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 a b s t r a c t

We propose a novel finite-strain, mixed isogeometric collocation formulation for hyperelastic 
geometrically exact beams. The model supports general three-dimensional hyperelastic materials 
and reconstructs the cross-sectional deformation without any modification of the fundamental 
kinematic assumption typically employed for geometrically exact beams. We express the finite 
strain components in terms of the one-dimensional geometrically exact strain measures, which 
allows to exploit existing SO(3)-consistent linearization procedures developed for linearly elastic 
materials. The governing equations in the strong form are discretized using the isogeometric 
collocation method (IGA-C). Through various numerical examples, we demonstrate the capability 
of the model to reproduce both large deformations and finite strains, including the cross-sectional 
ones, without introducing additional kinematic unknowns.

1.  Introduction

Over the last four decades, there has been an unceasing interest in developing theoretical and computational models for the 
nonlinear mechanics of beam-like elements. Today, in addition to longstanding challenges of traditional engineering fields, new 
problems are arising in biomechanics, mechanics of metamaterials, soft robotics, programmable objects, additive manufacturing, and 
beyond. For these problems, continuum-based solid models (see, e.g., [1–4]) turn out to be overly complex and lead to prohibitive 
computational costs. Advanced beam formulations are an attractive alternative for complex one-dimensional problems, provided 
they incorporate key features such as the ability to handle finite displacements and rotations, finite strains, nonlinear and rate-
dependent materials, and to support arbitrarily curved initial geometries and complex topologies (see, e.g., cardiovascular devices, 
metamaterials, etc.).

In the framework of linear elasticity, starting from the seminal formulations presented in [5–8], geometrically exact beams have 
been extensively studied (see, e.g., [9–22]). Models based on the Euler-Bernoulli kinematics have been proposed in [23–28]. Con-
cerning both geometrical and material nonlinearities, Park and Lee [29] were among the first who investigated shear-deformable 
elastoplastic beams, still keeping the assumption of small strains. Elastoplastic beams have also been addressed in [30–35].
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$\SORO $


$\SORO $


$s\mto \f c_0(s) \in \Rn ^3$


$s\in [0, L]\sub \Rn $


$L$


$\f \varphi _0(s, s_2, s_3)$


$s$


\begin {equation}\label {eqewqf} \f \varphi _0 (s, s_2, s_3)= \f c_0 \left ( s\right ) + s_2 \f D_2 \left ( s\right )+s_3 \f D_3 \left ( s\right )\,.\end {equation}


$\{ \f D_1(s), \f D_2(s), \f D_3(s)\}$


$\f D_i(s)=\fR R_{0}(s) \f E_{i}$


$i=1,2,3$


$\f E_{i}$


$i$


$\Rn ^3$


$\fR R_{0}(s) \in \SORO $


$\SORO $


$\Rn ^3$


$\fR R\in \SORO $


$\fR R\Tra =\fR R^{-1}$


${\rm det}\,(\fR R)=1$


$s_2$


$s_3$


$\f c_0$


$\f {D}_1(s)= \f c_{0,s}(s)$


$(\f {.}),_{s}$


$s$


$\f G_i = \partial \f \varphi _0 / \partial s_i$


$i=1,2,3$


$s_1=s$


\begin {equation}\label {eqjlbb} \left \{ \begin {aligned} & \f G_1(s,s_2,s_3) = \f D_1(s) + s_2 \f D_{2,s}(s)+s_3 \f D_{3,s}(s)\\ & \f G_\alp (s,s_2,s_3)= \f D_\alp (s)\,. \end {aligned} \right .\end {equation}


$\f D_{\alp ,s}(s) = \tif k_{0}(s) \f D_{\alp }(s)$


$\alp =2,3$


$\tif k_{0}(s):=\fR R_{0,s}(s)\fR R_{0}\Tra (s)$


$\sim $


$\soso $


$3 \times 3$


$\tif a\in \soso $


$\f a = \textnormal {axial}(\tif a)$


$\tif a$


$\tif a \f h= \f a \car \f h$


$\f h\in \Rn ^3$


$\car $


$\f G^i$


$\f G^j\cdot \f G_i=\delll ^j_i$


$\delll ^j_i$


$\f {G}^i=G^{ij}\f {G}_j$


$G^{ij}=G_{ij}^{-1}$


$G_{ij}= \f G_i\cdot \f G_j$


\begin {equation}\label {eqASCASCSAcompatta} \left \{ \begin {aligned} & \f G^1(s,s_2,s_3)=\frac {1}{C} \f D_1(s),\\ & \f G^2(s,s_2,s_3)=\frac {s_3 K_{01}}{C} \f D_1(s)+ \f D_2(s),\\ & \f G^3(s,s_2,s_3)=\frac {-s_2 K_{01}}{C} \f D_1(s)+ \f D_3(s),\\ \end {aligned} \right .\end {equation}


$C=1-s_2 K_{03}+s_3 K_{02}$


$K_{0\alp }$


$\f K_{0}(s)=\text {axial}(\tif K_{0}(s))$


$\tif K_{0}(s):= \fR R_{0}\Tra (s) \fR R_{0,s}(s)$


$\f K_{0}$


$\tif K_{0}$


$s\mto \f c(t,s) \in \Rn ^3$


$t \in [0,T] \sub \Rn ^+$


$T$


$\f \varphi (t,s, s_2, s_3)$


$s$


$t$


\begin {equation}\label {2} \f \varphi (t,s, s_2, s_3) = \f c \left ( t,s \right ) + s_2 \f d_2 \left ( t,s \right )+s_3 \f d_3 \left ( t,s \right )\,.\end {equation}


$\{ \f d{_1}(t,s), \f d_2(t,s), \f d_3(t,s) \}$


$\f d_i(t,s)=\fR R(t,s) \f E_{i}$


$\fR R(t,s)$


$\f g_i = \partial \f \varphi / \partial s_i$


\begin {equation}\label {gbassokljk} \left \{ \begin {aligned} & \f g_1(t,s,s_2,s_3) = \f c,_{s}(t,s) + s_2 \f d_{2,s}(t,s)+s_3 \f d_{3,s}(t,s)\\ & \f g_\alp (t,s,s_2,s_3)= \f d_2(t,s), \end {aligned} \right .\end {equation}


$\f d_{\alp ,s}(t,s)=\tif k(t,s) \f d_{\alp }(t,s)$


$\alp =2,3$


$\f {\tilde {k}}(t,s):=\fR R,_{s}(t,s)\fR R \Tra (t,s)$


$t$


$\f c,_{s}(t,s)$


$\f d{_1}(t,s)$


$t$


$\fR {F}$


\begin {equation}\label {sacsagenerale} \fR {F} = \f g_i \otimes \f G^i\,.\end {equation}


$\fR {F}$


$\f {D}_i$


$\f {d}_i$


\begin {align}\f \Gam _{N} &= \fR {R}\Tra \f c,_{s} - \fR {R}_{0}\Tra \f c_{0,s},\label {FormulaGamjN}\\ \f K_{M} &= \text {axial}(\f {\tif {K}}-\f {\tif {K}}_{0}),\label {FormulaK}\end {align}


$\f {\tif {K}} = \fR {R}\Tra \fR {R},_{s}$


$\fR {F}$


\begin {equation}\fR F = \bar {\fR R} \fR {U},\end {equation}


$\bar {\fR R} = \fR {R} \fR {R}{_0}\Tra =\f d{_i} \otimes \f D{_i}$


$\fR {U}$


\begin {equation}\label {Usadc} \fR U = \fR I +\frac {1}{C}\f H \otimes \f D_1,\end {equation}


$\fR I$


$\Rn ^{3\car 3}$


$\f H$


\begin {equation}\label {Hsacasc} \f H = \fR R_{0}\Biggl (\f \Gam _N + \f {\tif {K}}_{M}(s_2\f {E}_2 + s_3\f {E}_3)\Biggr )\,.\end {equation}


\begin {equation}\label {defaskcnkascn} \fR F = \bar {\fR R} \Biggl [\fR I +\frac {1}{C}\fR R_{0}\Biggl (\f \Gam _N + \f {\tif {K}}_{M}(s_2\f {E}_2 + s_3\f {E}_3)\Biggr )\otimes \f D_1 \Biggr ]\,.\end {equation}


$\fR {F}$


$\SORO $


$\fR {E} = \text {E}_{ij}(\f {G}^i\otimes \f {G}^j) = \frac {1}{2}(\fR F\Tra \fR F - \fR I)$


\begin {equation}\label {Green-Lagranjnbcompleto} \fR {E} = \frac {1}{2C} (\f H \otimes \f D_1+ \f D_1 \otimes \f H)+\frac {\f {H}^2}{2C^2}( \f D_1 \otimes \f D_1)= \text {E}_{ij} ( \f D_i \otimes \f D_j)\,.\end {equation}


$C=1$


$\text {E}_{ij} = \f D_i\Tra \fR {E} \f D_j$


$\f \Gam _N$


$\f {K}_{M}$


\begin {equation}\begin {split}\label {Componenetsadafinitecsatrains} & \text {E}_{11} = \frac {1}{C}[\Gam _{N_{1}} + K_{M_2}s_3 - K_{M_3}s_2] + \frac {1}{2C^2}\f \Gam _{N}\Tra \f \Gam _{N}+ \frac {1}{C^2}\Gam _{N_{1}}(K_{M_2}s_3-K_{M_3}s_2)\\ &\qquad \;\;-\frac {1}{C^2}\Gam _{N_{2}}(K_{M_1}s_3)+\frac {1}{C^2}\Gam _{N_{3}}(K_{M_1}s_2)+\frac {1}{2C^2}K_{M_1}^2({s_2}^2+{s_3}^2)+\frac {1}{2C^2}K_{M_2}^2{s_3}^2\\ &\qquad \;\;+\frac {1}{2C^2}K_{M_3}^2{s_2}^2-\frac {1}{C^2}K_{M_2}K_{M_3}s_2s_3,\\ & \text {E}_{12}= \text {E}_{21}= \frac {1}{2C}[\Gam _{N_{2}} - K_{M_1}s_3], \\ & \text {E}_{13}=\text {E}_{31} = \frac {1}{2C}[\Gam _{N_{3}}+ K_{M_1}s_2]\,. \end {split}\end {equation}


$\Gam _{N_i}$


$K_{M_i}$


$i$


$\f E_i$


$\text {E}_{22}=\text {E}_{33}=\text {E}_{23}=\text {E}_{32}=0$


$\psi (\fR {E})$


\begin {equation}\label {Legamekkkbsore} \fR {S}=\frac {\partial \psi (\fR {E})}{\partial \fR {E}},\end {equation}


$\fR {S} = \text {S}^{ij}(\f {G}_i\otimes \f {G}_j)$


${\rm S}^{ij} =\der \psi /\der \R E_{ij}$


$\fR {S}$


$\fR {E}$


$\mathbb {C} = \text {C}^{ijkl}(\f {G}_i\otimes \f {G}_j\otimes \f {G}_k\otimes \f {G}_l)$


\begin {equation}\label {eq:derSCderE} \mathbb {C}=\frac {\partial \fR S}{\partial \fR E}\,.\end {equation}


$\text {S}^{22}$


$\text {S}^{33}$


$\text {S}^{23}$


\begin {equation}\fR S =[\text {S}^{11},\,\text {S}^{12},\,\text {S}^{13},\,\text {S}^{22},\,\text {S}^{33},\,\text {S}^{23}]\Tra ,\quad \fR E =[\text {E}_{11},\,\text {E}_{12},\,\text {E}_{13},\,\text {E}_{22},\,\text {E}_{33},\,\text {E}_{23}]\Tra ,\end {equation}


$\fR S_m = [\text {S}^{11},\text {S}^{12},\text {S}^{13}]\Tra $


$\fR S_z = [\text {S}^{22},\text {S}^{33},\text {S}^{23}]\Tra $


$\fR E_m = [\text {E}_{11},\text {E}_{12},\text {E}_{13}]\Tra $


$\fR E_z = [\text {E}_{22},\text {E}_{33},\text {E}_{23}]\Tra $


$\fR S_z=\f 0$


$\fR E_z$


$(3\times 3)$


$\mathbb {C}_{up}$


$\fR S_m$


$\fR E_m$


$\f {n}$


\begin {equation}\label {jhljbljbCauchy} \f n := \int _{A_0} \fR {P} \f D_1 dA_0,\end {equation}


$\fR {P} = \R P^{ij} ( \f g_{i} \otimes \f G_{j})$


$\fR {P}$


$A_0$


$\f D_1=C \f G^1$


$\f {m}$


\begin {equation}\label {internalcouples} \f {m}= \int _{A_0} (s_2\f {d}_2 + s_3\f {d}_3) \times \fR {P} \f D_1 dA_0\,.\end {equation}


$\fR S = \text {S}^{ij} ( \f G_{i} \otimes \f G_{j})$


$\fR {P}=\fR {FS}$


\begin {align}\label {internallkmlnforce} &\f {n} = \int _{A_0} \fR {FS} C \f G^1 dA_0,\\ \label {internalcouplescoFS} &\f {m}= \int _{A_0} (s_2\f {d}_2 + s_3\f {d}_3) \times \fR {FS} C \f G^1 dA_0\,.\end {align}


