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Abstract
The paper describes the development of a novel transition/turbulence model based on 
the laminar kinetic energy concept. The model is intended as a base framework for data-
driven improvements. Starting from a previously developed framework, mainly aimed at 
separated-flow transition predictions, suitable terms for model generalization are iden-
tified and reformulated for handling different transition modes, namely bypass and sep-
arated-flow modes. The ideology for the definition of new terms has its roots in mixing 
phenomenological and correlation-based arguments, ensuring generality and flexibility and 
allowing a variety of lines of action for improving model components via machine-learn-
ing approaches. The model calibration, carried out with reference to flat plate test cases 
subjected to different pressure gradients and freestream turbulence levels, is discussed in 
detail. Although the constructed model is calibrated on a group of classic flat plat cases, the 
validation campaign, mostly carried out on gas turbine cascades, demonstrates its ability to 
predict transitional flows with engineering accuracy. Finally, while the model is not specifi-
cally developed for natural transition predictions, satisfactory predictions are obtained in 
scenarios with low freestream turbulence for flat plate and airfoil flows.

Keywords  Laminar-turbulent multi-mode transition · Laminar kinetic energy · Data-driven 
transition modelling

1  Introduction

The capability of predicting transition from laminar to turbulent flow is of crucial impor-
tance for the design of fluid systems and their components, ranging from external aerody-
namics to turbomachinery flows in the contexts of ground, air or marine transportation, 
power generation, and industrial applications in general. Unfortunately, the complex and 
intriguing nature of the involved flow mechanisms poses serious challenges to the physi-
cal understanding and modelling of these phenomena. One of the major difficulties is rep-
resented by the variety of modes transition can be driven by, namely natural, bypass, or 
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separated-flow modes. Usually, the dominant flow mechanism cannot be identified a priori, 
and sometimes different modes can be found to interact with each other giving rise to a 
mixed character of the transition physics (Durbin 2017). Wall shear stress and heat transfer 
rate increase significantly when a transition occurs so that drag forces, total pressure losses, 
and thermal loadings are affected. Then, from an engineering perspective, the inaccuracy 
in predicting transition translates to added uncertainty concerning the performance and 
durability of components.

With the fast-pacing development of high-performance computing resources, high-fidel-
ity simulations, like large-eddy (LES) or direct numerical simulations (DNS) have become 
feasible (Brinkerhoff and Yaras 2015; Sandberg et al. 2015; Michelassi et al. 2015; Wheeler 
et al. 2016; Lardeau et al. 2007). As fundamental research tools, they have contributed to 
shed light into the details of the transition process on a variety of engineering relevant flow 
configurations. However, high-fidelity simulations are still not viable for industrial design 
iterations, due to the high computational cost (Sandberg and Michelassi 2019). Thus, as of 
today and probably for the next decade, industrial design strategies are going to keep on 
relying on steady or unsteady Reynolds-averaged Navier–Stokes (RANS/URANS) meth-
ods, as they are cost-effective flow modelling tools for engineering solutions.

Nowadays, the majority of industrial computational fluid dynamics (CFD) approaches 
relies on transition models belonging to two different families: one based on the intermit-
tency concept, and the other one based on the laminar kinetic energy (LKE) concept. A 
comprehensive review of the current models for turbomachinery applications has been 
provided by Dick and Kubacki (2017). Intermittency-based models are conceived as a 
general framework to include correlation-based transition criteria in RANS/URANS solv-
ers, overcoming the difficulties associated with the use of non-local quantities. Driven by 
the popularity of the 𝛾 − R̃e𝜃,t framework, proposed by Menter et al. (2006), a number of 
algebraic and transport models that exploit the flexibility of the local correlation-based 
modelling approach have been recently proposed (e.g. Menter et al. 2015, Ge et al. 2014, 
Kubacki et al. 2020, Li et al. 2021). Recently, the LKE concept has also become popular 
as a transition modelling framework. The LKE-based methodologies are able to address 
the rise of pre-transitional fluctuations in boundary layers and their subsequent breakdown 
to turbulence. Walters and Leylek (2004); Walters and Cokljat (2008), and Lardeau et al. 
(2007) exploited the LKE concept, originally introduced by Mayle and Schulz (1997), to 
create transition-sensitive turbulence closures based on two-equation models. Examples 
of successful applications of the LKE approach to turbomachinery flows have been pro-
vided by Lardeau and Leschziner (2006) and Pacciani et al. (2011b). In the latter case, a 
novel formulation for the LKE transport equation was proposed in order to predict sepa-
rated-flow transition in highly loaded cascades. Aiming at a more general phenomenologi-
cal transition modelling framework, Lopez and Walters (2016) have recently introduced 
the v2 − k − � model. It is basically a reformulation of the model by Walters and Cokljat 
(2008) where the laminar kinetic energy is replaced by the term v2 which has different 
physical meanings depending on the boundary layer status. It represents pretransitional, 
wall-normal, velocity fluctuations in laminar boundary layers and three-dimensional veloc-
ity fluctuations in turbulent ones. It bears a relationship with pressure-strain interaction 
terms and this contributes to adding more physics in transition modelling frameworks rela-
tive to LKE-based approaches. Akolekar et al. (2019) report a fairly good performance of 
the model in predicting separated flow transition on a high-lift cascade (T106A) operating 
in low pressure turbine conditions.

The field of data-driven turbulence and transition modeling has recently gained momen-
tum as a promising pathway for improving closures and narrowing the gap between the 
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accuracy of high-fidelity simulations or experimental data and RANS/URANS calcula-
tions. Using some forms of machine learning, high-fidelity datasets can be mined to extract 
relevant physics-based insights for improving transition and turbulence models. Transport 
models based on a single equation are obviously preferable as transition closures for such 
approaches. Mainly targeted at turbomachinery flow predictions, the works by Akolekar 
et  al. (2022); Fang et  al. (2024) have shown how machine learning strategies based on 
the Gene Expression Programming (GEP) technique, driven by high-fidelity simulation or 
experimental results, are capable of generating improved closure relations in the form of 
symbolic regression formulas that are physically interpretable. In an effort to extend the 
range of applicability of the LKE model by Pacciani et al. (2011a, 2011b, 2012), aiming at 
a multi-mode transition modelling framework, Fang et al. (2024) found opposite correction 
trends in the training of model terms for separated-flow and bypass transition. This sug-
gested a lack of generality of the baseline model and the urgency of the work described in 
this paper.

In the present contribution, the construction of a multi-mode LKE-based transition/tur-
bulence closure is discussed. Starting from the original formulation reported in Pacciani 
et al. (2011a, 2011b, 2012), the production term of the LKE transport equation is modified 
in a form that comprises two contributions aimed at addressing different transition modes. 
The first term addresses the growth of pre-transitional fluctuations in favorable and adverse 
pressure gradients under the effects of the turbulence coming from the freestream, thus 
allowing bypass transition predictions. The second one is a separation-aware term aimed 
at mimicking the growth of instabilities in separated shear-layers, thus allowing separated-
flow transition predictions. A boosting term for the turbulent kinetic energy (TKE) produc-
tion by the turbulence model is also provided in order to allow the prediction of realistic 
reattachment location of laminar separation bubbles. The selected turbulence closure is 
based on the k − � SST model (Menter 1994) which is coupled to the LKE transport equa-
tion via an energy transfer term and a suitably defined intermittency factor based on LKE. 
A laminar fluctuation diffusivity is introduced as it is found to allow an improved repro-
duction of the transition length in favorable pressure gradient conditions. To facilitate fur-
ther data-driven improvements, the model formulation is kept as simple as possible, with 
the use of a limited number of closure functions. Such functions are the principal candi-
dates for machine-learnt modifications. Although the LKE concept is considered a suitable 
choice for the construction of phenomenological transition closures, in its present form, the 
model presented herein borrows some ingredients from local correlation approaches, for 
the purpose of enhancing its generality and flexibility. It makes use of local quantities only, 
but is not Galilean invariant. As the model is mainly aimed at aerodynamic applications, 
this is not considered a major drawback for the moment.

