
Z. Angew. Math. Phys.           (2024) 75:21 
c© 2024 The Author(s)
https://doi.org/10.1007/s00033-023-02156-w

Zeitschrift für angewandte
Mathematik und Physik ZAMP

Mathematical modelling of a slow flameless combustion of a two-dimensional paper

Lorenzo Fusi, Benedetta Calusi, Antonio Giovinetto and Leonardo Panconi

Abstract. We present a mathematical model for the slow combustion (smoldering) of a two-dimensional sheet of paper.
We describe the evolution of the char region, and we investigate the effects of an orthogonal air flow on the shape of the
combustion front. The mathematical formulation consists in a set of two nonlinear PDEs for the temperature and the oxygen
concentrations coupled with one ODE for the cellulose concentration. The (dimensionless) problem is solved numerically
by means of a spectral collocation scheme based on Chebyshev polynomials. Our results show that the Péclet and the
Lewis number strongly influence the shape of the ignition front and that the advancement of the combustion front does not
occur if advection and diffusion are neglected (zero Péclet and Lewis numbers). In particular we observe that the burning
region and the ignition front are strongly influenced by the velocity of the airflow and by the mass and heat transport
phenomena due to diffusion and advection. We shall see that the increasing of the ratio between the convective and diffusive
characteristic times (Péclet number) and the decreasing of the ratio between the mass and heat diffusive characteristic times
(Lewis number) have a “flattening effect” on the combustion front.
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List of symbols

μ∗ Oxygen molar concentration (mol/m3)
μ∗
c Oxygen reference concentration (mol/m3)

ρ∗ Cellulose molar concentration (mol/m3)
ρ∗
c Cellulose reference molar concentration (mol/m3)

ρ∗
p Paper molar concentration (mol/m3)

ρ∗
g Air molar concentration (mol/lt)

c∗
p Specific heat of paper (J/(mol ◦K))

c∗
g Specific heat of air (J/(mol ◦K))

k∗
p Heat conductivity of paper (W/(m ◦K))

k∗
g Heat conductivity of air (W/(m ◦K))
θ Molar fraction of the paper

T∗ Absolute temperature of the paper (◦K)
Tc∗ Ignition temperature of the paper (◦K)
Ta∗ Ambient temperature of the paper (◦K)
V ∗ Gas speed (m/s)
q∗ Enthalpy flux (W/(m2))
x∗ Space coordinate (m)
L∗ Length and width of the sheet (m)
t∗ Time (s)

A∗ Reaction rate function (lt/(mol s))
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β∗ Reaction rate factor (◦K)
λ∗ Reaction rate constant (lt/(mol s))
Γ∗ Heat production constant (reaction) (J/mol)
γ∗ Radiation constant (reaction) (W/(m3 ◦K4))
t∗v Oxygen advective characteristic time
t∗o Oxygen diffusive characteristic time
t∗p Oxygen consumption (due to reaction) characteristic time
t∗r Reaction characteristic time
t∗d Thermal diffusion characteristic time
t∗a Heat production (due to reaction) characteristic time
t∗q Thermal radiation characteristic time

1. Introduction

The smoldering process is a “non-flaming” mode of combustion in which the emitted gas does not glow.
It is mainly governed by the availability of its basic constituents: fuel, oxidant and heat. In the slow
combustion of a sheet of paper the oxygen interacts with the paper (solid fuel) to produce char, gaseous
products and heat that sustains the process [1]. The system is extremely complex, involving many chemical
simultaneous reactions [12], and it is further complicated by instabilities occurring at the propagation
front. These instabilities, which manifest themselves in directional finger-like patterns, result from the
competition between molecular transport and heat transfer [4–10,12].

