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ARTICLE INFO ABSTRACT
Keywords: The present study proposes an approach to monitor the wall-to-fluid internal heat flux on Pulsating Heat Pipes
Inverse heat conduction problem (PHP), which provides meaningful information about the efficiency and limiting operation conditions of such

Kalman filter

. devices. In this sense, the current work adopts the Kalman Filter (KF) to estimate the heat flux between the
Pulsating Heat Pipe

working fluid and the internal tube wall along the adiabatic section of a PHP device by solving an inverse heat
conduction problem. The KF is a well-known tracking technique, and therefore the current study is attractive due
to the possibility of real-time evaluation of internal heat fluxes, a prospect that is extremely difficult to realize by
standard whole domain inverse problem techniques. A high-speed and high-resolution infrared camera performs
the temperature acquisition on the external wall of the PHP device. Two mathematical heat conduction models
are considered: complete and thin-wall models. The complete model determines the temperature and heat flux
evolution over time, and the thin-wall model is used to correct the random walk parameter on the KF formu-
lation. Since the time step needed to the KF evolution model is smaller than the measurements acquisition in-
terval, a matrix manipulation is used during the prediction step, reducing the number of mathematical
operations. Hence, instead of predicting the states until reaching the measurement times, a proper mathematical
manipulation reduces several mathematical operations to a single one. Then, the KF estimation capability is
evaluated by considering synthetic data with different noise levels and different heat flux values. Subsequently,
real experimental data are employed, and the results are compared with the ones obtained via a standard whole
domain technique. The results obtained with the KF presented good visual agreement with the exact solution.
Once the KF presents a delayed response, which is a characteristic of some filtering techniques, the errors with
synthetic data were calculated offsetting the delay of the estimation in time in order to make a fair comparison,
showing a maximum estimation error lower than 36 % considering the highest noise level. The synthetic data
considered 20 s of time experiment, and the KF was able to estimate the PHP internal heat flux in less than 12 s,
including the smoothing temperature step, showing fast and accurate results. For the real experimental data, the
agreement between the KF and a whole domain technique is highly commendable, demonstrating a deviation of
25.5 % between both techniques. Moreover, the KF required significantly less computational time. The proposed
methodology for heat flux estimation on PHPs is promising to evaluate their thermal behavior in real-time due to
a low CPU time and computational memory required, as well as its simplicity to be implemented, possibly on
embarked devices. Such information may therefore provide a thermal indicator of the correct functioning of
PHPs in real time applications.

development, such as the sustainable energy, electronics, and aerospace
areas, among others, reaching the need for a high level of computational
power and, consequently, energy generation. On the other hand, this
technological advancement increased the necessity of removing higher

1. Introduction

Many engineering fields have been subjected to a high rate of
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Nomenclature

I Specific heat at constant pressure, J/kg.K

he Convection heat transfer coefficient, W/m2K

k Subscript for time step instant

L Tube length, m

Niodes Number of nodes of discretization on the measured surface

N Number of predict calculation between two measurements

N, Number of nodes in radial direction

N, Number of nodes in axial direction

q Heat flux per unit surface, W/m?

Gest Estimated heat flux per unit surface, W/m?

gmode! Heat flux from jumped model per unit surface, W/m?

r Radial coordinate, m

t Time, s

T Temperature, K

Te Environmental temperature, K

Z Axial coordinate, m

F Evolution matrix for Kalman filter

Fram Matrix resulted from the Finite Difference Method
Observation matrix for the Kalman filter

K Gain matrix for the Kalman filter

P Covariance matrix of state, K2 or W2/m*

Q Covariance matrix of evolution model for the Kalman
filter, K2

R Covariance matrix of observation model for the Kalman
filter, K?

u Input vector for the Kalman filter, K

X State vector, K or W/m?

z Measurement vector, K

Greek Letters

o Thermal diffusivity, m?/s

p Density, kg/m?

T Boundary on bottom surface

Text Boundary on external surface

Tint Boundary on internal surface

I, Boundary on top surface

Ar Segment size of radial discretization, m

At Time step, s

Az Segment size of axial discretization, m

A Thermal conductivity, W/m.K

Omeas Standard deviation for the measurement errors, K
Omodel Standard deviation for the model errors, K

Orw Standard deviation for the random walk parameter, W/m?
Q Domain

amounts of heat to maintain some equipment’s temperature within a
desired range of operation and guarantee their proper working condi-
tion. In this sense, Pulsating Heat Pipes (PHPs) are an excellent choice
for heating removal systems. Such cooling equipment operates as pas-
sive two-phase heat transfer devices, characterized by the oscillatory
movement of the working fluid, providing high heat transfer capacity
[1]. Also, their working principles allow their use in the absence of
gravity, being of great interest for aerospace engineering applications
[2].

