∥xv∥−m−2 −mxv∥xv∥−m−2 + m(m + 2)xvx2
s∥xv∥−m−4

= m 
∥xv∥m+2

(︃
xv

(︃
(m + 2) x2

s

∥xv∥2 − 1
)︃
− 2vsxs

)︃
,

□
(︃

xv

∥xv∥m
)︃

= m
xv

∥xv∥m+2 (m + 2 + tv−1 − tv − 2) = m(m + tv−1 − tv)
xv

∥xv∥m+2

prove the ninth and tenth formulas. □
We are now ready for the announced computation of ΔTσ

f for f ∈ 𝒮p
T (ΩD, A) with p ∈ {∞, ω}. To fully 

justify the statement, we recall that ΔT preserves 𝒮p
T (ΩD, A).

Theorem 5.2. Fix p ∈ {∞, ω} and σ ∈ {1, . . . , τ}. If f = ℐ(F ) ∈ 𝒮p
T (ΩD, A), then there exists g = ℐ(G) ∈

𝒮p
T (ΩD, A) such that

ΔTσ
f = ΔT f + g ∈ 𝒮p

T (ΩD, A) .

For every K ∈ P(τ), the K-component of G ∈ Stemp
T (D,A⊗ℝ2τ ) fulfills the equality

GK(α, β1, . . . , βτ ) (8)

=
∑︂

v∈{1,...,σ}

tv − tv−1 − 1
βv

(∂βv
FK)(α, β1, . . . , βτ ) +

∑︂
v∈{1,...,σ}∩K

1 + tv−1 − tv
β2
v

FK(α, β1, . . . , βτ ) ,

in D′ := {(α, β1, . . . , βτ ) ∈ D : β1 · · ·βσ ̸= 0}.

Proof. As a first step, we define GK ∈ C p(D′, A) by formula (8) for every K ∈ P(τ), we let G :=∑︁
K∈P(τ) EKGK , and we establish that G ∈ Stemp

T (D′, A ⊗ ℝ2τ ) through the following reasoning. Fix 

(α, β) ∈ D′. First assume h ∈ K, whence FK(α, βh) = −FK(α, β), (∂βh
FK)(α, βh) = (∂βh

FK)(α, β) and 

(∂βv
FK)(α, βh) = −(∂βv

FK)(α, β) for all v ∈ {1, . . . , τ} \ {h}. If h ∈ {1, . . . , σ}, then
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GK(α, βh) = th − th−1 − 1
−βh

(∂βh
FK)(α, β) +

∑︂
v∈{1,...,σ}\{h}

tv − tv−1 − 1
βv

(−∂βv
FK)(α, β)

+
∑︂

v∈{1,...,σ}∩K

1 + tv−1 − tv
β2
v

(−FK(α, β)) = −GK(α, β) ,

while if h ̸∈ {1, . . . , σ}, then

GK(α, βh) =
∑︂

v∈{1,...,σ}

tv − tv−1 − 1
βv

(−∂βv
FK)(α, β) +

∑︂
v∈{1,...,σ}∩K

1 + tv−1 − tv
β2
v

(−FK(α, β))

= −GK(α, β) .

Now assume h ̸∈ K, whence FK(α, βh) = FK(α, β), (∂βh
FK)(α, βh) = (−∂βh

FK)(α, β) and (∂βv
FK)(α, βh) =

(∂βv
FK)(α, β) for all v ∈ {1, . . . , τ} \ {h}. If h ∈ {1, . . . , σ}, then

GK(α, βh) = th − th−1 − 1
−βh

(−∂βh
FK)(α, β) +

∑︂
v∈{1,...,σ}\{h}

tv − tv−1 − 1
βv

(∂βv
FK)(α, β)

+
∑︂

v∈{1,...,σ}∩K

1 + tv−1 − tv
β2
v

FK(α, β) = GK(α, β) ,

while if h ̸∈ {1, . . . , σ}, then

GK(α, βh) =
∑︂

v∈{1,...,σ}

tv − tv−1 − 1
βv

(∂βv
FK)(α, β) +

∑︂
v∈{1,...,σ}∩K

1 + tv−1 − tv
β2
v

FK(α, β)

= GK(α, β) .

We now take a second step. By Proposition 4.6, f ∈ 𝒮p
Tσ

(ΩD, A). Thus, ΔTσ
f ∈ 𝒮p

Tσ
(ΩD, A) ⊂ C p(ΩD, A), 

where the last inclusion follows from Proposition 2.39. As we already mentioned, the Tσ-stem function 
inducing ΔTσ

f is ΔTσ
Fσ ∈ Stemp

Tσ
(Dσ, A⊗ℝ2τ−σ ). For every H ∈ P(τ − σ), we are now in a position to 

compute the H-component of ΔTσ
Fσ as

(ΔTσ
Fσ)H =

(︄
t0∑︂

u=0
∂2˜︁αu

+ □ +
τ−σ∑︂
h=1 

∂2˜︁βh

)︄
Fσ
H .

Here, we have adopted the notations of Proposition 5.1. In Proposition 4.6, we have computed the H
component of Fσ as

Fσ
H(α + x1 + . . . + xσ, βσ+1, . . . , βτ )

=
σ∑︂

p=0 

∑︂
1≤k1<...<kp≤σ

(−1)p|H| xk1

∥xk1∥ . . .
xkp

∥xkp∥F{k1,...,kp}∪(H+σ)(α, ∥x1∥, . . . , ∥xσ∥, βσ+1, . . . , βτ )

in Dσ
∗ . Thus, in the same set Dσ

∗ ,

(ΔTσ
Fσ)H =

σ∑︂
p=0 

∑︂
1≤k1<...<kp≤σ

(−1)p|H|(I + II + III) ,

where I, II, III are specified as follows. Using for {k1, . . . , kp} ∪ (H + σ) the temporary notation K and 
setting Ψ(α + x1 + . . . + xσ, βσ+1, . . . , βτ ) := FK(α, ∥x1∥, . . . , ∥xσ∥, βσ+1, . . . , βτ ),
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I := □
(︃

xk1

∥xk1∥ . . .
xkp

∥xkp∥

)︃
Ψ =

(︃
xk1

∥xk1∥ . . .
xkp

∥xkp∥

)︃ p ∑︂
s=1 

1 + tks−1 − tks

∥xks∥2 Ψ .

For the second equality, we applied Proposition 5.1. Moreover,

II(α + x1 + . . . + xσ, βσ+1, . . . , βτ ) :=

= 2
tσ∑︂

s=t0+1
∂˜︁αs

(︃
xk1

∥xk1∥ . . .
xkp

∥xkp∥

)︃
(∂˜︁αs

Ψ)(α + x1 + . . . + xσ, βσ+1, . . . , βτ )

= 2
p ∑︂

v=1 

tkv∑︂
s=tkv−1+1

xk1

∥xk1∥ . . .

(︃
vs

∥xkv∥ − xkv xs

∥xkv∥3

)︃
. . .

xkp

∥xkp∥
xs

∥xkv∥ (∂βv
FK)(α, ∥x1∥, . . .)

= 2
p ∑︂

v=1 

xk1

∥xk1∥ . . .

(︃
xkv

∥xkv∥2 − xkv ∥xkv∥2

∥xkv∥4

)︃
. . .

xkp

∥xkp∥ (∂βv
FK)(α, ∥x1∥, . . . , ∥xσ∥, βσ+1, . . . , βτ )

≡ 0 ,

where the second equality follows by applying Proposition 5.1 twice. Finally,

III(α + x1 + . . . + xσ, βσ+1, . . . , βτ ) :=

=
(︃

xk1

∥xk1∥ . . .
xkp

∥xkp∥

)︃(︄
t0∑︂

u=0
∂2˜︁αu

Ψ + □Ψ +
τ−σ∑︂
h=1 

∂2˜︁βh
Ψ
)︄

(α + x1 + . . . + xσ, βσ+1, . . . , βτ )

=
(︃

xk1

∥xk1∥ . . .
xkp

∥xkp∥

)︃(︄
t0∑︂

u=0
∂2
αu

FK +
τ∑︂

v=1 
∂2
βv
FK +

σ∑︂
v=1 

tv − tv−1 − 1
∥xv∥ 

∂βv
FK

)︄
(α, ∥x1∥, . . .)

=
(︃

xk1

∥xk1∥ . . .
xkp

∥xkp∥

)︃(︄
(ΔTF )K +

σ∑︂
v=1 

tv − tv−1 − 1
∥xv∥ 

∂βv
FK

)︄
(α, ∥x1∥, . . .) .

For the second equality, we applied again Proposition 5.1. We conclude that

(ΔTσ
Fσ)H(α + x1 + . . . + xσ, βσ+1, . . . , βτ )

=
σ∑︂

p=0 

∑︂
1≤k1<...<kp≤σ

(−1)p|H| xk1

∥xk1∥ . . .
xkp

∥xkp∥ (ΔTF ){k1,...,kp}∪(H+σ)(α, ∥x1∥, . . . , ∥xσ∥, βσ+1, . . .)

+
σ∑︂

p=0 

∑︂
1≤k1<...<kp≤σ

(−1)p|H| xk1

∥xk1∥ . . .
xkp

∥xkp∥G{k1,...,kp}∪(H+σ)(α, ∥x1∥, . . . , ∥xσ∥, βσ+1, . . .)

= (ΔTF )σH(α + x1 + . . . + xσ, βσ+1, . . . , βτ ) + Gσ
H(α + x1 + . . . + xσ, βσ+1, . . . , βτ )

in Dσ
∗ , whence ΔTσ

Fσ equals (ΔTF )σ+Gσ in Dσ
∗ . Equivalently, ΔTσ

f equals in ΩD′ the Tσ-function induced 
by (ΔTF +G)σ, whence the T -function induced by ΔTF +G. Taking into account that ΔTσ

f ∈ C p(ΩD, A), 
Proposition 2.39 guarantees that ΔTσ

f ∈ 𝒮p
T (ΩD, A). Setting g := ΔTσ

f − ΔT f ∈ 𝒮p
T (ΩD, A) yields the 

desired conclusion. □
The following result concerning the effect of ∂ ˜︁T = ∂T1 on a T -function f will be useful to achieve our 

main theorem in the forthcoming Section 7.
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Theorem 5.3. Let p ∈ {∞, ω}. If f = ℐ(F ) ∈ 𝒮p
T (ΩD, A), then there exists g ∈ 𝒮p

T (ΩD, A) such that 
∂ ˜︁T f = ∂T f + (1 + t0 − t1)g and ∂ ˜︁T f = ∂T f + (t1 − t0 − 1)g (whence ∂ ˜︁T f, ∂ ˜︁T f ∈ 𝒮p

T (ΩD, A)). For every 
K ∈ P(τ), the K-component of the function G ∈ Stemp

T (D,A⊗ℝ2τ ) inducing g fulfills the equality

GK(α, β1, . . . , βτ ) =
{︄

β−1
1 F{1}∪K(α, β1, . . . , βτ ) if 1 ̸∈ K

0 if 1 ∈ K
, (9)

in D′ := {(α, β1, . . . , βτ ) ∈ D : β1 ̸= 0}.

