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Abstract
We introduce a directed graph related to a group 𝐺,
which we call the N-prime graph ΓN(𝐺) of 𝐺 and is a
refinement of the classical Gruenberg–Kegel graph. The
vertices of ΓN(𝐺) are the primes 𝑝 such that 𝐺 has an
element of order 𝑝, and, for distinct vertices 𝑝 and 𝑞,
the arc 𝑞 → 𝑝 is in the graph if and only if 𝐺 has a
subgroup of order 𝑝 whose normalizer in 𝐺 has an ele-
ment of order 𝑞. Generalizing some known results about
the Gruenberg–Kegel graph, we prove that the group
𝑉(ℤ𝐺) of the units with augmentation 1 in the inte-
gral group ring ℤ𝐺 has the same N-prime graph as 𝐺
if 𝐺 is a finite solvable group, and we reduce to almost
simple groups the problem of whether ΓN(𝑉(ℤ𝐺)) =

ΓN(𝐺) holds for an arbitrary finite group 𝐺. We also
prove that ΓN(𝑉(ℤ𝐺)) = ΓN(𝐺) if the finite group 𝐺 is
almost simple with socle either an alternating group, or
PSL2(𝑟

𝑓) with 𝑟 prime and 𝑓 ⩽ 2. Finally, for a finite
solvable group 𝐺 we obtain some stronger results which
give a contribution to the Subgroup Isomorphism Prob-
lem. More precisely, we prove that if 𝑉(ℤ𝐺) contains a
Frobenius subgroup 𝑇 with kernel of prime order and
complement of prime-power order, then 𝐺 contains a
subgroup isomorphic to 𝑇.
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1 INTRODUCTION

This paper deals with the following general question concerning finite groups: how much infor-
mation about a finite group 𝐺 can be obtained from the ring-theoretical properties of its integral
group ring ℤ𝐺? The history of this question began when Higman proved in his Ph.D. dissertation
that if 𝐺 is abelian, then every group𝐻 such that ℤ𝐺 and ℤ𝐻 are isomorphic must be isomorphic
to 𝐺 [17, 18]. Whitcomb extended the latter result to the case when 𝐺 is metabelian [33], and later
Weiss proved the same property for nilpotent groups [32]. For a while it was believed that this
could be true for every finite group but, in 2001, Hertweck discovered two nonisomorphic finite
groups with isomorphic integral group rings [12]. Nevertheless, there is still much evidence that
significant information about 𝐺 is encoded in ℤ𝐺, and mostly in the group 𝑉(ℤ𝐺) of units of ℤ𝐺
of augmentation 1. A detailed discussion about the interplay between properties of 𝐺 and 𝑉(ℤ𝐺)
can be found in the survey [28] and in [22].
TheFirst Zassenhaus Conjecture (formulated by Zassenhaus in 1974) is an iconic problem in this

research field, which has attracted the interest of many authors in the past years; it predicts that,
given a finite group𝐺, every torsion unit ofℤ𝐺 is conjugate inℚ𝐺 to an element of the form±g for
a suitable g ∈ 𝐺. This was proved in many special cases (see, e.g., [1, 6, 15, 32]) but, in 2018, Eisele
andMargolis provided a counterexample [10]. As a related concept, we recall that theGruenberg–
Kegel graph of a group 𝐺 (also known as the prime graph of 𝐺) is the simple undirected graph
ΓGK(𝐺) whose vertex set is the set 𝜋(𝐺) of the prime numbers dividing the order of some torsion
element of 𝐺, and, for distinct vertices 𝑝 and 𝑞, the edge 𝑞 − 𝑝 is in the graph if and only if 𝐺 has
an element of order 𝑝𝑞. Now, if the First Zassenhaus Conjecture holds for a given finite group
𝐺, then clearly 𝑉(ℤ𝐺) and 𝐺 have the same Gruenberg–Kegel graph. In view of this, Kimmerle
proposed in [23] the so-called Prime Graph Question: is it true that, for every finite group 𝐺, the
graphs ΓGK(𝑉(ℤ𝐺)) and ΓGK(𝐺) are equal? The Prime Graph Question is usually abbreviated as
(PQ), referring to the common use of 𝑝 and 𝑞 for two different primes. It can be interpreted as
a weaker form of the First Zassenhaus Conjecture, and there is no known counterexample for
it. Kimmerle proved in [23] that the answer is affirmative if 𝐺 is a solvable group, and in fact the
problem has been reduced to almost simple groups by Kimmerle and Konovalov in [25] (recall that
a finite group 𝐺 is called almost simple if it has a unique minimal normal subgroup 𝑆, and 𝑆 is
a nonabelian simple group; in this situation 𝑆 coincides with the socle of 𝐺, that is, the product
of all the minimal normal subgroups of 𝐺). Since then, several almost simple groups have been
investigated from this point of view (see [28, Theorem 2.6] for a wide list of results on the Prime
Graph Question for almost simple groups; see also [9]).
In this paper we introduce a different graph related to a group 𝐺, which we call the N-prime

graph ΓN(𝐺) of 𝐺 (here “N” is meant to suggest the concept of normalization). We define it as the
simple directed graph whose vertex set is 𝜋(𝐺) and, for distinct vertices 𝑝 and 𝑞, the arc 𝑞 → 𝑝 is
in the graph if and only if there exists an element 𝑥 in 𝐺 of order 𝑝 such that ⟨𝑥⟩ is normalized by
an element of 𝐺 having order 𝑞. As observed in Remark 3.1, the Gruenberg–Kegel graph of 𝐺 can
be obtained from ΓN(𝐺) by replacing every double arrow 𝑞 ⇆ 𝑝 by the edge 𝑞 − 𝑝 and deleting
all single arrows; on the other hand, the converse is not true because it is easy to find examples
of groups having the same Gruenberg–Kegel graph but different N-prime graphs. So, this graph
in principle encodes more detailed information about the structure of the group 𝐺, and we can
consider the following strengthening of the Prime Graph Question.

N-Prime Graph Question: Is it true that, for every finite group 𝐺, the N-prime
graphs of 𝐺 and 𝑉(ℤ𝐺) coincide?
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We say that (NPQ) holds for a finite group 𝐺 if ΓN(𝑉(ℤ𝐺)) = ΓN(𝐺).
The first result of this paper is a generalization of the aforementioned reduction of Kimmerle

and Konovalov for (PQ) to (NPQ).

Theorem A. Let 𝐺 be a finite group, and assume that the N-prime graphs of 𝐻 and 𝑉(ℤ𝐻)

coincide for every almost simple homomorphic image 𝐻 of 𝐺. Then the N-prime graphs of 𝐺 and
𝑉(ℤ𝐺) coincide.

The corresponding generalization of the main result from [23] is then derived at once.

Corollary B. Let 𝐺 be a finite solvable group. Then the N-prime graphs of 𝐺 and 𝑉(ℤ𝐺) coincide.

In view of Theorem A, we explore the validity of (NPQ) for some families of almost simple
groups. In particular, we prove that (NPQ) holds for rational groups, and for almost simple groups
whose socle is an alternating group A𝑛 (𝑛 ⩾ 5) or a group of the form PSL2(𝑟

𝑓)where 𝑟 is a prime
and 𝑓 ∈ {1, 2} (see Theorems 3.6, 4.1, and 4.3, respectively). As a consequence, we obtain the
following.

Theorem C. Let 𝐺 be a finite group. Assume that every almost simple homomorphic image of 𝐺 is
a rational group, or that its socle is an alternating group, or that its socle is isomorphic to PSL2(𝑟𝑓)
for a prime 𝑟 and 𝑓 ∈ {1, 2}. Then the N-prime graphs of 𝐺 and 𝑉(ℤ𝐺) coincide.

Another interesting problem in the present context, somewhat “intermediate” between the
First Zassenhaus Conjecture and the Prime Graph Question, is the Spectrum Problem: given a
finite group 𝐺, is it true that if 𝑉(ℤ𝐺) has an element of a given order 𝑛, then 𝐺 has an ele-
ment of order 𝑛 as well? It has been proved by Hertweck in [13] that the answer is affirmative
if the group 𝐺 is solvable, and there is no known counterexample. By Corollary 4.1 in [7], we
know that the answer is also affirmative if 𝑛 is a prime power. Note that the Spectrum Problem
(respectively, the Prime Graph Question) can be restated as follows: is it true that if 𝑉(ℤ𝐺) has
a cyclic subgroup 𝐶𝑛 of order 𝑛 (respectively, of order 𝑝𝑞), then so does 𝐺? So these questions
ask for the isomorphism types of cyclic subgroups of 𝐺 and 𝑉(ℤ𝐺). On the other hand, (NPQ)
deals with subgroups of type 𝐶𝑝 ⋊ 𝐶𝑞. We can frame all these questions in the following general
context.

Subgroup Isomorphism Problem (SIP): Let 𝑇 be a finite group. Is it true that if 𝐺
is a finite group such that 𝑉(ℤ𝐺) has a subgroup isomorphic to 𝑇, then also 𝐺 has a
subgroup isomorphic to 𝑇?

As nonisomorphic finite groups may have isomorphic integral group rings, of course the (SIP)
has in general a negative solution. However, the previous discussion shows that under some con-
ditions the answer is positive. Besides the results above on the case where 𝑇 is cyclic, Kimmerle
observed that the (SIP) has a positive answer for 𝑇 = 𝐶2 × 𝐶2 and Hertweck extended that to
𝑇 = 𝐶𝑝 × 𝐶𝑝 where 𝑝 is a prime [16]. Other results for the (SIP) can be found in [8, 24, 27].
Care should be taken in considering (NPQ) as part of the (SIP). Let 𝑇 be the Frobenius group

𝐶𝑝 ⋊ 𝐶𝑞, where 𝑝 and 𝑞 are (distinct) primes. Suppose that (NPQ) holds for 𝐺 and 𝑉(ℤ𝐺) has a
subgroup isomorphic to 𝑇. If, moreover, 𝐺 does not have elements of order 𝑝𝑞, then 𝐺 has a sub-
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4 of 19 PACIFICI et al.

group isomorphic to 𝑇. However, if 𝐺 has elements of order 𝑝𝑞, then the existence of a subgroup
of 𝐺 isomorphic to 𝑇 is not guaranteed by (NPQ).
Our next result shows that such a subgroup actually exists, under the assumption that 𝐺 is

solvable. More generally, we prove the following theorem which is a contribution to the (SIP) for
𝑇 a Frobenius group of type 𝐶𝑝 ⋊ 𝐶𝑞𝑘 .

Theorem D. Let 𝐺 be a finite solvable group and let 𝑇 be a Frobenius group of the form 𝐶𝑝 ⋊ 𝐶𝑞𝑘

with 𝑝 and 𝑞 primes. If 𝑉(ℤ𝐺) has a subgroup isomorphic to 𝑇, then so does 𝐺.