Despite the fact that PHPs have been shown as a great option to solve
some thermal issues in critical applications, their working principles are
chaotic and complicated, and it is common to analyze PHPs’ global
performance through an equivalent thermal resistance [3,4]. From this
point of view, the thermal performance of PHPs has a strong relation
between the operation condition and the two-phase fluid-flow regime
inside the PHP tubes [5]. Recent works provided some advances
regarding the fluid behavior to characterize the PHP operation condition
relating the local heat transfer between the working fluid and the PHP
inner wall [6]. Some works, in fact, proposed the estimation of local heat
fluxes on the inner surface of PHPs using non-intrusive techniques,
through the solution of Inverse Heat Conduction Problems (IHCPs), with
temperature measurements taken on the external wall by an infrared
camera. Cattani et al. [7] proposed the thermal assessment of the wall-
to-fluid heat flux along the adiabatic section of a Single Loop PHP
(SLPHP), made of Sapphire and charged with Ethanol, based on the
solution of a two-dimensional IHCP. In their work they used a high-
speed and high-resolution infrared camera for temperature acquisition
on the external pipe wall, showing that the proposed technique could
provide means to infer the two-phase fluid-flow regime, based on the
estimated heat flux. Pagliarini et al. [8] proposed a statistical approach
to evaluate the wall-to-fluid heat flux along the adiabatic section of a
multi-turn PHP made of Aluminum. An infrared camera measured the
temperature on the external pipe wall over all channels. They solved an
IHCP by filtering the measured temperature with a Gaussian filter and
using a lumped one-dimensional heat conduction model for the inverse
analysis. The results provided essential information about the fluid flow
regimes and the oscillatory fluid behavior inside the tubes. Colaco et al.
[9] applied the Conjugated Gradient Method (CGM) with Adjoint
Operator to solve the IHCP based on the previous references [7] and [8].

The results were accurate when compared to the techniques used in the
preceding works, with the advantage of less computational time and
required memory. Pagliarini et al. [10] investigated a PHP heat transfer
behavior regarding its heat load, orientation, and condenser tempera-
ture. A Gaussian filter allowed the local heat flux assessment along the
adiabatic section, providing more insights into the PHP operation con-
ditions. Iwata et al. [11] proposed an investigation of the thermal
behavior of a micro-PHP with seven turns, and 46 % filled with HFC-
134, by solving an IHCP with the Gaussian filter, and considering tem-
perature measurements taken along the condenser section. Although
these studies allowed a more detailed analysis of the working principles
of PHPs, the proposed methodologies did not use real-time measure-
ments in their analysis, but rather were applied to an offline estimation.
Real-time estimation could be interesting to identify the operating
condition of the PHP, as well to provide information about their thermal
behavior during their functioning, especially under critical operational
conditions before the system crisis (i.e., sudden increase of the device’s
thermal resistance or possibly a dry-out regime). Autonomous space
travel missions, for example, where PHPs can be used to cool down
electronic systems under low gravity conditions, could implement the
proposed technique to acquire vital information about the internal heat
flux, allowing the assessment of its functioning condition, and reducing
the power consumption or shutting down the device being cooled down
if the heat flux reaches a limit condition to avoid the complete system
failure, resuming the operation after a period to continue the mission.
Also, this powerful real-time monitoring would enable extending the
operating range of these devices. Currently, large safety coefficients are
used in the design phase of PHP to prevent undesirable device over-
heating, but these coefficients can be strongly reduced by developing
original thermal control systems based on real-time monitoring.

For online control purposes, a software-based system named “soft
sensors” is frequently used to achieve online control in the industry due
to their reliability, low cost, and use for quality control, where mea-
surement fusion obtains unobservable quantities under a system oper-
ation, possibly evaluated with KF [12]. The KF is a powerful control
technique that is accurate and has low computational cost due to the
sequential estimation of the states (i.e., temperature field, boundary
conditions, and heat source) when new measurements are available,
meaning that the data does not need to be stored as in the case of whole-
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Fig. 1. Working principle of a PHP (Adapted from [2]).

domain inverse problem techniques [13]. When the problem is linear
and has Gaussian noises, the KF provides the optimal estimation
[14,15]. A large number of works concerning heat flux estimation using
the KF for parameter estimation through the solution of IHCPs can be
found in the literature. Ji et al. [16] proposed the solution of an IHCP
with an online estimation algorithm based on the KF and the Recursive
Least-Squares Estimation (RLSE) for a one-dimensional heat conduction
problem. The authors obtained the estimation of a time-varying heat
flux in one side of the domain considering available temperature mea-
surement on the opposite surface. Tuan et al. [17] extended the previous
work to a two-dimensional heat conduction problem. The authors used
the KF-RLSE for the heat flux online estimation in a heat conduction
problem, obtaining satisfactory results. Tuan et al. [18] used the KF-
RLSE estimation methodology for an online heat flux time-varying
estimation in a two-dimensional heat conduction problem, presenting
accurate results. Later, Tuan et al. [19] performed a heat flux estimation
with the KF-RLSE, considering a one-dimensional heat conduction
problem in radial coordinates, showing the potential of the estimation
methodology. Also, Noh et al. [20] showed an application of the KF-
RLSE to evaluate the heat flux on gun barrels in a complex three-
dimensional geometry by solving an inverse heat conduction problem.
Additionally, many works studied the methodology performance
considering different boundary conditions to evaluate the estimation
performance of KF [21-26].