Proof. Since f = ℐ(F ) for some T -stem function on D, we know that f is also a ˜︁T -function, induced by 
the ˜︁T -stem function ˜︁F =

∑︁
H∈P(τ−1)

˜︁EH
˜︁FH such that

˜︁FH(α + x1, ˜︁β) = FH+1(α, ∥x1∥, ˜︁β) + (−1)|H| x1

∥x1∥F{1}∪(H+1)(α, ∥x1∥, ˜︁β)

for all α ∈ ℝ0,t0 , x
1 ∈ ℝt0+1,t1 ,

˜︁β ∈ ℝτ−1 such that (α, ∥x1∥, ˜︁β) ∈ D. In particular, ∂ ˜︁T f ∈ 𝒮p˜︁T (ΩD, A) ⊂
C p(ΩD, A). Computing ∂ ˜︁T f corresponds to computing ∂ ˜︁T ˜︁F , where

(∂ ˜︁T ˜︁F )H = ∂
|H|+1˜︁α ˜︁FH +

τ−1 ∑︂
h=1

(−1)σ(h,H)+1∂˜︁βh

˜︁FH
△︁
{h}

= ∂˜︁α0
˜︁FH + (−1)|H|

t1∑︂
s=0 

vs∂˜︁αs
˜︁FH +

τ−1 ∑︂
h=1

(−1)σ(h,H)+1∂˜︁βh

˜︁FH
△︁
{h}

for all H ∈ P(τ − 1) by Definitions 3.1 and 3.4.
Fix H ∈ P(τ − 1). Using Proposition 5.1 in its special case σ = 1, we get

(∂˜︁α0
˜︁FH)(α + x1, ˜︁β) = (∂α0FH+1)(α, ∥x1∥, ˜︁β) + (−1)|H| x1

∥x1∥ (∂α0F{1}∪(H+1))(α, ∥x1∥, ˜︁β) ,

as well as

(−1)|H|
t0∑︂
s=1 

vs(∂˜︁αs
˜︁FH)(α + x1, ˜︁β)

= (−1)|H|
t0∑︂
s=1 

vs(∂αs
FH+1)(α, ∥x1∥, ˜︁β) − x1

∥x1∥

t0∑︂
s=1 

vs(∂αs
F{1}∪(H+1))(α, ∥x1∥, ˜︁β)

= (−1)|H+1|
t0∑︂
s=1 

vs(∂αs
FH+1)(α, ∥x1∥, ˜︁β)

+ (−1)|H| x1

∥x1∥ (−1)|{1}∪(H+1)|
t0∑︂
s=1 

vs(∂αs
F{1}∪(H+1))(α, ∥x1∥, ˜︁β) ,

where we took into account the equalities vs x1

∥x1∥ = − x1

∥x1∥vs (valid for all s ∈ {1, . . . , t0}), |H + 1| = |H|
and |{1} ∪ (H + 1)| = |H| + 1.

Another application of Proposition 5.1 (in its special case σ = 1) gives

τ−1 ∑︂
h=1

(−1)σ(h,H)+1(∂˜︁βh

˜︁FH
△︁
{h})(α + x1, ˜︁β) =

τ∑︂
v=2 

(−1)σ(v−1,H)+1(∂βv
F(H

△︁
{v−1})+1)(α, ∥x1∥, ˜︁β)



32 R. Ghiloni, C. Stoppato / J. Math. Anal. Appl. 564 (2026) 130903 

+ x1

∥x1∥

τ∑︂
v=2 

(−1)σ(v−1,H)+1+|H
△︁
{v−1}|(∂βv

F{1}∪((H
△︁
{v−1})+1))(α, ∥x1∥, ˜︁β)

=
τ∑︂

v=2 
(−1)σ(v,H+1)+1(∂βv

F(H+1)
△︁
{v})(α, ∥x1∥, ˜︁β)

+ (−1)|H| x1

∥x1∥

τ∑︂
v=2 

(−1)σ(v,{1}∪(H+1))+1(∂βv
F({1}∪(H+1))

△︁
{v})(α, ∥x1∥, ˜︁β)

for all (α + x1, ˜︁β) ∈ ˜︁D∗. Here, we used the equalities σ(v − 1, H) = σ(v,H + 1) = σ(v, {1} ∪ (H + 1)) ± 1, 
|H

△︁
{v − 1}| = |H| ± 1, (H

△︁
{v − 1}) + 1 = (H + 1)

△︁
{v} and

{1} ∪ ((H
△︂

{v − 1}) + 1) = {1} ∪ ((H + 1)
△︂

{v}) = ({1} ∪ (H + 1))
△︂

{v} ,

which are valid for all v ∈ {2, . . . , τ}.
We now compute, using again Proposition 5.1 in its special case σ = 1,

(−1)|H|
t1∑︂

s=t0+1
vs(∂˜︁αs

˜︁FH)(α + x1, ˜︁β) = (−1)|H|
t1∑︂

s=t0+1
vs

xs

∥x1∥ (∂β1FH+1)(α, ∥x1∥, ˜︁β)

+
t1∑︂

s=t0+1
vs

(︃
vs

∥x1∥ − xs x
1

∥x1∥3

)︃
F{1}∪(H+1)(α, ∥x1∥, ˜︁β)

+
t1∑︂

s=t0+1
vs

xsx
1

∥x1∥2 (∂β1F{1}∪(H+1))(α, ∥x1∥, ˜︁β)

= (−1)|H| x1

∥x1∥ (∂β1F({1}∪(H+1))
△︁
{1})(α, ∥x1∥, ˜︁β) + 1 + t0 − t1

∥x1∥ 
F{1}∪(H+1)(α, ∥x1∥, ˜︁β)

− (∂β1F(H+1)
△︁
{1})(α, ∥x1∥, ˜︁β)

= (−1)σ(1,H+1)+1(∂β1F(H+1)
△︁
{1})(α, ∥x1∥, ˜︁β)

+ (−1)|H| x1

∥x1∥ (−1)σ(1,{1}∪(H+1))+1 (∂β1F({1}∪(H+1))
△︁
{1})(α, ∥x1∥, ˜︁β)

+ 1 + t0 − t1
∥x1∥ 

F{1}∪(H+1)(α, ∥x1∥, ˜︁β) .

For the second equality, we took into account that 
∑︁t1

s=t0+1 v
2
s = (t1 − t0)(−1) = t0 − t1 and that ∑︁t1

s=t0+1
vsxsx

1

∥x1∥2 = x1

∥x1∥
x1

∥x1∥ = −1. For the third equality, we used the identities −1 = (−1)σ(1,H+1)+1, 1 =
(−1)σ(1,{1}∪(H+1))+1.

Now let us sum up the four parts we computed: taking into account (for both K = H + 1 and K =
{1} ∪ (H + 1)) the formula

(∂TF )K = ∂α0FK + (−1)|K|
t0∑︂
s=1 

vs ∂αs
FK +

τ∑︂
h=1

(−1)σ(h,K)+1∂βh
FK

△︁
{h} ,

we get

(∂ ˜︁T ˜︁F )H(α + x1, ˜︁β) = (∂TF )H+1(α, ∥x1∥, ˜︁β) + (−1)|H| x1

∥x1∥ (∂TF ){1}∪(H+1)(α, ∥x1∥, ˜︁β)
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+ 1 + t0 − t1
∥x1∥ 

F{1}∪(H+1)(α, ∥x1∥, ˜︁β)

= ˜︂(∂TF )H(α + x1, ˜︁β) + 1 + t0 − t1
∥x1∥ 

F{1}∪(H+1)(α, ∥x1∥, ˜︁β) .

If we define G :=
∑︁

K∈P(τ) EKGK in D′ according to (9), then G ∈ Stemp
T (D′, A ⊗ ℝ2τ ) thanks to the 

following remarks, valid for K ∈ P(τ), h ∈ {2, . . . , τ}, (α, β) ∈ D′: if 1 ∈ K, then GK(α, β1), GK(α, βh)
and GK(α, β) all vanish; if 1 ̸∈ K, then

GK(α, β1) = (−β1)−1F{1}∪K(α, β1) = β−1
1 F{1}∪K(α, β) = GK(α, β) ,

GK(α, βh) = β−1
1 F{1}∪K(α, βh) = β−1

1 F{1}∪K(α, β) = GK(α, β) if h ̸∈ K ,

GK(α, βh) = β−1
1 F{1}∪K(α, βh) = −β−1

1 F{1}∪K(α, β) = −GK(α, β) if h ∈ K .

Using (9), we now compute

˜︁GH(α + x1, ˜︁β) = GH+1(α, ∥x1∥, ˜︁β) + (−1)|H| x1

∥x1∥G{1}∪(H+1)(α, ∥x1∥, ˜︁β)

= ∥x1∥−1F{1}∪(H+1)(α, ∥x1∥, ˜︁β) + 0

in D′ and conclude that ∂ ˜︁T ˜︁F = ˜︂(∂TF )+ (1+ t0 − t1) ˜︁G in D′. Since ∂ ˜︁T f is the ˜︁T -function induced by ∂ ˜︁T ˜︁F , 
we conclude that ∂ ˜︁T f coincides in ΩD′ with the T -function induced by ∂TF + (1 + t0 − t1)G. Taking into 
account that ∂ ˜︁T f ∈ C p(ΩD, A), Proposition 2.39 yields that ∂ ˜︁T f ∈ 𝒮p

T (ΩD, A). Choosing g ∈ 𝒮p
T (ΩD, A)

so that (1 + t0 − t1)g = ∂ ˜︁T f − ∂T f yields the desired conclusion.
Running through the proof with appropriate sign changes proves that ∂ ˜︁Tf = ∂T f + (t1 − t0 − 1)g, as 

desired. □
In case t1 = t0 + 1, Theorem 5.3 yields that ∂ ˜︁T = ∂T and ∂ ˜︁T = ∂T , consistently with Proposition 2.18. 