Zik et al. [13] have developed a phenomenological model to predict the fingers’ spacing, showing
that the latter phenomenon is controlled by the Péclet number (ratio between molecular advection and
diffusion). In particular, they present an experimental setup, schematically shown in Fig. 1, in which the
sheet is ignited on one side and it is exposed to an airflow orthogonal to the combustion front. To build up
a mathematical model, the intrinsic Hele–Shaw geometry suggests to consider a 2D model, thus extending
the 1D problem studied by Fasano et al. [3] in which solutions were found in the form of traveling waves.
The “Hele–Shaw geometry” is a natural geometrical setting for the problem under examination. Indeed,
the thickness of the sheet of paper is far smaller than its length and width, so that we may disregard
any variation along the axis perpendicular to the paper. This observation motivates the choice of a 2D
setting. The experiment performed by Zik et al. [13] makes use of the airflow velocity VO2 as a controllable
parameter, showing that char patterns of combusted paper are formed as VO2 is reduced. For sufficiently
large VO2 , the combustion front is essentially even, but when VO2 is reduced the front becomes periodic

Fig. 1. Sketch of the experimental setup, from [13]: 1—glass top; 2—variable gap between top and bottom plates h; 3—
outflow of combustion products; 4—spacers to control h; 5—ignition wire; 6—heat-conducting boundaries; 7—flame front;
8—fuel; 9—interchangeable bottom plate; 10—uniform flow O2/N2; 11—gas diffuser; 12—gas inlet. The flow direction is

parallel to the x-axis
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Fig. 2. Various patterns of burning paper which appear in the experiment, [13]. VO2 = 11.4 cm/s (a); VO2 = 10.2 cm/s
(b); VO2 = 9.2 cm/s (c); VO2 = 1.3 cm/s (d); VO2 = 0.1 cm/s (e).

and, as VO2 is reduced further, the patterns exhibit fingers with tip splitting, see Fig. 2. The uniformity
of the ignition front is thus strictly related to the speed of the airflow.

The scope of the present paper is to develop a mathematical model for describing the evolution of
the char region and for investigating the effects of the airflow on the shape of the combustion front. We
shall not deal with stability issues, which means we are not interested in studying the pattern formation.
Indeed, as shown in [13], there exists a critical Péclet number below which the front becomes unstable.
As the oxygen supply is reduced, small bumps along the interface begin to compete for oxygen (thermal
diffusive instability) and if the oxygen flow is further decreased, these bumps consume all the oxygen
available in their vicinity and separate in distinct fingers. Though our work does not study the formation
of instabilities, our results highlight that the Péclet number and Lewis number (ratio between oxygen
and heat diffusion) influence the shape of the combustion front. In particular, we find that the increase
of the Péclet number renders the ignition front more uniform, in other words flatter, which is physically
consistent with the experimental observations. The same occurs with the reduction of the Lewis number.

The model presented here is partially based on the papers by Ikeda et al. [2] (our model can be
included in the one of Ikeda et al., although they do not study the problem numerically) and Fasano et
al. [3] and aims at describing the propagation of the combustion front when a flow of air orthogonal to the
front is applied to the paper sheet. Differently from [3], here we consider a 2D setting. The mathematical
formulation consists in a set of two nonlinear PDEs for the temperature and the oxygen concentration
and one ODE for the cellulose concentration. After performing a suitable scaling, the problem is put
in a non-dimensional form and solved numerically. We prove that the advancement of the combustion
front does not occur if advection and diffusion are disregarded (null Péclet and Lewis numbers). The
2D problem is solved by means of a spectral collocation scheme based on Chebyshev polynomials. We
have chosen the spectral collocation method for its high accuracy and for the simplicity of the considered
geometry. The discretized nonlinear problem is solved via Newton–Raphson method. Various boundary
and initial conditions are considered, and the results are discussed and interpreted.
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2. The mathematical model

The combustion reaction between the oxygen and cellulose can be written as

C6H10O5 + 6O2 → 6CO2 + 5H2O. (2.1)

the reaction rate being a function of the temperature. We denote1 with ρ∗(x∗, t∗) the molar density of
the cellulose, with μ∗(x∗, t∗) the molar density of oxygen and with T ∗(x∗, t∗) the absolute temperature
of the paper. The flowing gas has a variable composition, and it is mainly formed by oxygen, reaction
products (i.e. carbon dioxide and aqueous vapour in scheme (2.1)) and inert gases, such as N2, that do
not enter the reaction. The paper sheet is formed by cellulose and other components (such as bleach).
The mass balance of oxygen can be written as

∂μ∗

∂t∗
+ ∇∗ ·

[
V ∗μ∗ − D∗

µ∇∗μ∗
]

︸ ︷︷ ︸
flux of oxygen

= α
∂ρ∗

∂t∗
, (2.2)

where α is a non-dimensional constant that depends on the stoichiometric coefficients of reaction (2.1),
V ∗(x∗, t∗) is the speed of the gas, and D∗