$\f {d}_i= \bar {\fR R}\f {D}_i$


$\fR {F}$


$\f \Gam _N$


$\f K_M$


\begin {align}\label {legamejktraslazione} &\f {n}=\bar {\fR R} \int _{A_0} \Biggl [\fR I +\frac {1}{C}\fR R_{0}\Biggl (\f \Gam _N + \f K_{\xi }\Biggr )\otimes \f D_1 \Biggr ]\fR {S} C \f G^1 dA_0,\\ \label {legamekrotazione} &\f {m}=\bar {\fR R} \int _{A_0} \wti {(s_2\f {D}_2 + s_3\f {D}_3)}\Biggl [\Biggl (\fR I +\frac {1}{C}\fR R_{0}\Biggl (\f \Gam _N + \f K_{\xi }\Biggr )\otimes \f D_1 \Biggr )\fR {S} C \f G^1\Biggr ] dA_0,\end {align}


$\f K_{\xi } = \f {\tif {K}}_{M}(s_2\f {E}_2 + s_3\f {E}_3)$


\begin {align}\label {traslazionellkncurrent} &\f n,_{s} + {\f {\bar {n}}} = \f {0},\\ \label {rotazionecurrent} &\f m,_{s} + \f c,_{s} \times \f n + \f {\bar {m}} = \f {0},\end {align}


$\f {\bar {n}}$


$\f {\bar {m}}$


$\delta \f {\eta }$


$\delta \f {\vtht }$


$\delta \f {n}$


$\delta \f {m}$


$\SORO $


\begin {align}\label {internalaaaacomponents} \f {n}&=\bar {\fR R} \int _{A_0} \text {S}^{11}C( \fR R_{0}\f \Gam _N) + \text {S}^{11}C \fR R_{0} \f K_{\xi } + \text {S}^{11}C^2 \f D_1 - s_3K_{01}\text {S}^{11}C \f D_2 \notag \\ &\quad + s_2K_{01}\text {S}^{11}C \f D_3 + \text {S}^{21}C \f D_2 + \text {S}^{31}C \f D_3 dA_0,\\ \label {internaljljvomponents} \f {m}&=\bar {\fR R} \int _{A_0}\wti {(s_2\f {D}_2 + s_3\f {D}_3)}\Biggl [ \text {S}^{11}C( \fR R_{0}\f \Gam _N) + \text {S}^{11}C \fR R_{0} \f K_{\xi } + \text {S}^{11}C^2 \f D_1 \notag \\ &\quad - s_3K_{01}\text {S}^{11}C \f D_2 + s_2K_{01}\text {S}^{11}C \f D_3 + \text {S}^{21}C \f D_2 + \text {S}^{31}C \f D_3\Biggr ] dA_0\,.\end {align}


$\rm S^{i1},\,i=1,\,2,\,3,$


$\fR E$


$\psi (\fR E)$


$\SORO $


\begin {align}\label {Lin-traslazionecurrentompleta} &\delta {\f n,_{s}} = - (\hat {\f n},_{s}+{\f {\bar {n}}}),\\ \label {Lin-rotazioneurrencompleta} &\delta {\f m,_{s}} - \ha {\tif {\f n}} {\delta \f {\eta }},_{s} + \ha {\tif {\f c}},_s\delta {\f n} = - (\hat {\f m},_{s}+ \ha {\tif {\f c}},_s \ha {\f n} + \f {\bar {m}}),\\ \label {Lin-legame-traslazionesdac} &\delta {\f n} - \hat {\Bar {{\fR R}}} \haf T_{\eta \eta } \delll \f {\eta },_{s} + \Biggl [\widetilde {\Biggl (\hat {\Bar {{\fR R}}}\haf T^1_{\eta \vtht }\Biggr )} - \hat {\Bar {{\fR R}}}\haf T^2_{\eta \vtht }\Biggr ]\delll \f {\vtht }-\hat {\Bar {{\fR R}}}\haf T^3_{\eta \vtht }\delll \f {\vtht },_{s} = -\ha {\f n} + \hat {\Bar {{\fR R}}}\haf T_{{n}},\\ \label {Lin-legame-rotazionesacacdknjk} &\delta {\f m} - \hat {\Bar {{\fR R}}}\haf T_{\vtht \eta } \delll \f {\eta },_{s} +\Biggl [\widetilde {\Biggl (\hat {\Bar {{\fR R}}}\haf T^1_{\vtht \vtht }\Biggr )} - \hat {\Bar {{\fR R}}}\haf T^2_{\vtht \vtht }\Biggr ]\delll \f {\vtht }-\hat {\Bar {{\fR R}}}\haf T^3_{\vtht \vtht }\delll \f {\vtht },_{s} = -\ha {\f n} + \hat {\Bar {{\fR R}}}\haf T_{{m}}\,.\end {align}


$\haf T_{\eta \eta }$


$\haf T_{\tht \eta }$


$\haf T^{i}_{\eta \tht }$


$i=1,\,2,\,3$


$\haf T^{i}_{\tht \tht }$


$i=1,\,2,\,3$


$\haf T_{n}$


$\haf T_{m}$


$\haf n$


$\haf m$


$s\in (0,\,L)$


$s\in [0,\,L]$


$s\in \{0,\,L\}$


\begin {align}\f c (u) & = \sum _{j= 1}^{\rm n} R_{j,p}(u) \chf p_j\sepr {with} u\in [0,\,1],\label {eq:cu}\\ \delll \f \vtht (u) &= \sum _{j= 1}^{\rm n} R_{j,p}(u) \delll \chf \vtht _j\sepr {with} u\in [0,\,1],\label {eq:Thtu}\\ \delll \f \eta (u) &= \sum _{j= 1}^{\rm n} R_{j,p}(u)\delll \chf \eta _j\sepr {with} u\in [0,\,1],\label {eq:etau}\end {align}


$R_{j,p}$


$j = 1,\ldots ,\rm n$


$j$


$p$


$\chf p_j$


$j$


$\delll \chf \vtht _j$


$\delll \chf \eta _j$


$j$


$\delta \f n$


$\delta \f m$


\begin {align}\delta \f n (u) & = \sum _{j= 1}^{\rm n} R_{j,p}(u) \delta \chf n_j\sepr {with} u\in [0,\,1],\label {eq:deln}\\ \delta \f m (u) & = \sum _{j= 1}^{\rm n} R_{j,p}(u) \delta \chf m_j\sepr {with} u\in [0,\,1],\label {eq:delm}\end {align}


$\delta \chf n_j$


$\delta \chf m_j$


$j$


$\delta \f n (u)$


$\delta \f m (u)$


$\SORO $


$\delll \chf \vtht ^k_j$


$i$


$u_i^c$


\begin {equation*}\delll \f \vtht ^k (u_i^c) = \sum _{j= 1}^{\rm n} R_{j,p}(u_i^c) \delll \chf \vtht ^k_j\sepr {with} i,j = 1,\ldots ,\rm n\,.\end {equation*}


$\SORO $


\begin {equation}\fR {\hat {R}}^{k+1}(u_i^c)={\rm exp}(\delll \tif \tht ^{k}(u_i^c))\fR {\hat {R}}^{k}(u_i^c)\sepr {for} i = 1,\ldots ,\rm n\,.\end {equation}


$i$


\begin {equation}\hat {\tif {K}}^{k+1}(u_i^c)=\hat {\tif {K}}^k(u_i^c)+\hat {\fR {R}}^k{\Tra }(u_i^c) d {\rm exp}_{\delll \wti {\f \vtht }^k}(\delll \wti {\f \vtht }^k(u_i^c),_s)\hat {\fR {R}}(u_i^c)^k\sepr {for} i = 1,\ldots ,\rm n\,.\end {equation}


$\SORO $


$E=\SI {100}{N/m^2}$


$\nu =0$


$\fR E_z=0$


$L=\SI {4}{m}$


$t=\SI {0.2}{m}$


$x_1$


$F_1$


\begin {equation}\label {SVKenergydfunction} \psi _{\rm SVK}=\frac {1}{2}\gam (\text {tr}\fR {E})^2+\mu \fR {E}:\fR {E} \quad \sepr {and}\quad \psi _{\rm NH}=\frac {E}{2}(\text {tr}\fR {E}-\ln {J}),\end {equation}


$\gam =\fr {E\nu }{(1+\nu )(1-2\nu )}$


$\mu =\fr {E}{2(1+\nu )}$


$J=\sqrt {\text {det}(\fR {C})}=\text {det}(\fR {F})$


$x_1$


\begin {equation}\label {ufunzionediFext} \frac {u_{\rm SVK}^3}{L^2}+\frac {3u_{\rm SVK}^2}{L}+2u_{\rm SVK}-\frac {2{F}_{1}L}{EA} = 0, \sepr {} {u_{\rm NH}^2}+u_{\rm NH}\Biggl (2L -\frac {2{F}_{1}L}{EA}\Biggr ) - \frac {2F_{1}L^2}{EA} = 0,\end {equation}


$A=t^2$


$\rm {n}=40$


$p=4$


$F_1$


$u_1$


$F_1$


$u_1$


$\nu \neq 0$


$\fR E_z$


$L=\SI {1}{m}$


$0.1\times 0.1\SI {}{m}$


\begin {equation}\label {nsaclkcjas} \begin {aligned} &\psi _{\rm NH}=\frac {\mu }{2} \bigg (\text {det}(\fR {C})^{-1/3}\text {tr}(\fR {C})-3\bigg )+\frac {1}{4}K\bigg (\text {det}(\fR {C}) -1 -\text {ln}(\text {det}(\fR {C}))\bigg ), \end {aligned}\end {equation}


$K=2\mu (1+\nu )/(3-6\nu )$


$\mu = \SI {1.5e6}{N/m^2}$


$\nu =\{0.40, \, 0.45, \,0.49,\,0.49999\}$


$\lambda _\bet ,\,\bet =2,\,3$


\begin {equation}\lambda _2 = \lambda _3 = \sqrt {\frac {J}{\lambda }}, \label {Xeqn29-42}\end {equation}


$\lambda =\lambda _1$


$\sigma _{22}=\sigma _{33}=0$


$J$


$\lambda $


\begin {equation}\label {analiticoperJ} -\frac {1}{3}\mu J^{-5/3}\bigg (\lambda ^2 - \frac {J}{\lambda }\bigg )+\frac {1}{2}K\bigg (J - \frac {1}{J}\bigg )=0\,.\end {equation}


$J$


$\lambda $


$\sigma _{11}$


\begin {equation}\sigma _{11} = \mu J^{-5/3}\bigg (\lambda ^2 - \frac {J}{\lambda }\bigg )\,. \label {Xeqn31-44}\end {equation}


$F_1=\SI {1e5}{N}$


$\sigma _{11}$


$\alpha =(A-A_0)/A_0$


\begin {equation}\label {eq:AXACo} A = A_0\lambda _2 \lambda _3,\end {equation}


$\lambda _\bet =\sqrt {2\rm E_{\bet \bet }+1}$


$\nu $


$\sigma _{11}$


$\lambda $


$\alp $


$\nu =0.4$


$\nu =0.49999$


$\lambda \simeq 6$


$\nu =0.4$


$\nu =0.49999$


$\lambda =6$


$\SI {45}{^\circ }$


$x_1,x_2$


$x_3$


$F_3=\SI {2000}{N}$


$R=\SI {1}{m}$


$t=\SI {0.1}{m}$


$\mu = \SI {1.5e6}{N/m^2}$


$\nu =0.3$


$\psi _{\rm NH}$


$\SI {45}{^\circ }$


$p=2,4,6$


$L_2$


$\f {u}^h$


$\f {u}^r$


$p=8$


$L_2$


$err_{L_{2}}=||\f {u}^r-\f {u}^h||/||\f {u}^r||$


$p=2,\,4,\,6$


$\SI {135}{^\circ }$


$R=4/(3\sqrt {2}\pi )\SI {}{m}$


$x_3=0$


$x_1$


$F_1=\SI {5e4}{N}$


$p=2$


$\chf p_j$


$j=1,\,2,3$


$w$


$p=2$


$p=4$


$\rm n=60$


$t= \SI {0.1}{m}$


$\mu =\SI {1.5e6}{N/m^2}$


$\nu =0.49999$


$10\,\%F_1$


$x_2$


$x_3$


$u_1$


$\alp $


$10\,\%F_1$


$x_1$


$F_1=\SI {2e4}{N}$


$F_1=\SI {2e4}{N}$


$x_1$


$x_1$


$10\,\%F_1$


$\f c(s)=[2a\sin {(s/2)},\,a(1 + \cos {(s)}),\, a\sin {(s)} ]\Tra $


$a=10$


$s\in [-\pi ,\,\pi ]$


$F_3=\SI {-1.2e5}{N}$


$x_3$


$\SI {0.2}{m}$


$p=4$


$\rm n=60$


$2.5\,\%$


$80\,\%$


$50\,\%$


$\text {S}^{22}$


$\text {S}^{33}$


$\text {S}^{23}$


\begin {equation}\label {partioned} \begin {bmatrix} \partial \fR S_m \\ \partial \fR S_z \end {bmatrix} = \begin {bmatrix} \mathbb {C}_{mm} \quad \mathbb {C}_{mz} \\ \mathbb {C}_{zm} \quad \mathbb {C}_{zz} \end {bmatrix} \begin {bmatrix} \partial \fR E_m \\ \partial \fR E_z \end {bmatrix}\,.\end {equation}