Let us now compare ∂ ˜︁T to ∂T in an explicit example.

Example 5.4. Let A = Cℓ(0, 6), V = ℝ7 and T = (0, 3, 6). We already computed in Example 2.24 the 
strongly T -regular polynomial 3𝒯(2,1)(x) = x3

0 + 3x2
0x

2 − 3x0∥x1∥2 + 6x0x
1x2 − 3∥x1∥2x2. We also saw 

in Example 4.4 that the T -stem function inducing 3𝒯(2,1) is F (α, β1, β2) = E∅(α3 − 3αβ2
1) + E{2}(3α2 −

3β2
1)β2 + E{1,2}(6αβ1β2). We know by construction that 3∂T𝒯(2,1) ≡ 0. Using Proposition 3.13 and taking 

into account that ˜︁x0 = x0 + x1 and ˜︁x1 = x0 + x2, we compute

3∂ ˜︁T𝒯(2,1) = 3∂x0𝒯(2,1)(x) + 3
3 ∑︂

s=1 
es∂xs

𝒯(2,1)(x) + 3 x2

∥x2∥2

6 ∑︂
s=4 

xs ∂xs
𝒯(2,1)(x)

= 3x2
0 + 6x0x

2 − 3∥x1∥2 + 6x1x2 +
3 ∑︂

s=1 
es

(︁
−6x0xs + 6x0esx

2 − 6xsx
2)︁

+ x2

∥x2∥2

6 ∑︂
s=4 

xs

(︁
3x2

0es + 6x0x
1es − 3∥x1∥2es

)︁
= 3x2

0 + 6x0x
2 − 3∥x1∥2 + 6x1x2 − 6x0x

1 + 6x0(−3)x2 − 6x1x2

+ x2

∥x2∥2

(︁
3x2

0x
2 + 6x0x

1x2 − 3∥x1∥2x2)︁
= 3x2

0 − 12x0x
2 − 3∥x1∥2 − 6x0x

1 − 3x2
0 + 6x0x

1 + 3∥x1∥2 = −12x0x
2



34 R. Ghiloni, C. Stoppato / J. Math. Anal. Appl. 564 (2026) 130903 

Now, taking into account that F1 ≡ 0 and F{1,2}(α, β1, β2) = 6αβ1β2, we have

G(α, β1, β2) = E{1,2}β
−1
1 6αβ1β2 = E{1,2}6αβ2 ,

whence g(x) = 6x0x
2. The function 3∂T𝒯(2,1)(x) + (1 + 3 − 6)g(x) = −2g(x) = −12x0x

2 coincides with 
3∂ ˜︁T𝒯(2,1) by Theorem 5.3 or by direct inspection.

6. Iterates of the ˜︁𝑻 -Laplacian on 𝑻 -harmonic 𝑻 -functions

We now wish to study the effect on a T -harmonic T -function f of the iterates of Δ ˜︁T : 𝒮2˜︁T (ΩD, A) →
𝒮0˜︁T (ΩD, A). This is equivalent to studying the effect of the iterates of Δ ˜︁T : Stem2˜︁T ( ˜︁D,A ⊗ ℝ2τ ) →
Stem0˜︁T ( ˜︁D,A⊗ℝ2τ ) on ˜︁F for any T -stem function F belonging to the kernel of ΔT : Stem2

T (D,A⊗ℝ2τ ) →
Stem0

T (D,A⊗ℝ2τ ).
We begin with a useful definition and some related properties.

Definition 6.1. We define b−1,−1 := 1. For every n ∈ ℕ, we define bn,−1 := 0 and, for every ℓ ∈ {0, . . . , n}

bn,ℓ := (−1)n+ℓ

2n−ℓ

(2n− ℓ)! 
ℓ!(n− ℓ)! .

We point out that (−1)n+ℓbn,ℓ are the coefficients of the reverse Bessel polynomial, see [32, page 6]. The 
next properties will be useful.

Lemma 6.2. If n ∈ ℕ, then the following properties hold true:

bn,n = 1 ,

bn+1,ℓ = (ℓ− 2n− 1)bn,ℓ + bn,ℓ−1 if 0 ≤ ℓ ≤ n ,

bn−1,ℓ−1 = bn,ℓ + (ℓ + 1)bn,ℓ+1 if 0 ≤ ℓ ≤ n− 1 ,

ℓ(ℓ− 2n− 1)bn,ℓ + 2(ℓ− n− 1)bn,ℓ−1 = 0 if 0 ≤ ℓ ≤ n .

Proof. By direct computation,

bn,n = (−1)2n

20
(n)! 
n! 0! = 1 .

Moreover,

(ℓ− 2n− 1)bn,ℓ + bn,ℓ−1

= (ℓ− 2n− 1)(−1)n+ℓ

2n−ℓ

(2n− ℓ)! 
ℓ!(n− ℓ)! + (−1)n+ℓ−1

2n−ℓ+1
(2n− ℓ + 1)! 

(ℓ− 1)!(n− ℓ + 1)!

= (−1)n+1+ℓ

2n+1−ℓ

(2n + 1 − ℓ)! 
ℓ!(n + 1 − ℓ)! (2(n + 1 − ℓ) + ℓ)

= (−1)n+1+ℓ

2n+1−ℓ

(2n + 2 − ℓ)! 
ℓ!(n + 1 − ℓ)! = bn+1,ℓ

for 1 ≤ ℓ ≤ n and

(−2n− 1)bn,0 + bn,−1 = (−2n− 1)(−1)n

2n
(2n)!
n! = (−1)n+1

2n
(2n + 1)!

n! = (−1)n+1

2n+1
(2n + 2)!
(n + 1)! = bn+1,0
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for the case ℓ = 0. Additionally,

bn,ℓ + (ℓ + 1)bn,ℓ+1

(−1)n+ℓ

2n−ℓ

(2n− ℓ)! 
ℓ!(n− ℓ)! + (ℓ + 1)(−1)n+ℓ+1

2n−ℓ−1
(2n− ℓ− 1)! 

(ℓ + 1)!(n− ℓ− 1)!

= (−1)n+ℓ

2n−ℓ

(2n− ℓ− 1)!
ℓ!(n− ℓ)! (2n− ℓ− 2(n− ℓ))

= (−1)n+ℓ

2n−ℓ

(2n− ℓ− 1)! 
(ℓ− 1)!(n− ℓ)!

= (−1)n−1+ℓ−1

2n−1−(ℓ−1)
(2(n− 1) − (ℓ− 1))! 

(ℓ− 1)!(n− 1 − (ℓ− 1))! = bn−1,ℓ−1 ,

provided n ≥ 1. Finally,

ℓ(ℓ− 2n− 1)bn,ℓ + 2(ℓ− n− 1)bn,ℓ−1

= ℓ(ℓ− 2n− 1)(−1)n+ℓ

2n−ℓ

(2n− ℓ)! 
ℓ!(n− ℓ)! + 2(ℓ− n− 1)(−1)n+ℓ−1

2n−ℓ+1
(2n− ℓ + 1)! 

(ℓ− 1)!(n− ℓ + 1)!

= − (−1)n+ℓ

2n−ℓ

(2n + 1 − ℓ)! 
(ℓ− 1)!(n− ℓ)! + (−1)n+ℓ

2n−ℓ

(2n− ℓ + 1)! 
(ℓ− 1)!(n− ℓ)! = 0 . □

Let f ∈ 𝒮2
T (ΩD, A) and assume ΔT f ≡ 0. We are now ready for the announced study of the effect of the 

iterates of Δ ˜︁T on f . We recall that, by Remark 3.11, f automatically belongs to 𝒮ω
T (ΩD, A) ⊂ C ω(ΩD, A).

Theorem 6.3. Let f belong to the kernel of ΔT : 𝒮2
T (ΩD, A) → 𝒮0

T (ΩD, A).

1. Assume t1 − t0 to be an even natural number. For any n ∈ ℕ there exists a unique element f [n] ∈
𝒮ω
T (ΩD, A) such that

Δn˜︁T f = f [n]
n ∏︂

ℓ=1

(t1 − t0 − 2ℓ + 1) .

2. Assume t1 − t0 to be an odd natural number 2n1 + 1. Then Δn˜︁T f ≡ 0 in ΩD for all n > n1. For any 

n ≤ n1, there exists a unique element f [n] ∈ 𝒮ω
T (ΩD, A) such that

Δn˜︁T f = f [n]
n ∏︂

ℓ=1

(t1 − t0 − 2ℓ + 1) .

The T -stem function F [n] ∈ Stemω
T (D,A ⊗ ℝ2τ ) inducing f [n] (whenever the latter is defined) has the 

following property: given K ∈ P(τ),

F
[n]
K (α, β) =

⎧⎨⎩
∑︁n

ℓ=0
bn−1,ℓ−1

β2n−ℓ
1

(∂ℓ
β1
FK)(α, β) if 1 ̸∈ K∑︁n

ℓ=0
bn,ℓ

β2n−ℓ
1

(∂ℓ
β1
FK)(α, β) if 1 ∈ K

(10)

in D′ := {(α, β) ∈ D : β1 ̸= 0}.

Proof. Our proof is by induction on n.
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For n = 0, the thesis follows by setting f [0] := f and F [0] := F , if we take into account that b−1,−1 =
1 = b0,0.