After a brief recall of the baseline formulation, mainly aimed at pointing out its major 
drawbacks, the various terms introduced for generalizing the model will be discussed in 
detail and their respective roles in addressing different transition modes will be highlighted. 
Insights concerning a data-driven training of those terms will also be provided. The com-
plete formulation of the new model is reported in Appendix A. Then, the model calibra-
tion is carried out with reference to the flat plate experiments by the European Research 
Consortium on Flow, Turbulence and Combustion (ERCOFTAC) (Pironneau et al. 1992) 
due to their widespread use as test cases for transition model development. Followed by 
the a posteriori validation of the model framework focusing on steady flow configurations 
past gas turbine cascades and a wind turbine airfoil, all characterized by a dominant transi-
tion mode, namely bypass, separated-flow, and natural transition. Specifically, the model 
capabilities for predicting bypass transition are assessed against the VKI-LS89 test case, a 
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linear cascade representative of a high-pressure turbine stator vane. Two high-lift cascades 
for aeronautical low-pressure turbine applications are studied, in low Reynolds number 
conditions, to check for the model capabilities in predicting separated-flow transition. They 
are based on the T106 and T108 blade sections. Finally, calculations on the S809 airfoil 
are presented. This airfoil was specifically conceived for wind turbine applications and a 
detailed experimental campaign was carried out in realistic flow conditions characterized 
by a low freestream turbulence level (Somers 1997). Although this work is mainly tar-
geted at turbomachinery flows, that are usually characterized by bypass or separated-flow 
transition, it was considered interesting to challenge the model generality by including a 
low freestream turbulence test case in the validation campaign. For every case, the grid 
structure was selected on the basis of previous experiences and the presented results are all 
space-converged as confirmed by grid dependency analyses not reported in this work for 
the sake of conciseness. It will be shown how the proposed transition/turbulence closure 
consistently yields promising results for a variety of engineering relevant flow configura-
tions affected by different transition mechanisms.

2 � Computational Framework

The transitional modelling framework was implemented in the TRAF code (Arnone 1994) 
that was then used for all the calculations presented in the paper. It is a state-of-the-art, in-
house developed, density-based, RANS/URANS solver. Incompressible flows are handled 
via the artificial compressibility method proposed by Chorin (1967). In terms of numerical 
fluxes, a formally third-order Total Variation Diminishing (TVD) framework, based on the 
generalized min-mod limiter (Pacciani et al. 2019), built on top of the Roe upwind scheme, 
was employed.

3 � Previous LKE Model

3.1 � Laminar Kinetic Energy Framework

As mentioned in the Introduction section, the baseline LKE-based model adopted in the 
present work is the one proposed by Pacciani et al. (2011a, 2012), which was originally 
developed aiming at separated-flow transition. The modelled transport equation for the 
LKE is devised as:

The original formulation by Mayle and Schultz was retained in Eq. (1) for the dissipation 
term:

Lardeau et  al. (2007) argued that, in attached and separated shear layers, the amplifica-
tion of fluctuations is due more to conventional shear-stress/strain interaction rather than to 
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pressure diffusion, like in Mayle and Schulz 1997. Hence, a model of the production of the 
LKE is proposed in a form that resembles a turbulent source term as:

In Eq. (3), �scale is a characteristic length scale for pre-transitional fluctuations, vscale is a 
suitable velocity scale, and c1 is a model constant.

In Pacciani et al. (2011a, 2011b, 2014) the square root of the LKE was assumed as a veloc-
ity scale, while the separated shear layer vorticity thickness was used as a length scale to 
address the growth of Kelvin-Helmholtz (KH) instabilities.

The LKE transport equation Eq. (1) was coupled with the Wilcox k − � model (Wilcox 
2006) to obtain a transition-sensitive turbulence closure. The three transport equations of the 
model are written as:

The production terms for turbulent kinetic energy k and specific dissipation rate � are:

and the corresponding dissipation terms:

Standard values were assumed for the model constants: � , � , and �∗ (see Wilcox 2006). The 
eddy viscosity is defined as: �T = �∗ k

�
 , where �∗ is a damping term based on the turbulent 

Reynolds number: RT =
k

��
 . The role of such a damping function is twofold: provide the 

correct asymptotic behavior of the model near solid boundaries, and ensure laminar flow 
prior to transition.

The R term serves as an energy transfer term from the laminar fluctuations to the turbu-
lence field, and it is used to couple the LKE transport equation with the turbulence model. It 
appears in both the laminar and turbulent kinetic energy equations, but with opposite signs, 
resulting in no net change of the total fluctuating kinetic energy ktot = k

�
+ k . Transition is 

triggered by the energy transfer from k
�
 to k. Following (Walters and Leylek 2004) the transfer 

term is formulated as:

The quantity � can be viewed as a transition triggering function, transition occurs when the 
wall-distance Reynolds number 
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3.2 � Model Performance and Weaknesses

The baseline LKE model was successfully applied to the prediction of separated-flow 
transition in LPT cascades for aircraft engine applications by Pacciani et al. (2010, 2011a, 
2011b, 2014). Blade sections with different solidities and loading styles were studied over 
a range of Reynolds numbers and the numerical predictions resulted in separation bubble 
lengths, transition onset locations, and pressure recovery after reattachment that were found 
to be in good agreement with experimental data. However, the formulation of the produc-
tion term based on k

�
 and shear-layer vorticity thickness has some major drawbacks. First 

of all, this latter quantity is a non-local one, and this seriously limits the generalizability 
of the model. Second, the proposed expression for P

�
 does not account for the freestream 

turbulence level, and while being suitable for modelling the growth of instabilities in sepa-
rated shear layers, it bears a loose relation with pre-transitional fluctuations developing in 
attached boundary-layers (Tollmien-Schlichting waves and Klebanoff streaks). Similarly, 
the expression adopted for the transfer term R is not free from criticism. Generally speak-
ing, the transition onset depends on Reynolds number, pressure gradient, and freestream 
turbulence intensity. From this point of view, the adoption of a constant value (the c5 term 
in the � function) as transition onset parameter appears as a too crude assumption. Gen-
eralizations of the LKE framework were attempted, with the aid of data-driven machine 
learning approaches, by Akolekar et al. (2021, 2022) and Fang et al. (2024), where the pro-
duction and transfer terms were chosen for model modification. Further improvements in 
separation-induced transition predictions were achieved, however, Fang et al. (2024) who 
exploited a multi-objective multi-case machine learning algorithm, found opposite correc-
tion trends on separated-flow and bypass transition by analyzing the trained LKE produc-
tion and transfer terms. This reinforced the idea that the construction of a truly multi-mode 
LKE-based model requires a more general framework that is able to address the growth of 
pre-transitional fluctuations in favorable and adverse pressure gradients under the effects of 
the turbulence coming from the freestream.

Based on the above discussion, the weaknesses of the previous LKE model can be 
summarized as:

•	 It is a non-local model due to the use of the shear-layer vorticity thickness
•	 It contains no specific term for bypass transition
•	 The threshold constant c5 should actually be a function of pressure gradient and 

freestream turbulence intensity
•	 The use of turbulence damping functions results in an unsatisfactory coupling with 

the turbulence model

In the following sections of the paper the research questions raised by the highlighted 
deficiencies of the previous LKE model will be addressed by:

•	 Reformulating the LKE production term to sensitize the model to the turbulence 
coming from the freestream

•	 Considering also a laminar fluctuations diffusivity to be included in the diffusion 
terms of the momentum and energy equations

•	 Introducing an intermittency factor to damp the TKE production term prior to transi-
tion and guarantee an effective coupling between the LKE and the turbulence model 
equations
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•	 Considering suitable functional forms for the threshold term c5
•	 Reformulating the separated flow transition components in order to avoid the use of 

non-local quantities in any model term, and address the common problem met in linear 
turbulence models that need boosted TKE production to overcome overpredicted reat-
tachment lengths.

4 � Reformulated LKE Framework

4.1 � Laminar Kinetic Energy Production Term

Starting the discussion from the LKE production term, the adopted analytical formulation 
is again the one of Eq. (3). The efforts described in Akolekar et al. (2021, 2022) pointed 
out how the length scale:

or its variant with the strain rate S in place of the vorticity magnitude Ω , frequently appears 
in trained expressions of the LKE production terms. It is a local term that presents a maxi-
mum in the normal-to-the-wall direction which is roughly proportional to the boundary 
layer momentum thickness. The maximum location is approximately found at half the 
boundary-layer thickness in attached boundary layers, while it sits on the outer shear layer 
of laminar separation bubbles. This has been verified by analyzing normal-to-the-wall dis-
tributions of the term � for Falkner-Skan velocity profiles. Such properties suggest that � 
can be considered as a good candidate to represent the length scale of pre-transitional fluc-
tuations. Note that the model is likely to initiate transition where � reaches its maximum 
value and this appears as a physically consistent circumstance for both attached and sepa-
rated-flow transition. The only drawback of the adoption of such a length scale comes from 
its non-Galilean-invariant character, due to the involvement of the local velocity magnitude 
U. However, it has been verified that its behaviour in the boundary layer is not altered 
when considering the flow velocity in the frame of reference of each solid wall comprised 
in the computational domain.