$\partial \f S_z =\f 0$


$\partial \fR E_z$


\begin {align}\label {eq:SzACSAzero} \partial \fR E_z= - \mathbb {C}_{zz}^{-1}\mathbb {C}_{zm}\partial \fR E_m,\end {align}


\begin {align}\label {eq:Sm} \partial \fR S_m= \mathbb {C}_{mm}\partial \fR E_m + \mathbb {C}_{mz}\partial \fR E_z\,.\end {align}


\begin {align}\partial \fR S_m= \mathbb {C}_{up}\partial \fR E_m,\end {align}


\begin {equation}\label {eq:CupKNSDAKLx3} \mathbb {C}_{up}=[\mathbb {C}_{mm}-\mathbb {C}_{mz}\mathbb {C}_{zz}^{-1}\mathbb {C}_{zm}]\end {equation}


$(3\times 3)$


$\fR S_m$


$\fR E_m$


$\mathbb {C}_{up}$


$\fR {E}_z$


\begin {equation}\label {integraleleta} \begin {aligned} & \haf T_{\eta \eta } =\int _{A_0}\fR R_{0}\ha {\f \Gam }_{N}\hat {\mathbb {C}}_{up}^{1l} \haf {\mathrm {A}} C \hat {\fR R}\Tra + \ha {\mathrm {S}}^{11}C\fR R_{0}\hat {\fR R}\Tra + \fR R_0 \haf K_{\xi }\hat {\mathbb {C}}_{up}^{1l} \haf {\mathrm {A}} C \hat {\fR R}\Tra + {\f {D}}_1\hat {\mathbb {C}}_{up}^{1l} \haf {\mathrm {A}} C^2 \hat {\fR R}\Tra +\\ &\;\;\qquad - {\f {D}}_2 s_3 K_{01}\hat {\mathbb {C}}_{up}^{1l} \haf {\mathrm {A}} C \hat {\fR R}\Tra + {\f {D}}_3 s_2 K_{01}\hat {\mathbb {C}}_{up}^{1l} \haf {\mathrm {A}} C \hat {\fR R}\Tra + {\f {D}}_2 \hat {\mathbb {C}}_{up}^{2l} \haf {\mathrm {A}} C \hat {\fR R}\Tra + {\f {D}}_3 \hat {\mathbb {C}}_{up}^{3l} \haf {\mathrm {A}} C \hat {\fR R}\Tra dA_0, \end {aligned}\end {equation}


$\eta $


\begin {align}\label {integralkbvjeta} \haf T^1_{\eta \vtht } &=\int _{A_0}\ha {\mathrm {S}}^{11}C\fR R_{0}\ha {\f \Gam }_{N} + \ha {\mathrm {S}}^{11}C\fR R_0 \haf K_{\xi }+ \ha {\mathrm {S}}^{11}C^2 \f {D}_1 - s_3 K_{01}\ha {\mathrm {S}}^{11}C\f {D}_2 +s_2 K_{01}\ha {\mathrm {S}}^{11}C\f {D}_3+\\ & \quad +\ha {\mathrm {S}}^{21}C\f {D}_2 + \ha {\mathrm {S}}^{31}C\f {D}_3 dA_0, \nonumber \\ \haf T^2_{\eta \vtht }& =\int _{A_0} \fR R_{0}\ha {\f \Gam }_{N}\hat {\mathbb {C}}_{up}^{1l} \haf {\mathrm {A}} C \hat {\fR R}\Tra \ha {\tif {\f c}},_{s}+\ha {\mathrm {S}}^{11}C\fR R_{0}\hat {\fR R}\Tra \ha {\tif {\f c}},_{s} + \fR R_0 \haf K_{\xi }\hat {\mathbb {C}}_{up}^{1l} \haf {\mathrm {A}} C \hat {\fR R}\Tra \ha {\tif {\f c}},_{s}+\label {integralebkccteta} \\ &\quad +{\f {D}}_1\hat {\mathbb {C}}_{up}^{1l} \haf {\mathrm {A}} C^2 \hat {\fR R}\Tra \ha {\tif {\f c}},_{s}-{\f {D}}_2 s_3 K_{01}\hat {\mathbb {C}}_{up}^{1l} \haf {\mathrm {A}} C \hat {\fR R}\Tra \ha {\tif {\f c}},_{s}+{\f {D}}_3 s_2 K_{01}\hat {\mathbb {C}}_{up}^{1l} \haf {\mathrm {A}} C \hat {\fR R}\Tra \ha {\tif {\f c}},_{s}+\nonumber \\ &\quad + {\f {D}}_2\hat {\mathbb {C}}_{up}^{2l} \haf {\mathrm {A}} C\hat {\fR R}\Tra \ha {\tif {\f c}},_{s} + {\f {D}}_3\hat {\mathbb {C}}_{up}^{3l} \haf {\mathrm {A}} C\hat {\fR R}\Tra \ha {\tif {\f c}},_{s}dA_0,\nonumber \\ \haf T^3_{\eta \vtht } & =\int _{A_0}\fR R_{0}\ha {\f \Gam }_{N}\hat {\mathbb {C}}_{up}^{1l} \haf {\mathrm {B}} C \hat {\fR R}\Tra + \fR R_0 \haf K_{\xi }\hat {\mathbb {C}}_{up}^{1l} \haf {\mathrm {B}} C \hat {\fR R}\Tra - s_2\ha {\mathrm {S}}^{11}C\fR R_{0}\hat {\fR R}\Tra (\wti {\hat {\fR R}{\f {E}_2}})+\label {integralgkhcfx}\\ &\quad - s_3\ha {\mathrm {S}}^{11}C\fR R_{0}\hat {\fR R}\Tra (\wti {\hat {\fR R}{\f {E}_3}})+ {\f {D}}_1\hat {\mathbb {C}}_{up}^{1l} \haf {\mathrm {B}} C^2 \hat {\fR R}\Tra -{\f {D}}_2 s_3 K_{01}\hat {\mathbb {C}}_{up}^{1l} \haf {\mathrm {B}} C \hat {\fR R}\Tra +\nonumber \\ &\quad + {\f {D}}_3 s_2 K_{01}\hat {\mathbb {C}}_{up}^{1l} \haf {\mathrm {B}} C \hat {\fR R}\Tra +{\f {D}}_2\hat {\mathbb {C}}_{up}^{2l} \haf {\mathrm {B}} C \hat {\fR R}\Tra +{\f {D}}_3\hat {\mathbb {C}}_{up}^{3l} \haf {\mathrm {B}} C \hat {\fR R}\Tra dA_0,\nonumber \end {align}


$\vtht $


\begin {equation}\label {integralesdcacacs} \begin {aligned} & \haf T_{{{n}}} =\int _{A_0}\ha {\mathrm {S}}^{11}C\fR R_{0}\ha {\f \Gam }_{N} + \ha {\mathrm {S}}^{11}C\fR R_0 \haf K_{\xi } + \ha {\mathrm {S}}^{11}C^2 \f {D}_1 - s_3 K_{01}\ha {\mathrm {S}}^{11}C\f {D}_2+s_2 K_{01}\ha {\mathrm {S}}^{11}C\f {D}_3+ \\ &\;\qquad +\ha {\mathrm {S}}^{21}C\f {D}_2 + \ha {\mathrm {S}}^{31}C\f {D}_3 dA_0\,, \end {aligned}\end {equation}


$n$


\begin {align}\haf T_{\vtht \eta } &=\int _{A_0}\wti {(s_2 \f {D}_2 + s_3 \f {D}_3)}\Biggl (\fR R_{0}\ha {\f \Gam }_{N}\hat {\mathbb {C}}_{up}^{1l} \haf {\mathrm {A}} C \hat {\fR R}\Tra + \ha {\mathrm {S}}^{11}C\fR R_{0}\hat {\fR R}\Tra +\fR R_0 \haf K_{\xi }\hat {\mathbb {C}}_{up}^{1l} \haf {\mathrm {A}} C \hat {\fR R}\Tra + \label {integrale1tetaeta}\\ & \quad + {\f {D}}_1\hat {\mathbb {C}}_{up}^{1l} \haf {\mathrm {A}} C^2 \hat {\fR R}\Tra - {\f {D}}_2 s_3 K_{01}\hat {\mathbb {C}}_{up}^{1l} \haf {\mathrm {A}} C \hat {\fR R}\Tra + {\f {D}}_3 s_2 K_{01}\hat {\mathbb {C}}_{up}^{1l} \haf {\mathrm {A}} C \hat {\fR R}\Tra +\nonumber \\ &\quad + {\f {D}}_2 \hat {\mathbb {C}}_{up}^{2l} \haf {\mathrm {A}} C \hat {\fR R}\Tra + {\f {D}}_3 \hat {\mathbb {C}}_{up}^{3l} \haf {\mathrm {A}} C \hat {\fR R}\Tra \Biggr ) dA_0, \nonumber \\ \haf T^1_{\vtht \vtht } &=\int _{A_0}\wti {(s_2 \f {D}_2 + s_3 \f {D}_3)}\Biggl (\ha {\mathrm {S}}^{11}C\fR R_{0}\ha {\f \Gam }_{N} + \ha {\mathrm {S}}^{11}C\fR R_0 \haf K_{\xi }+\ha {\mathrm {S}}^{11}C^2 \f {D}_1 -s_3 K_{01}\ha {\mathrm {S}}^{11}C\f {D}_2 +\label {integralejgfddcfgdeta}\\ &\quad +s_2 K_{01}\ha {\mathrm {S}}^{11}C\f {D}_3+\ha {\mathrm {S}}^{21}C\f {D}_2 + \ha {\mathrm {S}}^{31}C\f {D}_3 \Biggr )dA_0,\nonumber \end {align}


\begin {align}\haf T^2_{\vtht \vtht }& =\int _{A_0}\wti {(s_2 \f {D}_2 + s_3 \f {D}_3)}\Biggl ( \fR R_{0}\ha {\f \Gam }_{N}\hat {\mathbb {C}}_{up}^{1l} \haf {\mathrm {A}} C \hat {\fR R}\Tra \ha {\tif {\f c}},_{s}+ \ha {\mathrm {S}}^{11}C\fR R_{0}\hat {\fR R}\Tra \ha {\tif {\f c}},_{s}+\label {integralfdrudrtudteta}\\ &\quad + \fR R_0 \haf K_{\xi }\hat {\mathbb {C}}_{up}^{1l} \haf {\mathrm {A}} C \hat {\fR R}\Tra \ha {\tif {\f c}},_{s} + {\f {D}}_1\hat {\mathbb {C}}_{up}^{1l} \haf {\mathrm {A}} C^2 \hat {\fR R}\Tra \ha {\tif {\f c}},_{s} -{\f {D}}_2 s_3 K_{01}\hat {\mathbb {C}}_{up}^{1l} \haf {\mathrm {A}} C \hat {\fR R}\Tra \ha {\tif {\f c}},_{s}+\nonumber \\ &\quad +{\f {D}}_3 s_2 K_{01}\hat {\mathbb {C}}_{up}^{1l} \haf {\mathrm {A}} C \hat {\fR R}\Tra \ha {\tif {\f c}},_{s} + {\f {D}}_2\hat {\mathbb {C}}_{up}^{2l} \haf {\mathrm {A}} C\hat {\fR R}\Tra \ha {\tif {\f c}},_{s} + {\f {D}}_3\hat {\mathbb {C}}_{up}^{3l} \f {\mathrm {A}} C\hat {\fR R}\Tra \ha {\tif {\f c}},_{s}\Biggr )dA_0,\nonumber \\ \haf T^3_{\vtht \vtht } &=\int _{A_0}\wti {(s_2 \f {D}_2 + s_3 \f {D}_3)}\Biggl (\fR R_{0}\ha {\f \Gam }_{N}\hat {\mathbb {C}}_{up}^{1l} \haf {\mathrm {B}} C \hat {\fR R}\Tra + \fR R_0 \haf K_{\xi }\hat {\mathbb {C}}_{up}^{1l} \haf {\mathrm {B}} C \hat {\fR R}\Tra \label {sacjpsacsa}+ \\ &\quad - s_2\ha {\mathrm {S}}^{11}C\fR R_{0}\hat {\fR R}\Tra (\wti {\hat {\fR R}{\f {E}_2}}) - s_3\ha {\mathrm {S}}^{11}C\fR R_{0}\hat {\fR R}\Tra (\wti {\hat {\fR R}{\f {E}_3}})+ {\f {D}}_1\hat {\mathbb {C}}_{up}^{1l} \haf {\mathrm {B}} C^2 \hat {\fR R}\Tra +\nonumber \\ & \quad +{\f {D}}_2(\hat {\mathbb {C}}_{up}^{2l} \haf {\mathrm {B}} C \hat {\fR R}\Tra - s_3 K_{01}\hat {\mathbb {C}}_{up}^{1l} \haf {\mathrm {B}} C \hat {\fR R}\Tra )+{\f {D}}_3(\hat {\mathbb {C}}_{up}^{3l} \haf {\mathrm {B}} C \hat {\fR R}\Tra + s_2 K_{01}\hat {\mathbb {C}}_{up}^{1l} \haf {\mathrm {B}} C \hat {\fR R}\Tra )\Biggr ) dA_0, \nonumber \\ \haf T_{{m}} & =\int _{A_0}\wti {(s_2 \f {D}_2 + s_3 \f {D}_3)}\Biggl (\ha {\mathrm {S}}^{11}C\fR R_{0}\ha {\f \Gam }_{N} + \ha {\mathrm {S}}^{11}C\fR R_0 \haf K_{\xi } +\ha {\mathrm {S}}^{11}C^2 \f {D}_1 - s_3 K_{01}\ha {\mathrm {S}}^{11}C\f {D}_2 +\label {sacpjcsackm}\\ & \quad +s_2 K_{01}\ha {\mathrm {S}}^{11}C\f {D}_3+\ha {\mathrm {S}}^{21}C\f {D}_2 + \ha {\mathrm {S}}^{31}C\f {D}_3\Biggr ) dA_0,\nonumber \end {align}