µ is the oxygen diffusivity coefficient (assumed to be constant).
Assuming a first-order reaction for (2.1), the molar density of the cellulose ρ∗(x∗, t∗) satisfies the following
equation

∂ρ∗

∂t∗
= −A∗(T ∗)ρ∗μ∗, (2.3)

where A∗ is the reaction rate that depends on the temperature. Following Fasano et al. [3], we assume
that A∗ is of Arrhenius type, namely

A∗(T ∗) =

⎧
⎪⎪⎨
⎪⎪⎩

λ∗ exp
(

− β∗

T ∗ − T ∗
c

)
, T ∗ > T ∗

c ,

0 T ∗ � T ∗
c ,

where T ∗
c is the ignition temperature of the cellulose (typically T ∗

c is 240 oC) and λ∗, β∗ are positive
constants. We assume that the sheet can be considered as a continuous mixture in which each point is
co-occupied by the gas and the cellulose in given proportions. If the velocity V ∗ is not large enough to
remove all the heat produced by the reaction, we may safely assume that the thermal contact between
the gas and the paper is perfect and we can define a cumulative density of enthalpy

H∗ =
[
ρ∗
pc

∗
pθ + ρ∗

gc
∗
g(1 − θ)

]
T ∗, (2.4)

where ρ∗
pc

∗
p, ρ∗

gc
∗
g are the heat capacities of the paper and of the gas, respectively, θ is the molar fraction

of the paper (constant), (1 − θ) is the molar fraction of the gas. The molar fraction of the paper can be
safely assumed constant if we consider that the porous structure of the paper is not significantly altered
by temperature variations. Still following Fasano et al. [3], we notice that the combustion process affects
only a small portion of the paper (cellulose) so that, neglecting the composition of the paper, we may
consider ρ∗

pc
∗
p to be a constant. In the same spirit, recalling that the gas is formed by oxygen, inert gases

and reaction products we can make the assumption that the variation of the components is negligible
and take ρ∗

gc
∗
g constant. Under these hypotheses the cumulative enthalpy density can be rewritten as

H∗ = ρ̄∗c̄∗T ∗, where the heat capacity ρ̄∗c̄∗ = const. The enthalpy flux

q∗ = −
[
k∗
pθ + k∗

g(1 − θ)
]
∇∗T ∗

︸ ︷︷ ︸
diffusive flux

+
[
ρ∗
gc

∗
g(1 − θ)T ∗V ∗

]
︸ ︷︷ ︸

advective flux

,

1Throughout the paper the starred quantities denote dimensional variables.
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is written as the sum of a diffusive and a convective contribution, k∗
g , k∗

p (constant) being the heat
conductivities of gas and paper, respectively. The advective flux considers only the gas, since the only
admissible energy transport mechanics in the cellulose sheet is clearly diffusion. In conclusion we have

H∗ = ρ̄∗c̄∗T ∗, q∗ = −k∗∇∗T ∗ + ϕ∗V ∗T ∗, (2.5)

with

k∗ = k∗
pθ + k∗

g(1 − θ), ϕ∗ =
[
ρ∗
gc

∗
g(1 − θ)

]
. (2.6)

We are not going to deal with the fluid dynamics of the problem, i.e. the problem in which V ∗ has to
be determined solving momentum balance (e.g. Darcy’s flow). Indeed, in this case we should add a new
variable (pressure) and take into account the thermal expansion of the gas. Even though the densities of
the components of the gas can be taken independent of the pressure (subsonic flow), the dependence of
these densities on the temperature of the gas should be taken into account, rendering the determination
of V ∗ extremely difficult. To avoid this complication we assume that V ∗ is a given vector independent
of x∗ and t∗. The energy balance thus becomes

ρ̄∗c̄∗ ∂T ∗

∂t∗
+ ϕ∗V ∗ · ∇∗T ∗ − k∗ΔT ∗ = Γ∗A∗(T ∗)ρ∗μ∗

︸ ︷︷ ︸
Heat production rate

due to reaction

+ γ∗
(
T ∗4

a − T ∗4
)

︸ ︷︷ ︸
Heat transfer rate

due to thermal radiation

. (2.7)

The first term on the r.h.s. of (2.7) represents the rate at which heat is produced by the reaction, while the
second represents the heat exchange rate between the paper and the surroundings by thermal radiation.
The quantities Γ∗, γ∗ are positive constants, whereas T ∗

a is ambient temperature. Our problem consists
of equations (2.2), (2.3), (2.7) for the unknowns μ∗, ρ∗, T ∗, i.e. a set of two partial differential equations
plus an ordinary differential equation for the cellulose density. The domain of the problem is the square
Ω∗ = [−L∗, L∗] × [−L∗, L∗]. The problem must be coupled with proper initial and boundary conditions.