As already mentioned, by [13], if the finite group 𝐺 is solvable and 𝑉(ℤ𝐺) has a subgroup iso-
morphic to 𝐶𝑝 × 𝐶𝑞𝑘 , then so does 𝐺. This, together with the previous result, solves the (SIP) for
subgroups of the form 𝐶𝑝 ⋊ 𝐶𝑞𝑘 in the two extreme situations when the action of 𝐶𝑞𝑘 on 𝐶𝑝 is
trivial or faithful. So we can consider the following.

Question. Let 𝐺 be a finite solvable group, and assume that 𝑉(ℤ𝐺) has a subgroup
𝑇 of the form 𝐶𝑝ℎ ⋊ 𝐶𝑞𝑘 , where 𝑝 and 𝑞 are different primes. Is it true that 𝐺 has a
subgroup isomorphic to 𝑇?

The last result of this paper yields an affirmative answer under the assumption that the derived
subgroup of 𝐺 is cyclic.

TheoremE. Let𝐺 be a finite group such that𝐺′ is cyclic, and let 𝑇 be a group of the form𝐶𝑝ℎ ⋊ 𝐶𝑞𝑘

with 𝑝 and 𝑞 different primes. If 𝑉(ℤ𝐺) has a subgroup isomorphic to 𝑇, then so does 𝐺.

2 PRELIMINARY NOTATION

In this brief preliminary sectionwe introduce somenotation and concepts thatwill come into play.
For a finite group 𝐺 and a commutative ring 𝑅, we denote by 𝑉(𝑅𝐺) the group of units having

augmentation 1 in the group ring 𝑅𝐺. Note that, if𝑀 is a normal subgroup of 𝐺, then the natural
projection of 𝐺 onto 𝐺∕𝑀 can be extended by linearity to a ring homomorphism 𝜑𝑀 ∶ 𝑅𝐺 →

𝑅(𝐺∕𝑀), and the restriction of 𝜑𝑀 to 𝑉(𝑅𝐺) yields a group homomorphism (that we will still
denote by 𝜑𝑀) to𝑉(𝑅(𝐺∕𝑀)). Wewill refer to this 𝜑𝑀 as the “natural homomorphism” associated
with 𝑀 (both as a ring homomorphism on 𝑅𝐺 and as a group homomorphism on 𝑉(𝑅𝐺)). The
subscript𝑀 will usually be dropped when the context yields no ambiguity.
We also recall that, given an element 𝑟 =

∑
g∈𝐺 𝑟gg in 𝑅𝐺 (where the coefficients 𝑟g are in 𝑅),

the partial augmentation of 𝑟 with respect to the element 𝑏 ∈ 𝐺 is

𝜀𝑏(𝑟) =
∑
g∼𝑏

𝑟g ,

where we use the notation ∼ for conjugation in 𝐺 (clearly, 𝜀𝑏(𝑟) depends on the conjugacy class
of 𝑏 in 𝐺 rather than on 𝑏 itself). Observe that 𝜀𝑏 ∶ 𝑅𝐺 → 𝑅 is an 𝑅-linear map. Moreover, as is
easily checked, we have

[𝑅𝐺, 𝑅𝐺] = {𝑟 ∈ 𝑅𝐺 ∣ 𝜀g (𝑟) = 0 for every g ∈ 𝐺}
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THE N-PRIME GRAPH AND THE SUBGROUP ISOMORPHISM PROBLEM 5 of 19

(see [31, (41.1), p. 237]), which implies that 𝜀𝑏(𝑢) = 𝜀𝑏(𝑟) if 𝑢 and 𝑟 are conjugate in 𝑅𝐺.
A very useful result concerning the partial augmentation is the following theorem, known as

the Berman–Higman theorem ([5, 17]).

Theorem 2.1. Let 𝐺 be a finite group. If 𝑣 is a torsion unit of ℤ𝐺, then either 𝑣 = ±1 or 𝜀1(𝑣) = 0.

Unless otherwise stated, 𝑝 and 𝑞 denote two different prime integers. Then a group of the form
𝐶𝑝 ⋊ 𝐶𝑞 is either cyclic or a Frobenius group. In the latter case 𝑝 ≡ 1mod 𝑞 and all the nontrivial
actions of 𝐶𝑞 on 𝐶𝑝 yield isomorphic semidirect products 𝐶𝑝 ⋊ 𝐶𝑞.
Finally, recall that a finite group 𝐺 is called a 2-Frobenius group if it has normal subgroups 𝐹

and 𝐾 such that 𝐾 is a Frobenius group with kernel 𝐹, and 𝐺∕𝐹 is a Frobenius group with kernel
𝐾∕𝐹. Such a group is necessarily solvable, and its Fitting subgroup is 𝐹.

3 THE N-PRIME GRAPH QUESTION: THEOREMA

We begin our study of the N-prime graph, that was defined in the introduction, andwe first clarify
its relationship with the Gruenberg–Kegel graph in the following easy observation.

Remark 3.1. We observe that the Gruenberg–Kegel graph of a group 𝐺 has the same vertex set as
the N-prime graph of 𝐺, and its edges can be deduced from those of the N-prime graph as follows:
ΓGK(𝐺) has an edge joining two vertices 𝑝 and 𝑞 if and only if both 𝑝 → 𝑞 and 𝑞 → 𝑝 are arcs
of ΓN(𝐺). Indeed, it is clear from the definitions that if 𝑝 − 𝑞 is an edge of ΓGK(𝐺), then both
𝑞 → 𝑝 and 𝑝 → 𝑞 are arcs of ΓN(𝐺). On the other hand, if 𝑝 and 𝑞 are not adjacent in ΓGK(𝐺)

but ΓN(𝐺) contains the arc 𝑞 → 𝑝, then 𝑞 divides 𝑝 − 1; thus, clearly ΓN(𝐺) cannot contain the
arc 𝑝 → 𝑞.
An alternative way to describe ΓGK(𝐺) from ΓN(𝐺) is as the undirected graph with the same

vertices as ΓN(𝐺) and edges 𝑝 − 𝑞 if and only if 𝑝 > 𝑞 and 𝑝 → 𝑞 is an arc of ΓN(𝐺).
However, in general ΓN(𝐺) cannot be derived from ΓGK(𝐺): for example, the groups PSL2(7)

and PSL2(8) have the same Gruenberg–Kegel graph (2 3 7), but ΓN(PSL2(7)) is (2 → 3 → 7)

whereas ΓN(PSL2(8)) is (7 ← 2 → 3). For an example involving solvable groups, we can consider
a Hall {3, 7}-subgroup of the affine semilinear group AΓ(36), which is a 2-Frobenius group of the
form (𝐶6

3
⋊ 𝐶7)⋊ 𝐶3, and the Frobenius group 𝐶6

3
⋊ 𝐶7: for both of them the Gruenberg–Kegel

graph is disconnected, and so is the N-prime graph of the latter, but the N-prime graph of the
former is (3 → 7). Finally, 𝐶5 × A5 and 𝐶25 × A4 have the same cardinality and Gruenberg–Kegel
graph 2 − 5 − 3, while and ΓN(𝐶25 × A4) = (2 ⇆ 5 ⇄ 3).

It is straightforward that, if 𝐻 is a subgroup of the finite group 𝐺, then ΓN(𝐻) is a subgraph of
ΓN(𝐺), so the graphΓN(𝐺) iswell behavedwith respect to subgroups.Wewill shownext thatΓN(𝐺)
behaves well also with respect to factor groups: if𝑀 is a normal subgroup of 𝐺 then ΓN(𝐺∕𝑀) is
a subgraph of ΓN(𝐺). To this end, we introduce a lemma that will be useful also for other results
in this paper.

Lemma 3.2. Let 𝑝 and 𝑞 be primes, and let 𝑘 be a positive integer such that 𝑞𝑘 divides 𝑝 − 1. Let 𝑃
be a finite 𝑝-group and let 𝛽 be an automorphism of order 𝑞𝑘 of 𝑃. Then there exists 𝑎 ∈ 𝑃 such that|𝑎| = 𝑝 and 𝛽 restricts to an automorphism of order 𝑞𝑘 of ⟨𝑎⟩.
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6 of 19 PACIFICI et al.

Proof.We argue by induction on the order of 𝑃. If the Frattini subgroup𝚽(𝑃) of 𝑃 has index 𝑝 in 𝑃,
then 𝑃 is a cyclic group and our claim follows; thus wemay assume that |𝑃 ∶ 𝚽(𝑃)| > 𝑝. By copri-
mality, the action of ⟨𝛽⟩ on the elementary abelian𝑝-group𝑃∕𝚽(𝑃) is faithful (see Theorem5.3.5 in
[11]), so we can view 𝑃∕𝚽(𝑃) as a completely reducible ⟨𝛽⟩-module overGF(𝑝) having at least one
faithful irreducible constituent.Denoting this constituent by𝑃0∕𝚽(𝑃) and setting |𝑃0∕𝚽(𝑃)| = 𝑝𝑛,
we have that 𝛽 can be identified with an element of the multiplicative group GF(𝑝𝑛)× acting on
𝑃0∕𝚽(𝑃) as a multiplication map (see for instance [29, Theorem 2.1]). But since |𝛽| = 𝑞𝑘 divides
𝑝 − 1, 𝛽 is identified with an element of GF(𝑝)×, thus |𝑃0∕𝚽(𝑃)|must be 𝑝. We conclude that 𝑃0
is a proper subgroup of 𝑃 onwhich 𝛽 acts as an automorphism of order 𝑞𝑘. The desired conclusion
follows now by induction. □

Proposition 3.3. Let 𝐺 be a finite group and let𝑀 be a normal subgroup of 𝐺. Then ΓN(𝐺∕𝑀) is a
subgraph of ΓN(𝐺).