$\hat {\mathbb {C}}_{up}^{1l}$


$\hat {\mathbb {C}}_{up}^{2l}$


$\hat {\mathbb {C}}_{up}^{3l}$


$l=1,\,2,\,3$


$\hat {\mathbb {C}}_{up}$


$\text {S}^{k1},\,k=1,\,2,\,3$


$\text {E}^{1l}$


\begin {equation}\label {kjnboucomponente} \begin {aligned} \mathbb {C}_{up}^{kl} = \frac {\partial \text {S}^{k1}}{\partial \text {E}_{{1l}}} = \begin {bmatrix} \cfrac {\partial \text {S}^{k1}}{\partial \text {E}_{{11}}} \\[8pt] \cfrac {\partial \text {S}^{k1}}{\partial \text {E}_{{12}}}\\[8pt] \cfrac {\partial \text {S}^{k1}}{\partial \text {E}_{{13}}} \end {bmatrix} = \begin {bmatrix} \mathbb {C}_{up}^{1l} \\[4pt] \mathbb {C}_{up}^{2l} \\[4pt] \mathbb {C}_{up}^{3l} \end {bmatrix}\,. \end {aligned}\end {equation}


$\f {\mathrm {A}}$


$\f {\mathrm {B}}$


$\fR E_m$


\begin {align}\f {\mathrm {A}}&=\frac {\partial \text {E}_{{1l}}}{\partial \f \Gam _{N}} = \frac {1}{C} \fR I + \frac {1}{C^2} \f E_1 {\f \Gam _N}\Tra + \frac {1}{C^2}( \f E_1 { \f K_M}\Tra )({\tif {\xi }}) , \label {matricjhgdefinizione}\\ \f {\mathrm {B}}&=\frac {\partial \text {E}_{{1l}}}{\partial \f {K}_M}= \frac {1}{C} ({\tif {\xi }})\Tra +\frac {1}{C}( \f E_1 {\f \Gam _N}\Tra )({\tif {\xi }})\Tra -\frac {1}{C}( \f E_1 { \f K_M}\Tra )({\tif {\xi }})^2, \label {matricsacasdefinizione}\end {align}


$\f \xi = [0\quad s_2\quad s_3]\Tra $


$\bar {\fR R}$


\begin {equation}\label {directionalderivativeoRbar} \frac {d}{d\varepsilon } (\bar {\fR R})_{\varepsilon =0} = \frac {d}{d\varepsilon } ({\fR R} \fR R_0\Tra )_{\varepsilon =0} = \delll \tif {\vtht }\fR R \fR R_0\Tra .\end {equation}


$\text {S}^{k1}$


$\fR S$


$\fR E$


$\f \Gam _N$


$\f K_M$


$\text {S}^{k1}$


\begin {equation}\label {derivatadirezionalesac} \begin {aligned} \frac {d}{d\varepsilon } (\text {S}^{k1})_{\varepsilon =0} &= \Biggl (\frac {\partial \text {S}^{k1}}{\partial \text {E}_{1l_{\varepsilon }}}\frac {\partial \text {E}_{1l_{\varepsilon }}}{\partial \varepsilon }\Biggr )_{\varepsilon =0} = \Biggl [\frac {\partial \text {S}^{k1}}{\partial \text {E}_{1l}}\Biggl (\frac {\partial \text {E}_{1l}}{\partial \f \Gam _N}\frac {d \f \Gam _N{_\varepsilon }}{d \varepsilon } + \frac {\partial \text {E}_{1l}}{\partial \f K_M}\frac {d \f K_M{_\varepsilon }}{d \varepsilon } \Biggr )\Biggr ]_{\varepsilon =0}\\ & = \mathbb {C}_{up}^{kl} \fR A C \fR R\Tra \delll \f \eta ,_{s} + \mathbb {C}_{up}^{kl} \fR A C \fR R\Tra \ha {\tif {\f c}},_{s} \delll \f \vtht + \mathbb {C}_{up}^{kl} \fR B C \fR R\Tra \delll \f \vtht ,_{s}. \end {aligned}\end {equation}


$\f \Gam _N$


$\f K_M$


$\fR A$


$\fR B$


$\mathbb {C}_{up}^{kl}$
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Geometrically exact, linear viscoelastic beam formulations have been developed in [36–42], for both quasi-static and dynamic 
problems. Viscoelastic beam structures, featuring arbitrarily curved initial geometry, have been recently addressed in [43,44]. Appli-
cations of inelastic nonlinear rod models have been presented in [45].

In most of the mentioned cases, the constitutive models involve only the classical beam resultant forces and associated strains. 
Such an approach, which has clear advantages in terms of efficiency, may prevent proper characterization of the more realistic 
three-dimensional behaviour of the beam cross-sections, especially at large strains. Furthermore, another major weakness of existing 
formulations is that most of them employ nonlinear constitutive relationships neglecting higher order terms in the Green-Lagrange 
strain tensor, leading to large deformations, small strains formulations [46].

Considering three-dimensional constitutive models for beams, a finite element method (FEM) for finite strain rods has been pro-
posed in [47] incorporating general cross-sectional in-plane distortions and general out-of-plane warping. This is done by introducing 
additional degrees of freedom. A displacement-based isogeometric finite element formulation for geometrically exact hyperelastic 
Timoshenko beams has been proposed in [48,49]. This approach, suitable for large strains, permits accounting for cross-section 
deformations by assuming deformable directors. A hyperelastic model for a modified Timoshenko beam with geometrical and ma-
terial nonlinearities has been presented in [50]. The nonlinear behaviour and instability of a hyperelastic von Mises truss has been 
investigated in [51], while hyperelastic Moonley-Rivlin lattice structures have been addressed in [52]. Three-dimensional general 
constitutive models at moderate and large strains have been considered in [53] and [54], respectively. Here, the beam formulation 
is enhanced with additional strain variables (i.e., warping functions) for a proper characterization of cross-sectional deformations. 
In [55] and [56] the constitutive nonlinearity of composite beam structures has been addressed. A polyconvex large strain elasticity 
formulation for geometrically exact beams has been discussed in [57].

In all the above-mentioned works, three-dimensional nonlinear constitutive models are incorporated in a beam model removing 
the assumption of rigid cross-section, and thus introducing deformable directors [48,58], and/or using warping functions [30,53]. 
Although these approaches lead to enhanced formulations, they increase the complexity and number of unknowns of the problem, 
reducing the overall efficiency.

Klinkel et al. [59] proposed a methodology to use three-dimensional nonlinear constitutive models for the analysis of beams 
and shells while retaining the respective fundamental kinematic assumptions, i.e., without introducing additional unknowns. They 
developed a FEM formulation where the three-dimensional material behaviour is retrieved adopting a local plane stress algorithm. 
Kiendl et al. [60] successfully applied this algorithm to the analysis of hyperelastic Kirchhoff-Love shells.

In the present paper, we propose a novel mixed isogeometric collocation formulation (IGA-C) for the analysis of geometrically 
exact hyperelastic beams at large strains. The finite strains are expressed as a function of the classical geometrically exact beam 
deformation measures. Leveraging the method proposed in [59], the three-dimensional hyperelastic constitutive model is adapted to 
the one-dimensional beam problem such that the cross-section deformation is reconstructed a posteriori without any modification of 
the original kinematic assumption. The main advantage of this approach is that no additional unknowns are required. In addition 
to the benefits in terms of computational efficiency, the present formulation allows us to use existing SO(3)-consistent linearizations 
and updates schemes [43,44,61–63] developed for linearly elastic materials.

Proposed for the first time in [64,65], IGA-C enjoys the same isogeometric analysis (IGA) attributes in terms of geometrical 
capabilities [66,67]. Moreover, since it discretizes the strong form of the governing equations, it does not require any elements 
integration [68]. The method requires only one evaluation point (e.g. Greville abscissae) per degree of freedom, entailing high 
efficiency. IGA-C has been successfully employed for a wide range of beam problems [32,64,65,68–85], including the geometrically 
exact case [43,44,61–63,86,87]. Additional distinguishing features of the present proposed approach are: the mixed formulation that 
permits bypassing the linearization of the elastic tangent moduli [32,88] and prevents locking [49,58,62]; the minimum number of 
rotation unknowns (three, i.e., the incremental rotation vector); the ability to support arbitrarily curved initial geometries [85].

The outline of the paper is as follows. In Section 2, we recall the beam kinematics based on the hypothesis of rigid cross-section. 
In Section 3, the material models are introduced with a focus on adapting the three-dimensional model to the one-dimensional 
one. In Section 4, the strong form of the governing equations, their consistent linearization and spatial discretization are presented. 
Validations of the proposed formulation and numerical examples are presented in Section 5. Finally, the main conclusions are drawn 
in Section 6.

2.  Geometrically exact beam kinematics at finite strains

In this section, we derive the finite strain measures for geometrically exact beams. We start by recalling the kinematics of the 
Simo-Reissner beam model and by introducing the metric coefficients for the initial and the current configurations of the beam. Then, 
the relationship between the Green-Lagrange finite strain tensor and the beam deformation measures is presented.

2.1.  Beam kinematics and metric tensor

Let 𝑠↦ 𝒄0(𝑠) ∈ IR3 be a spatial curve defining the initial position of the beam centroid line. The arc-length 𝑠 ∈ [0, 𝐿] ⊂ IR, where 
𝐿 denotes the undeformed length of the beam axis.

With 𝝋0(𝑠, 𝑠2, 𝑠3) we denote any point belonging to the undeformed beam cross-section at 𝑠 (see Fig. 1)

𝝋0(𝑠, 𝑠2, 𝑠3) = 𝒄0(𝑠) + 𝑠2𝑫2(𝑠) + 𝑠3𝑫3(𝑠) . (1)
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Fig. 1. Beam kinematics in the material (rectilinear), initial and current configurations.

{𝑫1(𝑠),𝑫2(𝑠),𝑫3(𝑠)} is an orthonormal local basis whose elements are defined as 𝑫𝑖(𝑠) = 𝐑0(𝑠)𝑬𝑖, 𝑖 = 1, 2, 3, with 𝑬𝑖 being the 𝑖th 
unit vector of the standard basis of IR3; 𝐑0(𝑠) ∈ SO(3)1 is the rotation operator mapping cross-sections from the material (rectilinear) 
configuration to the initial, curved one; 𝑠2 and 𝑠3 are the coordinates within the cross-section.

It is assumed that, in the initial configuration, cross-sections remain orthogonal to the centroid line 𝒄0, leading to 𝑫1(𝑠) = 𝒄0,𝑠(𝑠), 
where (.),𝑠 denotes the derivative with respect to 𝑠.

A covariant basis is defined as 𝑮𝑖 = 𝜕𝝋0∕𝜕𝑠𝑖, with 𝑖 = 1, 2, 3 and 𝑠1 = 𝑠, that is
{

𝑮1(𝑠, 𝑠2, 𝑠3) = 𝑫1(𝑠) + 𝑠2𝑫2,𝑠(𝑠) + 𝑠3𝑫3,𝑠(𝑠)

𝑮𝛼(𝑠, 𝑠2, 𝑠3) = 𝑫𝛼(𝑠) .
(2)

Note that in the above equations 𝑫𝛼,𝑠(𝑠) = 𝒌̃0(𝑠)𝑫𝛼(𝑠), 𝛼 = 2, 3, where ̃𝒌0(𝑠) ∶= 𝐑0,𝑠(𝑠)𝐑𝖳
0(𝑠)

2 is the initial (skew-symmetric) curva-
ture tensor in spatial form.