Regarding the parameter estimation approach, Daouas et al. [27]
proposed the heat flux estimation with the augmented state vector
technique, which models the parameters as states to be estimated. The
study used the Extended Kalman Filter to solve a nonlinear IHCP to
obtain the heat flux estimation. Orlande et al. [28] proposed using the
KF to assess the heat flux by adopting the augmented state vector
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technique considering a lumped heat conduction model, providing a
good estimation for the heat flux. Pacheco et al. [29] used the KF to
estimate the high-magnitude heat flux position using an improved
lumped model. The augmented state vector technique presents the
advantage of performing only one calculation stage instead of two from
the previous approaches [30], and it was the strategy adopted in this
paper.

Thus, since the previously listed works showed good performance on
online heat flux estimation using the KF to solve the IHCP, the current
work evaluates the KF capability for heat flux estimation along PHPs
adiabatic section. Since the proposed problem is linear and (ideally)
subjected to a Gaussian noise, the KF provides the optimal solution
methodology. For the inverse problem, the temperature measurements
are available on the external surface of the tube, obtained via an infrared
camera. The advantages of the proposed application are its non-intrusive
character, the simplicity for computational implementation, and the low
computational time and memory required, therefore applicable for real-
time applications, possibly on some embarked devices. The results were
verified against other technique for synthetic data and validated for real
experimental measurements.

It is worth mentioning that other techniques, not based on inverse
problems, could be used for estimating the internal heat flux, but would
suffer from other problems. For instance, regarding the possibility of
obtaining similar results with conventional methods, such as using an
array of thermocouples and not filtering the measured temperatures,
several challenges emerge. The foremost and most significant issue re-
lates to the ill-posed nature of the inverse heat conduction problem. This
nature implies sensitivity to fluctuations in input data caused by
experimental noise, making direct calculation of the Laplacian of raw
data, as per Eq. (1a) to be presented further, unfeasible due to noise
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Fig. 2. Physical domain for the Pulsating Heat Pipe (a) and pipe wall domain (b).

interference. Indeed, the nth derivative is a linear operator that func-
tions as a filtering operator, amplifying the high-frequency components
of a given set of input data more than the low-frequency ones. In nearly
all practical situations related to heat transfer, the frequency compo-
nents of the exact signal tend to concentrate in the low spatial frequency
range of the spectrum. Meanwhile, noise, typically Gaussian, is uni-
formly distributed in the spatial frequency domain. The proposed solu-
tion strategy, based on the KF, addresses this issue by treating the raw
input temperature data to reconstruct the second derivative of the
signal. The second issue preventing similar results with conventional
methods, like an array of thermocouples, is associated with the wall
temperature’s temporal and spatial variations due to the fast oscillations
of the two-phase flow inside the PHP. Such variations are challenging for
thermocouples to accurately detect, considering problems related to
sensor sensitivity, time constants, and the need for a high number of
sensors for proper spatial distribution of the heat flux. Therefore, we
believe the proposed technique would help experimentalists to estimate
internal heat fluxes in PHPs and possibly inferring the two-phase fluid-
flow regimes inside these devices.

2. Direct model

PHPs work partially filled with a fluid that transfers heat from a hot
heat source to a cold one. The hot source warms the pipe wall and
transfers heat to the working fluid. A phase change occurs within the
working fluid, creating a two-phase flow with higher temperature and
pressure, which therefore acts like a pump, pushing the fluid to release
heat to the colder section, named condenser [2]. Generally, the section
between these two zones is known as the adiabatic section, which
transfers low heat quantity. The fluid cools down and condensates in the
colder part of the PHP and returns back to the evaporator, repeating the
cycle. Fig. 1 presents a schematic of PHP operation.

In this work, only the solid PHP wall is analyzed. The direct problem
consists of modeling it as a heat conduction problem. Such model sim-
ulates the heat exchange between the fluid and the pipe wall and was
used to solve the inverse problem. The direct problem considers a hollow
cylinder, shown in Fig. 2a, defined by a domain Q representing the
adiabatic section of a PHP device. The easy accessibility for temperature
measurements be taken by an infrared camera in the adiabatic zone
(during the inverse problem part of this work) justifies its choice to be

used as a modelling region for the direct problem. The material prop-
erties of the pipe wall such as thermal conductivity, 4, specific heat at
constant pressure, cp, and density, p, are considered constant. To
emulate the actual PHP working conditions, it is considered that the
pipe’s inner surface, iy, is subjected to a prescribed time and space-
varying heat flux q(z,t), representing the heat exchanged between the
solid wall and the working fluid in the PHP during its operation. The
internal heat flux might assume positive or negative values depending
on the direction of the fluid flow. On the opposite side, the outer surface,
[ext, €xchanges heat by convection with the environment with temper-
ature T, and convective heat transfer coefficient h,. The other two
surfaces, I'g and I';, are considered thermally insulated. The tube length
is L, and the inner and outer radius are defined by riy; and rey, respec-
tively. The above-described boundary conditions are consistent with
what has been experimentally observed and verified in previous works
[7,8], and are depicted in Fig. 2.b.