Now let us deal with the inductive step from n to n + 1. This step is trivial if t1 − t0 is an odd natural 
number 2n1 +1 and n > n1. In all other cases, the inductive hypothesis is that there exists f [n] = ℐ(F [n]) ∈
𝒮ω
T (ΩD, A) with F [n] fulfilling condition (10) in D′ and that Δn˜︁T f = f [n] ∏︁n

ℓ=1(t1 − t0 − 2ℓ+ 1). Let F [n+1]

denote the element of Stemω
T (D′, A ⊗ ℝ2τ ) defined by (the n + 1 instance of) formula (10): we claim that 

Δ ˜︁T ˜︁F [n] = (t1− t0−2n−1) ˜︁F [n+1] in ˜︁D∗. Our claim implies that Δ ˜︁T f [n] = (t1− t0−2n−1) f [n+1] in ΩD′ , if 
f [n+1] denotes the element of 𝒮ω

T (ΩD′ , A) induced by F [n+1]. Thus, Δn+1˜︁T f = Δ ˜︁T f [n] ∏︁n
ℓ=1(t1−t0−2ℓ+1) is 

an element of C ω(ΩD, A) whose restriction to ΩD′ is the T -function (t1−t0−2n−1) f [n+1]. Proposition 2.39
yields that Δn+1˜︁T f ∈ 𝒮ω

T (ΩD, A). In case t1 − t0 = 2n + 1, it follows that Δn+1˜︁T f ≡ 0 in ΩD, as desired. If, 

instead, t1 − t0 ̸= 2n + 1, then T -stem function inducing 
Δn+1˜︂T f 

t1−t0−2n−1 coincides with F [n+1] in D′; we still 
denote it by F [n+1]. Since ℐ(F [n+1]) coincides with f [n+1] in ΩD′ , we still denote it by f [n+1]. It follows that

Δn+1˜︁T f = Δ ˜︁T f [n]
n ∏︂

ℓ=1

(t1 − t0 − 2ℓ + 1) = f [n+1]
n+1∏︂
ℓ=1 

(t1 − t0 − 2ℓ + 1) ,

as desired.
We are left with proving our claim that Δ ˜︁T ˜︁F [n] = (t1 − t0 − 2n− 1) ˜︁F [n+1] in ˜︁D∗. From formula (10) and 

Definition 4.2, we get ˜︁F [n] :=
∑︁

H∈P(τ−1)
˜︁F [n]
H EH with

˜︁F [n]
H (α + x1, ˜︁β) := (11)
n ∑︂

ℓ=0 

(︃
bn−1,ℓ−1

∥x1∥2n−ℓ
(∂ℓ

β1
FH+1)(α, ∥x1∥, ˜︁β) + (−1)|H| bn,ℓ x

1

∥x1∥2n+1−ℓ
(∂ℓ

β1
F{1}∪(H+1))(α, ∥x1∥, ˜︁β)

)︃

for all H ∈ P(τ − 1), α ∈ ℝ0,t0 , x
1 ∈ ℝt0+1,t1 ,

˜︁β ∈ ℝτ−1 such that (α + x1, ˜︁β) ∈ ˜︁D∗. By Definition 3.4 and 
Remark 3.3, for all H ∈ P(τ − 1) we have

(Δ ˜︁T ˜︁F [n])H =
t1∑︂
s=0 

∂2˜︁αs
˜︁F [n]
H +

τ−1 ∑︂
h=1

∂2˜︁βh

˜︁F [n]
H .

Using Proposition 5.1 in its special case σ = 1, we get

t0∑︂
s=0 

(︂
∂2˜︁αs

˜︁F [n]
H

)︂
(α + x1, ˜︁β) =

n ∑︂
ℓ=0 

bn−1,ℓ−1

∥x1∥2n−ℓ

(︄
∂ℓ
β1

t0∑︂
s=0 

∂2
αs
FH+1

)︄
(α, ∥x1∥, ˜︁β)

+ (−1)|H|
n ∑︂

ℓ=0 

bn,ℓ x
1

∥x1∥2n+1−ℓ

(︄
∂ℓ
β1

t0∑︂
s=0 

∂2
αs
F{1}∪(H+1)

)︄
(α, ∥x1∥, ˜︁β)

and

τ−1 ∑︂
h=1

(∂2˜︁βh

˜︁F [n]
H )(α + x1, ˜︁β) =

n ∑︂
ℓ=0 

bn−1,ℓ−1

∥x1∥2n−ℓ

(︄
∂ℓ
β1

τ∑︂
u=2

∂2
βu
FH+1

)︄
(α, ∥x1∥, ˜︁β)

+ (−1)|H|
n ∑︂

ℓ=0 

bn,ℓ x
1

∥x1∥2n+1−ℓ

(︄
∂ℓ
β1

τ∑︂
u=2

∂2
βu
F{1}∪(H+1)

)︄
(α, ∥x1∥, ˜︁β)

in ˜︁D∗. Now, 0 ≡ (ΔTF )K =
∑︁t0

s=0 ∂
2
αs
FK +

∑︁τ
u=1 ∂

2
βu
FK implies 

∑︁t0
s=0 ∂

2
αs
FK +

∑︁τ
u=2 ∂

2
βu
FK = −∂2

β1
FK

for all K ∈ P(τ). We conclude that
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t0∑︂
s=0 

(∂2˜︁αs
˜︁F [n]
H )(α + x1, ˜︁β) +

τ−1 ∑︂
h=1

(∂2˜︁βh

˜︁F [n]
H )(α + x1, ˜︁β) = I + (−1)|H|II , (12)

I := −
n ∑︂

ℓ=0 

bn−1,ℓ−1

∥x1∥2n−ℓ
(∂ℓ+2

β1
FH+1)(α, ∥x1∥, ˜︁β) ,

II := −
n ∑︂

ℓ=0 

bn,ℓ x
1

∥x1∥2n+1−ℓ
(∂ℓ+2

β1
F{1}∪(H+1))(α, ∥x1∥, ˜︁β)

in ˜︁D∗. We must now compute 
∑︁t1

s=t0+1 ∂
2˜︁αs

˜︁F [n]
H , which is the same as □ ˜︁F [n]

H in the notation of Proposition 5.1
(case σ = 1). Thus,

t1∑︂
s=t0+1

∂2˜︁αs
˜︁F [n]
H = □ ˜︁F [n]

H =
n ∑︂

ℓ=0 
bn−1,ℓ−1 □(∥x1∥ℓ−2n Ψℓ) + (−1)|H|

n ∑︂
ℓ=0 

bn,ℓ □
(︃

x1

∥x1∥2n+1−ℓ
Ξℓ

)︃

where

Ψℓ(α + x1, ˜︁β) := (∂ℓ
β1
FH+1)(α, ∥x1∥, ˜︁β) ,

Ξℓ(α + x1, ˜︁β) := (∂ℓ
β1
F{1}∪(H+1))(α, ∥x1∥, ˜︁β) .

For pur computation, let us start with single ingredients. Using Proposition 5.1 with σ = 1 = m, we compute

□(︂
∥x1∥ℓ−2n Ψℓ(α + x1, ˜︁β)

)︂
=

(︁□∥x1∥ℓ−2n)︁Ψℓ(α + x1, ˜︁β)

+ ∥x1∥ℓ−2n (□Ψℓ)(α + x1, ˜︁β) + 2
t1∑︂

s=t0+1

(︁
∂˜︁αs

∥x1∥ℓ−2n)︁ (∂˜︁αs
Ψℓ)(α + x1, ˜︁β)

= (ℓ− 2n)(t1 − t0 + ℓ− 2n− 2) ∥x1∥ℓ−2n−2 (∂ℓ
β1
FH+1)(α, ∥x1∥, ˜︁β)

+ ∥x1∥ℓ−2n
(︃
t1 − t0 − 1

∥x1∥ 
(∂ℓ+1

β1
FH+1)(α, ∥x1∥, ˜︁β) + (∂ℓ+2

β1
FH+1)(α, ∥x1∥, ˜︁β)

)︃

+ 2
t1∑︂

s=t0+1
(ℓ− 2n) xs ∥x1∥ℓ−2n−2 xs

∥x1∥ (∂ℓ+1
β1

FH+1)(α, ∥x1∥, ˜︁β)

= (ℓ− 2n)(t1 − t0 + ℓ− 2n− 2) ∥x1∥ℓ−2n−2 (∂ℓ
β1
FH+1)(α, ∥x1∥, ˜︁β)

+ (t1 − t0 − 1 + 2ℓ− 4n) ∥x1∥ℓ−2n−1 (∂ℓ+1
β1

FH+1)(α, ∥x1∥, ˜︁β)

+ ∥x1∥ℓ−2n (∂ℓ+2
β1

FH+1)(α, ∥x1∥, ˜︁β)

Using the temporary notation K for {1} ∪ (H + 1), Proposition 5.1 (with σ = 1 = m) also allows the 
following computation:

□
(︃

x1

∥x1∥2n+1−ℓ
Ξℓ(α + x1, ˜︁β)

)︃
= □

(︃
x1

∥x1∥2n+1−ℓ

)︃
Ξℓ(α + x1, ˜︁β)

+ x1

∥x1∥2n+1−ℓ
(□Ξℓ)(α + x1, ˜︁β) + 2

t1∑︂
s=t0+1

(︃
∂˜︁αs

x1

∥x1∥2n+1−ℓ

)︃
(∂˜︁αs

Ξℓ)(α + x1, ˜︁β)

= (2n + 1 − ℓ)(2n + 1 − ℓ + t0 − t1)
x1

∥x1∥2n+3−ℓ
(∂ℓ

β1
FK)(α, ∥x1∥, ˜︁β)
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+ x1

∥x1∥2n+1−ℓ

(︃
t1 − t0 − 1

∥x1∥ 
(∂ℓ+1

β1
FK)(α, ∥x1∥, ˜︁β) + (∂ℓ+2

β1
FK)(α, ∥x1∥, ˜︁β)

)︃

+ 2
t1∑︂

s=t0+1

vs + (ℓ− 2n− 1)x1 xs∥x1∥−2

∥x1∥2n+1−ℓ

xs

∥x1∥ (∂ℓ+1
β1

FK)(α, ∥x1∥, ˜︁β)

= (2n + 1 − ℓ)(2n + 1 − ℓ + t0 − t1)
x1

∥x1∥2n+3−ℓ
(∂ℓ

β1
FK)(α, ∥x1∥, ˜︁β)

+ (t1 − t0 − 1 + 2ℓ− 4n) x1

∥x1∥2n+2−ℓ
(∂ℓ+1

β1
FK)(α, ∥x1∥, ˜︁β)

+ x1

∥x1∥2n+1−ℓ
(∂ℓ+2

β1
FK)(α, ∥x1∥, ˜︁β) .