3. Non-dimensional formulation

We rescale the variables in the following way:

u =
T ∗

T ∗
c

, p =
ρ∗

ρ∗
c

, w =
μ∗

μ∗
c

, t =
t∗

t∗ref
, x =

x∗

L∗ ,

where ρ∗
c is a reference cellulose density, μ∗

c is a reference oxygen density, T ∗
c is the ignition temperature,

and t∗ref is a timescale to be selected. The oxygen velocity is assumed of the form V ∗ = −V ∗i, meaning
that the air flow is directed front from right to left. We introduce the characteristic times:

• t∗v =
L∗

V ∗ oxygen advective characteristic time;

• t∗o =
L∗2

D∗
µ

oxygen diffusive characteristic time;

• t∗p =
1

αλ∗ρ∗
c

oxygen consumption (due to reaction) characteristic time;

• t∗r =
1

λ∗ρ∗
c

reaction characteristic time;

• t∗d =
L∗2

ρ̄∗c̄∗

k∗ thermal diffusion characteristic time;

• t∗a =
ρ̄∗c̄∗T ∗

c

λ∗ρ∗
cμ

∗
cΓ∗ heat production (due to reaction) characteristic time;

• t∗q =
ρ̄∗c̄∗

T ∗3
c γ∗ thermal radiation characteristic time;
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Setting

ϕ =
ϕ∗

(ρ̄∗c̄∗)
, δ =

T ∗
a

T ∗
c

< 1,

we get the following non-dimensional problem
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂w

∂t
−

(
t∗ref
t∗v

)
∂w

∂x
−

(
t∗ref
t∗o

)
Δw = −

(
t∗ref
t∗p

)
A(u)pw,

∂p

∂t
= −

(
t∗ref
t∗r

)
A(u)pw,

∂u

∂t
− ϕ

(
t∗ref
t∗v

)
∂u

∂x
−

(
t∗ref
t∗d

)
Δu =

(
t∗ref
t∗a

)
A(u)pw +

(
t∗ref
t∗q

)
[δ4 − u4],

(3.1)

where

A(u) =

⎧
⎪⎪⎨
⎪⎪⎩

exp
(

− β

u − 1

)
u > 1,

0 u � 0,

β =
β∗

T ∗
c

. (3.2)

System (3.1), which must be solved in Ω = [−1, 1] × [−1, 1], must be coupled with initial and boundary
conditions.

4. A simple case with no diffusion and no advection

Suppose t∗ref � t∗v, t
∗
o, t

∗
d and t∗ref ∼ t∗p, t

∗
r , t

∗
a, t

∗
q . Setting

k =
t∗ref
t∗r

, τ =
t∗ref
t∗a

, ξ =
t∗ref
t∗q

. φ =
t∗ref
t∗p

, (4.1)

problem (3.1) reduces to the following set of differential equations⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂w

∂t
= −φA(u)pw,

∂p

∂t
= −kA(u)pw,

∂u

∂t
= τA(u)pw + ξ[δ4 − u4],

(4.2)

with initial conditions wo(x, y) > 0, po(x, y) > 0, uo(x, y) > 0. In this simplified situation x and y play
the role of parameters. It is easy to check that, when uo < 1 at some point (x, y) ∈ Ω, the differential
equation for the temperature is given, at least initially, by

∂u

∂t
= ξ[δ4 − u4], u(x, y, 0) = uo(x, y) < 1.