The square root of k
�
 as a velocity scale does not account for the energy associated with 

fluctuations coming from the freestream and must be dropped in favor of a more physi-
cally sound term, in order to properly include the effect of freestream turbulence. Walters 
and Leylek (2004) and Walters and Cokljat (2008) assumed that LKE production is driven 
by large scale fluctuations occurring in the normal-to-the-wall direction due to turbulence 
coming from the freestream. They split the TKE into two contributions: a small scale term 
kT ,s associated with high frequency turbulent fluctuations, and a large scale term kT ,l associ-
ated with low frequency fluctuations penetrating into the boundary layer. The splitting is 
carried out on the base of a shear-sheltering function (Jacobs and Durbin 1998; Walters 
and Cokljat 2008):

which is used to filter out small scale fluctuations and prevent them from penetrating the 
pre-transitional boundary layer. Thus:
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It is an established physical fact and a common assumption (see also Walters and Cokl-
jat, (2008) Dick and Kubacky, (2017)) that large-scale fluctuations coming from the free 
stream are responsible for the growth of pretransitional fluctuations in laminar boundary 
layers, while small-scale fluctuations feed turbulence in turbulent boundary layers. Along 
these lines, 

√

kT ,l has been assumed as a pre-transitional fluctuating velocity scale in the 
present work. The resulting expression for the LKE production term is:

where a value of 2 has been assumed for the constant cSS in Eq. (11). The effect of the value 
of the c1 constant will be discussed in section 5.

4.2 � Intermittency Factor

A modified LKE model including the production term of Eq.  (13) was coupled with the 
k − � SST model and applied for bypass transition predictions in the ERCOFTAC flate 
plate test cases. The particular choice for the turbulence model is justified by its more relia-
ble response to the freestream turbulence intensity relative to the Wilcox k − � . This aspect 
will be made clearer in subsection 6.1 where numerical results on the VKI-LS89 cascade 
will be discussed. The ERCOFTAC flat plate test cases will be analyzed in detail in sect.  5, 
and here only results from the T3A configuration are presented in order to discuss the fail-
ure that was experienced when applying the baseline model for bypass transition predic-
tions. Figure 1 reports the calculated and experimental flat plate skin friction distributions 
cf = 2�w∕�U

2
∞

 versus Rex =
�U∞x

�
 , where �w is the wall shear stress, x is the coordinate run-

ning along the flat plate, and U∞ indicates the freestream flow velocity. Results obtained 
with the � − Re�,t model (Menter et al. 2006) are also reported for comparison. The erratic 
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Fig. 1   Skin-friction distributions for the T3A test case (using original LKE model)
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behavior of the skin friction coefficient, which clearly indicates a failure of the transition 
model, was found to stem from the coupling strategy between the LKE framework and 
the turbulence model. In bypass transition cases, the damping function �∗(RT ) does not 
allow the turbulence model to be properly ignited by the transfer term, and prevents reach-
ing fully-turbulent flow in the boundary layer. Instead, we obtain a non-physical series of 
re-laminarizations and re-transitions. Several formulations were considered for �∗(RT ) , 
including rational and exponential functions, but none of them were able to address the 
issue.

Intermittency-based models, on the other hand, are not affected by such problems. They 
are able to preserve laminar flow prior to transition, while ensuring a smooth increase in 
TKE up to the fully turbulent regime (see Fig. 1). The introduction of an intermittency fac-
tor in the LKE framework was therefore considered.

In the context of LKE-based transition models, an intermittency factor can be defined 
as: � = k∕(k

�
+ k) (Lardeau and Leschziner 2006; Pacciani et  al. 2024). In the pre-tran-

sitional portion of the boundary layer, only k
�
 can be present while k is practically equal 

to zero, as is � . When transition occurs k starts to increase, while k
�
 decreases due to the 

effect of the transfer term, so � approaches the unity value as the flow tends to become fully 
turbulent. In accelerating laminar boundary layers k

�
 can be very small and comparable 

or lower than the k level established by the diffusion of freestream turbulence. This could 
result in � values close to unity and then promote TKE production prior to transition. To 
prevent this, the kinetic energy of small scale turbulent fluctuations is employed in place of 
k:

The kinetic energy of the high frequency turbulent fluctuations kT ,s is filtered out in laminar 
boundary layers while it becomes equal to k when the fully turbulent regime is achieved.

With the introduction of the intermittency factor, the coupling of the LKE transport 
equation with the turbulence model can be carried out with commonly adopted strate-
gies (e.g. Menter et al. 2006; 2015, Kubacki et al. 2020). With reference to the k − � SST 
model, the coupled transition and turbulence equations can be written as:

with:

The (1 − �) term is introduced in the LKE production term in order to enforce k
�
 and R to 

go rapidly to zero after transition. The other quantities in equations 16 and 17 as well as 
the eddy viscosity are formulated, in the standard manner, like in Menter et al. (2015). It 
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is worth noticing how such a coupling method is actually general and can be adopted with 
any two-equation turbulence model, for example the standard Wilcox k − � model (Wilcox 
2006).

The intended strategy for simulating the transition process is the following:

•	 The transition onset is controlled by the transfer of fluctuating energy from the laminar to 
the turbulent form and this task is operated by the R term of Eq. 1

•	 Once the turbulence model has been ignited with such a mechanism (i.e. the production 
of TKE has started due to the effect of R and � has started to rise above zero), the trans-
fer term rapidly decays together with k

�
 , and the turbulent production is controlled by the 

intermittency factor � that ensures a gradual increase of the TKE up to the fully turbulent 
regime.

4.3 � Laminar Fluctuations Diffusivity

It is expected that the large scale fluctuations occurring in the normal-to-the wall direction, in 
the pre-transitional boundary layer, that are modelled in terms of LKE, contribute with added 
diffusivity. Based on this consideration, a diffusivity of laminar fluctuations was considered in 
the present work. Its definition is consistent with the adoption of the term � as a length scale 
for laminar fluctuations:

where c�,� is a constant, RT = �k∕(��) is the turbulent Reynolds number, and f�,� is a 
damping function that prevents �

�
 from affecting the viscous sublayer. This laminar eddy 

viscosity is added to the turbulent viscosity in the diffusive terms of the Navier–Stokes 
equations. Its role in the modelling of transition onset and development will be discussed 
in section 5.

4.4 � Pressure Gradient Parameters for c
5
 Formulations

The experience collected with the original LKE model, and the successive machine-learned 
variants, suggests that the transition onset parameter c5 should not be a constant, but it should 
be treated as a function of pressure gradient and freestream turbulence level for the sake of 
generality. In particular, the pressure gradient imposed by the freestream has been recognized 
to play a major role. Recently, several strategies have been proposed to define non-dimensional 
local pressure gradient parameters suitable for being used in transition modelling frameworks 
(e.g. Menter et al. 2015, Coder and Maughmer 2012). The pressure gradient parameter intro-
duced by Menter et al. (2015) is designed to approximate the Thwaites’ parameter:

in the middle of the boundary layer. It is defined as:

where n represents the wall normal unit vector. Such a formulation shows several advan-
tages, e.g. it has the desired behaviour in the boundary layer, it is based on only local 
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quantities, and it is Galilean invariant. However, close to corners between two or more 
solid walls additional implementation logic could be needed. In the present work, another 
pressure gradient parameter, which again closely resembles �� is proposed:

It is also defined in terms of local parameters only, but it is not Galilean invariant due to the 
streamwise pressure derivative. The quantity fPG is found to increase monotonically with 
the wall distance and becomes very large in the freestream. It must be stressed that this 
parameter has not been introduced only to offer an alternative to formulations proposed by 
other researchers, but to enable the model terms to properly react to different pressure gra-
dient parameters. This is deemed to be important for closures that are aimed at data-driven 
generalizations.