The contravariant basis, 𝑮𝑖, defined such that 𝑮𝑗 ⋅𝑮𝑖 = 𝛿𝑗𝑖 , where 𝛿
𝑗
𝑖  is the Kronecker delta, is given by 𝑮𝑖 = 𝐺𝑖𝑗𝑮𝑗 where 𝐺𝑖𝑗 = 𝐺−1

𝑖𝑗
and 𝐺𝑖𝑗 = 𝑮𝑖 ⋅𝑮𝑗 . In an explicit form, the contravariant basis co-vectors are given as follows

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝑮1(𝑠, 𝑠2, 𝑠3) =
1
𝐶
𝑫1(𝑠),

𝑮2(𝑠, 𝑠2, 𝑠3) =
𝑠3𝐾01
𝐶

𝑫1(𝑠) +𝑫2(𝑠),

𝑮3(𝑠, 𝑠2, 𝑠3) =
−𝑠2𝐾01
𝐶

𝑫1(𝑠) +𝑫3(𝑠),

(3)

where 𝐶 = 1 − 𝑠2𝐾03 + 𝑠3𝐾02, and 𝐾0𝛼 are the components of the initial curvature vector 𝑲0(𝑠) = axial(𝑲̃0(𝑠)), associated with 𝑲̃0(𝑠) ∶=
𝐑𝖳
0(𝑠)𝐑0,𝑠(𝑠). Note that both 𝑲0 and 𝑲̃0 are here expressed in the material form.
The current (deformed) configuration of the beam centroid line is represented by the spatial curve 𝑠 ↦ 𝒄(𝑡, 𝑠) ∈ IR3, where 𝑡 ∈

[0, 𝑇 ] ⊂ IR+ where 𝑇  is the time domain. Similarly to what has been done for the initial configuration, 𝝋(𝑡, 𝑠, 𝑠2, 𝑠3) defines the current 
position of any point belonging to the beam cross-section at 𝑠 and at time 𝑡 (see Fig. 1) as

𝝋(𝑡, 𝑠, 𝑠2, 𝑠3) = 𝒄(𝑡, 𝑠) + 𝑠2𝒅2(𝑡, 𝑠) + 𝑠3𝒅3(𝑡, 𝑠) . (4)

{𝒅1(𝑡, 𝑠),𝒅2(𝑡, 𝑠),𝒅3(𝑡, 𝑠)} is the local basis of the current configuration defined as 𝒅𝑖(𝑡, 𝑠) = 𝐑(𝑡, 𝑠)𝑬𝑖, being 𝐑(𝑡, 𝑠) the rotation operator 
mapping the cross-sections from the material (rectilinear) configuration to the current one. Also in this case, we define a covariant 

1 SO(3) denotes the Special Orthogonal group. Namely, it is the (Lie) group of rotations in IR3. An element 𝐑 ∈ SO(3) is such that 𝐑𝖳 = 𝐑−1 and 
det (𝐑) = 1.
2 With the symbol ∼ we mark elements of so(3), that is the set of 3 × 3 skew-symmetric matrices. In this context, they are used to represent curvature 

matrices and infinitesimal incremental rotations. Furthermore, we recall that for any skew-symmetric matrix ̃𝒂 ∈ so(3), 𝒂 = axial(𝒂̃) indicates the 
axial vector of ̃𝒂 such that ̃𝒂𝒉 = 𝒂 × 𝒉, for any 𝒉 ∈ IR3, where × is the cross product.
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basis 𝒈𝑖 = 𝜕𝝋∕𝜕𝑠𝑖 given by
{

𝒈1(𝑡, 𝑠, 𝑠2, 𝑠3) = 𝒄,𝑠 (𝑡, 𝑠) + 𝑠2𝒅2,𝑠(𝑡, 𝑠) + 𝑠3𝒅3,𝑠(𝑡, 𝑠)

𝒈𝛼(𝑡, 𝑠, 𝑠2, 𝑠3) = 𝒅2(𝑡, 𝑠),
(5)

with 𝒅𝛼,𝑠(𝑡, 𝑠) = 𝒌̃(𝑡, 𝑠)𝒅𝛼(𝑡, 𝑠), 𝛼 = 2, 3. 𝒌̃(𝑡, 𝑠) ∶= 𝐑,𝑠 (𝑡, 𝑠)𝐑𝖳(𝑡, 𝑠) is the current curvature tensor in spatial form. Note that, due to the 
shear deformation, the beam cross-sections may not remain orthogonal to the centroid line at time 𝑡. Therefore, the tangent vector 
to the beam centroid, 𝒄,𝑠 (𝑡, 𝑠), and the normal vector to the beam cross-section, 𝒅1(𝑡, 𝑠), in general do not coincide. Note that, from 
now on, we omit the variable 𝑡, which remains implicit in all quantities referred to the current configuration.

2.2.  Deformation gradient in terms of beam strain measures

For a general continuum, the deformation gradient tensor, 𝐅, can be expressed as
𝐅 = 𝒈𝑖 ⊗𝑮𝑖 . (6)

To express 𝐅 through the basis vectors of the initial, 𝑫𝑖, and current, 𝒅𝑖, configurations of the beam, it is convenient to first recall 
the beam deformation measures in the material setting defined as follows [61]

𝜞𝑁 = 𝐑𝖳𝒄,𝑠 −𝐑𝖳
0𝒄0,𝑠, (7)

𝑲𝑀 = axial(𝑲̃ − 𝑲̃0), (8)

where 𝑲̃ = 𝐑𝖳𝐑,𝑠 is the current curvature tensor in the material form.
By substituting Eqs.  (3) and (5) into (6), we can rewrite 𝐅 using the polar decomposition

𝐅 = 𝐑̄𝐔, (9)

where 𝐑̄ = 𝐑𝐑0
𝖳 = 𝒅𝑖 ⊗𝑫𝑖 is the relative rotation operator mapping the orientation of cross-sections from the initial to the current 

configuration (see Fig. 1) and 𝐔 is the pure strain tensor at the initial configuration
𝐔 = 𝐈 + 1

𝐶
𝑯 ⊗𝑫1, (10)

where 𝐈 is the identity matrix in IR3×3, while 𝑯 is the material strain vector defined as [57]

𝑯 = 𝐑0

(

𝜞𝑁 + 𝑲̃𝑀 (𝑠2𝑬2 + 𝑠3𝑬3)

)

. (11)

We remark that this definition of the material strain vector permits accounting for both straight and arbitrarily curved initial geome-
tries with no restrictions.

Finally, the deformation gradient in terms of the beam deformation measures is obtained as follows

𝐅 = 𝐑̄
[

𝐈 + 1
𝐶
𝐑0

(

𝜞𝑁 + 𝑲̃𝑀 (𝑠2𝑬2 + 𝑠3𝑬3)

)

⊗𝑫1

]

. (12)

Note that the expression of 𝐅 as a function of the beam strain measures plays a pivotal role in our formulation since it will allow 
to use the standard SO(3)-consistent linearization formulae normally used for linear elastic materials at small strains.

2.2.1.  Green-Lagrange strain tensor
We start from the definition of the Green-Lagrange strain tensor 𝐄 = E𝑖𝑗 (𝑮𝑖 ⊗𝑮𝑗 ) = 1

2 (𝐅
𝖳𝐅 − 𝐈), which, making use of Eq.  (12), 

becomes [40]

𝐄 = 1
2𝐶

(𝑯 ⊗𝑫1 +𝑫1 ⊗𝑯) + 𝑯2

2𝐶2
(𝑫1 ⊗𝑫1) = E𝑖𝑗 (𝑫𝑖 ⊗𝑫𝑗 ) . (13)

Eq.  (13) can be simplified enforcing the small strain assumption, i.e., neglecting the second term, and setting 𝐶 = 1. This hypothesis 
is often used in the literature, also for geometrically exact beams [61,62,65]. However, this simplification may lead to erroneous 
predictions of the beam response, especially when material nonlinearities are taken into account.

To develop a finite strain beam formulation, where both geometry and material nonlinearities are considered, we express explicitly 
the local Cartesian components of the Green-Lagrange strain tensor E𝑖𝑗 = 𝑫𝖳

𝑖𝐄𝑫𝑗 as a function of 𝜞𝑁  and 𝑲𝑀

E11 =
1
𝐶
[𝛤𝑁1

+𝐾𝑀2
𝑠3 −𝐾𝑀3

𝑠2] +
1

2𝐶2
𝜞𝖳
𝑁𝜞𝑁 + 1

𝐶2
𝛤𝑁1

(𝐾𝑀2
𝑠3 −𝐾𝑀3

𝑠2)

− 1
𝐶2

𝛤𝑁2
(𝐾𝑀1

𝑠3) +
1
𝐶2

𝛤𝑁3
(𝐾𝑀1

𝑠2) +
1

2𝐶2
𝐾2
𝑀1

(𝑠22 + 𝑠32) +
1

2𝐶2
𝐾2
𝑀2
𝑠3

2

+ 1
2𝐶2

𝐾2
𝑀3
𝑠2

2 − 1
𝐶2

𝐾𝑀2
𝐾𝑀3

𝑠2𝑠3,

E12 = E21 =
1
2𝐶

[𝛤𝑁2
−𝐾𝑀1

𝑠3],

E13 = E31 =
1
2𝐶

[𝛤𝑁3
+𝐾𝑀1

𝑠2] .

(14)

where 𝛤𝑁𝑖  and 𝐾𝑀𝑖
 are the 𝑖th components of the beam strain measures with respect to the base vector 𝑬𝑖. Note that the remaining 

components E22 = E33 = E23 = E32 = 0 vanish according to the kinematic assumption.

Computer Methods in Applied Mechanics and Engineering 450 (2026) 118641 

4 



D. Ignesti et al.

3.  Constitutive equations

To account for cross-sectional deformations, we use the local plane stress algorithm proposed in [59], which requires a modification 
of the material elastic tensor. For the sake of completeness, we start by recalling the constitutive relationship for hyperelastic materials 
at finite strains.

3.1.  The local plane stress algorithm for hyperelastic beams

Consider a general hyperelastic material with a strain energy function 𝜓(𝐄). The stress-strain relationship reads as follows

𝐒 =
𝜕𝜓(𝐄)
𝜕𝐄

, (15)

where 𝐒 = S𝑖𝑗 (𝑮𝑖 ⊗𝑮𝑗 ) is the second Piola-Kirchhoff stress tensor whose components are S𝑖𝑗 = 𝜕𝜓∕𝜕E𝑖𝑗 .
In general, the second Piola-Kirchhoff stress tensor 𝐒 is a nonlinear tensor-valued function of the Green-Lagrange strain tensor 𝐄; 

therefore, in the linearization process, it is required to compute the tangent material tensor ℂ = C𝑖𝑗𝑘𝑙(𝑮𝑖 ⊗𝑮𝑗 ⊗𝑮𝑘 ⊗𝑮𝑙) given by

ℂ = 𝜕𝐒
𝜕𝐄

. (16)

In the classical beam theory, the equilibrium in the plane of the beam cross-section leads to a stress tensor such that S22, S33 and 
S23 vanish [30,59]. We now enforce this condition in order to compute a posteriori the resulting strains which would instead be zero 
according to the beam kinematic assumption (Eq.  (4)). To do so, the tangent material tensor must be redefined accordingly. We first 
rewrite stress and strain components in Voigt notation as

𝐒 = [S11, S12, S13, S22, S33, S23]𝖳, 𝐄 = [E11, E12, E13, E22, E33, E23]𝖳, (17)

and we introduce 𝐒𝑚 = [S11, S12, S13]𝖳, 𝐒𝑧 = [S22, S33, S23]𝖳, 𝐄𝑚 = [E11,E12,E13]𝖳 and 𝐄𝑧 = [E22,E33,E23]𝖳. We make use of the algorithm 
proposed in [59] to enforce the condition 𝐒𝑧 = 𝟎 and to reconstruct the strain components 𝐄𝑧. Note that this is done computing an 
updated (3 × 3) material tangent tensor, ℂ𝑢𝑝, relating 𝐒𝑚 with 𝐄𝑚. For a detailed description of this method, we refer to [59] and 
Appendix A.

3.2.  Stress resultants and stress couples

The resultant of the internal forces 𝒏 in the current configuration is defined by

𝒏 ∶= ∫𝐴0

𝐏𝑫1𝑑𝐴0, (18)

where 𝐏 = P𝑖𝑗 (𝒈𝑖 ⊗𝑮𝑗 ) is the first Piola-Kirchhoff stress tensor. We remark that, due to the two-point nature of 𝐏, the integration is 
performed over the beam undeformed area, 𝐴0, whose normal vector is 𝑫1 = 𝐶𝑮1.

Similarly, the resultant of the internal couples 𝒎 in the current configuration reads as follows

𝒎 = ∫𝐴0

(𝑠2𝒅2 + 𝑠3𝒅3) × 𝐏𝑫1𝑑𝐴0 . (19)

Introducing the second Piola-Kirchhoff stress tensor, 𝐒 = S𝑖𝑗 (𝑮𝑖 ⊗𝑮𝑗 ), and recalling that 𝐏 = 𝐅𝐒, Eqs.  (18) and (19) become

𝒏 = ∫𝐴0

𝐅𝐒𝐶𝑮1𝑑𝐴0, (20)

𝒎 = ∫𝐴0

(𝑠2𝒅2 + 𝑠3𝒅3) × 𝐅𝐒𝐶𝑮1𝑑𝐴0 . (21)

Considering that 𝒅𝑖 = 𝐑̄𝑫𝑖 and making use of the polar decomposition of 𝐅 given in Eq.  (12), we are now able to express the 
beam internal forces and couples in terms of the beam deformation measures, 𝜞𝑁  and 𝑲𝑀 , as follows

𝒏 = 𝐑̄∫𝐴0

[

𝐈 + 1
𝐶
𝐑0

(

𝜞𝑁 +𝑲𝜉

)

⊗𝑫1

]

𝐒𝐶𝑮1𝑑𝐴0, (22)

𝒎 = 𝐑̄∫𝐴0

̃(𝑠2𝑫2 + 𝑠3𝑫3)

[(

𝐈 + 1
𝐶
𝐑0

(

𝜞𝑁 +𝑲𝜉

)

⊗𝑫1

)

𝐒𝐶𝑮1

]

𝑑𝐴0, (23)

where we have set 𝑲𝜉 = 𝑲̃𝑀 (𝑠2𝑬2 + 𝑠3𝑬3).
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4.  Governing equations

For geometrically exact beams, the strong form version of the governing equations reads as
𝒏,𝑠 +𝒏̄ = 𝟎, (24)

𝒎,𝑠 +𝒄,𝑠 ×𝒏 + 𝒎̄ = 𝟎, (25)

where 𝒏̄ and 𝒎̄ are the spatial distributed external forces and moments per unit-length. The above balance equations need to be 
completed by Neumann and/or Dirichlet Boundary Conditions (BCs) at the beam ends [62]. Moreover, in the mixed formulation we 
propose, in addition to Eqs.  (24) and (25) (with appropriate BCs), the system we solve includes Eqs.  (22) and (23), for a total of 
four equations. The four variables are the incremental fields: spatial displacements, 𝛿𝜼; spatial rotations, 𝛿𝝑; spatial forces, 𝛿𝒏; spatial 
couples, 𝛿𝒎.