The above can be integrated between 0 and t giving

4tξδ3 = ln
[ |u + δ||uo − δ|
|u − δ||uo + δ|

]
+ 2

[
arctan

(u

δ

)
− arctan

(uo

δ

)]
. (4.3)

The solution is therefore given implicitly as t = t(u). It is straightforward to see that function (4.3) has
a vertical asymptote at u = δ, meaning that for t → ∞ the function u → δ. If uo ∈ (δ, 1) the function
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Fig. 3. No advection and diffusion. Initially increasing temperature with uo > 1

Fig. 4. No advection and diffusion. Decreasing temperature with uo < 1

u(t) decreases to δ; if uo < δ the function u(t) increases to δ. We may conclude that, at a point (x, y)
where uo < 1, the temperature can never attain the critical value u = 1 and hence the paper can never
be burned at (x, y). This result proves that the propagation of the ignition front can be driven only by
transport mechanisms such as advection or diffusion. In Fig. 3 we have reported the solution of system
(4.2) with wo = 1, po = 1, uo = 1.2, φ = 1, k = 2, τ = 1, ξ = 0.01, δ = 0.4, β = 0.5. The nonlinear system
has been solved via spectral collocation method and exploiting Newton–Raphson algorithm. In this case,
the initial temperature u(x, y, 0) = uo(x, y) is above 1 and hence the paper is already burning at (x, y).
The temperature initially increases, but then decreases towards δ = 0.4. Notice that when u � 1 (i.e.
when t � 30) the functions p and w become constant. In Fig. 4 we have reported the solution of system
(4.2) with wo = 0.9, po = 1, uo = 0.8, φ = 1, k = 2, τ = 1, ξ = 0.01, δ = 0.4, β = 0.5. In this case,
the initial temperature u(x, y, 0) = uo(x, y) is below 1 and the paper is never burning at (x, y), since
the temperature is always below the critical value 1. The temperature decreases towards the asymptotic
value δ = 0.4.
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Table 1. Non-dimensional parameters

Pe Le β ϕ ξ k τ δ

D1 1 1 0.5 1 0.01 1 1 0.4

D2 10 1 0.5 1 0.01 1 1 0.4

D3 1 5 0.5 1 0.01 1 1 0.4

D4 1 1 0.5 1 0.1 1 1 0.4

5. The problem in the oxygen diffusion timescale

Here we consider the full problem with advection and diffusion. Let us select t∗ref = t∗o (i.e. the timescale
of oxygen diffusion). Problem (3.1) becomes

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂w

∂t
− Pe

∂w

∂x
− Δw = −φA(u)pw,

∂p

∂t
= −kA(u)pw,

∂u

∂t
− ϕPe

∂u

∂x
− LeΔu = τA(u)pw + ξ[δ4 − u4],

(5.1)

where

Pe =
t∗o
t∗v

, Le =
t∗o
t∗d

, k =
t∗o
t∗r

, τ =
t∗o
t∗a

, ξ =
t∗o
t∗q

. φ =
t∗o
t∗p

. (5.2)

The numbers Pe, Le represent the Péclet number and the Lewis number, respectively. Problem (5.1)
is solved numerically by a spectral collocation method based on Chebyshev polynomials, see [11]. The
system is spatially discretized on a (N + 1) × (N + 1) 2D Gauss–Lobatto grid, N = 40. The differential
operators in system (5.1) are replaced by discretized operators built through the differentiation matrices

∂

∂x
≈ I ⊗ D,

∂

∂y
≈ D ⊗ I,

where I is the (N +1)×(N +1) identity matrix, D is the differentiation matrix defined in chapter 6 of [14],
and ⊗ is the Kronecker product between matrices. System (5.1) is thus transformed into an algebraic
nonlinear system that includes the boundary conditions. We use spectral differentiation in space and finite
differences in time (Euler explicit) with time step dt = 10−2. At each time step the nonlinear system
is solved via Newton–Raphson method (quadratic convergence) in which iterations are terminated when
the error tolerance is of the order of 10−14. To investigate the behaviour of the ignition front together
with its dependence on the material parameters, we consider different boundary and initial conditions.

5.1. Numerical results and discussion

We begin by considering
⎧
⎪⎪⎨
⎪⎪⎩

∂u

∂x

∣∣∣∣
x=±1

=
∂u

∂y

∣∣∣∣
y=±1

= 0,
∂w

∂x

∣∣∣∣
x=±1

=
∂w

∂y

∣∣∣∣
y=±1

= 0, w
∣∣∣
x=1

= 1,

uo = (1 − x2)2(1 − y2)2 + 0.8, po = 1, wo = 1,

(5.3)

with non-dimensional groups reported in Table 1.
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Fig. 5. Burning region (orange) for (5.3) with parameters set D1 of Table 1

Fig. 6. Burning region (orange) for (5.3) with parameters set D2 of Table 1

The initial condition uo in (5.3) is chosen so that the inner part of the paper sheet is initially burning,
while the outer part is not. The boundary conditions for w and u are such that the diffusive flux is zero
on the boundary ∂Ω except at x = 1 where w is given. Compatibility conditions between the initial and
boundary data at t = 0 are satisfied.