It follows that

t1∑︂
s=t0+1

(∂2˜︁αs
˜︁F [n]
H )(α + x1, ˜︁β) = □ ˜︁F [n]

H (α + x1, ˜︁β) = III + (−1)|H|IV , (13)

III :=
n ∑︂

ℓ=0 
bn−1,ℓ−1

(︂
(ℓ− 2n)(t1 − t0 + ℓ− 2n− 2) ∥x1∥ℓ−2n−2 (∂ℓ

β1
FH+1)(α, ∥x1∥, ˜︁β)

+ (t1 − t0 − 1 + 2ℓ− 4n) ∥x1∥ℓ−2n−1 (∂ℓ+1
β1

FH+1)(α, ∥x1∥, ˜︁β)

+ ∥x1∥ℓ−2n (∂ℓ+2
β1

FH+1)(α, ∥x1∥, ˜︁β)
)︂
,

IV :=
n ∑︂

ℓ=0 
bn,ℓ

(︂
(2n + 1 − ℓ)(2n + 1 − ℓ + t0 − t1)

x1

∥x1∥2n+3−ℓ
(∂ℓ

β1
F{1}∪(H+1))(α, ∥x1∥, ˜︁β)

+ (t1 − t0 − 1 + 2ℓ− 4n) x1

∥x1∥2n+2−ℓ
(∂ℓ+1

β1
F{1}∪(H+1))(α, ∥x1∥, ˜︁β)

+ x1

∥x1∥2n+1−ℓ
(∂ℓ+2

β1
F{1}∪(H+1))(α, ∥x1∥, ˜︁β)

)︂
in ˜︁D∗. Summing (12) and (13), we conclude that

(Δ ˜︁T ˜︁F [n])H(α + x1, ˜︁β) = I + III + (−1)|H|(II + IV ) .

Now,

I + III =
n ∑︂

ℓ=0 
bn−1,ℓ−1(ℓ− 2n)(t1 − t0 + ℓ− 2n− 2) ∥x1∥ℓ−2n−2 (∂ℓ

β1
FH+1)(α, ∥x1∥, ˜︁β)

+
n ∑︂

ℓ=0 
bn−1,ℓ−1(t1 − t0 − 1 + 2ℓ− 4n) ∥x1∥ℓ−2n−1 (∂ℓ+1

β1
FH+1)(α, ∥x1∥, ˜︁β)

=
n ∑︂

ℓ=0 
bn−1,ℓ−1(ℓ− 2n)(t1 − t0 + ℓ− 2n− 2) ∥x1∥ℓ−2n−2 (∂ℓ

β1
FH+1)(α, ∥x1∥, ˜︁β)

+
n+1 ∑︂
m=1

bn−1,m−2(t1 − t0 + 2m− 4n− 3) ∥x1∥m−2n−2 (∂m
β1
FH+1)(α, ∥x1∥, ˜︁β) ,

where we set m := ℓ + 1. Using the identities bn−1,−1(−2n) = 0, bn−1,n−1 = 1, we find that
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I + III =
n ∑︂

ℓ=1 

(︂
(t1 − t0 − 2n− 1) ((ℓ− 2n)bn−1,ℓ−1 + bn−1,ℓ−2) + (ℓ− 1)(ℓ− 2n)bn−1,ℓ−1

+ 2(ℓ− n− 1)bn−1,ℓ−2

)︂
∥x1∥ℓ−2n−2 (∂ℓ

β1
FH+1)(α, ∥x1∥, ˜︁β)

+ (t1 − t0 − 2n− 1) ∥x1∥−n−1 (∂n+1
β1

FH+1)(α, ∥x1∥, ˜︁β)

= (t1 − t0 − 2n− 1)
n ∑︂

ℓ=1 
bn,ℓ−1∥x1∥ℓ−2n−2 (∂ℓ

β1
FH+1)(α, ∥x1∥, ˜︁β)

+ (t1 − t0 − 2n− 1) bn,n ∥x1∥−n−1 (∂n+1
β1

FH+1)(α, ∥x1∥, ˜︁β)

= (t1 − t0 − 2n− 1)
n+1∑︂
ℓ=0 

bn,ℓ−1∥x1∥ℓ−2n−2 (∂ℓ
β1
FH+1)(α, ∥x1∥, ˜︁β) .

For the second equality, we applied Lemma 6.2 and the identity 1 = bn,n. For the third equality, we used 
the identity bn,−1 = 0. Similarly,

II + IV =
n ∑︂

ℓ=0 
bn,ℓ(2n + 1 − ℓ)(2n + 1 − ℓ + t0 − t1)

x1

∥x1∥2n+3−ℓ
(∂ℓ

β1
F{1}∪(H+1))(α, ∥x1∥, ˜︁β)

+
n ∑︂

ℓ=0 
bn,ℓ(t1 − t0 − 1 + 2ℓ− 4n) x1

∥x1∥2n+2−ℓ
(∂ℓ+1

β1
F{1}∪(H+1))(α, ∥x1∥, ˜︁β)

=
n ∑︂

ℓ=0 
bn,ℓ(2n + 1 − ℓ)(2n + 1 − ℓ + t0 − t1)

x1

∥x1∥2n+3−ℓ
(∂ℓ

β1
F{1}∪(H+1))(α, ∥x1∥, ˜︁β)

+
n+1 ∑︂
m=1

bn,m−1(t1 − t0 + 2m− 4n− 3) x1

∥x1∥2n+3−m
(∂m

β1
F{1}∪(H+1))(α, ∥x1∥, ˜︁β) ,

where we set m := ℓ + 1. Using the identities bn,−1 = 0, bn,n = 1,

II + IV =
n ∑︂

ℓ=0 

(︂
(t1 − t0 − 2n− 1) ((ℓ− 2n− 1)bn,ℓ + bn,ℓ−1)

+ ℓ(ℓ− 2n− 1)bn,ℓ + 2(ℓ− n− 1)bn,ℓ−1

)︂ x1

∥x1∥2n+3−ℓ
(∂ℓ

β1
F{1}∪(H+1))(α, ∥x1∥, ˜︁β)

+ (t1 − t0 − 2n− 1) x1

∥x1∥n+2 (∂n+1
β1

F{1}∪(H+1))(α, ∥x1∥, ˜︁β)

= (t1 − t0 − 2n− 1)
n ∑︂

ℓ=0 
bn+1,ℓ

x1

∥x1∥2n+3−ℓ
(∂ℓ

β1
F{1}∪(H+1))(α, ∥x1∥, ˜︁β)

+ (t1 − t0 − 2n− 1) bn+1,n+1
x1

∥x1∥n+2 (∂n+1
β1

F{1}∪(H+1))(α, ∥x1∥, ˜︁β)

= (t1 − t0 − 2n− 1)
n+1∑︂
ℓ=0 

bn+1,ℓ
x1

∥x1∥2n+3−ℓ
(∂ℓ

β1
F{1}∪(H+1))(α, ∥x1∥, ˜︁β) .

For the second equality, we applied Lemma 6.2 and the identity 1 = bn+1,n+1. We conclude that

(Δ ˜︁T ˜︁F [n])H(α + x1, ˜︁β) = (t1 − t0 − 2n− 1)
n+1∑︂
ℓ=0 

bn,ℓ−1∥x1∥ℓ−2n−2 (∂ℓ
β1
FH+1)(α, ∥x1∥, ˜︁β)
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+ (−1)|H|(t1 − t0 − 2n− 1)
n+1∑︂
ℓ=0 

bn+1,ℓ
x1

∥x1∥2n+3−ℓ
(∂ℓ

β1
F{1}∪(H+1))(α, ∥x1∥, ˜︁β)

= (t1 − t0 − 2n− 1) ˜︁F [n+1](α + x1, ˜︁β)

in ˜︁D∗. This establishes our claim and completes the proof. □
Let us provide an explicit example.

Example 6.4. Let A = Cℓ(0, 6), V = ℝ7 and T = (0, 3, 6), whence ˜︁T = (3, 6). For the strongly T -regular 
polynomial 𝒯(3,2)(x), we computed in Example 2.24 the expression

10𝒯(3,2)(x) = 3𝒯(1,2)(x)(x2
0 + 2x0x

1 − ∥x1∥2) + 3𝒯(2,1)(x)(2x0x
1 + 2x0x

2 − 2x1x2)

+ 𝒯(3,0)(x)(x2
0 − 2x0x

2 − ∥x2∥2) .

The same example obtained the expressions

3𝒯(1,2)(x) = x3
0 + 3x2

0x
1 − 6x0x

1x2 − 3x0∥x2∥2 − 3x1∥x2∥2 ,

3𝒯(2,1)(x) = x3
0 + 3x2

0x
2 − 3x0∥x1∥2 + 6x0x

1x2 − 3∥x1∥2x2 ,

𝒯(3,0)(x) = x3
0 + 3x2

0x
1 − 3x0∥x1∥2 − ∥x1∥2x1 .

Taking into account that ˜︁x0 = x0 + x1 =
∑︁3

s=0 xses and ˜︁x1 = x2 =
∑︁6

s=4 xses, we now wish to compute

Δ ˜︁T𝒯(3,2)(x) =
3 ∑︂

s=0 
∂2
xs
𝒯(3,2)(x) +

6 ∑︂
s,s′=4

xsxs′

x2
4 + x2

5 + x2
6
∂xs

∂xs′𝒯(3,2)(x)

for all x ∈ ℝ7 with x2 ̸= 0. We begin with

10 ∂2
x0
𝒯(3,2)(x) = (6x0 + 6x1)(x2

0 + 2x0x
1 − ∥x1∥2)

+ (x3
0 + 3x2

0x
1 − 6x0x

1x2 − 3x0∥x2∥2 − 3x1∥x2∥2)2

+ 2(3x2
0 + 6x0x

1 − 6x1x2 − 3∥x2∥2)(2x0 + 2x1)

+ (6x0 + 6x2)(2x0x
1 + 2x0x

2 − 2x1x2) + 0

+ 2(3x2
0 + 6x0x

2 − 3∥x1∥2 + 6x1x2)(2x1 + 2x2)

+ (6x0 + 6x1)(x2
0 − 2x0x

2 − ∥x2∥2)

+ (x3
0 + 3x2

0x
1 − 3x0∥x1∥2 − ∥x1∥2x1)2

+ 2(3x2
0 + 6x0x

1 − 3∥x1∥2)(2x0 − 2x2)

= 6x3
0 + 18x2

0x
1 − 18x0∥x1∥2 − 6∥x1∥2x1

+ 2x3
0 + 6x2

0x
1 − 12x0x

1x2 − 6x0∥x2∥2 − 6x1∥x2∥2

+ 12x3
0 + 36x2

0x
1 − 24x0∥x1∥2 − 24x0x

1x2 − 12x0∥x2∥2 − 24∥x1∥2x2 − 12x1∥x2∥2

+ 12x2
0x

1 + 12x2
0x

2 − 24x0x
1x2 − 12x0∥x2∥2 − 12x1∥x2∥2

+ 12x2
0x

1 + 12x2
0x

2 − 24x0x
1x2 − 24x0∥x2∥2 − 12∥x1∥2x1 + 12∥x1∥2x2 − 24x1∥x2∥2

+ 6x3
0 + 6x2

0x
1 − 12x2

0x
2 − 12x0x

1x2 − 6x0∥x2∥2 − 6x1∥x2∥2

+ 2x3
0 + 6x2

0x
1 − 6x0∥x1∥2 − 2∥x1∥2x1
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+ 12x3
0 + 24x2

0x
1 − 12x2

0x
2 − 12x0∥x1∥2 − 24x0x

1x2 + 12∥x1∥2x2

= 40x3
0 + 120x2

0x
1 − 60x0∥x1∥2 − 120x0x

1x2 − 60x0∥x2∥2 − 20∥x1∥2x1 − 60x1∥x2∥2 ,

whence

∂2
x0
𝒯(3,2)(x) = 4x3

0 + 12x2
0x

1 − 6x0∥x1∥2 − 12x0x
1x2 − 6x0∥x2∥2 − 2∥x1∥2x1 − 6x1∥x2∥2 .