4.5 � Modification for Separated‑Flow Transition

When laminar separation occurs, the response of the turbulence model to the onset of tran-
sition tends to be delayed and this results in boundary layer reattachment occurring too far 
downstream. This, depending on Reynolds number and freestream turbulence level, can lead 
to predicted bubble sizes that are larger than measured ones. This is a well-known issue that 
has been documented for a variety of transition closures and turbulence models (Menter et al. 
2006, Pacciani et al. 2011b, Kubacki et al. 2020). The original LKE model was not affected by 
similar drawbacks, essentially due to the particular production term that was conceived focus-
ing on KH instabilities. The present baseline model indeed shows the discussed undesirable 
behaviour in laminar separation bubbles, indicating that it needs additional terms to address 
the amplification of instabilities in the separated shear-layer and their subsequent breakdown 
to turbulence. To this end, both the production and the transfer terms are modified with the 
inclusion of separation-aware terms:

The function fsep is meant to control the activation of production and transfer term compo-
nents that model the growth of instabilities in separated shear layers. The formulation pro-
posed herein has been designed to resemble the analogous terms in the Menter et al. (2015) 
and Kubacki et al. (2020) models:

where csep is a model constant, Rev =
Sy2

�
 is the vorticity Reynolds number and Rcr is a 

critical parameter that acts as a threshold for the activation of fsep . The first attempts at pre-
dicting separated-flow transition on flat plates and low Reynolds number flows in gas tur-
bine cascades suggested that Rcr should not be a constant, but again a function of pressure 
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gradient and freestream turbulence. Since a prominent role of the non-dimensional group 
r =

Sy

U
 was observed in the expressions of machine-learnt threshold terms (e.g. Akolekar 

et  al. 2021; 2022, Fang et  al. 2024), the proposed expression for Rcr is based on such a 
quantity:

The non-dimensional group r can be regarded as a shape function. It accounts for the pres-
sure gradient and provides a suitable scaling for Rev in laminar separated shear layers. 
The function fsep is also used to drive the boosting of the transfer term R by the quan-
tity 3csepfsep . In practice, the source term addresses the growth of k

�
 in the separated shear 

layer, while the additional term in R contributes to transfer the pre-transitional fluctuat-
ing energy to the turbulence field in an amplified manner, so that the turbulence model 
promptly reacts to transition, ensuring that breakdown and reattachment occur at realistic 
distances from the transition onset location.

The proposed formulation for fsep will be proven to be quite effective (subsection 6.2), 
but it has no ambition of generality. Instead, the function fsep is definitely a candidate for 
data-driven training in machine learning strategies, e.g. the ones employed in Akolekar 
et al. (2022) and Fang et al. (2024).

The quantity Psep (equation 24) acts as a source term to model the growth of instabili-
ties in the separated shear layers. It is borrowed from the Menter et  al. (2015) intermit-
tency-based model, where it is used for a more general purpose, i.e. to compensate for 
the retarded activation of the turbulence model sometimes observed when transition 
occurs under low freestream turbulence conditions. Kubacki et  al. (2020) also used a 
source term proportional to the molecular viscosity � and the square of the strain-rate S2 
as a TKE boosting term with a role in separated-flow transition. However, the combina-
tion of laminar and turbulent viscosity that appears in Eq. (24) has been preferred due to 
its self-destructing nature that comes into play when a fully turbulent regime is attained. 
In aerodynamic flows, the vorticity Reynolds number can become very high immediately 
downstream of trailing edges due to the concurrent impact of increasing wall distance and 
the high vorticity/strain-rate that exists in the near-wake. This could lead to persistence of 
large-value source and transfer terms downstream of trailing edges and consequent unphys-
ical growth of TKE in the wake. The component max(csep� − �T , 0) ensures that the sepa-
rated flow source term is nullified once the transition has completed and prevents the wake 
from being corrupted by excessive turbulent production.

5 � Model Calibration

5.1 � The ERCOFTAC Flat Plate Test Cases

As mentioned in the Introduction section, for the calibration of the model, the flat plate 
experiments by the European Research Consortium on Flow, Turbulence and Combustion 
(ERCOFTAC) (Pironneau et al. 1992) were selected as test cases. The T3A, T3B, T3A-, 
and T3A-SK test cases are characterized by zero pressure gradient. The other test cases are 
instead characterized by a non-uniform freestream pressure distribution. Transition occurs 
in adverse pressure gradient conditions in T3C2, T3C3, T3C4. The last one is characterized 
by flow separation. Finally, T3C1 and T3C5 are characterized by transition in a favorable 

(27)Rcr = 800max [min (2r, 8), 1]
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pressure gradient. The boundary conditions and main flow quantities for the ERCOFTAC 
test cases are reported in Table 1.

The viscosity ratio (or turbulent Reynolds number) �T∕� was prescribed in order to 
match the experimental turbulence decay downstream of the plate leading edge. The same 
level of agreement documented in other works that employed the k − � SST model (e.g. 
Menter et al. 2015) was obtained.

The computational domain was discretized using a single-block H-type mesh topology 
with 288 cells in the stream-wise direction and 128 in the wall-normal one. The plate lead-
ing edge was not included in the domain discretization and the flat lower boundary com-
prises 24 cells upstream of the plate and 264 on the solid surface. The mesh size was estab-
lished on the basis of a grid independence analysis. The results of such an analysis will be 
discussed, as an example, only for the T3A- test case which indeed exhibits a very mesh 
sensitive transition behaviour. Free slip boundary conditions were imposed upstream of the 
flat plate leading edge and on the upper boundary. A uniform total pressure profile and 
parallel flow conditions were prescribed at the inlet of the computational domain. Uniform 
static pressure was assigned at the outlet.

The proposed values for the model constants are summarized in Table 2.
For all the ERCOFTAC test cases results obtained with the � − Re�,t model are also 

reported for the sake of comparison.

5.1.1 � Zero Pressure Gradient Cases

The constant c1 controls LKE production (i.e. Eqs.  13 and 23), so it is believed that it 
has a major impact on the predicted transition path. As mentioned in Sect.  3, the con-
stant c5 acts as a transition onset parameter, so competing trends are to be expected if 
c1 and c5 constants are calibrated individually. The experimental profiles of fluctuation 
energy in the boundary layer are a valuable aid for establishing the proper values of 
such constants. Computed profiles of total fluctuation energy ( ktot = k

�
+ k ) versus wall 

distance are compared to measurements in Fig. 2 for selected Rex values in the transi-
tional range and different couples of c1 and c5 constants. The values of c1 and c5 have 
been selected in order to fix the transition onset to the experimental location, as visible 
in Fig. 3a that reports the comparison between predicted and measured flat-plate skin-
friction distributions. The c1 value that ensures the best match with experiments is 0.02 
and it corresponds to c5 = 24 , so these values are assumed as reference ones (Table 2). 

Table 1   Boundary conditions and main flow variables for the T3 ERCOFTAC test cases

Test case T3A T3A- T3A-SK T3B T3C1 T3C2 T3C3 T3C4 T3C5

U
in
[m∕s] 5.4 19.8 50.1 9.2 6.4 5.5 4.1 1.3 9.2

Tu
in
[%] 3.3 0.874 0.3 6.2 8.0 2.8 3.0 2.9 3.5

�
T
∕� 11.5 5.2 1.2 60.0 54.0 9.0 7.0 2.5 18.0

Table 2   Summary of the model 
constants

c1 c3 c4 c5 c�,� csep

0.02 0.02 8 24 0.03 10
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The computed ktot profiles agree well with measured ones up to Rex ≃ 2.0 × 105 . In the 
last two locations reported in Fig. 2 ( Rex = 2.38 × 105, 2.74 × 105 ) the ktot peak is pre-
dicted at a larger wall distance relative to the experimental one. A dominant contribu-
tion of the TKE is expected for such values of Rex that correspond to the last stages of 
the transition process (see Fig. 3a). Thus it is expected that the turbulence model, rather 
than the transition modelling framework, plays a major role in determining the total 
fluctuation energy in the boundary layer in these locations.

It can be noticed how, in order to fix the transition onset location, the c5 value must 
be decreased while increasing c1 . Such a behavior originates from the particular formu-
lation of the intermittency factor: kT ,s∕(k� + kT ,s) . A higher value of c1 results in a higher 
level of k

�
 and this tends to smooth the increase in intermittency. If not compensated 

with a decrease in c5 , such a mechanism causes an early onset and a delayed end of 
the transition process. This can also be inferred from Fig. 3a, where the cf  distribution 
obtained with the largest c1 value ( c1 = 0.03 , c5 = 22 ) is the last one in reaching the 
fully turbulent level. Also in terms of skin friction distributions the best agreement with 
measurements is obtained with the proposed c1, c5 values.