Due to experimental observation from [7,8] the temperature varia-
tion over the angular direction can be neglected and the heat conduction
equation becomes a two-dimensional problem in r and z, as shown in
Egs. (1.a)-(1.1).

19T 10T T T

rZ__r, 2,70 Q 1.
ado ror o7 o2 (1.2)
- ﬂa—T =q(z,1) on Ty (1.b)
or I=Tint
oT
- E e = hm(T - Tw) on Fexl (l.C)
6_T =0 on T (1.d)
0z|__,
a 0 on T, (1.e)
0z z=L
T(r,z,t =0)=Ty(r,z) in Q for t=0 a.n

where « is the thermal diffusivity of the material. The solution for the
forward problem is achieved by using the Finite Difference Method [31].
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3. Inverse problem

The inverse problem considered in this work concerns the internal
heat flux estimate on PHPs assuming that temperature measurements
are available on the pipe’s external surface. The problem under question
is also defined as a nonstationary inverse problem [15] since the phys-
ical quantities involved in the problem are time dependent. We can
proceed with the inverse problem solution by considering the state
estimation approach, where the main goal is to obtain information about
desired quantities by correlating them with the available measurements.
Firstly, we consider the evolution in time of the state vector, x; € R™,
where ny is the dimension of the state vector, described by the discrete-
time stochastic model:

X1 = fie(Xe, Uy, Vi) 2)

where k and k + 1 stand for the k™ and (k + 1)™ time instant, respec-
tively, the vector xix contains all desired states to be estimated (tem-
peratures and heat fluxes in the context of this paper), uy is the input (or
control) vector, vy is the process noise sequence, and fi(-) is a known
function (possibly non-linear) that describes the evolution of the states
over time. The main goal of the state estimation problem is to obtain
Xk+1 considering that measurements zi,; € R™ are available. The
observation model is therefore defined as:

Zior = gy (X1, Wiir) 3)

where h(-) is a known function, possibly non-linear, and wg,; is the
measurement noise. This function returns all the measurable states from
vector Xx1. When the pair evolution-observation models are linear and
Gaussian, the KF statistically provides the optimal estimation [14]. In
this sense, Egs. (2) and (3) are rewritten as:

X1 = Fexp +uy 4+ v @
Ziy = He 1 X1 + Wi %)

where Fy and Hg,; are the evolution and observation matrices, respec-
tively. In this work, the estimation problem is defined as a filtering
problem due to the online control purpose [14,15], which consists of
two basic steps: prediction and update. The evolution model forecasts
the states from instant k to the next instant k + 1, considering available
known prior information. When new measurements are available, rep-
resented by the observation model, the predicted states are corrected
during the update step according to Bayes’ theorem [14,15]. Conse-
quently, a new prediction step is performed with the corrected state until
new measurements are available to correct the predicted states. This
procedure is repeated sequentially until the final time of the experiment.

In the current work, the matrices Fx and Hy 1 and the input vector uy
from Egs. (4) and (5) do not change over time and, consequently, the
subscripts k and k + 1 of these matrices are omitted. Therefore,
considering Py the covariance of the state vector concerning the instant
k, Qx and Ry, the covariance matrices related to the process, and
measurement noises vy and w1, the KF equations for prediction and
update steps are defined by Egs. (6.a) and (6.b) and (7.a)-(7.c),
respectively [14,15].

Prediction:
Xenp = FXge +u (6.2)
P = FPyFT +Q, (6.b)
Update:
Ky = Pyl (HP  H +R) (7.2)
ik+l\k+l = §k+l\k + Ky (Zk+l - Hﬁkﬂ\k) (7.b)
Py = (T =K H)Prye (7.0)
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The hat “*” over the state vector means the estimate of the vector state.
Notice that the subscript related to time instant in matrices F, u and R is
omitted since they do not vary in time, and Ky, 1 is defined as the Kalman
Gain matrix. The superscript “T” denotes the transpose, the subscript k
and k + 1 are the priori and posteriori time instant, respectively, of the
vector or matrix, the subscript “k + 1|k’ means the prediction, and “k|k”
and “k + 1|k + 17 represent the corrected states at k and k + 1 time
instant.

In brief words, the state vector X, and the covariance model
matrix P, are predicted for the future time using the prior information
and the evolution model in the prediction step. When the measurements
are available, the states and the covariance model matrix are corrected
by the Kalman Gain matrix during the update step. Thus, the corrected
state Xg41k+1 and covariance matrix Py, are the initial condition for the
next time step. Thus, the procedures of prediction and update are
repeated recursively over the time until the end of the experiment.