Proof.Clearly the vertex set of ΓN(𝐺∕𝑀) is contained in that of ΓN(𝐺). Also, let 𝑝, 𝑞 ∈ 𝜋(𝐺∕𝑀) be
such that 𝑞 → 𝑝 is an arc of ΓN(𝐺∕𝑀); this means that there exists a subgroup𝐻 of 𝐺, containing
𝑀, with𝐻∕𝑀 ≅ 𝐶𝑝 ⋊ 𝐶𝑞. If𝐻∕𝑀 has an element of order 𝑝𝑞, then the same holds for𝐻 and we
get the arc 𝑞 → 𝑝 in ΓN(𝐺); thus we can assume that𝐻∕𝑀 is not a direct product, which implies
that 𝑞 is a divisor of𝑝 − 1. Let𝐾 be the subgroup of𝐻 containing𝑀 such that𝐾∕𝑀 ∈ Syl𝑝(𝐻∕𝑀),
and let 𝑃 be a Sylow 𝑝-subgroup of𝐻. Since 𝐾 is a normal subgroup of𝐻 whose index is coprime
with 𝑝, we have that 𝑃 is contained in𝐾, and by the Frattini argument we get𝐻 = 𝐾𝐍𝐻(𝑃). Since
the 𝑞-part of |𝐻| is strictly larger than that of |𝐾|, we get that 𝑞 is a divisor of |𝐍𝐻(𝑃)| and we can
consider a subgroup 𝐶 ⊆ 𝐍𝐻(𝑃) having order 𝑞.
If 𝐶 centralizes 𝑃, then we can easily construct an element of order 𝑝𝑞 of 𝐺. Otherwise,

Lemma 3.2 yields the existence of a subgroup 𝑈 of 𝑃 such that |𝑈| = 𝑝 and 𝐶 ⊆ 𝐍𝐺(𝑈). Now
the subgroup 𝑈𝐶 yields the arc 𝑞 → 𝑝 in ΓN(𝐺), and the proof is complete. □

Remark 3.4. It is not true in general that if 𝑀 is a normal subgroup of 𝐺 and 𝐺∕𝑀 contains a
subgroup 𝑇 isomorphic to the Frobenius group 𝐶𝑝 ⋊ 𝐶𝑞 where 𝑝 ≠ 2 and 𝑞 are primes, then 𝐺

contains a subgroup isomorphic to 𝑇. For example, if 𝑝 ≡ 1 mod 𝑞 then there is a positive integer
𝑟 of order 𝑞 modulo 𝑝, that is, 𝑟 ≢ 1 mod 𝑝 and 𝑟𝑞 ≡ 1 mod 𝑝. Then the center of the group
𝐺 =

⟨
𝑎, 𝑏 ∣ 𝑎𝑝 = 𝑏𝑞

2
= 1, 𝑎𝑏 = 𝑎𝑟

⟩
is𝑀 = ⟨𝑏𝑞⟩, and𝐺∕𝑀 ≅ 𝑇, but𝐺 does not have any subgroup

isomorphic to 𝑇. In this case we have ΓN(𝐺) = (𝑝 ⇆ 𝑞) and ΓGK(𝐺) = (𝑝 − 𝑞), while ΓN(𝐺∕𝑀) =

(𝑝 ← 𝑞) and ΓGK(𝐺∕𝑀) = (𝑝 𝑞).

We are ready to start our discussion about the N-Prime Graph Question, which was presented
in the introduction, with the following easy observation.

Remark 3.5. By [7, Corollary 4.1], ΓN(𝐺) and ΓN(𝑉(ℤ𝐺)) have the same set of vertices. Moreover,
it is clear that ΓN(𝐺) is a subgraph of ΓN(𝑉(ℤ𝐺)). So, the N-Prime Graph Question amounts to
understanding if, for 𝑝, 𝑞 distinct primes in 𝜋(𝐺), the existence of the arc 𝑞 → 𝑝 in ΓN(𝑉(ℤ𝐺))

implies the existence of the same arc in ΓN(𝐺).

A finite group 𝐺 is called rational if its ordinary character table contains only rational entries.
As is well known, this is equivalent to the fact that every element 𝑥 of 𝐺 is conjugate in 𝐺 to every
generator of ⟨𝑥⟩, which is also equivalent to the condition 𝐍𝐺(⟨𝑥⟩)∕𝐂𝐺(𝑥) ≅ Aut(⟨𝑥⟩) for every
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THE N-PRIME GRAPH AND THE SUBGROUP ISOMORPHISM PROBLEM 7 of 19

𝑥 ∈ 𝐺 (see for instance the discussion preceding Lemma 2.1 in [30], or [20, V.13.7]). It has been
proved in Corollary H of [2] that (PQ) holds for rational groups. Based on this, we prove that also
(NPQ) holds for such groups.

Theorem 3.6. Let 𝐺 be a finite rational group. Then the N-prime graphs of 𝐺 and 𝑉(ℤ𝐺) coincide.

Proof. Let 𝑝, 𝑞 be vertices of ΓN(𝑉(ℤ𝐺)) and assume that the arc 𝑞 → 𝑝 is in ΓN(𝑉(ℤ𝐺)). If also
𝑝 → 𝑞 is an arc of ΓN(𝑉(ℤ𝐺)), then we know that 𝑝 − 𝑞 is an edge of ΓGK(𝑉(ℤ𝐺)) and the same
holds for ΓGK(𝐺) by [2, Corollary H]. In particular, the arc 𝑞 → 𝑝 is in ΓN(𝐺) and we are done. On
the other hand, if 𝑝 → 𝑞 is not an arc of ΓN(𝑉(ℤ𝐺)), then 𝑞 is a divisor of 𝑝 − 1. But since 𝐺 is a
rational group, for any element 𝑥 ∈ 𝐺 of order 𝑝 we have |𝐍𝐺(⟨𝑥⟩)∕𝐂𝐺(𝑥)| = |Aut(⟨𝑥⟩)| = 𝑝 − 1,
so there exists an element of order 𝑞 in𝐍𝐺(⟨𝑥⟩) and our claim is proved. □

The following result, which combines Theorem A and Corollary B, shows that the N-Prime
Graph Question can be reduced to almost simple groups. This extends the corresponding result
by Kimmerle and Konovalov for the Prime Graph Question.

Theorem 3.7. Let 𝐺 be a finite group, and assume that (NPQ) holds for every almost simple
homomorphic image of 𝐺. Then (NPQ) holds for 𝐺. In particular, (NPQ) holds for every finite
solvable group.

Proof. As observed in Remark 3.5, we only have to show that, for 𝑝 and 𝑞 distinct primes in 𝜋(𝐺),
the existence of the arc 𝑞 → 𝑝 in ΓN(𝑉(ℤ𝐺)) implies the existence of the same arc in ΓN(𝐺). For
the proof by contradiction, we will assume that 𝐺 is a minimal counterexample to this fact with
respect to the primes 𝑝 and 𝑞. Note that, by our assumptions and by Remark 3.1, if𝑋 is any almost
simple homomorphic image of𝐺 then also the Gruenberg–Kegel graphs ΓGK(𝑋) and ΓGK(𝑉(ℤ𝑋))
coincide; therefore, by [25], we have ΓGK(𝐺) = ΓGK(𝑉(ℤ𝐺)), and the presence of both arcs 𝑞 ⇆ 𝑝

in ΓN(𝑉(ℤ𝐺))would imply the presence of the edge 𝑞 − 𝑝 in ΓGK(𝐺). As a consequence, both arcs
𝑞 ⇆ 𝑝 would be in ΓN(𝐺), against the fact that 𝐺 is a counterexample. So ΓN(𝑉(ℤ𝐺)) has the arc
𝑞 → 𝑝 but not the arc 𝑝 → 𝑞; in particular, 𝑉(ℤ𝐺) has a subgroup 𝑇 which is a Frobenius group
of order 𝑝𝑞, and 𝑞 is a divisor of 𝑝 − 1.
Let 𝑀 be a minimal normal subgroup of 𝐺, and observe that the factor group 𝐺∕𝑀 satisfies

our assumptions. Denoting by 𝜑 ∶ 𝑉(ℤ𝐺) → 𝑉(ℤ(𝐺∕𝑀)) the natural homomorphism, if 𝑝 does
not divide |𝑀|, then we get 𝑇 ∩ ker(𝜑) = 1 (see [31, Lemma 7.5]) and hence 𝜑(𝑇) ≅ 𝑇. It follows
that 𝑞 → 𝑝 is an arc of ΓN(𝑉(ℤ(𝐺∕𝑀))) and, by our minimality assumption, it is also an arc of
ΓN(𝐺∕𝑀). But then 𝑞 → 𝑝 is an arc of ΓN(𝐺) by Proposition 3.3, a contradiction. Therefore, no
minimal normal subgroup of 𝐺 can be a 𝑝′-group.
The discussion in the paragraph above implies that the Fitting subgroup 𝐅(𝐺) of𝐺 is a 𝑝-group,

and we claim that in fact 𝐅(𝐺)must be trivial. As in the proof of Proposition 3.3, consider a sub-
group𝐶 of𝐺 having order 𝑞 and assume that𝐅(𝐺) ≠ 1. If𝐶 centralizes𝐅(𝐺) thenwe can construct
an element of order 𝑝𝑞 of 𝐺, which is not our case. Otherwise, we can use Lemma 3.2 and find
a subgroup 𝑈 of 𝐅(𝐺) such that |𝑈| = 𝑝 and 𝐶 ⊆ 𝐍𝐺(𝑈). Now the subgroup 𝑈𝐶 yields the arc
𝑞 → 𝑝 in ΓN(𝐺), again a contradiction.
To sum up, we have 𝐅(𝐺) = 1 and every minimal normal subgroup of 𝐺 is nonabelian of order

divisible by 𝑝. Note that the last claim of the statement, concerning solvable groups, is already
proved at this stage.
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8 of 19 PACIFICI et al.

Our next claim is that𝐺 cannot have anyminimal normal subgroupwhose order is also divisible
by 𝑞. In fact, assume the contrary and consider a minimal normal subgroup𝑀 of 𝐺 such that 𝑝𝑞
divides |𝑀|. Since𝑀 ≅ 𝑆1 ×⋯ × 𝑆𝑡 is a direct product of isomorphic nonabelian simple groups,
we see that 𝑝𝑞 divides the order of each 𝑆𝑖 . Now 𝑡 must be 1, as otherwise we could produce
an element of order 𝑝𝑞 in 𝑀 (hence in 𝐺) by multiplying an element of order 𝑝 of 𝑆1 with an
element of order 𝑞 of 𝑆2.Moreover, if such a subgroup𝑀 exists, then itmust be the uniqueminimal
normal subgroup of 𝐺. In fact, an element of order 𝑝 in any other minimal normal subgroup
of 𝐺 would commute with an element of order 𝑞 of 𝑀, again yielding the contradiction that 𝐺
has an element of order 𝑝𝑞. So 𝑀 would be simple, and the unique minimal normal subgroup
of 𝐺. But then 𝐺 would be an almost simple group, and by our assumptions it would not be a
counterexample.
As another remark, given a minimal normal subgroup 𝑀 ≅ 𝑆1 ×⋯ × 𝑆𝑡 of 𝐺, for any fixed

𝑖 ∈ {1, … , 𝑡} we claim that 𝑞 does not divide |𝐍𝐺(𝑆𝑖)|. Assuming the contrary, we could take an
element 𝑦 of order 𝑞 in 𝐍𝐺(𝑆𝑖). Recalling that 𝑆𝑖 is a 𝑞′-group having an order divisible by 𝑝, we
could find a (nontrivial) Sylow 𝑝-subgroup 𝑃 of 𝑆𝑖 such that 𝑦 normalizes 𝑃 (see [26, 8.2.3(a)]),
and the same argument as in the third paragraph of this proof leads to a contradiction.
Now, let𝑀 ≅ 𝑆1 ×⋯ × 𝑆𝑡 and define

𝐾 =

𝑡⋂
𝑖=1

𝐍𝐺(𝑆𝑖);

in view of the paragraph above, 𝐾 is a 𝑞′-group. Since the 𝑆𝑖 are nonabelian simple groups, conju-
gation yields a permutation action of𝐺 on the set {𝑆1, … , 𝑆𝑡}with kernel𝐾. So,𝐺∕𝐾 embeds in the
symmetric group Sym({𝑆1, … , 𝑆𝑡}) ≅ Sym(𝑡) and, if 𝑦 ∈ 𝐺 is an element of order 𝑞, then 𝑦𝐾 can
be identified (up to renumbering) with a permutation containing the cycle (1, 2, … , 𝑞). Take an
element 𝑥1 ∈ 𝑆1 of order 𝑝 and, setting 𝑥𝑖 = 𝑥

𝑦𝑖−1

1
for all 𝑖 ∈ {1, … , 𝑞}, observe that 𝑥𝑖 lies in 𝑆𝑖; in

particular, the elements 𝑥𝑖 pairwise centralize each other. Defining 𝑥 = 𝑥1⋯𝑥𝑞, it is not difficult
to see that 𝑥 and 𝑦 commute, hence again we get that 𝑥𝑦 is an element of order 𝑝𝑞 in 𝐺. This is
the final contradiction that completes the proof. □

The following corollary can be immediately derived from the theorem above and from
Theorem 3.6.