The transition mechanism provided by the model for the T3A test case, for c1 = 0.02 
and c5 = 24 , is depicted in Fig.  3b that shows calculated distributions of LKE, TKE, 
transfer term R, and intermittency, as functions of the non-dimensional distance from 
the flat plate leading edge x/L (L flat plate length), taken at the wall distance where tran-
sition starts. The LKE increases monotonically up to approximately x∕L = 0.3 . This is 
the location where R comes into play promoting the transfer of energy from the laminar 
to the turbulent form, thus triggering transition. After the transition onset both the LKE 
and R rapidly decrease as expected, while the TKE increases. The intermittency starts to 
rise above zero at the transition onset and increases up to unity as a fully turbulent state 
is reached in the boundary layer.

For the constant c4 the value used in the original model is retained. The constant c3 
controls the peak value of the transfer term R. A value of 0.02 guarantees the incep-
tion of turbulent production at the transition onset while providing a smooth increase in 
TKE up to the fully turbulent level. Values below 0.02 have been found to be too low 

Fig. 2   Total fluctuation energy distributions versus wall distance for the T3A test case and different values 
of the c1 and c5 constants
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to ensure a reliable transition start, while greater values only contribute to increase the 
peak in turbulent production that could result in a too rapid transition process.

The constant c�,� has a minor effect on the predicted transition path in zero and adverse 
pressure gradient boundary layers. On the contrary, it was found to have a non-negligible 
impact in favorable pressure gradient conditions, as will be discussed in subsection 5.1.2.

Figure  4 compares predicted and measured boundary-layer velocity profiles in the 
transition region for c1 = 0.02 and c5 = 24 . The wall distance and local velocity are non-
dimensionalized with the boundary layer thickness � and the freestream velocity Ue respec-
tively. Computed profiles appear in good agreement with experiments at all the considered 
locations.

In terms of skin-friction distributions, the current prediction for the T3A test case is 
compared with the one onbtained by coupling the LKE model with the Wilcox k − � 
model in Fig. 5. The adopted model constants are the ones reported in Table 2 for both 

Fig. 3   a Skin friction distributions for the T3A test case, for different values of the c1 and c5 constants, and 
b distributions of transitional and turbulent quantities along the flat plate surface
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the calculations. The combined LKE+Wilcox k − � transition/turbulence closure is seen 
to work properly, even if the comparison with the LKE+SST combination evidences 
a somewhat different behaviour. The transition onset is predicted at quite the same 
location, but the transition ramp and the fully turbulent level of cf  appear different. In 
particular, the transition process predicted with the Wilcox k − � model appears to be 
quicker than the one provided by the SST model. This suggests that the model constants 
of Table 2 should be retouched depending on the particular model adopted as turbulence 
closure.

Fig. 4   Computed and measured boundary layer velocity profiles for the T3A test case

Fig. 5   Comparison between skin-friction distributions obtained with different turbulence models for the 
T3A test case
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With the proposed set-up (Table 2), a good response by the model was recorded also for 
the higher freestream turbulence, higher Reynolds number T3B test case (Fig. 6). The tran-
sition onset location is correctly captured. However, discrepancies between calculated and 
measured skin friction distributions can be detected in the laminar portion of the boundary 
layer and in the peak at the end of transition. Neverthelesss, very few results in the open 
literature show better reproduction of those features (e.g. Walters and Cokljat 2008). The 
present predictions are probably affected by the approximate flat plate leading edge mod-
elization mentioned in section 5.1.

Figures 7 and  8 report comparisons between measured and computed skin-friction dis-
tributions for the low freestream turbulence Schubauer-Klebanoff and T3A- flat plate test 
cases. Despite the fact that the proposed model has no specific component for natural tran-
sition, it was considered interesting to check for its capabilities in such flow configurations 
too. As mentioned, for the T3A- test case (Fig. 8), skin friction distributions are reported 
for all the three mesh sizes used for the grid independency analysis on the ERCOFTAC 
flat plate test cases. The grid dimensions are reported in Table 3. Only the coarse grid cal-
culation seems off in terms of predicted transition onset location relative to the other two 

Fig. 6   Computed and measured skin-friction distributions for the T3B test case

Fig. 7   Computed and measured skin-friction distributions for the Schubauer and Klebanoff test case
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grids and measurements. The medium and fine grids yield essentially the same results so 
that space convergence was assumed as reached on the medium grid. The transition path is 
definitely too steep in all the calculations, including also the � − Re�,t model result. This is 
true also for the Schubauer-Klebanoff test case with reference to both LKE and � − Re�,t 
calculations. However, the present predictions of T3A- and Schubauer-Klebanoff flow con-
figurations appear in line with the ones reported in other works (e.g. Menter et al. 2015).

5.1.2 � Favorable Pressure Gradient Cases

Measured and calculated skin-friction distributions for the T3C1 test case are compared in 
Fig. 9. Although the transition onset location seems to be captured correctly, there is a sig-
nificant misrepresentation of the laminar boundary layer prior to transition, with a relevant 
overestimation of cf  . Like for the T3B test case, transition starts shortly downstream of the 
leading edge, and again the simplified modelization of this geometrical feature is deemed 
to be responsible for the observed discrepancies. Although this test case is seldom pre-
sented in the literature, like in Menter et al. (2006, 2015), some results by other researchers 
appear similar to the present prediction (e.g. Li et al. 2021).

As mentioned in Sect.   4.3, the c�,� constant, which controls the amount of laminar 
fluctuations eddy viscosity introduced in the diffusive terms of the governing equations, is 
found to have a non-negligible impact on the transition path in favorable pressure gradient 
conditions.

A sensitivity analysis to the c�,� value is presented, in terms of skin-friction distri-
butions in Fig.  10a, and in terms of boundary layer velocity profiles in Fig.  10b. The 

Table 3   Mesh dimensions for 
grid dependency analysis

Coarse Medium Fine

165 × 65 289 × 129 541 × 221

Fig. 8   Measured and computed skin-friction distributions for three different mesh sizes for T3A- test case
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c�,� value does not influence the transition onset, but it shows a noticeable effect on 
the transitional cf  ramp (Fig. 10a). Increasing c�,� results in a smoother transition path 
that tends to widen the transition region and delay the attainment of the fully turbulent 
regime. The best agreement with experimental data is achieved with c�,� = 0.03 , so this 
is proposed as the constant standard value (see Table 2). The analysis of boundary layer 
velocity profiles taken midway through the transition process ( Rex = 4.02 × 105 ), and 

Fig. 9   Computed and measured skin-friction distributions for the T3C1 test case

Fig. 10   Computed and measured skin-friction distributions (a), and boundary layer velocity profiles for the 
T3C5 test case for different values of the constant c�,�
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reported in Fig. 10b, further justifies such a choice. In fact, the velocity profile predicted 
with c�,� = 0.03 shows the best overall agreement with measurements. Interestingly, the 
� − Re�,t prediction agrees very well with the one by the LKE model with c�,� = 0.03.

5.1.3 � Adverse pressure gradient cases

First attempts for assessing the model performance against the adverse pressure gradi-
ent test cases T3C2, T3C3, and T3C4 consistently resulted in a significant delay in the 
prediction of the transition onset location relative to experimental data. This is evident 
from the results of Fig. 11, where the skin-friction distribution calculated with the pro-
posed value for the constant c5 clearly exhibits the effect of a retarded transition. Such a 
behaviour of the model suggests that, c5 should be sensitized to positive pressure gradi-
ents. Actually, for sake of generality, also a dependence from the freestream turbulence 
level should be introduced in the transition parameter formulation, even if the pressure 
gradient seems to have a leading role in determining the correct c5 value. These obser-
vations identify thec5 parameter as a good candidate for data-driven modifications via 
machine-learning approaches. Here, as a proof of concept, simple linear expressions as 
a function of pressure gradient parameters are proposed.