4.1. SO(3)–Consistent linearization of the governing equation and their discretization

To define the tangent matrix needed in the Newton-Raphson algorithm, the governing equations need to be linearized letting 
the incremental variables appear explicitly. To do so, we first reformulate Eqs.  (22) and (23) to let the components of the second 
Piola-Kirchhoff stress tensor appear as follows

𝒏 = 𝐑̄∫𝐴0

S11𝐶(𝐑0𝜞𝑁 ) + S11𝐶𝐑0𝑲𝜉 + S11𝐶2𝑫1 − 𝑠3𝐾01S11𝐶𝑫2

+ 𝑠2𝐾01S11𝐶𝑫3 + S21𝐶𝑫2 + S31𝐶𝑫3𝑑𝐴0, (26)

𝒎 = 𝐑̄∫𝐴0

̃(𝑠2𝑫2 + 𝑠3𝑫3)

[

S11𝐶(𝐑0𝜞𝑁 ) + S11𝐶𝐑0𝑲𝜉 + S11𝐶2𝑫1

− 𝑠3𝐾01S11𝐶𝑫2 + 𝑠2𝐾01S11𝐶𝑫3 + S21𝐶𝑫2 + S31𝐶𝑫3

]

𝑑𝐴0 . (27)

Since Si1, i = 1, 2, 3, are functions of the Green-Lagrange strain tensor 𝐄 through the strain energy function 𝜓(𝐄), all the quantities 
appearing in the left hand side of Eqs.  (26) and (27) are expressed in terms of kinematic quantities. In this way, the whole set 
of equations (Eqs.  (24), (25), (26) and (27)) has now been conveniently reformulated in order to use existing SO(3)-consistent 
linearizations [61].

The linearized form of Eqs.  (24), (25) and Eqs.  (26), (27) is given as
𝛿𝒏,𝑠 = −(𝒏̂,𝑠 +𝒏̄), (28)

𝛿𝒎,𝑠 − ̂̃𝒏𝛿𝜼,𝑠 + ̂̃𝒄,𝑠 𝛿𝒏 = −(𝒎̂,𝑠 + ̂̃𝒄,𝑠 𝒏̂ + 𝒎̄), (29)

𝛿𝒏 − ̂̄𝐑𝑻̂ 𝜂𝜂𝛿𝜼,𝑠 +
[ ̃(

̂̄𝐑𝑻̂ 1
𝜂𝜗

)

− ̂̄𝐑𝑻̂ 2
𝜂𝜗

]

𝛿𝝑 − ̂̄𝐑𝑻̂ 3
𝜂𝜗𝛿𝝑,𝑠 = −𝒏̂ + ̂̄𝐑𝑻̂ 𝑛, (30)

𝛿𝒎 − ̂̄𝐑𝑻̂ 𝜗𝜂𝛿𝜼,𝑠 +
[ ̃(

̂̄𝐑𝑻̂ 1
𝜗𝜗

)

− ̂̄𝐑𝑻̂ 2
𝜗𝜗

]

𝛿𝝑 − ̂̄𝐑𝑻̂ 3
𝜗𝜗𝛿𝝑,𝑠 = −𝒏̂ + ̂̄𝐑𝑻̂ 𝑚 . (31)

where 𝑻̂ 𝜂𝜂 and 𝑻̂ 𝜗𝜂 are the integral quantities appearing respectively in the internal force and couples equations, that are associated 
with the translational unknowns; 𝑻̂ 𝑖𝜂𝜗, 𝑖 = 1, 2, 3, are integral quantities related to the rotational unknowns; similarly, 𝑻̂ 𝑖𝜗𝜗, 𝑖 = 1, 2, 3, 
are the integrals associated with the rotational unknowns. Lastly, with 𝑻̂ 𝑛 and 𝑻̂ 𝑚 we denote integral quantities that are directly 
contributing to the current internal forces and couples, 𝒏̂ and 𝒎̂, respectively.

We remark that Eqs.  (28) and (29) hold for 𝑠 ∈ (0, 𝐿), whereas (30), (31) are valid for 𝑠 ∈ [0, 𝐿]. For a more detailed description 
of the linearization procedure, the reader is referred to Appendix B, where we also provide the expression of the above integral 
quantities. For the linearization of the Dirichlet and/or Neumann BCs at 𝑠 ∈ {0, 𝐿} we refer to [62].

4.2.  IGA Discretization and collocation of the linearized equations

The linearized governing equations are discretized in space using NURBS basis functions and collocated at the Greville abscissae 
[64]. The kinematic variables of the problem are discretized as

𝒄(𝑢) =
n
∑

𝑗=1
𝑅𝑗,𝑝(𝑢)𝒑̌𝑗 with 𝑢 ∈ [0, 1], (32)

𝛿𝝑(𝑢) =
n
∑

𝑗=1
𝑅𝑗,𝑝(𝑢)𝛿𝝑̌𝑗 with 𝑢 ∈ [0, 1], (33)

𝛿𝜼(𝑢) =
n
∑

𝑗=1
𝑅𝑗,𝑝(𝑢)𝛿𝜼̌𝑗 with 𝑢 ∈ [0, 1], (34)
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Fig. 2. Uniaxial tension of a cantilever straight beam: applied load, 𝐹1, vs. axial displacement, 𝑢1.

Table 1 
Exact initial geometry of the circular arch with 𝑝 = 2 NURBS basis 
functions and 3 control points.

𝑥1 [m] 𝑥2 [m] 𝑥3 [m] 𝑤 [−]

𝒑̌1  0  0  0  1
𝒑̌2 𝑅 tan (3∕8𝜋)  0 𝑅 tan (3∕32𝜋) cos (3∕8𝜋)
𝒑̌3 𝑅 sin (3∕4𝜋) 𝑅(1 − cos (3∕4𝜋)) 𝑅 tan (3∕16𝜋)  1

where 𝑅𝑗,𝑝 (𝑗 = 1,… , n) is the 𝑗th NURBS of degree 𝑝; 𝒑̌𝑗 are the coordinates of the 𝑗th control point of the beam axis, while 𝛿𝝑̌𝑗
and 𝛿𝜼̌𝑗 are the 𝑗th control variables of the incremental spatial rotation and translation, respectively. In the same way, the spatial 
incremental forces, 𝛿𝒏, and couples, 𝛿𝒎, are discretized in space as

𝛿𝒏(𝑢) =
n
∑

𝑗=1
𝑅𝑗,𝑝(𝑢)𝛿𝒏̌𝑗 with 𝑢 ∈ [0, 1], (35)

𝛿𝒎(𝑢) =
n
∑

𝑗=1
𝑅𝑗,𝑝(𝑢)𝛿𝒎̌𝑗 with 𝑢 ∈ [0, 1], (36)

where 𝛿𝒏̌𝑗 and 𝛿𝒎̌𝑗 are the 𝑗th control variables of 𝛿𝒏(𝑢) and 𝛿𝒎(𝑢), respectively. Inside the Newton-Raphson iterative scheme, once 
the primal variables are calculated, we adopt the same SO(3)-consistent geometry updating procedure proposed in [62]. Once the 
system is solved and the control incremental rotations, 𝛿𝝑̌𝑘𝑗 , are computed, the incremental spatial rotation vector is evaluated at the 
𝑖th collocation point, 𝑢𝑐𝑖 , as follows

𝛿𝝑𝑘(𝑢𝑐𝑖 ) =
n
∑

𝑗=1
𝑅𝑗,𝑝(𝑢𝑐𝑖 )𝛿𝝑̌

𝑘
𝑗 with 𝑖, 𝑗 = 1,… , n .

With this value, the rotation operator is consistently updated (at the collocation point) using the exponential map of SO(3) as

𝐑̂𝑘+1(𝑢𝑐𝑖 ) = exp(𝛿𝝑̃
𝑘
(𝑢𝑐𝑖 ))𝐑̂

𝑘(𝑢𝑐𝑖 ) for 𝑖 = 1,… , n . (37)

Similarly, the curvature tensor at the 𝑖th collocation point is updated by exploiting the derivative of the exponential map as
̂̃𝑲
𝑘+1

(𝑢𝑐𝑖 ) =
̂̃𝑲
𝑘
(𝑢𝑐𝑖 ) + 𝐑̂𝑘𝖳(𝑢𝑐𝑖 )𝑑exp𝛿𝝑̃𝑘 (𝛿𝝑̃

𝑘
(𝑢𝑐𝑖 ),𝑠 )𝐑̂(𝑢

𝑐
𝑖 )
𝑘 for 𝑖 = 1,… , n . (38)

For the expression of the exponential map of SO(3) and the approximation of its derivative, we can refer to [61].

5.  Numerical examples

In this section, we report a series of numerical examples aimed at testing all the attributes of the proposed model. We start with 
two benchmark tests of uniaxial tension, where the numerical results are compared with analytical solutions at large strains. Then, 
a circular arch under out-of-plane load is considered. For this test, we also assess that the higher-order spatial accuracy, typical of 
IGA-C, is preserved. Finally, two examples of beams with complex three-dimensional initial curvature under large deformations and 
strains are presented.
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Fig. 3. Traction test for the Neo-Hookean material with different Poisson’s ratio.

Fig. 4. Traction test for the Neo-Hookean material with two different Poisson’s ratio, 𝜈 = 0.4 and 𝜈 = 0.49999: comparisons in terms of the cross-
section deformations for the same value of the stretch, 𝜆 = 6.

5.1.  Uniaxial tension of a straight beam at finite strains

In this numerical example, we assess the capability of the present method to account for finite strains. Hyperelastic materials 
whose strain energy functions are characterized by Young Modulus, 𝐸 = 100N∕m2, and Poisson ratio, 𝜈 = 0, are considered. In this 
case, no cross-sectional deformations occur. Therefore, the local plane stress algorithm will return 𝐄𝑧 = 0. Still, the beam will undergo 
finite strains, leading to nonlinear solutions that are compared with the analytical ones derived from [89].
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Fig. 5. Deformed shape of the 45 ◦ circular arch: extrude view and individuation of the load applied (a). Convergence plots for 𝑝 = 2, 4, 6 of the 𝐿2
norm of error vs. number of collocation points (b).

Fig. 6. Straightening of a circular arch: initial configuration.

We consider a straight beam of length 𝐿 = 4m and square cross-section of side 𝑡 = 0.2m, lying along the 𝑥1-axis. The beam is 
clamped at one end, and it is loaded with an axial force 𝐹1 at the free end. Two different hyperelastic materials are considered: Saint 
Venant-Kirchhoff (SVK) and compressible Neo-Hookean (NH), characterized by the following strain energy functions

𝜓SVK = 1
2
𝛾(tr𝐄)2 + 𝜇𝐄 ∶ 𝐄 and 𝜓NH = 𝐸

2
(tr𝐄 − ln 𝐽 ), (39)

where 𝛾 = 𝐸𝜈
(1+𝜈)(1−2𝜈)  and 𝜇 = 𝐸

2(1+𝜈)  are the so-called Lamè elastic constant, while 𝐽 =
√

det(𝐂) = det(𝐅) is the Jacobian of the de-
formation gradient. For these strain energy functions, the exact value of the displacement along 𝑥1 under finite strains can be found 
solving analytically the following nonlinear equations [89]

𝑢3SVK
𝐿2

+
3𝑢2SVK
𝐿

+ 2𝑢SVK −
2𝐹1𝐿
𝐸𝐴

= 0, 𝑢2NH + 𝑢NH

(

2𝐿 −
2𝐹1𝐿
𝐸𝐴

)

−
2𝐹1𝐿2

𝐸𝐴
= 0, (40)

where 𝐴 = 𝑡2 is the area of the beam cross-section. We remark that, among the roots of the above equations, only one is admissible 
with the imposed load conditions. 
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Fig. 7. Straightening of a circular arch: displacement components, load intensity and area dilatation ratio vs load increment (top); deformed 
configurations (bottom).