For s ∈ {1, 2, 3}, we compute

10 ∂2
xs
𝒯(3,2)(x) = 0 + (x3

0 + 3x2
0x

1 − 6x0x
1x2 − 3x0∥x2∥2 − 3x1∥x2∥2)(−2)

+ 2(3x2
0es − 6x0esx

2 − 3es∥x2∥2)(2x0es − 2xs)

+ (−6x0 − 6x2)(2x0x
1 + 2x0x

2 − 2x1x2) + 0

+ 2(−6x0xs + 6x0esx
2 − 6xsx

2)(2x0es − 2esx2)

+ (−6x0 − 2x1 − 4xses)(x2
0 − 2x0x

2 − ∥x2∥2) + 0 + 0

= −2x3
0 − 6x2

0x
1 + 12x0x

1x2 + 6x0∥x2∥2 + 6x1∥x2∥2

− 12x3
0 − 24x2

0x
2 + 12x0∥x2∥2 − 12x2

0xses + 24x0xsesx
2 + 12xses∥x2∥2

− 12x2
0x

1 − 12x2
0x

2 + 24x0x
1x2 + 12x0∥x2∥2 + 12x1∥x2∥2

+ 24x2
0x

2 + 24x0∥x2∥2 − 24x2
0xses + 48x0xsesx

2 + 24xses∥x2∥2

− 6x3
0 − 2x2

0x
1 + 12x2

0x
2 + 4x0x

1x2 + 6x0∥x2∥2 + 2x1∥x2∥2

− 4x2
0xses + 8x0xsesx

2 + 4xses∥x2∥2

= −20x3
0 − 20x2

0x
1 + 40x0x

1x2 + 60x0∥x2∥2 + 20x1∥x2∥2

− 40x2
0xses + 80x0xsesx

2 + 40xses∥x2∥2 ,

whence

3 ∑︂
s=1 

∂2
xs
𝒯(3,2)(x) = 3(−2x3

0 − 2x2
0x

1 + 4x0x
1x2 + 6x0∥x2∥2 + 2x1∥x2∥2)

− 4x2
0x

1 + 8x0x
1x2 + 4x1∥x2∥2

= −6x3
0 − 10x2

0x
1 + 20x0x

1x2 + 18x0∥x2∥2 + 10x1∥x2∥2 .

For distinct s, s′ ∈ {4, 5, 6}, we see that

10 ∂xs
∂xs′𝒯(3,2)(x) ≡ 0 + 0 + 0 = 0 ,

10 ∂2
xs
𝒯(3,2)(x) = (−6x0 − 6x1)(x2

0 + 2x0x
1 − ∥x1∥2) + 0 + 0

+ 0 + 0 + 2(3x2
0es + 6x0x

1es − 3∥x1∥2es)(2x0es − 2x1es)

+ 0 + (x3
0 + 3x2

0x
1 − 3x0∥x1∥2 − ∥x1∥2x1)(−2) + 0

= −6x3
0 − 18x2

0x
1 + 18x0∥x1∥2 + 6∥x1∥2x1

− 12x3
0 − 36x2

0x
1 + 36x0∥x1∥2 + 12∥x1∥2x1

− 2x3
0 − 6x2

0x
1 + 6x0∥x1∥2 + 2∥x1∥2x1

= −20x3
0 − 60x2

0x
1 + 60x0∥x1∥2 + 20∥x1∥2x1 ,
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whence

6 ∑︂
s,s′=4

xsxs′

x2
4 + x2

5 + x2
6
∂xs

∂xs′𝒯(3,2)(x) =
6 ∑︂

s=4 

x2
s

x2
4 + x2

5 + x2
6
∂2
xs
𝒯(3,2)(x)

= −2x3
0 − 6x2

0x
1 + 6x0∥x1∥2 + 2∥x1∥2x1 .

Overall, we get that

Δ ˜︁T𝒯(3,2)(x) = 4x3
0 + 12x2

0x
1 − 6x0∥x1∥2 − 12x0x

1x2 − 6x0∥x2∥2 − 2∥x1∥2x1 − 6x1∥x2∥2

− 6x3
0 − 10x2

0x
1 + 20x0x

1x2 + 18x0∥x2∥2 + 10x1∥x2∥2

− 2x3
0 − 6x2

0x
1 + 6x0∥x1∥2 + 2∥x1∥2x1

= −4x3
0 − 4x2

0x
1 + 8x0x

1x2 + 12x0∥x2∥2 + 4x1∥x2∥2 ,

for all x ∈ ℝ7. We have Δ2˜︁T𝒯(3,2) ≡ 0 in ℝ7 by Theorem 6.3 or by the direct computation

Δ2˜︁T𝒯(3,2)(x) =
3 ∑︂

s=0 
∂2
xs

Δ ˜︁T𝒯(3,2)(x) +
6 ∑︂

s,s′=4

xsxs′

x2
4 + x2

5 + x2
6
∂xs

∂xs′ Δ ˜︁T𝒯(3,2)(x)

= ∂2
x0

Δ ˜︁T𝒯(3,2)(x) +
6 ∑︂

s=4 

x2
s

x2
4 + x2

5 + x2
6
∂2
xs

Δ ˜︁T𝒯(3,2)(x)

= −24x0 − 8x1 +
6 ∑︂

s=4 

x2
s

x2
4 + x2

5 + x2
6
(24x0 + 8x1) = −24x0 − 8x1 + 24x0 + 8x1

≡ 0 ,

valid for all x ∈ ℝ7 with x4e4 + x5e5 + x6e6 ̸= 0.

7. The Fueter-Sce phenomenon for 𝑻 -functions

This section is devoted to the Fueter-Sce phenomenon for T -functions. Theorem 6.3 suggests the next 
definition.

Definition 7.1. Let τ ∈ ℕ, T = (t0, t1, . . . , tτ ) ∈ ℕτ+1 with 0 ≤ t0 < t1 < . . . < tτ = N and set ˜︁T :=
(t1, . . . , tτ ). Assume t1 − t0 to be an odd natural number 2n1 + 1. For any strongly T -regular function 
f = ℐ(F ) ∈ 𝒮ℛT (ΩD, A) ⊂ 𝒮ω

T (ΩD, A), the function Δn1˜︁T f is called the first Fueter transform of f .

The first Fueter transform of a strongly T -regular function, whenever defined, is a T -function by Theo
rem 5.2 and is ˜︁T -harmonic by Theorem 6.3. In the next theorem, we prove that it is actually ˜︁T -regular.

Theorem 7.2. Let τ ∈ ℕ, T = (t0, t1, . . . , tτ ) ∈ ℕτ+1 with 0 ≤ t0 < t1 < . . . < tτ = N and set ˜︁T :=
(t1, . . . , tτ ). Assume t1−t0 to be an odd natural number 2n1+1 and consider any strongly T -regular function 
f ∈ 𝒮ℛT (ΩD, A). Then the first Fueter transform of f is strongly ˜︁T -regular and still is a T -function. In 
symbols: Δn1˜︁T f ∈ 𝒮ℛ ˜︁T (ΩD, A) ∩ 𝒮ω

T (ΩD, A).

Proof. For the sake of simplicity, let us write n instead of n1. We have f ∈ 𝒮ℛT (ΩD, A) ⊂ 𝒮ω
T (ΩD, A) by 

Proposition 2.38. If we apply n times Theorem 5.2 (in its special case σ = 1), we conclude that Δn˜︁T f ∈
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𝒮ω
T (ΩD, A). Proving the leftover inclusion Δn˜︁T f ∈ 𝒮ℛ ˜︁T (ΩD, A) is equivalent, by Theorem 6.3, to proving 

the inclusion f [n] ∈ 𝒮ℛ ˜︁T (ΩD, A); this is, in turn, equivalent to proving that ∂ ˜︁T f [n] ≡ 0 in ΩD.
We apply Theorem 5.3 to get ∂ ˜︁T f [n] = ∂T f

[n] + (1 + t0 − t1)g = ∂T f
[n] − 2ng, where g = ℐ(G) with 

G defined by formula (9) (with F [n] in lieu of F ). Thus, ∂ ˜︁T f [n] is the T -function induced by the T -stem 
function L ∈ Stemω

T (D,A⊗ℝ2τ ) whose K-component (for K ∈ P(τ)) can be expressed as

LK(α, β) =
{︄

(∂TF
[n])K(α, β) − 2nβ−1

1 F
[n]
{1}∪K(α, β) if 1 ̸∈ K

(∂TF
[n])K(α, β) if 1 ∈ K

in D′ := {(α, β) ∈ D : β1 ̸= 0}. We have therefore translated our goal to prove that ∂ ˜︁T f [n] ≡ 0 in ΩD into 
an equivalent goal: proving that LK ≡ 0 in D′ (whence in D) for all K ∈ P(τ). By Definitions 3.1 and 3.4,

(∂TF
[n])K = ∂α0F

[n]
K + (−1)|K|

t0∑︂
s=1 

vs ∂αs
F

[n]
K +

τ∑︂
h=1

(−1)σ(h,K)+1∂βh
F

[n]
K

△︁
{h} .