The first one is based on the fPG parameter defined by equation 22:

and the second one is based on ��

�L
= −[∇(U ⋅ n) ⋅ n]

y2

�
 , the Menter’s parameter without the 

constants reported in equation 21:

(28)c5(fPG) =

{

24 fPG ≤ 0

24 − 2fPG fPG > 0

Fig. 11   Skin-friction distributions for the T3C2 test case obtained with different formulations for c5
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The improvement in the predictions for the T3C2 test case can be clearly appreci-
ated in Fig. 11, with almost coincident results by Eqs.  28 and 29. The proposed func-
tional forms for c5 yield good predictions also for the T3C3 and T3C4 test cases, as 
witnessed by Figs. 12 and  13, where measured skin-friction distributions are compared 
with numerical results obtained with Eq.  28. However, it is worth noticing how the pre-
dicted transition region is consistently too short relative to experimental data. Despite a 
small separation is detected in the computed T3C4 flow configuration, it is noted how 
the separation-specific model component (Eq.  24) does not activate. This is due to tran-
sition being triggered by the c5 modification according to Eq.  28 prior to the activation 
of the fsep function (Eq.  26) in this case.

(29)c5(𝜆
�

𝜃L
) =

{

24 𝜆
�

𝜃L
≥ 0

24 + 5.5𝜆
�

𝜃L
𝜆

�

𝜃L
< 0

Fig. 12   Computed and measured skin-friction distributions for the T3C3 test case

Fig. 13   Skin-friction distributions for the T3C4 test case with different transition models
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6 � Model Validation

All the calculations that will be reported have been carried out with the complete formula-
tion of the model, starting from what presented in Sect. 4, and including the corrections for 
pressure gradient (Eq. 28), separated flow (Eq. 24), and the laminar diffusivity (Eq. 19). 
This latter term is added to the eddy viscosity in the diffusive fluxes of the Navier–Stokes 
equations.

6.1 � Bypass transition in the VKI‑LS89 cascade

This section discusses computed results for the VKI-LS89 test case (1990), which is based 
on a linear cascade representative of high-pressure turbine stator vane. It was tested exper-
imentally at the von Kármán Institute for Fluid Dynamics (VKI) in the framework of a 
comprehensive aerothermal investigation campaign. External heat transfer measurements 
were acquired in subsonic as well as transonic flow conditions for a variety of Reynolds 
numbers and inlet freestream turbulence values. The heat transfer coefficient distribution is 
extremely effective in highlighting the boundary layer transition path and for such a reason 
this was considered as an interesting test case for validating the proposed transition model. 
The blade boundary layers undergo bypass transition in the majority of the experimen-
tally tested flow configuration. The main flow conditions for the test cases presented in this 
work are summarized in Table 4.

The cascade flow domain was discretized using an O-H grid with 858 mesh points on 
the blade surface, and 256 in the pitch-wise direction for a total of about 300K cells. A 
view of the computational grid is reported in Fig.  14a. Transonic flow conditions were 
detected for all the considered test cases, as evident from Fig. 14(a), which reports static 

Table 4   Main flow conditions for 
the VKI-LS89 vane cascade

Test case M2,is Re2,is Tu[%] �t∕Cx

Mur224 0.927 5.919 × 105 6.0 0.08
Mur228 0.932 5.955 × 105 1.0 0.04
Mur239 0.927 2.14 × 106 6.0 0.04
Mur247 0.922 2.117 × 106 1.0 0.014

Fig. 14   Multiblock O–H grid for the LS89 cascade (every second line shown) (a), and pressure isolines 
superimposed to color Mach number contours for the Mur239 test case (b)
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pressure isolines superimposed to color Mach number contours for the Mur224 configura-
tion. The Mach number reaches a value of about 1.1 downstream of the cascade throat, 
which results in a normal shock wave located approximately midway between the throat 
section and the blade trailing edge.

Figure 15a, and b report the comparison between computed and measured blade sur-
face heat transfer coefficient H distributions for two different exit isentropic Reynolds num-
ber values ( Re2,is = �2,isv2,isCx∕�2,is , where Cx is the blade axial chord and the subscript 
2 denotes outlet flow conditions). In such figures, H is reported as a function of the non-
dimensional curvilinear abscissa ( s∕stot ) along the blade surface. Negative values refer to 
the blade pressure side while positive ones are taken on the suction side. The origin is 
placed on the leading edge. For each Reynolds number value, results for the highest and the 
lowest experimentally tested turbulence intensities ( Tu = 6% and Tu = 1% ) are compared 
with predictions.

No information about the turbulent length scale for the various test cases was given in 
the original report (Arts et al. 1990), so as a criterion for establishing the correct turbu-
lence decay, it was decided to set its value in order to match the heat transfer coefficient 
level at the blade leading edge for each case, as visible in Fig. 15a, and b. With the k − � 
SST model, this resulted in the non-dimensional turbulent length scale ( �T∕Cx ) values 
reported in Table 4. First attempts to exploit such a data matching strategy with the Wilcox 
k − � model resulted in leading-edge heat transfer coefficients always remaining below the 
measured level, even when exaggerating the turbulent length scale value. This is suspected 
to be related to the realizability constraint (Durbin 1996), the adoption of which was found 
to be mandatory for obtaining physically consistent results with the Wilcox k − � model.

The numerical results for the flow configurations at the lowest Reynolds number 
(Mur224 and Mur228, Re2,is ≃ 6 × 105 ) can be assessed on the base of Fig. 15a. On the 
blade suction side, the transition onset location is reasonably well predicted for both low 
and high inlet freestream turbulence conditions.

On the blade pressure side, no clear indication of transition can be inferred from the 
experimental data and calculations also predict laminar flow up to the trailing edge. Pres-
sure side measurements only show different heat transfer coefficient levels for the two test 

Fig. 15   Heat transfer coefficients distributions for (a) Mur224-Mur228, and (b) for the Mur239-Mur247 
test cases
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cases that are deemed to be the result of the freestream turbulence perturbing the laminar 
boundary layer. Such an effect is reasonably reproduced by the current framework. For the 
cases at higher Reynolds number corresponding to Re2,is ≃ 2 × 106 (Mur239 and Mur247, 
Fig. 15a, the transition onset locations predicted by the proposed model on the blade suc-
tion side are in very good agreement with the experimental ones. In the calculation at 
higher freestream turbulence (Mur239) transition occurs on the pressure side too, with an 
onset location predicted at approximately s∕stot = 0.4 and the computed heat transfer coef-
ficient distribution is in very good agreement with the experimental one.

More insights on the transition process provided by the LKE model on the VKI-LS89 
cascade can be deduced from Fig. 16 that shows distributions of LKE, TKE, transfer term 
and intermittency as a function of the non-dimensional axial coordinate on the blade suc-
tion side for the Mur239 (Fig.  16a), and Mur247 (Fig.  16b) test cases. The schockwave 
impinges the suction side at x∕Cx = 0.83 and forces transition to occur at this same location 
only for the low freestream turbulence flow configuration (Mur247, Fig. 16b). For the high-
est freestream turbulence flow case ((Mur239, Fig. 16a) transition actually occurs ahead 
of the shock. The depicted mechanism is similar to the one discussed for the ERCOFTAC 
T3A test case, with the LKE gradually increasing up to the transition onset, which appears 
to be driven by the transfer term R, which forces the inception of TKE production that 
later follows the increase in intermittency. In all the calculations of the VKI-LS89 cascade 
transition is seen to develop too quickly relative to what happens in the measurements. This 
is evident from the computed results of Figs. 15a, and b, especially for the Mur239 test 
case, where experiments show a very smooth increase in the H distribution after the transi-
tion has started. However, this aspect of the present results appears consistent with what 
is observed in the majority of RANS analyses reported in the literature for this cascade 
(e.g. Walters and Cokljat 2008, Menter et al. 2006). More realistic distributions of the heat 
transfer coefficient associated with the prediction of a smoother transition process, more in 
line with experimental results, have been obtained with quasi-DNS calculations by Segui 
et al. (2017).

6.2 � Separated‑Flow Transition in High‑Lift Low Pressure Turbine Cascades

As mentioned in the introduction section, two test cases, based on different high-lift 
cascades operating in low-pressure-turbine-like conditions, were selected to check for 

Fig. 16   Distributions of transitional and turbulent quantities along blade suction surface for (a) Mur239 and 
(b) Mur247 test cases
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the capability of the proposed model to deal with separated-flow transition in turboma-
chinery-relevant flow configurations. The two cascades are built on the T106C and 
T108 blade sections (Fig. 17a). They share the same inlet and exit Mach numbers, and 
approximately the same deflection, but the T106C is characterized by an aft-loaded pro-
file, while the T108 is front-loaded, and this results in a much gradual diffusion from the 
suction velocity peak up to the blade trailing-edge. Flow topologies are then expected to 
be sensibly different in terms of separation point locations and bubble sizes. The main 
geometric and flow conditions for the two test cases are summarized in Table 5.