For the numerical solutions, we adopt n = 40 collocation points and B-Spline basis functions of degree 𝑝 = 4. Results are presented 
in Fig. 2, where the magnitude of the applied force, 𝐹1, is plotted against the axial displacement 𝑢1. Blue solid lines refer to the 
analytical solutions, while orange circles refer to the numerical results. The nonlinear force-displacement relationships are clearly 
noticeable, with different behaviour in tension and compression, for both SVK (Fig. 2(a)) and NH (Fig. 2(b)).

Overall, an excellent agreement with the analytical solution is achieved.

5.2.  Compressible Neo-Hookean material: uniaxial tensile test

We further check the proposed formulation with an uniaxial tensile test, where a compressible NH material with 𝜈 ≠ 0 is con-
sidered. The scope of this benchmark test is to assess the capability of the method to accurately predict the in-plane cross-sectional
strains, 𝐄𝑧.
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Fig. 8. Straightening of a circular arch made of SVK material under 𝐹1 = 2 × 104 N: tip displacement along 𝑥1 vs load increment. Comparison between 
Marino 2017 [62] and the present formulation..

Fig. 9. Viviani beam: initial configuration.

The beam features a length of 𝐿 = 1m and a square cross-section of side 0.1 × 0.1m. We employ a strain energy function defined 
as

𝜓NH =
𝜇
2

(

det(𝐂)−1∕3tr(𝐂) − 3
)

+ 1
4
𝐾
(

det(𝐂) − 1 − ln(det(𝐂))
)

, (41)

where 𝐾 = 2𝜇(1 + 𝜈)∕(3 − 6𝜈) is the bulk modulus. As material parameters, we adopt 𝜇 = 1.5 × 106 N∕m2 and different values for the 
Poisson’s coefficient 𝜈 = {0.40, 0.45, 0.49, 0.49999}.

For this particular application, the principal stretches, 𝜆𝛽 , 𝛽 = 2, 3, can be computed analytically as [60]

𝜆2 = 𝜆3 =
√

𝐽
𝜆
, (42)

with 𝜆 = 𝜆1. Enforcing the plane stress equilibrium 𝜎22 = 𝜎33 = 0, the following relationship between 𝐽 and 𝜆 is obtained

−1
3
𝜇𝐽−5∕3

(

𝜆2 − 𝐽
𝜆

)

+ 1
2
𝐾
(

𝐽 − 1
𝐽

)

= 0 . (43)

Solving the above equation for 𝐽 for different values of 𝜆 permits also computing in a closed form the Cauchy stress component, 
𝜎11, as

𝜎11 = 𝜇𝐽−5∕3
(

𝜆2 − 𝐽
𝜆

)

. (44)
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Fig. 10. Viviani beam: tip displacement components (a-c) vs load increment; norm of the material curvature and area dilatation (d) vs load 
increment.

We check the numerical results with the analytical solutions, imposing an axial force, 𝐹1 = 1 × 105 N. The comparison is carried 
in terms of the axial Cauchy stress, 𝜎11, and in terms of area dilatation ratio 𝛼 = (𝐴 − 𝐴0)∕𝐴0. The latter is computed in the numerical 
model defining the deformed area as

𝐴 = 𝐴0𝜆2𝜆3, (45)

where the cross-sectional stretches are defined as 𝜆𝛽 =
√

2Eββ + 1 [90].
Fig. 3 shows the comparison between the analytical and numerical solutions. Different curves are associated with a different value 

of 𝜈. Fig. 3(a) shows the axial stress, 𝜎11, as a function of 𝜆, whereas the area dilatation ratio, 𝛼 is plotted in Fig. 3(b). An excellent 
agreement with the analytical results is achieved for both quantities.

Extruded view for NH materials with 𝜈 = 0.4 (blue) and 𝜈 = 0.49999 (orange) at 𝜆 ≃ 6 are shown in Fig. 4, proving the capability 
of the method to simulate the cross-sectional contraction, at such large strains: the beam length increases of about six times its initial 
value.

5.3.  Circular arch subjected to an out-of plane tip force

In order to test the ability in simulating curved beams, we study a 45 ◦ circular arch loaded by an out-of-plane force. The beam lies in 
the (𝑥1, 𝑥2) plane. The structure is clamped at one end and loaded with a force along the 𝑥3-direction, 𝐹3 = 2000N. The beam centroid 
features a radius 𝑅 = 1m and a square cross-section of side 𝑡 = 0.1m. We consider a NH material with 𝜇 = 1.5 × 106 N∕m2, 𝜈 = 0.3, 
and 𝜓NH defined in Eq.  (41). In Fig. 5(a), we show the extruded view of the undeformed (grey) and final, deformed, configurations 
(blue).

We verify that higher-order convergence rates are preserved by comparing the displacements evaluated over a fixed grid of points, 
𝒖ℎ, with respect to the ones of a reference solution, 𝒖𝑟, obtained with 𝑝 = 8 and 100 collocation points. The 𝐿2 norm of the error 
on the displacement vector, 𝑒𝑟𝑟𝐿2

= ||𝒖𝑟 − 𝒖ℎ||∕||𝒖𝑟||, is presented in Fig. 5(b), for 𝑝 = 2, 4, 6 degree of NURBS basis functions vs. the 
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Fig. 11. Viviani beam: deformed configuration snapshots (solid blue) at relevant load steps; solid grey refers to the initial configuration. (For 
interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

number of collocation points. As it is well known for IGA-C, odd degrees do not normally improve the rates compared to the smaller 
even degrees, therefore they are not considered. As it can be seen, results are in excellent agreement with the expected rates (see 
dashed lines in Fig. 5(b)).

5.4.  Straightening of a circular arch at large strains

This numerical example concerns a 135 ◦-circular arch of radius 𝑅 = 4∕(3
√

2𝜋)m (see Fig. 6), clamped at its bottom end, 𝑥3 = 0, 
straightened along 𝑥1 by a force, 𝐹1 = 5 × 104 N, applied at the top free end. This test is meant to show the most important attribute of 
the proposed model, namely the ability to capture at the same time both finite deformations and finite strains. The exact geometry of 
the beam centroid is reconstructed using 𝑝 = 2 NURBS basis functions with the control points, 𝒑̌𝑗 , 𝑗 = 1, 2, 3, and weights, 𝑤, shown 
in Table 1 [91], and then discretized with 𝑝 = 4 and n = 60. The beam features a square cross-section of side 𝑡 = 0.1m. A NH material 
with 𝜇 = 1.5 × 106 N∕m2 and 𝜈 = 0.49999 is considered.

Results are shown in Fig. 7. The beam is almost straightened with a load equal to 10%𝐹1. From that load intensity on, the 
displacements along 𝑥2 and 𝑥3 reach asymptotic values (see Fig. 7(a)), whereas 𝑢1 keeps increasing. Area dilatation ratio, 𝛼, is plotted 
with the load intensity in Fig. 7(b). Here, the load increment is plotted in logarithmic scale to capture the progressive cross-sectional 
shrinkage starting from 10%𝐹1, once the beam is straightened along 𝑥1. This behaviour can be clearly seen also in Fig. 7(c).

To further investigate the finite strain effects, the circular arch is now considered made of a SVK material with strain energy 
function defined in Eq.  (39). Load intensity is set to 𝐹1 = 2 × 104 N. Results are compared with the ones obtained with a small strain 
formulation [62]. Fig. 8 shows the tip displacement component along the axis 𝑥1 vs. the load intensity. It can be seen that, in cases 
of large deformation only (see up to 10% of loading), results associated with the two formulations almost coincide since finite strain 
effects are negligible. From a load intensity of approximately 10%𝐹1, namely when a straight configuration is reached, the beam 
starts undergoing finite strains with a significant cross-sectional shrinking, which results in an axial stiffening.

Computer Methods in Applied Mechanics and Engineering 450 (2026) 118641 

13 



D. Ignesti et al.

5.5.  The viviani beam

The Viviani beam is a challenging curved beam [92]. The beam centroid is defined by the curve 𝒄(𝑠) = [2𝑎 sin (𝑠∕2), 𝑎(1 +
cos (𝑠)), 𝑎 sin (𝑠)]𝖳, with 𝑎 = 10 and 𝑠 ∈ [−𝜋, 𝜋] (see Fig. 9).

The beam is clamped at one end, and loaded by a force 𝐹3 = −1.2 × 105 N applied at its free end and directed along 𝑥3. It features 
a square cross-section of side 0.2m. The same NH material used in the above tests is here adopted. The beam centroid is discretized 
with 𝑝 = 4 B-Splines and n = 60 collocation points.

Results in terms of tip displacement are shown in Figs. 10(a)- 10(c), whereas the norm of curvature (in the material form) at the 
clamped end (blue solid line) is plotted in Fig. 10(d) together with the area dilatation ratio at the tip of beam (orange solid line). 
Compared to the previous test, the beam is almost completely straightened with 2.5% of the final load, with curvature dropping of 
more than 80% compared to its initial value (Fig. 10(d)). On the other end, the cross-section shrinkage is still very small but rapidly 
increases reaching a reduction of more than 50% compared to the initial undeformed cross-section as the load reaches its maximum.

Finally, deformation snapshots at some significant load increments are shown in Fig. 11, where it is possible to see how the beam 
undergoes large deformations and strains.

6.  Conclusions

In this paper, we proposed a finite strain geometrically exact beam formulation for general hyperelastic materials. Keeping the 
shear-deformable kinematic assumption, we provided the relationship between the beam strain measures and the Cauchy-Green 
tensor components. Constitutive relationships are obtained starting form the hyperelastic strain energy and integrating the second 
Piola-Kirchhoff stress vector over the undeformed beam cross-section. The linearization of the beam stress-strain relationships is done 
adopting the local plane-stress algorithm proposed in [59]. This allows to obtain the elasticity tangent tensor, and to compute the in-
plane strain components, required for the calculation of the beam cross-sectional deformations without any modification of the beam 
kinematics and with no additional unknowns. The set of governing equations is completed by the balance equations in the local form. 
To further improve efficiency while keeping high accuracy, spatial discretization is made by means of the Isogeometric Collocation 
(IGA-C) method. We assessed the capabilities of the proposed approach through a series of numerical experiments covering all the 
distinguishing features of the formulation, and in particular the capability to reproduce both large deformations and finite strains 
occurring at the same time. Given the generality of the method, ongoing research is focused on extending the formulation to other 
nonlinear and rate–dependent constitutive models.
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Appendix A

According to the beam theory, the stress components S22, S33 and S23 are assumed to be zero [30]. To adapt the stress-strain 
relationship to this specific stress condition, we use the algorithm proposed in [59], which is briefly recalled here. Eq.  (16) is 
rewritten in a partitioned form

[

𝜕𝐒𝑚
𝜕𝐒𝑧

]

=
[

ℂ𝑚𝑚 ℂ𝑚𝑧
ℂ𝑧𝑚 ℂ𝑧𝑧

][

𝜕𝐄𝑚
𝜕𝐄𝑧

]

. (46)

Enforcing the condition 𝜕𝑺𝑧 = 𝟎 permits expressing 𝜕𝐄𝑧 as 
𝜕𝐄𝑧 = −ℂ−1

𝑧𝑧ℂ𝑧𝑚𝜕𝐄𝑚, (47)

whereas the non-zero values of the incremental stress components are given by 
𝜕𝐒𝑚 = ℂ𝑚𝑚𝜕𝐄𝑚 + ℂ𝑚𝑧𝜕𝐄𝑧 . (48)

Substituting Eq.  (47) into (48) leads to 
𝜕𝐒𝑚 = ℂ𝑢𝑝𝜕𝐄𝑚, (49)

where

ℂ𝑢𝑝 = [ℂ𝑚𝑚 − ℂ𝑚𝑧ℂ−1
𝑧𝑧ℂ𝑧𝑚] (50)

is the (3 × 3) beam-adapted tangent modulus. Note that 𝐒𝑚 depends only on 𝐄𝑚. We further observe that, for an incompressible 
material, ℂ𝑢𝑝 can be defined analytically, while for compressible materials it must be computed iteratively, as well as 𝐄𝑧 [60].