Analogous considerations about (∂TF )K , which vanishes identically in D by our hypothesis f ∈
𝒮ℛT (ΩD, A), yield the equality

∂α0FK + (−1)|K|
t0∑︂
s=1 

vs ∂αs
FK +

τ∑︂
h=2

(−1)σ(h,K)+1∂βh
FK

△︁
{h} = (−1)σ(1,K)∂β1FK

△︁
{1} , (14)

which will soon be useful.
For K ∋ 1, using formula (10) and omitting the variable (α, β) for readability, we compute

LK = (∂TF
[n])K =

n ∑︂
ℓ=0 

bn,ℓ

β2n−ℓ
1

∂ℓ
β1

(︄(︄
∂α0 + (−1)|K|

t0∑︂
s=1 

vs ∂αs

)︄
FK

)︄

+ (−1)σ(1,K)+1∂β1

(︄
n ∑︂

ℓ=0 

bn−1,ℓ−1

β2n−ℓ
1

(∂ℓ
β1
FK

△︁
{1})

)︄
+

n ∑︂
ℓ=0 

bn,ℓ

β2n−ℓ
1

∂ℓ
β1

(︄
τ∑︂

h=2

(−1)σ(h,K)+1∂βh
FK

△︁
{h}

)︄

=
n ∑︂

ℓ=0 
bn,ℓβ

ℓ−2n
1 ∂ℓ

β1

(︂
(−1)σ(1,K)∂β1FK

△︁
{1}

)︂
+

n ∑︂
ℓ=0 

bn−1,ℓ−1β
ℓ−2n
1 (∂ℓ+1

β1
FK

△︁
{1})

+
n ∑︂

ℓ=0 
bn−1,ℓ−1(ℓ− 2n)βℓ−2n−1

1 (∂ℓ
β1
FK

△︁
{1})

=
n ∑︂

ℓ=0 
(−bn,ℓ + bn−1,ℓ−1)βℓ−2n

1 (∂ℓ+1
β1

FK
△︁
{1}) +

n−1 ∑︂
m=−1

bn−1,m(m− 2n + 1)βm−2n
1 (∂m+1

β1
FK

△︁
{1})

=
n−1∑︂
ℓ=0 

((ℓ− 2n + 1)bn−1,ℓ + bn−1,ℓ−1 − bn,ℓ)βℓ−2n
1 (∂ℓ+1

β1
FK

△︁
{1}) ≡ 0

in D′. For the third equality, we used (14) and σ(1,K) = 1. The fourth equality uses σ(1,K) = 1 and m :=
ℓ−1. The fifth equality follows from bn−1,n−1−bn,n = 1−1 = 0 and bn−1,−1(−1−2n+1) = −2nbn−1,−1 = 0. 
The sixth equality follows from the second property listed in Lemma 6.2.

For K ̸∋ 1, using formula (10) and omitting the variable (α, β) for readability, we compute

LK = (∂TF
[n])K − 2nβ−1

1 F
[n]
{1}∪K =

n ∑︂
ℓ=0 

bn−1,ℓ−1

β2n−ℓ
1

∂ℓ
β1

(︄(︄
∂α0 + (−1)|K|

t0∑︂
s=1 

vs ∂αs

)︄
FK

)︄
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+ (−1)σ(1,K)+1∂β1

(︄
n ∑︂

ℓ=0 

bn,ℓ

β2n−ℓ
1

(∂ℓ
β1
FK

△︁
{1})

)︄

+
n ∑︂

ℓ=0 

bn−1,ℓ−1

β2n−ℓ
1

∂ℓ
β1

(︄
τ∑︂

h=2

(−1)σ(h,K)+1∂βh
FK

△︁
{h}

)︄
− 2nβ−1

1

n ∑︂
ℓ=0 

bn,ℓ

β2n−ℓ
1

(∂ℓ
β1
F{1}∪K)

=
n ∑︂

ℓ=0 
bn−1,ℓ−1β

ℓ−2n
1 ∂ℓ

β1

(︂
(−1)σ(1,K)∂β1FK

△︁
{1}

)︂
−

n ∑︂
ℓ=0 

bn,ℓβ
ℓ−2n
1 (∂ℓ+1

β1
FK

△︁
{1})

+
n ∑︂

ℓ=0 
bn,ℓ(2n− ℓ)βℓ−2n−1

1 (∂ℓ
β1
FK

△︁
{1}) − 2n

n ∑︂
ℓ=0 

bn,ℓβ
ℓ−2n−1
1 (∂ℓ

β1
FK

△︁
{1})

=
n ∑︂

ℓ=0 
(bn−1,ℓ−1 − bn,ℓ)βℓ−2n

1 (∂ℓ+1
β1

FK
△︁
{1}) −

n ∑︂
ℓ=1 

ℓbn,ℓβ
ℓ−2n−1
1 (∂ℓ

β1
FK

△︁
{1})

=
n−1∑︂
ℓ=0 

(bn−1,ℓ−1 − bn,ℓ)βℓ−2n
1 (∂ℓ+1

β1
FK

△︁
{1}) −

n−1 ∑︂
m=0

(m + 1)bn,m+1β
m−2n
1 (∂m+1

β1
FK

△︁
{1})

=
n−1∑︂
ℓ=0 

(bn−1,ℓ−1 − bn,ℓ − (ℓ + 1)bn,ℓ+1)βℓ−2n
1 (∂ℓ+1

β1
FK

△︁
{1}) ≡ 0

in D′. For the third equality, we used (14) and σ(1,K) = 0. For the fourth equality, we used again σ(1,K) = 0
and the equality 2n−ℓ−2n = −ℓ (which vanishes for ℓ = 0). For the fifth equality, we used bn−1,n−1−bn,n =
1− 1 = 0 and we set m := ℓ− 1. The seventh equality follows from the third property listed in Lemma 6.2.

Since we proved that LK ≡ 0 in D′ for all K ∈ P(τ), the proof is complete. □
Theorem 7.2 recovers Fueter’s theorem of [19] as its special case with A = ℍ = V, T = (0, 3). It recovers 

Sce’s theorem of [42] as its special case with A = Cℓ(0, N), V = ℝN+1, T = (0, N) for some odd N . It 
recovers Xu and Sabadini’s result of [49] as its special case with A = Cℓ(0, N), V = ℝN+1, T = (t0, N) with 
odd N − t0.

For two of our polynomial examples, let us compute the first Fueter transform of each polynomial and 
explicitly check its ˜︁T -regularity. The first example is not covered by the results known in literature because 
the list of steps T has length 2.

Example 7.3. Let A = Cℓ(0, 6), V = ℝ7 and T = (0, 3, 6), whence ˜︁T = (3, 6). Consider the strongly T
regular polynomial 3𝒯(2,1)(x) = x3

0 + 3x2
0x

2 − 3x0∥x1∥2 + 6x0x
1x2 − 3∥x1∥2x2, computed in Example 2.24. 

Its first Fueter transform 3 Δ ˜︁T𝒯(2,1)(x) = −12x0 − 12x2, computed in Example 4.4, is strongly ˜︁T -regular by 
Theorem 7.2 or by the direct computation

3 ∂ ˜︁TΔ ˜︁T𝒯(2,1)(x) = −12 + x4e4 + x5e5 + x6e6

x2
4 + x2

5 + x2
6

6 ∑︂
s=4 

xs(−12es) ≡ −12 + 12 = 0 ,

performed according to Proposition 3.13 in the open dense subset of ℝ7 where x4e4 + x5e5 + x6e6 ̸= 0.
In Example 4.7, we computed 3 Δ(6)𝒯(2,1)(x) =−12x0−12x2: it is not (6)-regular because 3 ∂(6)Δ(6)𝒯(2,1)≡

−12 +
∑︁6

s=4 es(−12es) = −12 + 36 = 24 for all x ∈ ℝ7. In other words, the full Laplacian of 3𝒯(2,1) is not 
a monogenic function ℝ7 → Cℓ(0, 6).

Our second example is also not covered by previously known results, both because the list of steps T has 
length 2 and because the domain properly includes the paravector space.
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Example 7.4. Let A = Cℓ(0, 6), V = Span(e∅, e1, e2, e3, e4, e5, e6, e123456) and T = (1, 4, 7), whence ˜︁T =
(4, 7). In Example 2.25, we obtained the expression

6𝒯(1,2,1)(x) = 𝒯(0,1,1)(x)(−2x0x1 − 2x0e1x
1 + 2x1x

1) + 𝒯(0,2,0)(x)(x0x1 − x0e1x
2 + x1x

2)

+ 𝒯(1,0,1)(x)(x2
0 − 2x0x

1 − ∥x1∥2) + 𝒯(1,1,0)(x)(2x0x
1 + 2x0x

2 + 2x1x2) ,

where

𝒯(0,1,1)(x) = x0x
1 − x0x

2 − x1x2 , 𝒯(0,2,0)(x) = x2
0 + 2x0x

1 − ∥x1∥2

𝒯(1,0,1)(x) = x0x1 − x0e1x
2 + x1x

2 , 𝒯(1,1,0)(x) = x0x1 − x0e1x
1 + x1x

1 .