A multi-block O–H type grid structure was adopted for discretizing the computa-
tional domain of the two cascades, with 660 mesh points on the blade surface, and 140 
in the pitch-wise direction. The H-type block stitched to the outlet boundaries of the O 
mesh, is characterized by almost uniform mesh spacing in the axial and tangential direc-
tions in order to allow optimal resolution in the wake region. A view of the computa-
tional grid for the T108 cascade is reported in Fig. 17b.

The T106C and the T108 cascades were experimentally tested at the von Kármán 
Institute in the framework of the European research projects UTAT and TATMo (see 
also Michálek et al. 2012, Pacciani et al. 2014). Experimental results are available for 
several exit isentropic Reynolds number values, ranging from 0.8 × 105 to 1.6 × 105 . 
The flow configurations considered in this work are the ones characterized by the low-
est freestream turbulence value ( Tu = 0.8% ). In such conditions, the transition occurs 
on the blade suction side due to separated flow for all the tested Reynolds numbers, 
while the pressure side boundary layer remains entirely laminar. For the T106C cas-
cade, when lowering the Reynolds number the suction side flow structure experiences 
the transition from short to long bubble configurations and even open separations, a 
mechanism generally known as bubble bursting (Gaster 1969; Lou and Hourmouzi-
adis 2000). The inlet turbulent length scale was selected by matching the experimental 

Table 5   Main flow parameters 
for the T106C and T108 cascades 
( �1 and �2 are the inlet and outlet 
blade angles)

Test case �1 �2 pitch/chord M2,is

T106C 32.7o 65o 0.95 0.6
T108 35.5o 65o 1.1 0.6

Fig. 17   a Cascades geometries and, b O–H multi-block grid for the T108 cascade (every second line 
shown)
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turbulence decay upstream of the cascade leading edge and corresponds to the value of 
�T∕Cx = 2.5 × 10−3 , as a fraction of the blade axial chord.

All the numerical predictions discussed in this section of the paper have been obtained 
from converged, in terms of residual decrease, steady calculations. Figure  18 compares 
computed and measured blade suction surface isentropic Mach number distributions, while 
Fig. 19 reports wake loss profiles for the T106C cascades at three different exit isentropic 
Reynolds number values. In Fig.  19 the tangential coordinate y is non dimensionalized 
with the cascade tangential pitch g and the total pressure loss coefficient is defined as: 
Y = (p01 − p02)∕p01 . The positive y axis direction is from the suction side of one blade to 
the pressure side of the adjacent one. The loss coefficient distributions have been moved 
tangentially in order to have the calculated peak location coincident with the experimental 
one. This facilitates the comparison in terms of loss peak and wake width. The inlet total 
pressure p01 is acquired just upstream of the blade leading edge, while the pitch-wise dis-
tribution of outlet total pressure p02 is obtained by traversing the wake at 46.5% axial chord 
downstream of the trailing edge. In agreement with the experimental data reduction, p01 
and p02 are mass averaged quantities.

At the lowest Reynolds number value ( Re2,is = 0.8 × 105 , Figs.  18a, and   19a) the 
isentropic Mach number distribution along the blade suction side shows the effects of 
an open separation rather than a closed bubble. This is witnessed by a Mis value at the 
trailing edge that is higher than the outlet value. Indeed, the numerical results predict an 
open separation for such flow conditions, but the experimental isentropic Mach number 
distribution is not perfectly reproduced by the calculation (Fig. 18a). The computed dis-
tribution suggests that transition is predicted too early and this results in a smaller extent 
of the separated flow region. This reflects of the wake loss profile prediction at this 

Fig. 18   Isentropic Mach number distributions for the T106C cascade: a Re2,is = 0.8 × 105 , b 
Re2,is = 1.2 × 105 , and c Re2,is = 1.6 × 105

Fig. 19   Pitch-wise distributions of total pressure loss coefficient for the T106C cascade: (a) 
Re2,is = 0.8 × 105 , (b) Re2,is = 1.2 × 105 , and (c) Re2,is = 1.6 × 105
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Reynolds number value (Fig. 19a). In fact, the measured wake width appears wider than 
the computed one. A larger separation results in a thicker turbulent boundary layer after 
transition and reattachment, and this contributes to a more intense wake mixing. This 
justifies the discrepancies between computed and measured wake loss profiles observed 
in Fig. 19a. With the aid of full-span LES calculations, Rosenzweig et al. (2023) have 
shown how three-dimensional effects related to secondary-flow-driven boundary layer 
migration play a key role in determining the separation and wake structures at mid-span 
for this Reynolds number value. So, The numerical results of Figs.  18a, and   19a are 
considered satisfactory for a purely two-dimensional RANS approach. For higher Reyn-
olds number values the suction side isentropic Mach number distributions suggest that 
the flow topology is characterized by laminar separation bubbles, with boundary layer 
reattachment after transition, and computed results are in better agreement with experi-
ments Figs. 18b, c), and  19(b, c). The surface isentropic Mach number appears slightly 
underestimated in the separation bubble region and this could suggest that the experi-
mental separation bubble is thicker than the computed one. However, it is worth noting 
how the proposed framework shows remarkable capabilities for predicting the profound 
modifications occurring, for the T106C cascade, in the separation structure and blade 
loading when varying the Reynolds number. On the entire Reynolds number range, the 
predictions by the present model appear in harmony with the ones obtained with the 
original LKE model (e.g. Pacciani et al. 2014). The results by the two approaches are 
compared in Figs. 18b, and  19b, for Re2,is = 1.2 × 105 , as an example. The suction side 
isentropic Mach number distributions are practically coincident, while the revised LKE 
model results in a slightly better wake loss profile prediction both in terms of peak value 
and pitchwise width.

The comparison between computed and measured integrated loss coefficients as a 
function of the exit isentropic Reynolds number (i.e. the cascade lapse rate), depicted 
in Fig. 20(b), is in line with what is discussed for Fig. 19 in terms of wake loss profiles. 
The integral loss is underestimated at the lowest Reynolds number and reasonably well 
predicted for the higher Reynolds numbers.

In order to highlight the role of the separation-related components of the proposed 
framework, suction surface distributions of relevant transitional/turbulent quantities are 
shown in Fig.  20b for the intermediate Reynolds number value ( Re2,is = 1.2 × 105 ). The 
reported distributions are taken at a distance from the wall where transition occurs. The 

Fig. 20   (a) Distributions of transition and turbulent models quantities along the blade suction side for 
Re2,is = 1.2 × 105 , and (b) integrated loss as a function of Re2,is for the T106C cascade
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fsep function becomes greater than the zero at approximately 80% of the blade axial chord, 
where the separation point is located, and rapidly increases downstream driving the growth 
of the LKE in the separated shear layer. This mechanism can be inferred from the kink in 
the LKE distribution near the separation point location. The contribution of fsep in boosting 
the transfer term R at transition can also be appreciated in Fig. 20b.

The numerical results for the T108 cascade are compared with measurements in 
Fig. 21 (suction surface isentropic Mach number distributions) and Fig. 22 (wake loss 

Fig. 21   Isentropic Mach number distributions for the T108 cascade: a Re2,is = 0.8 × 105 , b 
Re2,is = 1.2 × 105 , and c Re2,is = 1.6 × 105

Fig. 22   Pitch-wise distributions of total pressure loss coefficient for the T108 cascade: a Re2,is = 0.8 × 105 , 
b Re2,is = 1.2 × 105 , and c Re2,is = 1.6 × 105

Fig. 23   a Skin-friction distribution along the blade suction side for Re2,is = 1.2 × 105 , and b integrated 
losses for the T108 cascade
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profiles). As for the 106C cascade, wake traverses are taken at 0.465Cx downstream of 
the blade trailing edge. For all the considered Reynolds numbers the suction side lami-
nar separation has the structure of a short bubble. Also for this test case, the computed 
results well capture the separation bubble evolution when varying the Reynolds number 
and nicely match the experimental data for all the considered flow conditions.