The augmented state technique is then employed to estimate the
temperature and heat fluxes [27]. In this case, we define the target state
vector to be estimated by:

X = H}’j (8

T
1 72 —1 N, N+l 2N,  xN;—1 N, xN;
where Ty = {Tk7 TZ, -, l’lk“ LTS l'lk‘ e T e, l'lk“ , 1"k“ ]

are the estimated temperature of the nodes and ¢ =

T
[q,l7 qz, -~-,qu’1,q1,:”‘] are the estimated heat flux of the nodes on the

wall, N, and N, are the total number of estimation nodes on the radial
and axial coordinates, respectively. In this approach, the parameter
estimation is performed by considering the heat flux as a state variable.

The evolution over time for the temperature is achieved by using the
Finite Difference Method with the explicit scheme [31]. On the other
hand, since the heat flux evolution over time is unknown, it was
modelled by a black-box random walk model [27], which is defined by
Eq. (9), where € is a Gaussian random sequence with zero mean and
unity standard deviation, and o, is the step-size.

Qi = G +E0ny )

Hence, considering the Finite Difference Method with the explicit
scheme as the evolution model for the temperature, we can write the
matrices and vectors of the KF according to the following equations:

26r adt
— | - + 7 | Iv.xw,
Fo Framnnovy, 4 2rindr (10.2)
O, - <.
0Nf XNyN; INsz;

H= [ONIX(N,N;—N;) Ivoon. Oy, ] (10.b)
2 Iy 0
Q. = O model LN, XN 2N:xN; (10.0)
ON, XN O IN: XN
R= [o-measIN;fo] (10.(1)
Oy, N, N.x1
U= | 2T hyor [ adt e ) (10.e)
¥, X
A 2eeor )N

The matrix Fyqy, is obtained by the finite-difference discretization of the
2D heat conduction model. The representation of this matrix can be
complex and consequently we present a pseudo-code to build it in Ap-
pendix I, where the matrix Fyqy, is considered initially a zero matrix with
dimension of N;N, x N;N,. The matrix I, represents an identity matrix
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(7.b) and the predicted covariance matrix
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Calculate the heat flux with thin-wall model with
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Q4 k41 according to equation (19.b)

equation (12) and update the random walk value

according to equation (13)

Fig. 3. Flowchart presenting the recursive estimation with Kalman filter with prediction step optimized.

of size a by b.

3.1. Random walk parameter control

The parameter oy, influences the evolution model of the estimated
heat flux. Its tuning can be difficult and problem dependent, meaning
that one particular value could work well for a specific problem but not
for another one. In order to optimize such tuning, we propose a meth-
odology for calculating o, for each time step. Therefore, in order to
perform an automatic correction of 6y, on each measurement time step,
a one-dimensional lumped model of the system is considered in the same
form as in reference [8], represented by the following equations:

10T 0T .
&E:TZZ+C1q(Z’t)+C2T+C3 in Q (11.a)
T
a— =0onT, (11.b)
6z z=0
T
a— =0onTI}, (11.0)
6z z=L
T(z,t =0) =Ty(z) in Q forr =0 11.d)
where:
2rim
Ci=——->~ 1l.e
: l(rgxl - r12nl) ( )
2rinlhoo
C=——FF—75~ 11.
’ ﬂ(rgx( - riznl) ( f)
C3 _ 2rinlhme (11g)

A(rgxl - rizm)

By using the Finite Difference Method [31] in Eq. (11.a), for the lumped
model, and rearranging the terms, we can obtain the heat flux as:

a Afmeas

~N o~ Nt N ] )
L[ T =T Ty 2T 4Ty 7'

o ( - A2 - CZ Tk - C3
imodel __

p c 12)

where the temperature T;( is the filtered temperature at node i in the
time instant k obtained by KF and 6t,,..s and 6z are the measurement time
step and space discretization, respectively. We can therefore correct the
parameter oy, by setting:

Z?ﬁ“idm q;’(,es! _ qi,model

! = k
_ 13
T Nnodes ( )

where q}'f‘“ is the estimated heat flux by KF and q};’““’dEI is the heat flux
resulting from the lumped model. In this way, instead of selecting a
constant random walk parameter 6y, its value can be computed at the
new time step according to Eq. (13) and replaced on the covariance
matrix of states Qy in Eq. (10.c) to be used in the next prediction step.

3.2. Rearrangement of the prediction matrices to guarantee the stability
condition of the Finite Difference Method

As mentioned in the description of the direct problem, the explicit
finite-difference scheme needs to comply with the Courant-Friedrichs-
Lewy condition to guarantee the stability of the solution [31]. In this
work, the time step considered for the direct problem solution is smaller
than the time between measurements, which means that the prediction
step needs to compute the evolution of the states N; times until the
measurements are available. Specifically, N; is calculated as the required
number of time steps of the finite difference method, with At respecting
the stability condition, to reach the time step of measurements, Atyes, i
e. N; is the ratio between At,.,s and At. However, this procedure con-
sumes a lot of computational time. Therefore, knowing that the matrices
F (as well its transpose) and Q, as well as the input vector u, are time
invariant between the measurements, the calculation of the prediction
step can be optimized by performing the following procedure. The
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Table 1
Parameters considered for the case with synthetic data.