To investigate the convergence we have considered dt = 0.01 and analysed the solution at time t = 0.2
for increasing N . In particular we have taken the sup norm of the solution ‖(u,w, p)‖∞ (time is fixed;
the norm is with respect to the spatial coordinates). We report in the table the sup norm for increasing
N with dt = 0.01 at time t = 0.2 (a further reduction of the time step dt does not significantly change
the norm). The data are the ones of case D1 in Table 1 with initial and boundary conditions (5.3).

N ‖(u, w, p)‖∞

5 1.151772
10 1.182135
20 1.182792
30 1.183845
40 1.183887

50 1.183889
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Fig. 7. Burning region (orange) for (5.3) with parameters set D3 of Table 1

In Fig. 5 we show the evolution of the burning region for initial and boundary data (5.3) where the
parameters are those of D1 of Table 1. In this case the complete burning is reached at t = 0.25. In
Fig. 6 we show the evolution of the burning region for D2. In this case, we notice that at each time t the
region where the temperature is above 1 (burning) does not necessarily contain the ones in which u > 1
at previous times, meaning that for fixed time t the burning domain is a juxtaposition of the burning
domains at earlier times (a sort of envelope of the burning domains).

In Figs. 7, 8 we show the evolution of the boundary region for parameters D3, D4. In all of these plots
we have indicated the part of the cellulose in which temperature is above the critical value 1. As one can
easily notice, the burning region comprehends also parts in which the temperature is below 1. Indeed,
once a part of the domain is burning, it remains so even if the temperature drops below the ignition point
1.

Looking at Figs. 5–8 we see that the increase of Pe produces a reduction of the region where u > 1 (see
Figs. 5, 6), i.e. the combustion front travels much faster because of the increase of VO2 . If we now look at
Figs. 5, 7 we notice that the increase of Le results in a reduction of the time needed to burn the whole
paper (a large Le means a large supply of oxygen). Finally the increase of ξ (increase of radiative heat
loss, see Figs. 7, 8) produces a reduction of the burning area, since part of the heat needed to burn the
paper is lost due to radiation at a higher speed. The same type of behaviour is evident from Figs. 9–12
(different types of boundary and initial conditions).

We remark that the initial conditions in (5.3) (and the others that we shall consider further on) are
completely arbitrary. In case (5.3) we have an initial condition in which the burning domain resembles
an ellipse. The right boundary condition for the oxygen concentration is prescribed oxygen concentration
w = 1. Hence the balance between the consumption rate of oxygen and the inlet flux must adapt in order
to guarantee that the oxygen concentration remains 1 at x = 1. If we look, for instance at Fig. 8, i.e.
case D4, the combustion front initially advances, but after some time it starts to recede towards the left
(stationary state). The stationary state is independent of the initial conditions (that state is dictated
only by the boundary conditions), while the way the stationary state is reached depends on the initial
conditions. If we change the initial conditions of the system with data D4 and ICs, BCs (5.3), we change
the contours at initial times, but for times larger or equal to 1 the contour is more or less the same. We
have to bear in mind that we are not simulating a specific case with parameters taken from experiments;
we are only interested in seeing the effects that the non-dimensional groups have on the combustion front.
The initial data that we choose are indeed completely arbitrary and do not reflect a real initial state.