Corollary 3.8. Let 𝐺 be a finite group. If every almost simple homomorphic image of 𝐺 is a rational
group, then the N-prime graphs of 𝐺 and 𝑉(ℤ𝐺) coincide.

4 THE N-PRIME GRAPH QUESTION: THEOREM C

In this section, we prove that (NPQ) holds for every almost simple group whose socle is isomor-
phic to an alternating group, or to PSL2(𝑟𝑓) where 𝑟 is a prime and 𝑓 ∈ {1, 2} (Theorems 4.1 and
4.3, respectively); this, together with Theorem 3.7 and Corollary 3.8, will conclude the proof of
Theorem C of the introduction.
Before stating the next result, we mention that, by Theorem 1.1 of [3] and Theorem A of [4], for

every finite almost simple group 𝐺 with a socle isomorphic to an alternating group or to PSL2(𝑟𝑓)
where 𝑟 is a prime and 𝑓 ∈ {1, 2}, we have ΓGK(𝑉(ℤ𝐺)) = ΓGK(𝐺).
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THE N-PRIME GRAPH AND THE SUBGROUP ISOMORPHISM PROBLEM 9 of 19

Theorem 4.1. Let 𝐺 be a finite almost simple group whose socle is isomorphic to the alternating
group A𝑛, for 𝑛 ⩾ 5. Then the N-prime graphs of 𝐺 and 𝑉(ℤ𝐺) coincide.

Proof. Let 𝑝 and 𝑞 be primes in 𝜋(𝐺) and, for the sake of contradiction, suppose that 𝑞 → 𝑝 is an
arc of ΓN(𝑉(ℤ𝐺)) but not of ΓN(𝐺). Then, taking into account Theorem 3.6, 𝐺 is not isomorphic
to the symmetric group S𝑛, so we have 𝐺 ≅ A𝑛 unless 𝑛 = 6 (and |𝐺| divides 4|A𝑛|). Moreover, 𝐺
does not have elements of order 𝑝𝑞 and hence, by the main theorem of [3], neither does 𝑉(ℤ𝐺).
Thus𝑉(ℤ𝐺) has a subgroup 𝑇 = ⟨𝑢⟩⋊ ⟨𝑣⟩with |𝑢| = 𝑝, |𝑣| = 𝑞 and 𝑢𝑣 = 𝑢𝑟 for a suitable integer
𝑟 such that 𝑟 ≢ 1 mod 𝑝 and 𝑟𝑞 ≡ 1 mod 𝑝.
By Corollary 4.1 of [7], 𝐺 has an element 𝑎 of order 𝑝 and, as 𝑝 ≠ 2 and [𝐺 ∶ A𝑛] divides 4, it

follows that 𝑎 ∈ A𝑛; in particular we have 𝑛 ⩾ 𝑝, and we may take 𝑎 = (1, 2, … , 𝑝). If 𝑛 ⩾ 𝑝 + 2,
then all the elements of A𝑛 with the same cyclic type as 𝑎 lie in a single conjugacy class of A𝑛,
hence 𝑎𝑟 is conjugate to 𝑎 in A𝑛. However, if 𝑞 is odd, then the same conclusion holds also for
𝑛 ∈ {𝑝, 𝑝 + 1}, because the map 𝑥 ↦ 𝑥𝑟 on A𝑛 induces a permutation of odd order on the set 
of conjugacy classes of elements having order 𝑝 in A𝑛 and, in this case, we have || = 2. Now, if
𝑎𝑟 is conjugate to 𝑎 in A𝑛, then we can find an element 𝑏 ∈ 𝐍A𝑛

(⟨𝑎⟩) with |𝑏| = 𝑞, against our
assumption. We conclude that 𝑛 lies in {𝑝, 𝑝 + 1} and 𝑞 = 2. Moreover, 𝑇 is a dihedral group of
order 2𝑝 and 𝑎 is not conjugate to 𝑎−1 in A𝑛, that is, 𝑎 is not a real element of A𝑛. Note that the
latter property does not hold if 𝑝 ≡ 1 mod 4, hence 𝑛 cannot be 6 and we have 𝐺 ≅ A𝑛.
Since the element 𝑎 ∈ 𝐺 is not real, we can take an irreducible character 𝜒 of 𝐺 such that

𝜒(𝑎) ∉ ℝ, and we denote by 𝑥 the (nonzero) imaginary part of 𝜒(𝑎). On the other hand, as 𝑢 is
conjugate to 𝑢−1 in 𝑇, the linear expansion 𝜒 of 𝜒 to ℤ𝐺 takes a real value on 𝑢.
Now, 𝐺 has exactly two conjugacy classes of elements of order 𝑝, represented by 𝑎 and 𝑎−1. By

Theorem 2.1 and [14, Theorem 2.3], if g ∈ 𝐺 is such that 𝜀g (𝑢) ≠ 0, then g is conjugate to 𝑎 or 𝑎−1.
Therefore 𝜀𝑎(𝑢) + 𝜀𝑎−1(𝑢) = 1 and

𝜒(𝑢) = 𝜀𝑎(𝑢)𝜒(𝑎) + 𝜀𝑎−1(𝑢)𝜒(𝑎) = 𝜀𝑎(𝑢)𝜒(𝑎) + (1 − 𝜀𝑎(𝑢))𝜒(𝑎) = 𝜀𝑎(𝑢)(𝜒(𝑎) − 𝜒(𝑎)) + 𝜒(𝑎).

Comparing the imaginary parts of the two sides, we get 0 = 𝑥 ⋅ (2𝜀𝑎(𝑢) − 1); but 𝑥 ≠ 0, and 𝜀𝑎(𝑢)
is then an integer such that 2𝜀𝑎(𝑢) − 1 = 0. This is the final contradiction, which completes the
proof. □

We move next to almost simple groups whose socle is a projective special linear group. The
following general lemma will be crucial in our discussion, and it might be useful to prove that
(NPQ) holds in other cases.

Lemma4.2. Let𝐺 be a finite group, let𝑝 and 𝑞 be distinct primes, and let 𝜁 be a complex primitive𝑝-
th root of unity. Also, let𝜎 be an automorphism ofℚ𝑝 = ℚ(𝜁) of order 𝑞, let𝐹 = {𝑥 ∈ ℚ𝑝 ∶ 𝜎(𝑥) = 𝑥}

and let 𝑟 be an integer such that 𝜎(𝜁) = 𝜁𝑟. Denoting by 𝐴 a set of representatives for the conjugacy
classes of elements of order 𝑝 in 𝐺, suppose that 𝐺 has a class function 𝜒 ∶ 𝐺 → ℂ satisfying the
following conditions:

(a) 𝜒 is an 𝐹-linear combination of irreducible characters of 𝐺.
(b) For every 𝑎 ∈ 𝐴, we have that [ℚ𝑝 ∶ ℚ(𝜒(𝑎))] is not divisible by 𝑞.
(c) The complex numbers 𝜒(𝑎), for 𝑎 ∈ 𝐴, are linearly independent over ℚ.

Then 𝑉(ℤ𝐺) does not have a Frobenius subgroup of the form 𝐶𝑝 ⋊ 𝐶𝑞 .
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10 of 19 PACIFICI et al.

Proof. Suppose, for the sake of contradiction, that 𝑉(ℤ𝐺) has a Frobenius subgroup 𝑇 of the form
𝐶𝑝 ⋊ 𝐶𝑞. So, 𝑇 = ⟨𝑢⟩⋊ ⟨𝑣⟩ with |𝑢| = 𝑝, |𝑣| = 𝑞, and we can assume 𝑢𝑣 = 𝑢𝑟.
Observe that the 𝑟-th power map defines a permutation 𝜚 on the set {𝑎𝐺 ∣ 𝑎 ∈ 𝐴} (consisting of

the conjugacy classes of elements having order 𝑝 in 𝐺), given by 𝜚(𝑎𝐺) = (𝑎𝑟)𝐺 ; as 𝑟𝑞 ≡ 1 mod 𝑝,
this permutation has an order dividing 𝑞. Moreover, for 𝜑 lying in the set Irr(𝐺) of the irreducible
complex characters of𝐺, and for𝑎 ∈ 𝐴, we get𝜑(𝑎) ∈ ℚ𝑝 and𝜎(𝜑(𝑎)) = 𝜑(𝑎𝑟). By our assumption
in (a), we have 𝜒 =

∑
𝜑∈Irr(𝐺) 𝑐𝜑𝜑 for suitable 𝑐𝜑 ∈ 𝐹, and hence 𝜎(𝜒(𝑎)) = 𝜒(𝑎𝑟) for every 𝑎 ∈ 𝐴.

Furthermore, taking into account that [ℚ𝑝 ∶ 𝐹] = 𝑞, for every 𝑎 ∈ 𝐴 the assumption in (b) yields
𝜒(𝑎) ∉ 𝐹; in other words, we have 𝜎(𝜒(𝑎)) ≠ 𝜒(𝑎) and, in particular, 𝑎𝑟 is not conjugate to 𝑎 in
𝐺. As a consequence, all the orbits of the permutation 𝜚 have cardinality 𝑞.
Every character 𝜑 ∈ Irr(𝐺) extends uniquely to a linear map ℂ𝐺 → ℂ, which we also denote

by 𝜑. As 𝑢 and 𝑢𝑟 are conjugate in 𝑉(ℤ𝐺), and hence in ℂ𝐺, it follows that 𝜑(𝑢) = 𝜑(𝑢𝑟). Also,
it is not difficult to see that we have 𝜑(𝑢𝑟) = 𝜎(𝜑(𝑢)). Similarly, 𝜒 extends uniquely to a linear
map ℂ𝐺 → ℂ, which we also denote by 𝜒. Using the expression of 𝜒 as a linear combination of
irreducible characters of𝐺 we obtain 𝜎(𝜒(𝑢)) = 𝜒(𝑢𝑟) = 𝜒(𝑢). On the other hand, by Theorem 2.1
and [14, Theorem 2.3], 𝜀g (𝑢) = 0 for every g ∈ 𝐺 of order different from 𝑝. Hence, since𝜒 is a class
function, we have

∑
𝑎∈𝐴

𝜀𝑎𝑟 (𝑢)𝜒(𝑎) =
∑
𝑎∈𝐴

𝜀𝑎(𝑢)𝜎
−1(𝜒(𝑎)) = 𝜎−1(𝜒(𝑢)) = 𝜒(𝑢) =

∑
𝑎∈𝐴

𝜀𝑎(𝑢)𝜒(𝑎).