Let us compute the first Fueter transform Δ ˜︁T𝒯(1,2,1) of 𝒯(1,2,1). We start with

6 ∂2
x0
𝒯(1,2,1)(x) = 0 + 0 + 2(x1 − x2)(−2x1 − 2e1x

1)

+ 2(x0x1 − x0e1x
2 + x1x

2) + 0 + 2(2x0 + 2x1)(x1 − e1x
2)

+ 0 + (x0x1 − x0e1x
2 + x1x

2)2 + 2(x1 − e1x
2)(2x0 − 2x1)

+ 0 + 0 + 2(x1 − e1x
1)(2x1 + 2x2)

= 4(−x1x
1 + x1x

2 − e1∥x1∥2 + e1x
1x2) + 4(x0x1 − x0e1x

2 + x1x
2)

+ 4(x0x1 − x0e1x
2 + x1x

1 + e1x
1x2) + 4(x0x1 − x0e1x

2 − x1x
1 − e1x

1x2)

+ 4(x1x
1 + x1x

2 + e1∥x1∥2 − e1x
1x2)

= 12(x0x1 − x0e1x
2 + x1x

2) ,

6 ∂2
x1
𝒯(1,2,1)(x) = 0 + 0 + 0 + 0 + 0 + 0 + 0 + 0 + 0 + 0 + 0 + 0 = 0

and, for s = 2, 3, 4,

6 ∂2
xs
𝒯(1,2,1)(x) = 0 + 0 + 2(x0es − esx

2)(−2x0e1es + 2x1es)

− 2(x0x1 − x0e1x
2 + x1x

2) + 0 + 0

+ 0 + (x0x1 − x0e1x
2 + x1x

2)(−2) + 0

+ 0 + 0 + 2(−x0e1es + x1es)(2x0es + 2esx2)

= 4(−x2
0e1 − x0x1 + x0e1x

2 − x1x
2) + 4(−x0x1 + x0e1x

2 − x1x
2)

+ 4(x2
0e1 − x0x1 + x0e1x

2 − x1x
2)

= 12(−x0x1 + x0e1x
2 − x1x

2) .

We also remark that 6𝒯(1,2,1)(x) has degree 1 in x5, x6, x123456, whence 6 ∂xs
∂xs′𝒯(1,2,1)(x) ≡ 0 for s, s′ ∈

{5, 6, 123456}. Thus,

Δ ˜︁T𝒯(1,2,1)(x) =
4 ∑︂

s=0 
∂2
xs
𝒯(1,2,1)(x) + 0

= 2(x0x1 − x0e1x
2 + x1x

2) + 0 + 6(−x0x1 + x0e1x
2 − x1x

2)

= −4x0x1 + 4x0e1x
2 − 4x1x

2

for all x ∈ V with x5e5 + x6e6 + x123456e123456 ̸= 0. It follows at once that
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Δ ˜︁T𝒯(1,2,1)(x) = −4x0x1 + 4x0e1x
2 − 4x1x

2

throughout V . Analogous computations prove that Δ(7)𝒯(2,1)(x) = −4x0x1 +4x0e1x
2−4x1x

2 for all x ∈ V .
The first Fueter transform Δ ˜︁T𝒯(1,2,1) of T(1,2,1) is strongly ˜︁T -regular by Theorem 7.2 or by the direct 

computation

∂ ˜︁TΔ ˜︁T𝒯(1,2,1)(x) = −4x1 + 4e1x
2 + e1(−4x0 − 4x2) + 0

+ x5e5 + x6e6 + x123456e123456

x2
5 + x2

6 + x2
123456

∑︂
s∈{5,6,123456}

xs(4x0e1es − 4x1es)

= −4x1 − 4x0e1 + (x5e5 + x6e6 + x123456e123456)2

x2
5 + x2

6 + x2
123456

(−4x0e1 − 4x1)

= −4x1 − 4x0e1 + 4x0e1 + 4x1 ≡ 0 ,

valid in the open dense subset of V where x5e5+x6e6+x123456e123456 ̸= 0. On the other hand, the polynomial 
function Δ(7)𝒯(1,2,1)(x) = −4x0x1 + 4x0e1x

2 − 4x1x
2 is not (7)-regular because

∂(7)Δ(7)𝒯(1,2,1) ≡ −4x1 + 4e1x
2 + e1(−4x0 − 4x2) + 0 +

∑︂
s∈{5,6,123456}

es(4x0e1es − 4x1es)

= −4x1 − 4x0e1 + 3(4x0e1 + 4x1) = 8x0e1 + 8x1

for all x ∈ V .

Now assume th − th−1 to be an odd natural number not only for h = 1, but for σ distinct choices of h
in {1, . . . , τ}. There is no loss of generality in assuming th − th−1 to be odd exactly for the first σ choices 
of h ∈ {1, . . . , τ} because the elements v1, . . . , vN of the basis ℬ in Assumption 2.9 can be reordered. In 
this situation, we articulate the Fueter-Sce phenomenon into σ steps. As a preparation, we pose the next 
definition.

Definition 7.5. Let σ, τ ∈ ℕ with σ ≤ τ , let T0 = (t0, t1, . . . , tτ ) ∈ ℕτ+1 and assume th − th−1 to be an odd 
natural number 2nh + 1 for every h ∈ {1, . . . , σ}. Set T1 := (t1, . . . , tτ ), . . . , Tσ := (tσ, . . . , tτ ). For every 
strongly T0-regular function f ∈ 𝒮ℛT0(ΩD, A), the function

Δnσ

Tσ
. . .Δn2

T2
Δn1

T1
f ∈ 𝒮ω

Tσ
(ΩD, A)

is called the σ-th Fueter transform of f .

We are now in a position to state the next theorem, which is the main result in the present work.

Theorem 7.6. Let σ, τ ∈ ℕ with σ ≤ τ and let T0 = (t0, t1, . . . , tτ ) ∈ ℕτ+1. Assume th − th−1 to be an odd 
natural number 2nh + 1 for every h ∈ {1, . . . , σ} and set T1 := (t1, . . . , tτ ), . . . , Tσ := (tσ, . . . , tτ ). For every 
strongly T0-regular function f , the σ-th Fueter transform of f is a strongly Tσ-regular function and still is 
a T0-function. In symbols, Δnσ

Tσ
. . .Δn2

T2
Δn1

T1
f ∈ 𝒮ℛTσ

(ΩD, A) ∩ 𝒮ω
T0

(ΩD, A).

Proof. We proceed by induction on σ. The basic case σ = 1 has been established in Theorem 7.2. Now 
assume the thesis true for σ = h and let us prove it for σ = h + 1. Our inductive hypothesis is that the 
h-th Fueter transform g := Δnh

Th
. . .Δn2

T2
Δn1

T1
f of f belongs to both 𝒮ℛTh

(ΩD, A) and 𝒮ω
T (ΩD, A). Now, the 

(h+1)-th Fueter transform of f is the first Fueter transform Δnh+1
Th+1

g of g. Another application of Theorem 7.2
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guarantees that Δnh+1
Th+1

g ∈ 𝒮ℛTh+1(ΩD, A), as desired. Furthermore, by applying Theorem 5.2 nh+1 times, 
we obtain that Δnh+1

Th+1
g still belongs to 𝒮ω

T (ΩD, A). The proof is now complete. □
Since the σ-th Fueter transform is still a T0-function, where T0 is a list of τ steps, we can describe it 

as a τ -axial function in the sense of Eelbode’s work [15]. In the very special case when th − th−1 = 1
for every h ∈ {1, . . . , σ}, then the σ-th Fueter transform of f coincides with f and Theorem 7.6 recovers 
Proposition 2.18. Furthermore, Theorem 7.6 has the following immediate consequence.

Corollary 7.7. Let τ ∈ ℕ and let T = (t0, t1, . . . , tτ ) ∈ ℕτ+1 with 0 ≤ t0 < t1 < . . . < tτ = N . If th− th−1 is 
an odd natural number for every h ∈ {1, . . . , τ}, then the τ -th Fueter transform of f is a strongly (N)-regular 
function that is also a T -function. In particular: for every strongly T -regular function ℝN+1 → Cℓ(0, N), the 
τ -th Fueter transform of f (if defined) is a monogenic function ℝN+1 → Cℓ(0, N) that is also a T -function.

Corollary 7.7 recovers Fueter’s theorem of [19] as its special case with A = ℍ = V, τ = 1, t0 = 0. 
It recovers Sce’s theorem of [42] as its special case with A = Cℓ(0, N), V = ℝN+1, τ = 1, t0 = 0. It 
recovers Xu and Sabadini’s result of [49] as its special case with A = Cℓ(0, N), V = ℝN+1, τ = 1. For 
A = Cℓ(0, N), V = ℝN+1, τ ≥ 2, Corollary 7.7 produces τ -axial monogenic functions.

We now provide an explicit example with τ = 2, by computing the second Fueter transform of our 
polynomial example of degree 5.

Example 7.8. Let A = Cℓ(0, 6), V = ℝ7 and T = (0, 3, 6), whence T1 = ˜︁T = (3, 6), T2 = ˜︂T1 = (6). In 
Example 6.4, we computed the first Fueter transform of 𝒯(3,2): namely,

ΔT1𝒯(3,2)(x) = −4x3
0 − 4x2

0x
1 + 8x0x

1x2 + 12x0∥x2∥2 + 4x1∥x2∥2 .

We can easily compute the second Fueter transform of 𝒯(3,2), as follows:

ΔT2ΔT1𝒯(3,2)(x) =
6 ∑︂

s=0 
∂2
xs

ΔT1𝒯(3,2)(x) = −24x0 − 8x1 +
3 ∑︂

s=1 
0 +

6 ∑︂
s=4 

(24x0 + 8x1)

= 48x0 + 16x1 .

The second Fueter transform of 𝒯(3,2) is T2-regular, i.e., monogenic, by Corollary 7.7 or by the direct 
computation

∂T2ΔT2ΔT1𝒯(3,2) ≡ 48 +
3 ∑︂

s=1 
es16es +

6 ∑︂
s=4 

es0 = 48 − 48 + 0 = 0 .

8. Concluding remarks

This work unifies into a single statement, Theorem 7.2, several results known in literature: Fueter’s 
theorem of [19], Sce’s theorem of [42], as well as the more recent results of Xu and Sabadini [49]. Theorem 7.2
applies not only to Clifford algebras, but to general associative ∗-algebras. Even over Clifford algebras, it 
applies not only to the paravector subspace but to general hypercomplex subspaces. Moreover, Theorem 7.2
is multi-axial in the sense of [15].

More importantly, this work uncovers a new phenomenon: our main Theorem 7.6 and its Corollary 7.7
show that the Fueter-Sce theorem is just the last step in a longer process involving several steps.

Beyond our main results, we believe this work opens the path for mixed phenomena of Sce [42] and 
Qian [40] type. Indeed, we conjecture that the oddness hypotheses in Theorem 7.6 and in Corollary 7.7
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might be removed. In other words, we conjecture that for arbitrary T , σ ∈ {1, . . . , τ} and f ∈ 𝒮ℛT (ΩD, A), 
an appropriately defined σ-th Fueter transform of f is strongly Tσ-regular and still is a T -function. This 
means monogenic and τ -axial (in the sense of [15]) when A = Cℓ(0, N), V = ℝN+1, σ = τ .
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