Figure  23a shows the comparison between suction side distributions of computed 
wall shear stress and experimental quasi-wall shear stress for the intermediate Reynolds 
number value ( Re2,is = 1.2 × 105 ). For such a comparison to make sense, all the datasets 
must be consistently non-dimensionalized with a reference value. The �w value corre-
sponding to the location of the first measurement on the blade suction side was chosen 
for such a scaling. With no doubt about the only qualitative nature of the comparison, it 
is observed how the computed separated flow region almost perfectly covers the blade 
suction side fraction characterized by zero quasi wall shear stress, with well-captured 
separation and reattachment locations. The experimental distribution shows a higher 
level of �w after reattachment relative to the numerical results. This is deemed to be due 
to the turbulence model rather than to the transition modelling framework.

Consistently with the general good agreement between measurements and calculation, 
the cascade lapse rate is also well predicted as visible in Fig. 23b.

The model performance appeared to be quite insensitive to the constant csep value. It was 
varied in the range 10 − 100 without observing significant changes in the computed results. 
Values higher than 100 tend to results in a too steep pressure recovery after reattachment, 
while for values lower than 10 the onset of instabilities can sometimes be detected in the 
separated shear layer, leading to unsteady transition paths. A value of 10 was considered 
satisfactory (see Table 2). For a more precise and physically consistent calibration of csep 
detailed experimental or high-fidelity studies of the instabilities developing in the sepa-
rated shear-layer would be desirable.

6.3 � Transition Under Low Freestream Turbulence Conditions on the S809 Airfoil

The S809 airfoil was calculated, in incompressible flow conditions, for a Reynolds num-
ber value of 2 × 106 . Following the studies of other researchers (e.g. Walters and Cokljat 
2008), the inlet freestream turbulence intensity was set to 0.2% and a value of 10 for the 

Fig. 24   a 720x180 C-type grid (every second line shown), and b transition onset location as a function of 
the angle of attack for the S809 airfoil



	 Flow, Turbulence and Combustion

viscosity ratio was assumed. A single-block C-type grid topology was used to discretize 
the computational domains that extends 40 chords away from the airfoil surface. A number 
of 720 cells were distributed on the solid surface and the wake centerline (coincident with 
the mesh branch-cut), while 180 cells were used in the normal-to-the-wall direction. An 
enlarged view of the computational grid in the vicinity of the airfoil is shown in Fig. 24a.

Measured transition locations on both the airfoil sides are available for a range of angles 
of attack, and such a dataset provides a very good opportunity to test the predictive capa-
bilities of a transition model. In order to study the evolution of the transition process when 
varying the incidence, the range between 0o and 12o in terms of angle of attack ( � ) values 
was spanned with 20 calculations. Such calculations include the experimentally tested inci-
dence values. The predicted non-dimensional chord-wise positions of the transition onset 
locations are compared to experiments in Fig. 24b. For � ranging from 0o up to approxi-
mately 5.5o transition is predicted to occur due to separated flow on both the upper and the 
lower side of the airfoil. In order to support this observation, the airfoil surface distribution 
of non-dimensional wall shear stress for � = 0o is reported, as an example, in Fig.  25a. 
Here negative values of the non-dimensional chord-wise coordinate x/C refer to the air-
foil’s lower side, while positive values refer to the upper one. For this angle of attack, the 
mild boundary-layer separation occurring on the airfoil upper side can also be inferred 
from the pressure coefficient distributions of Fig. 25b. In fact, both computed and meas-
ured Cp distributions show, on the airfoil upper side, a small pressure plateau, at approxi-
mately x∕C = 0.5 . The pressure coefficient is defined as: Cp =

(p0,∞−p)

�U2
∞
∕2

 , with p0,∞ and U∞ 
freestream total pressure and flow velocity. Predictions agree well with experiments, and 
the same level of agreement was recorded for all the experimentally tested incidence val-
ues. On the airfoil suction side, the transition onset location rapidly moves upstream for 
𝛼 > 5o , and consistently sits in the vicinity of the leading edge for 𝛼 > 9o . This behaviour is 
quite correctly reproduced by the calculations, even if transition is predicted to occur 
slightly upstream relative to measurements at all the considered angles of attack. Such a 
discrepancy can be noticed on the airfoil pressure side too, but again the smooth trend in 
the transition onset location drift towards the trailing edge is correctly captured in the 
numerical predictions.

Fig. 25   a wall-shear stress, and b pressure coefficient distributions at zero angle of attack for the S809 air-
foil
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7 � Conclusion

A novel LKE-based transition modelling framework is proposed. A previous formulation, 
specifically developed for separated-flow transition, has been extended towards the predic-
tion of bypass transition too. The work is aimed at constructing a framework suitable for fur-
ther data-driven improvements using machine learning approaches. The LKE production and 
transfer terms have been selected for model modifications, and new formulations have been 
introduced to mimic the growth of pre-transitional fluctuations in boundary layers and sepa-
rated shear layers under the effect of variable pressure gradients and freestream turbulence. A 
reliable coupling of the LKE transport equation with two-equation turbulence model has been 
achieved by providing the framework with a suitably devised intermittency factor. Although 
the model is more of a base framework for data-driven enhancements, some simplified closure 
functions are provided as proof of concept. Unlike other LKE-based models, not only phe-
nomenological arguments have been adopted for the definition of the closure functions, but 
ideas and formulations of local non-dimensional terms have been also borrowed from local 
correlation approaches. This enhances the generality and flexibility of the model facilitating 
in the perspective of a data-driven training of those functions. The proposed model makes 
use of local quantities only, but it is not Galilean invariant. The calibration of the constants 
and functions has been made with reference to the ERCOFTAC flat plate test cases. Detailed 
analyses of the zero pressure gradient case has allowed a tuning of the LKE production term 
that ensures a realistic growth of the fluctuation energy in the transition region. The introduc-
tion of a pre-transitional fluctuation diffusivity was found to improve predictions in favorable 
pressure gradients. Transition in adverse pressure gradient was addressed by relying on local 
indicators like in local correlation-based models. Specific terms were added to address the 
growth of instabilities in separated shear layers and their subsequent breakdown to turbulence, 
thus allowing separated-flow transition predictions. The validation campaign was carried out, 
mostly on turbine cascades, over a wide range of flow conditions. The model shows a realistic 
response to freestream turbulence and Reynolds number and, overall, the comparison with 
experimental data shows a level of accuracy in predicting the transition onset that appears in 
line with engineering requirements. Separated-flow transition predictions show essentially the 
same accuracy of the baseline model that was specifically conceived for such a purpose. How-
ever, some questions regarding the calibration of the separated-flow transition term remains 
open and need further insights in the development of instabilities in the separated shear-layer 
to be answered. This issue could be addressed in the future with the aid of detailed experimen-
tal or high-fidelity results.

Despite the model does not include a specific component for natural transition, its perfor-
mance in predicting transition in low freestream turbulent conditions was found to be promis-
ing on flat plate cases and airfoils. However, predicted transition regions appear consistently 
too short relative to measurements, and this clearly highlights the scope for improvement in 
the predicting capabilities of the model. Finally, It is believed that the proposed model is flexi-
ble and general enough to serve as a suitable basis for data-driven training with machine learn-
ing approaches.
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Appendix A Model Formulation

The model is based on the following three transport equations:

The LKE production term P̃
�
 is given as:

where:

The LKE destruction term D
�
 is:

The transfer term R is as follows:

with:

The fsep term is a separation-aware term that is used to activate the model’s components for 
separated-flow transition. The current form of such a term is reported in Eq.  26, where it 
is expressed as a function of the ratio between an indicator, the vorticity Reynolds number 
Rev , and a critical term. The critical term, in general, should be a function of the pressure 
gradient and a local parameter quantifying the turbulence coming from the freestream. The 
c5 term is a threshold quantity that acts as a transition parameter. It should also be a func-
tion of the pressure gradient and freestream turbulence. Proposals that only account for the 
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pressure gradient are reported in Eqs.  28 and 29. The turbulence equations are the ones of 
the k − � SST model (Menter 1994), with:

The intermittency factor � is given by (see equation 14):

The laminar fluctuation diffusivity, to be added to the eddy viscosity in the diffusive terms 
of the momentum and energy equations is given by:

where y indicates the distance from the nearest wall, Ω the vorticity magnitude, U the 
velocity, S the mean strain rate, k

�
 the laminar kinetic energy, k the turbulent kinetic energy, 

� the fluid dynamic viscosity, �
�
 the laminar dynamic viscosity, �T the turbulent dynamic 

viscosity including the shear stress limiter (Menter 1994) and given by:

Standard values for the constants are provided by Table 2 and css = 2.
The inlet condition for the LKE is k

�
= 0 . The boundary condition at a wall is k

�
= 0.
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