Property/Geometry Aluminum Tube [8]
L[m] 0.1
texperiment [S] 20
Tin [m] 0.0015
Tex [m] 0.0025
A[W/m.K] 201
plkg/m®] 2700
¢p[J/kg.K] 900
Tw [K] 295.15
he [W/m2K] 10
AZpeas [m] 0.001
Ateas[s] 0.02
N, 6
N, 101
Niime 1001
Table 2

Average RMS errors between exact and estimated heat fluxes for the synthetic
data with KF and CGM with AO [9].

A[W/ pl[Hz] Method Average RMS Error E4[%)]
m?]
Omeas = Omeas = Omeas =
0.01K 0.06K 0.1K
2000 0.6 KF 10.74 25.54 31.66
CGM with AO 3.06 5.74 7.66
[9]
0.8 KF 12.80 32.77 34.96
CGM with AO 3.20 6.80 9.64
[9]
1.0 KF 19.19 34.70 33.79
CGM with AO 3.33 8.33 12.74
[9]
1.2 KF 21.4 34.01 31.05
CGM with AO 3.53 10.37 16.65
[9]
4000 0.6 KF 12.83 18.65 21.96
CGM with AO 5.03 8.77 10.68
[9]
0.8 KF 14.14 22.69 31.23
CGM with AO 5.07 9.17 12.20
[9]
1.0 KF 15.43 29.30 35.04
CGM with AO 5.25 10.49 14.73
[9]
1.2 KF 16.79 35.91 35.27
CGM with AO 5.54 12.29 17.63

[91

procedure considers the prediction of the state vector from the priori at
time k, Xy, to time when the measurement is available k + N, giving
Xi+N, k» Where the evolution vector is calculated with respect to the time
step At from finite differences method. Therefore, we obtain:

i\k+l\k = Fik‘k +u (14)

Now, if we repeat the process k + N; times, we obtain:

Ne—1 . - ~

Xppv ik = FXee + Z (F)'u=Fx +u (15)
i=0

where F = (F)™ and i = Y5 (F)'u. The notation (F)* means that the

matrix F is multiplied a times by itself. It should be noticed that this
procedure can be followed since the matrix F and u are invariant over
time.

Now, similarly as outlined above, the covariance matrix for times k
+ N¢ can be obtained as:

Povi = iPk\kﬁ/ +Q (16)
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where F = (FT)N‘ and Q¢ = Y N,'(F)'Qy(F")". Therefore, we can
rewrite the prediction step by replacing Eqgs. (15) and (16), resulted from
the previous procedure, in Egs. (6.a) and (6.b). Notice that the subscript
k + Nt is replaced by k + 1 to define the next time step when the mea-
surement is available.

Kivik = Fik\k + 1, (17.a)

P = iPk\kﬁ +Q (17.b)

The correction of the parameter o, requires a new approach for matrix
(~)k. We can rewrite this matrix in the following form:

N—1 N1

Qk = Z (F)'Q, (FT)i _ Z (F) Ormodet IN, xN-

i=0 i=0 ON,— XN

O, (FT)i (18)

2
Oy INz XN

Hence, by splitting the process into two identity matrices, and consid-

. 2 . .
ering that 62, and ¢, are constants for each time interval between
measurements, we obtain:

6k = 6].}( + Qz,k (19.a)

where:

Q=0 Nmf] (F)"({IN'XN" O } ) ) (19.b)
’ model P Oy, v, Oy xn,

Q= o d Sy ([ e O] ey (19.0)
’ ™ pary Oy,xn,  Inxn,

Noticing that the first term related to the modelling error is constant
over the time, we can finally write the second term related to the random
walk parameter as a single multiplication as presented in Eq. (13). In this
case, Eq. (19.a) can be used by substituting it in Eq. (17.b),

The above description provides an essential advantage to reduce the
number of multiplication operations between matrices and vectors
during the prediction step, i.e., instead of performing the multiplication
N; times on Egs. (6.a) and (6.b) to reach the instant of temperature
acquisition, we only perform it once. Hence, Fig. 3 presents the proposed
methodology to estimate the internal heat flux with the KF approach,
considering the optimized procedure for the prediction step.

4. Results and discussion

In the present work, the KF was applied for heat flux estimation
based on the test cases taken from [8], which refers to a PHP made of
aluminum, operating under microgravity conditions with a filling ratio
of 50 %. The Gaussian Filter (GF) was adopted in [8] to estimate the
internal heat flux on the PHP. Later, Colaco et al. [9] used the Conjugate
Gradient Method with Adjoint Operator (CGM with AO) to this same test
case [8], since the CGM with AO is an auto-regularization technique that
does not depend on any tunning parameter. In both cases, the Morozov
Principle [32] was used to stop the iterative procedures. Initially, syn-
thetic data were considered, and then estimates with experimental data
were conducted. The results with the KF for the heat flux estimation
considering synthetic data are compared against the exact ones. For the
experimental data, since the real value of the heat flux is not known, the
results are compared with the ones obtained by the CGM with AO [9].