Appendix B

From the linearized version of the internal force supplementary equations, Eqs.  (30) and (31), we have the following integral 
quantities

𝑻̂ 𝜂𝜂 = ∫𝐴0

𝐑0𝜞̂𝑁 ℂ̂1𝑙
𝑢𝑝𝐀̂𝐶𝐑̂

𝖳 + Ŝ11𝐶𝐑0𝐑̂𝖳 + 𝐑0𝑲̂𝜉ℂ̂1𝑙
𝑢𝑝𝐀̂𝐶𝐑̂

𝖳 +𝑫1ℂ̂1𝑙
𝑢𝑝𝐀̂𝐶

2𝐑̂𝖳+

−𝑫2𝑠3𝐾01ℂ̂1𝑙
𝑢𝑝𝐀̂𝐶𝐑̂

𝖳 +𝑫3𝑠2𝐾01ℂ̂1𝑙
𝑢𝑝𝐀̂𝐶𝐑̂

𝖳 +𝑫2ℂ̂2𝑙
𝑢𝑝𝐀̂𝐶𝐑̂

𝖳 +𝑫3ℂ̂3𝑙
𝑢𝑝𝐀̂𝐶𝐑̂

𝖳𝑑𝐴0,
(51)

being the integral associated with the translational unknown (second subscript 𝜂),

𝑻̂ 1
𝜂𝜗 = ∫𝐴0

Ŝ11𝐶𝐑0𝜞̂𝑁 + Ŝ11𝐶𝐑0𝑲̂𝜉 + Ŝ11𝐶2𝑫1 − 𝑠3𝐾01Ŝ11𝐶𝑫2 + 𝑠2𝐾01Ŝ11𝐶𝑫3+ (52)

+ Ŝ21𝐶𝑫2 + Ŝ31𝐶𝑫3𝑑𝐴0,

𝑻̂ 2
𝜂𝜗 = ∫𝐴0

𝐑0𝜞̂𝑁 ℂ̂1𝑙
𝑢𝑝𝐀̂𝐶𝐑̂

𝖳 ̂̃𝒄,𝑠 +Ŝ11𝐶𝐑0𝐑̂𝖳 ̂̃𝒄,𝑠 +𝐑0𝑲̂𝜉ℂ̂1𝑙
𝑢𝑝𝐀̂𝐶𝐑̂

𝖳 ̂̃𝒄,𝑠 + (53)

+𝑫1ℂ̂1𝑙
𝑢𝑝𝐀̂𝐶

2𝐑̂𝖳 ̂̃𝒄,𝑠 −𝑫2𝑠3𝐾01ℂ̂1𝑙
𝑢𝑝𝐀̂𝐶𝐑̂

𝖳 ̂̃𝒄,𝑠 +𝑫3𝑠2𝐾01ℂ̂1𝑙
𝑢𝑝𝐀̂𝐶𝐑̂

𝖳 ̂̃𝒄,𝑠 +

+𝑫2ℂ̂2𝑙
𝑢𝑝𝐀̂𝐶𝐑̂

𝖳 ̂̃𝒄,𝑠 +𝑫3ℂ̂3𝑙
𝑢𝑝𝐀̂𝐶𝐑̂

𝖳 ̂̃𝒄,𝑠 𝑑𝐴0,

𝑻̂ 3
𝜂𝜗 = ∫𝐴0

𝐑0𝜞̂𝑁 ℂ̂1𝑙
𝑢𝑝𝐁̂𝐶𝐑̂

𝖳 + 𝐑0𝑲̂𝜉ℂ̂1𝑙
𝑢𝑝𝐁̂𝐶𝐑̂

𝖳 − 𝑠2Ŝ11𝐶𝐑0𝐑̂𝖳(̃̂𝐑𝑬2)+ (54)

− 𝑠3Ŝ11𝐶𝐑0𝐑̂𝖳(̃̂𝐑𝑬3) +𝑫1ℂ̂1𝑙
𝑢𝑝𝐁̂𝐶

2𝐑̂𝖳 −𝑫2𝑠3𝐾01ℂ̂1𝑙
𝑢𝑝𝐁̂𝐶𝐑̂

𝖳+

+𝑫3𝑠2𝐾01ℂ̂1𝑙
𝑢𝑝𝐁̂𝐶𝐑̂

𝖳 +𝑫2ℂ̂2𝑙
𝑢𝑝𝐁̂𝐶𝐑̂

𝖳 +𝑫3ℂ̂3𝑙
𝑢𝑝𝐁̂𝐶𝐑̂

𝖳𝑑𝐴0,

that are the integral quantities associated with the incremental rotations (second subscript 𝜗), and

𝑻̂ 𝑛 = ∫𝐴0

Ŝ11𝐶𝐑0𝜞̂𝑁 + Ŝ11𝐶𝐑0𝑲̂𝜉 + Ŝ11𝐶2𝑫1 − 𝑠3𝐾01Ŝ11𝐶𝑫2 + 𝑠2𝐾01Ŝ11𝐶𝑫3+

+ Ŝ21𝐶𝑫2 + Ŝ31𝐶𝑫3𝑑𝐴0 ,
(55)

that is associated with the current internal forces (subscript 𝑛).
Similarly, we have defined

𝑻̂ 𝜗𝜂 = ∫𝐴0

̃(𝑠2𝑫2 + 𝑠3𝑫3)

(

𝐑0𝜞̂𝑁 ℂ̂1𝑙
𝑢𝑝𝐀̂𝐶𝐑̂

𝖳 + Ŝ11𝐶𝐑0𝐑̂𝖳 + 𝐑0𝑲̂𝜉ℂ̂1𝑙
𝑢𝑝𝐀̂𝐶𝐑̂

𝖳+ (56)

+𝑫1ℂ̂1𝑙
𝑢𝑝𝐀̂𝐶

2𝐑̂𝖳 −𝑫2𝑠3𝐾01ℂ̂1𝑙
𝑢𝑝𝐀̂𝐶𝐑̂

𝖳 +𝑫3𝑠2𝐾01ℂ̂1𝑙
𝑢𝑝𝐀̂𝐶𝐑̂

𝖳+

+𝑫2ℂ̂2𝑙
𝑢𝑝𝐀̂𝐶𝐑̂

𝖳 +𝑫3ℂ̂3𝑙
𝑢𝑝𝐀̂𝐶𝐑̂

𝖳

)

𝑑𝐴0,
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𝑻̂ 1
𝜗𝜗 = ∫𝐴0

̃(𝑠2𝑫2 + 𝑠3𝑫3)

(

Ŝ11𝐶𝐑0𝜞̂𝑁 + Ŝ11𝐶𝐑0𝑲̂𝜉 + Ŝ11𝐶2𝑫1 − 𝑠3𝐾01Ŝ11𝐶𝑫2+ (57)

+ 𝑠2𝐾01Ŝ11𝐶𝑫3 + Ŝ21𝐶𝑫2 + Ŝ31𝐶𝑫3

)

𝑑𝐴0,

and

𝑻̂ 2
𝜗𝜗 = ∫𝐴0

̃(𝑠2𝑫2 + 𝑠3𝑫3)

(

𝐑0𝜞̂𝑁 ℂ̂1𝑙
𝑢𝑝𝐀̂𝐶𝐑̂

𝖳 ̂̃𝒄,𝑠 +Ŝ11𝐶𝐑0𝐑̂𝖳 ̂̃𝒄,𝑠 + (58)

+ 𝐑0𝑲̂𝜉ℂ̂1𝑙
𝑢𝑝𝐀̂𝐶𝐑̂

𝖳 ̂̃𝒄,𝑠 +𝑫1ℂ̂1𝑙
𝑢𝑝𝐀̂𝐶

2𝐑̂𝖳 ̂̃𝒄,𝑠 −𝑫2𝑠3𝐾01ℂ̂1𝑙
𝑢𝑝𝐀̂𝐶𝐑̂

𝖳 ̂̃𝒄,𝑠 +

+𝑫3𝑠2𝐾01ℂ̂1𝑙
𝑢𝑝𝐀̂𝐶𝐑̂

𝖳 ̂̃𝒄,𝑠 +𝑫2ℂ̂2𝑙
𝑢𝑝𝐀̂𝐶𝐑̂

𝖳 ̂̃𝒄,𝑠 +𝑫3ℂ̂3𝑙
𝑢𝑝𝐀𝐶𝐑̂

𝖳 ̂̃𝒄,𝑠

)

𝑑𝐴0,

𝑻̂ 3
𝜗𝜗 = ∫𝐴0

̃(𝑠2𝑫2 + 𝑠3𝑫3)

(

𝐑0𝜞̂𝑁 ℂ̂1𝑙
𝑢𝑝𝐁̂𝐶𝐑̂

𝖳 + 𝐑0𝑲̂𝜉ℂ̂1𝑙
𝑢𝑝𝐁̂𝐶𝐑̂

𝖳+ (59)

− 𝑠2Ŝ11𝐶𝐑0𝐑̂𝖳(̃̂𝐑𝑬2) − 𝑠3Ŝ11𝐶𝐑0𝐑̂𝖳(̃̂𝐑𝑬3) +𝑫1ℂ̂1𝑙
𝑢𝑝𝐁̂𝐶

2𝐑̂𝖳+

+𝑫2(ℂ̂2𝑙
𝑢𝑝𝐁̂𝐶𝐑̂

𝖳 − 𝑠3𝐾01ℂ̂1𝑙
𝑢𝑝𝐁̂𝐶𝐑̂

𝖳) +𝑫3(ℂ̂3𝑙
𝑢𝑝𝐁̂𝐶𝐑̂

𝖳 + 𝑠2𝐾01ℂ̂1𝑙
𝑢𝑝𝐁̂𝐶𝐑̂

𝖳)

)

𝑑𝐴0,

𝑻̂ 𝑚 = ∫𝐴0

̃(𝑠2𝑫2 + 𝑠3𝑫3)

(

Ŝ11𝐶𝐑0𝜞̂𝑁 + Ŝ11𝐶𝐑0𝑲̂𝜉 + Ŝ11𝐶2𝑫1 − 𝑠3𝐾01Ŝ11𝐶𝑫2+ (60)

+ 𝑠2𝐾01Ŝ11𝐶𝑫3 + Ŝ21𝐶𝑫2 + Ŝ31𝐶𝑫3

)

𝑑𝐴0,

that are the integral quantities appearing in the linearized version of the internal couples supplementary equation, Eqs.  (31).
The values ℂ̂1𝑙

𝑢𝑝, ℂ̂2𝑙
𝑢𝑝 and ℂ̂3𝑙

𝑢𝑝, 𝑙 = 1, 2, 3, are first, second and third rows of the adapted tangent modulus, ℂ̂𝑢𝑝 (see Eq.  (50)), 
appearing in the linearization of each stress component S𝑘1, 𝑘 = 1, 2, 3, with respect to the strain components, E1𝑙,

ℂ𝑘𝑙𝑢𝑝 =
𝜕S𝑘1
𝜕E1𝑙

=

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝜕S𝑘1

𝜕E11
𝜕S𝑘1

𝜕E12
𝜕S𝑘1

𝜕E13

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

=

⎡

⎢

⎢

⎢

⎣

ℂ1𝑙
𝑢𝑝

ℂ2𝑙
𝑢𝑝

ℂ3𝑙
𝑢𝑝

⎤

⎥

⎥

⎥

⎦

. (61)

Moreover, 𝐀 and 𝐁 are the derivatives of the admissible, finite strain vector, 𝐄𝑚 (see Eqs. (13) and (14)), with respect to the beam 
deformation measures, defined as follows

𝐀 =
𝜕E1𝑙
𝜕𝜞𝑁

= 1
𝐶
𝐈 + 1

𝐶2
𝑬1𝜞𝑁

𝖳 + 1
𝐶2

(𝑬1𝑲𝑀
𝖳)(𝝃̃), (62)

𝐁 =
𝜕E1𝑙
𝜕𝑲𝑀

= 1
𝐶
(𝝃̃)𝖳 + 1

𝐶
(𝑬1𝜞𝑁

𝖳)(𝝃̃)𝖳 − 1
𝐶
(𝑬1𝑲𝑀

𝖳)(𝝃̃)2, (63)

where we have defined 𝝃 = [0 𝑠2 𝑠3]𝖳 as the vector of the in-plane cross-section coordinates.
In the above expression of the integral quantities, the linearization requires the calculation of directional derivatives of all the 

quantities related to the beam configuration manifold. For more details on directional derivatives and linearization procedures for 
geometrically exact beams, the reader is referred to [61,62,93]. In the following, we report only the new linearization formulas 
needed in the present work.

Directional derivative of 𝐑̄
𝑑
𝑑𝜀

(𝐑̄)𝜀=0 =
𝑑
𝑑𝜀

(𝐑𝐑𝖳
0)𝜀=0 = 𝛿𝝑̃𝐑𝐑𝖳

0. (64)

Directional derivative of S𝑘1
The second Piola-Kirchhoff stress tensor 𝐒 is work-conjugated with the Green-Lagrange strain tensor 𝐄, which is in turn expressed 

as a function of the beam deformation measures, 𝜞𝑁  and 𝑲𝑀  (see Eq.  (13)). We can compute the directional derivative of the 
components of the second Piola-Kirchhoff stress tensor, S𝑘1, using the following chain rule

𝑑
𝑑𝜀

(S𝑘1)𝜀=0 =

(

𝜕S𝑘1
𝜕E1𝑙𝜀

𝜕E1𝑙𝜀
𝜕𝜀

)

𝜀=0

=

[

𝜕S𝑘1
𝜕E1𝑙

(

𝜕E1𝑙
𝜕𝜞𝑁

𝑑𝜞𝑁𝜀
𝑑𝜀

+
𝜕E1𝑙
𝜕𝑲𝑀

𝑑𝑲𝑀𝜀
𝑑𝜀

)]

𝜀=0

= ℂ𝑘𝑙𝑢𝑝𝐀𝐶𝐑
𝖳𝛿𝜼,𝑠 +ℂ𝑘𝑙𝑢𝑝𝐀𝐶𝐑

𝖳 ̂̃𝒄,𝑠 𝛿𝝑 + ℂ𝑘𝑙𝑢𝑝𝐁𝐶𝐑
𝖳𝛿𝝑,𝑠 .

(65)
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For the directional derivatives of 𝜞𝑁  and 𝑲𝑀  we refer to, e.g., [61]. 𝐀 and 𝐁 are defined in Eqs.  (62) and (63), while ℂ𝑘𝑙𝑢𝑝 is given 
in Eq.  (61).
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