Since the partial augmentations are integers, our assumption in (c) implies that 𝜀𝑎1(𝑢) = 𝜀𝑎2(𝑢)

whenever 𝑎𝐺
1
and 𝑎𝐺

2
belong to the same 𝜚-orbit. Thus, denoting by 𝐵 a subset of 𝐴 such that

{𝑏𝐺 ∣ 𝑏 ∈ 𝐵} is a set of representatives of these orbits, we get

1 =
∑
𝑎∈𝐴

𝜀𝑎(𝑢) = 𝑞
∑
𝑏∈𝐵

𝜀𝑏(𝑢),

a contradiction. □

Theorem 4.3. Let 𝐺 be a finite almost simple group whose socle 𝑆 is isomorphic to PSL2(𝑟𝑓), for a
prime 𝑟 and 𝑓 ∈ {1, 2}. Then the N-prime graphs of 𝐺 and 𝑉(ℤ𝐺) coincide.

Proof. Since PSL2(2
2) is isomorphic to A5, which has been already treated in Theorem 4.1,

we can assume that 𝑟 is an odd prime. We start by recalling that the order of 𝑆 for 𝑟 ≠ 2 is
𝑟𝑓(𝑟𝑓 − 1)(𝑟𝑓 + 1)∕2, and the order of Out(𝑆) is 2𝑓; in fact, the automorphism group of 𝑆 is
isomorphic to 𝑆 ⟨𝛿, 𝜙⟩, where 𝛿 is a diagonal automorphism such that 𝛿2 is an inner automor-
phism, and 𝜙 is a field automorphism of order 𝑓 (see for instance [34]). Therefore 𝜋(𝐺) = 𝜋(𝑆) =

𝜋− ∪ 𝜋+ ∪ {𝑟} ∪ {2}, where 𝜋− and 𝜋+ are the sets of odd prime divisors of 𝑟𝑓 − 1 and of 𝑟𝑓 + 1,
respectively.
By [20, II.8.27], the group 𝑆 has dihedral subgroups both of order 𝑟𝑓 − 1 and of order 𝑟𝑓 + 1;

also, it has subgroups that are Frobenius groups with an elementary abelian kernel of order 𝑟𝑓
and cyclic complements of order (𝑟𝑓 − 1)∕2. In view of this fact, if 𝑟𝑓 ≡ 1 mod 4, then ΓN(𝑆)

contains the following arcs: 𝑠 ⇆ 𝑡 for any choice of 𝑠 and 𝑡 in {2} ∪ 𝜋− or in 𝜋+, and 2 → 𝑠 for any
𝑠 ∈ {𝑟} ∪ 𝜋+. Similarly, if 𝑟𝑓 ≡ −1 mod 4, then ΓN(𝑆) contains the arcs 𝑠 ⇆ 𝑡 for any choice of 𝑠
and 𝑡 in {2} ∪ 𝜋+ or in 𝜋−, and 2 → 𝑠 for any 𝑠 ∈ 𝜋−. Moreover, in both cases ΓN(𝑆) has the arcs
𝑠 → 𝑟 where 𝑠 ∈ 𝜋− is a divisor of 𝑟 − 1.
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THE N-PRIME GRAPH AND THE SUBGROUP ISOMORPHISM PROBLEM 11 of 19

Now, all these arcs are clearly in ΓN(𝐺), and also 2 → 𝑟 is in ΓN(𝐺) unless 𝑟𝑓 ≡ −1 mod 4 and
𝐺 = 𝑆; in fact, it is not difficult to check that 𝐺 has always a (possibly abelian) subgroup of the
form 𝐶𝑟 ⋊ 𝐶2 whenever 𝐺 is not simple. Furthermore, every double arc in ΓN(𝑉(ℤ𝐺)) is also in
ΓN(𝐺) by [28, Theorem 5.5] and Remark 3.1. Since, by obvious arithmetical reasons, ΓN(𝑉(ℤ𝐺))
cannot contain arcs of the kind 𝑠 → 𝑟 for any 𝑠 ∈ 𝜋+, or 𝑠 in 𝜋− not dividing 𝑟 − 1, the desired
conclusion will be obtained by proving the following properties.

(a) ΓN(𝑉(ℤ𝐺)) does not contain any arc of the form 𝑞 → 𝑝, for any choice of a pair (𝑝, 𝑞) in
𝜋+ × 𝜋− or in 𝜋− × 𝜋+.

(b) ΓN(𝑉(ℤ𝐺)) does not contain the arc 2 → 𝑟 if 𝐺 = 𝑆 and 𝑟𝑓 ≡ −1 mod 4.

We work next to show that (a) holds, and we start from the case 𝐺 = 𝑆. Assuming for the
moment that we have 𝑟𝑓 ≡ 1 mod 4, we consider first the situation in which 𝑝 lies in 𝜋+ and 𝑞 in
𝜋−. In view of the character table of 𝑆, as displayed in tab. 2 on p. 10 of [14], a set of representatives
for the conjugacy classes of elements of order 𝑝 in 𝐺 is

{
𝑏𝑚 ∣ 𝑚 ∈ ℤ, gcd

(
𝑟𝑓 + 1

2
,𝑚

)
=

𝑟𝑓 + 1

2𝑝
and 1 ⩽ 𝑚 ⩽

𝑟𝑓 − 1

4

}
,

where 𝑏 ∈ 𝐺 is an element of order (𝑟𝑓 + 1)∕2. Observe that the two conditions on the integer𝑚
yield𝑚 = 𝑘 ⋅ (𝑟𝑓 + 1)∕2𝑝 for some 𝑘 ∈ ℤ with

1 ⩽ 𝑘 ⩽
𝑟𝑓 − 1

4
⋅

2𝑝

𝑟𝑓 + 1
⩽

𝑝

2
,

which implies 𝑘 ⩽ (𝑝 − 1)∕2. Moreover, setting 𝜎 to be a complex primitive 𝑟𝑓+1

2
-th root of unity

and adopting the notation of the aforementioned table, the value of the irreducible character 𝜃1
(of degree 𝑟𝑓 − 1) on 𝑏𝑚 is −(𝜎𝑚 + 𝜎−𝑚) = −(𝜁𝑘 + 𝜁−𝑘), where 𝜁 = 𝜎(𝑟

𝑓+1)∕2𝑝 is a primitive 𝑝-th
root of unity.
Since {𝜁𝑘 + 𝜁−𝑘 ∣ 1 ⩽ 𝑘 ⩽ (𝑝 − 1)∕2} is a basis for ℚ(𝜁 + 𝜁−1) over ℚ, the values of 𝜃1 on the

given set of representatives for the conjugacy classes of elements of order 𝑝 are linearly indepen-
dent over ℚ, and clearly 𝑞 does not divide 2 = |ℚ𝑝 ∶ ℚ(𝜃1(𝑏

𝑚))| for any such representative 𝑏𝑚.
We are then in a position to apply Lemma 4.2, obtaining the desired conclusion.
Still assuming𝐺 = 𝑆 and 𝑟𝑓 ≡ 1 mod 4, let us consider the case when 𝑝 lies in 𝜋− and 𝑞 in 𝜋+.

We can apply the same method as above, this time using the irreducible character 𝜒1 ∈ Irr(𝐺) (of
degree 𝑟𝑓 + 1) in place of 𝜃1. The conjugacy classes of elements of order 𝑝 are now represented
by the elements 𝑎𝓁 , where 𝑎 ∈ 𝐺 is an element of order (𝑟𝑓 − 1)∕2, and 𝓁 ranges over all integers
that satisfy the following conditions:

gcd
(
𝑟𝑓 − 1

2
,𝓁

)
=

𝑟𝑓 − 1

2𝑝
, and 1 ⩽ 𝓁 ⩽

𝑟𝑓 − 1

4
.

As above, this yields 𝓁 = 𝑘 ⋅ (𝑟𝑓 − 1)∕2 with 1 ⩽ 𝑘 ⩽ (𝑝 − 1)∕2; denoting by 𝜌 a primitive 𝑟𝑓−1

2
-

th root of unity and setting 𝜁 = 𝜌(𝑟
𝑓−1)∕2, we see that the value of 𝜒1 on 𝑎𝓁 is 𝜁𝑘 + 𝜁−𝑘, and the

desired conclusion follows by Lemma 4.2, as above.
A slight variation of our argument so far yields that (a) is true for 𝐺 = 𝑆 also when 𝑟𝑓 ≡

−1 mod 4, both in the case 𝑝 ∈ 𝜋+, 𝑞 ∈ 𝜋− and vice versa. Thus, the claim in (a) is proved when
𝐺 = 𝑆.
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12 of 19 PACIFICI et al.

Let now 𝐺 be any almost simple group with a socle 𝑆 isomorphic to PSL2(𝑟𝑓). If the characters
𝜃1 and𝜒1 can be extended to characters 𝜃1 and𝜒1 in Irr(𝐺), then it is easily seen that we can argue
exactly as in the case 𝐺 = 𝑆, using 𝜃1 and 𝜒1 in place of 𝜃1 and 𝜒1. On the other hand, if either 𝜃1
or 𝜒1 does not extend to 𝐺, then Theorems 6.6 and 6.7 of [34] yield that 𝐺 is isomorphic to one of
the following groups:

∙ Aut(PSL2(𝑟
2)) = PSL2(𝑟

2) ⟨𝛿, 𝜙⟩,
∙ PSL2(𝑟

2) ⟨𝜙⟩,
∙ PSL2(𝑟

2) ⟨𝛿𝜙⟩.
So, let us define 𝜉 to be either 𝜃1 or 𝜒1, depending on whether we are in the case 𝑝 ∈ 𝜋+ and

𝑞 ∈ 𝜋− or vice versa, and assume that 𝜉 does not extend to 𝐺. Let 𝜓 be an irreducible character
of 𝐺 whose restriction to 𝑆 = PSL2(𝑟

2) has 𝜉 as a constituent. Since the diagonal automorphism
𝛿 lies in the inertia subgroup of 𝜉 in Aut(𝑆) (see [34, p. 2]), we have that the restriction of 𝜓 to
𝑆 splits as 𝜉 + 𝜉𝜙. Now, the automorphism 𝜙 induces a permutation on the set  = {𝐶1, … , 𝐶𝑡} of
𝑆-conjugacy classes of elements of order 𝑝, where the class 𝑥𝑆 ∈  is mapped to (𝑥𝑟)𝑆 , and we
consider a set  = {𝐶1, … , 𝐶𝑠} of representatives for the orbits of this action. Note that, since 𝛿
fixes all the elements of , a set {𝑥1, … , 𝑥𝑠} of representatives for the 𝑆-classes in  is also a set of
representatives for the 𝐺-conjugacy classes of elements of order 𝑝.
We claim that the complex numbers 𝜓(𝑥1), … , 𝜓(𝑥𝑠) are linearly independent over ℚ. In fact,

assume that we have
𝑠∑

𝑗=1

𝑞𝑗𝜓(𝑥𝑗) = 0,

where 𝑞𝑗 is a rational number for every 𝑗 ∈ {1, … , 𝑠}. Then we get

0 =

𝑠∑
𝑗=1

𝑞𝑗(𝜉(𝑥𝑗) + 𝜉(𝑥𝑟𝑗)),

and this is a linear combination with rational coefficients of values of 𝜉 on a set of representatives
for the 𝑆-conjugacy classes in  (indeed, if 𝑝 lies in 𝜋− then we have 𝜉(𝑥𝑗) = 𝜉(𝑥𝑟