4.1. Synthetic data

The estimation procedure begins with the KF technique by consid-
ering synthetic data generated by a model built under the COMSOL®
Multiphysics software, which alleviates the inverse crime since the
method used for the synthetic data generation is different [33] from the
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Fig. 4. Exact and estimated heat fluxes, and temperature residuals for the case with synthetic data.
one used in the inverse problem. The temperature is extracted on the I
external wall surface and random Gaussian noises are added to generate q(z,t) = Acos(npt) [1 + (Ai + 1) d 21
the synthetic measurement, as it is described in the following equation: z

Tmeas = Texacl + E0meas (20)

where o5 represents the standard deviation of the measurements and
¢ is a white random Gaussian sequence with unity standard deviation.
The parameters considered for solving the direct problem are presented
in Table 1.

To generate the synthetic data, the exact heat flux function is
considered to vary dynamically in time and space to reproduce the
oscillatory behavior of the fluid flow inside the tube, as suggested by
Colaco et al. [9]. In this sense, the heat flux is defined by the following
equation:

where A [W/m?] represents the amplitude of the heat flux and p [Hz]
represents the frequency of fluid flow oscillation along the adiabatic
section. It should be noticed that the above equation provides positive
and negative values of heat flux, where positive heat fluxes mean that
hot vapor plugs and liquid slugs are moving from the evaporator to the
condenser, while negative values represent a cold liquid flowing
reversely from the condenser to the evaporator at a lower temperature
than the channel wall previously heated [8]. To evaluate the average
difference between the estimated and the exact heat fluxes we adopt the
following equation for the RMS error:
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Fig. 4. (continued).

Eq _ qus(imaled - qexaclHZ (22)
A A’spaceNﬁme

where Ngpace and Nyjme are the number of measurements in space and

time, respectively. The computational code for the inverse problem was

implemented in FORTRAN language. The CPU used for the simulations

was an Apple Silicon M1 chip.

The mesh used to solve the inverse problem in this case is considered
to have 6 nodes on radial direction (N;) and 101 nodes on the axial di-
rection (N,). Three different measurement noise levels were considered
to analyze the KF performance.

In order to regularize the measured temperatures to be used in the
KF, a smoothing cubic spline with generalized cross-validation was
applied over the space, for each measurements time step. The calcula-
tion routine used to smooth the temperature was the CUBGCV (Cubic
Smoothing Spline with Generalized Cross-Validation) routine from [34].

The parameter A varied from 2000 to 4000 W/m?2, while p varied
from 0.6 to 1.2 Hz. The results for the average RMS error with KF and
CGM with AO [9] are presented in Table 2. The estimated heat flux with
the KF provided a delayed response when compared to the exact one,
resulting in high values of RMS error. Therefore, to allow a fair evalu-
ation with the estimated heat flux with KF, the solution was translated
regarding the delay between the estimated and exact solution, matching
the oscillation behavior. As expected, with a lower measurement stan-
dard deviation, the estimation reaches better results when compared to
higher oeas. When the measurements standard deviation is 0.01 K, the
RMS increases as the parameter p increases, probably due to the thermal
inertia. Considering a standard deviation of opyeas = 0.06 K, the same
behavior, with respect to the RMS error, can be observed for A = 4000
W/m?, while for A = 2000 W/m? the error stabilizes when the parameter
p reaches 1.2. When the standard deviation of the measurements is equal
to 0.1 K, the error reduces when A = 2000 W/m? and p = 1.2, while for
A = 4000 W/m? it stabilizes for the higher p considered. Regarding the
CGM with AO [9] the same trends can be observed: when the parameter
A increases, the error increases, as well as when the value of the
parameter p is raised. The errors obtained with the KF are higher when
compared to ones obtained by the CGM with AO. However, this was
expected, since the KF is a sequential method, while the CGM with AO is

a whole domain technique. Therefore, the KF can be used in real time
applications, while the CGM with AO has to wait until all measurements
are available up to the time considered. Nevertheless, the KF errors are
roughly three times higher than the ones of the CGM with AO, indicating
a very good performance.

Fig. 4 presents the exact solution, the estimated heat flux, and the
temperature residuals considering 6meas = 0.1 K. We can see that the
exact and estimated heat fluxes have the same behavior for all values of
A and p. As a result of the thermal inertia, and the fact that it is a time
marching technique, opposite to the whole domain technique used by
the CGM with AO, the KF exhibits a somewhat delayed reaction
compared to the exact solution. We quantified the delay difference be-
tween the exact and estimated solution as about 0.14 s for p = 0.6 and
0.36 s for p = 1.2, considering A = 4000 W/m?. The same order of
magnitude for these delays was observed for the cases where A was
equal to 2000 W/m?. Moreover, it can be observed that the temperature
residuals increase when the frequency or amplitude parameters in-
crease. The temperature residuals present the maximum and minimum
values when the heat fluxes reach their maximum and minimum values,
respectively, which is again related to the delayed KF response. How-
ever, this did not compromise the solution. The computational time
required for the inverse problem solution was about 11.41 s for the KF,
lower than the total time for the experiment (20 s). According to [9], the
CGM with AO recovered the heat flux in about 3 min, using the same
computer. It should be noticed that the time required to smooth the
temperature, during the KF solution, was considered on this time esti-
mation. Once the KF estimation was evaluated considering synthetic
data, we can proceed with the estimation performance considering
actual experimental data.