In order to see the influence of the initial and boundary conditions on the evolution of the burning
region, we consider other types of initial and boundary conditions. As for (5.3), these conditions are
completely arbitrary and do not reflect any real initial data.
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Fig. 8. Burning region (orange) for (5.3) with parameters set D4 of Table 1

Fig. 9. Burning region (orange) for (5.4) with parameters set D1 of Table 1

Fig. 10. Burning region (orange) for (5.4) with parameters set D2 of Table 1



   21 Page 12 of 16 L. Fusi et al. ZAMP

Fig. 11. Burning region (orange) for (5.4) with parameters set D3 of Table 1

Fig. 12. Burning region (orange) for (5.4) with parameters set D4 of Table 1

In Figs. 9, 10, 11, 12 we show the evolution of the burning region for initial and boundary conditions
(5.4). In this case the initial temperature uo is such that the left part of the paper is burning, while the
right part is not. The boundary conditions for w are such that the overall flux is null on x = −1, y = ±1
with a prescribed overall oxygen flux at x = 1. The temperature at the left border x = −1 is an initially
increasing function of time that starts to decay at time t = 1. On the right boundary x = 1 we impose
the ambient temperature. In this case the compatibility conditions at x = ±1 and t = 0 are not satisfied.
Figures 9, 10, 11, 12 correspond to the set of parameters D1, D2, D3, D4, respectively.
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(5.4)
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Fig. 13. Ignition front at t = 0.2 with different Péclet for (5.5) and data D1 (except Péclet) of Table 1

Fig. 14. Ignition front at t = 0.2 with different Lewis for (5.5) and data D1 (except Lewis) of Table 1
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(5.6)

Finally, to better illustrate the effects of the Péclet and Lewis numbers on the ignition front u = 1,
we have considered initial and boundary data (5.5), (5.6) plotting the level sets u = 1 for various values
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Fig. 15. Ignition front at t = 0.2 with different Péclet for (5.6) and data D1 (except Péclet) of Table 1

Fig. 16. Ignition front at t = 0.2 with different Lewis for (5.6) and data D1 (except Lewis) of Table 1

of Pe and Le at time t = 0.2, see Figs. 13, 14, 15, 16. The set of data (5.5), (5.6) are practically identical
except for the temperature at x = −1. In (5.5) the boundary condition for u at x = 1 is of polynomial
type, while in (5.6) is trigonometric. In both cases the initial temperature of the paper is constant and
below the ignition point. Once again, the compatibility conditions at x = ±1 are not satisfied. Looking
at Figs. 13, 14, 15, 16, we notice that the increase of Pe has a “flattening” effect on the curve u = 1. This
is consistent with the experimental observations of Zik et al [13] (even though the diverse pattern there
are due to instabilities), where the authors show that, for “large” airflow velocity, the propagation front
is almost flat (see Fig. 2a). The same “flattening” effect is obtained by reducing the Lewis number, i.e.
when the characteristic time of oxygen diffusion becomes smaller than the characteristic diffusive time of
heat.

6. Conclusions

In this paper we have investigated the propagation of the combustion front (smoldering) of a two-
dimensional cellulose sheet when an orthogonal flow of oxygen is laterally applied. The model is partially
based on the works by Ikeda et al. [2] and Fasano et al. [3]. Differently from most of the numerical papers
on smoldering here we have considered a two-dimensional setting, i.e. a two-dimensional sheet of paper
that can be subjected to a series of boundary conditions.The mathematical model consists in a set of two
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nonlinear PDEs for the temperature and the oxygen concentrations and one ODE for the cellulose con-
centration. We have solved the corresponding non-dimensional problem numerically through a spectral
collocation scheme based on Chebyshev polynomials. We have used spectral differentiation in space and
Euler explicit in time, showing the convergence of the method. The discretized nonlinear problem has
been solved via Newton–Raphson method. We have proved that the propagation of the combustion front
does not occur when Pe, Le = 0, i.e. when transport mechanisms such as advection and diffusion are
neglected. Moreover, when the full problem with advection and diffusion is considered, we have shown
that an increase of the Péclet number leads to a more uniform ignition front, a phenomenon consistent
with the physical observations reported in Zik et al. [13]. On the other hand, by decreasing of the Lewis
number, we have obtained the same “flattening” effect. A natural extension of this work would be the
study of the formation of instability patterns and the influence of the airflow on this phenomenon.

We have proved that, depending on the initial and boundary data, the increase of Pe may result in
a reduction of the region where u > 1, meaning that the combustion front travels much faster because
of the increase of airflow velocity VO2 . We have also proved that increase of Le may produce a reduction
of the time needed to burn the whole paper (large Le means a large supply of oxygen). Finally, we have
seen that the increase of ξ, i.e. the increase of radiative heat loss, produces a reduction of the burning
area, because a part of the heat needed to burn the sheet is lost due to radiation
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