𝑗
) for every

𝑗 ∈ {1, … 𝑠}, whereas if 𝑝 lies in 𝜋+ then 𝜉(𝑥𝑗) ≠ 𝜉(𝑥𝑟
𝑗
) for every 𝑗 ∈ {1, … 𝑠}). Since we know these

values are linearly independent overℚ, it easily follows that 𝑞𝑗 = 0 for all 𝑗 ∈ {1, … , 𝑠}. Moreover,
for every 𝑗 ∈ {1, … , 𝑠}, we have that 𝑞 does not divide |ℚ𝑝 ∶ ℚ(𝜓(𝑥𝑗) + 𝜓(𝑥𝑟

𝑗
))| (which is either 2 or

4, depending on whether 𝑝 is in 𝜋− or in 𝜋+, respectively), and again we are done by Lemma 4.2.
This concludes the proof of the claim in (a).
As for the claim in (b), still referring to tab. 2 of [14] (and recalling that we are assuming

𝑟𝑓 ≡ −1 mod 4), we consider the conjugacy classes of 𝐺 containing elements of order 𝑟: there
are two of them, represented by elements denoted by 𝑐 and 𝑑. Also, we consider the irreducible
character 𝜂1 of 𝐺. We have 𝜂1(𝑐) = −1

2
+ 1

2
𝑖
√
𝑟𝑓 and 𝜂1(𝑑) = 𝜂1(𝑐), so these values are linearly

independent overℚ. Moreover, |ℚ(𝜂1(𝑐)) ∶ ℚ| is clearly 2, hence |ℚ𝑟 ∶ ℚ(𝜂1(𝑐))| = (𝑟 − 1)∕2 is not
divisible by 2, and the same holds for |ℚ𝑟 ∶ ℚ(𝜂1(𝑑))|. Another application of Lemma 4.2 yields
that ΓN(𝑉(ℤ(𝐺))) does not contain the arc 2 → 𝑟, and the proof is complete. □

Wenote that a first study of certain noncyclic finite subgroups of the unit group of integral group
rings of PSL2(𝑟𝑓)was carried out in the Ph.D. thesis of Höfert ([19]). For instance, the claim in (b)
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THE N-PRIME GRAPH AND THE SUBGROUP ISOMORPHISM PROBLEM 13 of 19

of the above proof (discussed in its last paragraph) can also be deduced from [19, Proposition 4.4]
in the case when 𝑓 = 1. We are grateful to the referee for pointing this out.

5 METACYCLIC SUBGROUPS OF SOLVABLE GROUPS: THEOREMS
D and E

We work next toward an improvement of Corollary B in the spirit of the Subgroup Isomorphism
Problem, as described in the introduction. We will first prove that if 𝐺 is a finite solvable group
and 𝑉(ℤ𝐺) has a subgroup isomorphic to a Frobenius group of the form 𝐶𝑝 ⋊ 𝐶𝑞𝑘 , then so does
𝐺 (Theorem D of the introduction).
We start with a preliminary result. Observe that the isomorphism type of a group of the kind

𝐶𝑝 ⋊ 𝐶𝑞𝑘 is uniquely determined by the order of its center, and also by the order of the kernel of
the action of 𝐶𝑞𝑘 on 𝐶𝑝 which defines the semidirect product.

Lemma 5.1. Let 𝑝, 𝑞 be distinct primes, 𝐻 be a finite group and 𝑁 a normal elementary abelian
𝑞-subgroup of𝐻. Assume that, for a positive integer 𝑘, the factor group𝐻∕𝑁 is a Frobenius group of
the form 𝐶𝑝 ⋊ 𝐶𝑞𝑘 , and assume that 𝑏 ∈ 𝐻 is an element of order 𝑞𝑘 with ⟨𝑏⟩ ∩ 𝑁 = 1. Then there
exists a Sylow 𝑝-subgroup 𝑃 of𝐻 such that 𝑏 lies in𝐍𝐻(𝑃).

Proof.Let𝐻 be aminimal counterexample to the statement, and let𝑃 = ⟨𝑎⟩ be a Sylow𝑝-subgroup
of 𝐻. Observe that, by the Frattini argument, we have 𝐻 = 𝑁𝐍𝐻(𝑃) and, by [11, Theorem 5.2.3],
𝑁 = [𝑁, 𝑃] × 𝐂𝑁(𝑃); therefore, setting 𝑀 = [𝑁, 𝑃] and 𝐶 = 𝐂𝑁(𝑃), we have 𝐻 = 𝑀𝐶𝐍𝐻(𝑃) =

𝑀𝐍𝐻(𝑃). Note that, since 𝑁 and 𝑃 are both normalized by 𝐍𝐻(𝑃), so is their commutator 𝑀;
it is then clear that𝑀 and𝑀𝑃 are normal subgroups of 𝐻, because they are normalized by both
𝑀 and 𝐍𝐻(𝑃). Since𝑀 ∩𝐍𝐻(𝑃) = 𝐍𝑀(𝑃) = 𝐂𝑀(𝑃) = 𝑀 ∩ 𝐶 = 1, we see that 𝐍𝐻(𝑃) is in fact a
complement for𝑀 in𝐻.
Now, set 𝐻0 = 𝑀𝑃 ⟨𝑏⟩; since 𝑎𝑀 and 𝑏𝑞

𝑘−1
𝑀 are elements of 𝐻0∕𝑀 that do not commute

because even [𝑎𝑁, 𝑏𝑞
𝑘−1

𝑁] is nontrivial, we have that𝐻0∕𝑀 is isomorphic to the Frobenius group
𝐶𝑝 ⋊ 𝐶𝑞𝑘 . In fact,𝐻0 is a group which satisfies our assumptions (with respect to𝑀 and the same
element 𝑏 of order 𝑞𝑘), and if the desired conclusion holds for𝐻0 then it clearly holds also for𝐻.
In other words, by theminimality of𝐻 as a counterexample, wemust have𝐻0 = 𝐻. Note also that
𝑀 is nontrivial, as otherwise 𝐻 would not be a counterexample. Thus𝑀𝑃 is a Frobenius group,
because 𝐂𝑀(𝑃) = 1 and so 𝑃 acts fixed-point freely on𝑀; moreover,𝐻 is a 2-Frobenius group.
Observe that,𝐻 being a solvable groupwith abelian Fitting subgroup𝑀, the conjugation action

yields a faithful action of 𝐻∕𝑀 on𝑀, and𝑀 can be viewed as a module for 𝐻∕𝑀 over the field
GF(𝑞) with 𝑞 elements. If 𝑦 ∈ 𝐻 is an element of order 𝑞𝑘 such that ⟨𝑦⟩ ∩𝑀 = 1, then 𝑦𝑀 gen-
erates a Frobenius complement of 𝐻∕𝑀 and we are in a position to apply Theorem 15.16 of [21],
obtaining that dim𝑀 = 𝑞𝑘 dim𝐂𝑀(𝑦) and thus |𝑀| = |𝐂𝑀(𝑦)|𝑞𝑘 . In particular, 𝓁 = |𝐂𝑀(𝑦)| does
not depend on the choice of the element 𝑦 with the above properties.
As the next step, we will count the elements of order 𝑞𝑘 in 𝐻 that normalize some Sylow 𝑝-

subgroup of𝐻. Since, as observed in the first paragraph of this proof,𝐍𝐻(𝑃) is a complement for
𝑀 in 𝐻, we deduce that 𝐍𝐻(𝑃) ≅ 𝐻∕𝑀 is a Frobenius group of the form 𝐶𝑝 ⋊ 𝐶𝑞𝑘 (and clearly
the same holds for the normalizer of any Sylow 𝑝-subgroup of 𝐻, because such a normalizer is
conjugate to𝐍𝐻(𝑃) in𝐻). It follows that every Sylow 𝑝-subgroup of𝐻 is normalized by precisely
𝑝 (cyclic) subgroups of order 𝑞𝑘. Next, let us denote by  the set of the cyclic subgroups of order 𝑞𝑘
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14 of 19 PACIFICI et al.

of 𝐻 that normalize some Sylow 𝑝-subgroup of 𝐻: again, as𝑀 intersects trivially the normalizer
of any Sylow 𝑝-subgroup of 𝐻, for every 𝑄 ∈  we have 𝑄 ∩𝑀 = 1 and hence |𝐂𝑀(𝑄)| = 𝓁. We
claim that each subgroup𝑄 ∈  normalizes precisely𝓁 distinct Sylow𝑝-subgroups of𝐻. In fact, as
𝑀𝑃 is normal in 𝐻, all the Sylow 𝑝-subgroups of 𝐻 are contained in𝑀𝑃; but𝑀𝑃 is a Frobenius
group, hence Syl𝑝(𝐻) has cardinality |𝑀| and consists of the 𝑀-conjugates of 𝑃. Now, assume
that 𝑄0 ∈  normalizes 𝑃0 ∈ Syl𝑝(𝐻) and denote by 𝑦 a generator of 𝑄0. If, for 𝑚 ∈ 𝑀, we have⟨𝑦⟩ = 𝑄0 ⊆ 𝐍𝐻(𝑃

𝑚
0
), then [𝑚−1, 𝑦−1] lies in 𝐍𝐻(𝑃0)𝑦

−1 ∩ 𝑀 = 𝐍𝐻(𝑃0) ∩ 𝑀 = 1 and so𝑚 lies in
𝐂𝑀(𝑦) = 𝐂𝑀(𝑄0). On the other hand, it is clear that if 𝑚 lies in 𝐂𝑀(𝑄0) then 𝑄0 normalizes 𝑃𝑚0 ,
and our claim follows.
We are ready to conclude the countmentioned in the previous paragraph. Consider the bipartite

graph whose vertex set is Syl𝑝(𝐻) ∪  (with Syl𝑝(𝐻) and  being the two parts of the graph), and
where the vertices 𝑃0 ∈ Syl𝑝(𝐻) and 𝑄0 ∈  are adjacent if and only if 𝑄0 normalizes 𝑃0. By the
discussion above, the number of edges in this graph can be computed both as |𝑀|𝑝 (which is the
number of vertices in the part Syl𝑝(𝐻) multiplied by the number of neighbors of each vertex in
Syl𝑝(𝐻)) and ||𝓁 (obtained similarly, from the point of view of the part ). So, we have || =|𝑀|𝑝∕𝓁 = 𝓁𝑞𝑘−1𝑝. As each element of  contains 𝑞𝑘−1(𝑞 − 1) elements of order 𝑞𝑘, we conclude
that the number of elements of order 𝑞𝑘 in 𝐻 which normalize some Sylow 𝑝-subgroup of 𝐻 is
given by

||𝑞𝑘−1(𝑞 − 1) = 𝓁𝑞𝑘−1𝑝𝑞𝑘−1(𝑞 − 1).