4.2. Experimental data

The experimental setup of reference [8] concerns a multi-turn
aluminum PHP with 14 tubes. The experiment was performed during
parabolic flights to emulate microgravity conditions, a crucial point for
PHPs applications in aerospace. The device was 50 % filled with FC —72,
the tubes had an inner diameter of 3 mm and an outer diameter of 5 mm,
and the section studied was 84 mm long. The PHP channels were coated
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Fig. 5. Estimated heat flux by the CGM with AO [9] and the KF for a real experiment.

with black opaque paint with high emissivity. The heat was provided by
a controllable power supply on the evaporator section, and a high-speed
and high-resolution infrared camera recorded the temperature along the
adiabatic section.

The heat flux estimates obtained by the CGM with AO [9] and the KF
are shown in Fig. 5a and 5b, respectively. As discussed before, the CGM
with AO is a whole domain technique. Consequently, its results are
theoretically closer to the real heat flux once they use more information
to obtain the entire heat flux profile. Therefore, we used them as a
reference to evaluate the KF estimation. As in [9], for both boundaries, i.
e., z=0and L, the results were strongly compromised, and we discarded
a portion of 4.2 mm on both sides of the estimation. As we can see,
qualitatively the magnitude and behavior of the internal heat fluxes
obtained by the KF were close to the ones obtained with the CGM with
AO. To evaluate the estimation error quantitatively, the results with the
CGM with AO [9] were considered to be the exact solution in Eq. (23).
Considering the amplitude parameter A = 2000 W/m?, the estimation
error when comparing the results obtained with the KF with the ones
from the CGM with AO resulted in a deviation between the solutions of
25.5 %, which is very good for this real experimental test case. The main
advantage of the proposed methodology is its simplicity of imple-
mentation and also its memory consumption, once the KF requires only
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the temperature measurement at each time step, instead of all time
domain as performed with GCM with AO.

5. Conclusions

The goal of the current paper was the evaluation of the KF for local
heat flux estimation on the internal wall of the adiabatic section of PHPs.
The estimation procedure was based on the solution of an inverse heat
conduction problem considering available the temperature measure-
ment on the external wall of the pipe, obtained by an infrared camera. In
order to speed-up the computational time, a mathematical manipulation
during the prediction step was performed to reduce the number of
matrices multiplications. The technique was first analyzed considering
synthetic data, providing good results in accordance with the exact so-
lution. Then, a real experimental test-case was considered, for a PHP
operating under microgravity condition according to the reference [8].
In this sense, the KF results were compared with the CGM with AO [9],
showing good agreement. In all cases, the computing time was lower
than the experimental time. The estimation obtained from a whole-
domain technique (CGM with AQO) are better, but the main advantages
of the sequential estimation of the KF are its low computational cost and
simplicity of implementation, besides the low requirements of
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computational memory. For the synthetic case, the experiment took 20 s
and the KF estimate (considering all calculations) required about 11.41 s
on an Apple Silicon M1 Chip. Therefore, such technique might be
applicable for real-time application, possibly on some embarked de-
vices. Thus, the KF could be used to monitoring PHP systems, allowing
the control of their operation condition and eventually emergency
interruption to avoid the system failure.
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In this appendix we present the pseudo-code to build the matrix generated with Finite Difference Method used on the KF. The matrix Fgqp, initiates
as a zero matrix with dimension of N;N, x N;N, and then the following procedure can be performed:

ii=1
doi=1,N;
doj=1,N,
if i == 1) then
Fram (i, ii) = 1-2r, —2r,
Fram (ii,ii+nz) =17
if == 1) then
Figm (ii,ii +1) = 2r,
else if (j == N;) then
Figm (ii,ii —1) = 2r;
else
Fram (ii, ii +1) =1,
Figm (il,ii—1) =71,

end if
else if (i == N;) then
- 2h,Ar [ aAt
Fiam (ii, 1) = 1 -2r, —2r, — 7 (ZrCX[ArJrrr)

Fiam(ii, ii —N;) = 2r,
if G ==1) then
Fram (ii,ii +1) = 2r;
else if (j == N;) then
Figm (i, ii —1) = 2r,
else
Fram (if, ii +1) =1,
Figm (ii, ii —1) =1,

end if
else
Fram (i, i) = 1-2r, —2r,
I aAt

Fiam (ii, il +N;) = m + 1
alAt

Fran (i ii +N,) = AL

fam (i, 1i +Nz) 2r,~Ar+ T

if G == 1) then
Fram (ii,ii +1) = 27,
else if (j == N;) then
Fygm (i, ii —1) = 2r,
else
Fram (if, ii +1) =1,
Figm (ii, ii —1) =1,
end if
end if
ii=ii+1
end do
end do
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