Our aim is then to show that the number above coincides with the total number of elements 𝑦
of order 𝑞𝑘 in 𝐻 with ⟨𝑦⟩ ∩𝑀 = 1. So, let 𝑦 be such an element: observe that 𝑦 acts as an auto-
morphism of order 𝑞𝑘 on the GF(𝑞)-vector space𝑀, whose dimension we denote by 𝑡. Hence, up
to conjugacy in GL𝑡(𝑞), the action of 𝑦 is represented by an upper unitriangular matrix 𝑌 in the
canonical Jordan form. It is easily seen that the dimension of 𝐂𝑀(𝑦) over GF(𝑞) coincides with
the number of Jordan blocks of 𝑌. Denote by 𝐼𝑑, 𝐽𝑑 the 𝑑-dimensional identity matrix and the
Jordan block with eigenvalue 1 respectively, and set 𝐸 = 𝐽𝑑 − 𝐼𝑑. Then for a positive integer ℎ we
get

(𝐽𝑑)
ℎ =

𝑑−1∑
𝑖=0

(
ℎ

𝑖

)
𝐸𝑖

and, in particular, we see that (𝐽𝑑)𝑞
𝑘 contains the summand 𝐸𝑞𝑘 if 𝑑 > 𝑞𝑘. Since in our situa-

tion (𝐽𝑑)
𝑞𝑘 must be the identity matrix 𝐼𝑑 for every Jordan block of 𝑌, we conclude that 𝑑 is at

most 𝑞𝑘 for every block of 𝑌. But now, recalling that 𝑡 = dim𝑀 equals 𝑞𝑘 dim𝐂𝑀(𝑦) and that
dim𝐂𝑀(𝑦) is the number of Jordan blocks of 𝑌, we conclude that the dimension of each block is
precisely 𝑞𝑘.
Finally, for 𝑚 ∈ 𝑀 and 𝑟 ∈ ℤ, consider the element 𝑚𝑦−𝑟 of 𝐻. Observe that (𝑚𝑦−𝑟)𝑞

𝑘−1
=

𝑚 ⋅𝑚𝑦𝑟 ⋅𝑚𝑦2𝑟 ⋯𝑚𝑦(𝑞
𝑘−1−1)𝑟

⋅ 𝑦𝑞
𝑘−1𝑟. So, if 𝑟 is a multiple of 𝑞, we see that (𝑚𝑦−𝑟)𝑞

𝑘−1 lies in𝑀 and
hence𝑚𝑦−𝑟 is not an element of order 𝑞𝑘 with ⟨𝑚𝑦−𝑟⟩ ∩𝑀 = 1. On the other hand, if 𝑟 is coprime
to 𝑞, then (𝑚𝑦−𝑟)𝑞

𝑘−1 cannot lie in𝑀, as otherwise the same would hold for 𝑦𝑞𝑘−1𝑟 and hence for
𝑦𝑞

𝑘−1 . As a consequence, if we want to count the elements 𝑧 of order 𝑞𝑘 lying in𝑀⟨𝑦⟩ ∈ Syl𝑞(𝐻)

and such that ⟨𝑧⟩ ∩𝑀 = 1, then we have to count the elements of order 𝑞𝑘 having the form𝑚𝑦−𝑟

where𝑚 ∈ 𝑀 and 𝑟 is coprime to 𝑞. We start by focusing on the element𝑚𝑦−1.
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THE N-PRIME GRAPH AND THE SUBGROUP ISOMORPHISM PROBLEM 15 of 19

With the methods described in the paragraph above, we see that the order of𝑚𝑦−1 is 𝑞𝑘 if and
only if, in an additive notation, we have

𝑚 + 𝑌𝑚 + 𝑌2𝑚 +⋯ + 𝑌𝑞𝑘−1𝑚 = 0.

In other words, 𝑚𝑦−1 has order 𝑞𝑘 if and only if 𝑚 lies in the kernel of the endomorphism of𝑀
represented by the matrix 𝐼𝑡 + 𝑌 + 𝑌2 +⋯ + 𝑌𝑞𝑘−1. Now, it can be computed that

𝐼𝑞𝑘 + 𝐽𝑞𝑘 + (𝐽𝑞𝑘 )
2 +⋯ + (𝐽𝑞𝑘 )

𝑞𝑘−1 =

𝑞𝑘−1∑
𝑖=0

⎛⎜⎜⎝
𝑞𝑘−1∑
𝑗=𝑖

(
𝑗

𝑖

)⎞⎟⎟⎠𝐸
𝑖,

and the (𝑟, 𝑠)-entry of this matrix depends only on 𝑖 = 𝑠 − 𝑟 (where 1 ⩽ 𝑟 ⩽ 𝑠 ⩽ 𝑞𝑘). Since we have

𝑞𝑘−1∑
𝑗=𝑖

(
𝑗

𝑖

)
=

(
𝑞𝑘

𝑖 + 1

)

(this equality, not difficult to check, is sometimes referred to as theChristmas stocking theorem), it
is then clear that 𝐼𝑡 + 𝑌 + 𝑌2 +⋯ + 𝑌𝑞𝑘−1 is a block-diagonalmatrixwhose blocks are all equal to
the 𝑞𝑘-dimensionalmatrix having all zero entries except the top-right entry, which is 1. The kernel
of the endomorphism associated with this matrix has then a dimension equal to 𝑡 − dim𝐂𝑀(𝑦),
and so it contains 𝓁𝑞𝑘−1 elements.
Taking into account that the above calculation yields the same result if we replace 𝑦−1 by any

generator of ⟨𝑦⟩, we conclude that the number of elements 𝑧 of order 𝑞𝑘 lying in the Sylow 𝑞-
subgroup 𝑀 ⟨𝑦⟩ of 𝐻 and with ⟨𝑧⟩ ∩𝑀 = 1 is 𝓁𝑞𝑘−1𝑞𝑘−1(𝑞 − 1). Multiplying this result by the
number of Sylow 𝑞-subgroups of 𝐻, we obtain a total of 𝓁𝑞𝑘−1𝑝𝑞𝑘−1(𝑞 − 1) elements, including
our element 𝑏. The desired conclusion now follows because this number coincides with the num-
ber of elements of order 𝑞𝑘 in 𝐻 that normalize some Sylow 𝑝-subgroup of 𝐻, and the proof is
complete. □

We are ready to prove a slightly stronger form of Theorem D.

Theorem5.2. Let𝐺 be a finite solvable group, let𝑝, 𝑞 be distinct primes and let 𝑘 be a positive integer.
Assume that𝑉(ℤ𝐺) has two elements 𝑢, 𝑣 such that |𝑢| = 𝑝, |𝑣| = 𝑞𝑘 , and the group 𝑇 generated by
𝑢 and 𝑣 is isomorphic to the Frobenius group 𝐶𝑝 ⋊ 𝐶𝑞𝑘 . Then there exist 𝑎, 𝑏 ∈ 𝐺 such that |𝑎| = 𝑝,|𝑏| = 𝑞𝑘 , ⟨𝑎, 𝑏⟩ ≅ 𝑇 and 𝜀𝑏(𝑣) ≠ 0.

Proof. Let 𝐺 be a counterexample of minimal order. Assume that the fitting subgroup 𝐅(𝐺) of 𝐺
is not a 𝑝-group. Then we can take a minimal normal subgroup 𝑁 of 𝐺 which is an elementary
abelian 𝑟-group for some prime 𝑟 ≠ 𝑝. Denoting by 𝜑 ∶ 𝑉(ℤ𝐺) → 𝑉(ℤ(𝐺∕𝑁)) the natural homo-
morphism, we get 𝑇 ∩ ker(𝜑) = 1 and hence 𝜑(𝑇) ≅ 𝑇. By our minimality assumption, there exist
𝑥, 𝑦 ∈ 𝐺 such that |𝑥| = |𝜑(𝑥)| = 𝑝, |𝜑(𝑦)| = 𝑞𝑘, ⟨𝜑(𝑥), 𝜑(𝑦)⟩ ≅ 𝑇, and 𝜀𝜑(𝑦)(𝜑(𝑣)) ≠ 0.
Since

𝜀𝜑(𝑦)(𝜑(𝑣)) =
∑

g𝐺 ∶ 𝜑(g)∼𝜑(𝑦)

𝜀g (𝑣),
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16 of 19 PACIFICI et al.

we can find an element 𝑏 ∈ 𝐺 such that 𝜀𝑏(𝑣) ≠ 0 and 𝑏𝑁 is conjugate to 𝑦𝑁 in 𝐺∕𝑁. Note that,
in particular, |𝑏| is a multiple of 𝑞𝑘, but in fact we have |𝑏| = 𝑞𝑘 by [14, Theorem 2.3]. Now, let
g ∈ 𝐺 be such that 𝑏𝑁 = (𝑦𝑁)g𝑁 . Clearly 𝑏𝑁 normalizes ⟨𝑥g𝑁⟩, hence 𝑥g , 𝑏 ∈ 𝐺 satisfy the fol-
lowing properties: |𝑥g | = 𝑝, |𝑏| = 𝑞𝑘, the subgroup 𝐻 = ⟨𝑁, 𝑥g , 𝑏⟩ is such that 𝐻∕𝑁 ≅ 𝐶𝑝 ⋊ 𝐶𝑘

𝑞

is a Frobenius group, and 𝜀𝑏(𝑣) ≠ 0.
If 𝑟 ≠ 𝑞, then, by the Schur–Zassenhaus theorem, 𝑁 is complemented in 𝐻 by a Hall {𝑝, 𝑞}-

subgroup𝐻0, andwe can choose𝐻0 so that 𝑏 ∈ 𝐻0 ≅ 𝐻∕𝑁 ≅ 𝑇. Now, if 𝑎 is an element of order 𝑝
in𝐻0, then the elements 𝑎 and 𝑏 satisfy the conclusions of the statement and𝐺 is not a counterex-
ample. On the other hand, if 𝑟 = 𝑞, then we are in a position to apply Lemma 5.1 to the subgroup
𝐻 (note that ⟨𝑏⟩ ∩ 𝑁 = 1 because |𝑏| = |𝑏𝑁| = 𝑞𝑘), and again 𝐺 is not a counterexample.
In view of the above discussion, we conclude that𝐅(𝐺)must be a𝑝-group. By themain theorem

in [13], we can choose an element 𝑏 ∈ 𝐺 such that |𝑏| = 𝑞𝑘 and 𝜀𝑏(𝑣) ≠ 0; moreover, 𝑏 acts as an
automorphism of order 𝑞𝑘 on 𝐅(𝐺), because 𝐺 is solvable and therefore 𝐂𝐺(𝐅(𝐺)) = 𝐙(𝐅(𝐺)). But
then we may apply Lemma 3.2, and again it turns out that 𝐺 is not a counterexample. This is the
final contradiction that completes the proof. □

Note that, by [13], if 𝐺 is a finite solvable group and 𝑉(ℤ𝐺) has a subgroup isomorphic to 𝐶𝑝 ×

𝐶𝑞𝑘 , then so does 𝐺. This, together with the previous result, solves the Subgroup Isomorphism
Problem for subgroups of the form 𝐶𝑝 ⋊ 𝐶𝑞𝑘 in the two extreme situations when the action of 𝐶𝑞𝑘

on 𝐶𝑝 is trivial or faithful. It is then natural to consider the following:

Question. Let 𝐺 be a finite solvable group, and assume that 𝑉(ℤ𝐺) has a subgroup 𝑇 of the form
𝐶𝑝ℎ ⋊ 𝐶𝑞𝑘 . Is it true that 𝐺 has a subgroup isomorphic to 𝑇?

Weprovide next a positive answer to this question under the stronger assumption that the group
𝐺 has a cyclic derived subgroup. Before stating it, we observe the following.

Remark 5.3. Let 𝐺 be a finite group and let 𝑉 = 𝑉(ℤ𝐺). We observe that, if an element 𝑣 ∈ 𝑉′ is
conjugate in ℚ𝐺 to an element g of 𝐺, then g lies in fact in 𝐺′.
Indeed, consider the natural algebra homomorphism 𝜑 ∶ ℚ𝐺 → ℚ(𝐺∕𝐺′) and its restriction

to a group homomorphism of 𝑉(ℚ𝐺) to 𝑉(ℚ(𝐺∕𝐺′)). Since 𝑉(ℚ(𝐺∕𝐺′)) is an abelian group, 𝑉′

is contained in the kernel of this group homomorphism; in particular 𝜑(𝑣) = 𝜑(1), and it easily
follows that 𝑣 − 1 lies in the kernel of the algebra homomorphism 𝜑. As this kernel is an ideal,
namely the ideal generated by {𝑥𝑦 − 𝑦𝑥 ∣ 𝑥, 𝑦 ∈ 𝐺}, also g − 1 lies in the kernel of𝜑, that is,𝜑(g) −
𝜑(1) = 0 and therefore g ∈ 𝐺′.

Theorem 5.4. Let 𝐺 be a finite group such that 𝐺′ is cyclic, and let 𝑝, 𝑞 be distinct primes. Let 𝑢,
𝑣 be elements of 𝑉(ℤ𝐺) such that |𝑢| = 𝑝ℎ, |𝑣| = 𝑞𝑘 (where h and k are positive integers) and 𝑇 =⟨𝑢, 𝑣⟩ ≅ 𝐶𝑝ℎ ⋊ 𝐶𝑞𝑘 is nonabelian. Then there exist 𝑎 ∈ 𝐺′ and 𝑏 ∈ 𝐺 such that ⟨𝑎, 𝑏⟩ ≅ 𝑇, where 𝑏
is conjugate to 𝑣 in ℚ𝐺.

Proof. Bymeans of contradiction we assume that 𝐺 is a minimal counterexample to the statement
and 𝑇 = ⟨𝑢⟩⋊ ⟨𝑣⟩ is as in the hypothesis. Since 𝑇 is nonabelian, we have that 𝑞 is a divisor of
𝑝 − 1.
We first claim that 𝐺′ is a 𝑝-group. Otherwise 𝐺′ contains a subgroup 𝑁, normal in 𝐺, whose

order is a prime 𝑟 ≠ 𝑝. Then, denoting by 𝜑 ∶ 𝑉 = 𝑉(ℤ𝐺) → 𝑉(ℤ(𝐺∕𝑁)) the natural homomor-
phism, we get 𝑇 ∩ ker(𝜑) = 1 and hence 𝜑(𝑇) ≅ 𝑇. By the minimality of 𝐺, there are 𝑎 ∈ 𝐺′
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THE N-PRIME GRAPH AND THE SUBGROUP ISOMORPHISM PROBLEM 17 of 19

and g ∈ 𝐺 such that ⟨𝜑(𝑎), 𝜑(g)⟩ = ⟨𝜑(𝑎)⟩⋊ ⟨𝜑(g)⟩ ≅ 𝑇 and 𝜑(𝑣) is conjugate to 𝜑(g) = g𝑁 in
ℚ(𝐺∕𝑁). On the other hand, by the main theorem of [6], the First Zassenhaus Conjecture holds
for 𝐺; therefore 𝑣 is conjugate in ℚ𝐺 to an element 𝑏 of 𝐺, so that 𝑏𝑁 and g𝑁 are both conjugate
to 𝜑(𝑣) in ℚ(𝐺∕𝑁). Since g𝑁 and 𝑏𝑁 are elements of 𝐺∕𝑁 that are conjugate in ℚ(𝐺∕𝑁), every
irreducible character of𝐺∕𝑁 takes the same value on 𝑏𝑁 and g𝑁. Hence they are in fact conjugate
in 𝐺∕𝑁, and we may assume g = 𝑏. Let 𝐻 = ⟨𝑁, 𝑎, 𝑏⟩. Then 𝐻∕𝑁 ≅ 𝑇. If 𝑟 ≠ 𝑞, then 𝐺 contains
a Hall subgroup of the form ⟨𝑎⟩⋊ ⟨𝑏⟩ ≅ 𝑇, a contradiction. Otherwise, since 𝑁 has order 𝑞 and
𝑝 is larger than 𝑞, we have ⟨𝑁, 𝑎⟩ = 𝑁 × ⟨𝑎⟩. Recalling that 𝑏 is an element of order 𝑞𝑘, we have⟨𝑁, 𝑏⟩ = 𝑁 ⋊ ⟨𝑏⟩ and so 𝐻 = (𝑁 × ⟨𝑎⟩)⋊ ⟨𝑏⟩; now, as ⟨𝑎𝑁, 𝑏𝑁⟩ is isomorphic to 𝑇, then so is⟨𝑎⟩⋊ ⟨𝑏⟩, against the assumption. This finishes the proof of our claim that 𝐺′ is a 𝑝-group.
Next, we consider two different situations, depending onwhether𝐙(𝑇) is trivial or not. Assume

first𝐙(𝑇) = 1, which is equivalent to the condition [𝑢, 𝑣𝑞𝑘−1] ≠ 1. As above,we take 𝑏 in𝐺which is
conjugate to 𝑣 inℚ𝐺. If 𝑢𝑣 = 𝑢𝑟, then 𝑟 ≢ 1 mod 𝑝, therefore [𝑢, 𝑣] = 𝑢𝑟−1 and it has order 𝑝ℎ. By
Remark 5.3, the order of 𝐺′ is a multiple of 𝑝ℎ and therefore, by hypothesis, 𝑏𝑞𝑘−1 commutes with
𝐺′, for otherwise there is 𝑎 ∈ 𝐺′ such that ⟨𝑎⟩⋊ ⟨𝑏⟩ ≅ 𝑇 and 𝐺 would not be a counterexample.
If g ∈ 𝐺, then g𝑏𝑞

𝑘−1

= 𝑧g for some 𝑧 ∈ 𝐺′. Then g = g𝑏
𝑞𝑘

= 𝑧𝑞g and therefore, 𝑧 = 1. This shows
that 𝑏𝑞𝑘−1 is central in 𝐺 and hence so is 𝑣𝑞𝑘−1 in𝑉, which contradicts the assumption [𝑢, 𝑣𝑞𝑘−1] ≠
1.
Finally, assume that 𝐙(𝑇) ≠ 1. Since 𝑇 is nonabelian, we have that 𝐙(𝑇) has order 𝑞𝑡 for a

suitable 0 < 𝑡 < 𝑘; setting 𝑧 = 𝑣𝑞
𝑘−𝑡 , we have 𝐙(𝑇) = ⟨𝑧⟩. By the fact that the First Zassenhaus

Conjecture holds for 𝐺, we can consider 𝑥 ∈ 𝐺 and 𝛾 a unit in ℚ𝐺 such that (𝑢𝑧)𝛾 = 𝑥. Note also
that the 𝑞-part 𝑥𝑞 of 𝑥 is 𝑧𝛾, and the 𝑝-part 𝑥𝑝 is 𝑢𝛾. Since 𝑢 lies in 𝑇′ ⊆ 𝑉′, in view of Remark 5.3,
we then have 𝑥𝑝 ∈ 𝐺′. Finally, let 𝑏 ∈ 𝐺 and let 𝛿 be a unit in ℚ𝐺 such that 𝑣𝛿 = 𝑏. Now, for any
𝑦 ∈ 𝐺, we get

𝜀𝑦(𝑥𝑞) = 𝜀𝑦(𝑧
𝛾) = 𝜀𝑦(𝑧

𝛿) = 𝜀𝑦(𝑏
𝑞𝑘−𝑡 )

(recall that the partial augmentation with respect to a given element 𝑦 ∈ 𝐺 is a class function
of ℚ𝐺). It immediately follows that 𝑏𝑞𝑘−𝑡 is conjugate to 𝑥𝑞 in 𝐺, and we take g ∈ 𝐺 such that
(𝑏𝑞

𝑘−𝑡
)
g
= 𝑥𝑞. Clearly the subgroup 𝐻 = ⟨𝑥𝑝, 𝑏g⟩ has a center of order at least 𝑞𝑡, but we claim

that |𝐙(𝐻)| is precisely 𝑞𝑡 (i.e., 𝐻 ≅ 𝑇). Set 𝑍 = 𝐎𝑞(𝐙(𝐻)). We will first prove that |𝑍| = 𝑞𝑡, and
then that 𝐙(𝐻) = 𝑍. Indeed, 𝑍 centralizes a nontrivial subgroup of the cyclic 𝑝-group 𝐺′ and
hence it centralizes 𝐺′; on the other hand, for 𝑃 ∈ Syl𝑝(𝐺), clearly 𝑍 acts trivially on 𝑃∕𝐺′ as
well, thus 𝑍 centralizes 𝑃. But as 𝑍 lies in an (abelian) Hall 𝑝′-subgroup of 𝐺, we conclude that
𝑍 lies in 𝐙(𝐺). If now |𝑍| is larger that 𝑞𝑡, then 𝑏𝑞𝑘−𝑡−1 would lie in 𝐙(𝐺) and hence in 𝐙(ℚ𝐺). But
then 𝑣𝑞𝑘−𝑡−1 = (𝑏𝑞

𝑘−𝑡−1
)𝛿

−1
= 𝑏𝑞

𝑘−𝑡−1 would be central in𝑉, contradicting the fact that 𝑣𝑞𝑘−𝑡−1 does
not centralize 𝑢. Therefore |𝑍| = 𝑞𝑡. As 𝑡 < 𝑘 and 𝑏g has order 𝑞𝑘, 𝐻 is not abelian and hence
𝐙(𝐻) = 𝑍 and𝐻 ≅ 𝑇. □

Observe that, if the elements 𝑢 and 𝑣 in the above statement generate an abelian subgroup of
order 𝑝ℎ𝑞𝑘, then 𝐺 has a subgroup isomorphic to ⟨𝑢, 𝑣⟩ by [13]. This, together with Theorem 5.4,
completes the proof of Theorem E as stated in the introduction.
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